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Analysis of combustion-driven acoustics

L. Boshoff-Mostert and H. J. Viljoen*

Department of Chemical Engineering, University of Nebraska-Lincoln, Lincoln, NE 68588-
0126, U.S.A.

Abstract — Combustion-driven acoustic oscillations are investigated by performing a one-
dimensional stability analysis of a burner-stabilized premixed flame. In contrast to other
investigators, no initial acoustic wave is assumed in the analysis; the downstream acoustic field
results from flame instability. Two models are considercd: the thermodiffusive model (un-
coupled model) and the fully coupled thermodiffusive-hydrodynamic model. The fully coupled
problem exhibits instability at a much lower critical Lewis number than the uncoupled

problem.

1 INTRODUCTION

Flames stabilized on a flame holder or inside a com-
bustion chamber may become unstable towards
infinitesimally small perturbations and pressure oscil-
lations will build up and an intense sound may be
emitted. Combustion-driven acoustic oscillations are
mmportant in a number of combustor applications,
including jet and rocket engines and Pulse combus-
tors. Because of the destructive consequences that can
r sult from acoustic instability, the phenomenon has
been and continues to be extensively studied (Si-
powicz et al, 1971; Lawn, 1982). A low-frequency

instability can lead to intense pressure perturbations
in afterburners of aerojet engines (Macquisten and

Dowling, 1995). In propulsion systems large ampli-
tude oscillations can result in unacceptable structural
vibrations and even failure {Margolis, 1993).

A number of papers addressed the acoustic problem
from a different point of view. A pressure field,
modulated externally up stream of the flame is im-
posed on the system, and the stability of the field

downstream ol the flame is analyzed. Toong €t al.
(1975) investigated the acoustic—kinetic interaction

between an acoustic wave and chemical reaction. An
initially right-traveling plane acoustic wave in a gas-
eous medium is subject to asimple one-step exother-
mic Arrhenius-type reaction. They found that
acoustic-kinetic coupling can, depending on the sys-
tem conditions, lead to amplification or attenuation of
the acoustic field. In a similar study of acoustic—kin-
etic interaction. Garris et a. (1975) found that reac-

*Corresponding author. Tel.: (402) 472-9318. fax: (402)
173-6989.

tant consumption may be retarded or accelerated,
depending upon theinitial dimensionless acoustic fre-
quency of thedisturbance. Gilbert er al. (1973) studied
the acoustic—kinetic interaction of a standing acoustic
wave in a gaseous medium. They found for the de-
composition of cyclopropane at 953 K, acoustic
waves with frequency of 500 Hz.

Clavin et al. (1990) analyzed the stability limits of
vibratory instabilities of a planar flame propagating
in a tube. The origin of the instability comes from
time-dependent modifications of the flame structure
which are induced by acoustic waves. Mclntosh
(1987) studied the interaction of a one-dimensional
flame with long wavelength acoustic waves when the
flameis anchored to a perforated plate within a tube.

This analysis differs from previous analysis because
the downstream acoustic field is the result of flame
instability. No acoustic wave is introduced initially.
When a planar flame becomes unstable via a Hopf
bifurcation, the flame oscillates around the stcady-
state position. An oscillatory flame can lead to pres-
sure oscillations both upstream and downstream of
the flame sheet. The frequency of the acoustic pressure
field is determined by the frequency of the flame
instability. Experimental proof of oscillations in the
audible range is well documented (Sugimoto and
Matsui, 1982; Afanas’ev et al., 1995).

Two descriptions of the combustion problem are
analyzed in the linear stability analysis. The first de-
scription follows the thermodiffusive model where an
isobaric assumption allows the temperature and con-
centration solutions to be found independent of the
density, pressure and fluid velocity. This is referred to
as the uncoupled case. The second description in-
cludes a time derivative of pressure in the energy
balance which couples the momentum and energy



equations. Due to the coupling the temperature. con-
centration, pressure, density and fluid velocity equa-
tions need to be solved simultanously. The important
effect of the coupled model is that flame instability is
found at lower Lewis numbers.

