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A NEW MULTICOMPONENT DIFFUSION FORMULATION
FOR THE FINITE-VOLUME METHOD: APPLICATION TO
CONVECTIVE DROPLET COMBUSTION
Daniel N. Pope and George Gogos
Department of Mechanical Engineering, University of Nebraska–Lincoln,
Lincoln, Nebraska, USA
A new multicomponent formulation, appropriate for use with the finite-volume method, has
been developed to describe mass diffusion velocities accurately. The new formulation is
applied in a quasi-steady numerical model for n-heptane fuel droplet combustion in a
forced-convection environment. Results obtained using the complete formulation are
compared to the results obtained under various assumptions. Using a single binary diffusion
coefficient produces results for extinction velocity, maximum temperature, flame dimensions, evaporation constant, and drag coefficient that are significantly different from the
results obtained using the complete formulation. Neglecting thermal diffusion (Soret effect)
causes only minor changes (less than 2%).

1. INTRODUCTION
The numerical simulation of a multicomponent reacting flow requires the
solution of the equations of mass, momentum, species, and energy conservation
[1]. One of the most important methods used over the past few decades to solve
the governing equations is the finite-volume method. In this method, all of the governing equations must be cast into a specific form; the diffusion term in each governing equation must be expressed as a gradient of the dependent variable for the
equation [2]. All of the governing equations, with the exception of the species conservation equation, can be easily manipulated into the appropriate form. The diffusion term in the species conservation equation is based on the solution for the
diffusion velocity. A general expression for the diffusion velocity includes the effects
of the gradients in temperature (Soret effect), pressure, and species concentration, as
well as the effect of the nonuniformity in the body forces [1]. The effect of pressure
gradients on the diffusion velocity is usually negligible unless the flow Mach number
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NOMENCLATURE
a
A
b
cp
CD
d
Dij
Dim
DT;i
Ea
g
h
K
k
kT
L
_ 00h
m
N
p
r
R
Re1
Rf
Ru
T
Tc
U1
Vc
~i
V
~i
V

fuel concentration exponent in reaction
rate equation
preexponential factor
oxygen concentration exponent in
reaction rate equation
specific heat capacity at constant
pressure
drag coefficient
droplet diameter
binary diffusion coefficient for the i–j
pair
effective diffusion coefficient for the ith
species
thermal diffusion coefficient for the ith
species
activation energy
gravitational acceleration
specific enthalpy
evaporation constant
thermal conductivity or Boltzmann’s
constant
thermal diffusion ratio
latent heat of vaporization
local mass flux at droplet surface
total number of chemical species
pressure
radial position
droplet radius
Reynolds number
ideal gas constant for fuel
universal gas constant
temperature
critical temperature
free-stream velocity
critical volume
diffusion velocity of the ith species
~ i caused by
component of V
concentration gradient

~0
V
i
~
v
vr
vh

W
Wi
~i
W
Xi
Yi
~i
dV
E
h
m
n
n00i ; n0i
q
r
xi
X

~i
zeroth order approximation of V
velocity vector
velocity component in radial direction
velocity component in polar direction
average molecular weight
molecular weight of ith species
~ i caused by temperature
component of V
gradient
mole fraction of ith species
mass fraction of ith species
correction velocity for ~
Vi
characteristic energy parameter
polar position
dynamic viscosity
kinematic viscosity
stoichiometric coefficient of the ith
product and reactant, respectively
density
collision diameter
rate of mass production of the ith
species per unit volume.
collision integral

Subscripts
e
at extinction
f
fuel or flame
g
gas phase
i
ith species
l
liquid phase
o
oxygen (O2)
ref
reference state
s
droplet surface
sat
saturated liquid=vapor
1
free-stream or outer computational
boundary
Superscripts

dimensionless variable

is high, and in most applications, the only body force is gravity (uniform). The resulting equation for the diffusion velocity contains the species concentration and temperature gradients. The finite-volume form of the species conservation equation requires an
expression for the diffusion velocity in terms of the gradient of the species mass
fraction. Thus, a direct solution for the diffusion velocity would be inappropriate.
The assumption of negligible thermal diffusion (Soret effect) coupled with
Fick’s law for diffusion has been employed in the past to manipulate the diffusion
velocity into a form appropriate for use with the finite-volume method. In addition,
the diffusion coefficient used in Fick’s law has ranged from a single binary diffusion
coefficient for all species (e.g., Huang and Chen [3]) to various forms of an

FINITE-VOLUME MULTICOMPONENT DIFFUSION MODEL

215

‘‘effective’’ diffusion coefficient for a given species into the mixture of all other species (e.g., Takeda and Hishida [4]). The authors are unaware of the incorporation of
a rigorous formulation for the diffusion velocity in finite-volume numerical simulations available in the literature.
This article presents a new multicomponent formulation that is appropriate for
use with the finite-volume method. The governing equations for the diffusion velocity are derived and incorporated in a quasi-steady numerical model for n-heptane
droplet combustion in a forced-convection environment. The model has been
extensively validated via comparison to both experimental and theoretical results
available in the literature. Numerical results obtained using the complete formulation are compared to the results obtained while assuming (1) thermal diffusion is
negligible and (2) thermal diffusion is negligible and all binary diffusion coefficients
are the same. The effect these assumptions have on the extinction velocity and on the
results at a fixed Reynolds number (Re1 ¼ 10) is investigated for a 1.3-mm-diameter
droplet in a low-(300 K) and a high-(1,200 K) temperature environment at
atmospheric pressure.
2. DIFFUSION VELOCITY TREATMENT
The ‘‘standard form’’ for the governing equations in the finite-volume method
[2] can be written as
q
ðqUÞ þ r  ðq~
vc UÞ ¼ r  ðCrUÞ þ S
qt

