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Quantum entanglement of anisotropic magnetic nanodots

Ralph Skomski;? Andrei Y. Istomin} Anthony F. Staracéand D. J. Sellmyér?
1Department of Physics and Astronomy, The University of Nebraska, Lincoln, Nebraska 68588-0111, USA
2Center for Materials Research and Analysis, The University of Nebraska, Lincoln, Nebraska 68588-0111, USA
(Received 20 February 2004; published 8 December 004

Anisotropic magnetic nanodots are promising physical realizations of qubits for quantum computing at finite
temperature owing to their well-separated low-lying energy levels and scalability. The entanglement of two
interacting magnetic nanodots is investigated and shown both analytically and numerically to be resonantly
dependent on their interaction strength and on differences in their properties. These results provide criteria for
fabricating and coupling magnetic nanodots so that their low-lying eigenstates can be significantly entangled.

DOI: 10.1103/PhysRevA.70.062307 PACS nuniber03.67.Mn, 75.10.Jm, 85.35.Be

Recently [1], mesoscopic magnetic particles have been We consider two nonequivalent interacting magnetic nan-
analyzed as potential qubits for guantum computing and theiodots or clusters with total spirandS'. Fabricated meso-
properties have been compared to DiVincenzo's critf?ia  scopic objects tend to have imperfections, and it is important
for practical quantum computing devices. These nanometeto understand the effects of their nonequivalence on the sys-
sized particles have large magnetic moments, making them@m's quantum properties. As we shall show, small differ-
easier to produce and to measure than other spin-based Sygces in the properties of the nanodots can have a major
tems. They also have well-spaced energy levels owing t@ffect on the extent to which they can be entangled. The spin
their intrinsic magnetocrystalline anisotropy, making themmagnitude§ andS' are proportional to the dot size and can
feasible for quantum computing at temperatures of the ordef 5 pe written a$=NS andS =N'S}, whereS, andS;, can
of 10 K. Self-assembly of magnetic nanostructures has be e interpreted as the numbers of spi1ns per ator\aaddN’

shown to be a viable fabrication techniq[®. In addition, /
networks of single-domain magnetic nanodots have beeﬁsetiiizzrgl;?rjrﬁz 33?;5%%055)&?0:?’5?&”%3 ‘;ﬁ_

shown experimentally to be capable of performing logic op- Iy .

erations al? room temyperature apnd to haR/e signifigantgadvlrjlrll’—meS d|v]ded by _the unit Vomm)e' I

tages over current microelectronic technolog). While We write the single-dot spin Hamiltonian &8

magnetic fields can be used to control the state of a single KN -~ .

magnetic dot, pairwise entanglement of such dots is essential Ho=- -5 (352- ). (1)

to construct two-qubit quantum gat¢S]. However, such 3S

pairwise entanglement has not yet been analyzed in detail.The unjaxial anisotropy consta#t, [measured in tempera-
We examine here the entanglement of a pair of nanomagyre ynits(K)] reflects the chemical composition and crystal

nets and its dependence on the magnitudes of their intrinsig,cture of the dot§9]. Since the anisotropy energy can be

spins, magnetic anisotropy parameters, and exchange COliitten asE(S,=0)-E(S,=9=KN, K, is equal to the an-
pling J.'We show that the pairwise entanglement of ferro'isotropy energy per unit volume. The energy difference be-
magnetic nanomagnets is maximal in two casgsvhen the _tween the lowest two eigenvalues of Hd)—i.e., E(S,=S
nanomagnets have identical properties—i.e., identical Spm§l)—E(SZ—S) is K ,N(2S- 1)/ S—thus allowing 0;1e to con
=9), " - -

and magnetic anisotropies—and) when their exchange trol the energy level spacings by adjusting the dot parameter
coupling parametel is given by the ratio of the differences K,. Since we consider two different dots, we must deal with

of their magnetic anisotropies to the differences of their

spins. (Practical means for tuning are discussed below. tW(?rﬁgtiN(Z)f g;rsag]ritirosua?eddubnegu:éilsgr?llasfa}?ngséxchan e
The pairwise entanglement of two mesoscopic magnets de- P y 9-yp 9

creases signficantly when their properties do not satisfy theslgteractlon characterized by the coupling constarithe to-

conditions. Such behavior is very different from the pairwisetal two-dot Hamiltonian is then
Eag}t)anglement of pure Heisenberg spin systasee, e.g., H:HO(KU,N,é)+H0(K[,,N’,é’)—J§-é’. 2)