In thisstudy thefrequency of the pressure perturba-
tions is related to the inlet fuel fraction for both the
coupled and uncoupled case at two different burner
temperatures. The downstream pressure perturbation
is shown to form a standing wave pattern on the
acoustic length scale.

2. MODEL

A premixed flame, stabilized on a cooled burner, is
considered. This analysis considers only the axial spa-
tial variable. To facilitate the analysis, we assume that
the combustion chamber is in thermal equilibrium
with the gas phase at al times. Hence, there is no
radial variation in the gas-phase temperature field.
A mixture of air and fuel is fed to the burner and the
flame is stabilized at a small distance from the burner
surface. This stand-off distance is determined by
physicochemical properties of the system.

At steady state the stand-off distance remains con-
stant, but for certain parameter values, the steady-
state solution becomes unstable via a Hopf bifurca-
tion. Beyond the critical point, the stand-off distance
becomes a sinusoidal function in time which causes
the flame sheet to oscillate around the steady state
position. If it is recognized that the flame sheet drives
pressure perturbationsdownstream, it is acceptable to
think of the flame sheet as a vibrating diaphragm.
(Actually, the flame sheet behaves in the opposite
manner as a diaphragm in the sense that the down-
stream pressure increases when a diaphragm moves
downstream. whilst the pressure downstream of the
flame sheet decreases when the flame sheet moves
downstream, due to the increase in temperature.)

To distinguish between conditions at the burner
and at the flame sheet, the subscriptsu and b are used,
respectively. The subscript a is used for adiabatic
values and the subscript c is used to identify variables
at the bifurcation point. In this analysis, we only
consider subsonic flow (small Mach numbers). Since
flame destabilization occurs at velocities below the
adiabatic flame velocity, this is not a restrictive as-
sumption.

The ideal gas law is used as the equation of state:

where R, istaken as R, x M,;.. The continuity equa-
tion is
dp  opl)
a t e T

0 (2)

and the momentum balance is given by

The species and energy balances are

e¢C  acCuw) e a*C
=+ 4 kCe BRI = D 4
ot ax +RCe ax? @
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To keep the focus on the acoustic aspect, intricacies
which arise from conditions of near stoichiometric
mixtures will be neglected (Margolis, 1980) — it is
assumed that the mixture is sufficiently non-
stoichiometric that C describes the limiting species.
Furthermore, a single step first-order reaction is used
to describe the kinetics.

It is also assumed that the product of the diffusion
coefficient and density, D x p isconstant. In hisanaly-
sis, Margolis used a density-weighted axial variable
(useful to eliminate the continuity equation) and as-
sumed that D x p2 and k, x p are constant (k, is the
thermal conductivity). We did not choose to use
a density-weighted axial variable, leaving us with
a variable coefficient eigenvalue problem. We assume
that the density in the region between the burner and
the flame remains constant, and we use the value of
the density in the flame in the analysis (Joulin and
Clavin, 1979). This assumption removes the variable
coefficients from the eigenvalue problem. This as-
sumption isdiscussed in detail in the uncoupled prob-
lem section (Section 3.1).

Equations (1)-{5) are written in dimensionlessform;
pressure, density and temperature are scaled with
respect to the adiabatic values, velocity is scaled with
respect to the adiabatic flame velocity U, and concen-
tration isscaled by the far upstream value C;,. Let p,
m and 6 denote the dimensionless pressure, density
and temperature and u, Y denote the dimensionless
velocity and fuel massfraction. The thermal diffusivity
is denoted as k and we assume that it remains con-
stant. Time and position are scaled as t = tUZ2/k, and
z = xU,/x, respectively. The feed rate of the gas mix-
ture, pi, U, is constant and in terms of the scales
p, and U, it is denoted as the dimensionless flux x.
The non-dimensional equations are

p=mf {6)

m% +mug—g +1,g§=0 (8)

m%—j + mu%? + mDaY et =10l - i% 9)
a0 %9

mé + mu— = —
ot Jz @z?

