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Effect of external electric field on the bulk and interfacial properties of weakly dipolar fluid
in slab-shaped and sphere-shaped systems

V. B. Warshavsky and X. C. Zeng
Department of Chemistry, University of Nebraska–Lincoln, Lincoln, Nebraska 68588, USA

~Received 25 June 2003; published 24 November 2003!

The effect of a uniform electric field on the bulk and interfacial properties of a model dipolar fluid is
investigated by using a modified mean-field density functional theory. Particular attention is given to the
dependence of the vapor-liquid phase coexistence in a slab-shaped system on the direction of the electric field
with respect to the slab surfaces, as well as in the sphere-shaped system on the surrounding dielectric permit-
tivity. For planar vapor-liquid interfaces, the interfacial profiles of the orientation order parameters and com-
ponents of the dielectric-permittivity tensor are calculated. Analytical expressions for these interfacial profiles
and their dependence on the electric field are obtained. When the electric field is normal to the interface we find
that the thermodynamic surface tension is lowered compared to that in zero field, and that when the electric
field is parallel to the interface the surface tension is enhanced. In contrast, the mechanical surface tension at
the equimolar dividing surface is always enhanced by the field regardless of the field direction, and it assumes
its highest value when the field is parallel to the interface.

DOI: 10.1103/PhysRevE.68.051203 PACS number~s!: 68.03.2g, 82.60.Nh, 92.60.Jq, 92.60.Ls

I. INTRODUCTION

In two previous papers@1,2#, we studied the effect of a
uniform electric field on the interfacial properties of a model
dipolar and dipolar-quadrupolar fluid on the basis of a modi-
fied mean-field density functional theory@3,4#. In both pa-
pers, we considered only a special case for the system, that
is, the direction of the field is perpendicular to the planar
vapor-liquid interface. For the dipolar system, we found that
the electric field lowers the thermodynamic surface tension
but enhances the mechanical surface tension at the equimolar
dividing surface. We gave an estimation that a field as high
as 108 V/m may be required in order to detect the field effect
on the thermodynamic and mechanical surface tensions. In
this work, we consider a more general case, that is, the elec-
tric field can have an arbitrary direction with respect to the
vapor-liquid interface. We pay particular attention to the
vapor-liquid phase coexistence in both slab-shaped and
sphere-shaped systems and their dependence on the direction
of the field as well as on the surrounding dielectric permit-
tivity.

Knowledge of the field effect on the surface tension is of
importance to the study of liquid droplet nucleation in the
electric field @2#. This is because the rate of nucleation de-
pends exponentially on the surface tension, according to the
classical theory of nucleation, and thus a small change in the
surface tension can result in huge changes in the rate of
nucleation. A better understanding of the field effect on the
vapor-liquid interfacial properties is also useful for the ellip-
sometry measurement of the width of the interface, as the
measurement requires knowledge of the dielectric-
permittivity profile across the interface. The dielectric-
permittivity profile essentially describes the response of an
inhomogeneous dielectric to external electric fields@5,6#.

A number of theoretical methods have been developed
toward understanding the interfacial properties of dipolar flu-
ids in the electric field. These properties include the orienta-

tion of molecular ordering@7,8#, the dielectric-permittivity
profiles @9,10#, and the surface tensions@11–13#. Among
many theoretical methods developed, density functional
theory ~DFT! is one of the most successful for studying
vapor-liquid interfaces@3,14–16#. The DFT allows both the
structural~the density and orientation profiles! and thermo-
dynamic ~surface tension! properties to be determined in a
self-consistent fashion. For weakly dipolar fluids, the modi-
fied mean-field~MMF! DFT developed by Teixeira and Telo
da Gama@3,4# has been employed by many researchers in-
cluding us@1,17–21#, although more sophisticated DFT has
also been developed for strongly dipolar fluids@16,22,23#.

The paper is organized as follow. In Sec. II the MMF DFT
is extended to include the contribution due to the electric
field with an arbitrary direction with respect to the interface.
In Sec. III we study the field dependence of the bulk prop-
erties and vapor-liquid phase coexistence. In Sec. IV, we
present results for the density and dielectric-permittivity pro-
files, the surface tension as well as their field dependence.
Conclusions are given in Sec. V.

