
University of Nebraska - Lincoln University of Nebraska - Lincoln 

DigitalCommons@University of Nebraska - Lincoln DigitalCommons@University of Nebraska - Lincoln 

Ralph Skomski Publications Research Papers in Physics and Astronomy 

June 1998 

Finite-temperature behavior of anisotropic two-sublattice Finite-temperature behavior of anisotropic two-sublattice 

magnets magnets 

Ralph Skomski 
University of Nebraska-Lincoln, rskomski2@unl.edu 

Follow this and additional works at: https://digitalcommons.unl.edu/physicsskomski 

 Part of the Physics Commons 

Skomski, Ralph, "Finite-temperature behavior of anisotropic two-sublattice magnets" (1998). Ralph 
Skomski Publications. 24. 
https://digitalcommons.unl.edu/physicsskomski/24 

This Article is brought to you for free and open access by the Research Papers in Physics and Astronomy at 
DigitalCommons@University of Nebraska - Lincoln. It has been accepted for inclusion in Ralph Skomski Publications 
by an authorized administrator of DigitalCommons@University of Nebraska - Lincoln. 

https://digitalcommons.unl.edu/
https://digitalcommons.unl.edu/physicsskomski
https://digitalcommons.unl.edu/physicsresearch
https://digitalcommons.unl.edu/physicsskomski?utm_source=digitalcommons.unl.edu%2Fphysicsskomski%2F24&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/193?utm_source=digitalcommons.unl.edu%2Fphysicsskomski%2F24&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.unl.edu/physicsskomski/24?utm_source=digitalcommons.unl.edu%2Fphysicsskomski%2F24&utm_medium=PDF&utm_campaign=PDFCoverPages


Finite-temperature behavior of anisotropic two-sublattice magnets
Ralph Skomski
Department of Physics and Astronomy, University of Nebraska, Lincoln, Nebraska 68588-0111

The finite-temperature magnetism of rare-earth transition-metal intermetallics is investigated by
extending then-component vector spin model to two-sublattice magnets. Mean-field analysis shows
that the influence of the rare-earth anisotropy on the mean-field Curie temperature is much smaller
than expected from the low-temperature rare-earth anisotropy. The use of ultraspherical polynomials
yields a generalization of the famousm(m11)/2 power-law exponent tom(m1n22)/(n21).
© 1998 American Institute of Physics.@S0021-8979~98!48811-X#

I. INTRODUCTION

Two-sublattice ferro- and ferrimagnets such as
Nd2Fe14B, Dy3Fe5O12, and SmCo5 are physically interesting
and technologically important materials.1–4 A particular fea-
ture of these materials is that their two-sublattice character is
associated with nonequivalent crystallographic sites.5–7 This
has to be contrasted to antiferromagnets having equivalent
sublattices.8,9 For example, the square-lattice Ising antiferro-
magnet can be mapped onto the square-lattice Ising ferro-
magnet by simultaneously changing the sign of the exchange
and reversing the spins of one sublattice.10

Rare-earth transition-metal compounds consist of
transition-metal and rare-earth sublattices coupled by a com-
paratively weak intersublattice interaction.3,11 For the late
iron-series elements the intersublattice exchange between
rare-earth and transition-metal spins is antiferromagnetic11 so
that, according to Hund’s rules, light and heavy rare earths
yield ferromagnetic and antiferromagnetic intersublattice
coupling, respectively.

Atomic anisotropy energies are small, typically of order
Ea /kBT'1 K, but due to interatomic exchange their influ-
ence on the magnetic properties is not restricted to low tem-
peratures. Note that the theoretical description of the finite-
temperature anisotropy of itinerant electrons is still in its
initial stage, whereas the Heisenberg-type magnetism of lo-
calized electrons is comparatively well understood. Here we
use a generalizedn-vector model to investigate anisotropic
two-sublattice magnets. Emphasis is put on two questions:~i!
the effect the two-sublattice anisotropy on the Curie tem-
perature, and~ii ! the finite-temperature behavior of the net
anisotropy.

II. MODEL AND CALCULATION

Then-component vector-spin orn-vector model~Fig. 1!
is defined in terms of quasiclassical local magnetization vec-
tors obeyings25s1

21•••1sn
251.9,12 This definition includes

the Ising model~n51, so thats5sez!, the planar model~n
52, s5syey1szez!, the classical Heisenberg model~n53,
s5sxex1syey1szez!, and the spherical model (n5`). The
n50 model is known as the polymer model.13 The n-vector
model is widely used to study finite-temperature
magnetism.9,12 For example, the critical exponents of the
spherical model are known exactly.9

To generalize then-vector model we have to introduce
separate transition-metal and rare-earth sublattice magnetiza-
tions s and S, respectively, so thats251 and S251. The
spontaneous sublattice magnetizations are then given by
M sT5sM0T and M sR5SM0R , where the index 0 refers to
the zero-temperature moment. Let us, for the moment, con-
sider the mean-field Hamiltonian

H52JTTsz^sz&2JRTSz^sz&2JTRsz^Sz&

2JRRSz^Sz&2KTsz
22KRSz

2. ~1!