+ (1- 6 mDayelitt -1 01+ C%(% + %) (10)



The downstream constitutive continuity and mo-
mentum equations are coupled to the energy balance
in the eigenvalue problem due to the (R/C,) [(dp/d7)
+ (0p/dz)] term. Since the flame velocity is signifi-
cantly less than the speed of sound, effectsdue to the
compressibility o the gas may be neglected
(Sivashinsky, 1983). In both the coupled and un-
coupled case the compressibility effects associated
with pressure variations in the energy equation (dp/dz)
are neglected. Clavin et al. (1990) showed that the
isobaric assumption is well justified for small Mach
numbers. Also consider the steady-state momentum
equation (Williams, 1985): if we assume u?/(p/m) « 1
(small Mach number) then the equation

du dp
mu(—j; + xlaE =0
reduces to
dinp dinu
—_— K

dz dz

We see that fractional changes in the pressure are
negligibly small. We solve both the coupled case
(shown above) and the uncoupled case where
dp/ot =0.

The boundary conditions at the inlet (burner sur-
face) are

0=0, (11)

aa—)_/:acFLe[Y— . (12)
A Danckwert's-type condition isimposed for the reac-
tant, but the temperature is equal to the burner face
temperature. implying a non-adiabatic condition. For
the temperature it is sufficient to require that the
downstream temperature is bounded. Thefuel is com-
pletely consumed by the flame, and Y is identically
zero downstream. The origin of the coordinate system
is defined as the steady-state flame position, z = 0.
Flames are associated with large activation energies.
reflected by the parameter 7. In the asymptotic limit
the flame structure is made up of two different length
scales; an upstream (and downstream) non-reactive
zone and a very thin reaction—diffusion region (flame
sheet). Outside the flame sheet the reaction term can
be neglected.

It can be shown (Margolis, 1980) by matched
asymptotic analysis of the flame sheet that the reac-
tion term can be replaced by a source term located at
the flame position.

mDaYe w10 — 5 oy (2000 =0)

(13)

whered, is the Kronecker deltafunction andf denotes
the instantaneous flame sheet position. At the flame
sheet,z = f, the following continuity and jump condi-

tions hold:
[6] =0 (14)

fp1=0
[u] =0

(15)
(16)

(18)

2.1, Steady-state solution

The steady-state solutions (subscript 0) upstream
and downstream of the flame sheet are distinguished
by the use of the superscripts — and +, respectively.
The upstream solutions are

_B =G (6, - 8)e

b, = e (19)
Y, =1 —ewte (20)
m; = E el ST
B, — Bye "+ (6, — 6,)e%*
o 24[Q = Ghem (0, — 8,)e*7]
Uy = o (22)
p, =1 (23)
The downstream solutions are
0y =0, (24)
YS=0 (25)
1
m, = 5; (26)
Uy = %0, 2n
g = 1. (28)

3. LINEAR STABILITY ANALYSIS

The problem is solved by perturbation series and
the following variables are introduced:

0=0,+¢0, + - (29)
Y=Y, +eY, + - (30)
m= i, + emy + -+ (31)
u=u, + ey + - (32)
p=Dpo+EpL+ (33)
f=¢efi + -, (34)

wheree¢ is asmall parameter. Theabove perturbations
are applied to eqgs (6)18). The leading order [O(1)]
perturbation problem yields the steady-state sol ution.
The next order of terms [O(e)] lead to the eigenvalue
problem with the generic form s,(z)e“*. The instan-
taneous flame position is at

z=f=¢fi =fi, e

The stand-off distance h can be determined by integ-
rating the steady-state forms of egs (9) and (10) across
the flame sheet:

1—8,
1“0’,-

ex,—h =

(35)



In Fig. 1 the stand-of distanceis plotted as a function
of 8, for different methane fractions (parameter values
as listed in Table 1). For some of the values of h there
are two 8, values. Lower inlet fuel concentrations
have larger stand-of distances. The curves show an
increase as the adiabatic value is approached and
h- oo when §— 1, indicating that the adiabatic
value can only be reached when the flame is infinitely
far away from the heat sink (burner face).