II. MODIFIED MEAN-FIELD DENSITY FUNCTIONAL
THEORY FOR WEAKLY DIPOLAR FLUIDS

We consider a single-component dipolar fluid whose den-
sity is given byr(rW,v) whererW denotes the location andv
the orientation of the molecular dipole. The number density
is written as

r~rW,v!5r~rW ! f̂ ~rW,v!, ~1!

where r(rW) is the number density of molecules without
specifying orientation andf̂ (rW,v) is the orientation distribu-
tion function that satisfies the normalization condition
*dv f̂ (rW,v)51. The pairwise potential between the mol-
eculesu(rW1 ,rW2 ,v1 ,v2) is divided into a short-ranged repul-
sive part ure f(rW1 ,rW2 ,v1 ,v2) and a long-ranged attractive
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part uper(rW1 ,rW2 ,v1 ,v2). The former is treated as the refer-
ence and the latter is treated as a perturbation. Here, the
reference and perturbation potentials@3# are given by

ure f~r 12!5H 1`, r 12<d,

0, r 12.d,
~2!

where r 125urW22rW1u is the intermolecular distance,d the
hard-sphere diameter, and

uper~rW12,v1 ,v2!5@24e~d/r 12!
61udd~rW12,v1 ,v2!#

3H~r 122d!. ~3!

In Eq. ~3! e is the energy parameter of the isotropic Suther-
land potential@24,25#, H(r ) the Heaviside step function, and
udd the interaction between dipoles with an identical moment
m0, i.e.,

udd~rW12,v1 ,v2!52$3@mW 0~v1!•eW r #@mW 0~v2!•eW r #

2@mW 0~v1!•mW 0~v2!#%/r 12
3 , ~4!

where mW 0(v) denotes the dipole vector andeW r5rW12/r 12 is
the unit vector connecting molecules 1 and 2.

In the framework of DFT@3,16#, the grand potential of the
dipolar fluid can be expressed as

V@r~rW,v!#5E
V
drW f hs„r~rW !…1~1/b!S1V int

2mE
V
dvdrWr~rW,v!1VE , ~5!

where V is the volume of the system,m is the chemical
potential of the fluid,b51/(kBT) (kB the Boltzmann con-
stant,T the temperature!, and f hs„r(rW)… is the free energy
density of the hard-sphere reference system, which can be
calculated via the Carnahan-Starling formula@26#. The term

S5E
V
drWr~rW !^ ln@4p f̂ ~rW,v!#& ~6!

accounts for the loss of entropy in the reference system due
to the orientational degrees of freedom, and^•••&
[*••• f̂ (rW,v)dv denotes the orientational average weighted
by the orientation distribution function. The termV int de-
scribes the contribution due to the perturbation potential
uper . A commonly used approximation to the pair correla-
tion function that appears in the expression forV int is the
modified mean-field approximation@3,16,17#, which de-
scribes the correlation function by a Boltzmann term. Fol-
lowing previous work@3,17#, we expand the exponential
term ~in V int) in powers of buper(rW12,v1 ,v2) and keep
terms up to the second order:

V int5
1

2bEV
drW1E

V
drW2E E dv1dv2r~rW1 ,v1!r~rW2 ,v2!

3e2bure f(r 12)S uper2
1

2b
uper

2 D . ~7!

Such a perturbation approach is applicable only to weakly
dipolar systems. For example, when compared with the non-
perturbation approach@16,22#, Frodl and Dietrich have
shown that the discrepancy in the predicted critical tempera-
ture is less than 10% if the reduced dipole moment~defined
later! is less than 1. Note thatV int is the only term in Eq.~5!
that depends on the geometry of the dielectric system, for it
is related touper . Lastly, the termVE in Eq. ~5! stems from
the energy contribution due to the presence of the external
field EW , i.e.,

VE52E
V
drWE dvr~rW,v!@mW 0~v!•EW #. ~8!

