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BOUNDARY CONTROLLABILITY OF THERMOELASTIC PLATES
VIA THE FREE BOUNDARY CONDITIONS*

GEORGE AVALOS? AND IRENA LASIECKA#

Abstract. Controllability properties of a partial differential equation (PDE) model describing a
thermoelastic plate are studied. The PDE is composed of a Kirchoff plate equation coupled to a heat
equation on a bounded domain, with the coupling taking place on the interior and boundary of the
domain. The coupling in this PDE is parameterized by o > 0. Boundary control is exerted through
the (two) free boundary conditions of the plate equation and through the Robin boundary condition of
the temperature. These controls have the physical interpretation of inserted forces and moments and
prescribed temperature, respectively, all of which act on the edges of the plate. The main result here
is that under such boundary control, and with initial data in the basic space of well-posedness, one
can simultaneously control the displacement of the plate ezactly and the temperature approrimately.
Moreover, the thermal control may be taken to be arbitrarily smooth in time and space, and the
thermal control region may be any nonempty subset of the boundary. This controllability holds for
arbitrary values of the coupling parameter «, with the optimal controllability time in line with that
seen for uncoupled Kirchoff plates.

Key words. partial differential equations, exact-approximate controllability
AMS subject classification. 35B37

PII. S0363012998339836

1. Introduction.

1.1. Statement of the problem. Throughout, 2 will be a bounded open sub-
set of R? with sufficiently smooth boundary I = Ty U T, with both I'y and I'; being
open, with Iy being possibly empty, and satisfying [o N I'; = @. Furthermore, I'y
will be any open and nonempty subset of I';. With this geometry, we shall consider
here the following thermoelastic system on finite time (0,7T):

Wit — YAwy + A%w +alf =0 .
{ 80 — Al + o0 — alAws =0 on (0,T) x €

0
w:a—c::O on (0,7T) x To;

11 Aw+ (1 — p)Biw+ ab = uy
(1.1) 0Aw 0Bow Owyy a0 on (0,7) x I'y;

gy PTG T, teg, T
00 [ uz  on (0,T) x Ty, .
0= o kg, 220

w(t=0)=wp, w(t=0)=wy, 0t =0)=06, on
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338 GEORGE AVALOS AND IRENA LASIECKA

Here, a, (8, n, and o are positive constants. The positive constant ~ is proportional
to the thickness of the plate and assumed to be small with 0 < v < M. The boundary
operators B; are given by

2w 2w 2w 2w 2w 2w
Biw = 2V1V2§?83/_V%g?_1/22§? and Bow = (1/12—1/22);)?83/+V11/2 <gy2 — ng)
(1.2)

The constant y € (0, 3) is the familiar Poisson ratio, and v = [11, 5] denotes the out-
ward unit normal to the boundary. Here and throughout we shall make the following

geometric assumption on the (uncontrolled) portion of the boundary T'y:

(1.3)
with E(l’,y) = [IJ’J —T0,Y — yO} 73 {x()ayO} € RQ such that E(%y) v <0 onTy.

The PDE model (1.1), with boundary functions u; = us = 0 and ug = 0, math-
ematically describes an uncontrolled Kirchoff plate subjected to a thermal damping,
with the displacement of the plate represented by the function w(t, z,y) and the tem-
perature given by the function (¢, x,y) (see [11] for a derivation of this model). The
given control variables uq (¢, ) and us(t, ) are defined on the portion of the boundary
(0,T) x T'y; the control uz(t, z) is defined on (0,7T) x Is.

Making the denotation

) O

(1.4) H#O(Q)z{wem(ﬂ). 57 :0forj:0,...,]<:—1},
To

we will throughout take the initial data [wo, w1, 6o] to be in HE (€2) x H} (Q) x L*(Q).
For initial data in these spaces and controls u; = us = 0 and uz = 0, one can
show the well-posedness of (1.1) with the corresponding solution [w,wy, 6] being in
C([0,T]; HE (€2) x Hp () x L*(2)) (see, e.g., [11] and [2]). In this paper, we will
study controllability properties of solutions of (1.1) under the influence of boundary
control functions in the following spaces:

[u1,ug,uz] € L*(0,T; L*(T1)x H 1 (T'1))xC" (Z2.7), where 7 > 0 and ¥y 7 = (0, T)xTs.
(1.5)

For arbitrary [u1, us, uz] of such smoothness, the corresponding solution [w, w, 8] will
be in the “large” space C([0,T];[D(A3)]') (see the definition of D(A%) in (1.49)).
In particular, we intend to address, on the finite time interval [0, T], the question of
exact-approximate controllability (this term being originally coined in [6]). That is
to say, for given data [wo,w:,0] (initial) and [w],w], 67 (terminal) in HZ (€2) X
Hp, (Q) x L*(Q), and arbitrary € > 0, is there a suitable control triple [u1,ug, us] €
L2(0,T; L*(T1) x H~*(T'1)) x C"(32,1) such that the corresponding solution [w, w, 6]
of (1.1) satisfies the following steering property at terminal time 7":

[W(T),w(T)] = [w{,wi] and |o(T) — oF <e€?

)

In this regard, we post our main result here for which we need the number

2 _
(1.6) T* Ezﬁ-max{1/1 maxilh(x,y) , sup d([a@y],l"g)},
— M fzyleQ [z,y]€Q

where, above, d([z,y],'2) denotes the distance between [z, y] and T's.
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THEOREM 1.1. Let assumptions (1.3) and (1.6) stand. Then for T > T*, the
following controllability property holds true: For given initial data [wg,wr,8y] and
terminal data [wi,wT,00] in the space HE () x HE (Q) x L*(Q), and arbitrary
€ > 0, one can find control functions [u},us,u}] € L?(0,T;L*(T'y) x H-Y(T1)) x
C"(Zo,1) (where arbitrary r > 0) such that the corresponding solution [w*,w, 6] to
(1.1) satisfies at terminal time T,

[w*(T),wi (T)] = [w§ ,wi]
|

Theorem 1.1 is almost a corollary from the following controllability result for the
mechanical variable only, which comprises the bulk of our effort here.

THEOREM 1.2. With the coupling parameter « in (1.1) being arbitrary, and
(1.3),(1.6) in place, then for T > T*, the following property holds true: For all
initial data [wo,w:, 0] € HE (Q) x HE (Q) x L*(Q) and terminal data [wi,w]] €
HZ (Q) x H} (), there exists [u1,ug,us] € L*(0,T; L*(T'y) x H-'(T'1)) x H*(Z2,7),
where arbitrary s > 0, such that the corresponding solution [w,wy, 0] to (1.1) satisfies
[w(T), wi(T)] = [wng{]'

Remark 1.3. Note that the point [zg,yo] can be selected in such a way so that
2max;, g |h(z,y)| < diam (2), and so, ultimately, T* in (1.6) can be rechosen as
T* = 2,/7 diam ().

Remark 1.4. Note that in our statement of controllability, no geometric conditions
are imposed on the controlled region of the boundary I'y , only on the (possibly void)
boundary portion I'y.

07(T) = 0F || oy < €

1.2. Literature. To date, the only work dealing with the boundary control of
thermoelastic plates, in dimension greater than one, had been that of J. Lagnese in [12]
(indeed, this present paper is principally motivated by [12]). In this paper, Lagnese
shows that if the coupling parameter « is small enough and the boundary I' is “star
shaped,” then the boundary controlled system (1.1) is (partially) exactly controllable
with respect to the mechanical variables [w,w;]. Also in [22], a boundary-controlled
system of thermoelastic waves is studied, with a coupling parameter « likewise present
therein, and a result of partial exact controllability for this PDE is cited (again,
controllability with respect to the hyperbolic component). This controllability result
is quoted in [22] to be valid for all sizes of a; however, in the erratum [23], the author
of [22] has acknowledged a flaw in the controllability proof, the correction of which
will necessitate a smallness criterion on «. Ultimately, then, the paper [22] produces
a controllability result if the coupling parameter is small enough, a result in the style
of [12]. The chief contribution of the present paper is to remove restrictions on the
size of « (see Theorem 1.2 above). For a one-dimensional version of (1.1), S. Hansen
and B. Zhang in [8], via a moment problem approach, show the system’s exact null
controllability with boundary control in either the plate or the thermal component.

Other controllability results for the thermoelastic system, which do not assume
any “smallness” condition on the coupling parameters, involve the implementation
of distributed/internal controls subject to clamped or hinged boundary conditions.
These results include that in [6], in which interior control is placed in the Kirchoff
plate component subject to clamped boundary conditions.
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With such control, one obtains exact controllability for the plate [w,w;] and ap-
proximate controllability for the temperature 6 (i.e., exact-approximate controllabil-
ity). In addition, the work in [19] deals with obtaining a result of null controllability
for a linear system of thermoelasticity, in which both the hyperbolic and the parabolic
components can be driven to zero by means of interior control placed in the hyperbolic
(wave) component.

Another result of internal control for the thermoelastic PDE (1.1) is in [5], wherein
interior control is placed in the heat equation only (i.e., 80; — nAf0 + 06 — aAw; = u)
so as to obtain exact controllability for both components w and 6. The novelty of this
result is that this (total) exact controllability obtains for all values of the rotational
inertia parameter v > 0: in the limiting case v = 0, one is then presented with a result
of exact controllability for a PDE modeled by the generator of an analytic semigroup
(see [18]). This controllability holds for all values of «.

Again, the main contribution of this paper is that we consider boundary controls
acting via the higher order free mechanical boundary conditions, and we do not assume
any size restriction on the coupling parameter a. Moreover, we do not impose any
geometric “star-shaped” conditions on the controlled portion of the geometry.

At this point, we attempt to compare the degree of difficulty in obtaining control-
lability results for thermoelastic plates under mechanical interior control with lower-
order mechanical boundary conditions enforced (such as clamped or hinged), versus
that involved in the present study, where, again, boundary control is exerted upon
the second and third order free boundary conditions. This comparison is appropriate,
since the novelty of our work is touted to be (mechanical) exact controllability for the
PDE (1.1), whatever a may be; and excluding the paper [5], the only other available
controllability results for thermoelastic systems, which require no size constraints on
a, concerned thermoelastic systems under (distributed) interior mechanical control
and with lower mechanical boundary conditions in place.

An underlying strategy in control theoretic studies of thermoelastic plates has
been to exploit, if possible, previously known controllability results for (uncoupled)
Kirchoff plates. To this end, one attempts to treat the thermoelastic system as a sort
of perturbation of the Kirchoff plate. It is well known that if the underlying con-
trollability map can be decomposed into the sum of a compact map and a surjective
controllability map, corresponding to a (simpler) subcomponent of the PDE system,
then the exact controllability of the original problem is equivalent to its approximate
controllability. This favorable scenario occurs in equations of thermoelasticity with
either clamped or hinged boundary conditions and interior, distributed controls (see,
e.g., [20]). Indeed, the part of the simpler component is played by the classical and
much-studied Kirchoff plate, for which many results on exact controllability are al-
ready available in the literature. Taking the boundary conditions to be clamped or
hinged allows for a known structural decomposition of the thermoelastic system into
a group (associated with the Kirchoff plate) and a compact perturbation. Combin-
ing this decomposition with the boundedness of interior control actions immediately
yields the desired decomposition of the original controllability map into the sum of
a surjective controllability map (corresponding to the Kirchoff plate) and a compact
perturbation. This popular strategy was used in [6], where an ezact-approzimate
controllability result was established for the thermoelastic system with clamped ho-
mogeneous boundary conditions and internal controls.

The situation is drastically different in the present paper, involving the case of
boundary controls. Here, in this case of free mechanical boundary conditions, the
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corresponding controllability operator cannot be taken to be a compact perturbation
of the controllability map for the (uncoupled) boundary-controlled Kirchoff plate. In
the first place, the associated input—state space map, defined explicitly in (1.42), is
an inherently unbounded operator with respect to the natural energy space (see [17]
for recent sharp regularity results for corresponding solutions, which are still, however,
below the level of energy). Moreover, in the present case of free boundary conditions,
there is a decomposition of the underlying thermoelastic semigroup, but it is into the
sum of a Kirchoff plate semigroup and an unbounded—not compact—operator (see
[16]). This complication is due to the fact that the Lopatinski conditions are not
satisfied for the Kirchoff model under free boundary conditions, and to the intrinsic
nature of the coupling between the mechanical and thermal variables within the free
boundary conditions. These two complications above, again an artifact of the “free
case,” explain why there have been so few results regarding the boundary control of
thermoelastic plates and why a “decoupling” of the thermoelastic PDE into a sole
Kirchoff plate can only go so far.