3.1. Uncoupled problem
The eigenvalue problem [O(g)] associated with the
uncoupled equations (6)-10) is

m,8, + m,6, = p, (36)
wom, + dimu, + myuy) -0 (37)
dz
d du, d
m, |:a)u, + uo%} + (myu, + moul)—alé— + 1,% =(
(38)
dy, dY
om, Yy + (muy + mu,) — + =« !
dz dz
1 d?v,
- 39
Le dz? 39
dg, d?o,
Nolij = . 4
m,a)l-i-xdz 42 40)

Fig. 1, Stand-of distance (h).

Table 1. Properties for methane combustion

Item Units Vaue
Cp, J/mol K 40

E J/mol 130,000
AH J/mol 8 x10°%
k, W/m K 0.15

k, 1/s 1.8 x 108
R, J/mol K 8.314
pr kg/m? PM/R,T

At the flame sheet the following continuity and jump
conditions hold:

[6,]=0 41

[Y,]=0 (42)

[%%l}ﬁ-(l —0")1[:%:0 (43)
dy, w07

|: P J = atFLez—gg (44)

(] =0 (45)

[m]=0 (46)

It follows from the equation of state and continuity of

uy, and m, that p, is also continuous. At the inlet.
» = — h, the boundary conditions become

6, =0 (47)

1 dY,
Y, — — =0, (48
! % Le dz (48)

Upstream. the eigenvalue problem has variable coeffi-
cients which would require a numerical solution. If
m, upstream of the flame sheet is replaced by the value
at the flame sheet, my, it can be readily solved. This
simplification gives the same dispersion relation as
Margolis (1980). As a result of the density-weighted
axia coordinate, Margolis' result correspondsto ours
when a value of m, = m, is used. When a density-
weighted coordinate system is used, it is necessary to
assume that p2D and kp are constant in order to keep
the coefficients constant; the present approach only
requires that pD is constant.

It can be shown that the eigenvalues of the variable
coeflicient eigenvalue problem are bounded from
above and below by replacing the coefficient m,(z) by
m, and m,. Consider eqg. (39). At the critical point, the
real part of tu is zero. Two possibilities exist, the
imaginary part could also be zero or the imaginary
part could be non-zero. In the case of a principal
exchange of stability, w isidentical zero and the prob-
lem of a variable coefficient no longer exists(for z < /.
mu is taken constant). In the case of a Hopf bifurca-
tion, multiply eq. (39j with to* Y} (conjugates) and
integrate between z = — hand z =/~ If theintegrals
I, and |, are defined as follows:

dy,

I " rys| L 4, dz  (49)
= w —— —a—— |dz
! J,,, e dzf ~ ' 4z

(59

.
1, =j m,|Y|dz
h

one can write

In I, the positive real function|Y,]|is multiplied with
the positive monotone decreasing function m,. If
I, and I, denote the integrals of m,| Y| and m,| Y|



over the same interval. the following inequalities
result:

I,y>I,>1, (51)

and hence

lws| > || > |ws] (52)

The adiabatic value m, < min(m,)=m,, and Iif
m, would be used, the absol ute value of the eigenvalue
for —h <z 2= 0 will be overestimated.

The flame is located very close to the inlet of the
burner. The wavelength of the pressure perturbation
islargein comparison to the stand-off distance so that
it is assumed that the pressure between the inlet of the
burner and the flame sheet remains constant. If the
pressure is constant upstream of the flame sheet, then
p =0.

The upstream mass flux is also taken as constant
and these assumptions decouple the temperature and
species balances[egs (39) and (40)] from the rest of the
eigenvalue problem and allows the separate solution
of V.and Y both upstream and downstream. In par-
ticular?the solutions for 8, and Y are given by

01— = Ae}.,:ﬂu: + Be/ﬁ;:*—wr (53)
8 = Cehstor (54)
Yl_ —_ Dez‘,:+tut + Gev;:+wr t55)
Y{ =0 (56)
where
i1z = %(h + V) + 460'"b> (57
Le 4wm
Vy,2 =—2“<3¢Fi () + Ie h) (58)

and 4, is the root with the negative real part. Making
use of eqs (41)-(44), (47) and (48) and eliminating
coefficients A, B, C, D and G yields the following
dispersion relation:

— v [apLe — vy] €7 %" + vy[apLe — v, ] e ot
(apLe — v5) e 5% — (apLe ~ vy )e o

+ ipLe

e M — e (1 — 0,) (xr — 2y — 2py(1 — 0,)/267)