A magnet possesses a magnetocrystalline anisotropy if itfhe exchange interaction may originate from various physi-
magnetic energy depends upon the angle between its magneal mechanisms—e.g., from the net Ruderman-Kittel-
tization direction and the crystal axes. Since the magnetoKasuya-YosidgRKKY) interaction with a nonferromagnetic
crystalline anisotropy necessarily involves spin-orbit cou-metallic substrate or mediuf®,10—or it may be realized
pling (in addition to crystal-field interactions and to by means of a nanojunctioe.g., a ferromagnetic wire
interatomic exchangeone may exploit the strong spin-orbit bridging the dots and having a diameter of a few interatomic
interaction in many heavy metal atoms to tune the anisotropgistances yields an effective exchange coupling that depends
over several orders of magnitud&,8]. For example, the on the wire’s length and cross sectional area as proposed
low-temperature anisotropy field of certain rare-earth comin [1], by coupling neighboring magnetic dots through induc-
pounds is about 50 T. tive superconducting loops, where the couplindepends on
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FIG. 1. Schematic of the low-lying basis states of two inequiva-
lent nanodots coupled bga) ferromagnetic andb) antiferromag-
netic couplings. The arrows denote single-dot spins; |B=S
states andS,|=S-1 states are denoted ) and|1), respectively.

the current induced in the loop by one spin and the field\=1000.
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FIG. 2. Energy eigenstates of two interacting magnetic nan-
odots, considering, respectively, only the two and four lowest-
energy levels in each dot. Curves in bold represent energy eigen-
values occurring in both the two- and four-level approximations;
curves of regular thickness correspond to those occurring only in
the four-level approximation. The fixed parameters &eS)=1,
N’=1100, andK,=50 K.

produced at the site of the other. A key point is that these

means of introducing coupling allow one to control the value 0 0 0 0

of J, which facilitates realization of two-qubit gates, as dis- 0 Q +JS ~J3ss o

cussed in11]. Hew = — (4)
We are primarily interested in the entanglement of two 0 -Jys8 Q+JS 0

interacting magnetic nanodots at relatively low temperatures 0 0 0 S

as physical realizations of entangled qubits. Despite the fact

that the energy spectrum of each dot comprises a ladder @nd

states, we consider only two states per dot: the ground state —

|0) and the lowest-lying excited stat&). Excitations with 0 0 0 -Jyss

higher energies are important at high temperatures and in 0 Q' +JS 0 0

some external field regimes; these corrections are estimated Harm= 0 0 Q+JS 0 (5

below and shown to be unimportant for the parameters con- —

sidered here. -ss 0 0 D

The physical nature of) and|1) depends on the values
of the parameters involved. There are two main cases: ferr
magnetic(FM) coupling, for whichJ> 0, and antiferromag- L ,
netic(AFM) coupling, for whichJ<0. In our model, the two The two-level approximation that we use in the present
cases must be treated separately. For simplicity, we assuriféPTk—i-€., taking into account only the two lowest-lying
that the spin componeis, of the first dot is positive, so that €VeIS in each of the quantum datso that our system has
the stated0) and |1) have the quantum numbe8=S and onIy_four.ene.rgy g|genst§1t)95requwes.just_lflcauon. This ap-
S,=S-1, respectively. For the second dot, the respectivé’rOX'mat'on is valid provided that takl_ng into account hlg_her
quantum numbers are eith8f=S' andS,=S -1 (FM cas@ excited states of each dot does not introduce any additional
or S,=-S andS,=-S +1 (AFM case. The two-dot wave energy eigenvalues of the two-dot system between the

function can be written in the Schmidt basis as lowest-energy eigenvalues of our two-levglibif) approxi-
mation; also, the higher excited dot states should not signifi-