ð1Þ

where t is time, q is the density, U is the dependent variable, ~
vc is the convection
velocity, C is the diffusion coefficient, and S is the source term. The governing equations for a multicomponent reacting flow given by Williams [1] can be easily placed
in the required form with the exception of the conservation of species equation. The
species conservation equation, in terms of the mass fraction of the ith species (Yi ), is
q
~iÞ
ðqYi Þ þ r  ðq~
vYi Þ ¼ xi  r  ðqYi V
qt

ð2Þ

where ~
v is the mass-average velocity, xi is the rate of mass production of the ith
~ i is the diffusion velocity of the ith species.
species per unit volume, and V
~ i must be described in
In order to place Eq. (2) in the same form as Eq. (1), V
terms of the gradient of Yi . Adopting the standard assumptions of (1) no variation in
the body force per unit mass (e.g., the only body force is gravity) and (2) mass
diffusion due to a pressure gradient is negligible, the governing equation for the
diffusion velocity in a mixture of N gases is given by Williams [1] as
rXi ¼





N 
N 
X
X
Xi Xj ~
Xi Xj
DT;j DT;i
rT
~iÞ þ

ðV j  V
T
Dij
qDij
Yj
Yi
j¼1
j¼1

ð3Þ

where T is the temperature, Xi and DT;i are the mole fraction and thermal diffusion
coefficient of the ith species, respectively, and Dij is the binary diffusion coefficient

216

D. N. POPE AND G. GOGOS

for the i–j species pair. The above equation states that mass diffusion consists of two
components: ‘‘ordinary’’ diffusion, which is mass diffusion due to concentration
gradients; and ‘‘thermal’’ diffusion (also known as the Soret effect), which is mass
diffusion caused by temperature gradients. The N diffusion velocities in Eq. (3)
are subject to the constraint
N
X

~i ¼ 0
Yi V

ð4Þ

i¼1

and the thermal diffusion coefficient has the following property [5]:
N
X

DT;i ¼ 0

ð5Þ

i¼1

The total diffusion velocity of the ith species can be written as
~i þ W
~i
~i ¼ V
V

ð6Þ

~i is the component due to ‘‘ordinary’’ diffusion and W
~ i is the component due
where V
to ‘‘thermal’’ diffusion. The thermal diffusion velocity can be determined by inspection from Eqs. (3) and (6):
~ i ¼  DT;i rT
W
qYi T

ð7Þ

The use of Eqs. (5)–(7) in Eqs. (3) and (4) leads to the following expression for the
‘‘ordinary’’ diffusion velocities:

N 
X
Xi Xj ~ ~
rXi ¼
ðVj  Vi Þ
Dij
j¼1

ð8Þ

which are subject to the constraint
N
X

~i ¼ 0
Yi V

ð9Þ

i¼1

Equation (8) is often referred to as the Stefan-Maxwell equation [1, 6] and it, along
with the constraint Eq. (9), will be used as a starting point for the discussion that
follows.
Using a procedure that is similar to that used by Oran and Boris [7, 8], the
~0 )
‘‘ordinary’’ diffusion velocity is divided into a zeroth-order approximation (V
i
~i ):
and a correction velocity (dV
~ 0 þ dV
~i
~i ¼ V
V
i

ð10Þ
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The zeroth-order approximation to the ‘‘ordinary’’ diffusion velocity corresponds to
the diffusion of species i into the mixture of all other species and is given by
~0 ¼  Dim rYi
V
i
Yi

ð11Þ

1  Xi
Dim ¼ P
ðXj =Dij Þ

ð12Þ

where

j6¼i

is the effective diffusion coefficient for the ith species into the mixture
P of all other
species (see, e.g.,
[5]
and
Method
V
in
[9]).
Using
the
identities
Yi ¼ 1 and
P
Xi ¼ ðYi =Wi Þ= ðYj =Wj Þ (where Wi is the molecular weight of the ith species) in
the above equations and rearranging gives an expression for the correction velocities

X Yj
X Yj
X 1 
Djm
~i
~j ¼
dV

dV
1
ð13Þ
rYj
Wj
Wj Dij
Wj Dij
Dij
j6¼i
j6¼i
j6¼i
which are subject to the constraint
N
X

~i ¼
Y i dV

i¼1

N
X

Dim rYi

ð14Þ

i¼1

The N Eq. (13) are not linearly independent and therefore Eq. (14) must replace one
of the equations in the solution. Adopting an iterative solution technique, as is customarily employed in the finite-volume method, introduces the requirement of a
diagonally dominant coefficient matrix to guarantee solution convergence. Equation
(13) is already in diagonally dominant form. Equation (14) is only diagonally dominant when the equation
P is applied to the ith species in a binary system with Yi  0:5.
Using the identity
Yi ¼ 1, Eq. (14) may be written as
~i þ
dV