The particular solutions are given by

my, = Hel=tor (62)
pl+n — Je}'l:+“" (63)
uf, = Ket=rer, (64)

Thefunctions m{,, py, and u{, can be written in terms
of 8;. The homogeneous solutions for u;., m; and
pi are

uf, = Meh=tor 4 Nehstor (65)
+ 3 T -
leh = — _ﬂ Me/'.,:+a)z _ ﬂ-‘._NCZ‘:+wt
w + Up/l3 w + Uply
(66)
+ 3 4 -
Pr». = - po—/v:sn]\/[e/ﬁ:*wt . ﬂ;Ne},,:+mr
W + Uyl @+ Uy
{67)
where
X — 2pw + \/(25(Fco)2 — Aoeuy — 1) (pfw?)
434 = ]

2(xtptty, — %y)
(68)

Note: An eigenvalue problem can only be solved
within an arbitrary constant. In this study dl vari-
ables are scaled with respect to f;;.

3.2. Coupled problem

The coupled linear stability analysis problem con-
sists of the uncoupled equations (36)+40) with the
energy balance replaced by

dg, d*0, R dé, dmy
1 = - L4 1),
mywly + = 12 + ) m, e + U, dz

(69)

The continuity and jump conditions and the bound-
ary conditions of the coupled problem [egs (41}H48)]
hold, with an additional boundary condition at the

-
207 [(/11 = o — 2py(1 — 0.)/260) ™ %" + (ay(1 — 6,)/267) e~ "

The solutions for m; and 1, are found by means of
egs (36) and (37) as

'"1_ _ rg‘i (Ae).,:+wr + Bei,:+wt) (60)
uy = g”: (Aghswur + Behsror), 6D
The downstream pressure perturbation. p;, is not

identically zero. Since the downstream temperature
perturbation is solved first, it becomes a non-homo-

geneous function in the eigenvalue problem (36)~(38). @ \+ Cheletor

+ xp(l — HH)J (59)

burner outlet,z=L — h:

dé,

dz =0

(70)

Note that the solutions to the coupled problem are
distinguished from the uncoupled problem by the
superscript *. Thesolutions for 8% and Y% are given by
(71)

3,2+ wt

o X IO Dk 44,0 ot
= A*e B*e

ot
gt = Crenssory oy ¥ Cle

(72)



YT" = D*eu|:+wt + G* ev;:+wr (73)

Y+ =0 (74)

where 4, , are given by eq. (57), v, , are given by
eg.(58)and §, ,. 3 yarefound by solving the following
fourth-order polynomial:

. R .
3,0 — [29,,11,, + %y 2%p + — u,?:| 33
CP

3R
+ [21;9(,11,, - (x,m,, +— uf)w — 9,,(0{'52
C,

3R -
+ [(w + 2 apf,00 — — u,,wz} 3
CI’

+(my0, + Nw? =0. (75)

The solutions for the upstream density and velocity
perturbations are given by

N,

mT“ — ___’9_1(14* ei,:+wr +B* e/‘.z:+wt) (76)
ut” =£li:(A*e"":+“’t + Brehtery (77)
Using egs (36)-(38) we can write
m, %, 6°
nk*t = ‘ _ g*+
m ((a) + u,0)% — 0,,3(1()2> !
¥+ moila% * a0zt wr
i ((a) s — 6,000 ) 1€
m"xléé eﬁ z+wt
(b2 — 02,03 )T
maxl()l‘:
+ C* dyz+ ot
<((j) + U,,() ) - 0 135 >
+ myx163% > JRRTPS (78)
((m Ll,,b.g, -8 1153
and
St = 2, 0{w + u,d) ot
0,216% — (0 + u,/)?
210 (@ + uydy) .
x + — C* &,z +wrt
. <9,,115% (@ + ua)? ) ie
A102(@ + U,0,)
+ ~ *eol-+wr
(90110% —(Fu?)
1153((1) + u053) C eé)-+mr
0,203 — (@ + upi)?) >
%04 + upda) -
+ . n gt e, 79
<90110§, —(w+ 140/.)2) * (79)

Using egs (41)}48) and (70) and eliminating coeffi-
cients A*, B*, C¥, C%, C%,C¥, D* and G* yields the
coupled problem dispersion relation. The dispersion
relation is very lengthy and is not given here.