Consider that the planar interfacial system is enclosed in an
infinite slab. The planar interface with an areaA is in parallel
with the surfaces of the slab and in thex-y plane. A uniform
electric fieldEW parallel to thex-z plane is applied onto the
slab system and thus it has two components,EW 5(Ei ,E'),
whereEi and E' are the components in thex and z direc-
tions, respectively. As such, the system is inhomogeneous
only in the z direction. Consequently, the number density
r(z) as well as the orientation distributionf̂ (z,v) exhibit
only z dependence for the spatial variables. The solid angle
v5(u,w) describes the orientation of the dipole vector
mW 0(v) in the space-fixed coordinates. Under these condi-
tions, we substitute Eqs.~1!–~4! into Eq. ~7! and integrate
out thex andy spatial variables.V int can then be written as
an integral@2,3#

V int

A
5

1

2E2`

` E
2`

`

dz1dz2r~z1!r~z2!k~z1 ,z2! ~9!

with the kernel

k~z1 ,z2!5E dv1dv2 f̂ ~z1 ,v1! f̂ ~z2 ,v2!fe f f~z12,v1 ,v2!,

~10!

wherez125z22z1. The explicit form offe f f(z1 ,z2) is given
in the Appendix.

The orientation distributionf̂ (z,v) can be written as a
sum of the isotropic part 1/4p and a small anisotropic cor-
rectionD f̂ (z,v) due to dipole-dipole and dipole-field inter-
actions, i.e.,

f̂ ~z,v!5
1

4p
1D f̂ ~z,v!, ~D f̂ / f̂ !1!. ~11!

Note that for isotropic molecular fluidsD f̂ 50. With Eq.~11!
S in Eq. ~6! can be reduced to@17#
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S

A
52pE

2`

1`

dzr~z!E dvuD f̂ ~z,v!u2. ~12!

The anisotropic part ofD f̂ (z,v) can be expressed as an ex-
pansion in terms of spherical harmonicsYlm(v) with the
expansion coefficients$h lm(z)% as the orientation order pa-
rameters,

D f̂ ~z,v!5(
l 51

2

(
m52 l

l F ~2l 11!

4p G1/2F ~ l 2umu!!
~ l 1umu!! G

1/2

3h l ,m~z!Ylm~v!, ~13!

h l ,m~z!5F 4p

2l 11G1/2F ~ l 1umu!!
~ l 2umu!! G

1/2

^Ylm* ~v!&

~ l 51,2;umu< l !. ~14!

Becausef̂ (z,v) is real, we haveh l ,m(z)5(21)mh l ,2m(z).
Following previous work@3,14,16#, we truncate the expan-
sion in Eq.~13! at l 52 because a major contribution to the
anisotropic orientation of the dipolar molecules at the vapor-
liquid interface arises from the second-order term. Hereafter,
the three order parameters forl 51, h1,0(z), h1,21(z), and
h1,1(z), are denoted ash'(z)5h1,0(z) and h i(z)
5h1,21(z)52h1,1(z).

With the above equations and using the orthogonality con-
dition for the spherical harmonics, Eq.~5! can be rewritten as
a functional ofr(z) and$h lm(z)%, i.e.,

V@r~z1!,$h l ,m~z1!%#

5E
2`

`

dz1f hs„r~z1!…1
1

bE2`

`

dz1r~z1!H 3

2
h'

2 ~z1!

1
3

2
h i

2~z1!1
5

2
h2,0

2 ~z1!1
5

6
h2,1

2 ~z1!1
5

24
h2,2

2 ~z1!J
1E

2`

` E
2`

`

dz1dz2r~z1!r~z2!k~z1 ,z2!

2mE
2`

`

dz1r~z1!2m0E
2`

`

dz1r~z1!

3@E'h'~z1!1Eih i~z1!#, ~15!

where

k~z1 ,z2!5f0~z12!2h2,0~z1!h2,0~z2!V~z12!2@h2,0~z1!

1h2,0~z2!#f2~z12!2@h'~z1!h'~z2!

2h i~z1!h i~z2!/2#f1~z12!, ~16!

and where the functionsf0(z), f1(z), f2(z), andV(z) are
given in Eq.~A15! of Ref. @3#.

At a given temperature and chemical potential, the equi-
librium density and orientation order-parameter profiles are
determined by functional minimization of the grand canoni-
cal potential with respect tor(z) and$h lm(z)%, i.e.,

m5mhs„r~z1!…1
3

2b
h'

2 ~z1!1
3

2b
h i

2~z1!1
5

2b
h2,0

2 ~z1!