X
j6¼i

~j ¼
Yj dV

N
X

~p ð1  Yi Þ
Djm rYj þ dV
i

ð15Þ

j¼1

where the superscript p indicates the value from the previous iteration. By analogy to
the binary case, Eq. (15) should be employed for the species with the maximum Yi . It
~i ¼ 0;
can be shown that the simultaneous solution of Eqs. (13) and (15) results in dV
i ¼ 1; . . . ; N for both a binary system (N ¼ 2) and a system with N > 2 when all
binary diffusion coefficients are equal (Dij ¼ D).
Application of the above formulation to the conservation of species Eq. (2)
results in the following equation:
q
~i þ W
~ i ÞYi  ¼ r  ðqDim rYi Þ þ xi
ðqYi Þ þ r  ½qð~
v þ dV
qt

ð16Þ
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which is appropriate for use with the finite-volume method. Because the present formulation exactly satisfies the constraint Eq. (4), the summation of the species conservation equations is identically equal to the continuity equation, and the divergencefree constraint is satisfied. Equation (16) indicates that each species has an effective
~i þ W
~ i . It is appropriate to use this effective convection
convection velocity of ~
v þ dV
velocity when discretizing the species conservation equations using the upwind
~i and W
~ i)
scheme or other related schemes. Mathematically, the new velocities (dV
behave in the same manner as the mass-average velocity. Physically, the temperature
gradient and the difference in ordinary diffusion velocities between adjacent grid
points will cause a ‘‘shift’’ in the gradient of the species mass fraction.
3. THEORETICAL MODEL
A previously developed model for quasi-steady droplet combustion, which utilized a single binary diffusion coefficient [10], has been modified to include the current multicomponent formulation and the effect of gravity. The model simulates the
evaporation=combustion of a liquid fuel droplet of radius R in a convective, lowpressure environment of infinite expanse (Figure 1). The free-stream pressure (p1 ),
temperature (T1 ), and velocity (U1 ) are constant. The model assumes a quasisteady gas phase [11] with variable properties. Interaction between the gas and liquid
at the interface causes circulation within the droplet and evaporation from the droplet surface. The liquid-phase quasi-steady equations with constant properties are
incorporated to account for internal circulation and tangential velocities at the droplet surface. Other assumptions used to make the problem more tractable include:
(1) the flow is axisymmetric and laminar; (2) the droplet maintains a spherical shape;
(3) thermal radiation is negligible; (4) the Dufour effect and mass diffusion due to a
pressure gradient, which are second-order effects, are negligible; (5) viscous dissipation and pressure work are negligible; (6) gas-phase transport and thermodynamic
properties are a function of temperature and composition only; (7) the fuel droplet
consists of a single component with negligible solubility of gas-phase species into the
liquid phase; and (8) heat transfer to the droplet interior is negligible. The gas phase
consists of several different chemical species, the number and type of which are

Figure 1. Problem schematic (buoyancy-induced flow aiding forced convection).
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defined by the chosen fuel, the composition of the ambient gases, and the chemical
kinetics model that is employed.
The governing equations for the gas and liquid phases based on the above
assumptions are shown below in vector form.

3.1. Gas Phase
Continuity:
r  ðq~
vÞ ¼ 0

ð17Þ

~i þ W
~ i ÞYi  ¼ r  ðqDim rYi Þ þ xi
r  ½qð~
v þ dV

ð18Þ

Conservation of species:

Momentum conservation:

q~
v  r~
v ¼ rp  r


 

2
mðr ~
vÞ þ r  m ðr~
vÞ þ ðr~
vÞ T
þ q~
g
3

ð19Þ

Energy conservation:


k
rT
r  ðq~
vTÞ ¼ r 
cp


þ

N
N
X
k
1X
~i  rhi  1
V
rT

rc

qY
xi hi
p
i
cp 2
cp i¼1
cp i¼1

ð20Þ

3.2. Liquid Phase
Continuity:
r ~
v¼0

ð21Þ

q~
v  r~
v ¼ rp þ mr2~
v þ q~
g

ð22Þ

Momentum conservation:

3.3. Interface Conditions
The gas-phase and liquid-phase governing equations are coupled at the interface by the following equations, which are shown in spherical coordinates.
Continuity of tangential velocities:
vh;g;s ¼ vh;l;s
Continuity of shear stress:




qvh;g vh;g 1 qvr;g
qvh;l vh;l 1 qvr;l
mg;s

þ

þ
¼ ml;s
r qh s
r qh s
qr
r
qr
r

ð23Þ

ð24Þ
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Conservation of species:
_ 00h Yf;s þ qg;s Yf;s Vr; f;s
_ 00h ¼ m
Fuel : m
Nonfuel : 0 ¼

_ 00h Yi;s
m

ð25Þ

þ qg;s Yi;s Vr;i;s

ð26Þ


qTg 
qr s

ð27Þ

Conservation of energy:
_ 00h L ¼ kg;s
m
Conservation of mass:
_ 00h ¼ qg;s vr;g;s ¼ ql;s vr;l;s
m