Our goal here is to dispense with this smallness assumption and, in addition,
show that a control can be constructed that provides exact controllability of the me-
chanical variables and approximate controllability of the thermal component. We
note that the thermal control us present in (1.1)—wholly absent in [12]—plays no
part at all in the removal of the size restriction on «; it is in place only to exploit,
in a compactness-uniqueness argument, recently obtained approximate controllability
properties of the thermoelastic plate under the action of boundary control in the free
mechanical boundary conditions (see [10]). At this point in time, the thermoelastic
system cannot be shown to be approximately controllable with control in the free
boundary conditions only (and no thermal control). Therefore, the presence of the
thermal boundary control here is not an artificiality; it appears to be necessary for
approximate controllability. (We do not know if the future will bring a unique con-
tinuation result for the thermoelastic plate in the absence of the thermal component.)
However, the result of Theorem 1.1 says that the thermal control may be taken to
be very smooth and with arbitrarily small support I's. Again, this benign situation
is a consequence of our employing thermal control at the compactness-uniqueness
level only; it plays no part whatsoever in generating the main observability estimate
(estimate (2.5) of Theorem 2.1), this being free of any size restrictions on «.

The strategy adopted in this paper consists of the following steps. Initially, a
suitable transformation of variables is made and applied to (1.1); subsequently, a mul-
tiplier method is invoked with respect to the transformed equation. The mulitiplers
employed here are the differential multipliers used in the study of exact controllabil-
ity for the Kirchoff plate model (inspired by [11]), together with the nonlocal (¥DO)
multipliers used in the study of thermoelastic plates in [3] and [4]. The controllabil-
ity time 7™ in Theorem 1.1 ultimately depends in part upon the radial vector field
associated with the differential Kirchoff multipliers (see Lemma 2.5 below). This mul-
tiplier method allows the attainment of preliminary estimates for the energy of the
system. However, these estimates are “polluted” by certain boundary terms that are
not majorized by the energy. To cope with these, we use the sharp trace estimates
established in [15] for Kirchoff plates. The use of this PDE result introduces lower
order terms into the energy estimate, which are eventually eliminated with the help of
a new unique continuation result in [10]. It is only at the level of invoking this unique-
ness result that the thermal control ug on I's must be introduced. The controllability
time 7™ in (1.6) is optimal.
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1.3. Operator theoretic formulation and analysis.

1.3.1. Preliminary definitions. In obtaining our controllability result Theo-
rem 1.1, it will be useful to consider the PDE system (1.1) as an abstract evolution
equation in a certain Hilbert space, to which end we introduce the following definitions
and notation.

o With Hf (Q) as defined in (1.4), we define A: L2(Q) > D(A) = L*Q) to
be A= A2, with domain

D(A) = {w € HY(Q)NHE (Q): Aw+ (1 — p)Biw =0 on I'y and

0Aw 0Bow
ov (L= p) or

(1.7) =0on rl}.

e A is then positive definite and self-adjoint, and consequently from [7] we have
the characterizations

b (&%) - @
(1.8) D (Ai) — HZ,(Q),
D (A%) ={weHQ)NHE (Q): Aw+ (1 —p)Biw=0o0nTy}.

-

Note that without loss of generality, we are here taking I'y to be nonempty
in order to have the equivalence of the H?(Q2) norm with that induced by the
D(A%). In the case that Ty = (}, we would simply modify D(A) by enforcing
98w 4 (1—p)2B22 |1 = w|p, (instead of 222 + (1 — ) 2522 |1 =0 in (1.7)).
This modification would not change the problem.

Moreover, using Green’s formula in [11], we have that for w, © “smooth

enough,”
A B
/Q(A?w)adg =a(w,d) +/F [83;’ +( —u)aajw Bdr
(1.9) — / [Aw + (1 — p)Byw] 8—wdf,
T ov
where a(+,-) is defined by
a(w,0) = | [WralWaz + WyyWyy + 1 (WazlWyy + WyyWaz) + 2(1 — 1)weyWDay] dS2.

(1.10)
In particular, this formula and the second characterization in (1.8) give that
for all w, & € D(A?),
l 5~ ~
<Aw,w> |:D(A%>:|l><D<A%> = (A2w7A2w)L2(Q) = CL(CU,CU)L2(Q) )

2

ey a(w,w).

(1.11) ||w||i)(A%) - HA%]

e We define Ap : L*(Q) D D (Ap) — L3(Q) to be Ap = —A, with Dirichlet
boundary conditions, viz.,

(1.12) D(Ap) = H*(Q) N H} (Q).
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Ap is also positive definite, self-adjoint, and by [7]
(1.13) D (A%) — HL().

We denote the operator Ar : L%(Q) D D (Agr) — L*(Q) by the following
second order elliptic operator:

(1.14) Ap = —A+ 21, with D(Ag) = {19 € H2(Q) : g—ﬁ + M = 0} .
n 1%

Ap is self-adjoint, positive definite on L?(Q), with its fractional powers there-
fore being well defined. In particular, we have again by [7] that for s € [O, %),

D(AR) = H**(Q),
(19’5) H(Q) - (Af%ﬂ,Agﬁ) L2(Q)
(1.15) - (w, v&) oy T (ﬁ,ﬁ)mm + % (79, 3) .

We denote the operator Ay : L?(Q) D D (An) — L?(Q) by the following
second order elliptic operator:
Iy B } .

(1.17) D(Ay) = {9 € H*(Q) such that 9|, =0}.

oY

(1.16) Ay = —A, with D(Ay) = {19 € HXQ): dlp, = 5

Once again by [7], we have for s € (1, 3)

(70,71) will denote the classical Sobolev trace maps, which yield for f €
c=(Q)

of

(1.18) Yof = flpsnf = .

We define the elliptic operators G, Go, and D as follows:

A?2v =0 onQ,
02?20 on Iy,
Gih =v < v
Av+(1—p)Biv=nh
O0Av 0By on I'y,
1— =
gy T =0
(1.19)
A%y =0 onQ,
u:g—vzo on Iy,
Goh = v < v

Av+(1—p)Biv=0

O0Av 0By on I'y,
1-— =h

ov + 2 or




344

GEORGE AVALOS AND IRENA LASIECKA

(—A—i—%l)v:O on €,
Dh:v<:>{AU0 OHQ’ Rh =v<— @+>\U:h on 'y,
vl[p=h onT; v
5—}—)\@:0 on IM\Ts.
(1.20)

The classic regularity results of [21, p. 152] then provide that for all g real,
Der (Hq(r) Hq+%(9)) ,

RecL (H‘Z(m) Hots (Q))

Gy e £ (Hj(T), H1H (),

Goe L (Hg‘f(rl) HI3(Q) )

(1.21)

Denoting the topological dual of HY as [H9]' (pivotal with respect to the
L2-inner product), then with the elliptic operators Ap and R as defined
above, one can show that for g > —%, the (Banach space) adjoint R*Ag €

E(D(AI%%), [HY(T'3)]’) satisfies

(1.22) R* At = 9|, forall ¥ € D (A};) .

Moreover, with the operators A and G; as defined above, one can readily

show with the use of Green’s formula (1.9) that V¥ @ € D(Az) the (Banach
1 ,

space) adjoints GFA € L(D(A?), H=2(T';)) satisfy for i = 1,2,

(=)' yiwlp,  on Ty,
1.2 * Ao = 1
(1.23) GiAw { 0 on I'g.

With Ay given by (1.16), we define the operator P, : D(P,) C L*(Q) —
L?(Q) by
(1.24) P,=1 +~yAy.
(i) With the parameter v > 0, we define a space H%(m(Q) equivalent to
Hy}, (€2) with inner product
(1.25)

(wiw2)py (@) = (Wi,w2)pai) +7 (Vwr, Vwe)a(q) Vwi,ws € Hy, ()

1
and with its dual denoted as Hp. W(Q) After recalling that H} (Q) = D(A})
(by (1.17)), two extensions by contlnulty will then yield that

Pecr (H%M(Q), HF‘O{W(Q))

(1.26) with ( 7w17w2>H ' (@)xH), (@) = (wl,wg)H% @) -

To, w( 0

Furthermore, the obvious Hf. ,(©)-ellipticity of P, and Lax-Milgram give us
that P, € L(Hp,, L), Hy 7( ))1s boundedly invertible, with

(1.27) ptec(H:l (9), HFM(Q))
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Moreover, because P, is positive definite and self-adjoint as an operator P, :
1
L*(Q) D D(P,) — L?(f), the square root P? is consequently well defined
1

with D(P}) = Hp, (), by (1.17). Tt then follows from (1.25) and (1.26)
that for w and & € HE, (),

2

1 _ 2 2 — 2

(1.28) HPffw‘ ey HwHLz(Q) +v HVWHL2(Q) = ”w”HllOﬂ(Q) )
1 1 —~

(1.29) (P$ w,Pﬁw) L2 = (va)Hﬁoﬂ(Q) :

(ii) Finally, by Green’s formula we have for w, @ € D(A?),
'y<(A + AGQ’}/l) w, @>

-1
Hp! (Q)xHE

N ow . R~
A VW)L2(Q) o (31/’ w) L2('1) i (’Ylw’ GQAW)LQ(IH)

L@

(1.30) = =7 (Vw, V@) 12(q) = =7 <ANW7°A">HF‘01W(Q)xH1 ©)

To.v
after using (1.23). We thus obtain after two extensions by continuity to
Hi, () that

(1.31) Py =I—~(A+AGsy) as elements of £ (H%O’W(Q), Hlfolv(Q)) .

In obtaining the equality above, we have used implicitly the fact that for
1
every w* € Hr_olﬂ(Q) and w € D(A2),

(1.32) (w”, w>H1:01ﬁ(Q)><H%OW(Q) = (@", @) [D (A%ﬂ "D (A%)

We denote the Hilbert space H, to be

1
(1.33) H, =D (Zv) x HE,(9) x L2(9),
with the inner product
w1 Wi 1 1
wy || @ — (A%wn, A%0))
0o |4 (@)
H’Y
1 P ~
(1.34) + (PV wa, P WQ)H(Q) +8 (9, 9) .
With the above definitions, and making the denotation
o
(135) (*) = AR — ; — AGI’YO + )\AGQ’Y(),
we then set A, : H, D D(A,) — H, to be
I 0 o0 0 1 0
A=(o Pt o || A 0 ()
0 —=Ap(I-D ——A
(1.36) 0 0 I 3 Pl Y0) 3 R

with D(A,) = {[wo,w1,00] € D (A%) ) (A%) « D(AR))
such that Awg 4+ aAG17v06y € HI?OIV(Q)} )
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e We make the following denotations for the space of controllability:

Us = L*(Iy) x H™H(T'1) x H*(T2),
(1.37) Uy, = L*(0,T; L*(T1) x H-YT)) x H*((0,T) x I'y),

where s > 0. We define the control operator B on Ug by having for every
u = [u17u27u3} S Us»

0
(1.38) Bu— | Py AGIu + AGouy)]
TApR
6 RitU3

Note that a priori the mapping B only makes sense as an element of £(Us,
[D(A%)]'), where H,, C [D(A%)]. Indeed, for fixed @ = [uy,uz,u3] € U, one
has, upon using the expression for the inverse A7 L given in (4.2) below, and
the definition of the elliptic operators Gy, Gz, and R in (1.19) and (1.20)

above, that
0
Bu = A, A PJl[Aglul + AGaus)]
7ARRU3
B
—Ghiup — Gaug — aA_l(&)Rug )
(1.39) = A, 0 € [DA)],
—RU3

where (&) is as defined in (1.35).
e By duality, we have

Ur =L*(I'1) x H'(I'1) x [H*(T'2)],
(1.40) U = L2(0,T; L*(Ty) x HY(T)) x [H*(0,T; L*(T2))]’,

and B* € L (D(A2),U).

1.3.2. Abstract operator formulation. If we take the initial data [wo, w1, 6]
to be in H,, and control @ € U,, where U, is as defined in (1.37), then considering
the operator definitions above, the coupled system (1.1) can be rewritten a fortiori as
the operator theoretic model

g | @® w(t) w(0) wo
(1.41) — | welt) | = Ay | welt) | + Bu(t), w(0) | =] w1 |,
a1 g o(1) 6(0) B0

with this equation having sense in [D(Ai;)]/ (a space strictly larger than H,). Given
the operator definitions for A, and B above, the solution [w,w;, ] to the ODE (1.41)
(and so to the PDE (1.1)) is given by

)
(1.42) wi(-) | =etO | W +/ e %) Bu(s)ds,
0



CONTROLLABILITY OF THERMOELASTIC PLATES 347

which by (1.39) and the convolution theorem is an element of C([0,T7; [D(AZ%)]").
With this representation of the solution [w,wy, ] in mind, we define the input —
terminal state map Lp € L(Us, [D(A;)}/) as

T
(1.43) CTﬂ:/ e T=9) Br(s)ds.
0

Taken as an unbounded operator from U into H,, then L1 : D(Ly) C U; — H, is
closed and densely defined, with its domain of definition D(Lr) given to be

(1.44) D(,CT) = {ﬂ EUs: Lru € H’Y} .