1E
2`

`

dz2k~z1 ,z2!r~z2!2m0@E'h'~z1!1Eih i~z1!#,

~17!

wheremhs„r(z1)…5] f hs„r(z1)…/]r(z1) is the local chemical
potential of the hard-sphere fluid, and

h'~z1!5
bm0E'

3
1

b

3E2`

`

dz2r~z2!h'~z2!f1~z12!,

~18!

h i~z1!5
bm0Ei

3
2

b

6E2`

`

dz2r~z2!h i~z2!f1~z12!, ~19!

h2,0~z1!5
b

5E2`

`

dz2r~z2!@h2,0~z2!V~z12!1f2~z12!#.

~20!

Because thel 52 order parametersh2,1(z1) andh2,2(z1) are
incorporated only in the orientation entropy term in the ex-
pression forV, the variation ofV with respect toh2,1(z1)
andh2,2(z1) givesh2,1(z1)5h2,2(z1)50.

Recall that the nonzero order parametersh'(z), h i(z),
andh2,0(z) are defined as

h'~z!5^cosu&,

h i~z!5^sinu cosw&,

h2,0~z!5^P2~cosu!&, ~21!

where P2(cosu) is the Legendre polynomial of the second
order and̂ •••& denotes the orientation average weighted by
f̂ (z,v). h'(z) is a component of the unit vector

^mW 0(v)/m0& in thez direction andh i(z) is the component in
the x direction. On the basis of Eqs.~18! and~19! it follows
that if E' or Ei is zero, eitherh'(z) or h i(z) will be zero. If
both E' and Ei are zero~in the zero field!, h2,0(z) will
become the only nonzero order parameter.

III. BULK-FLUID PROPERTIES

A. Slab-shaped system

1. Grand potential and order parameters

For the bulk-fluid phases the density and order parameters
are constant, denoted asr, h' , h i , andh20, respectively.
With the condition*2`

1`f2(z)dz50, Eq. ~20! gives that the
order parameter h2,050, and with the condition
*2`

1`f1(z)dz52(8p/3)m0
2 , Eqs.~18! and ~19! give that

h'5
bm0

3 S E'2
8p

3
P'D and h i5

bm0

3 S Ei1
4p

3
Pi D ,

~22!
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whereP' andPi are the two components of the polarization
vector in the bulk phases

Pa5m0har ~a5',i !. ~23!

We introduce the vector

KW 5EW M1
4p

3
PW ; ~24!

thereby Eq.~22! can be written in the more compact form

ha5bm0Ka/3 ~a5',i !. ~25!

In Eq. ~24! EW M is the so-called Maxwell field@27#, defined as
the spatial-time averaging of microscopic fields of mol-
ecules. As a result, the Maxwell field is dependent on the
geometry of the dielectric system. For the slab-shaped sys-
tem the two components ofEW M are given by@28,29#

Ea
M5Ea24pPada,' ~a5',i !, ~26!

whereEa is component of the applied external field andda,'
is the Kronecker delta function. The term 4pP' describes
the induced field resulting from the charge induced at the
macroscopic surfaces of the slab. Introducing the dielectric
constant« via the equation

4pPW 5~«21!EW M, ~27!

and combining it with Eqs.~23!–~25! give the Clausius-
Mossotti formula

«5
112y

12y
, ~28!

wherey5(4p/9)bm0
2r, a known result for weakly polar flu-

ids based on the mean-field theory.
Equations~22! and ~23! also give an expression forh'

and h i as a function of the applied field, density, and tem-
perature:

h'5
bm0E'

3~112y!
and h i5

bm0Ei

3~12y!
. ~29!

By using Eq.~29!, the grand potential@Eq. ~15!# and the
chemical potential@Eq. ~17!# can be written as

V

V
5 f hs~r!2

1

2
Cr22mr2

1

2
m0r~h'E'1h iEi!,

~30!

m5mhs~r!2Cr2
3

2b
~h'

2 1h i
2!, ~31!

where V is the volume of the system andC
5(16p«d3/3)@11(2/3)be1(1/12)(bm0

4/d6«)#.
In general, the grand potentialV of a dielectric system

subjected to a uniform electric field is given by@29,30#

V~m,T!

V
5

V0~m,T!

