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A THEORY OF NON-NOETHERIAN GORENSTEIN RINGS

Livia M. Miller, Ph.D.
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Adviser: Thomas Marley

In Noetherian rings there is a hierarchy among regular, Gorenstein and Cohen-
Macaulay rings. Regular non-Noetherian rings were originally defined by Bertin in
1971. In 2007, Hamilton and Marley used Cech cohomology to introduce a theory
of Cohen-Macaulay for non-Noetherian rings, answering a question posed by Glaz.
This dissertation provides a theory of non-Noetherian Gorenstein rings agreeing with
the Noetherian definition, and for which regular rings are Gorenstein, and coherent
Gorenstein rings are Cohen-Macaulay. The relationship between Gorenstein rings
and F'P-injective dimension as defined by Stenstrom is also explored. Finally, an
additional characterization of Gorenstein rings involving homological dimensions is

examined in the non-Noetherian case.
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Chapter 1

Introduction

The theories of regular, Gorenstein, and Cohen-Macaulay Noetherian rings form a rich
theory within commutative algebra. These three rings enjoy the following cascading

relationship in the context of local rings:
Regular = Gorenstein = Cohen-Macaulay.

All three rings have origins and applications in homological algebra, algebraic geome-
try, and combinatorics. The goal of this work is to extend the meaning of Gorenstein
to the non-Noetherian case while maintaining the relationships shown above.

The definitions of non-Noetherian regular and Cohen-Macaulay rings have been
previously explored, primarily in the context of coherent rings. Coherence, like the
Noetherian property, is a finiteness condition. Given a ring R, an R-module is coherent
if it is finitely generated and every finitely generated submodule is finitely presented.
A ring is coherent if it is coherent as a module over itself. Noetherian rings are clearly
coherent; however there are many examples of non-Noetherian coherent rings. For
instance, given a field k, k[xq, 2o, .. .| is a coherent ring, but obviously not Noetherian.

In 1971, Bertin [4] defined regular rings in the non-Noetherian case. While ex-

ploring invariant subrings of polynomial rings over a coherent ring, Glaz raised the



question in [13] and [14] of the existence of a definition of non-Noetherian Cohen-
Macaulay rings compatible with (coherent) regular rings. Hamilton and Marley [15]
provided a positive answer, using Cech cohomology to introduce a theory of non-
Noetherian Cohen-Macaulay rings. In addition, several of the usual properties of
Noetherian Cohen-Macaulay rings carry over to the non-Noetherian theory. Given
the cascading relationship above, a natural question arose as to whether there is
a theory of non-Noetherian Gorenstein rings for which coherent regular rings are
Gorenstein, and Gorenstein rings are Cohen-Macaulay. Chapter 5 develops a theory
of Gorenstein rings which is compatible with the Noetherian definition and provides
an affirmative answer to this question.

Gorenstein dimension, or G-dimension, is among the major protagonists in the
theory of non-Noetherian Gorenstein rings. In a local Noetherian regular ring every
module has finite projective dimension. Auslander and Bridger [2] introduced G-
dimension in 1969 to create a similar characterization for Gorenstein rings. A Noethe-
rian ring is Gorenstein if every finitely generated module has finite G-dimension [2].
However the theory of G-dimension was restricted to finitely generated modules over
a Noetherian ring. In response to this restriction, Enochs and Jenda [10] introduced
Gorenstein projective dimension for arbitrary modules over an arbitrary commutative
ring. Avramov, Buchweitz, Martsinkovsky, and Reiten (see the remark following The-
orem 4.2.6 in [9]) showed that for finitely generated modules over a Noetherian ring,
Gorenstein projective dimension and G-dimension are the same. In the meantime, a
theory of Gorenstein projective dimension for Noetherian rings has been developed
by Avramov, Christensen, Enochs, Foxby, Holm, Jenda, and Martsinkovsky, among
others. More recently some of these results have been extended to the non-Noetherian

case by Holm [18] and White [28].



Amongst the results of G-dimension is an extension of the Auslander-Buchsbaum
Formula, referred to as the Auslander-Bridger formula. If G-dimpz M denotes the

Gorenstein dimension of an R-module M we have:

If R is alocal Noetherian ring and M is an R-module of finite G-dimension,

then depthy M + G-dimp M = depthy R.

The generalization of the Auslander-Bridger Formula to the non-Noetherian con-
text is a cornerstone in the theory of non-Noetherian Gorenstein rings. However,
the path to the non-Noetherian case is fraught with many hurdles. The first stems
from the behavior of grade in the non-Noetherian context. For a Noetherian ring R,
gradeg(I, M) > 0 for any finitely generated R-module M if and only if (0 :p; I) =0,
yet there are examples of non-Noetherian rings where this is not the case (see [15]
or [27]). Hochster, Northcott [24], and Alfonsi [1] played roles in the development
of polynomial grade to overcome this inconsistency in the behavior of grade. The
definition of polynomial grade is based upon grade over polynomial rings (see Section

2.2):
Let R be a ring; the polynomial grade of an ideal I on an R-module M is

tm

p-gradeg(I, M) := lim gradeR[thw ]([R[tl,...,tm],R[tl,...,tm] QprM).

If (R, m) is quasi-local (that is, R has a unique maximal ideal m), define the poly-
nomial depth, or p-depth of a module M to be gradey(m, M). Some properties of
polynomial grade are explored in Section 2.2.

With polynomial grade in hand we can generalize the Auslander-Bridger Formula
to the non-Noetherian case, replacing polynomial depth for depth; this is the content
of Corollary 4.2.2 (Chapter 4). However, after removing the Noetherian assumption,
what assumptions are needed for the Auslander-Bridger Formula to hold for non-

Noetherian rings? This is where the theory of non-Noetherian Gorenstein rings comes



full circle. The obvious choice is to assume the ring is coherent. While the Auslander-
Bridger does hold for coherent rings, our proof of the Auslander-Bridger Formula holds
in a more general setting. If R is a coherent ring, R[z] is not coherent in general. In
order for the Auslander-Bridger Theorem to hold under the coherence assumption,
one must pass to a polynomial ring and maintain coherence. One way this hurdle can
be overcome is to assume that R is stably coherent, that is, to assume R[zy,...,x,] is
coherent for every n > 0. However, this is an unsatisfactory solution; in fact we are
able to do much better than coherence.

This is where modules of type (FP)? and BE(R)-modules enter the scene. The

R

oo

module class BE(R) extends Bieri’s notion of modules of type (FP)L, a class of
modules admitting degreewise finite projective resolutions. The class BE(R) consists
of modules M of type (FP)E such that Ext’ (M, R) are of type (FP)2 for all i > 0.
Using modules of type (FP)2 we consider a restricted form of G-dimension, denoted
G-dimension, which agrees with G-dimension for modules in BE(R). We then can
prove a form of the Auslander-Bridger Formula for modules of finite G-dimension
(Theorem 4.2.1), with no conditions on the ring.

In Chapter 5, we define non-Noetherian Gorenstein rings; using the Generalized

Auslander-Bridger Formula (Corollary 4.2.2) we are able to show the following rela-

tionships for quasi-local rings:

Coherent Regular = Coherent Gorenstein = Cohen-Macaulay.

A local Noetherian Gorenstein ring is characterized by having finite injective di-
mension. In an attempt to generalize this behavior to non-Noetherian rings, we
introduce Stenstrom’s [26] F P-injective dimension in Section 2.4; in Section 5.3 we

find a relationship between coherent Gorenstein rings and F P-injective dimension.



This connection lends more credence to our definition of Gorenstein rings.

In the Noetherian case there are numerous other characterizations of Gorenstein
rings; Chapter 6 contains preliminary results for an additional characterization. This
characterization combines the approaches of F P-injective dimension with BE(R)-
modules. While this approach yields some results, it does not form as strong a theory

as the one given in Chapter 5.



Chapter 2

Background

Throughout this work, rings are commutative and contain a multiplicative unit. The
presence of Noetherian rings will always be explicitly stated. If a Noetherian ring
has a unique maximal ideal the ring is called local; if the ring is not necessarily

Noetherian, the terminology quasi-local will be used.

2.1 Coherent Rings and Modules

The notion of coherence plays an important part in the theory of non-Noetherian
Cohen-Macaulay and Gorenstein rings. This section will give an overview of coherence
and introduce the properties that help link Gorenstein and Cohen-Macaulay rings.
The definition of coherent modules relies on the notion of finitely presented mod-
ules. Given a ring R, an R-module M is finitely presented if there is an exact sequence

R" — R™ — M — 0 for positive integers n and m.

Definition 2.1.1. Let R be a ring. An R-module M is coherent if M is finitely

generated and every finitely generated submodule is finitely presented.



Subsequently a ring R is coherent if it is coherent as an R-module; thus every
finitely generated ideal of a coherent ring is finitely presented. Noetherian rings
themselves are coherent.

This definition of coherence can be, at times, unwieldy to work with. The following
result of Chase [8] provides alternate characterizations of coherent rings that will
become useful in Chapter 5.

Before we begin, recall the annihilator of an ideal I of a ring R is defined by

(0:g I) ={r € Rjrl =0}.

Theorem 2.1.2. The following conditions are equivalent for a ring R.
(i) R is a coherent ring.
(ii) Every finitely presented R-module is a coherent module.

(iii) (0 :g 1) is a finitely generated ideal for every element r € R. In addition, the

intersection of any two finitely generated ideals of R is finitely generated.
Proof. See the proof of Theorem 2.3.2 of [12]. O

With these characterizations of coherence in hand, we next consider change of

ring results for coherent rings and modules.

Theorem 2.1.3. [16], [17] If R is a coherent ring and S is an R-algebra that is

finitely presented as an R-module, then S is a coherent ring.
Proof. Similar to the proof of Theorem 2.4.1 in [12]. [
Theorem 2.1.4. [16], [17] Given a ring R and an ideal I of R,

(i) If M is a finitely presented R-module, then M/IM is a finitely presented R/I-

module.



(i) If I is finitely generated and M is an R/I-module, then M is a finitely presented

R-module if and only if M is a finitely presented R/I-module.
Proof. See the proof of Theorem 2.1.8 in [12]. O

Theorem 2.1.5. [12, Theorem 2.2.6] Let R be a ring and U a multiplicatively closed

subset of R. If M is a coherent R-module, then My is a coherent Ry-module.

From Theorem 2.1.5 it follows immediately that if R is a coherent ring, then Ry
is a coherent ring.
Starting in Chapter 3 we will consider homological dimensions over coherent rings.

The following results are very useful in this context.

Theorem 2.1.6. [12, Theorem 2.5.1] Let R be a coherent ring and
0—L—M— N — 0 be an exact sequence of R-modules. If any two of the modules

are finitely presented, then so is the third.

This leads to a characterization of finitely presented modules in a coherent ring

closely related to the BE(R)-modules introduced later in this chapter.
Corollary 2.1.7. [12, Corollary 2.5.2] If R is a coherent ring and M a finitely
presented R-module, then M admits a resolution of finitely generated free modules

—>F1—>F0—>M—>O

Corollary 2.1.8. [12, Corollaries 2.2.5 and 2.5.3] If R is coherent ring, and M and

N are coherent R-modules, then the following modules are coherent:
(i) Tor®(M,N) for n >0, and

(i1) Extp(M, N) forn > 0.



The final result of this section does not require R to be coherent, but will be used

frequently while working with finitely presented modules over coherent rings.

Theorem 2.1.9. [7] Let R be a ring and S a flat R-algebra. Given R-modules M

and N where M admits a resolution of finitely generated free modules,
EXt%(M, N) ®R S = Ethv(M ®R 57 N ®R S)

for all n > 0. In particular, this implies that localization commutes with Ext .

2.2 Polynomial Grade

The classical notion of grade has been extended to the non-Noetherian setting through
the work of Hochster, Northcott [24] and Alfonsi [1]. This extension relies upon the
addition of indeterminates to a ring to force the existence of non-zero-divisors in
situations where they must exist if the ring were Noetherian. In the Noetherian case
gradegy (I, M) > 0 for any finitely generated module M if and only if (0 :3; 1) = 0.
However, there are examples of non-Noetherian rings where this is not the case (see
[15] or [27]). Extending to polynomial rings fixes this incongruity; the following result

forms the basis of polynomial grade.

Theorem 2.2.1. /24, Chapter 5, Theorem 7] Let R be a ring,
f=a 2"+ ...a1x + ap € R[z| and set I = (ag,...,a,)R. Then (0:g I) =0 if and

only if f is a non-zero-divisor on R[z].

The polynomial grade of an ideal I on an R-module M is defined by

p-gradep(/, M) := lim gradegy, ., (IR[t,... . tn], R[t1,... tm] @r M).

m—oo
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If (R, m) is a quasi-local ring, the polynomial depth of M is

p-depthy M := p-gradeg(m, M).

Remark 2.2.2. Given a finitely generated ideal I = (z1,...,x,) and an R-module
M, gradegy(I, M) < n. Hence p-gradeg(I, M) < n < oo via the definition given

above.

The following proposition summarizes some results about polynomial grade that

will be used throughout this work.
Proposition 2.2.3. Let R be a ring, I an ideal, and M an R-module.

(i) If there exists an exact sequence F,, — F,_ 1 — -+ — Fy — R/I — 0 with
the F; finitely generated free modules, then p-gradeg(I, M) > n if and only if
Ext%(R/I,M) =0 for 0 <i<n.

(i1) p-gradeg (I, M) = p-gradeg(p, M) for some prime ideal p containing I. In
particular, p-gradep (I, M) = p-gradey(v/I, M).

(111) p-gradeg(I, M) = sup{p-gradeg(J, M)|J C I, J a finitely generated ideal}.