Its adjoint L% : D(L}) C H, — U, where U is as given in (1.40), is likewise closed
and densely defined, with

%o
(1.45) D(C}) = [¢0a¢17¢0] S H’Y : E;« d)l S US*
Yo

As we are concerned with obtaining exact controllability of the displacement
1
[w,w;] only, we accordingly define the projection operator IT : H, — D(A2) x
Hlloﬂ(Q) by

o
(1.46) | o | = [ «o } .
do “1

Henceforth, the work here will be concerned with determining the surjectivity of the
1
closed operator IILy, D(IILr) C Uy — D(A3) x Hy, (), with

T
(1.47) Lru = H/ e T=9) B (s)ds,
0

and with D(IILy) = D(Lr). Determining the surjectivity of the operator IILr for
some T" > 0 becomes our concern here, since it is equivalent to showing the exact
controllability of the mechanical component [w,w;] to (1.1) (Theorem 1.2). This
surjectivity for IIL7 is in turn equivalent to the existence of a certain observability
inequality pertaining to the range of the adjoint £5IT* (the inequality (2.1) below),
where £:I1* : D(L:I1*) € D(Az) x Hllxoﬁ(Q) — H,, is likewise a closed densely
defined operator (as £ is), with its domain given by

(1.48)  D(£;11) = {60, ¢1] € D (A) x HE () : [60,61,0] € D(£7) } -

It is the injectivity condition (2.1) that we intend to directly verify. In order to rewrite
this abstract inequality in “PDE form” (i.e., as the inequality (2.2) below), we need
the following two propositions, the first of which is proved in the appendix below.

PROPOSITION 1.5. The Hilbert space adjoint A% of A, as defined in (1.36), is
given to be

I o o 0 | 0
Aa=optol|l A 0O (&) |,
0 0 I 0 BAD(I_D'YO) _BAR

with D(A) = {[%, ¢1,%0) € D (A%) x D (A%) x D(Ag)
(1.49) such that Apg + aAG 1y € Hr_oly(Q)}
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(above, (&) is the same denotation made in (1.35)).
Remark 1.6. Using the semigroup {6Avt}t20 generated by A%, then for terminal

data [¢07 (blv ¢O] S H’Y?

o(t) i oo
(1.50) ¢i(t) | =eTT0 | gy | € C((0,T); Hy)
P(t) o

is the solution to the following backward problem:

_ 2 _
{ i — YAy + A%+ Ay =0 on (0,00) x €,

By +nAY — o) — algy =0

0
qb:a—fzo on (0,00) x Ty,

(151) Ap+ (1 —p)Brop+ap =0
. 8A¢+(1_ )832¢_ a¢tt+ %_0 on (0,00) x I'y,
v K =ar Tov T %ow
(;—Q/J-I—M/J:O on (0,00) xI', A >0,
1%

[H(T), (1), ¢(T)] = [do, P1,%0)] -

Remark 1.7. For terminal data [¢o, ¢1,70] in D(A%), the two equations of (1.51)
may be written pointwise as

(1.52) Pypu = —A¢ — aAGry09 + aXAGyyop — Ay in HL ! (9),
(1.53) By = —nAtp + op+alp, in L*(K),
(1.54) [9(T), ¢¢(T),y(T)] = [bo, P1,%0] -

Remark 1.8. Since TyNT; = 0, and I is smooth, we can assume throughout that
D(A?) is dense in the graph topology of D(L7}).
PROPOSITION 1.9. The adjoint L3 : D(LY%) C Hy — UF of L is computed to

be
¢0 8¢t ¢O

(155) L% | ¢1 | = lay s —®tlp, »m wrzl forall | ¢1 | € D(L}),
Yo I Yo

where [%|p1,¢t|pl ,¥|r,] are boundary “traces” of the solution [¢, ¢+, ] to the coupled
system (1.51).

Proof. By Remark 1.8, it is enough to show the characterization in (1.55) for
[P0, &1, 0] € D(A%). With this in mind, one has readily the classic representation

%o i %o %o
(156) L5 | o1 | = B AT | gy for every | ¢1 | € D (Af/) ,
Yo Yo Yo

where again, B* € L (D (.Af;) ,US*) is the adjoint of B. We must show that the right-
hand side of this equality may be written explicitly in “PDE form” as (1.55). To this
end, for every [uy,us,us] € Us and [dg, P1,%0] € D (Afy), we have

(1.57)
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Uy on)
Lr| u |,]| & >

s Yo ]/ peasyyxpias)
u1(s) b0
(5] (8) d57 ¢1 >
US(S) ¢0 [

D(Az))xD(Az)

~

T Ul(S) ®o
- / <6A7(T_S)A7A;18 us(s) |, | 1 > ds
0 u3(s) o

[D(A2)) x D(A%)

T u1(s) ) o
:/ ATIB | ua(s) | e T4 | 6y ds
0 u3(s) Yo |/ |,
-G -G —aA N (&)R
— /T ( i (e) 2UQE)S) ) (8)Rua ,AfyeAi(T*S) [ 01 ) ds.
0 *RUg wO H

Noting that

gives the solution to the backward problem (1.51), we then use this relation, the
definition of the adjoint A% in (1.49), and Proposition 4.1 of the appendix to obtain

(1.58)

up(s) ®o
<£T ua(s) |, | ¢ >
u3(s) Yo [D(A®)])’ x D(A%)

/T ( —Ghui(s) — Gaua(s) — oA~ (%) Rus
= 0
0

L —R’LLg
[ —
, PrAd —aPT(d)y s
I BAD(I — Do)t — %Amb ]
T, A ; .
- /o _(A2G1u1,A2¢t>L2(Q) + (A2G2u2,A2¢t>L2(m +17(Ru3,AR1/))L2(Q)] dt

T . T
= /(; _(Ul,GTA¢t)L2(F1) + <u2)G;A‘¢t>H—1(F1)XH1(F1):| dt+/0 ’r}(u37¢)L2(F2) dt

T
Oy
B /0 (ul’ 81/>L2(F ~ 2 ¢t>H*1<F1>xH1<r1> dt + 1 (U3, ) 1o (0,1)r0)x [1+((0.T) xT2)]’
L 1)
thereby completing the proof of Proposition 1.9. 0

Immediately, we have Corollary 1.10.
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COROLLARY 1.10. The adjoint operator L511* : D(L411*) C D(A2)x H}

. To,y
Uz is given by

* Tk (ZSO _ %
(1.59) Jeai| [ A } = la”

() —

) _(bt'r‘l ) anFQ]
Iy

for all [¢o, 1] € D(LEIT*), where [%|F17¢t|r‘l,’lp‘r‘2] are boundary traces of the so-
lution (¢, ¢r, ] to the following (backward) system:

b1t — VAP + A%¢ + alp =0
{ﬂ¢t+77A¢—U¢—aA¢t:0 On(O’OO)XQ7

9]
qS:a—(f:O on (0,00) x Iy,

96 0Bsp g 00 _

on (0,00) x T'y,
ov +(—p) or 78u a@ui

0

%+A¢:0 on (0,00) x ', A >0,

[¢(T), pu(T), ¥(T)] = [¢o, ¢1,0].

We conclude this section with a regularity result for the thermal component of
the solution [¢, ¢, ] to (1.51) , this being originally derived in [11] and [2] for the
forward problem (1.1). Assuming terminal data [¢o, ¢1,%0] € D(A3), we have, by
using (1.50), the equality

2

4T s o(t) o(t)
(1.61) 1l @ =2 A | () || o:(D) :
() Jllg, ¥(t) b(t) H,

Integrating this equation from 0 to 7', performing computations similar to those per-
formed for the proof of Proposition 1.9, recalling the characterization (1.15), and
subsequently invoking a density argument, we have the following proposition.
PROPOSITION 1.11. With terminal data [¢o, ¢1,%0] € H,, we have that the
1

component v of the solution of (1.51) is an element of L?(0,00; D(A3})). Indeed, we
have the following relation valid for all T > 0:

¢ || 9(0) T
(1.62) P =] ¢:0) - 277/ HA}23¢‘ 29
o H, ¥(0) H, 0

2
2

dt.
)

2. Proof of Theorem 1.2.

2.1. The necessary inequality. As stated above, showing the partial exact
controllability of the system (1.1) for some time 7' > 0 is equivalent to showing the
surjectivity of the operator 1Ly : D(Ly) C Uy — D(Az) x H}, (), where TIL7 is
as defined in (1.47) and with D(L7) as defined in (1.44). Using the classical functional
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analysis (e.g., couple Lemma 3.8.18(i) and Theorem 6.5.10(ii) of [9]), the surjectivity
of IILp for some time 1" > 0 is tantamount to the existence of a constant Cr > 0
such that following inequality is satisfied for all [¢o, ¢1] € D(L4II*), where D(L5IT*)

is as defined in (1.48):
®1 ] (A%)XH%O,W(Q).

Corollary 1.10 then gives that this abstract inequality above may be rewritten by
having for all [¢g, ¢1] € D(E}H*),

bo

¢1

0
[ [H@Hm o+ |2
(2.2)
where [%h"l,qﬁt‘r‘l ,¥|r,] are traces of the solution [¢, ¢, )] to the backward system
(1.60) (this being “adjoint” with respect to (1.1)). So to prove the statement of partial
exact controllability of the thermoelastic system (Theorem 1.2), it will hence suffice to
establish the inequality (2.2) for T' > 0 large enough. With this end in mind, we make
the following denotation for the mechanical “energy” of the system for 0 <t < T:

2
Lm)} ’

where again [¢, ¢, 1] solve the backward system (1.60). In addition, we will denote
by l.o.t.(¢, ¢+,9) (“lower order terms”) any sum of terms that obey the following
estimate for some constant Cy:

(2.1) cs H

2

2
dt+n ||¢||[Hs((o,T)xF2)]’ > Cr D(A%) L (@) )
Lo,y

L2(T)

(23) £ = 5 [|Atoco]

“Pé¢t(t)‘

L2(9)

l.o.t.(¢, ¢, 0) < C 2 + |l¢¢]?
o.t.(¢,¢s,v) < Cr H¢||Loo(o,T;H%+‘(Q)> H(thLOC(O,T;H%*'E(Q))

2.4 + ]2 ) 2 .
(2.4) H¢|IL2 (O,T;H§+€(Q)> + ||¢HLN (O,T;H’i“(ﬂ))

By way of establishing (2.2), the bulk of the work will entail the derivation of the
following estimate.

THEOREM 2.1. For T > 0 large enough, the solution [§, d¢, ] to (1.51) with
terminal data [po, d1,1%0] € D(LY) satisfies the following inequality:

/OT [E¢(t) + HA%

T
(2.5) <Cr (wonim) T / V6022 r dt + Lo.t.(6, w)) .

2
dt + E4(0
2 Q)] ¢( )

This theorem will follow from a chain of results. Given the density of D(A?) in
D (L) (see Remark 1.8) and the fact that the solution of (1.51) has the representation

(t)

) %o
(2.6) o) | =T gy |
Y(t) o
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it will be enough to show inequality (2.5) for solutions [¢, ¢, 1] to (1.51) corresponding
to terminal data in D([.Afyf). Taking [¢o, ¢1, 0] € D([Ai;]Q), we then have that

(¢, ¢¢, 1] is an element of C*([0,T]; H,)N C([0,T]; D(AZ%))N C([0,T]; D([Aﬁ]Q)) and
as such has the additional regularity (see [3, Theorem 2] and also [12]):

6 € C(0, T HY(9)); ¢ € C(0,T]; HY()); ¢u € C (10,70 (A7),
de € C([0,T); D(AR)),
(2.7) ¢ —Gamidu + aGiyoy — aXGayoy € C([0,T]; D(A)).

This extra regularity of [¢, ¢, 1], corresponding to smooth initial data, will justify
the computations to be done below.
2.2. Proof of Theorem 2.1. As mentioned above, the terminal data [¢g, ¢1, 1o)

will be considered to be in D( [Af/] 2); accordingly the corresponding solution [¢, ¢, 9]
of (1.51) will be a classical one, with the regularity posted in (2.7). With the end in
mind of deriving the estimate (2.2), we start by making the substitution

(2.8) #(t) = e So(t) and P(t) = e (2),

where parameter £ €R is to be determined. Necessarily then [&5, QASt,{/)\] solves the
coupled (backward) system

(€26 + 2600+ bu ) —vA (€26 + 2601 + du) + 426 +aAP =0 0,00
~ - —~ —~ ~ o~ on (0,00 ,
ﬁ(&/J-H/)t)+77A1/)—aw—aA(§¢+¢t>:0
32%20 on (0,00) x Ty,

9 ~ - o0 on (0,00) x I'y,
1 (234 2630+ Bu) + a2 =0
v v

0B2¢
v # or

Aq@j(l—u)BngrOﬂZ:O
¢
gif+,\$:o on (0,00) xI', A >0,

o~ o~

[¢(T)a¢t(T)a1Z(T)} = [e T ¢, —Ee T g + e T 1, e T o] .