V
2

1

2
~PW •EW !, ~32!

where PW is the polarization per unit volume andV0 is the
grand potential in the zero field but under the condition that
the chemical potentialm is the same as that in the presence
of the electric field. Equation~30! is consistent with Eq.~32!,
provided thatV0 /V5 f hs(r)2(1/2)Cr22mr and Eq.~23!.
Moreover, the general expression for the chemical potential
of the dielectric system subjected to the electric field is given
by @29,30#

m5g2
~EM !2

8p

]«

]r
, ~33!

whereg is the chemical potential of the system in zero field.
Again, one can show that Eq.~31! is consistent with Eq.
~33!, given thatg5mhs(r)2Cr and that

3

2b
~h'

2 1h i
2!5

1

6
bm0

2K25
~EM !2

8p

]«

]r
. ~34!

Equation~34! can be derived from Eqs.~24!, ~27!, and~28!
which yields

EW M5
3y

~«21!
KW and

]«

]r
5

~«21!2

3yr
. ~35!

Combining Eq.~35! with Eq. ~24! yields Eq.~34!.

2. Vapor-liquid coexistence

The simultaneous solution of the equationsm(r l)
5m(rv) and V(r l)5V(rv) at a givenT results in the co-
existing liquidr l and vaporrv densities. Hereafter, we will
express the thermodynamic variables in dimensionless units,
i.e., j5(pd3/6)r, T* 51/be, E* 5E(d3/e)1/2, and m0*
5m0 /(d3«)1/2. Denoting the angle between the direction of
EW and the surface normal of the slab asuE , we thus have
E'5E cosuE andEi5E sinuE . Because the MMF DFT@3#
is applicable for weakly dipolar fluids (m0* <1) ~Ref. @16#!,
here we consider the dipolar fluid with the reduced dipole
momentm0* 51.

In Fig. 1 we plot the coexisting vapor-liquid densities in
the cases ofE* 50 and E* 50.5 with the angleuE
50, p/4, p/3, andp/2. Figure 1 shows that when the elec-
tric field is perpendicular to the slab surfaces (uE50) the
critical temperatureTc* is lowered; at a fixedT* the coexist-
ing vapor densityjv is increased while the coexisting liquid
densityj l is decreased, compared to the results in the zero
field. IncreasinguE from 0 to p/2 results in a higherTc* , a
lower jv , and a higherj l . Therefore, as shown in Fig. 1, at
a givenT* the effect of increasing the field strength on the
coexisting densities can be offset by a change of the field
direction @31#. We also find that the difference between the
coexisting liquid and vapor density nearTc(E,uE) satisfies
the scaling relation

j l2jv;t1/2, ~36!
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wheret[12T* /Tc* , regardless of the strength and direc-
tion of the field.

From Eq.~28!, the temperature dependence of the dielec-
tric constants«v and « l at the coexisting vapor and liquid
densities can be calculated. The dielectric-constant curves
exhibit similar behavior to the coexisting-density curves
~Fig. 1!: the field that is normal to the interface increases«v
and« l whereas the field in parallel to the interface decreases
«v and« l . NearTc* the difference« l2«v satisfies the scal-
ing relation as Eq.~36!, i.e.,

« l2«v;t1/2. ~37!

In Table I, we list the critical temperatureTc* , critical den-
sity jc , and critical dielectric constant«c for various given
E* anduE . One can see that when the field is normal to the
slab surfaces (E* 50.5, uE50) Tc* is slightly reduced
whereas when the field is in parallel with the surfaces (E*
50.5, uE5p/2) Tc* is increased. The critical densityjc is
always increased by the field and the increase is nearly inde-

pendent of the field direction. For the critical dielectric con-
stant«c the field effect is opposite to that forTc* , that is,
changing the field direction fromuE50 to p/2 will increase
«c , but reduceTc* .