() If M = @ M,,, where the M; are R-modules, then

p-gradeg(I, M) = min {p-gradep(/, M;)}.

(v) If I is finitely presented and S is a faithfully flat extension of R, then
p-gradeg (I, M) = p-gradeg(IS, M Qg S).

(vi) Given an indeterminate x over R, p-gradeg(I, M) > 0 if and only if
gradepy, (I R[z], M[x]) > 0.
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(vii) If x = xq,..., 2, € I form an M-regular sequence, then

p-gradeg(I, M) = p-gradeg (I, M/(x1,...,2,)M) +n

= p-gradep (I + (x))/(x), M/(x) M) + n.

Proof. The proof of (i) can be found in [12], Theorem 7.1.2 and is related to the
results in [1]. The proofs of parts (iii) and (iv) can be found in Chapter 5 of [24];
(v) follows from the remark following Theorem 7.18 in [12]. Part (vi) is a partial
restatement of Chapter 5, Theorem 7 in [24]. The proof of the first equality in (vii)
can be found in Chapter 5, Theorem 15 of [24]. The second equality holds since for
J = (x1,...,z,) an ideal of R, in terms of classical grade the following holds for all

n since J{yi,...,ys) C Anngpy,, .y RY1, .- Yn) @r M/JIM.

gradegy, o (IR[y1, - Yul, Bly1, - - yn] @p M/ JM)

..... (([—I—J)R[yl,...
J[yly---ayn]

,yn]vR[ylw":yn] R M/JM>

= o (5 ) B o] (RY ] @ ML)

Taking limits over n the second equality on p-grade holds. O

There is also a relationship between the p-depth of modules in a short exact

sequence.

Lemma 2.2.4. [24, Chapter 5, Lemma 13] Let R be a quasi-local ring and let
0 — My — My — M3 — 0 be a short exact sequence of R-modules contained in

[FP)2 . If p-depthy My > p-depthy, Ms, then p-depthy M; = p-depthy M3 + 1.

Proof. Set p-depthy My = m and p-depthy M3 = n. For a finitely generated ideal I,
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apply Hompg(R/I,—) to the short exact sequence to obtain the long exact sequence

- — Bxth(R/I, My) — Exth(R/1, Ms) — Ext'yY(R/I, M)

— ExtSd N (R/I, My) — - -+ .

Since Exti'(R/I,M;) = 0 and Exth(Mjz, R) = 0 for all i < n by Proposition
2.2.3(1), we have 0 = Exth(R/I, M3) = Ext'y'(R/I, M;) for all i < n. Further-
more, 0 — Ext}h(R/I, Ms) — Ext®%™(R/I, M) is exact, so Ext}y"'(R/I, M;) # 0.

Hence p-depthy My =n + 1. Il

2.3 Non-Noetherian Regular and
Cohen-Macaulay Rings

A Noetherian local ring is regular if every ideal of R has finite projective dimension.
A Noetherian ring is regular if each of its localizations at a prime ideal is regular.

This characterization was extended by Bertin [4] to the non-Noetherian case.

Definition 2.3.1. A quasi-local ring R is regular if every finitely generated ideal of
R has finite projective dimension. In general, a ring R is regular if 12, is regular for

all p € Spec R.

Hamilton and Marley based their definition of non-Noetherian Cohen-Macaulay

rings on the following characterization of Cohen-Macaulay:

Theorem 2.3.2. A Noetherian ring R is Cohen-Macaulay if every sequence

X = X1,...,%, Such that ht(x)R = n is regular.

Hamilton and Marley looked to a generalization of (partial) system of parameters,

called parameter sequences, as a substitute for the role of height in Theorem 2.3.2.
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The definition of parameter sequences incorporates the notion of weakly proregular
sequences, as defined by Schenzel [25]. Let x = z1,...,2; be a sequence of elements
of R and define x™ = z¥,..., 2. The Koszul complex K (x) is defined to be the
chain complex K(z1) ®g -+ ®r K(x;) where for each i, K(z;) is the Koszul chain
complex 0 — R % R — 0 (where the first R sits in degree one). Denote H(x) to be
the homology of K(x). Given m > n there exist chain maps ¢} : K(x™) — K(x")
given by ¢I"(x) = o7 (x1) ®p - - - @ ¢ (x;) where for each i, ¢ (x;) is the chain map

between Koszul complexes

A sequence X = x1,...,x; is weakly proreqular if for each n there is an m > n such
that the canonical map ¢ : H;(x™) — H;(x") is zero for all ¢ > 1. An element z is
weakly proregular if and only if there exists k& > 0 for which (0 :z 2*) = (0 :5 2F*1).
In a Noetherian ring, every sequence is a weakly proregular sequence.

If I = (x1,...,2,)R, the ith local cohomology of a module M is defined to be:
Hi(M) := lim Exty,(R/I", M).

For a sequence of elements x = x1,...,x,, let C(x) denote the Cech complex with
respect to x, and set C'(x; M) := C(x) ®z M. The ith Cech cohomology HL(M) of M
with respect to x is the ith cohomology of C'(x; M). By [25], x is a weakly proregular
sequence if and only if H:(M) = H.(M) for all i and R-modules M, where I = (x).

Definition 2.3.3. [15] A sequence x = z1,...,x, is a parameter sequence if the

following hold:
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(i) x is weakly proregular.

(i) (x)R # R.
(iii) HZ(R), # 0 for all prime ideals p containing (x)R.

Furthermore, x is a strong parameter sequence if x1, ..., xz; is a parameter sequence

foreachi=1,...,n.
This construction leads to a definition of Cohen-Macaulay rings.

Definition 2.3.4. [15] A ring R is Cohen-Macaulay if every strong parameter se-
quence is regular. We say R is locally Cohen-Macaulay if R, is Cohen-Macaulay for

all p € Spec R.

This definition is equivalent to Theorem 2.3.2 if R is a Noetherian ring. Using

coherence, Hamilton and Marley obtained the following result.
Theorem 2.3.5. Coherent reqular rings are locally Cohen-Macaulay.

In [15] it is shown that under this definition of Cohen-Macaulay some, but not all,
of the standard properties of Noetherian Cohen-Macaulay rings hold in the coherent
case. For instance, given a faithfully flat ring homomorphism f : R — S, if S is
Cohen-Macaulay, then so is R. Also if all localizations of a ring at its maximal ideals
are Cohen-Macaulay, then the ring itself is Cohen-Macaulay. However it is unknown
whether the converse holds. In addition, there are examples of Cohen-Macaulay rings

R such that R/(x) is not Cohen-Macaulay for some regular element z (see [15]).

2.4 F'P-Injective Dimension

F P-injective modules were introduced by Stenstrom [26] and comprise a class of

which the class of injective modules is a subclass. While in the Noetherian case
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F P-injective and injective modules coincide, this does not hold in general for non-
Noetherian rings. To define F'P-injective modules, consider a diagram similar to that
of injective modules. An R-module M is F P-injective if for any free R-module F
and a finitely generated F-submodule I, and given the inclusion ¢ : I — F and a

homomorphism « : [ — M,

there is a homomorphism f such that a = f¢. In some works F P-injective modules
are also referred to as absolutely pure modules.

Bass [3] proved that a ring R is Noetherian if and only if an arbitrary direct sum
of injective modules is injective. It turns out that over any ring an arbitrary direct

sum of F'P-injective modules is F' P-injective:

Proposition 2.4.1. [22] Let R be a ring, and {M;} be a finite or infinite family of

F P-injective R-modules. Then the following are equivalent.
(i) M; is F P-injective for all i.
(ii) ?MZ is F' P-injective for all i.

(i1i) HMl is F' P-injective for all i.

Using Bass’ result and Proposition 2.4.1 one sees that in any non-Noetherian ring
the classes of injective and F'P-injective modules are not the same.

The definition of F'P-injective modules given above can naturally be rephrased
in terms of the vanishing of Ext modules. This characterization leads to a natural

definition of F'P-injective dimension.

Remark 2.4.2. Stenstrom [26] defines F' P-injective modules in the following manner:
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An R-module M is FP-injective if Exty(F, M) = 0 for every finitely presented
R-module F.

This definition is equivalent to the one presented at the beginning of this section.
Throughout this work we will use Stenstrom’s definition when talking about F P-

injective modules.

Definition 2.4.3. [26] An R-module M has F'P-injective dimension at most n, de-

noted FP-idg M < n, if Ext’s™ (F, M) = 0 for all finitely presented R-modules F.

We have the following characterizations of F'P-injective dimension in the coherent

case.

Lemma 2.4.4. [26, Lemma 1.3] Let R be a coherent ring. For an R-module M, the

following are equivalent:

(i) FP-idg M < n.

(ii) Extl™ (F, M) = 0 for all finitely presented modules F.
(iii) ExtB™ (R/I, M) = 0 for all finitely generated ideals I.

(i) If the sequence 0 — M — Ey — --- — E, — 0 is evact with Ey, ..., E, 4

F P-injective, then E, is also F P-injective.

A ring is F'P-injective if it is F P-injective as a module over itself. Given an
R-module M, let M* := Hompg(M, R). The next result shows that in a coherent

F P-injective ring every finitely presented module is reflexive.

Proposition 2.4.5. [26, Theorem 4.8] If R is a F P-injective coherent ring, for every

finitely presented R-module M, M = M** wvia the canonical map.

In the following we explore some additional properties of F'P-injective rings. The

next lemma, found in [19], holds for any ring.
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Lemma 2.4.6. [19, Theorem 1] Let R be a ring. The following conditions are equiv-

alent:

(i) Every homomorphism from a principal ideal of R into R is given by multiplica-

tion by an element in R.
(i1) If (a) is a principal ideal of R, then (0 :g (0 :g (a))) = (a).

Lemma 2.4.7 and Proposition 2.4.8 are both attributed to [19] by [26]. The proofs

are provided as they are not explicitly found in [19].

Lemma 2.4.7. Let R be a ring. R is F P-injective if and only if for every finitely

generated ideal I, every R-homomorphism I — R s multiplication by an element

r e R.

Proof. Let I be a finitely generated ideal, and consider the short exact sequence
0—1%R— R/I—0.
Applying Hompg(—, R) we have the exact sequence
0 — Homp(R/I, R) — Homp(R, R) & Hompg(I, R) — ExtL(R/I, R) — 0.

If R is FP-injective, then Extp(R/I,R) = 0 and ¢* is onto. As every map in
Hompg(R, R) = R is given by multiplication by an element in R, and ¢* is a re-
striction map, every map ¢ : I — R is given by multiplication by an element in
R.

Conversely, assume every map in Hompg(/, R) is given by multiplication in R.

Then ¢* is onto, so by exactness Exty(R/I, R) = 0 and R is F P-injective. O

Proposition 2.4.8. [19] A ring R is F P-injective if and only if
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(i) (0:r (0:r (a))) = (a) for every a € R, and
(1) (0:r 1)+ (0:g J) = (0:r INJ) for all finitely generated ideals I and J.

Proof. If R is F' P-injective, (i) holds by Lemmas 2.4.6 and 2.4.7. Consider the short

exact sequence
0= R/(INJ) S R/T®&R/J—R/I+J)—0
where ¢(r+ (I NJ)) = (r+1,—r+J), r € R. Then we have the exact sequence

Hompg(R/I, R) @ Homg(R/J, R) 2 Hompg(R/(INJ), R) — Exth(R/(I + J), R)
(2.4.1)
where given the projections m : R/I ® R/J — R/I and o : R/I ® R/J — R/J, we
have ¢*(f,g) = fmié + gm¢. Note Exth(R/(I + J),R) = 0 since R is F P-injective

and I + J is finitely generated. However (2.4.1) is chain isomorphic to
O0rD@®(0:rJ) > (0:INJ)—0

where a(r,s) =7+ s. Note (0:g )+ (0:5g J) C (0:5 I N.J); since « is a surjection,
(0:g 1)+ (0:5 J)=(0:g I NJ). Hence (ii) holds.

Conversely, assume (i) and (ii) hold. Let I be a finitely generated ideal of R; we
proceed by induction on the number of generators of I to show R is F'P-injective.
Consider the short exact sequence 0 — I — R — R/I — 0. Assume first that [ = (a)

is a principal ideal. Applying Hompg(—, R) we get the exact sequence

R % Hompg(I, R) — Exth(R/I,R) — 0.
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By Lemma 2.4.6, every element of Hompg(I, R) is given by multiplication by an ele-
ment in R. Hence ¢ is surjective and by exactness Extp(R/I, R) = 0 for I principal.

Assume that [ = (xq,...2,) = (21,...,2,-1) + (x,). Consider the exact sequence
0— R/((z1,...,2p-1) N (xn)) = R/(z1,...,Tp-1) ® R/(x,) = R/I — 0. (2.4.2)

By induction Exty(R/ (21, ..., 2 1), R) = Extp(R/(x,), R) = 0; thus applying
Hompg(—, R) to (2.4.2) yields the exact sequence

Hompg(R/(z1,...,2n_1), R) ® Homg(R/(x,), R)
(2.4.3)

2 Hom(R/((z1,. .., 2,) N (z2)), R) — ExtL(R/I, R) — 0.

However (2.4.3) is chain isomorphic to

0— (0:g(x1,...,2y-1)) ® (0 :5 x,) LN (0:g (1, ..., xh_1) N (zy))

— Extp(R/I, R) — 0,

so by (ii), 6 is surjective. By exactness Exty(R/I, R) = 0 for all finitely generated I.
Thus by definition R is F'P-injective.
O]

Given an ideal I of a ring R, we say [ is irreducible if it cannot be written as
I = JNK with J # I and K # I. The previous results reveal the following property
of quasi-local F'P-injective rings.
Proposition 2.4.9. If (R,m) is a quasi-local F P-injective ring, then (0) is irre-
ducible.
Proof. By Proposition 2.4.8, if R is F'P-injective, then (0 :g I)+(0:gr J) = (0 :g INJ)

for all finitely generated ideals I and J.
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Let I and J be non-zero finitely generated ideals of R, and assume that /NJ = (0).
But then
(0:g )+ (0:5J)=(0:gINJ)=R. (2.4.4)

Note that (0 :g I) and (0 :g J) # R as I,J # 0. Hence (0 :g I) and (0 :p J) C m.
From (2.4.4), there exist x € (0:z I) and y € (0 :g J) such that x +y = 1. But this
implies z = 1 — y is a unit, contradicting x € m and I # 0. Hence I N J # (0).