ð28Þ

Phase equilibrium is assumed at the droplet surface. The Clausius-Clapeyron
equation is employed to relate the gas-phase surface temperature (Tg;s ) to the partial
pressure of the fuel in the gas phase (pg; f;s ).





pg; f ;s
L
1
1
ln

¼
Rf Tref;sat Tg;s
pref;sat

ð29Þ

3.4. Boundary Conditions
The boundary conditions in terms of spherical coordinates are listed below.
Inflow: r ¼ r1 ; 0  h  p=2
vr ¼ U1 cos h
vh ¼ U1 sin h
T ¼ T1
p ¼ p1
Yi ¼ Yi;1

i ¼ 1; . . . ; N

Outflow: r ¼ r1 ; p=2 < h  p
qvh qT qp qYi
¼
¼
¼
¼0
qr
qr
qr
qr
vr is extrapolated using the continuity equation
Axis of symmetry: h ¼ 0 or p
vh ¼ 0
qvr qT qp qYi
¼
¼
¼
¼0
qh qh
qh
qh
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3.5. Combustion Model
The fuel is n-heptane, which is oxidizing in dry air. A one-step overall reaction
is utilized,
C7 H16 þ 11ðO2 þ 3:77N2 Þ ! 7CO2 þ 8H2 O þ 11ð3:77N2 Þ
with the associated finite-rate chemical kinetics defined by





qYf a qYo b
Ea
xi ¼ Wi ðn00i  n0i ÞA
exp
Wf
Wo
Ru T

ð30Þ

where xi is the rate of mass production of the ith species per unit volume, A is the
preexponential factor, Ea is the activation energy, and a and b are the fuel and
oxygen concentration exponents, respectively.
The values for the kinetics parameters (A, Ea , a, and b) for a one-step overall
reaction are determined empirically. Seiser et al. [12] suggest the following values for
n-heptane: A ¼ 7:07  1011 ðkmol=m3 Þ1ab =s, Ea ¼ 1:53  105 kJ=kmol, a ¼ 1:0,
and b ¼ 1:0. Seiser et al. measured strain rate at extinction as a function of oxygen
concentration for nonpremixed flames stabilized in an oxidizer stream counterflowing over a liquid pool of n-heptane. The given kinetics parameters resulted in a match
between their numerical predictions and experimental data. However, the experimental data were obtained under normal gravity and the numerical model neglected
gravity. Like Seiser et al. [12], the current work assumes that the reaction is
first-order with respect to fuel and oxygen (a ¼ b ¼ 1). Appropriate values for A
and Ea were determined by matching normal-gravity experimental data available
in the literature with normal-gravity numerical results (see Results section).

3.6. Properties
Variable properties in the gas phase were calculated using the ideal gas law and
low-pressure correlations from Reid et al. [13]. Species viscosities and thermal conductivities were calculated using the method of Chung et al. [13, 14]. Mixture viscosity and thermal conductivity were obtained using the method of Wilke [13, 15].
The curvefits of McBride et al. [16] were used to calculate the species-specific heat
capacities
P and enthalpies
P with the corresponding values for the mixture given by
cp ¼ Yi cp;i and h ¼
Yi hi . The binary diffusion coefficients Dij were evaluated
using the first approximation from kinetic theory [13, 17] and the Lennard-Jones
12–6 potential.
Methods for calculating the thermal diffusion coefficient DT;i based on kinetic
theory [17, 18] are computationally intensive. An approximation developed by
Ramshaw [19] was used to calculated DT;i in the gas phase. For a mixture of ideal
gases at a single temperature, the Ramshaw approximation can be written as
X
 X 1
W
ðYj DT;i  Yi DT; j Þ ¼
ðaji  aij Þ
Wi q j6¼i Wj Dij
j6¼i

ð31Þ
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where

aij ¼ Fij

Wj2

N
X
Yk 2
r
Wk jk
k¼1

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ!1
Wj þ Wk
Wj W k

and
1
Fij ¼ Yi Yj r2ij
3

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Wi þ Wj Wi W j
ð1;1Þ
ð1;2Þ
10Xi;j  12Xi;j
2
Wi Wj ðWi þ Wj Þ

 ¼ð
In the above equations, W

P

Yi =Wi Þ1 is the average molecular weight,
ð1;1Þ

ð1;2Þ

and Xi;j
rij ¼ 0:5ðri þ rj Þ is the collision diameter for the i–j pair in Å, Xi;j

are collision integrals [20] evaluated at Tij ¼ Tðk=Eij Þ, and the parameter (k=Eij ) is
given by
k
¼
Eij

rﬃﬃﬃﬃﬃﬃﬃﬃ1
Ei Ej
kk

The collision diameter (ri ) in Å and the parameter (Ei =k) are estimated using [13]
1=3

ri ¼ 0:809Vc;i and

Ei
Tc;i
¼
k 1:2593

where Vc;i is the critical volume of the ith species in cm3=mol and Tc;i is the critical
temperature of the ith species in K. The thermal diffusion coefficients are obtained
via the simultaneous solution of N  1 equations (31) subject to the constraint equation (5).
The approximation for DT;i used in the present work was tested to ensure that
the thermal diffusion coefficients have the proper sign and magnitude. The calculated thermal diffusion ratio (kT ) for a binary sytem (i ¼ 1; 2), which can be
expressed as
kT ¼