In Figs. 2~a! and 2~b! we plot the phase coexistence

0.025 0.035 0.045 0.055
ξ

1.75

1.85

1.95

T*

E*=0.0
E*=0.5 θE=0
E*=0.5 θE=π/4
E*=0.5 θE=π/3
E*=0.5 θE=π/2

(a)

0.03 0.04 0.05
ξ

0.002

0.000
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0.004

0.006

0.008

T
*(

E
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0.
5,

θ Ε)
−Τ

∗(
Ε∗

=0
)

θE=0
θE=π/4
θE=π/3
θE=π/2

0.22 0.25 0.28
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E*=0.0
E*=0.5 θE=0
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E*=0.5 θE=π/3
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0.22 0.24 0.26 0.28 0.30
ξ
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T
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E
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0.
5,

θ Ε)
−Τ

∗(
Ε∗

=0
)
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θΕ=π/4
θΕ=π/3
θΕ=π/2

FIG. 1. Vapor-liquid coexistence curves for various given values
of electric field and field directions.~a! The vapor branch and~b!
the liquid branch. The inset shows the differences in the coexistence
curves from the zero-field curve.

TABLE I. Values of the critical temperatureTc* , densityjc ,
dielectric permittivity«c , and orientation order parametersh'c and
h ic in the slab-shaped system for various givenE* anduE .

E* uE Tc* jc «c h'c h ic

0.0 2.0590 0.1304 1.6096 0.0000 0.0000
0.5 0 2.0574 0.1306 1.6113 0.0605 0.0000
0.5 p/4 2.0600 0.1306 1.6104 0.0428 0.0688
0.5 p/3 2.0612 0.1306 1.6099 0.0302 0.0843
0.5 p/2 2.0624 0.1306 1.6095 0.0000 0.0972

FIG. 2. The orientation order parameter~a! h' , and ~b! h i at
the vapor-liquid coexistence for various given field directions. Note
that h'50 for uE5p/2 andh i50 for uE50. At a fixeduE , ~a!
the branch with largerh' values corresponds to the vapor phase
and~b! the branch with smallerh i values corresponds to the vapor
phase.
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curves for the orientation order parametersh' andh i . For
given T* , E* , anduE the branch of the curve having larger
values ofh' corresponds to the vapor phase whereas the
branch having smaller values corresponds to the liquid phase
@Eq. ~29!#. In contrast, the branch having smaller values of
h i corresponds to the vapor phase whereas the branch having
larger values ofh i corresponds to the liquid phase. Since a
field that is normal to the surfaces tends to force the molecu-
lar dipoles aligning in the same direction, one can see from
Fig. 2 that whenh' is at the maximum,h i is zero. AsuE
increases from zero, the tendency for dipoles to be in the
direction normal to the surfaces becomes weaker. As a result,
h' becomes smaller whileh i becomes larger. Similarly,
since a field that is parallel to the surfaces (uE5p/2) tends
to force the dipoles to align in the same direction, whenh i is
at the maximumh' is zero. We also find that bothh',v
2h',l andh i ,l2h i ,v , whereha,v andha,l (a5',i) are the
order parametersh' andh i at phase coexistence, follow the
same scaling relation:

h',v2h',l;t1/2 and h i ,l2h i ,v;t1/2, ~38!

whent!1. The critical values ofh'c andh ic are also listed
in Table I. The effect of the field direction onh'c andh ic is
more pronounced compared with that onTc* , jc , and «c .
Changing the field direction fromuE50 to p/2 reducesh'c
but increasesh ic . We calculated the ratio of the maximum
value ofh ic to the maximum value ofh'c , which is about
1.61. The ratio indicates that the effect due to the parallel
field on the dipole ordering, near the critical point, is greater
than that due to the normal field.

Some qualitative features of the vapor-liquid coexistence
can be understood on the basis of the grand potentialV,
which can be written in the van der Waals form via Eqs.
~29!–~31!,

V/V52phs~r!1
1

2
Ce f fr

2, ~39!

wherephs5rmhs(r)2 f hs(r) is the hard-sphere pressure and
Ce f f is a measure of the effective intermolecular attraction,
i.e.,

Ce f f5C1
4p

3
m0

2~h i
222h'

2 !. ~40!

Sinceh i50 in the normal field,Ce f f is less thanC. When
the field direction is changed from the normal direction,Ce f f
gradually increases until it arrives at the maximum in the
parallel field whereh'50. The increase of the effective
intermolecular attraction gives rise to a higherTc* . This ex-
plains whyTc* increases with increasing angleuE . The fact
that a parallel field results in a larger shift of the coexistence
curve than a normal field is due to the induced field 4pP' ,
which arises only in the normal field. Because the induced
field acts in the opposite direction to the applied field, it
reduces the effective intermolecular attraction.