In general, let I and J be arbitrary non-zero ideals of R. Since I N .J = (0), then
there exist elements x € I\ J and y € J\ I. By the previous argument, ()N (y) # (0)
implying I N J # (0). Hence (0) is irreducible in R. O

2.5 [FP]i- and BE(R)-Modules

Using the notation of Bieri [5], for possibly infinite n, an R-module M is of type
(FP)E if there is a projective resolution P of M of length n such that each P; is
finitely generated. Equivalently, M has a free resolution F of length n such that each
F; is finitely generated. Define [F'P]Z to be the class of modules of type (FP)f .
The focus of this section lies primarily with the properties of [FP]Z-modules,
however a few results will appear in terms of [FP]®-modules. Since modules of
type (F'P)E are the finitely generated modules, modules of type (FP)Z are clearly
both finitely generated and finitely presented; in addition, we have the following

characteristics of [F'P]%-modules.
Theorem 2.5.1. [5, Corollary 1.6] The following are equivalent for an R-module M :
(i) M is of type (FP)E.

(ii) Extl(M, —) commutes with direct limits for all i > 0.
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(111) @EX%(M, Ny) =0 for alli > 0 and all directed systems {N;} of R-modules

with lii>nNt =0.
The following corollary extends a result of Bieri [5].
Corollary 2.5.2. Suppose M € [FP)E. Fori >0, the following are equivalent.
(i) Ext’ (M, R) = 0.
(ii) Ext'(M, Q) = 0 for all projective modules Q.
(i4i) Ext(M,T) =0 for all flat modules T.

Proof. The implications (iii) = (ii) = (i) are clear; it remains to show (i) = (iii).
Note that if F' = R", then Ext’ (M, F) = o Exty(M, R) = 0. By [21], T = limF; for

F; finitely generated free. Thus by Theorem 2.5.1(iii),
Exty(M,T) = lim Exty (M, F;) = 0.

]

Proposition 2.5.3. [5, Proposition 1.4] Let 0 — M’ — M — M"” — 0 be a short

exact sequence of R-modules. Then the following hold:
(i) If M' € [FP)E | and M € [FP)®, then M" € [F P,
(ii) If M and M" € [FP)E, then M' € [FP|E .

(iii) If M’ and M" € [FP)E, then M € [FP)E.

Corollary 2.5.4. [5] Given an exact sequence 0 — M — M' — M" — 0 of R-

modules, if any two modules are [F P)E -modules, then so is the third.
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Corollary 2.5.5. Let R be a ring. If M € [FP]E for some possibly infinite n > 1,

then given a presentation

Foy— o= Fy— M =0,

where F; is a finitely generated free R-module for each i, K = ker(F,_1 — F,_3) is

finitely generated.

Proof. Proposition 2.5.3 provides the proof in the case where M € [FP|E. If

M € [FP)E for n > 1, let

F,y—--—F—->M-—>0

be a presentation of M by finitely generated free modules F;. Setting

K; = ker(F; — F;_1), consider the short exact sequences

O_>Kn—1_>Fn—1_)Kn—2_>O

0— Ky— Fy— M — 0.

By Proposition 2.5.3, K; € [FP)? for all 0 < i < n — 1; hence K,_; is finitely

n—1—:

generated. O]

Definition 2.5.6. Given a ring R, define BE(R) to be the class of R-modules M
such that M and Exto(M, R) € [FP)E for all i > 0.

All finitely presented modules M in a coherent ring are contained in BE(R) by
Corollaries 2.1.7 and 2.1.8. This fact will play an important role in the development

of the theory of non-Noetherian Gorenstein rings.
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Chapter 3

Gorenstein Dimension

3.1 G(R) and G-dimension

The following class of modules plays an important role in the proof of the generalized
Auslander-Bridger Formula in Chapter 4. In the following, given a ring R and an

R-module M, define M* := Hompg(M, R).
Definition 3.1.1. Given a ring R, G(R) denotes the class of R-modules M such that
(i) M and M* € [FP)Z.
(ii) Exth(M,R) =0 for all i > 0.
(iii) Extb(M*, R) =0 for all i > 0.
(iv) The canonical map M — M** is an isomorphism.

Remark 3.1.2. From the definition, we have the following results concerning G(R)-

modules.

(i) Finitely generated free R-modules are contained in G(R).
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(ii) A® B e G(R) if and only if A, B € G(R).
(iii) Finitely generated projective modules are contained in G(R).
(iv) If M € G(R), then M* € G(R).

Proof. (i) follows directly from Definition 3.1.1. Notice that (ii) holds via the isomor-
phism
Ext% (A @ B, R) = Exth(A, R) @ Ext%(B, R)

for all 7+ > 0. Since any finitely generated projective module P can be written as the

direct summand of a finitely generated free module, (i) and (ii) imply (iii). Finally,

if M € G(R), then M = M** and (iv) follows immediately. O

Proposition 3.1.3. Let R be a ring and 0 — L — M — N — 0 be an exact sequence

of R-modules with N € G(R). Then M € G(R) if and only if L € G(R).

Proof. This is similar to the proof of [9] Lemma 1.1.10(a).

Applying Hompg(—, R) we obtain the long exact sequence

0— N*— M*— L* — Extp(N,R) — -

-+ — Extix (N, R) — Exti(M, R) — Ext(L,R) — - - - .

Since N € G(R), Extiz(N, R) = 0 for all i > 0, yielding the short exact sequence

0N - M'—-L"—=0 (3.1.1)

and Exth (M, R) = Ext’h(L, R) for all i > 1. Applying Hompg(—, R) to (3.1.1) yields



25

the diagram with exact rows

If either L or M € G(R), then ExthL(M, R) = ExthL(L, R) = 0, and thus

0L > M*"—> N“*“"—=0 (3.1.2)

is exact. By the Snake Lemma, d;, is an isomorphism if and only if ,; is an isomor-

phism. Applying Hompg(—, R) to (3.1.1), along with the exactness of (3.1.2), yields a

long exact sequence that also shows that Ext’(L*, R) = Extly(M*, R) for all i > 0.
Finally, Corollary 2.5.4 combined with (3.1.1) and our original sequence shows that

L € [FP)® ifand only if M € [FP)2  and L* € [FP]E ifand only if M* € [FP)E. O

Remark 3.1.4. Let R be a ring and M be an R-module. Then M € [FP]Z if and

only if there is an exact sequence

=G =G> —>Gy—M—0

where G; € G(R) for all 4.

Proof. If M € [FP]Z, then F has an infinite resolution by finitely generated free
modules, which themselves are also in G(R). Conversely, assume M has an infinite

resolution

=G —-Gi = —>Gy—=M—=0

by modules G; € G(R). Then M is clearly finitely generated, that is, M € [FP]¥.

Assume that any such M is contained in [F'P]2 | for some n. Set K = ker(Gy — M).

n
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Then the sequences

00— K—-Gy— M—0

and

=Gy -G - K —0

are exact.
By induction, K € [FP]% ;. Since Gy € [FP|%, then M € [FP]% by Proposition
2.5.3. [

Definition 3.1.5. A G-resolution of an R-module M is a complex G

=G =G — =G —= Gy — 0

such that each G; € G(R), Hi(G) = 0 for i > 0 and Hy(G) = M.
Definition 3.1.6. Let M € [FP)E be a nonzero R-module. Define the G-dimension
of M, denoted G-dimg M, to be

G-dimp M = inf{n|0 - G, — --- — Gy — M — 0 is a G-resolution of M}.

If M has no finite G-resolution, G-dimg M = oc.

Lemma 3.1.7. Let R be a ring and M be an R-module with G-dimgz M < co. If
Exth(M, R) =0 for alli > 0, then M € G(R).

Proof. The proof of this result is analogous to Lemma 1.2.6 in [9].

Assume G-dimp M < 1; then there is an exact sequence

0—G —Gy— M —0,



27

where G, G € G(R) Applying Hompg(—, R) we obtain the exact sequence

0= M —-G;—G]—0

since Extyp(M, R) = 0. Note that M* € [FP]E by Corollary 2.5.4. Since G} and

G% € G(R), the sequence

0—-G" =Gy =M™ —0

is exact, and shows Exty (M*, R) = 0 for all m > 0. Hence we have the diagram

0 Gl Go M 0

N

and thus M 2 M** via the Five Lemma. Hence M € G(R).

For n > 1 assume G-dimp M < n, and consider the G-resolution

0—-G,—-Gp1—-—>G —Gy— M —0.

Setting K, = ker(G,,_y — G,_3) we see that K,,_; € [FP] and G-dimp K,,_; <1

as we have the short exact sequence

0_>Gn_>Gn—1_>Kn—1_>O

Using the fact that Exty (K,—1, R) = Ext} (K,_2, R) and iterating along the K;, we

see that Ext (K, _1, R) = Ext’s™™ (M, R) = 0 for all m > 0, so K,,_; € G(R). Thus
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the exact sequence

0—-K,1—-G,o0—-—>G —Gy—M—0

yields G-dimz M < n — 1, and thus by induction M € G(R). O

The following result provides additional characterizations of G-dimension, and is

an adaptation of Theorem 1.2.7 in [9].

Theorem 3.1.8. Let R be a ring and M € [FP)E. The following are equivalent
(i) G-dimp M < n.
(ii) G-dimp M < oo and Extly(M, R) = 0 for all i > n.

(iii) G-dimgr M < 0o and Ext%(M,Q) =0 for m > n and any flat module Q.

(iv) In any G-resolution of M

"_>Gn_)Gn—1_>"'_>GO_)Ov

the kernel K = ker(Gp_1 — Gp_s) is in G(R).

Thus if G-dimg M < oo, then

G-dimp M = sup{n € N|Ext(M, R) # 0}.

Proof. The following is an adaptation of Theorem 1.2.7 in [9].
Notice that once (i) < (ii) is established the final equality holds. Also notice that
(iii) is equivalent to (ii) via an application of Corollary 2.5.2.

If n = 0, the four conditions are equivalent by definition and Lemma 3.1.7.
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Assume n > 0.

(i) = (ii): If G-dimp M < n then M has a G-resolution
0—-G,— - —G —Gy— M —0.

By applying Hompg(—, R) to the short exact sequences formed by the kernels, we have
Extp ™™ (M, R) & Ext};(G,, R) = 0 for m > 0, that is, Ext};(M, R) = 0 for all n > m.

(ii) = (i): M has a finite length G-resolution:
0—-Gr—-—G —Gy— M — 0.

If ¢ < n, we are done; assume ¢ > n. Set K = ker(G,,_1 — G,_2) and consider the

exact sequence

0O K—-G,.1——>G —-Gy—M—0

where K € [FP)E and G-dimg K < ¢ —n. As above, we also have
Ext?(K, R) = Ext™*"(M, R) = 0 for m > 0. Hence by Lemma 3.1.7, K € G(R) and
M has a G-resolution of length n.

(i) < (iv): As (iv) = (i) is obvious, assume G-dimp M < n, so there is a G-
resolution of length n:

0—-G,— -G — Gy—0.
It is sufficient to show that if

O—H,—-FP,1— - —F—->M-=—>0

0—-K,—-G,.1—-—>Gy—M—0

are exact sequences with the P; finitely generated projective and the G; € G (R), then
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H, € G(R) if and only if K,, € G(R) is as well. As the P; are projective there exist
fay-s fo

P:0 H, P, s =) 0
fnl fn—ll fO\L
G:0 K, Gn1 e Gy 0

such that f is a chain map between the complexes P and G lifting the identity map
Hy(P) — Hy(G). Let C be the mapping cone of f. From the short exact sequence
of complexes

0-G—-C—P[-1]—-0

we get the exact sequence

= Hi(G) = Hy(C) — Hi 1(P) — Hi 1(G) — -

The map from H;(P) to H;(G) is the map on homology induced by f. In particular,
the map Ho(P) = M — Hyo(G) = M is the identity map, as fy is a lifting of the
identity map on M. Placing this in the long exact sequence above and using that
H;(P) = H;(G) = 0 for all ¢ > 0, one gets that H;(C) = 0 for all 7. Hence the
mapping cone is exact.

Recall the mapping cone is as follows:

OHHnHKn@PanHanl@Pn72H"'HGI@POHGOHO-

By Remark 3.1.2 each G; & P, € G(R) Repeated applications of Proposition 3.1.3
yields that H,, € G(R) if and only if K,, & P,_; € G(R) So again by Remark 3.1.2,
H, € G(R) if and only if K,, € G(R). O

Corollary 3.1.9. Let R be a ring and 0 — M — G — N — 0 be a short exact
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sequence of R-modules such that G € G(R) and N, M € [FP]%.
(i) If N € G(R), then so is M.
(i) If N & G(R), then G-dimg M = G-dimg N — 1.