cantly shift the lowest eigenvalues of our two-dot system. In
order to check our two-levehubit) approximation, we have
performed two additional sets of calculations, taking three
and four levels into account in each of the dots. The three-
i ) level approximation results in nine energy eigenstates, while
where |ab)=|a) ®[b). The state|s)) is pure and, in general, the four-level approximation results in 16 eigenstates. In Fig.
entangled. Well-known examples of entangled states are the e compare the calculated energy eigenvalues in the two-
four maximally entangled Bell states, which are proportionalyng four-level approximations as functions of the anisotropy
t0 [00)[11) and|01)%[10). In Fig. 1 we illustrate the physi- narameter of the second ddt!, when the first dot has the
cal meaning of the quantum states for both the FM and AF arameterK,=50 K. As one sees, in the range of 25 K
cases. _ S _ <K/,<100 K, inclusion of higher excited dot states does not
The matrix elements of the Hamiltonian in E®) in jniroduce any additional energy eigenvalues below the three
terms of the Schmidt basis are easily obtained by using thg,yest-energy eigenvalues corresponding to our two-level
raising and lowering operator§, =StiS, andS,=S +iS|.  approximation, and all energy eigenvalues of the two-level
Taking (O0H|00) as our zero-point energy, the respectiveapproximation are essentially unchanged in the four-level ap-
Hamiltonian matrices for the cases of FM and AFM cou-proximation. (Similar results are found for the three-level
plings are case) As our results below focus on the system’s ground

Jiere Q=KN(2S-1)/2, Q'=K/N'(2S'-1)/S'?, and2=Q
+Q'+(S+S'-1)J.

|4) = a|00) + B|01) + 4{10) + &11), ()
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state and two lowest excited states, especially in the region
K=K, the results shown in Fig. 2 justify the use of our
two-level approximation for qubits.

Several measures of entanglement for two-qubit systems
have been proposed and analyZ&8-16. We use here the
measure of entanglement termedncurrence[12,13,17,
which is closely related to the entanglement of formation
[12]. For a two-qubit system described by the density matrix
p, the concurrence parameteiis defined as follow$12,17:

Concurrence

— — — —
C=maxyA;{— VAo — VA3 — VA4, 0), 6
(A1~ VA2~ VA= Vhe0) ©® 0 50 100 150
where\; (i=1,2,3,9 are eigenvalues of the operator Anisotropy of the second dot X7, (K)
R=p(oy ® ay)p* (0, ® 0y), ) FIG. 3. Concurrence of the lowest-lying entangled states as a

o function of the anisotropyK|, of the second dot. The solid and
which in Eq. (6) are ordered so that;=A,=X3=N\4. FOI  gashed curves denote the concurreGictor the cases of FM and
the pure statgy) in Eq.(3), a simple expression f& can be  AFMm couplings, respectively, for several valuesldf (1) 0.005 K,
obtained[18]: (2) 0.01 K, (3) 0.025 K, (4) 0.05 K, and(5) 0.1 K. The fixed pa-

rameters ar&=S),=1, N=1000,N’=1100, andK,=50 K. A reso-
C=2aé- Byl ®) nancelike bfﬁavsi())r of concurrence is seen for Lémall valuekfof

We consider first the case of FM couplifief. Fig. 1(a)]. the case of FM coupling, in contrast to the case of AFM coupling.
The ground stat¢00) is separable. The first and second ex-
cited states are given by superpositions of two Schmidt basis In the antiferromagnetic case, Figibl, the ground state
states, is |00y with some admixture of1l) and is thus generally
entangled, whereas the first two excited states are the unper-

[42) = cos6|01) + sin ¢110), ©) turbed separable statfl) and|10). The concurrence of the
. AFM ground state is
|y = sin 6|01) — cos6|10), (10)
and are generally entangled. Hefidés a mixing angle that ___2Jyss (16
depends or§, S, Q, Q’, andJ. By diagonalizing the inter- V32+4)°SS

action matrixHgy,, one obtains
One sees thaC decreases monotonically as the anisotropy

tang=x - 1+y% (11) parameterK/, increasegowing to the dependence &f on
K.).
_Q-Q-JS-9 (12) Figure 3 shows the concurren& as a function of the
X= 20\Jss ' anisotropy parametek|, of the second dot for the FMJ