4, RESULTS AND DISCUSSION

The basic solution is stable for flame temperatures
between the adiabatic temperature T, (upper open
boundary) and the critical bifurcation temperature
T. (lower bound). The dimensionless critical bifurca-
tion temperature is denoted as 6..

In Fig. 2. B, is plotted as a function of the inlet
burner temperature for Le = 1.5 and Le= 25. The
curvesare for an inlet fuel fraction of 6%. For the case
where Le = 2.5 results are shown for both the coupled
and uncoupled model. It isevident that the uncoupled
model exhibits much the same behaviour as the
coupled model. The uncoupled model resultsin slight-
ly lower critical temperatures. No solution was found
for Le= 15 with the uncoupled model. For the
coupled model however, a solution was found for
Le = 1.5, which indicates that the flame can become
unstable at this lower Lewis number. It is important
to note that the uncoupled model does not predict
instability for Lewis numbers lower than 2, but with
the uncoupled model we see a definite range of inlet
burner temperatures where the flame becomes un-
stable at a Lewis number of 1.5. The range of inlet
burner temperatures is smaller than in the uncoupled
case, and rangesfrom T,,= 400to0 460 K. Also evident
isthat lower burner temperatures have higher critical
temperatures. Since the adiabatic temperature de-
pends on the burner temperature, the stable region is
decreased when the burner temperature is lowered.

Figure 3illustrates the effect of inlet fuel fraction on
the critical temperature. The burner temperature is
470 K and the uncoupled model was used. The lower
Lewis number has a larger region of stability, i.e. the
region between the adiabatic temperature (8, = 1)and
the critical bifurcation temperature B, The region of
stability is increased with an increase in fuel fraction.
It is stable over a smaller range of inlet fue fractions
than for Le= 25.

Thefrequency of the oscillation at the Hopf bifurca-
tion point is shown in Figs 4(a) and (b) for both the
coupled and uncoupled models, and a Lewis number
of 2.5. It is presented in Hz and note that the valueslie
in the audible range. At low inlet fuel concentrations

0.950

0.900 |

0.850
o
B . ﬁ&

000 = L unstable

&\ ——— Le=2.5 - uncoupled
e [ unstable i\'\ ''''''' Le=1.5 - coupled
\\_ ------- Le=2.5 - coupled
0.700 .
400 450 500 550 600 650
T, K]

Fig. 2. Critical temperature (6% methane)



the frequencies are low as well, but it increases as the
fuel concentration is increased from 3 to 8%. This
sensitivity is ideal for control applications. The fre-
guencies are much higher for the lower burner tem-
perature (T, = 470 K).

0.950
0.900 -
0.850 |-
0.800 - T
(33 L
el
0.750 -
0.700 |-
0.650 [~
0.600 : | " 1 ' 1 L £ 1 | L I .‘ 1
40 45 50 55 60 65 10 75 80
y [%]
Fig. 3. Critical temperature T, = 470 K.
12000 L
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P
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2000
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Fig. 4(a). Frequency o flame oscillation T,,= 600 K.
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20000 -
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~
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Q
o
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=
g 10000 -
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Fig. 4(b). Frequency o flame ocillation T, = 600 K.

In Fig. 5 the frequencies are shown for the coupled
model and two burner temperatures (L ewisnumber of
15). The frequencies are much lower for this Lewis
number. Higher burner temperature results in much
lower frequencies—for a fud fraction of 6% increas-
ing the burner temperature from 450 to 470 K de-
creases the frequency from 210 to 75 Hz.