Proof. (i) follows immediately from Proposition 3.1.3.
To prove (ii), notice first that any G-resolution of M of length n results in a G-
resolution of N of length n + 1. Hence if G-dimR M < oo, then G—dimR N < 00. On

the other hand, if G-dimz N = n < 0o, consider the resolution

=G —>Ghg— o —>Gg— M — 0

of M, where G; € G(R) for all i. Then

=G —> Gy — - —>Gyg—>G—>N—->0

is a G-resolution of N. By Theorem 3.1.8(iv), K = ker(G,_y — G,_3) is contained

in G(R). Thus the sequence

0O—-K—-G, 92— —Gy—M—=0

is exact and G—dimR M < oco. Hence G—dimRM and G—dimRN must be simultane-
ously finite; in particular if one is infinite, the equality holds.
Assume G-dimp N < oo (and hence G-dimp M < oo). Apply Homp(—, R) to the

short exact sequence to get

0— N*— G* — M* — Extyp(N,R) — 0 — Extp(M, R) — Ext3(N,R) — 0 — -~
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Thus Ext’h (M, R) = Ext'T'(N, R) for all i > 0, and by Theorem 3.1.8
G-dimp M = G-dimp N — 1. 0

Proposition 3.1.10. Let R be a ring and 0 — L — M — N — 0 be an exact

sequence of R-modules contained in [F P2 .
(i) If G-dimg L < n and G-dimg N < n, then G-dimzp M < n.
(i1) If G-dimr M < n and G-dimp N < n, then G-dimp M < n.
(1i1) If G-dimg L < n and G-dimp M < n, then G-dimp N < n + 1.
In particular, if any two of the modules has finite G-dimension, then so does the third.

Proof. To prove (i), let (F, ¢) and (F’, ¢') be free-resolutions of L and N, respectively,
consisting of finitely generated free R-modules. By the Horseshoe Lemma, there exists
a free resolution (F”,¢") of M consisting of finitely generated free R-modules such

that the sequence

0—-F—=F —-F —0

is exact.
Let K,,, K], and K denote the kernels of ¢,,_1, ¢/, _;, and ¢! _,, respectively. Then

the sequence

0—-K,— K - K, —0

is exact. Since G-dimp L < n and G-dimz N < n, K,, and K are contained in G(R)
by Theorem 3.1.8. Hence K” € G(R) by Proposition 3.1.3, and G-dimp M < n.
The proof of (ii) proceeds in a similar way. While the proof of (iii) also begins in

the same manner, once arriving at the short exact sequence

0—-K,— K - K, —0 (3.1.3)
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we see instead that G-dimgp K/, < 1 as K,, K" € G(R). Pasting together F’ and

(3.1.3) yields the exact sequence

O—>Kn—>K,/I’—>F7/L_1—>---—>F6—>N—>0

Hence G—dimR N <n+1. ]

3.2 Gorenstein Dimension

Removing the restrictions placed on G/(R)-modules M that M and M* be in [FP]%
results in a resolving class that forms the basis of Gorenstein dimension. Gorenstein
dimension was originally defined by Auslander and Bridger [2] to characterize Goren-
stein rings in a manner similar to the characterization of regular rings. Instead of
using projective modules to resolve a given module, one uses totally reflexive modules,

which are defined below.

Definition 3.2.1. A finitely generated module M is totally reflexive if and only if

the following conditions hold:
e Exth(M,R) =0 for all i > 0.
o Exth(M* R) =0 for all i > 0.
e The canonical map M — M™** is an isomorphism.

Note any finitely generated projective module, as well as any module in G(R), is

totally reflexive.

Remark 3.2.2. Note that a totally reflexive R-module M is contained in G(R) if

and only if M and M* € [FP|&.
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Using totally reflexive modules, one can build a theory of Gorenstein dimension

where totally reflexive modules are the modules of Gorenstein dimension zero.

Definition 3.2.3. A G-resolution of an R-module M is a complex G

=G =G, = =G —Gy—0

such that each G; is totally reflexive, H;(G) = 0 for i > 0, and Hy(G) = M.
Definition 3.2.4. Given a ring R, suppose the R-module M has a G-resolution. The
Gorenstein dimension, or G-dimension, of an R-module M is defined as follows:

G-dimg M = inf{n|0 - G,, — -+ — Gy — M — 0 is a G-resolution of M}.

If M has no finite G-resolution, G-dimg M = oo.

Gorenstein projective dimension, an extension of G-dimension developed by
Enochs and Jenda, appears more widely in the literature. Let’s take a look at its

construction.

Definition 3.2.5. An exact resolution of projective modules

P:....»P P —-P =P — ..

is a complete projective resolution if Homg(P, Q) is exact for every projective R-

module Q.

Definition 3.2.6. An R-module M is Gorenstein projective if there exists a complete

projective resolution P with M = Im(Py — PY).
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It is clear from the definition of Gorenstein projective modules that projective
modules are also Gorenstein projective. Notice that Gorenstein projective modules,
unlike totally reflexive modules, need not be finitely generated.

A chain complex G

0—-G,—Gpq1—--—G —Gy—0

is a Gorenstein projective resolution of M of length n if each G; is a Gorenstein

projective R-module, G,, # 0, H;(G) = 0 for all i # 0, and Hy(G) = M.

Definition 3.2.7. The Gorenstein projective dimension of an R module M is given

by

Gpdp M =inf{nl0 - G, - -+ —Gy— M — 0

is a Gorenstein projective resolution of M }.

If M has no finite Gorenstein projective resolution, Gpdp M = 0.

For finitely generated modules over a Noetherian ring, GG-dimension and Goren-
stein projective dimension are equal (Avramov, Buchweitz, Martsinkovsky, and Re-
iten; see remark following Theorem 4.2.6 in [9]). It was shown in [28] that in the case

of BE(R)-modules there is no distinction between these two classes of modules.
Proposition 3.2.8. Let M € BE(R). Then the following are equivalent:

(i) M is Gorenstein projective.

(ii) M is totally reflexive.

(11i) M has a complete projective resolution consisting of finitely generated free mod-

ules.
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Proof. See [28] Lemma 5.3 and Theorem 5.4 O

Corollary 3.2.9. [28, Corollary 5.5] Let R be a ring. If M € BE(R), then
G-dimp M = Gpdy, M.

For the remainder of this work, we prefer to use the notation of G-dimension since
we primarily use the properties of Definition 3.2.1 in our proofs.

We now explore the properties of G-dimension that will be used in subsequent
chapters. Some of these results have already appeared in the context of G-dimension.
We will frequently use [9] as a reference for the the basic properties of totally reflexive
modules and G-dimension. Throughout [9] the underlying assumption is that R is
Noetherian; however many of these results hold over arbitrary rings. The proof of
these results will appear only if substantial changes are needed for them to hold in
the present context, otherwise the corresponding result in [9] will be cited.

Analogous to Proposition 3.1.3, we have:

Proposition 3.2.10. Let R be a ring and 0 — L — M — N — 0 be an exact
sequence of finitely generated R-modules with N totally reflexive. Then M 1is totally

reflexive if and only if L is totally reflexive.

Proof. The proof of this result is similar to the proofs of [9] Lemma 1.1.10(a) and

Proposition 3.1.3. 0

Corollary 3.2.11. Let R be a ring and assume M is a totally reflexive R-module
with G-dimp M < co. Then M € G(R).

Proof. Assume G-dimp M = n. Then M has a G-resolution

0—-G,—--—Gy— M—0. (3.2.1)
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We may break up (3.2.1) into the short exact sequences

0_>Gn_>Gn71_>anl_>0
0—>K7;—>Gi_1—>Ki_1—>0, 1§2§n—1

0— Ky— Gy— M —0.

Iterated applications of Corollary 2.5.4 shows M € [FP]E. Also by repeated ap-
plications of Corollary 3.1.9, K; is totally reflexive for each 0 < ¢ < n. Applying

Hompg(—, R) to the sequences above yields the exact sequences

0—K, , =G, 1 —G,—0
0—-K ,—-G_,—K —0,1<i<n-1

0—=M"—G;— K; — 0,

and applying Corollary 2.5.4 gives M* € [FP)E. O

A means of measuring G-dimension that will become particularly useful is the

vanishing of Ext-modules.

Lemma 3.2.12. Let R be a ring and M an R-module of finite G-dimension. If

Exth (M, R) =0 for all m > 0, then M is totally reflexive.

Proof. The proof of this result is analogous to Lemma 1.2.6 in [9], as well as Lemma
3.1.7.
O

Theorem 3.2.13. Let R be a ring and M € [FP]E be an R-module The following

are equivalent:

(i) G-dimr M < n.
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(ii) G-dimgr M < oo and Extz(M, R) =0 fori > n.
(iii) G-dimzp M < oo and Extls(M,Q) = 0 for m > n and any flat module Q.

(iv) In any G-resolution of M
"_>Gn_>Gn—1_>"'_>GO_>Ov

the kernel K = ker(Gp—1 — G,_2) is totally reflezive.

In addition, if G-dimg M < oo then
G-dimp M = sup{i € No| Exth(M, R) # 0}.

Proof. The proof of the equivalence of (i), (ii), and (iv), as well as the last statement,
is similar to that of Theorem 1.2.7 in [9]. The proof is also similar to that of Theorem
3.1.8.

Condition (iii) is equivalent to (ii) via an application of Corollary 2.5.2.

]

Lemma 3.2.14. Let R be a ring and 0 - K — G — M — 0 be a short exact
sequence of R-modules where G € G(R). If M € BE(R), then K € BE(R).

Proof. By Corollary 2.5.4, K € [FP]. Applying Homg(—, R) to the given sequence

we obtain:
0— M — G % K — Extp(M, R) — 0 — Extp(K,R) — Exth(M,R) — 0 — --- .

Then Extl(K, R) = Ext ' (M, R) € [FP])E for all i > 0. Hence it remains to show
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that K* € [FP)E. Let L = im ¢; consider the short exact sequences

0O—-M"—-G"—-L—0 (3.2.2)

0— L— K*— Extp(M,R) — 0. (3.2.3)

Sequence (3.2.2) implies L € [FP]%, which then implies K* € [FP]2 by sequence

[oop)

(3.2.3). O

We next show that if M € BE(R) has finite G-dimension, then M has finite

G-dimension.

Proposition 3.2.15. Let R be a ring and M € BE(R) such that G-dimg M = n < oo.
Then M has a G-resolution 0 — G,, — G,,_; — --- — Gy — 0 such that G; € G(R)

fori=0,...,n.

Proof. Let
b —-F -2 —>F—->M=0

be a degreewise finite free resolution of M. For ¢ > 0 set K; = ker(F; — F,_1). By
Theorem 3.2.13,
0O—-K,1—F,,— - —F —=M-=—0 (3.2.4)

is a resolution such that K,_; and each F; are totally reflexive. Since each F; is
finitely generated and free, F, € G(R). Set Ky = ker(Fy — M). We now have the
exact sequence

0— Ky— Fy— M — 0,

and for 1 <17 < n, exact sequences

0— K, — I — K,_; — 0.
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Repeated applications of Lemma 3.2.14 yields K; € BE(R) for all 1 < i < n. In

particular K,, € G(R) by Theorem 3.2.13, and (3.2.4) is the desired resolution. [

3.3 Equality of G-dimension and Gorenstein
Dimension

In the previous two sections we have seen close parallels between the results for G-
dimension and G-dimension. In this section we see that for R-modules in BE(R),

G-dimension and G-dimension are equivalent notions.

Proposition 3.3.1. Let R be a ring and M € [FP)E. Then G-dimp M < G-dimp M.
Moreover, if G-dimp M < oo, then G-dimp M = G-dimp M.

Proof. If G-dimz M = oo, there is nothing to prove for the inequality. So assume

G—dimR M =n < co. Then there is a G-resolution
0—-G,— - —G —Gy— M —0.

Since each G; is also totally reflexive, G-dimgp M = m < n.

Consider a G-resolution of M
0—-G,—-—Gy—M—0.
Set K1 = ker(G_1 — Gp_2); Kp,—1 is totally reflexive by Theorem 3.2.13. Since

0—G,— G,y — - —Gp, — K1 —0 (3.3.1)
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is exact, the G; € G(R) implies K,,_; € G(R) by Corollary 3.2.11. Therefore

0—- Ky, 1—>Gp1—-—Gy—M—0

is a G-resolution of length m. Thus the equality holds. O]
Proposition 3.3.2. Let R be a ring and M € BE(R). Then G-dimp M = G-dimp M.
Proof. By Proposition 3.3.1, it suffices to show G-dimg M < G-dimp M.

Assume G-dimgp M = n < oo, by Proposition 3.2.15 M has a G-resolution

0—-G,— - —>Gy—M—0

where each G; € BE(R). But then G; € G(R) for all i. Hence
G-dimp M < G-dimg M. O
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Chapter 4

The Auslander-Bridger Formula

The Auslander-Buchsbaum Formula relates the depth of a ring and a module to the

projective dimension of the module.
Theorem 4.0.3. If R is a local Noetherian ring, and M is a finitely generated R-
module of finite projective dimension, then depthp M + pdyp M = depthy R.

In the Noetherian case, the Auslander-Bridger Formula [2] is an extension of the
Auslander-Buchsbaum Formula relating depth and G-dimension:
Theorem 4.0.4. If R is a local Noetherian ring and M s an R-module of finite
G-dimension, then depthyp M + G-dimg M = depthy R.

The Auslander-Buchsbaum Formula itself has been generalized to the

non-Noetherian case:

Theorem 4.0.5. [2/, Ch 6, Theorem 2] If R is a quasi-local ring, and M an R-
module with a degreewise finite free resolution of finite length, then

pdp M + p-depthp M = p-depthy R.

In this section we will prove a version of the Auslander-Bridger Formula for co-

herent rings and finitely presented modules with finite G-dimension, replacing depth
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with p-depth. However our main tools will not be G-dimension and the class BE(R),
but rather results from G-dimension. Thus given the equivalence in Proposition 3.3.2,
the Auslander-Bridger Formula will appear in several different forms, first in the G-

dimension case, and then for G-dimension.