. >0) and AFM (J<0) couplings, for several values &|.
For the stategy/s ) in Egs.(9) and(10) the concurrence has gigyre 3 shows that the larger the valuedofthe greater is

a very simple formC=|sin(26)|, which yields the entanglement as measured by the concurrence. However,
=y because large couplings may lead to significant decoherence
2J\SS 4 ) o
C=- , — (13)  effects (as discussed belowexperimental realizations are
V[I(S-9)-(Q-Q")]*+4)°sS restricted to employing only small values af As Fig. 3

shows, for small values af only the FM coupling results in

For nonequivalent dotéhe typical casg nonzero values of sub_stgntially entanglgd states. In fa_ct,.the FM entanglgment
the termsS-S' andQ—-Q’ in the denominator allow one to exhibits a resonancelike behavior with its peak located in the

maximize the magnitude of the concurrence by adjusting th¥iCinity of the avoided crossingnear K, ~50 K) between
dot parameters. Specifically, for a given set of parameterd!® Second and third energy levels shown in Fig. 2. The
=%, N, N'=N+AN, K,, andK/=K,+AK,, the value ofJ width of the peak depends on the interaction strength: as the
I ) ’ ur u u ur
that makes the concurrence of the first two excited states dfalue of the exchange parameﬂad_ecre_ase_s, the peak nar-
the FM system equal to unity is rows. For small values o, a key implication of Fig. 3 is
that in order to realize significant entanglement of two FM
1= Q-Q' _ i( AK, _ NAK, - K,AN nanodots one must be able to fabricate them with similar
S s-5 &

AN %NAN(NJ,AN))' (14) properties. Maximally entangled states may be achieved in
If (AN/N)<1 and 1{2N§) <1, the desired value of the tical properties oxii) the properties of the fabricated dots

One observes that for dots with identical properti€s; 1.

either of two casegqi) the dots must be fabricated with iden-

coupling constant is given by (i.e.,N, N’, K, K/, andJ) must satisfy the resonance condi-
1/ AK. 1K' tion _in Eq. (14). By appropriately tun_ingJ, reglizat_ior_n of
J=~ _<2 u, __;) (15) maximum entanglement for dots fabricated with similar but
S\ AN N not necessarily identical properties should be possible. In
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contrast to the FM case, the concurrence of the ground staten upper limit for the achievable temperature is several tens
in the AFM case exhibits a monotonic decrease Wifh as  of kelvins in high anisotropy systems wit,>10 MJ/n?.
shown by the dashed lines in Fig. 3. _ Such high anisotropies can be realized by exploiting the
Strong interdot exchang@e., largeJ) is undesirable for  strong spin-orbit coupling ofd} 5d, and 4 electrons, both in
two reasons. First, since dynamical manipulation of eNpulk [7,20) and in nanostructurg®0,2. Note that the typi-
tangled qubits may be realized using relatively weak time<. 3y anisotropies(exploited in [22]) are much smaller:
dependent magnetic fieldgvhich are not considered héye gbout 0.05 and 0.5 MJ/frfor Fe and Co, respectively.

the interdot coupling strength should be comparable to th | lculati indi h
magnitude of the interaction with such fields. Second, strong " summary, our calculations indicate that magnetocrys-

interdot coupling may lead to spin flips inside the dots so tha alline anisotropy and the Heisenberg exchange interaction
SandS are no longer good quantum numbers, thereby intan be used to realize significantly entangled states of meso-
validating our model. scopic ferromagnetic dots at relatively high temperatures.
The intradot exchange coupling, however, should be sufThe nanodots can be produced by advanced processing
ficiently strong to ensure that the single-dot quantum nummmethods, and the dot parameters, such as size, magnetocrys-
bersSandS' are well defined. This requires the suppressiontalline anisotropy, and interdot coupling, can be used to con-
of multiplet excitations(spin wave$ inside the dots. The trol the entanglement. Explicit expressions for the entangle-
energies of the lowest-lying spin-wave states scale agent have been presented, and the conditions for obtaining
A&’/L? whereA is the exchange or spin-wave stiffn88  maximal entanglement have been specified. The effects of an
of the dot materiala is the interatomic distance, amds the  external magnetic field will be presented elsewhere.
dot size. For typical materialgl9,2Q and for temperatures
significantly higher than 10 K, the maximum dot size should This work has been supported in part by the Army Re-
therefore not exceed a few nanometers. In larger dots, lowsearch Office, the Department of Ene(@jivision of Chemi-
lying spin-wave excitations have energies comparable to theal Sciences, Geosciences, and Biosciences and Division of
eigenvalues oflry, andHagy in Egs.(4) and(5). Materials Science the W. M. Keck Foundation, the National
The maximum temperature at which the magnetic dotsScience Foundation Materials Research Science and Engi-
can be used as qubits is governed by the energy level spageering Center Program, and the Nebraska Research Initia-
ings of the dots. These in turn are determinedkgyandK,.  tive.
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