 2 DT;1
W
qW1 W2 D12

was compared to results obtained using the first approximation from kinetic theory
(½kT 1 ) given by Hirschfelder et al. [17]. All possible pairs of the five chemical species
used in the combustion model were considered. For each species pair, Y1 was varied
from 0.1 to 0.9 in 0.1 increments and T was varied from 300 to 3,100 K in increments
of 200 K. The ratio kT =½kT 1 was within the range 0:4  kT =½kT 1  1:7 for all of the
cases.
The constant properties in the liquid phase were evaluated at the average surface temperature of the droplet. Values for the fuel density and viscosity were calculated using the correlations given by Haywood [21]. The latent heat of vaporization
for the fuel was determined using the method of Pitzer et al. [13].
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3.7. Supplemental Equations
The evaporation constant (K) and the drag coefficient (CD ) are presented in the
Results section. The evaporation constant is given by
4R
K¼
ql

Z
0

p

_ 00h sin h dh
m

The drag coefficient and friction (FF ), pressure (FP ), and thrust (FT ) forces are
evaluated as follows:
2ðFP þ FF þ FT Þ
2 pR2
q1 U1
Z p
FF ¼ 2pR2
ðsrh;g sin h  srr;g cos hÞs sin h dh
0
Z p
FP ¼ 2pR2
pg;s cos h sin h dh
Z0 p
_ 00h ðvr;g cos h  vh;g sin hÞs sin h dh
FT ¼ 2pR2
m

CD ¼

0

where srr and srh are components of the shear stress tensor and the subscripts g and s
denote evaluation in the gas phase and at the droplet surface, respectively.

4. NUMERICAL METHODS
The governing equations discussed in the previous section are discretized using
the finite-volume [2] and SIMPLEC [22] methods. Convection/diffusion is modeled
using the central difference with deferred correction method [21], with the ‘‘active’’
coefficients calculated using the power-law scheme [2]. A staggered grid is adopted
to avoid zigzag pressure distributions. Relaxation is incorporated via an artificial
time step that is embedded in the discretization equations. Hyperbolic tangent
stretching functions [23] are used to concentrate grid points near the fore and aft
lines of symmetry and at the droplet surface in both the gas phase and the liquid
phase.
The discretization equations, with the exception of the diffusion velocity corrections, are solved using the alternating direction implicit (ADI) method with the
tridiagonal matrix algorithm (TDMA) used on each line of the two alternating directions. A single global iteration consists of: (1) solution of the gas-phase discretization
equations, (2) solution of the interface equations, (3) solution of the liquid-phase discretization equations, and (4) updating of the gas and liquid transport properties.
The order of solution in the gas phase is (1) solve the momentum equations, (2) solve
the pressure-correction equation, (3) correct the velocities and pressures, (4) solve for
the diffusion velocity corrections, (5) solve the conservation of energy equation, (6)
solve
the first N  1 species conservation equations, and (7) solve for YN using
P
Yi ¼ 1. The solution procedure for the liquid phase is identical to steps (1)–(3)
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for the gas phase. Global convergence is defined as follows; for Ui;j  Umax  103 ,


Ui;j  Up 

i;j 
  1:0  104

 Ui;j 

ð32Þ



 Ui;j  Up 

i;j 
  1:0  104
 max
U
 103 

ð33Þ

otherwise,

where U is vr;g , vh;g , Tg , vr;l , or vh;l , and Umax is the maximum velocity or temperature
in the given phase. Equation (33) is included to allow for convergence when velocities
near zero exist in the computational domain.
The N  1 equations (13) along with the constraint equation (15), which define
the diffusion velocity corrections, are solved at each grid point using Gauss-Seidel
iteration. Equation (15) is used for the correction velocity that corresponds to the
species with the maximum Yi .
Droplet ignition is accomplished numerically by assuming an initial condition
of a chemically frozen environment with a high-temperature region surrounding the
droplet. The velocities are initially set to zero in the computational domain. The fuel
and oxygen mass fractions (Yf and Yo ) are set as shown in Figure 2a, with nitrogen
(N2 ) making up the balance of the total mass (YN2 ¼ 1  Yo  Yf ). The assumed
initial temperature distribution is shown in Figure 2b. The values for r1 and r2 are
adjustable program inputs which are varied until droplet ignition is achieved. When
ignition occurs, results are independent of r1 and r2 .
The extinction velocity (U1;e ) is determined by selecting an initial free-stream
velocity that resulted in an envelope flame and then incrementing the free-stream
velocity by 1 cm=s between successive quasi-steady solutions until a significant
decrease in the evaporation constant is obtained. This particular definition of extinction is consistent with experimental observations of the change in mass burning rate
at extinction [24, 25]. Physically, the extinction velocity corresponds to the maximum
free-stream velocity that will support an envelope flame.
The computer code developed for this study was extensively tested prior to its
use for combustion simulations. Problems of increasing complexity were employed
in the testing procedure, which included the determination of minimum grid requirements. The details of the testing procedure and specific results are given in [10]. A
brief summary of the testing procedure is provided below.
The gas-phase momentum, energy, and pressure-correction equations were
tested via comparison of the program output to numerical and experimental results
for constant-property flow over a sphere. The following data were used. (1) Drag
coefficients for solid spheres at Reynolds numbers (Re1 ¼ dU1 =n1 ) of 0.1, 1, 10,
100, and 300 were compared to numerical results in the literature [26–30] and to
the correlations of Clift et al. [31]. (2) The dimensions of the attached vortex on
the downstream side of the sphere were compared to the experimental results of
Taneda [32] reported in [31]. (3) The angular location along the sphere surface at
which the flow separates was compared to the correlation given by Clift et al. [31].
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Figure 2. Initial conditions for fuel and oxygen mass fractions (a) and temperature distribution (b) as a
function of radial position.