4.1 Additional Properties of G-dimension

Before proving the Auslander-Bridger Formula for modules of finite G-dimension,
several results are needed. The first results investigate the behavior of G-dimension
under flat liftings. The proof of the Auslander-Bridger Formula (Theorem 4.2.1)
requires the existence of regular elements, necessitating the passage from the ring
R to a polynomial ring over R. However in general, if R is coherent, R[z] is not
necessarily coherent. Unlike coherence, G-dimension remains stable across faithfully
flat liftings as shown by Lemma 4.1.1 and Proposition 4.1.2. This fact plays a crucial

role in the proof of a generalized Auslander-Bridger Formula.

Lemma 4.1.1. Let R be a ring and R — S be a flat ring homomorphism. Let M be

an R-module.
(i) If M € [FP)®, then M ®g S € [FP]3..
(i) If M € BE(R), then M @p S € BE(S).
(iii) If M € G(R), then M ®r S € G(S).
If S is faithfully flat, then the converses to (i), (i), and (iii) hold.

Proof. If M € [FP]2 there is an exact sequence

=y > Fy — Fy— M — 0
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where each Fj is a finitely generated free R-module. The resolution

'HFQ@RS%F1®RS—>F0®RS—>M®RS—>O

is a degreewise finite free S-resolution of M ®z S, and hence M ®x S € [FP]3..
Conversely, assume S is faithfully flat and M @z S € [FP]S. First, we show by

induction that if M ®x S € [FP]3, then M € [FP)E. If n =0, then M @5 S is finitely

generated. Let x1,...,x; € M be such that z; ® 1,..., 2, ® 1 generate M ®g S as an

S-module, and set N = xR+ --- 4+ x;R. Consider the exact sequence

0—-N—M-— M/N—DO. (4.1.1)

Applying — ®g S, S flat yields

0=>N®pS—>MerS— (M/N)®r S — 0.

Notice that the map N ®r S — M ®g S is an isomorphism, thus (M/N) ®g S = 0.
By faithfulness of S, M/N = 0, and hence M = N and M is a finitely generated
R-module.

Assume n > 0. Since M is finitely generated, there is an exact sequence

0—-—K—-—F—-M—0

where F' is a finitely generated free R-module. By Proposition 2.5.3, it suffices to

show that K € [FP]® . Applying — ®g S, we have the exact sequence

0> K®rS—>F®rS—>M®®rS — 0.



45

Since F @z S € [FP]S,and M ®r S € [FP]?, K ® S € [FP]5_, by Proposition
2.5.3. By induction, this implies that K € [FP|E_,.

Since M ®x S € [FP], if and only if M € [FP)E for all n > 0, then this argument
implies M € [FP]&.

Assume that M € BE(R); by (i), M ®g S and Ext; (M, R) ®x S € [FP]S, for all
m > 0. Since S is flat and M € [FP)% | for all m > 0, by Theorem 2.1.9 we have the
isomorphism

Ext?(M @ S,S) = Ext?(M,R) ®r S € [FP]5.. (4.1.2)

Hence M ®g S € BE(S).

Conversely, assume that M ®@g S € BE(S) and that S is faithful; the converse to
(i) shows M € [FP)E. By Theorem 2.1.9 Exty(M ®p S, S) = Exth(M, R) ®p S for
all i > 0, thus the argument from the [F'P]Z case can be used to show
Ext’% (M, R) € [FP]® for each i > 0. Thus M € BE(R).

Assume that M € G(R). As S is flat and M, M* € [FP]%, we have the natural

isomorphisms:

Exth(M, R) @z S = Exty(M ®r S, 9),

and

Ext’(Homg(M, R), R) ®r S = Extsy(Homg(M ®r S, S), S)

for all 4 > 0. In particular, M*™* ®r S = (M ®pr S)** where the latter double dual is
with respect to S-modules. Let ¢ : M — M*™ and ¢ : M ®p S — (M ®r S)*™ be the
canonical maps. Let K = ker ¢, K’ = ker ), C' = coker ¢, and C’" = coker ¢). Then we
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have the following commutative diagram with exact rows.

0—K @S —>MapS 2% M 9pS ——C @S —0

| 1 |

0 K’ M ®@pr S —— (M ®@g S)*™ ' 0

By the Five Lemma, K®zS = K’ and C®5zS = C". Hence if M € G(R), then ¢ is an
isomorphism and K = C' = 0. Thus ¢ ® 1g is an isomorphism, and M ®zr S € G(S)

Similarly, if .S is faithfully flat, the converse holds. O

Proposition 4.1.2. Let R be a ring and R — S be a flat ring extension. If
M e [FP)E | then G-dimp(M ®rS) < G-dimg M. If S is faithfully flat, then equality
holds.

Proof. If G-dimz M = 0 the result holds by Lemma 4.1.1.
Assume G-dimp M = n > 0. Consider the exact sequence

0 K—-G—-M-—0

where G € G(R). Then G-dimp K = n — 1 by Corollary 2.5.4 and Corollary 3.1.9.
By induction, (N}-dimg(K ®grS) <n—1.Since G®r S € CN}'(S) by Lemma 4.1.1, the

sequence

0= K®RrS—>G®RrS—>M®xrS—0

shows G-dimg(M ®g S) < n.
If in addition S is faithful, then by induction

G-dimg(K ®r S) = G-dimp K = n — 1. Notice M @z S ¢ G(S), for otherwise
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M € G(R). Therefore, by Corollary 3.1.9,

G-dimg(M @5 S) = G-dimg(K @z S) + 1 = n = G-dimp M.

Corollary 4.1.3. Let R be a ring and and M € [FP]%.
(i) If p € Spec R, then G—dime M, < G-dimp M.

(ii) If (R, m) is quasi-local, then G-dimp M @R R[7|nrp) = G-dimp M.

x]mR[z

Remark 4.1.4. Let R be a ring and M an R-module. Assume

[ € M* = Homg(M, R) and that x is a non-zero-divisor on R. If zf = 0, then
xf(M) = 0. However, since f(M) C R and z is a non-zero-divisor on R then
f(M) = 0. Hence x is M*-regular and M* is torsion-free. If M = M** then M is
torsion-free. In particular, if M is reflexive, then M is torsion-free. It follows that if
M is totally reflexive or M € G (R), any R-regular element is also M-regular. The
existence of such an R- and M-regular element is necessary in many of the results to

come.

The following result is stated in terms of Noetherian rings in Lemma 1.3.4 of [9],

however its proof requires no modification to hold for non-Noetherian rings.

Lemma 4.1.5. Let R be a ring and M be an R-module. If x € R is M- and R-reqular,

then the following hold
(i) Tor®(M,R/(z)) =0 for m > 0.

(ii) If Extp(M, R) = 0, then Hompg (M /xM, R/(x)) = M*/xM*.
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(iii) If Exth(M, R) = 0 = ExthL(M*, R), then

Hom p(z) (Homp @) (M/xM, R/(x)), R/(x)) = M [z M"".

The next lemma is a result attributed to Rees.

Lemma 4.1.6. [23, p. 140, Lemma 2] Let R be a ring, M and N be R-modules, and

x € R be an R- and M -reqular element. If tN =0 then
(i) Homp(N, M) = 0 and Exty (N, M) = Exty, (N, M/zM) for all i > 0,
(ii) Extls(M, N) = Ext%/(x)(M/xM, N) foralli >0, and

(iii) Tor®(M, N) = Tor™ ™ (M /xM, N) for all i > 0.

Using these results we explore the relationship between G-dimp M and

(N}—dimR/(m) M/xM for an R-module M and an M- and R-regular element x.

Lemma 4.1.7. Let R be a ring, M € [FP]2 | and x be an M- and R-reqular element.

[oops

Then M/xM € [FP)E®.

Proof. By Lemma 4.1.5, Torj*(M, R/(z)) = 0 for all i > 1. Therefore, if F is a
free resolution of M consisting of finitely generated free R-modules, F ®g R/(x) is a
free resolution of M/xM consisting of finitely generated free R/(z)-modules. Hence

M/zM e [FP)E®. 0

Proposition 4.1.8. Let R be a ring, M € G(R), and x be an M- and R-regular
element. Then M/xzM € G(R/(x)).

Proof. By Remark 4.1.4 z is M-regular, and by Lemma 4.1.7 M/zM € [FP]?O/(‘T).

Applying Hompg (M, —) to the short exact sequence

0—-R5R—R/(x)—0
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we get

0— M* % M* — Homg(M, R/(z)) — 0. (4.1.3)

Notice by Lemmas 4.1.6 and 4.1.5
Hompz)(M/xM, R/(x)) = Homg(M, R/(x)) = M* /xM*.

Since x is M*-regular and M* € [FP]% | by Lemma 4.1.7,
Hom g () (M/zM, R/(x)) = M* /e M* € [FP|&/).

Since M € G(R), (4.1.3) shows Exth(M, R/(z)) = 0 for all i > 0, and Lemma
4.1.6 gives Extiy ., (M/xM, R/(x)) = ExtR(M, R/(x)) = 0 for all i > 0.

As z is also M*-regular, and M* € G(R), the same argument shows
Ext’ﬁ/(z)((M/xM)*, R/(x)) =0 for all i > 0.

As the biduality map 6y, : M — M™ is an isomorphism, so is 0y ®r R/(z). By

Lemma 4.1.5(iii) we have the commutative diagram:

M @ R/(2) WERR®) N @p R) ()

gl gl

M/xM Homp, (o) (Homp @) (M/xM, R/(x)), R/ (x))

M/

showing dnr/zar : M /xM — Homp (o) (Homp ) (M/xM, R/(x)), R/(x)) is an isomor-
phism. Hence M/xM € G(R/(x)).
[l

Lemma 4.1.9. Let R be a ring and M an R-module with G-dimz M = n < co. Then

Exty (M, R) is a finitely generated R-module.

Proof. We proceed by induction on G-dimzg M = n. If n = 0, M € G(R) and

M* € [FP)E is finitely generated.
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If n > 0, consider the exact sequence
0-K—-G—-M-—0

where G € G(R). Since K € [FP]E, by Corollary 3.1.9 G-dimg K = n — 1. By
induction Ext’ ' (K, R) is finitely generated. Applying Homp(—, R) yields the long

exact sequence
- — Ext} (G, R) — Ext}y (K, R) — Exth(M, R) — Exth(G,R) — -+ .

However Ext (G, R) = 0 for all i > 0 and thus if n > 1, Ext}y (K, R) & Ext}s(M, R).
Hence Ext; (M, R) is finitely generated if n > 1. If n = 1, then there is a surjection
Homp(K, R) — Exth(M,R) — 0. By induction Homg(K, R) is finitely generated,

and hence Ext},(M, R) is finitely generated. O

Proposition 4.1.10. Let (R,m) be a quasi-local ring and M an R-module with
C-dimp M < oco. Let x € m be an M- and R-regular element. If M/zM € G(R/(z)),
then M € G(R).

Proof. By Lemma 4.1.6 Exty(M, R/ (x)) = Exty (M /xM, R/(x)) = 0 for all i > 0.
Suppose G-dimg M = n > 0. By Theorem 3.1.8 Ext, (M, R) # 0 and is finitely

generated by Lemma 4.1.9. Apply Hompg(M, —) to the exact sequence
0—-R5R—R/(x)—0
to obtain the exact sequence

Ext?.(M, R) % Ext’,(M, R) — 0.
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By Nakayama’s Lemma Exts(M, R) = 0 a contradiction to G-dimz M = n. Thus

G—dimR M =0. ]
Combining Propositions 4.1.8 and 4.1.10, we have

Corollary 4.1.11. Let (R, m) be a quasi-local ring and M an R-module with
G-dimp M < co. If x € m is an R- and M-reqular element, then M € G(R) if and
only if M/zM € G(R/(z)).

Lemma 4.1.12. Let (R, m) be a quasi-local ring, M an R-module, and x € m be an R-

and M -reqular element. If G-dimp M < oo, then é—dimR/(w) M/xM < G-dimp M.

Proof. Proposition 4.1.8 proves the result when G-dimp M = 0. Assume

(N}-dimR M =n > 0 and consider the G-resolution
0—-G,—Ghq1—-—Gy— M — 0.
Set K; = ker(G; — G;_1) for 0 <i <n — 1. Then we have the exact sequences

O_>Gn_>Gn—1_>Kn—2_>O
0—- K, -G —K,_1—0, for1<i<n-—2

O—>K0—>GQ—>M—>O

Since z is R-regular, and G; € G(R) for all i, x is G; regular for all i. Thus z is

K;-regular for all i. Hence by Lemma 4.1.5(i) the sequences

0— Gn/2G, — Gy /2Gp 1 — Ky o/2K, 5 — 0
0— KZ/ZEKl — Gl/l'Gl — Ki—l/:EKi—l — 0, for 1 S 1 S n—2

0— Ko/xKo — Go/xGo — M/,CEM — 0
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are exact, and thus
0— G,/2G, — -+ — Go/2Gy — M/xzM — 0

is exact where G;/2G; € G(R/(z)) for each i by Proposition 4.1.8. Therefore
G-dim gy M/xM < G-dimg M = n. O

Proposition 4.1.13. Let (R, m) be a quasi-local ring, M be an R-module, and x € m

be an M and R-reqular element. If G-dimg M < oo, then
G- dimp/) M/zM = G-dimp M.

Proof. In light of Lemma 4.1.12, it suffices to prove
G- dimp(z) M/xM > G-dimp M. Proposition 4.1.10 proves the result when
G-dimp,(z) M/zM = 0.