In Fig. 3 we plot all the coexistence curves using the
scaled temperature T* /Tc* (E,uE), scaled density

j/jc(E,uE), scaled dielectric constant«/«c(E,uE), and
scaled order parametersh' /h'c(E,uE) and h i /h ic(E,uE).
For given values ofE* and uE we find that the density,
dielectric constant, and order-parameter curves at the phase
coexistence can all be collapsed onto a master curve. We
therefore conclude that the laws of the corresponding states
are satisfied for these quantities in nonzero fields.

B. Sphere-shaped system

1. Grand potential and order parameters

In this section we consider a sphere-shaped homogeneous
dielectric system surrounded by a medium having the dielec-
tric constant«8. Again, for a homogeneous system we have
r(z)→r and f̂ (z,v)→ f̂ (v), as described in Sec. I. Letting
the z axis be the direction of the electric fieldEW and taking
into account the symmetry of the system, the smaller aniso-
tropic part of the orientation distribution functionD f̂ (v) can

FIG. 3. ~a! The scaled vapor-liquid coexistence curves for den-
sities~curves 1! and dielectric constants~curves 2! for various given
uE . The temperatures, densities, and dielectric constants are di-
vided by the corresponding critical value. The horizontal axis is
j/jc(E,uE) for curve 1 and«/«c(E,uE) for curve 2.~b! The scaled
vapor-liquid coexistence curves for order parametersh' ~curves 1!
and h i ~curves 2! for various givenuE . The horizontal axis is
h' /h'c(E,uE) for curves 1 andh i /h ic(E,uE) for curves 2.
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be written as an expansion of the Legendre polynomial
Pi(cosu), i.e., D f̂ (v)5( i 51

` @(2i 11)/2#h i Pi(cosu), where
u is the angle between the dipole vector and thez axis. The
expansion coefficients$h i% are denoted as the order param-
eters.

First, we consider the expansion up to the third order. The
grand potential per unit volumeV/V of the system can be
written as

V

V
5 f hs~r!1

r

b S 3

2
h1

21
5

2
h2

223h1
2h22

25

21
h2

3D
2

1

2
Cr22

2

45

p

d3
m0

4h2
2r22mr2m0rh1E

2
4p

3

~«821!

2«811)
m0

2h1
2r2. ~41!

The sum in parentheses results from the orientation entropy
@Eq. ~6!# with the ln-term expanded to the third order ofD f̂ .
The next two terms in Eq.~41! result from the interaction
part of free energy@Eq. ~7!#. The last term in Eq.~41! has an
«8 dependence, due to the reaction field induced by the sur-
rounding media@33#. Minimizing V/V with respect to$h i%
gives

h15
bm0E/3

12~8p/9!@~«821!/~2«811!#m0
2br22h2

,

h25
3h1

2/5

12~4/225!~bm0
4p/d3!r2~5/7!h2

. ~42!

h1 andh2 in the above equations can be separated with the
help of an iterative procedure. To the first-order~in h1) ap-
proximation,h1 andh2 can be written as

h15
bm0E

3$12@2~«821!/2«811!#y%
, h25o~h1

2!'0,

~43!

becausebm0E!1. Thus, under this simple approximation
the order parameterh1 is dependent linearly onE whereas
h2 can be omitted. Next, the expression forh1 can be re-
written as

h15
bm0

3 FE1
8p

3

~«821!

~2«811!
PG , ~44!

where the polarization

P5m0rh1 . ~45!

For a sphere with polarizationP the Maxwell field in the
sphereEM is given by@34–36#

EM5E2
4p

~2«811!
P. ~46!

Equations~44! and~46! together yield a formula forh1 simi-
lar to Eq.~25! for h' andh i in the slab-shaped system, i.e.,

h15bm0K/3, ~47!

where K is given by Eq.~24!. It is convenient to let the
vectorsEW , PW , EW M, andKW be all in thez axis direction. The
projection of these vectors onto thez axis are denoted asE,
P, EM, andK, respectively.

Minimizing V/V with respect tor and then taking into
account Eq.~43! gives an expression for the chemical poten-
tial m

m5mhs~r!2Cr2
3

2b
h1

2 . ~48!