(2.9)
Since [, ¢1,%0] € D([.Aﬂz), the extra regularity in (2.7) gives that [(Z, @,1;] is a

classical (not just weak) solution of (2.9); accordingly, we can rewrite (2.9) abstractly
as (see Remark 1.7 and (1.31))

<f2$+ 2£$t + %) —vA <§2$+ 255:& + 5&) —vAGom (525"‘ 2f$t + att)
(2.10) + A(/b\—l— aAGlfyo{b\ — ARGy + aAY =0 in HF_OIN(Q),

(2.11) B (&0 + ) +nAG — o — ol (€5+ ) = 0 in LA(Q),

(212) [3(T), &u(T), H(T)] = [ b9, €™ g0+ e~ T1, =]
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Now multiplying the heat equation (2.11) by & and adding it to the Kirchoff plate

(2.10), and subsequently taking the parameter £ to be £ = 2wn’ we obtain the single
equation

Q/b\tt - 7A$tt + A%— YAGom (5254- 2§$t + (Ztt) + OZAGWMZ - CV)\AGTYO?Z
(2.13) = coth + 1t + C20p + 3 + 1A,
(214) BT, 3(T), (D) = [ b0, —&e™T g0 + e, ey

where the constants ¢y = -2 — 22 ¢ = 28 @

. yn? n 7 1
—43‘7. (Note that the particular choice of & made here eliminates the higher order
term AQASt.) System (2.13)—(2.14) may be rewritten in PDE form as the Kirchoff plate

equation

, Cg = c3 = — and ¢4 =

__«
472712 ’

;b\tt - VAé/b\tt + A2¢A7 = sz;Jr CﬂZt + 02$+ 03$t + C4A$ on (0,00) x €,

)
Il
<)

=0 on (0,00) x T,

QD‘Q)
<

5G4 (- WBF= oD _ .
0A¢ 0By Opye 0 ~ ~ oy on (0,00) x I'y,
G 0= 22 = =y (€20 4 260, ) — o

[éf’(T), t(T)ﬂ/’(T)} = [eTgg, —e o + e T pr, e Ty ] .
(2.15)
As ¢ —yGo (E2¢ + 2601 + dur) + aG1y0Y — aAGaryoy € C([0,T7; D(A)) (using the
last containment in (2.7)), then [¢, ¢+] is a classical solution of (2.15).

We note at this point that one can readily derive the trace estimate Lemma 4. 5
(of the appendix below) for the plate component Aqﬁ\po of the solution [¢ gbt,w]
(2.9). The proof of this is relegated to the appendix, since it is entirely analogous to
that shown for the forward problem in [3] and [4]. This estimate will be critical in
the proof of the following lemma, which gives an energy relation for the mechanical
variable. o

LEMMA 2.2. (a) The solution [¢, ¢, ] to (2.9) satisfies the following relation for
all s and T € [0,T):

(2.16) Eg(t) = F(s,7),

where Eg(r) is the mechanical energy function defined in (2.3) and F(-,-) is a function
(defined below in (2.34) ) that obeys the following estimate for all s and T € [0,T] and

€ > 0:
2
} it
L2(Q)

(b) For e > 0 small enough, the solution [QAS, bt | to (2.9) satisfies the following

2 T 1~
| v &t 6/0 [Eg(t) + 4k

(2.17) e (Eg(s) + EE(T)) Flot.(8, ded)).

T
F(s,7) < C’s/ HquAﬁt
0
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estimate for all s and T € [0,T):

Eo(r) < Gfi)EA +c/

€
1—¢€

dt
L2(Ty)

~

T o~ o~ o~
(2.18) + /0 {Eg(t)—kHAfzw(t)HLz(Q)] dt + 1.0.t.(6, D).

Above, the constant C, is independent of time.
Proof. We take the duality pairing of the abstract equation (2.13) with qﬁt and
integrate in time and space so as to get

(2.19)

/ST <€Ztt — YAyt — ’YAG271$tt;$t>H;1(Q)XH% @ + <A¢A57 $t> {D(A%H/xD(A%) dt

- /T <'yAG2’h (£2$+ 2{@) - aAGlfy(ﬂZJr al AGﬂOzZ7 ¢A5t> {D (A

S

[
N—
[

X

)
/N

>

[
N—

U
=

[ (bt abitadtabitatdd),  d.
(Note that here we are using implicitly the fact that the terminal data [¢o, ¢1, 0]
being in D(A%) implies that Ap+vAGv1 (E20+28ht+ dit) —aAG170Y +aNAGavot)
is an element of C([0,T]; H Ol(Q))) Second, denoting A5 to be the inverse of the
elliptic operator defined in (1.12), we multiply the PDE (2.15) by —%ABHZ, and
subsequently integrate in time and space so as to get
c1 [T/~ ~ ~ ~ ~ ~ ~ ~

—;1 (¢tt —YA¢y + A%¢ — [001/} + 1t + cad + c3dr + C4A¢] ) AD11/J> r2()dt = 0.
(2.20)°

(A1) Rewriting (2.19). Using equality (1.31) and the characterizations in (1.23),
we have upon the taking of adjoints that (2.19) may be rewritten as

t=1

EA(t)

[ (bt ettt rasdd), i [Ca(@b), d

t=s

-/ ( 3 % + Mﬁ + Aol <z>t> <¢, ff) dt
° L2(Ty) L2(I)

(2.21)

(A2) Rewriting (2.20). (i) An integration by parts, the use of the heat equation
(2.11), and the fact that Agy = wa + AD’yOw + ”w Ap(1I D’yg)w + ”¢ yield

(2.22)
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_|_a (> 417 "
_{7 <¢t’AD )L2<sz>L

A (T (TN atde T 1— Dy D
= ((bt,(ﬁ E)ADw+ﬁ(I D’YO)IZJ)LQ(Q)dt

2 [ (B a-pwd+

. 5 (I Do) ) dt.

L2(Q)

B

(ii) An integration by parts and employment of Green’s theorem yield

(2.23)

! (Va“’ VABHZ) L2(Q) at
L

Vor, VAL ) o

L2(

+c1

/STcl(Atht, D )L2 (@) :7/
. [(V%VADl A) LZ(Q):| /

C
=—c [(V@,VAJ‘J A) L2(Q)] Ta /ST (at’ADABIIZt> L2() at

T

S
T
S

= [(V@, VAL A) L2(QJ T Ta /9 ((bt’wt) L2(Q)

T~ DAL n (I — Do)t
+c oTR ( — ) DT 42 ) dt
/5 ( B B ov L)

—C /T <¢t7 o O — D’YOW + 98(1 — DWO)@) dt.
° L2(T')

)

&) Oov 16} Ov

(iii) Through the use of Green’s theorem (1.9) and the boundary conditions in
(2.15), we obtain

(2.24)
_/ (A2¢, - 1/))

acy 8AD P
=——/ (3.45'9) at - = (w, ) dt
R ov o)

+2 ( o, 945 1!)) dt
v Js ov
L2(T)

(where we have used the fact that ¢|p, = %h“o = 0 implies By ¢|r, = 0; see [11]).
Jointly then, equalities (2.20) and (2.22)—(2.24) give the relation

(2.25)
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e [ (bun) dt—c—l T(Zs ("—5) Y41 (I—Dv)w) dt
' o 2 Y s " 6 D ﬁ 0 LZ(Q)

+7 (3 Fg I—Dyo)cb—l—ﬁ(I—D%)(Et)Lz dt

N ~ (o \OAp'Y  ndI—Dy)d
Cl/S ( ty (/6 g) aV + 6 a >L2(F )
T~ atd(I-Dy)d  adl— Dy)o
+C1/5 ( t’? o +B o >L2(F

+a ((b, ; zp) dt + —acl b, OAD'D dt
0 Jv
s L2(I'y)

S

_a (Aq} 94, 1/}) dt
v Js ov
L2(To)

T =R =R R =R g
- / <601/1 +c1tp + cadp + c3dy + caAd, ;ADWJ) dt

L2(2)

o [(V%VAD 9) o i@““‘f’ﬁ)wmy

Summing the relations (2.21) and (2.25), we obtain
(2.26)

t=71

EA(t)

t=s

T R R R PN c i~
= / (cow+c2¢+c3¢t+c4A¢,¢t—;AD%) dt

L2(Q)

s L2(F1) L2(T1)
Cc1 T~ o -1, N i N =10 i
-5/ (¢t, <5 — §> ALY+ 3 (I-— D%)w)mm) dt +c; {(V@,VAD 1/J)L2(Q)L
oy af oy
TS0 -D - D
+/ [(7 S a-Dw)d+ 50 ’Yo)¢t> .
5 (7 )04 o Dy)d
- <¢t, (5 f) v B ov )LQ(FI)] dat

"~ atdT—Dy)d  ad(I—Dy)d, a [ a(5,4500
+Cl/s <¢t, + >L2(F)dt+7/s a(¢7 Di/)) dt

dt

3 v B v L2(Q)

c1 T A8AD¢ 8AD1/; ca [~ 17 T
2 [( 0, =2 ) <A¢, - e+ (%45 )L2(Q)
L2(T'y) L2(Ty) S

(note the cancellation of the high order term fST(zZt, QASt)Lz(Q)dt).
We now proceed to estimate the right-hand side of this relation. In so doing, we
will be using implicitly, in (B1)-(B7) below, the inequality ab < ea? + C.b?.
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(B1) We have by trace theory

—/ {( g2 99 +2vfﬁ + adod, @) ta (zﬁ, %QSt) ] dt
s L2(I'y) v L2(Ty)
227 <C/

(B2) As A} is a bounded operator, we have

8¢t

dt + lo.t. <$, @1}) .
L2(1))
T . N . PR c A
/ (Cow + o+ c3py + caldg, Py — ,;Apllﬁ) dt

(2.28) < g/OT HAé(gH;(Q) dt + Lot (q?, q?mﬁ).

(B3) As Dyy € L(H*(Q)) for s > % (by standard elliptic theory), and Ap'
€ L(L*(R2), D(Ap)), we then have in conjunction with trace theory

(2.29)
( Pt ( —6) o'+

+% s (@%(I—Dw)%

~

(I— Do) w) dt
£2(Q)

DL WIS

(I—D70)$t> dt
L2(Q)
[~ (o aA;)l@Z
—01/S <¢t, (5_§> v ) dt
L2(T)
acy aAD P
—/ (6,450 e+ | <¢, > ) "
L2(I')

€ T ALA 2 ~ o~ N
<£ 2 H dt +lot. D).
- 6/0 H ¢ ey @O (¢’¢t 1/J)

(B4) Using the fact that Dy € L(H*(Q)) for s > 1, and %(t)h‘ = fMZ(t)\p, we
have along with trace theory that

Cl/f (at,”a‘ﬂ ot <1D70>¢+aa¢t> dt
s (T1)

Gov " B v 3 ov
T aA 2
(2.30) <C / 9% dt +1.o.t. (5, QZMZ) .
0 12
L2(ry)

(B5) By [1, p. 311, Theorem 3] and trace theory we deduce that %D’yo €
L(HY(Q), H~2(T)), and so accordingly we have

"(~ ndDywd  adDyé /T
- — <
Cl/S <¢t’ 6 Ov g Ov 2( )dt < Ce 0 ‘

(2.31) +%/0 {H P

2

o~

oy

dt

HZ(Ty)

!

+[laxd

L2(Q) L2 Q)]
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(B6) As Ap' € L(HY(Q), HL(Q)), by the characterizations of elliptic operators
given in [7] , we then have for all ¢ € [0,T]

(900.94550) ., =€ [0 ., [747 50

L2(Q)
< < |Piau H ot (9.600).
We thus have
| (va0.v45'7) (Q)I_T +|2 (o aztin),, mj:
e <t ([P, + [Pao),, ) +rot (3.5.0).

(B7) Finally, we can use the trace result Lemma 4.5 of the appendix and the fact
that A5 € L(H™2H¢(Q), H3+<(Q) (again by [7]) to have
(2.33)

7 Js v L2(T)

T ~ ~ T 12 T, 2
<O [ 188 g 19 sy 2 < 55 | 29 1l
_C/s H ¢ 4 H‘f+‘<mdt_600 s ¢ LZ(ro)dHC 0 v H‘f+‘<9)dt

(where the constant Cj above is the very same as that in ( 4.13))

L2(To)

€

T
€ PSR
< g/0 Ej(t)dt + ¢ {Eg(s) +E$(T)] Flodt. (¢,¢t,¢) .
Therefore, if we define F(s,7) to be

(2.34) F(s,7) = right-hand side of (2.26),
estimates (2.27)—(2.33), then we have

Fls,7) < C. / HWt
(2.35) te [Ea(s) +E$(T)] +lot, ($ o, zZ)

dt + ¢ [ —i—HA ‘
L(1

2
&
L2(Q)

where the constant C, does not depend on time 7. This and equality (2.26) prove
(a).