Suppose G—dimR/(x) M/xM =t > 0 and consider the short exact sequence
0—-K—-G—-M-—=0

with G € G(R). Then by Corollary 3.1.9 G-dimgr K = G-dimz M — 1. As z is M-

and R-regular we have the short exact sequence
0— K/zK — G/zG — M/xzM — 0,
with G/2G € G(R/(x)). Since G-dimpg/(z) M/zM > 0,

G-dim g () K/2K = G-dimpg ) M/xM — 1.
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By induction, G—dimR/(z) K/zK = G-dimp K. Hence by Corollary 3.1.9,
G-dimp M = G-dimp,(,) M/zM. O

Lemma 4.1.14. [9, Lemma 1.4.4] Let (R,m) be a coherent ring, M a finitely pre-
sented R-module, and x € m an R- and M-regular element. Then M € G(R) if and
only if M/zM € G(R/(z)).

Proof. The proof is similar to that of Lemma 1.4.4 [9]; coherence allows us to apply

Nakayama’s Lemma within this proof. O

Proposition 4.1.15. Let (R, m) be a coherent ring, M a finitely presented R-module,
and x € m be a M- and R-reqular element. Then G-dimR M = G—dimR/(x) M/xM if

either G-dimp M < oo or é—dimR/(x) M/xM < .

Proof. If G-dimp M < 0o, the result follows by Proposition 4.1.13
Suppose G-dimp M/xM =t < oo. If t =0, this is Lemma 4.1.14.
Suppose t > 0. Let

0—-—K—-F—-M-—0

be an exact sequence where F' is a finitely generated free R-module. As z is R- and
M-regular, by Lemma 4.1.5 Torf (M, R/(x)) = 0. Thus the sequence

0— K/xK — F/zF — M/xM — 0
is exact. Since F/zF € G(R/(z)), G-dimp,(,) K/2K =t — 1 by Corollary 3.1.9. As
x is K-regular, by induction G-dimp K = ¢ — 1; hence G-dimp M = t. Il

The following result provides an important tool for finding R- and M-regular

elements in a ring.
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Lemma 4.1.16. Let (R,m) be a quasi-local ring with p-depthy R > 0 and M an
R-module such that p-depthp M > 0. Then there exists y € mR[t|mppy such that y is

R[t]mrp- and M ®@g R[t|mpryy-regular.

Proof. By Proposition 2.2.3(iv), p-depthz (M @ R) > 0. Then by Proposition 2.2.3(vi)
depthpy o (M ®@r R[tlmri ©r R[t]mrp) > 0, so there exists y € mR[t]mp that is

M ®p Rlt|mpy ® R[t|mry-regular. O

Remark 4.1.17. In light of Lemma 4.1.1 and Corollary 4.1.3, given a quasi-local
ring (R, m) we may pass to the ring R[t|mpp while retaining assumptions involving
G-dimension as well as the class [F'P]% . In addition, by the definition of polynomial

grade, p-depthy R = p-depthp, | R[t]mprp- By Proposition 2.2.3(v),

mR[t

p-depthp M = p-depthpy, ](M ®pr R[t]mrp)- Given these properties, passing to

mR[t

R[t]mppy will prove to be a highly useful tool in future results.
For the proof of Lemma 4.1.19 we need the following result

Proposition 4.1.18. Let R be a ring and 0 — L LM % N =0 be a short exact
sequence of R-modules. If L is finitely generated and M 1is finitely presented, then N

18 finitely presented.

Proof. Since M is finitely presented, there is an exact sequence
0->K—R" M0

with K finitely generated. Consider the commutative diagram




25

where A = ker gh. It suffices to show A is finitely generated. By the Snake Lemma,
coker o = ker g = L is finitely generated, and ker « = 0. Since K is finitely generated

and A/a(K) is finitely generated, A is finitely generated. O
The following results provide a relationship between G-dimension and p-depth.

Lemma 4.1.19. Let (R,m) be a quasi-local ring with p-depthy R = 0. If M is a
finitely presented R-module, then M* = 0 if and only if M = 0.

Proof. Clearly, if M =0, then M* = 0.

Conversely, assume M* = 0. If M # 0, we proceed by induction on the number of
generators, ug(M), of M. If ugr(M) =1, then M = R/I for some finitely generated
ideal I of R. Since p-depthy R = 0, Homg(R/I, R) # 0 for every finitely generated
ideal I C R, a contradiction.

Assume pgr(M) = n, and the claim holds for all finitely presented modules N
such that ur(N) <n. Let M = 1R+ - -+ x,R and set M' = 1R+ --- + z,1 R.
Consider the short exact sequence 0 — M’ — M — M/M' — 0. Since M is
finitely presented and M’ is finitely generated, M /M’ is finitely presented by Propo-
sition 4.1.18. Thus M /M’ is finitely presented and Hompg(M/M’' R) # 0. But
0 — Hompg(M/M',R) — Hompg(M, R) is exact; thus Homg(M, R) # 0, a contra-

diction. [

Proposition 4.1.20. Let (R,m) be a quasi-local ring with p-depthy R = 0. If M is
an R-module with G-dimg M < oo, then M € G(R).

Proof. Notice that by induction it is sufficient to consider the case for G-dimp M < 1.

For, if G-dimg M < n there is an exact sequence

0—-—K—-G—-M-—0
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with G € G(R) and G-dimzp K = G-dimg M — 1. The inductive step will show
K € G(R), and hence G-dimp M < 1.

Thus assume G-dimp M < 1 and consider the short exact sequence

0—-G  —-Gy—M—0

with Gy, Gy € G(R). Applying Homp(—, R) we have Exth(M, R) = 0 for all i > 2

and the exact sequence

0— M* — Gf — G — Extp(M, R) — 0. (4.1.4)

Again applying Hompg(—, R) we obtain the diagram

0 — ExtL(M, R)* GT* Go*

N

0 G(l G07

and Ext(M, R)* = 0. Since Extp(M, R) is finitely presented by (4.1.4) and Propo-
sition 4.1.18, by Lemma 4.1.19 Extp(M, R) = 0. Thus by Theorem 3.1.8,
G-dimg M = 0. m

Proposition 4.1.21. Let (R,m) be a quasi-local ring with p-depth, R = 0 and
M € G(R) a non-zero R-module. Then p-depthy M = 0.

Proof. Assume p-depthp, M > 0. By Remark 4.1.17 and Lemma 4.1.16 we pass to
R[t]mprp and may assume there exists © € m that is M-regular. Applying Hompg(—, R)

to the short exact sequence

0—= M5 M— M/zM — 0
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yields the exact sequence
0 — Homp(M/xM, R) — M* = M* — Extp(M/xM, R) — 0. (4.1.5)
Applying Hompg(—, R) again, consider the diagram
0 — Extp(M/xM, R)* — M** —= M**

e

0 M — M.

Hence Exth(M/xM,R)* = 0. Since Exty(M/xM, R) is finitely presented from
(4.1.5), Ext,(M/zM,R) = 0 by Lemma 4.1.19. From (4.1.5) M* = zM*. Since
M* is finitely generated (and finitely presented), M* = 0 by Nakayama’s Lemma,

and M = 0 by Lemma 4.1.19, a contradiction. O]

Proposition 4.1.22. Let (R,m) be a quasi-local ring and M € G(R) a non-zero
R-module. Then p-depthp M = p-depthy R.

Proof. Suppose first that p-depthp R = n < oco. If n = 0, then p-depth, M = 0
by Proposition 4.1.21. If p-depthp R > 0, then by Remark 4.1.17 we may pass
t0 R[tlmpy to find an x € m that is R-regular. Since M € G(R), = is also M-
regular. Thus M/zM € G(R/(z)) by Proposition 4.1.8. By induction on p-depthy R,
p-depthp,(,) M/xM = p-depthy(,) R/(z), and thus by Proposition 2.2.3(vii),
p-depthyp R = p-depthp M.

Suppose now that p-depthp R = oo and p-depthp M = m < co. Suppose m = 0.
Passing to R[t]mrp we have x € m such that x is R-regular. As M is torsion-free, =
is M-regular as well, contradicting that p-depthp M = 0. If m > 0, then passing to
R[t]mryy there is an 2 € m such that z is R- and M-regular. Then M/zM € G(R/(x)),
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p-depthp ) M/xM = m —1, and p-depthp ) R/(z) = oo, a contradiction by induc-

tion. L]

Given the equality in Proposition 3.3.2 between G-dimension and G-dimension in
the case of modules in BE(R), all the results in this section can be restated in terms
of G-dimension. Hence from this point, any references involving G-dimension will
often be made back to these G-dimension results whenever the assumptions are such

that the equality holds.

4.2 Generalized Auslander-Bridger Formulas

We now have the tools to prove generalized versions of the Auslander-Bridger Formula.

The first version is stated in terms of G-dimension.

Theorem 4.2.1. Let (R, m) be a quasi-local ring and G-dimg M < co. Then
p-depth, M + G-dimpz M = p-depthy, R.

Proof. We first consider the case when p-depthy, R = oo.
If G-dimp M = 0, Proposition 4.1.22 shows p-depthy M = oco. Suppose

G-dimp M > 0 and p-depthp M < oo and consider the exact sequence
0—-K—-G—-M-—0

where G € G(R) By Proposition 4.1.22, p-depthp G = 0o > p-depthy M. Therefore,
by Lemma 2.2.4, p-depthp K = p-depthy M + 1 < oo and
G-dimp K = G-dimp M — 1 < oco. By induction on G-dimp K, p-depthp K = oo

which implies p-depthy M = oo, a contradiction.
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Now assume p-depthp R < oo. If p-depthp R = 0 the theorem holds by Proposi-
tions 4.1.21 and 4.1.20. Assume p-depthyp R > 0 and assume first that
p-depthyp M > 0. Passing to R[t|mgy there is an # € m that is M- and R-regular by
Lemma 4.1.16. Then G—dimR/(x) M/xM = G-dimp M by Proposition 4.1.13 and

p-depthp () 12/(x) = p-depthy R — 1. By induction on p-depthy R,
p-depthp ) M/xM + G-dimR/(x) M/xM = p-depthy,,y R/(z).

Since by Proposition 2.2.3(vii) p-depthp,,y M/xM = p-depthy M — 1, the formula
holds.

Now assume that p-depthp M = 0 and consider the short exact sequence
0O K—-G—-M-—=0

where G € G(R). Since p-depthy, G = p-depthy R > p-depthy M, by Lemma 2.2.4

p-depthp K =1 and G-dimp K = G-dimp M — 1. By the p-depthp M > 0 case,

p-depth, R = p-depthp K + G-dimp K
=1+ (G-dimp M — 1)

= G—dimR M.

]

Proposition 3.3.2 allows Theorem 4.2.1 to be rewritten in terms of BE(R)-modules

instead.

Corollary 4.2.2. Let (R,m) be a quasi-local ring and M € BE(R). If
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G-dimp M < oo, then

p-depthp M + G-dimp M = p-depthy R.

The statement of the Auslander-Bridger Formula for coherent rings follows easily.

Corollary 4.2.3. Let (R,m) be a quasi-local coherent ring and M a finitely presented
R-module. If G-dimg M < oo, then

p-depthp M + G-dimp M = p-depthy R.
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Chapter 5

Gorenstein Rings

5.1 Gorenstein Rings Defined

G-dimension characterizes Noetherian Gorenstein rings in the following manner:

Theorem 5.1.1. [2] Let (R,m,k) be a local Noetherian ring. The following are

equivalent

(i) R is Gorenstein.

(i7) G-dimgr M < oo for all finitely generated R-modules M.
(iii) G-dimp k < oo.

This characterization motivates the definition of (non-Noetherian) quasi-local

Gorenstein rings.

Definition 5.1.2. A quasi-local ring R is Gorenstein if G-dimg R/I < oo for every
finitely generated ideal I. An arbitrary ring R is Gorenstein if R, is Gorenstein for

every maximal ideal m.
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If (R, m,k) is a local Noetherian ring such that G-dimg R/I < oo for all ideals
I, G-dimg R/m = G-dimg k < co. Thus when R is Noetherian, Theorem 5.1.1 and
Definition 5.1.2 agree.

As in the Noetherian case, when R is a coherent ring the Gorenstein property

localizes.

Proposition 5.1.3. Let R be a coherent quasi-local Gorenstein ring and S a multi-

plicatively closed set. Then Rg is Gorenstein.

Proof. Consider a finitely generated ideal J of Rg. Then J = Ig for some finitely
generated ideal I of R. Since R is coherent Gorenstein, G-dimg R/I = n < oo
and Proposition 4.1.2 implies G-dimg,(R/I)s = G-dimpy, Rs/J < n. Thus Rg is

Gorenstein. O]

In the context of quasi-local coherent rings, we may characterize the Gorenstein

property via finitely presented modules.

Proposition 5.1.4. Suppose (R,m) is a quasi-local coherent ring. Then
G-dimpg R/I < oo for all finitely generated ideals I if and only if G-dimgr M < oo for

all finitely presented modules M .

Proof. Assume G-dimgr M < oo for all finitely presented modules M. Let
I = (z1,...,2,) be a finitely generated ideal of R. Then R* — R — R/I — 0 is
exact, and R/ is finitely presented. Thus the conclusion follows.

Assume G-dimg R/I < oo for all finitely generated ideals I. Let M be a finitely
presented R-module; we proceed by induction on the number of generators of M,
pr(M).