(4) Nusselt numbers for a Prandtl number of 0.672 and a dimensionless sphere
temperature (Ts =T1 ) of 0.25 at Reynolds numbers of 0.1, 1, 10, and 50 were
compared to the numerical results of Sayegh and Gauvin [29]. (5) Drag coefficients
for blowing spheres at Reynolds numbers of 1 and 100 and blowing numbers
(K ¼ vr;s =U1 ) of 0.1 and 0.3 were compared to the numerical results of Cliffe and
Lever [33].
The liquid-phase momentum and pressure-correction equations were tested by
comparing results to the numerical predictions for isothermal flow past a water
droplet of LeClair et al. [34]. Values for the location of the vortex in the liquid phase
and the location and magnitude of the maximum velocity along the droplet surface
were compared for Reynolds numbers of 30, 100, and 300.
The assembled code was also tested via comparison to the drag correlations of
Chiang et al. [35] and Renksizbulut and Yuen [36], and to the Nusselt number correlations of Chiang et al. [35] and Renksizbulut and Yuen [37] for droplet evaporation. Combustion was disabled in the code to obtain the results for droplet
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evaporation. Drag coefficients and Nusselt numbers for a 0.5-mm-diameter
n-heptane droplet evaporating in air at temperatures of 800 and 1,200 K were
compared to the correlations over a range of Reynolds numbers from 5 to 100.
The results from the current code were in excellent agreement with all of the
test cases listed in the preceding paragraphs. There were some slight differences in
the evaporation data, with the two correlations bracketing results for drag coefficient
from the current code and the current code predicting slightly lower Nusselt numbers
(a maximum of 10% at Re1 ¼ 5) than both correlations (see Pope [10] for
details). These slight differences are probably due to the use of different property
correlations.
Grid-generation parameters that can be adjusted within the model include the
number of grid points in the polar direction (nh ), the number of radial grid points in
the gas phase and the liquid phase (nr;g and nr;l ), the dimensionless location of computational infinity (r1 ¼ r1 =R), and the dimensionless grid spacing next to the droplet surface (Drs ¼ Drs =R). These parameters were set to nh ¼ 60, nr;g ¼ 250, nr;l ¼ 25,
r1 ¼ 50, and Drs ¼ 0:02 for the zero-gravity solutions given in the present work. The
values for these parameters were tested to ensure the ‘‘grid independence’’ of the
solutions.
5. RESULTS
The current work is concerned primarily with presenting the new multicomponent formulation for the finite-volume method. The interested reader is directed to
articles by Pope and Gogos [38] and Pope et al. [39], which present extensive comparisons of numerical results with experimental data for droplet extinction (quasisteady) and transient droplet combustion, respectively. Numerical results for
quasi-steady droplet combustion and the effect of various ‘‘standard’’ assumptions
on the results are discussed in the remainder of this section.
The experimental results of Gollahalli and Bruzstowski [40] and Goldsmith [41]
for the extinction velocities of n-heptane droplets under normal gravity were used to
determine appropriate values for A and Ea in the combustion model. In both sets of
experiments, the buoyancy-induced flow aided the forced-convection flow (see
Figure 1). Gollahalli and Brzustowski [40] used a porous sphere of diameter
d ¼ 6 mm to determine the extinction velocity as a function of ambient pressure.
Their experiments utilized n-heptane as the fuel and ‘‘room’’-temperature air as
the oxidizer. They report an extinction velocity of approximately 0:5 m=s at a pressure of 1 atm. Goldsmith [41] utilized suspended fuel droplets with diameters between
1:5 and 1:8 mm in his experiments. He indicated that an envelope flame was not
present at velocities above 0:345 m=s for a n-heptane droplet in air at ‘‘room’’ temperature and atmospheric pressure. Numerical simulations were conducted with
T1 ¼ 300 K, p1 ¼ 1 atm, g ¼ 9:8 m=s2 , and the buoyancy-induced flow aiding the
forced convection. Use of the kinetics parameters A ¼ 3:35  1011 m3 =kmol s,
Ea ¼ 1:53  105 kJ=kmol, a ¼ 1:0, and b ¼ 1:0 in the numerical model resulted in
predicted extinction velocities of 0:35 and 0:5 m=s for d ¼ 1:65 and d ¼ 6 mm,
respectively. The above kinetics parameters were used to generate the remainder
of the results given in the present work. A comparison of predicted extinction velocity with the experimental result of Okajima and Kumagai [42] is presented below.
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For n-heptane and benzene droplets of approximately 1.3 mm in diameter,
Okajima and Kumagai [42] observed that an envelope flame could not be supported
at velocities above 45 cm=s in their experiments. The experiments were conducted in
air at atmospheric pressure and temperature. A drop tower was used to generate
microgravity conditions. The conditions in the experiment were simulated by using
T1 ¼ 300 K, p1 ¼ 1 atm, and g ¼ 0 in the numerical model. Based on these input
conditions, the numerical model predicts an extinction velocity of 40 cm=s for
d ¼ 1:3 mm.
Numerical results are presented for a 1.3-mm-diameter n-heptane droplet burning in air at a pressure of 1 atm and under zero-gravity (g ¼ 0) conditions. The effect
of the diffusion velocity formulation on the numerical results for envelope flames is
examined by considering three methods for evaluating the diffusion velocity. The
three methods are: (a) Fick’s law with all binary diffusion coefficients being equal
~ i ¼ 0), (b) multicomponent ordinary diffusion with no
and no thermal diffusion (W
~
~ i ¼ Vi ), and (c) the full multicomponent formulation with therthermal diffusion (V
mal diffusion. In method (a), the binary diffusion coefficient for the fuel–oxygen species pair is used for the single diffusion coefficient (Dij ¼ Dfo ). Results for the
extinction velocity (U1;e ) and results at a fixed Reynolds number
(Re1 ¼ dU1 =n1 ¼ 10) are presented below for two different ambient temperatures,
T1 ¼ 300 and T1 ¼ 1; 200 K.
Table 1 gives the numerical results for the extinction velocity, Reynolds number at extinction, maximum temperature along the upstream axis of symmetry
[Tmax ðh ¼ 0Þ], and the stagnation-point flame distance from the droplet surface at
extinction [ye ð0Þ] for the two ambient temperatures considered. For T1 ¼ 300 K,
our numerical model predicts an extinction velocity of 17 cm=s using method (a)
and an extinction velocity of 40 cm=s using methods (b) and (c). The inclusion of
multicomponent ordinary diffusion in methods (b) and (c) results in a large increase
in U1;e , and therefore a large decrease in ye ð0Þ, for the T1 ¼ 300 K case. At this low
ambient temperature, the results in Table 1 indicate that thermal diffusion, which is
included in method (c), has no effect on the predicted extinction velocity and only a
minor effect on Tmax ðh ¼ 0Þ and ye ð0Þ.
Extinction of an envelope flame occurs somewhere near the forward stagnation
point. Figures 3a and 3b show the species mass fractions and temperature distribution along the upstream axis of symmetry for the T1 ¼ 300 K case at extinction.