To prove (b), we combine (2.16) and (2.17) and subsequently take ¢ > 0 small
enough. The proof of Lemma 2.2 is concluded. O

With the radial vector field i defined in (1.3) , one has the following relation,
which is essentially demonstrated in [12] (the complete proof is carried out in Propo-
sition 4.6 of the appendix below).

PROPOSITION 2.3. With the vector field h as defined in (1.3), the solution
[& (Zt,{/}\] to (2.15), corresponding to terminal data [¢o, d1,0] € D([Aﬁ]Q), satisfies
the following equality for arbitrary ey € [0,T):

(2.36)
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T—e T—e
0 0 N - N P ~ 1=~
/ Eg(t)dt = / (cow + cad + c3dr + caAp,h -V — qb) dt
L2 ()

€0 €0 2

T*G() —~ Ny 1 R 1 T*Cg _ /\2 12
—61/ <"/’7h'v¢t_2¢t) dt—|—§/ / h-l/((bt—i-’y‘V(bt‘)dth
€0 LQ(Q) €0 Iy
T—eo 1 T—eo i N2
_/50 e +2/€0 /Foh-u(A¢) drdt
T—eo N - =R 12
[l )
o ov 2 L2(Ty)

O (o, oo~ W — _~ 1~
+ (vay (€6+263) ~aSl 7 V5~ 2¢> dt
L2(T'1)

o~

2
bt

t=T—¢g

- {(@,h- V@L?(Q) +7 (Vd:t, \% (E' V%)) (¢t, ¢)L2(Q }

t=T—eo

LZ(Q) t=co

Y (or o S o 1
5 (V0uV0) o e (w,h V6 - 2¢>) m)}

t:60

~ ~ ~ 2
02 02 02
+2u <a£> (af) +2(1— p) <8x(;by> dtdr.

So as to derive another intermediate energy inequality, we will now estimate the
right-hand side of the relation (2.36). In the course of this work, we will make critical
use of the following trace estimate for (uncoupled ) Kirchoff plates, which was derived
in [15]. Tt is this regularity result that allows the controlled portion I'y of the boundary
to be free of geometric constraints.

TRACE THEOREM (see [15]). Let the function (t, z) satisfy the following Kirchoff
equation on an open, bounded domain Q0 CR"™, with smooth boundary I', I’ =ToUT,
where each T'; is open and nonempty, with To N T = ():

o1 — YA + Ao =f on (0,T) x Q,
o = gw—o on (0,T) x T,
(2.37) v
Ap+ (1 —p)Bip =g
8Ag0 i (1 )8B2g0 _ 830“/ . on (OaT) x Iy
v W or ~Vou =

(here the boundary operators By and By are as given in (1.2)). Let 0 < ¢g < L and
€ > 0 be arbitrary. Then the following inequality holds true for the solution :

(2.38)
{15

2 2

0%
otV

dt
L2(T)

2 ’
Fl H al/ Fl)
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< CT&OKY {

Remark 2.4. In the original statement of this theorem (see Theorem 2.1 in [15]),

the term fo ||f||[H§,6 @

where ¢ < 1. However, if one replaces the H ~%(0, T'x2) spaces with L?(0, T; [H(2)]'),
the values of allowed parameters extend to ¢ < 3/2 4 e. This is in line with elliptic
theory corresponding to free boundary conditions.
By the use of this trace result in part, we have the following energy estimate.
LEMMA 2.5. For all ¢y € (0, %) and € > 0 arbitrary, the solution [p, p¢, ] to

(2.15) satisfies

T
2 2 2 2
LU0 ey Nl + 10 ey + IV

+H¢t||L2 (T'1)

dt + (19131 (0.1 xr) }

dt in the inequality (2.38) is replaced by ||fH (Ha(0,Tx )]’

T—eo
/ B(t)dt < C* (B5(T — o) + B(eo) )

€0

_ T 12 ~ o~ o~
(2.39) +CT/ HV@ L2(Ty) 6/0 HAE¢HL2(Q)+|'OI' (9, 1, 9),

where the (time independent) constant C* > maxg, ..o ‘h x,y ‘ (where, again,

1 u
w is Poisson’s ratio and h satisfies 1.3).

Proof. We proceed to majorize the right hand side of (2. 36)

(A.1) Handling the term f o 601/) + Cob + c3r + CaAP B - Vi — 2$)L2(Q)dt:
First, by Green’s theorem and the fact that V € £ (H*(Q2), H*~*(Q)) and V (h- V) €
L (HS(Q)7 H*72(12)), we obtain

<A$,h Ve — ;5) (w v
L)

/—\
eﬂ
~

1~
oV
2 ¢)L2(Q)
0 _~ 1~
+ ( ¢ Vo — 2¢>
L2 ()
-~ _ 96 _~ 1~
—(w,v(h-w)—;w) ( ¢ Vo — ;¢>>
He(Q)x H~<(2) L2(r)

<lo.t. (:?\7 gtﬂZ) )

where in the last step we have also used Cauchy—Schwarz and the trace theory. We
thus have

T—eo . N . o . 1~ PR
240) [ (b cad b eadi bR VG- 33) di <o (5.507).

L2(Q)

(A.2) Likewise using Sobolev trace theory, the fact that g—f = fmﬂ, and the
divergence theorem, we have

(2.41)
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T 2
- / dt
€o L2(Q)

T—eo O [ g~ o~ oY — _~ 1~ o~ 06
/0 {— <7831/ <§2¢+ 2§¢>t> — Olg,h Vo — 2¢> + 3 <¢7 31/) ] dt
L2(T1) L2(T1)

~

< /T_60 (1/1, h@m + h2$ty)

€0

= —C /eoT_EO /Qdiv (%) (thth

T*Co _ PN T ey 2 ~ Y
+c1/ hev w¢tdl‘dt+0/ Hth dt +1.0t. (6,01, 0)
€0 Iy 0 L2(T'y)

T
SC/
0

(A.3) Using (1.3), we have

(2.42) ;/GTEO/F hov (A$)2 <0.

(A.4) We now estimate the terms

“la(emva-3a), IRl
+

T
o dt + C/O HV(;ASt

L2

N2 T 12 ~ o~
dt +¢ HA? H Lo.t. (&, D).
Vo L) +€/0 2 L2@) +lot. (¢, ¢:,v)

t=T—e¢o

(ér, ¢A5)L2(Q)}

t=T—eo

- {(Jb\tvh : VQIZ"\)LQ(Q) + (V@,V (E . V$)>L2(Q) — %

t=€0

Y (vl o5 R
2.43 = (Vo V yh-Vo— =
(243) + |5 (V6. V6) | +e (z/) ¢ 2¢>L2(m]

t=60
First, as h - Vo(t) € H2=¢(Q) for all ¢ € [0,T], we have

(2.44)

(Fe7- Vo0 - 300)) =TT - 530

L2(Q)
<l.o.t. ((}5, (Zt,zzj\) .

Second, we have pointwise in time

7(909 (-99)) g 3 (76099)

L*(Q)

= ﬁ/g ﬁv$t(xay) : [(1‘ - xO)QSacac + (y - y0)¢acy7 (1‘ - ‘TO)QSacy + (y - y0)¢yy] dxdy

3y ~ N
(245) +3 (wt, W)Lm) :

Now, to handle the first term on the right-hand side of (2.45), we use the inequality
ab < $a? + £b? with § = \/2 (1 — p) (where, again, Poisson’s ratio u € (0, 3))

(2.46)
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/Q VAV ) - (& = 20)baa + (U — 10) ey (% — 20)bay + (¥ — v0)byy] ddy
= /Q(JC - -TO)\/TYV&‘, : [¢TT: ¢Ty] dzdy + /Q(y - yO)\/TYv‘gt : [¢Ty7 ¢yy] dxdy
- vy 2 \V (1 - M) 2 2
< [mlg?gﬁ|h(x,y)| {m/ﬂwgm o + 5 /Q (63, + &2, ] Q2
+ 2 (1 —p) /Q ¢>§de}

vy =) [ [+ 62 ]a0
) Q

L2(Q

1 — 1~
< ———— max |h(z,y {HP2¢
2(1—p) [r,y]e§| @)l |

+2(1 - p) /Q ¢§de} .

From this inequality, the definition of a(-,-) in (1.10), and the characterization in
(1.11), we obtain

(2.47)
/Q VAV (@,9) - [( = 20) Pz + (Y — Y0)bays (T — T0) by + (Y — Y0)byy] dady
1 — 1~ 2
max_ |h(x,y)| {HPA,2 on L2(Q)} .

V2= p) wylen
To deal with the second term on the right-hand side of (2.45), we can use the fact
that V € £ (H*(2), H'7*(2)) for all real s, so as to have

2

1429

L2(Q

(Véu). Vo)
o)

= <V(Zt(t)7 Vg(t)>H75(Q)XH5(Q)

o) < ot (6,009).

Hite(Q ~

L2(Q)

(2.48) <C ’

H1=<(Q) ‘

Combining (2.45), (2.47), and (2.48) with the definition of E$ in (2.3), we then obtain

7 (Vo). v (B-vo))) ,  +2 (Vo). Vo)

L*(Q) L*(Q)
2 _ PSR
(2.49) </ max_|h(z,y)| E~(t) + lot. (¢>, qu/)) .
1—p (z,y)€N ¢
Coupling (2.44) and (2.49) in turn, we arrive at the estimate
(2.50)
2 _ ~
(243) <[+ max_[h(z,y)| ¢ (BAT - eo) + B5(e0)) +10t. (6,60,0)
1—p (z,y)€N ¢ ¢

T*GO i

(A.5) Handling the term — [~ a(¢, Z(h- V¢)) and noting that

€

% (E . V(ZAS) = 1/1<ZA5x + v (z — xp) qgm +uv1 (y — yo) qASIy + vy (z — o) (ny

(2.51) Fr2y+v2 (Y = yo) dyy,
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we then have by Cauchy—Schwarz, the trace estimate (2.38) for the Kirchoff plates
above, the use of the forcing data in (2.15), and the standard Sobolev trace theory
that

(2.52)

T—c S
—/EO Oa<¢,&/(h-v¢>>L2(Fl)dt

T—Eo
<0 [ Wl # 1ol N, + 25
- /60 ¥ HEte(Q) ¢ L2(T1) Puy L2(Th) Py L2(Ty)
2
I % R o o
r 2 2 2
T—eq 12 a2¢ a2¢ 82(25
e[l .
/ED v H2Z(Q) + or? + 2 + oTov
i L2(Ty) L2(Ty) L2(Ty)
2
+ || Px htea H%HH . Q)] dt
T =N =N N N 2
<Cr / ch + 1y + 29 + e3P + C4A¢H a1 T HT/JH e
0 [H2 } H?

- vay (€26 + 260
<[ [Iwal);
SCT/ |va

To handle the term fOT ||Cl¢t + C4A¢)||[2 776( y dt, we use Proposition 4.4 in the

appendix below and the fact that 1y = —&ih(t) + e~Stby(t) and ¢(t) = e$4¢(t) to
have

2
dt
L2(T)

b s
L2(Ty) H HHzJre ‘

bt

dt
H2+6(Q):| )

+erd + @MHQ[HHQ)]/ t|dt+ 10t (3.600).

L2(T4)

(2.53)

T
/O Hclwt+C4A¢>H[ 1ew]

- 2
- /0 |-€crd(t) + ereun(t) + eae ag(t)| [

<f

gCT/ |93,
0 r

. rdt
H%*S(Q)}

41

2 2
oy 19y 11

9
2 t
T

ov

(@)

dt
L2(Ty)

detlot (5, @,@ .
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Collectively, estimates (2.52) and (2.53) then give

T—E() ~ . PR
—/ a(¢,a(h~v¢>) dt
€o v L2(I)
T 2 PR
(2.54) < C’T/O “V¢t“L2(Fl)dt+l.o.t. (¢,¢t,¢).
(A.6) In the same way as in (A.5) we have
— ~\ 2 ~\ 2 ~
= hev | (0% o P\ (00
- = \az2) T\az) T2\ 32 ) a2
. r, T oy ox dy
9 2
¢ ) dtdl’

+ 2(1—p) <8m8y

(2.55)

< Cp /OT HV@H;(FI) +1ot. (6,60,9).
(A.7) Finally,

(2.56)
/T CO/FI <¢t+v(v¢t‘ )dth<C/ ‘V@HL e d T 0 (¢ &, )

Estimate (2.39) now comes about by stringing together (2.36), (2.40)—(2.42), (2.50)
]

and (2.56), and taking € > 0 small enough.
LEMMA 2.6. ForT > T, = 2,/12_—7“ max , g |h(z,y)|, the solution [¢p, ¢, 1] of

2

1 ~

A;w] dt

L2(9)

(2.15) satisfies the following estimate

/OT Ex(t)dt + E5(T) + /OT H

<Cr (WOHiz(Q) + /OT HV$t 2L2(F1) dt) +lo.t. <$» QA%JZ) .