If ur(M) = 1, let M = zR for some x € M. The map R = M — 0, shows
M = R/(0 :g z). By Theorem 2.1.2, (0 :g x) is finitely generated so

G-dimp M = G-dimg R/(0 :g z) < 0.
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If up(M) > 1,let M =R+ -+ x,R for xy,...,2, € M, and set
N = xR+ -+ z,_1R. Consider the exact sequence 0 - N — M — M/N — 0.
As M is a finitely presented R-module and R is coherent, M is coherent. Therefore
N is finitely presented. Via Proposition 4.1.18 M/N is finitely presented, and by
induction G-dimg N < oo. Hence G-dimg M/N < oo, and G-dimgp M < oo by

Proposition 3.1.10. Il

5.2 Relation to Regular and Cohen-Macaulay
Rings

This definition of Gorenstein is very closely related to regular rings.
Proposition 5.2.1. Coherent reqular rings are Gorenstein.

Proof. Since regular rings remain regular under localization, it suffices to assume R
is quasi-local. As R is regular, pdy R/I < oo for every finitely generated ideal I.
Since R is coherent, R/I has a finite resolution consisting of finitely generated free
modules. As finitely generated free modules are contained in G(R),

G-dimg R/I < pdi R/I < oo for every finitely generated ideal I. Hence R is Goren-

stein. ]

Thus regular rings such as k[zy,xo,...| for any field k, valuation domains, and
Priifer domains are Gorenstein.

A prime ideal p is a weak Bourbaki prime (or weak associated prime) of an R-
module M if p is minimal over (0 :z x) for some x € M. Denote the set of weak

Bourbaki primes by wAssg M. The following result was shown in [15].

Lemma 5.2.2. [15] Let R be a ring, M be an R-module, and p € wAssg M. Then

p-depthp M, = 0.
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This result plays a role in the connection between Gorenstein and Cohen-Macaulay

rings.

Theorem 5.2.3. Let R be a coherent Gorenstein ring. Then R s locally Cohen-

Macaulay.

Proof. Let ¢ € Spec R. Then R, is a coherent Gorenstein ring, so we may assume I is
quasi-local. Let x = x1,...,x, be a strong parameter sequence of R of length n, and
x' = uxq,...,T,—1. By induction, we may assume x’ is a regular sequence. It must be
shown that x,, is regular on R/(x’). Assume not; then x,, € p € wAss R/(x'). Localiz-
ing at p, p-depthy (R/(x')), = 0. Since x’ remains regular on R, p-depthp R, =n—1
by Proposition 2.2.3(vii). Replacing R, with R, we may assume p-depthp, R =n — 1.
Since (x) is finitely generated, R/(x) is clearly finitely presented. Corollary 4.2.2 gives
G-dimg R/(x) < p-depth R = n — 1. Thus, Ext%(R/(x), R) = 0 by Theorem 3.2.13.
Similarly, as x'* = 2%, ... 2% | is regular it follows that Ext%(R/(x*), R) = 0 for all
k > 0. Thus I}an;lo Exth(R/(x*), R) = H*(R) = 0, contradicting that x is a strong
parameter sequence. Hence z,, is regular on R/(x), and x is regular on R. Thus R is

Cohen-Macaulay, and hence the original ring is locally Cohen-Macaulay. [

5.3 Gorenstein Rings and F' P-Injectivity

In the Noetherian context, a local ring is Gorenstein if and only if it has finite injective
dimension. One might ask if a similar relationship exists in the non-Noetherian con-
text. There are several indications that F'P-injective rings may be Gorenstein. The
first is the compatibility of F'P-injective dimension with the following characterization

of Artinian Gorenstein rings.
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Proposition 5.3.1. [6, Ezercise 3.2.15] Let (R,m) be an Artinian local ring. The

following are equivalent:

(i) R is Gorenstein.

(i1) All finitely generated R-modules M are reflexive, that is M = M**.
(111)) I =(0:5 (0:5 1)) for all ideals I of R.

(iv) For all non-zero ideals I and J, I NJ # 0.

In light of Propositions 2.4.5 and 2.4.8, as well as the properties of coherence seen
in Theorem 2.1.2; this suggests that quasi-local coherent F'P-injective rings may be
Gorenstein.

In addition, quasi-local F'P-injective rings are Cohen-Macaulay, as seen in Propo-

sition 5.3.3. First consider the following lemma from [15].

Lemma 5.3.2. [15] Let R be a ring and x be an element in the Jacobson radical of

R. Then H'(R) = 0 if and only if = is nilpotent.

Proposition 5.3.3. Let (R,m) be a quasi-local F P-injective ring. Then the only
weakly proreqular elements in R are units or nilpotents. In particular, R is Cohen-

Macaulay.

Proof. Let x € R be a weakly proregular element. Then for every n there isanm > n
such that (0:g 2™) = (0 :g 2™ "). As R is F P-injective, we have
(™) =(0:5 (0:g2™)) = (0:5 (0:g 2™ ™)) = (2™ ™). Hence 2™ "a = 0 for some

a € R, and either:
e r ¢ m, and z is a unit, or,

e r € m. In this case « is a unit and ™" = 0. Thus z is nilpotent.
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Note that units cannot be parameter sequences by definition. Also, by Lemma
5.3.2, nilpotents cannot be parameter sequences. Hence the empty sequence is the

only parameter sequence in R, and thus R is Cohen-Macaulay. O

With our definition of Gorenstein in hand, we can make a connection between
coherent Gorenstein rings and F'P-injective dimension. This connection requires a

restriction on p-depth .

Lemma 5.3.4. Assume R is a coherent ring. Let M be a finitely presented R-module

and I be a finitely generated ideal.
(i) If R is F P-injective, M = 0 if and only if Homg(M, R) = 0.

(i1) If R is F P-injective, or G-dimg R/I =0, then I = R if and only if
Homg(R/I, R) = 0.

Proof. For (i), if M = 0, clearly Homg(M, R) = 0.
Assume Hompg(M, R) = 0. By Proposition 2.4.5 M is reflexive, so
M = M* = Homgr(Hompg(M, R), R) = Homg(0, R) = 0.
For (ii), set M = R/, and apply (i). O

Restricting to p-depthp R = 0, we obtain an equivalence between quasi-local

coherent Gorenstein and F P-injective rings.

Theorem 5.3.5. Let (R, m) be a quasi-local coherent ring. R is Gorenstein with

p-depthp R = 0 if and only if R is F P-injective.

Proof. Assume R is Gorenstein. Then G-dimgr R/I < oo for every finitely gener-
ated ideal I. By Proposition 4.1.20, G-dimg R/l = 0. Thus by Theorem 3.2.13

Exth(R/I, R) = 0 for all finitely generated ideals I and i > 0, so R is I P-injective.
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Conversely, assume R is F P-injective; then given a finitely generated ideal I,
Ext%(R/I,R) = 0 for all i > 0. By Proposition 2.4.5, R/I = (R/I)** for every
finitely generated ideal I. Since Hompg(R/I, R) is finitely presented by Corollary
2.1.8, for all 4 > 0

Exth((R/I)*, R) = Extly(Homg(R/I, R), R) = 0.

Hence G-dimg R/I = 0 for all finitely generated ideals I.

To show p-depthy R = 0, recall by Proposition 2.2.3(iii) that

p-depthy R = sup{p-gradey (I, R)|I C m, [ a finitely generated ideal}.

By Lemma 5.3.4(ii), for each finitely generated ideal I # R, Homg(R/I, R) # 0. So
p-depth, R = 0 by Proposition 2.2.3(i). O
Corollary 5.3.6. If R is a Gorenstein ring with p-depthy R = 0, (0) is irreducible.
Proof. The proof follows from Theorem 5.3.5 and Proposition 2.4.9. O

The following inequality holds without the Gorenstein assumption.

Lemma 5.3.7. Let (R, m) be a quasi-local coherent ring. Then

FP-idgr R > p-depthy R.

Proof. By Proposition 2.2.3(iii)

p-depthy R = sup{p-gradey (I, R)|I C m, [ a finitely generated ideal}.
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For each finitely generated ideal I C m, denote
t; = p-gradeg(I, R) = min{i| Ext)(R/I, R) # 0}.

By Remark 2.2.2, FP-idgp R > t; for each I; hence FP-idg R > p-depthy R. O
With the additional assumption of Gorenstein, equality holds.

Theorem 5.3.8. If (R, m) is a quasi-local coherent Gorenstein ring, then
FP-idr R = p-depthy R.

Proof. 1f p-depthp R = o0, equality holds by Lemma 5.3.7.

Assume p-depthy R < oco. For each finitely generated ideal I, G-dimg R/I < oo,
and in particular, G-dimg(R/I) < p-depthy R by Corollary 4.2.2. Theorem 3.2.13
says Ext® P2 YR /T R) = 0 for all finitely generated ideals . Thus

FP-idp R < p-depthy R by Lemma 2.4.4; Lemma 5.3.7 gives equality. O]

5.4 Additional Properties of Gorenstein Rings

Using this connection between F'P-injective and Gorenstein rings, the next example
provides an example of a Gorenstein ring that remains Gorenstein when reducing by

a regular element.

Example 5.4.1. Let V be a d-dimensional valuation domain (and thus Gorenstein).
Given a non-zero, non-unit x € V' | the ring V/xV is an F' P-injective ring, and hence

Gorenstein.

Proof. Set R = V/xV. As V is a valuation domain, every finitely generated ideal

is principal and the ideals of R are totally ordered. Thus every finitely gener-
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ated ideal of R is principal as well. Let y € V such that y ¢ (z). We claim
that ((z) v ((z) v v)) = (y). Asy & (z), then (z) C (y) since V is a val-
uation domain. Then z = ry for some r € V. As V is a domain and y # 0,
() :vy)=((ry) v y) = (r). Asr # 0 (since x # 0),
(@) v (@) v y) = ((ry) v r) = ().

Now let I be a non-zero finitely generated ideal of R = V/zV. Then I = yR
for some y € V \ V. Since V is a valuation domain and ((z) :v y) is finitely
generated (since V' is coherent), ((x) v y) = (z) for some z € V. By the claim,

((x) :v (2)) = (y). Hence ((0) :gr y) = zR and ((0) :g z) = yR. Thus the sequence

- S5RLRESZRLR—-R/(y)—0

is exact. Truncating the sequence and applying Hompg(—, R), yields the complex

0-RLREZRLRS5RY ...

This complex is exact except at the Oth spot, hence Homg(R/(y),R) # 0, and
Exth(R/(y),R) = 0 for all i > 0. Thus R is FP-injective, and by Theorem 5.3.5

R is Gorenstein with p-depthy R = 0. O

In fact, given a coherent Gorenstein ring R, R/(x) is also a Gorenstein ring, as

will be shown in Corollary 5.4.4.

Lemma 5.4.2. Let R be a ring and

0>K—>L->M3N=0

be an exact sequence of R-modules. Suppose
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(i) Exth(L, R) = Exth(M, R) = Exth(N,R) =0, and

(ii) Exth(N, R) = 0.

Then the sequence

O—-N"—- M —-L"—>K"—0
18 exact.

Proof. Let C = ker ¢. Then the sequences

0—-K—L—C—0and

0—-C—-M-—>N=—=0
are exact. Applying Hompg(—, R), we have the exact sequences
0— C*— L* - K* — Extp(C,R) — 0 (5.4.1)

and

0— N*— M*— C*—0—0— Exty(C,R) — 0. (5.4.2)

Thus Ext},(C, R) = 0 and the sequence
0—-C"—=L"—K"—0

is exact. Pasting together (5.4.1) and (5.4.2) yields the desired exact sequence.  [J

The following generalizes a result of Peskine and Szpiro found in [2].

Theorem 5.4.3. Let R be a ring and M a non-zero R-module such that
G-dimp M =t < 0o. Suppose x € Anng M and z is R-reqular. Then
C—dimR/(x) M=t-—1.



71

Proof. As x is R-regular and M = 0, it must be that ¢ > 1 by Remark 4.1.4. We
proceed by induction on t.

Suppose t = 1; there is an exact sequence
0—-G —-Gy— M —0 (5.4.3)

where Gy, Gy € G(R). Since z is R-regular and zM = 0, by Lemma 4.1.6
Homp(M, R) = 0 and Extyp(M, R) = Extiy (M, R/(x)) for all i > 0. As
G-dimp M = 1, this gives Extg/(x)(M, R/(x)) =0 for all i > 0 and

Homm (M, R/ (x)) & Exth(M, R).

Applying Homg(—, R) to (5.4.3) gives
0— Gf — G — Extp(M,R) — 0.

Since G € G(R) and z Exth(M, R) = 0, we see that G-dimpg Exth(M, R) = 1. Set
R = R/(z). Again using Lemma 4.1.6,

Extp,(Extp(M, R), R) 2 Homp(Exty(M, R), R) = Homp(Homg(M, R), R)

and Ext’(Homp(M, R), R) = 0 for all i > 0.
For ease of notation define Mt := Hompz(M, R). Notice that Torf(M, R) = M.

To see this, apply M ®pr — to the exact sequence

0-RS5R—R—0
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to obtain

.o — Torf(M,R) — Tor®(M,R) — M 5 M — M — 0,

where M = M/xM. Since R is a free R-module, Torf(M, R) = 0, hence
Torf (M, R) = ker(M % M) = M since x € Anng M.
Applying — ®z R to (5.4.3) and using both that Torf(M, R) = M and that by

Lemma 4.1.5 Tor{"(Gy, R) = 0, we have the exact sequence

0—>MHG71—>G70—>M—>07

where éz = Gz/sz S G(R)

Applying Lemma 5.4.2 twice (using Hompz(—, R)), we get the exact sequences

0—>MT—>GOT—>(?1T—>MT—>O

and

0— Mt — leﬁ — CjoJrT — M = 0.

Consider the commutative diagram

0 M Gy Go M 0

N

0 Mt el Golt Mt 0.

Since Gy, G, € G(R), the canonical map M — M'T is an isomorphism by the Five
Lemma. Hence M € G(R) and G-dimz M = 0.