Table 1. Extinction results for d ¼ 1.3-mm droplet; T1 ¼ 300 and 1; 200 K
Method
T1 ¼ 300 K
(a)
(b)
(c)
T1 ¼ 1,200 K
(a)
(b)
(c)

U1;e ðm=sÞ

Re1;e

Tmax ðh ¼ 0ÞðKÞ

ye ð0ÞðmmÞ

0.17
0.40
0.40

14.1
33.2
33.2

1,458
1,744
1,733

0.913
0.637
0.632

3.21
3.76
3.70

25.6
30.0
29.5

1,793
1,948
1,968

0.274
0.261
0.266
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Figure 3. Species mass fractions and temperature distribution along the upstream axis of symmetry for a
d ¼ 1.3-mm droplet at extinction; T1 ¼ 300 K: (a) T and Yi for fuel, O2 and CO2 ; (b) T and Yi for H2 O
and N2 .

The profiles shown in the figure are similar to extinction results for higher ambient
temperatures. The results for methods (b) (dashed line) and (c) (solid line) are almost
identical, since extinction occurs at the same velocity and thermal diffusion has only
a minor effect. Thermal diffusion causes a slight difference in the predicted fuel mass
fractions for methods (b) and (c) as shown in Figure 3a. The highest fuel concentrations exist in the region between the droplet surface and the location of the maximum
temperature (flame front). In this region, the temperature gradient is positive. The
thermal diffusion coefficient for the fuel (DT;f ) is also positive, resulting in a thermal
~ f ) that is directed toward the droplet. Thus, the fuel
diffusion velocity for the fuel (W
mass fraction from method (c) is shifted toward the droplet when compared to the
method (b) results. Figure 3a also shows a significant leakage of oxygen and fuel
through the flame front at extinction, regardless of the method used to evaluate
the diffusion velocity.
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Figure 4. Fuel and O2 mass fractions and temperature distribution surrounding a d ¼ 1.3-mm droplet at
Re1 ¼ 10; T1 ¼ 300 K: (a) h ¼ 0; (b) h ¼ 90; and (c) h ¼ 180.