Proof. We have for any ¢ € (0,7)
T T—eo
/ (t)dt +/ Eg(t)dt

T €0
/0 Eo(t)dt = /0 Eo(t)dt +
)+ [ e+ |aggel, s / Y B

1—e¢ b R L2(Q) @ ¢

) dt + |Ot(($, ata QZ)

(2.57)

T*E() €0

2¢p (1 +€)
<0V T8
- 1—¢ ¢

Ty 2
¢ J, 99
+ /0 Vo .
(after applying Lemma 2.2(b) twice)
2¢0 (1 2 r
MEA(T)JF 606/ E~(t)dt
1—¢€ 0 4

<C* (EQ(T —€o) + EA(Eo)) + 1_e
dt + IOt(&i (gtv {/;)7

(2.58)+@/ H fawHL ;@) dHCT’f/ Hv@ L2(ry)

2(I
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after applying Lemma 2.5 with C* >,/ 12_—7” maxg, ..o |E(1:, Y) |7 and € = 12_66 therein.
Applying Lemma 2.2(b) twice more to the right-hand side of (2.58) yields now

(2.59)
T
14e€ €0+C’* /
E~(t)dt < 2 * BT Bt
| Estar < 20+ 0) L) + 2P
26(1+60+C*)/TH 1 /
2l tatC) Mol e, Hv "
+ T ) 2 L2(9) +Cr, on L2

+1.0.£.(6, 61, ).
Moreover, we have by (2.16)
T T
(2.60) / B~(t)dt = TE~(T) + / F(T,0)dt
o ¢ ¢ 0
where the function F is as defined in (2.34). Combining (2.59) and (2.60) yields
(2.61)

* T
TEAT / th)dt<2(eo+C*)1+6E T)+M/ E(1)di
0

1—c¢ ¢’( 1—c¢
+2 (1+eo+O*)/ H R¢‘

Ha: wrOn [ |Vl 006,500

L2 ()

To use this inequality, we integrate both sides of (2.17) (with s = T therein) so as to
have

T T T . 2
/ F(Tt)dt < e(T+1) | B~(t)dt + eTE~T) + €T / |akal|,
0 o ¢ ¢ 0 L2(Q)
T ~ 2 "~ ~
(2.62) +CT,E/ Hwt dt + Lo.t.(6, b, D).
0 L2(Ty)
Combining (2.61) and (2.62), we thus obtain
(2.63)
2(e0+C*)(1+¢)
TE:b\(T) < |: ¢ + T Eg(T)
* T
€ F(GOJFC) +(T+ 1)} / E(t)dt
1—c¢€ 0
2(1+e+C*) 1
+e {1 - +T} / HARq,z;’ ooy ¥ CT,E/ “V¢t‘ ey

+Lot.(6, 61, ).

2(6°+O (49 or what is the same, T > 2C* for € and €y small

/EA dt+/ HA LQ(Q)dt]

Taking now T' >
enough, we then have

)
—e)

T 2
E~(T) < Cr. Hv H dt + eC'
¢( ) < Cr, /0 o8 L) +eCr

(264) +|Ot($7 $t7{/}\)7
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where throughout Cr will denote a constant independent of € and ¢y (small enough)

In turn, applying this to (2.59), we have

/OT Eo(t)dt < CT,e/O H ¢>t lor ) {(1 rocrt 1} /OT Eo(t)dt

dt +
L2(T,) 1—e¢
2 (o +C) (14 ) Cr+ (L4 eg+C)| (7 )
+ [ k]
1—¢ 0 L2(Q)

from which follows the estimate, for €, ey > 0 small enough

(2.65)
dt + Lo.t.(¢, by, ).

/ E(t)dt < CTE/ Hwt F )dt+66~'T/ HA wH
1
Coupling together (2.64) and (2.65), we have the following preliminary inequality

for the mechanical energy, again for T' > 2C*

T
/ E5(t)dt + E5(T)
0

(2.66) < Cr. / HW”’

It remains to estimate the thermal component
(2.11) by %, integrate in time and space, use the characterization (1.15) and (2.8) to

dt + Lot.(¢, by, 1b).

dt+eéT/ HA ‘

L2(I'1)
To this end, we can multiply

have
”/()THA% o oa— { le=€ta(t HLQ(Q)] ) +§/ Bib — alg, zp) 2(9
T P 08, ~
(267)  +a /0 (Wt’w)mmf <$,¢>L2(Fl) .

Majorizing this expression results in
T
+ / E(t)dt
L3(Ty) 0

77/ H Rﬁ}‘ O:(HwOHQIﬁ(Q) /HV@‘

/ [437]., ,, dt + 1025, ),

and taking € > 0 small enough above, this becomes

L2(Q

T
dt E~(t)dt
e | ¢<>>

T 12
/0 |42, 2t < <||¢o||2Lz(Q) +/ |va.|
(2.68) + .0.t.(¢, by, 1),
Ce

where C] = ez
Combining (2 66) and (2.68), we have

(2.69)
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/0 E5(t)dt + E(T)

T 2
SC(T’e/o ”v@ L2(T,

from which we obtain for € > 0 small enough

T
) dt + ECVTC& <||1/}0||2L2(Q) + / Eg(t)dt) + |.O.t.(¢, ¢t7 ¢)7
0

(2.70)

T T
/ E5(t)dt + E5(T) < Cr,e <||wolliz<m + / Hv‘bt
0 0

2 ~ o~ o~
dt l.o.t. .
LQ(Fl) ) + Lo ((ba ¢t71/})

The final estimate (2.57) finally comes about by combining (2.70) and (2.68). 0
Conclusion of the proof of Theorem 2.1. Assume initially that [¢o, ¢1, 0] €
D(A%). Through the change of variable o(t) = e~Stp(t) and P(t) = e Etap(t)

where again [qi) qﬁt,w] solves (2.15) and ¢ = % > 0, we have for T > Ty =

2 max[wyeg‘hx y){

(2.71)

/UTE(b(t)dtJr/OTHA% (t)’
:/T [HAéeﬁta(t)‘z

i

2

dt + Ey(T
ey ™ s(T)

Y A CIORE0) S

2

sl

} it
L2(9)
2

oy | P (57 0u(T) + €7 a(T) )|

<Or (nwollim) + / [vé

(after using estimate (2.57))
T
< (nwonim) [V o) e o0, dt)
+lot. (e, e gy — Lo, e M)

T
<Cr (H%”i?(n) +/0 V@(t)iz(rl)dt) + Lo.t. (¢, ¢, ¢).

L2()

m)dt> + ot (3.600)

This gives the desired inequality (2.5). 0

2.3. Conclusion of the proof of Theorem 1.2. For [¢g, ¢1] € D(LLIT*), we
immediately have from Theorem 2.1 the following corollary.

COROLLARY 2.7. For [¢o, ¢1] € D(LYI") and T > Ty = 24/ maxg, ..q |h(z, )],
the corresponding solution [¢, ¢, 1] of (1.60) satisfies the followmg inequality:

(2.72)

T T 1 2 T
| B+ B+ [ ake] | a<cr [T 1900, dt 1ot 0.000).
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We will have the desired inequality (2.2) upon the elimination of the tainting
lower order terms in (2.72). To this end, we invoke a (by now) classical compactness—
uniqueness argument (see, e.g., [13] and [2]), which makes crucial use of the new
Holmgren-type uniqueness result for the thermoelastic system recently derived by
Isakov in [10]. It is at this point that the boundary trace [p , corresponding to the
control uz, comes into play.

LEMMA 2.8. Let T* be as defined in (1.6). Then for T > T* and initial data
[¢0, $1] € D(LEIT*), there exists a Cr such that the following estimate holds true for
the solution of (1.60):

2 2 2 2
L O L R SO I MOy (7 RO

T
2 2
(2.73) <Cr (/0 V&l T2,y dt + ||¢||[Hs((o,T)xr2)]/> :

Proof. If the proposition is false, then there exists a sequence {[ E)"), gbgn)}};'f:l -
D(L5IT*), and a corresponding solution sequence {[¢("),¢§n)7¢(n)] o, to (1.60),
which satisfies

- ot e
H¢ L°°(OTH2+‘(Q)) Pt Loo(OTHz+‘(Q)) v L°°(OTH_§+‘(Q))
Tl
2.74 H n dt =1 Vn,
(2.74) +/ v H37<(Q) "
2
2.75) lim Hv (m) dt+H (m) —0.
( ) n—oo ¢ 1) ’(/} [H3((0,T)xT2)]"

, we have the existence of the inequality (2.72).
This and (2. 74) (2.75) then imply the boundedness of the sequence

AST>21/ max[xyeg‘hxy)

oM (t) ] 5 () (4
(n) +HA P ()) dt
 Mo(ay o, o o)
o,y

o0

al

(2.76) + 11| %0, 1

1 D(,&é)XH%W(Q)

n=1

There thus exists a subsequence, still denoted here as {] én), d)(l")]}ff:l, and [¢o, 1] €
D(Az) x H%(W(Q), such that

(2.77) 8™ = Gy in D(A?) weakly,
(2.78) ¢ — §1 in HE, () weakly.

If we further denote (6, b4, 1] as the solution to (1.60), corresponding to initial data
[0, ¢1,0], then a fortiori,

(2.79) [¢("),¢§"),¢(n)} N [QZ, th,ﬂ in L°(0, T; HL, ) weak star.
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From Proposition 4.3 of the appendix, we have that {cZ)E;L)

LWULTEHKA%P;UYLhmmmmhas{m ) gm)|

12, is bounded in

1 152, is bounded in
D(AZ)xHL _(9)

D(Az) XHII‘O,'Y(Q)' Also, from Proposition 4.4 we have that z/;,f") € L2(0,T;[H?~¢(Q)]")
for all n, with the estimate

2 2

(2.80) /0 ' e

and this combined with (2.74)—(2.75) yields that {wt")}zozl is bounded in
L2(0,T;[H27¢(Q)]’). This boundedness of {] §?), t(”)]};';;l, and that for the se-
quence posted in (2.76), allows us to deduce through a compactness result of Simon’s
in [24] that

T
dt < c/ Hwt")
0

) dt + lOt (¢a ¢t7 1/)) )

[HE (@) L2(r,

™ — ¢ strongly in L°>°(0,T; H%“(Q)),
qbgn) — ¢y strongly in L™ (0,T; H%"*(Q))7
™ — 4 strongly in L*(0,T; H%“(Q))7
Y™ — 4 strongly in L°°(0,T; H_%"’e(Q)).
These convergences and (2.74) thus give

2

o

+ 4]

~12 2
HQSHLoo (o,T;H%+€(Q)) + ’ Lo (o,T;H%+E(Q)) L= <O,T;H’%+€(S2)>

T2
2.81 H | dt =1.
(2.81) + /O v H3+(Q)
Moreover, the explicit representation of £4IT* in (1.59) and the convergences
posted in (2.75) and (2.77)—(2.79) give that [¢o, $1] € D(LHIT*), with
T ~
(2.82) / Hwt
0
Now if we make the change of variable

= gta v = Jta
then using (2.82), [z, v] solve the system

2

~112
dt + Hw” —0.
) i

H(T'y s((0,T)yxT2)]"

2t — YAz + A2z + alAv =0
n (0,00) x Q,
B + nAv —ov — alz, =0
Z:%:O On(O,OO)XF,
(2.83) Az+ (1 —p)Biz+av=0
8Az+(17 )aBgzi %+ @70 on (0,00) x I'y,
I W or =T T %0 T
%+Av=o on (0,00) x T,
v=0 on (0,00) x Is.
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Now by Isakov’s theorem in [10, p. 3, Corollary 1.2], we have for

T>2y/v- sup d([z,y],T2)
[z,y]€eQ

that the uniqueness property for the thermoelastic system is obtained, so that the
solution [z, v] of (2.83) is necessarily zero. Consequently 5 and zZ are each constants.
From the essential boundary condition on T'g in (1.60), we then have ¢ =0on (0,T) x
Q. In turn, the free boundary conditions on I'; give that {bv =0on (0,7) x Q. Thus
[5, 1;] = [0, 0], which contradicts the equality given in (2.81). This concludes the proof
of the lemma. O

Corollary 2.7 and Lemma 2.8 in combination give inequality (2.2), the estab-
lishment of which verifies the surjectivity of the control to partial state map 1Ly :
D(Lr) C U, — D(AzZ) x Hy, (Q). This completes the proof of Theorem 1.2.