In Figs 6 and 7 the pressure perturbation is shown
in the vicinity of the flame sheet and far downstream,
respectively, for the uncoupled model. The particular
part of the solution decays very rapidly downstream.
In Fig. 6 the variation in the flame position is shown
over one period. Close to the flame the particular
solution determines the pressure variation but it ap-
proaches the value of the homogeneous solution after
a few length scale units. The spatial behaviour of the
homogeneous solution is nearly periodical, but the
wavelength is quite large on the dimensionless length
scale. Therefore, a dimensional scale is used in Fig.
7 to show the behaviour far downstream for the di-
mensionless times shown. A standing wave pattern
develops with fixed nodes. However, there is modul a-
tion of this wave pattern. Due to the large value of

250 —
———— To=450 coupled
00 N T To=470 coupled
i 150
>
(53
2 L
@
=
g 100 - T -
2 “«
[t -
50
0 R T T T P
4.5 5.0 5.5 6.0 6.5 7.0 7.5 8.0
y [%]
Fig. 5. Frequency d flame oscillation Le= 1.5
2.0 ‘
\
1.0 ~
+
& 0.0 -
1.0 r
-2.0 * : :
-4 (] 4 8 12

Fig. 6. Pressure perturbation (p;) far downstream
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Fig. 7. Pressure perturbation (p;) for smaller =,

x, for typical subsonic flames, it follows from eq. (68)
that the roots /5, , are pure imaginary and they are
not complex conjugates. When x; is decreased, the
difference between the two roots become bigger and
the modulation becomes more pronounced.

If the viscosity term isincluded in the momentum
balance, eg. (38) becomes

+ duy ny N )du(,
my| wu Uy —— myl, + myu
! dz ! Y dz
dp; d?u,
+ %, — = Pr
'z d-

where Pr denotes the Prandtl number uC,/k.. Aswas
shown before, the particul ar solutions areonly signifi-
cant close to theflame sheet. However, the homogene-
ous parts of uf, m{ and p{ are affected by the
viscosity term. The characteristic equation, whose
roots are shown in eq. (68), now becomes a cubic
polynomial with complex coefficients;

(= Pru)i® + (xpu; — Prw — ap)s?
+ 2wxpi + 0?m) =0.

The third root has a large negative real part, but the

other two roots are very close to the roots of eq. (68).

Theimportant role of the Pr number isto change the
roots from pure imaginary values to complex roots
with non-zero real parts. Although one of the roots
has a very small positive real part, this term now has
the ability to amplify as z increases. It must be kept in
mind that a length scale based on the thermal length
has been chosen, this length has typical values of
10-'m. If downstream distances of 50-100cm are
considered, the dimensionless values become large
and the productsof these values and the small positive
real part could become significant.
Thisanalysislays the basis for a control strategy of
flames, based on acoustic perturbations which devel-
op downstream of the flame. It has been shown that

the acoustic perturbations can be driven by a flame
instability, without any external forcing involved. The
frequencies of the perturbations have been reported
for typica parameter values. The frequencies vary
over a large range when the inlet fuel concentration is
varied. When viscosity is considered in the analysis,
the pressure perturbation can be amplified. Increased
adiabatic flame velocities lead to smaller x; values
and stronger modulation and amplification.

Acknowledgement
The authors gratefully acknowledge the financid support
d the Nationd Science Foundation through grant CTS-
9308813 and OSR-95-952250 as well as the Center for Ma
terials Research and Andysisat the University of Nebraska-
Lincoln.

NOTATION

C concentration
C heatcapacity
D diffusion coefficient

rcke ™ 1%
=

E activation energy

f instantaneous flame sheet position

AH heat of reaction

h distance between burner and flame sheet
k frequency factor

ke thermal conductivity

L

L

tube length

e (=x/D)
m dimensionless density
M molar mass of air
p dimensionless pressure
P pressure
R, molar gass constant
R, mass gass constant
t time
T temperature
T. critical bifurcation temperature
u dimensionless gas velocity
U gas velocity
U, adiabatic flame velocity
x axial variable
y molar fuel fraction
Y dimensionless mass fuel fraction
z dimensionless axial variable
Greek letters
XF dimensionless flux moti,
1 (= RuT4/U2)
7 (= E/RnT4)
OF Kronecker delta function
0 dimensionless temperature
B dimensionless temperature at flame sheet
0. dimensionless temperature at burner
K (= ke/paCp)
P density
T dimensionless time
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