230

D. N. POPE AND G. GOGOS

Table 1 also gives extinction conditions for the T1 ¼ 1;200 K case. At this
higher ambient temperature, method (a) again predicts a lower extinction velocity
than methods (b) and (c). Thermal diffusion causes a slight decrease in the extinction
velocity between methods (b) and (c). The effect of thermal diffusion becomes noticeable at this higher temperature because of the increase in Tmax ðh ¼ 0Þ and the
decrease in ye ð0Þ for this case when compared to the T1 ¼ 300 K case (see
Table 1). These changes result in a much higher temperature gradient and therefore
higher thermal diffusion velocities for the T1 ¼ 1;200 K case. For both ambient temperatures, method (a) predicts a significantly lower Tmax ðh ¼ 0Þ (approximately
150 K) than methods (b) and (c).
Figures 4a–4c show the radial distribution of the temperature and fuel and oxygen mass fractions at three different angular locations for the T1 ¼ 300 K case with
Re1 ¼ 10. The figures show that method (a) predicts much lower temperatures than
methods (b) and (c). The points of maximum temperature predicted by method (a)
deviate substantially from those predicted by methods (b) and (c). In the upstream
region (Figure 4a), method (a) underpredicts the location of the maximum temperature (rf ¼ 3:04) when compared to methods (b) (rf ¼ 3:51) and (c) (rf ¼ 3:44). In the
downstream region (Figure 4c), method (a) predicts a more gradual temperature
change and a longer (rf ¼ 18:2) flame than methods (b) (rf ¼ 17:0) and (c)
(rf ¼ 15:7). Method (a) results in a slightly lower value for the fuel mass fraction
at the droplet surface and a much lower temperature gradient at the droplet surface
than the other two methods. The inclusion of thermal diffusion in method (c) causes
the temperature profile to shift toward the droplet. The temperature and species
mass fraction profiles shown in Figures 4a–4c are typical of results obtained for a
fixed Reynolds number.
Table 2 shows the predicted evaporation constant (K), the maximum temperature (Tmax ), and the pressure (CP ), friction (CF ), thrust (CT ), and total (CD ) drag
coefficients for the T1 ¼ 300 K case and the T1 ¼ 1;200 K case with Re1 ¼ 10.
The higher temperature gradient at the droplet surface for methods (b) and (c) causes
an increase in K when compared to method (a). For the T1 ¼ 300 K case, methods
(b) and (c) predict much higher values for K (approximately 20%), CP (approximately 22%), and CD (approximately 17%) than method (a). The increase in K,
CP , and CD is less pronounced (less than 8%) for the T1 ¼ 1;200 K case. At both
ambient temperatures, methods (b) and (c) give a maximum temperature (Tmax ) that
is approximately 700 K higher than method (a).
Table 2. Results for d ¼ 1.3-mm droplet at Re1 ¼ 10; T1 ¼ 300 and 1;200 K
Method
T1 ¼ 300 K
(a)
(b)
(c)
T1 ¼ 1,200 K
(a)
(b)
(c)

Kðmm2 =sÞ

CP

CF

CT

CD

Tmax ðkÞ

0.857
1.023
1.036

3.733
4.546
4.595

1.121
1.096
1.090

0.166
0.208
0.207

5.020
5.849
5.892

1,704
2,420
2,392

1.621
1.726
1.746

1.640
1.727
1.753

0.349
0.328
0.328

0.029
0.033
0.034

2.018
2.089
2.114

2,409
3,114
3,087
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6. CONCLUSIONS
A new multicomponent formulation has been presented. The new formulation
is appropriate for use with the finite-volume method and includes both multicomponent ordinary diffusion and thermal diffusion (Soret effect). The combustion of a
1.3-mm-diameter n-heptane droplet in air at a pressure of 1 atm and under zero gravity was studied using a quasi-steady numerical model. Results obtained using the
complete multicomponent formulation were compared to the results obtained while
assuming (1) thermal diffusion is negligible and (2) thermal diffusion is negligible
and all binary diffusion coefficients are the same. The effect these assumptions
had on the extinction velocity and on the results at a fixed Reynolds number
(Re1 ¼ 10) was investigated for a low (300 K) and a high (1;200 K) ambient
temperature.
The use of Fick’s law with a single binary diffusion coefficient produced results
that were significantly different from the results obtained using the complete formulation. At extinction, the single diffusion coefficient assumption gave a much lower
extinction velocity and maximum flame temperature. The results for Re1 ¼ 10
showed a reduction in the evaporation constant and drag coefficient of approximately 20% and 17%, respectively, for the low ambient temperature (300 K) case
and 8% and 5%, respectively, for the high ambient temperature (1;200 K) case.
Maximum temperatures were about 700 K lower at both ambient temperatures when
a single binary diffusion coefficient was employed.
Thermal diffusion caused only minor changes in the numerical predictions. The
presence of thermal diffusion caused a small (less than 2%) reduction in the extinction velocity for the high ambient temperature case but had no effect on extinction
velocity for the low ambient temperature case. At a fixed Reynolds number, thermal
diffusion caused; a minor shift of the temperature distribution toward the droplet, a
small reduction in the maximum temperature ( 30 K) and an increase in the evaporation constant and drag coefficient of approximately 1%.
The numerical model employed in this study utilizes a one-step overall reaction
to model combustion. A more detailed chemical kinetics mechanism can be used to
more precisely determine the effects of each of the assumptions discussed above.
However, the results of the current study clearly show that multicomponent ordinary
diffusion must be included to model droplet combustion adequately.
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