3. The proof of Theorem 1.1. Given the space C" (2 1), we consider system
(1.1) under the influence of boundary controls in U,;1, as defined in (1.37). The
controlled PDE is then approximately controllable in U, for T' > 2,/ - supj, yjcq
d([z,y],T2). Indeed, if we take arbitrary [¢o, ¢1,10] from the null space of L}, then
using the form of this operator given in (1.55), we have necessarily that ¢l =
%hﬁ =0, and ¢|r, = 0, where [, ¢+, 9] is the solution to (1.51). We can then use
the uniqueness theorem of Isakov, in a fashion similar to that employed in Lemma 2.8,
to show that [¢, ¢4, ] = [0,0,0] on (0,T) x Q and, in particular, [¢g, ¢1, o] = [0,0,0].

A preliminary step (a regularity property of L1 ). With the designated
control space U,11 we then take T" > T™ so as to ensure both the approximate con-
trollability of the entire system (1.1) and the exact controllability with respect to the
displacement (see Theorem 1.2). In this event, we have the observability inequal-
ity (2.2), and therewith one can show in a manner identical to that done in [14,
Appendix B] that the operator

(3.1) L7 L3IT* is an isomorphism from D(L5IT*) into [D(LEIT)],

where the projection II onto D(Az) x Hi, () is as defined in (1.46). Consequently,
we have

(3.2) MEr 3T (ML £51T) ' T e £ (H,, D(A?) x ik, (@)

Moreover, if we denote the maps £V, £(2) by

R /Ote*‘w“-% o |

U2

t
LPu(t) = / e 9B
0

(cf. (1.42)), then by a standard energy method one can show that

(3.3) £® L2(0,T;H_%(F2)) — C([0,T]; Hy) continuously.
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To handle £() on the other hand, one must appeal to a new regularity result in [17],
which gives

£ : L2(0,T; L*(T1) x H-Y(Ty)) — C([0,T); H2 (Q) x H(Q) x L*(R2)) continuously.
(3.4)

Combining (3.3) and (3.4) (at terminal time T') with (3.2), we thus deduce that the
mapping

(3.5) (I — IT*IT) Lo L500* (HLpL511%) " T e £ (H,),
where I: H, — H, denotes the identity.

Combining (3.2) and (3.5) thus gives
(3.6) Lo LI (L LA%)€ L£(H,).

Step 1. For arbitrary e > 0 we select a wy; € D(Lr) C Uyr41, so that for arbitrary
terminal state [wl,w?,67] € H,, the corresponding solution [w™ (£),w!" (), 60 (1)]
to (1.1), with [u1, ue, us) = u; and zero initial data, satisfies

w(T) — wd wo
wgl)(T) —wl |+ et Wy
(1) _oT 0
0 (T) 90 0 H’Y
(3.7) < <

L || = e £p Ly (e £y Tr) |
( ) T~7 (IIL7 T ) c(H,)
(where the fact that (I-TI*IT) L L2511 (ILLp £511%) " 11 is due to (3.6)).

Step 2. We now select s € D(L7) to be the “minimal norm steering control”
with respect to the (partial) terminal state [wi — w™(T),w! — w,gl)(T)]. That is to
say, Uy satisfies

wo T _ (T
W w
(3.8) MLty + TebT | wy | = { OT (1)( ) ]
0, wp —w; (T)

o e e . —12 — . .
and minimizes the functional 1 |[al|;, , over all @ € U, which satisfies

wl —w®(T wo
e [0 ] [ 2
wy —w; (1) 0,

(By Theorem 1.2. we know there exists at least one such w.) By convex optimization
theory and Lax—Milgram, the minimizer us can be given explicitly by

Wg - W(l)(T) wo
(3.9) Ty = LA (ML LHT) ' | T —D(T) | =T | w
oF — 0(T) to

(see (B.20) of [14, p. 288]). With this representation, we then have from (3.7) the
norm bound

|- rmer ey (uepcye HHL(HW) e

1+ H(H ) Loy L30T (L L51T) HH

(3.10) ||(I— H*H)[ZTEQHHw <

L£(H,)
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Step 3. Set the control w* = u; + us. Consequently, there is the equality

wo wo wg
Lru* + BA'YT w1 = Lruy + Lrus + €'A'YT w1 = w?
o o 00)(T)
wo
(3.11) + (I —II*I0) | Lrty + eMT | wy
0o

Letting [w*, w}, 8*] denote the solution of (1.1) corresponding to the chosen control
u*, we then have from (3.11) that [w*(T),w; (T)] = [wi,w{]. Moreover, from (3.11),
(3.7), and (3.10) we obtain the estimate

0 wo
|6*(T) — 68| - < 0 + @ —1r*10) |7 | wy
L‘7+)\(Q) 9(1) (T) GT 90

— Y0

H’Y
(T~ T LT gy,
€

St H(]I — TID) Lo LIT* (ML L4117 ™ HH

(1~ T Loy <.

L(H,)
(3.12)

Thus, the constructed control @* = [u}, u}, u}] € U, satisfies the desired exact—
approximate controllability property. Moreover, the Sobolev embedding theorem gives
that uj € C"(32,r). This concludes the proof of Theorem 1.1.

4. Appendix.
ProOPOSITION 4.1. The operator Ar — % + M Gyy0—AG 170 is an element of

L(L2(Q),[D(A2))) and (AR — Z+ MGy — AG1v0)* = Ap(I — Do) as elements
of £(D(A}), 17(52).

Proof. For every 9 € D(Ag) and w € D(A?%), we have

(1)) < (+)

= (7A19,w)L2(Q) + <)\AG27019,W> [D(A%ﬂ,xD(A%) — <AG1’)/019,’W> [D(A%HIXD( 3 ;)

<<AR - % + )\AGQ’YO - AGl’}/()) 19, w>

A2

o . y
= (V1, V@) 200) = (ay,w> . + A (709, GzAw)Lz(Fl) - (709, GlAw) L2(r)

after the use of Green’s formula and the taking of adjoints)
VI, V@) 120y — (70797GTAW)L2(FI) = (
after one more use of Green’s theorem and the characterization (1.23))
U, Ap(I = DY0)@) 2 -

(
= ( v, _Aw)L2(Q)
(
= (

As D(AR) is dense in L?(2), this equality proves the assertion. a
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LeEMMA 4.2. The Hilbert space adjoint A% of Ay, as defined in (1.36), is given

to be
I 0 0 0 —1I 0
A=|optol|l A 0 ~a(&)
0 1 0 BAD(I — Do) —EAR

0
with D(A?) { [bo, b1, 0] € D (A%) D (A%) « D(Ap)
such that Apg + aAG1yvg € Hr_ol,y (Q)}

(above, (&) is the same denotation made in (1.35)).
Proof. We define S C H,, to be

5 ={[60,61,%0 € D (A%) % D (A%) x D(ARg)
such that Aw; + o AG1v00 € Hlfolv(Q)}

and proceed to show that D(A%) = S. Indeed, if [wy,ws, 0] € D(A,) and [Wy,ws, 0]
S, we have by using (1.36)

w1 &}1
.Ary wo 5 C~U~2
9 0 1) .

:(A%,Am

.
+ (P’yl <Aw1 + aARf — %0 — aAG1v00 + O‘AAGQVOQ)’(;

~ (adp(I = Do), 5)L2(Q) - % (4r0.9) o
- <w2’A&1>|:D(1§é):|/><D<f;%) —{wn, A@2>[D(A5>}/XD(A%) — @ (80,02) 20
,a<AG1 07@2> CINT a\ <AG2 0 w2> 1\’ At
o (ah)] e (ad) TR o (a1) o (51)

77 ~
A —0(6,-ARrb
+a( wa, )L2 ﬁ(’ﬂ R)Lz(n)
(after using the equality posted in (1.32))

) R O R O RO R
-« <gia%b~02) . ) (709 651}/2>L2(1“1) —al (’70977052)L2(F1)

—Q ng,VH + « (,’}/09) —ﬁ (9,1439)
( )LZ(Q) ov L2(Ty) I} L2(Ty)

(after using Green’s theorem and (1.23))

_ (A%%A%@)mm + <wzaMl>[D<Ig;)}'XD(°é) +h (9’_;M2>Lz<m
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o 90 . >
T <WQ7 AH) L2(Q) - <70w27 (‘31/) L2(Ty) o (GlAW27%G)L2(F1)

@ (w2, Aln) [u(&ﬂ}'m(ﬁ)

~ 0'~ A~
+a|ws,—A 9—1—9) —a (GEAws, 700
( 2 R L2 ( 2 2,70 >L2(F1)

+a <w2, AG170§> [D (A%)}/XD(A%) +0 <0, %AD(I — D’yo)&2>

L2(Q)

+ <P»\%WQ,P$P,Y1 [A&l + a(—AR§+ gfé-f— AGl’yOa— AAG270§>:|>
n L2(Q)
a

+8 (9, Ap(I - D%)&z) -6 (e, ”ARé)
/8 L2(Q) /6 LZ(FI)

(after again using (1.32), (1.23), and the fact that [@1, wa, 5} €S)

w1 "Ndl
- w2 &Vfg 5
0 0 1)

T

9

where
I 0 0 0 -1 0
7= 0 P71 0 A 0 —a(d)
0 0 I 0 ZAp(I-Dy) —LAg
B &)
Thus,
(4.1) S C D(A;) and Aj|s=T.

To show the opposite containment, one can straightforwardly compute the inverse
AZt e L(H,,D(A,)) as

_OjAl(q.)AglAD(I —Dy) —-AT'P, —%A”(&)A;
(42) AS' = I 0
—%A;AD(I — Do) 0 —gA;;

In turn, one can use this quantity and Proposition 4.1 to compute the Hilbert space
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adjoint (.Afy)_l of .A;l as

—Cf;Al(:-)ARlAD(I ~Dy) AP, —%ﬁz&”(&m;
(4.3)(A2) " = I 0 0
—%AglAD(I — Do) 0 —SA;

With this quantity in hand, we then have that for arbitrary [¢o, ¢1, 0] € D(A%) and
corresponding

wo ®o
w1 01 cH,,
0o o

®o | wo

¢ | =(A7) | @

o o

2
7%A_1(&)AI§1AD(I — D’yo)bdo + A Pfywl - Oéiﬁ (*)Aﬁlgo

2 AR Ap(I = Dryg)wo — QA;@O
n n
(4.4)

A fortiori then, [¢g,¢1] € [D(A%)]2 and o € D(Ag). Moreover, (4.4) and the
definition of the operator (&) in (1.35) gives

(4.5) Ao+ aAGiyey € HE, ().

Thus, D(A%) C S, and this combined with (4.1) concludes Lemma 4.2. 0
PROPOSITION 4.3. For arbitrary terminal data [¢o, ¢1,%0] € H,, the solution
[0, &1,v] to (1.51) has the following additional regularity:

||¢tt|| ol C”[¢07¢1>¢0]”H )

Lo (0,T5[D(AZ Py ]) —

where A%P,Y’l is taken as a closed and densely defined operator, A%PJl :D(A3P7Y) C
L2(Q) — L3(Q), with D(A*P71) = {p € L3(Q) : Pl € D(A%)}.

Proof. For terminal data [¢o, ¢1,%0] € D(A?%), we have for all w € L'(0, T} D(A%P,jl)),
upon using the abstract equation (1.52), the characterizations in (1.23) , the fact that
Pilw e LY(0,T; D(Az) N D(Ay)) (recall the definition of Ay in (1.16) and P, in
(1.24)), and 2¢|r = —X\¢|r, that

(4.6)

T

T
(w, dit) £2(Q) dt = / (w, Pv_l [—Aqb — aAG1v0Y + aX AGyyorp — aAw])LQ(Q) dt
0 0

T
:/0 [ A Piw Al ¢> Q) o (GIAP '@, %) 1o
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+ A (G35 AP '@, v01) o (P 1@, M) g | dt

L2(ry) L2(Q)

T 1 1 o
_ _ 2 p—1 2 -1 —_ — -1
_/0 ( A P, w, A ¢)L2(Q)+Q<P’Y w, a’/)m(rl) a(Pv w’Aw)m(Q) dt

:/OT f(—AéPylw,Aégﬁ)
:/OT :(—AéP;lw,A%)

Estimating the far side of this expression by using the fact that P! € £(L*(Q), D(An)),
followed by the contraction of the semigroup {e”7*},>0, one has the estimate

~1
L29) +a (VP7 w, V¢)L2(Q):| dt

—a (AP ', 1)) dt.

