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ON CERTAIN BASIC SERIES
JOHN A. DAUM

1. Introduction. The identity
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OI> { + +o } 2
n—l(l—q”) l—g¢ 1-¢ =g Si-g
was deduced from arithmetical considerations by E. T. Bell. About
five years ago, W. N. Bailey! proved the relation
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from which he obtained (1) by differentiating with respect to z and
then putting z=g. A short time later Hall? gave an alternate proof of
(2) by simply specializing the parameters in a relation between basic
series.?

Since Bell’s identity (1) leads to interesting arithmetical results, it
would be desirable to obtain as many more similar relations as possi-
ble. Hall’s paper, as well as Bailey’s, seems to indicate a connection
with certain formulae in basic series. The identity which Hall em-
ployed to obtain Bailey’s relation is the basic analogue of but one of
many identities involving the series 3/, which were proved originally
by Thomae?* and later classified by Whipple.?

The object of this paper is to investigate the possibility of systemat-
ically obtaining new results similar to Bailey’s by employing the com-
plete set of basic analogues of Thomae's two-term transformations.

"z

)

2. The basic analogues of Thomae’s relations. We first establish
the complete set of basic analogues of Thomae’s relations, using a
notation analogous to that used by Whipple.

Let I=(a, b, c, d, e, f) be a matrix whose elements form an arbi-
trary permutation of the integers 0, 1, 2, 3, 4, 5 and let 74, 74, #¢, 7a, 7o,

7y be six numbers such that their product is unity. Define parameters
A and B by

' W. N. Bailey, An algebraic identity, Journal of the London Mathematical So-
ciety, vol. 11 (1936), p. 156.

2 N. A. Hall, An algebraic identity, ibid., vol. 11 (1936), p. 276.

3 W. N. Bailey, Generalized Hypergeometric Series, Cambridge Tract, no. 32, p. 65.

¢ J. Thomae, Journal fiir die reine und angewandte Mathematik, vol. 87 (1879),
p. 26.

8 F. J. Whipple, Proceedings of the London Mathematical Society, vol. 23 (1925),
p. 104,
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Aupw = rurvrwany i q| <1; Buy = fuq/fv;
and functions ®p and ®» by

1 A gvey Acvey Arve; Aaer
®p(a; b, c) = ) ,
Q(A def)Q(B ba) Q(Bca) Bbay Bca
1 Aa (2] Aa yAae ;Aac
®n(a; b, ¢c) = 3 2[ ’ v ! b],
Q(Aabc)Q(Bab)Q(Bac) Bap, Bac
where®
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and?
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Considering all possible matrices I, it is possible to form 60 ®p’s and
60 ®Pn’s.

There are 90 fundamental relations between certain pairs of the

functions ®p. The proof of these relations, which can all be written
in the form

©)] ®p(a; b, ¢) = ®p(a; d, e),

is almost identical with that of the original case as given by Bailey,?
subject to certain analogous conditions. The only essential difference
is in the replacement of the gamma-function throughout by the modi-
fied Heine omega-function.

The 90 identities (3) are all equivalent in the sense that any one
of these identities may be obtained directly from any other by proper
determination of the 7’s. The corresponding relations involving the
functions ®# are all equivalent to those involving the ®p’s—one set
being obtainable from the other by replacing the #’s by their recipro-
cals.

As an example of the use of relations (3), consider the identity

®p(0; 4, 5) = 2p(0; 2, 3),

where

¢ W. N. Bailey, Generalized Hypergeometric Series, Cambridge Tract, no. 32, p. 65.
7 N. A. Hall, loc. cit.

8 W. N. Bailey, Generalized Hypergeometric Series, Cambridge Tract, no. 32, p. 14.



1941] CERTAIN BASIC SERIES 783

Aus = a, Aus =P, Asss =%, Baw =20, Bso=¢ A= 56/“67-
We obtain the identity

® [a,B,v;ﬁe/aﬂv] _ 200 (e)Q(de/aBy)
e 5, € Q) 2(5e/aB)(de/ay)
[6/01, e/a, de/afy; a:l
3Py )
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which was used by Hall to obtain Bailey’s identity (2).
For a fixed value of a (3) represents 15 identities between certain
of the functions ®p(a). For a =0, these identities are

®p(0; 4, 5) = @p(0; 2, 3) ®p(0; 1, 5) = &p(0; 2, 3)
= $p(0; 1, 3) = &p(0; 2, 4)
= ®p(0; 1, 2), = ®p(0; 3, 4),

®p(0; 3, 5) = ®p(0; 1, 2) ®p(0; 1, 4) = 2p(0; 2, 3)
(4) = ®p(0; 1, 4) ®p(0; 2, 4) = 2p(0; 1, 3)
= ®p(0; 2, 4), ®p(0; 3, 4) = 2p(0; 1, 2),
®p(0; 2, 5) = 2p(0; 1, 3)
= &p(0; 1, 4)
= ®p(0; 3, 4).
From this, it is clear that we have a second set of identities of the form
(5) ®p(a; b, c) = Pp(a; b, d)

subject to certain conditions obtained from those applied in proving

(3). Relation (5) represents 180 equivalent identities. Typical of re-
sults obtained are

©) 3@2[01,#3,7;36/0:6’)’]_ Q(8)Q(e) Q(8¢/aBy) é[e/ﬁ, e/a,v;é/v]

5, € B Q(de/aB)Q(e) 28/ 7) e de/af, €
and
q) [56/04;37, §/a, e/a; a] _ Q(d¢/ary) e/ aB) Ue)
o L dlanoed 2(3¢/B7)2(0¢/aB) ()

[Be/aﬂ'y; 8/8, €/8B; B]
-3P2 .
d¢/By, de/af
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It is possible to obtain Bailey’s identity from either (6) or (7).

3. Conclusion. This classification of the basic analogues of Thomae’s
two-term relations indicates, then, that out of the entire set of identi-
ties, only two are essentially distinct. Any further results can be ob-
tained from this source only by specialization of the parameters in
Hall’s identity or in relation (6) or (7).

Analogous statements can be made concerning the corresponding
relations between the generalized hypergeometric functions 3F; as
given by Whipple.
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