Suppose t > 1; let ¢ : G — M be surjective for some G € G(R). Then
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¢ : G/xG — M is surjective. Let K = ker ¢. Then
0—-K—G/zG— M —0

is exact. As

0—-G5G—G/xG —0

is exact, we see G-dimp G/xG = 1. Notice that G-dimp K < oo by Proposition

3.1.10. Then since G-dimp M =t > 1, the long exact sequence
- — Ext’y YK, R) — Extb(M, R) — 0 — Exth(K, M) — 0 — - -

shows G-dimp K = t—1 as Ext’% (M, R) # 0. Since 2K = 0 and G-dimg K = t—1, by
induction, we have C}—dimR/(x) K =t-2. AsG/zG € G(R/(z)), é—dimR/(x) M =t-1.
[l

Corollary 5.4.4. Let R be a coherent Gorenstein ring and v € R a non-unit reqular

element. Then R/(x) is Gorenstein.

Proof. Through localization we may assume that (R, m) is a quasi-local coherent
Gorenstein ring and that # € m is regular. Let I = I /() be a finitely generated ideal
of R:= R/(z). Tt suffices to show that G-dimp R/I = G-dimp R/I < co. Since R is
Corenstein, G-dimg R/I < co. By Theorem 5.4.3,

G-dimg R/I = G-dimp R/I — 1 < oo0. O

Given a regular ring R and x € R an R-regular element, it is not necessarily
true that R/(z) is regular. Hence Corollary 5.4.4 provides us with many examples of
coherent Gorenstein rings that are not regular.

The converse of Corollary 5.4.4 holds for quasi-local coherent rings.
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Theorem 5.4.5. Let (R, m) be a coherent quasi-local ring and x € m be an R-reqular

element. If R/(x) is Gorenstein, then so is R.

Proof. Let M be a finitely presented R-module. If x is M-regular, then since M /zM is
a finitely presented R/(z)-module and R/(z) is Gorenstein, G—dimR/(x) M/zM < .
Thus G-dimg M < oo by Proposition 4.1.15.

If instead x is a zero-divisor on M, let
0O-K—-F—->M-—0

be an exact sequence with F' a finitely generated free R-module. Then K is finitely
presented by coherence, and x is K-regular. By the previous argument,

G-dimp K < oo. Hence G-dimg M < oo by Corollary 3.1.9. O

Corollary 5.4.6. Let R be a coherent ring and x € R an R-reqular element. Then

R is Gorenstein if R/(x) and R, are Gorenstein.

Proof. Let m be a maximal ideal. By definition, it suffices to show that R, is Goren-
stein. If z € m, then (R/(7))m is Gorenstein, and thus Ry, is Gorenstein by Theorem

5.4.5. If x ¢ m, then Ry = ((Ry)m, is Gorenstein as R, is Gorenstein. O

T

In the next results we explore under what conditions the ring R[x] is Gorenstein

if R is a Gorenstein ring.

Lemma 5.4.7. Let R be a ring, © an indeterminate over R, and M an R|x]-module.

Then there is an exact sequence of R[z|-modules

0— R[] ®x M — R[x] g M — M — 0.
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Proof. 1f t is a second indeterminate over R, then M can be viewed as an R|[t,x]-

[a¥)

module via the ring homomorphism f : R[t,z| — R[t,z]/(t — x) = R|x], where for
f(t,z) € R[t,z] and m € M, f(t,x)m := f(x,x)m. Consider the short exact sequence
of R[t, z]-modules

0 — R[t,z] = R[t,x] — R[z] — 0.

Applying — ®pjs) M, we get the exact sequence of R[t, z]-modules
Tory ™ (R[z], M) — R[t, 2] ©p) M — Rlt, 7] @pge) M — Rlz] @ M — 0

where Tor ™ (R[z], M) = 0 since R[z] is a free R[z]-module. Now Rlz] Qppe M = M

as R|[t,z]-modules. Also
R[t, x| @prpy M = (R[t] ®r Rlz]) @rp) M = R[] @r M
as R|[t,z]-modules. Thus we have a short exact sequence of R[t, x]-modules
0— R[t|]@g M — R[t]®p M — M — 0.

This is also a short exact sequence of R[t]-modules by restriction of scalars.
Replacing ¢ with « and noting that the R[t]-module structure on M is the same

as the R[x]-module structure, we get the desired short exact sequence. ]

Corollary 5.4.8. Let R be a ring and x an indeterminate. Let R be an R[z]-module

and suppose G-dimp M = 0. Then G—dimRm M <1.

Proof. Since R[z] is a faithfully flat R-module, G-dimpy, R[] @z M = 0 by Proposi-
tion 4.1.2. We may now use the short exact sequence from Lemma 5.4.7 to see that

G-dimpp M < 1. n
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The proof the next result was inspired by a parallel result of [11] for coherent

regular rings.

Theorem 5.4.9. Let R be a ring and x an indeterminate such that R|x] is coherent.

Then R is Gorenstein if and only if R[x] is Gorenstein.

Proof. Since x is a non-unit R[x]-regular element, by Corollary 5.4.6 if R[x] is Goren-
stein, then so is R = R[z]/(z).

Suppose R is Gorenstein and let p be a maximal ideal of R[x]. Localizing at pN R,
we may assume that (R, m) is quasi-local and pN R = m. Since R[z] is coherent, then
so is R. Since p/(mR[z]) is a maximal ideal of R[z]/(mR[z]), p = (m, f)R[z], where
f is a monic polynomial in p. Then R[z|/fR[z] = R™ as R-modules where n = deg f.

Let J be a finitely generated ideal of R[z], Then J = I, for some finitely gener-
ated ideal I of R[z]. As R]z| is coherent, [ is finitely presented as an R|x]-module.
Hence I/fI is finitely presented as an R[z]/fR[z]-module by Theorem 2.1.4. Since
Rlz]/fR[x] & R™, I/fI is finitely presented as an R-module. Since R is a quasi-local

coherent Gorenstein ring, G-dimp(1/fI) < co.

Claim 5.4.10. G-dimpy,) I/ < co.

Proof. We proceed by induction on ¢ = G-dimpg I /fI. If t = 0, the result follows

from Corollary 5.4.8. Suppose t > 0. Consider the exact sequence
0— K — (R/[z]/fR[z])" — 1/f] — 0.

Since R[z]/fR[z] is coherent and I/f1 is finitely presented, K is a finitely presented
R[z]/ f R[z]-module by Proposition 2.5.3 and coherence. Hence K is finitely presented
as an R-module. Moreover, as R[z|/fR[z| is a finitely generated free R-module,

G-dimp(R[z]/fR[z])” = 0. Thus G-dimz K =t — 1.
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By induction, é—dimR[x] K < oo and by Corollary 5.4.8,
G-dim gy, (R[2]/f R[2])" < 0o. Thus G-dimpy I/fI < oo by Proposition 3.1.10. [

Localizing at p we get G—dimRmp J/fJ < oo. As f is R[z],-regular, and
[ € Annpgy, J/fJ, G—dimg[x]p/fR[x]p J/fJ < oo by Theorem 5.4.3. Finally, since f is

R[z],-regular and J-regular, and as R[], is coherent, G-dimpy,, J < oc. O
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Chapter 6

Other Characterizations of

Gorenstein Rings

6.1 (FP)x-Injective Dimension and Gorenstein
Rings

In the previous chapter we explored the connection between F'P-injective dimension
and Gorenstein rings. We now consider an injective dimension based on [FP]Z-

modules and its connection to the Gorenstein property.

Definition 6.1.1. Given a ring R, an R-module E is (F'P).-injective if
Extp(M,E) = 0 for all R-modules M € [FP)E. Similarly, E is BE-injective if
Exty(M, E) = 0 for all R-modules M € BE(R).

Definition 6.1.2. An R-module E has (FP).-injective dimension at most n, de-
noted (FP)q-idy E < n, if Extyt (M, E) = 0 for all M € [FP]%.

BE-injective dimension is defined similarly.

We then have the following equivalences.
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Proposition 6.1.3. The following are equivalent for an R-module M :
(i) (FP)oo-idpy M < n (resp. BE-idg M < n).
(ii) Extl™ (N, M) =0 for all N of type (FP)E (resp. N € BE(R)).
(iii) Extl(N, M) =0 for alli >n and N of type (FP)E (resp. N € BE(R)).

(iv) Given an ezxact sequence 0 — M — Ey — Ey — -+ — E, 1 — K — 0 with E;
(F'P)oo-injective for 0 <i < n—1, then K is (FP)-injective. (The analogous

statement holds for BE-dimension.)

Proof. The equivalences (i) < (ii) and (i) < (iii) follow by definition.

The equivalence (iii) < (iv) follows from the isomorphism
Extp(N, K) = Extl™ (N, M) for any N € [FP]E which is obtained by breaking the
sequence

O M—-E—F —---—E,_1—>K—0

into short exact sequences and using the fact that Ext%(N, E) = 0 for any N € [FP]%
and all © > 0. Note that since every R-module can be embedded in an injective module
(which is (F'P)s-injective), every module M has a resolution of the type shown in
(iv) for all n.

The proof for BE(R)-modules is similar. O

Proposition 6.1.4. Let R be a quasi-local coherent ring, and M an R-module. Then
FP-idg M = (FP)s-id, M.

Proof. Lemma 2.4.4 shows this equality immediately, since any R-module is finitely

presented if and only if it is contained in [FP]£. O

Thus by Theorem 5.3.5,
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Corollary 6.1.5. A quasi-local coherent (F'P)q.-injective ring is Gorenstein.

Within the context of BE(R)-modules we now consider a possible characterization

Gorenstein rings.

Definition 6.1.6. A quasi-local ring R is BE-Gorenstein if G-dimg M < oo for all
M € BE(R).

In light of Proposition 5.1.4, we have the following result.

Proposition 6.1.7. A quasi-local coherent ring is Gorenstein if and only if it is

BE-Gorenstein.

With this equivalence in hand we next explore whether R being (F'P)-injective, is
equivalent to R being BE-Gorenstein. An R-module M is torsionless if the canonical
map M — M** is injective. Lemma 6.1.8 and Theorem 6.1.9 are similar to Noetherian
results found in [26] and Jans [20], but are instead placed in the non-Noetherian

context of (F'P)y- and BE-injective dimensions.

Lemma 6.1.8. Let R be a ring and M € BE(R) a torsionless R-module. Then there
exvists N € [FP]® such that the sequence 0 — M — M** — Exth(N,R) — 0 is

ezxact.

Proof. Since M € BE(R), there is a short exact sequence

0O—-L—-F—-M—0

where F'is a finitely generated free module and L € BE(R). Applying Homg(—, R)

and setting N = coker(M* — F*) yields the exact sequence

0—- M — F*—= N —=0.
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Note that N € [FP]2 by Corollary 2.5.4. Apply Hompz(—, R) again and consider the

following diagram with exact rows and columns.

K 0 0
0 L F M 0
- 5 l
0 N* P " M 2> ExtL(N, R) — Exth(F*, R) — -
B
Ch 0 Co

Note that M — M™* is injective because M is torsionless, and F = F** as F' is
a finitely generated free module. Since F* = R" Extp(F* R) = 0. Notice that
ker = im~y = imd by the commutativity of the diagram. Thus Exty(N, R) = C,

and we have the short exact sequence
0— M2 M™% ExtL(N,R) — 0.

O

Theorem 6.1.9. If a ring R is (FP)y-injective, then M = M** for any BE(R)-
module M.

Proof. Let M be a BE(R)-module; hence we have a short exact sequence
O—-K—-F—->M-—0 (6.1.1)

with F a finitely generated free module. Applying Homg(—, R) twice, consider the
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following diagram with exact rows and columns.

BN

0 K** F M Exty(K*, R)

By Lemma 3.2.14, the top row gives us that K € BE(R); thus Extp(K* R) = 0.
Since F' is torsionless, by the Snake Lemma so is K. Thus by Lemma 6.1.8 there

exists L € [FP]Z such that

0 — K — K* — Exty(L, R) — 0.

By assumption R is (F'P)u-injective, so Exty(L, R) = 0 and thus K = K**. By the

Five Lemma, M = M**. ]

Using these results there is a link between (F'P).-injective rings and

BE-Gorenstein rings.
Theorem 6.1.10. An (F'P)-injective ring is BE-Gorenstein.

Proof. Let R be an (FP).-injective ring; by Theorem 6.1.9, M = M** for any
M € BE(R). It suffices to show any such M is totally reflexive. This holds since
M, M* € [FP]E so by the (FP)y-injectivity of R, Exth(M, R) = Exty,(M*, R) =0
for all ¢ > 0. N

From Theorem 6.1.10 it also holds that all BE(R)-modules in an (F'P)-injective

ring are totally reflexive.

Corollary 6.1.11. Let R be a ring. If (FP)x-idy R = 0, then G-dimp M = 0
for all M € BE(R). Conversely, if G-dimp M = 0 for all M € [FP|E, then

[eop)

(FP)oo-id, R = 0.
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Proof. Suppose (FP).-idy R = 0. Given M € BE(R), by definition
Ext’% (M, R) = Exth(M*,R) = 0 for all i > 0. By Theorem 6.1.9, M is totally
reflexive.

If G-dimz M = 0 for all M € [FP)E then for all such M, Exth(M, R) = 0 for all
i > 0. Hence (FP)y-id, R = 0. O

This result can easily be partially extended to BE-injective rings.

Corollary 6.1.12. If G-dimg M = 0 for every R-module M € BE(R), then R is

BE-injective.

However, to obtain the converse of Corollary 6.1.12, one would need M = M**
for every M € BE(R) in order for M to be totally reflexive.

Thus we have the following inequality for any R-module F

BE-idg E < (FP)uo-idp E < FP-idg E.
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