L2(Q) LZ(Q)}

T %o
an [ @owpema<c|| o || 1=, e,
A density argument concludes the proof. 0

PROPOSITION 4.4. If [p, dt,] denotes the solution to (1.51), corresponding to
terminal data [¢o, d1,%0], we have the following estimates.

1. The map [¢o, d1,%0] — A¢ is an element of L(H,, L*(0,T;[H()]")), with
the norm bound

(48) 1G] o copry < FO-E (6,00, 1).

2. The map [po, P1,%0] — [A¢e, ] is an element of L(D(LE), [L2(0,T; [H%’E(Q)]’)]z),
with the norm bound

1.9 [[Ady, , 12 < CUVGl e s oy + Lot (6, by, ) -
(4.9) [I[A¢e, o] || [L2 <0,T; {H%%(Q)} )} Vol 20,7520y (&, ¢1,9)
Proof of (i). For all w € L?(0,T; H'(Q)), we easily have

(4.10)

T( ) T T 8¢
Ap, @) 120y dt = —/ Vo, V)20 dt +/ <,w> dt
/0 (@) ; ( )12(0) o\ %) e

T
<C [ (190l IV sy + 1l ey Il ]

<IN, ) 1Pomancn

and this estimate gives the asserted result.

Proof of (ii). If [0, d1,%0] € D(A3), then [¢, ¢, v)] € C([0, T]; D(A3))NCH([0, T7;
H,), and so in particular A¢; € L?(0,7T; L*(2)). Taking the L%-inner product with
respect to arbitrary @ € L?(0,T; H%_G(Q))7 we have upon the use of Green’s theorem
and the definition of Ag in (1.14) that

(4.11)
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T
—/ (Adr, @) (o) i
0
" (ako, a3 dt
_/0 ( ROt Rw>L2(Q)
T
Oy
- [ pemiag + 2 Gumss ( w) at
T
1+5 3_ ¢
/T Ay, ) o + (b4, ) +<a¢’t > dt
0 RSy n b @12 ov’ L2(T'y)

T l+£
[ (sl
0
+ (C ||V¢t||L2(O}T;L2(F1)) + l.o.t. (¢7 (bt?w)) HwHH%Jrf(Q)) dt
< (C190l 2o mizayy + ot (6,60%) ) 1]

3 _ e
4 2
R w‘

L2(Q) H L2(Q)

L2 (O,T;H%_E(Q)) ’

Moreover, as [¢o, ¢1,0] € D(AY), we can take the L?-inner product of 1, with
arbitrary w € L2(0,T; H3~<(€2)) and use (1.53) and (4.11) to obtain

T
/ (1% )L2(Q dt = ﬁ / nAR'(/J + CYACbt, )Lz(Q) dt

its i3
_ 5 / [ nAE Ry AL w)Lz(Q)+(aA¢t,w)L2(Q)}dt

112 = (CW by 1080 o001 )

Having obtained estimates (4.11) and (4.12) with smooth data [¢o, ¢1,10], a
density argument (see Remark 1.8) and a recollection of the form of the adjoint
L5 in (1.55) will allow us to obtain the norm bound (4.9) for all terminal data
in D(C4). O

LEMMA 4.5. Concerning the component QAS of the solution [QAS, qgt,zm of (2.9), one
has that A<Z|ro € L2(0,T;L*(Ty)) with the following estimate valid for all s and
T€l0,T:

(4.13)

T o~ o~ A~
dt < Cy (/ E(t)dt + B5(s) + Eg(T)) Flot. (¢, ¢t,¢) .
0

L2(T)

Proof. So as to obtain the inequality (4.13), we multiply the first equation of

(2.15) by the quantity m - V¢, where m(z,y) = [ma(z,y), ma(z,y)] is a [02(5)]2
vector field,! which satisfies

| [»n,va] onTy,
(4.14) mlp = { 0 on T,

1Here we make use of the fact that I'g and I'; are separated.
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and follow this by an integration from s to 7; i.e., we will work with the equation

| (b =220u+ 2%.m-93)

L2(9)

(415) = / (Cow + Cﬂ/)t + Czd) + ngbt + C4A¢, m - V¢) dt.

L2(Q)

To handle the left-hand side of (4.15), perform the following steps.
(i) First,

(4.16)

/ (b vd) o a= (Bomova) :_ / (VA
_ (gt,m.w?) o T—;/ST/Qdiv (93m) ata
/ /q’)t (Mg + may] dtdQ

T 1 T /\2
(¢t, ¢) @), + §/S /Qqﬁt [Mag + may] dtdQ,

after making use of the divergence theorem and the fact that (;ASt =0 on I'.
(ii) Next,

(4.17)

T

/ST (_A(Z”’m' va)LQ(Q) dt = (Vat’v (m. V(Z))L?(Q) s
- /ST (Vo v (m.v@))wm dt
_ (vat,v(m.vas))mm T 1/7/ div (jv&fm) dtdS)

mig
/ / [¢tx 1 Zy] dtdS) — / (Z)thﬁtymgl + ¢t1¢tym1y:| dtdS?
Q Q
+ / / Olazy | Fu™ie | i
a2 2
_ (wst,v (m-V¢>)L2(Q) S
+ /T/ ¢%mm2y + ¢%ym113 o ¢%zm1:c N ¢?ym2y dtdQ)
2 2 2 2

_/ / Fb\t;cg)tymzc + qgmgz?tymly} dtdQ,
s Q

after again using the dlvergence theorem and the fact that [, div \V¢t|2 )dQ) =
Jr, IVG[2dTo = 0 (as i(t) € HE ().
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(iii) To handle the biharmonic term, we use Green’s theorem (1.9), the given
boundary conditions of (2.15), (4.14), and the fact that ¢ € Hf (Q) to obtain

(4.18)

/S (A2¢7m ws) o t:/:a(axm-VqAS)dt
+a/ FIJ om wdrldt —/

We note at this point that we can rewrite the first term on the right-hand side of
(4.18) as

(4.19)

A¢+ 1— )qus) ¢dr0dt
Fo

/STa(a, ¢) dt
/ /m v[&?? + G2, + 21aadyy +2(1 - )¢§y] dtdo
T

co( [[[844];, ).

1
where O fOT ||A2</§||2L2(Q dt) denotes a series of terms that can be majorized by the
L2(0,T; D(Az))-norm of ¢. We consequently have by the divergence theorem that

(4.20)
[ a (@)
/ / Ve { 20+ By + 2y +2(1 — )giy] Atd)
o [l )
- % /ST /Q div {m qz?im + 02y + 2ubaatyy +2(1 — u)@?gy} } ddQ)

T 12
+0 (/0 HA% o dt)

1 (7 “ - .
=3 / {égfm + $§y + 20 dyy + 2(1 — 1) iy} dtdl
s To

co( [[[a44];, )
o[ @3 avo ([ [a4]),,, a).

where in the last step above, we have used the fact (as reasoned in [11, Chapter 4])

that ¢|p0 ay |pO = 0 implies that ¢> + QAS?Jy + Z/ngAﬁquﬁyy +2(1— /L)Aiy = (AQAS)2
Lo.

[\




380 GEORGE AVALOS AND IRENA LASIECKA

To handle the last term on the right-hand side of (4.18), we note that Bip=0
on I'g, which implies that

~ ~ ~ 0
(4.21) Ap=Ap+ (1 —p)Brop= 22 0 Ty .

We consequently have upon the insertion of (4.20) into (4.18), followed by the con-
sideration of (4.21) that

T R R 1 T 2
A2¢ 7 - = A
/S ( 2 V(b)m(g) dt Q/S ¢‘ L2(Tg)
T~ om-Vé T 12
4.22 R A SN Az )
(4.22) +a/s R O(/O [ ¢’L2(Q)dt>

(iv) To handle the right-hand side of (4.15), an integration by parts yields

/ (001$+ 11 + Ca+ c3dy + cal\p, T - V‘E) dt

L2(Q)

=c {(@Z,m . V@LQ(Q)I - /ST (@,m . vat)L"‘(ﬂ) dt

4 [ (o +eadt cadi + casm - v3)

o dt.
£2()

Asm -V e C([0,T; HE, ,(€2)), we have for all t € 0,77,

(4.7 va() b(t). 7 V()

L2(Q) - < HI’TOl,'y(Q)XH%O"Y(Q) '

Accordingly, we have

(4.23)

/ (607;4- 1y + Cof + 3y + callg, - Va?) L@ dt

:Cl

(5im-95)

Hl:olﬁ(Q) ><H1£U7_Y(Q)‘|

S

—C1 /S (12}\; m - V$t> L2(@) dt + /S (Co’lz;-l- CQ$+ 03($t + C4A$,m . va) dt.

L2(©)

To finish the proof, we rewrite (4.15) by collecting the relations given above in
(4.16), (4.17), (4.22), and (4.23) to attain

(4.24)

17 2 T~ Om-Vé
2/5 e oz/s /Flw V0 ar

o) /THA%GF dt +1/T/$2[m + 1oy dtdQ2
0 L2(Q) 2/, Jo bt 2y

Aa‘
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- [ (b + e+t andm Vo)

s L2 (Q)
=y
s Q

- /T/Q [gb\t:cgtmex + gz;tacgtymly} dtd§) + ¢y /T (&,m ‘ VAt) dt

dtd$)

n 72 n 2
(z)%g;mQy + ¢tym11’ o ¢%mmlx o ¢tym2y
2 2 2 2

T

N N

+ | (&7 Vo) +7(V$t,V(m~V¢))L2(Q)—c1 (6,75

L2(Q)

>H1:01,’Y(Q) ><H1£07_Y(Q)‘| .
The desired inequality (4.13) now comes about by majorizing the right-hand side of
this expression (note that in this majorization we are using implicitly the fact that
8@74’ Ir, is a “lower order term,” as m|pr, = 0). d

PROPOSITION 4.6. With the vector field h as defined in (1.3), the solution
[0, d1,v] to (2.15), corresponding to terminal data [¢o, P1,%0] € D([A,";]Q), satisfies
equality (2.36) for arbitrary ey € [0,T).

Proof. We multiply (2.15) by h- V¢ — %¢ and subsequently integrate in time and
space; i.e., we will consider the equation

o~

T—60 N N ~ ~ Y ~ _ Y 1 R
/ (astt — G + A — [0t + crth + cad+ o | - Vo - 2¢) dt = 0.
€0 L2(Q)
(4.25)
First, using directly the computations performed in [12] for the quantity f:g_eo (q@tt —

’yAﬁgtt + quAS,E- VQAS — %gg)La(Q)dt, in the case that h is a radial vector field (see the
relations (3.12) and (3.16) of [12]), we have

(4.26)

T—e¢
o/ . R . 1A
/ (¢tt — YApy + A%, h -V — 2@5) dt
e 12(0)
t=T—e¢g

= [(%h : V@H(Q) +7 (W@n \% (E : Va)) (b, $)L2(Q):|

1
L2(Q) 2

t=€o
t=T—eo

-3 (v@,va)wm]t_eo - ;/OTO /F v (5? ty ‘v@f) dTdt

2 ’ 2

— o~ 1~ Oy
LZ(Q)_W<h.V¢_2¢7 ov >L2(F) ;

Wi [ (o (5 6o59), [

~

oy
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o foy | (28 (028 023\ (%%
R [(2) 4 () (29 (22
. r, 2 Ox? Oy? Ox? oy?
~\ 2
0?¢
+2(1— p) (aw;;) }dtdl“.

Using the boundary conditions in (2.15) and the fact that
(h - v)Ag|r,, this equation becomes

A(h-V o
: ov ! |F0

(4.27)

T—eo / _ R . R 1A 1 T—eo
/ (@t Y AGw+ A%V - ¢>> d=5 [ B
27 ) 2@ 2 Je

R 1o t=T—co
L2(Q) +7(V¢t, (h V¢)>L2(Q) - 2(¢t,¢)L2(Q)]

t:60

t=T—¢q 1 T—e€q o ~ 12
v , _7/ /h-u( " ‘v ‘)dl“dt
61,V LQ(Q)]t—eO 2. N &7 +v |V
2

T—eo 1 i R
- = h-v{Ag) dI'| dt
[H L2(Q) 2 /FO V( (b) }

|
s
/.
l

wm

+

Second, we multiply [coLZJr c1 1@ + C2$+ c3 QAﬁt +cq Agg] by h- chf %QAS and integrate
by parts to obtain

(4.28)

T*Co —~ —~ —~ —~ o~ —~ 1 ~
/ <Co1/1 + 1Py + cad + ey + caAp,h -V — 2¢> dt
€0 LQ(Q)
t=T—eg
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T—€0 ~ e ~ o~ ~ 1/\
+ / <Col/1 + o+ c3dr + caAp,h -V — ¢5> dt.
€0 2 LZ(Q)

To now obtain (2.36), we combine the expressions (4.25) and (4.27)—(4.28) and follow
this by a rearrangement of terms. ]
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