For the materials of interest, the transition-metal intrasublat-
tice couplingJTT dominates the intersublattice exchange de-
scribed byJRT and JTR , whereas the rare-earth intrasublat-
tice exchangeJRR is negligibly small.KT and KR are the
lowest-order uniaxial transition-metal and rare-earth sublat-
tice anisotropy constants, respectively, and refer to the mag-
netic energy per atom. Due to the pronounced rare-earth
spin-orbit coupling,KR@KT for typical magnets. An excep-
tion are rare earths whose 4f electron cloud is spherical,
such as gadolinium. Note that puttingJRT5JTR5KR50 and
KT5KR50 yields, forn53, the well-investigated limits of
the anisotropic one-sublattice14 and isotropic
two-sublattice6,7 Heisenberg models, respectively.

The equilibrium behavior of the model Eq.~1! is given
by the partition function

Z5E 8 exp~2H/kBT!ds dS. ~2!

Here, the dash indicates that the conditionss251 and S2

51 restrict the integration to the surfaces ofn-dimensional
spheres. The thermally averaged sublattice magnetizations

FIG. 1. Spin configurations:~a! J55/2 Heisenberg model,~b! Ising model,
~c! planar model, and~d! classical Heisenberg model.
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MsT̂ sz& and MsR̂ Sz& and anisotropiesKT^sz
2& and KR^Sz

2&
are obtained by direct integration or, more conveniently, by
differentiating Eq.~2! with respect to^sz& and ^Sz&. The
resulting self-consistent equations are, in general, coupled
and nonlinear. Mathematically, the calculation involves sur-
face averages such as^zm&05*8zmdx/*dx. In particular,
^z2&051/n and ^z4&053/n(n12).

A. Curie temperature

In the vicinity of the Curie temperature it is possible to
expandZ into powers of the small quantities^sz& and ^Sz&.
As in the case of isotropic two-sublattice magnets,6,7 the de-
termination of the Curie temperature reduces to the calcula-
tion and diagonalization of a 232 secular matrix equation.
In the present case,

S ^sz&
^Sz&

D5S ATT

ART

ATR

ARR
D S ^sz&

^Sz&
D , ~3!

where

Aik5~Jik /nkBT!$11@2~n21!Ki #/@n~n12!kBT#%. ~4!

Neglecting JRR and taking into account the smallness of
JRT , KT , andKR , we obtain by eigenvalue analysis

Tc5TT1TRT
2 /TT1$2~n21!/@n~n12!kB#%~KT

1KRTRT
2 /TT

2!, ~5!

whereTT5JTT /nkB andTRT5AJRTJTR /n2kB
2.

The first two terms on the right-hand side of Eq.~5! are
well known and describe the isotropic transition-metal and
rare-earth contributions to the Curie temperature,
respectively.3,7 The third term on the right-hand side of Eq.
~5! is the anisotropy contribution toTc . We see that the
influence of the rare-earth anisotropy is smaller than ex-
pected from the value ofKR by a factorTRT

2 /TT
2, that is of

order 0.05 for iron-rich rare-earth intermetallics.
Note that the anisotropy of the ideally anisotropic Ising

model (n51) does not contribute to the Curie temperature,
but from the leading termTT5JTT /nkB we see that the Ising
Curie temperature is about three times larger than the
Heisenberg Curie temperature.

B. Anisotropy

Figure 2 gives a schematic idea of the temperature de-
pendence of the total anisotropy. Here we neglect the low-
temperature and critical limits~dashed lines! and focus on
the intermediate regimesT,TRT and TRT,T,Tc . In the
classical Heisenberg model, the temperature dependence of
mth-order anisotropy contributions is proportional to the
thermal average of the Legendre polynomials^Pm(Sz)&0 ,
where the index 0 refers to the isotropic Hamiltonian.14 For
the n-vector model we have to use ultraspherical polynomi-
als Pm

(n)(x).15 The first ultraspherical polynomials areP0(n)

51, P1(n)5x,

P2~n!5
1

n21
~nx221!, ~6a!

P3~n!5
1

n21
@~n12!x323x#, ~6b!

and

P4~n!5
1

n221
@~n12!~n14!x426~n12!x221#. ~6c!

For n52, the ultraspherical polynomials are also known as
Tchebicheff polynomials.

At low temperatures, the magnetization dependence of
the Heisenberg anisotropy constantsKm/2 is given by the
famous power-law K(T)/K(0)5(Ms /M0)m(m11)/2 ~Ref.
14!. For example,K1(T)/K1(0)5(Ms /M0)3. Let us now
generalize this power law to arbitrary spin dimensionalities,
which is of some interest because statistical considerations
often simplify in the limit of large spin dimensionalities. The
starting point is the ‘‘low-temperature’’ expression
*8 exp(z/t)zmdx512m(n21)t/2. By expressing the ultra-
spherical polynomials in terms of hypergeometric
functions,15 we find after short calculation

K1~T!/K1~0!5~Ms /M0!m~m1n22!/~n21!. ~7!

Note that the exponent in this equation equalsm in the
spherical model and 2n/(n21) for the lowest-order anisot-
ropy constant (m52).

Equation~7! is restricted to one-sublattice magnets, but
at very low temperaturesT,TRT it remains valid ifMs and
M0 refer to the rare-earth sublattice magnetization. In the
practically important intermediate regionTRT,T,Tc , one
has to consider the rare-earth sublattice in the exchange field
of the transition-metal sublattice,3,17 which yields the ap-
proximate 1/TA power-law

KR~T!

KR~0!
5

JRT
2

n~n12!kB
2T2 . ~8!

This prediction agrees fairly well with numerical studies on a
quantum-mechanical single-ion model16 and the estimateA
51.760.4 deduced from literature data on Sm2Fe17Nx and
Sm2Fe17Cx .4

C. Transition-metal sublattice

The itinerant character of the 3d electrons means that
not only the spontaneous magnetization but also the mag-

FIG. 2. Temperature dependence of magnetocrystalline anisotropy if both
KT andKR are positive~schematic!.
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netic moment are temperature dependent.17–19 However, in
most cases the thermal reduction of the magnetic moment
does not exceed a few percent so that its neglect is a fair
assumption.17–19As a very crude approximation, we consider
the mean-field Hamiltonian

H52JTTsz^sz&2KTsz
22U0s2, ~9!

wheren53 ands2<1 and the parameterU0}I 21/D(EF) is
a Stoner-type single-site energy.19 Typically, U0@J@KT , so
that in lowest-orderTc5TT(114KT/15kBTT22TT /U0).
The reduction ofTc is small in the region where Eq.~9!
applies, but may nevertheless be larger than theK1 contribu-
tions discussed in this paper.

In lowest order, the transition-metal anisotropy is given
by the linear relation14

K~T!5K~0!~12T/Tc!. ~10!

Note that this temperature dependence is even simpler than
that of the spontaneous magnetization, which exhibits an im-
plicit dependence on the Langevin function.

III. DISCUSSION AND CONCLUSIONS

The ultimate reason for the weakKR dependence in Eq.
~5! is that the two sublattices are largely decoupled above
TRT . In the vicinity of Tc , the sublattice magnetizations are
given by the eigenmode

^mz&5^sz&1
TRT

Tc
^Sz&, ~11!

showing that the mean-field magnetization nearTc is domi-
nated by the transition-metal sublattice. Of course, the mean-
field approximation is incorrect in the vicinity ofTc .10 How-
ever, the thermal sublattice decoupling is a mean-field effect
starting far belowTc and being most pronounced at high
temperatures. As a consequence, even forKT50 the rare-
earth critical behavior is difficult to observe.

The key advantage of then-vector model, namely its
transparent physical meaning, is paid by an incorrect descrip-
tion of quantum-mechanical spin excitations. In particular,
the classicaln-vector model neglects the nonzero energy
spacing between the quantum levels@Fig. 1~a!# and does
not work very well at low temperatures~the ‘‘plateau’’
region in Fig. 2!.16 Furthermore, Eq.~1! neglects exchange

anisotropy20 and magnetostatic dipole interactions. For this
reason, our predictions are only semiquantitative.

In conclusion, we have analyzed the finite-temperature
behavior of a generalizedn-vector model. The influence of
transition-metal and rare-earth anisotropies on the Curie tem-
perature is treated in a mean-field approximation. Due to the
weakness of the intersublattice coupling, the anisotropy con-
tribution to the Curie temperature is determined by the
transition-metal sublattice. The temperature dependence of
the anisotropy may be approximated by a hierarchy of power
laws.
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5L. Néel, Ann. Phys.~Paris! 3, 137 ~1948!.
6J. S. Smart,Effective Field Theories of Magnetism~Saunders, Philadel-
phia, 1966!.
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