Now the Clausius-Mossotti formula Eq.~28! for the dielec-
tric constant« can be derived again from Eqs.~24!, ~27!,
~43!, and ~45!. We therefore conclude that with the mean-
field approximation the Clausius-Mossotti formula@Eq. ~28!#
is independent of the shape of the system and the surround-
ing medium.

2. Vapor-liquid coexistence

We calculated the vapor-liquid coexisting densities for
E* 50.5 with three different surrounding media:«851, «8
5«, and «85`. The corresponding order parameter@Eq.
~43!# becomes

h15
bm0E

3
~«851!,

h15
bm0E~11y!

3~12y!~112y!
~«85«!,

h15
bm0E

3~12y!
~«85`!, ~49!

where the expression ofh1 for «85« is obtained with using
Eq. ~28!. It can be seen that for«851, h1 is independent of
the fluid density. For«85`, the expression forh1 is similar
to that forh i if we setEi5E @the second expression in Eq.
~29! for the slab-shaped system#. We find that for«85« and
«85` the electric field raisesTc* , whereas for«851 the
electric field has no effect onTc* . The latter result can be
understood based on the grand potentialV which can be
written again in the form of Eq.~39! @obtained from Eqs.
~41!, ~43!, and ~48!#, where now Ce f f5C1@8p(«8
21)/(2«811)#m0

2h1
2. Thus, for e851 the grand potential

will show no field dependence. In Fig. 4, the coexistence
curves forh1 are displayed.

The fact that the electric field raisesTc* for «85` has
been reported previously based on Monte Carlo simulations
@37–39#. Kiyoharaet al. @39# have shown that for«85« the
electric field broadens the vapor-liquid coexistence curves
although the shift of the curves is not as much as that for
«85`. Our results are in agreement with their finding. For
«851 Kiyohara et al. have reported that the electric field
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slightly narrows the coexistence curve although the error
bars in the density data appear to be larger than the total
shift. Woodward and Nordholm@28# developed a different
DFT to study the sphere-shaped dielectric system with«8
51. They also found that the electric field narrows the co-
existence curve. In their approach, the orientation correlation
among dipoles were accounted for via the so-calledCRAM
potential, which renders their DFT beyond the mean-field
approximation. We thus expect that if terms higher thanuper

2

in Eq. ~7! were taken into account, a similar shift in the
coexistence curve for«851 would also be seen.

Again, the coexisting densities also satisfy the law of cor-
responding states. This can be demonstrated by replotting the
coexistence curves by using the axesT* /Tc* (E,«8) and
j/jc(E,«8). All curves are collapsed onto a single master
curve. However, the order parameterh1 at phase coexistence
does not satisfy the law of corresponding states because the
curves in Fig. 4 cannot be superimposed onto each other if
the axesT* /Tc* (E,«8) andh1 /h1c(E,«8) were used.

Other results for the critical densities and temperatures in
the electric field are summarized as follows:~i! The critical
values forE* 50.5 and«851 are nearly the same as those
for E* 50 excepth1c50.0809~the first line in Table I!; ~ii !
the critical values for«85` are nearly the same as those for
the slab-shaped system whenuE5p/2 and h1c5h ic ~the
fifth line in Table I!; ~iii ! the critical values for«85« are
Tc* 52.0601, jc50.1292, «c51.6025, andh1c50.0805;
~iv! near the critical temperatureTc(E,«8) the coexisting
densities~and dielectric constants! also follow the scaling
relations Eqs.~36! and ~37!, respectively;~v! the difference
in the order parameters at the phase coexistence for«85«
and«85` satisfy the scaling relations as Eq.~38!, i.e., h1,l
2h1,v;t1/2.

IV. INHOMOGENEOUS SLAB-SHAPED
DIPOLAR SYSTEM

In this section we consider interfacial properties of the
slab-shaped system and their dependence on the applied
electric field.

A. Density and orientation profiles

We calculated the interfacial density profilesj(z) and ori-
entation profileh'(z), h i(z), and h2,0(z) by numerically
solving the four equations~17!–~20! using an iteration
method@1#. For given values ofE* , uE , andT* , the initial
inputs forj(z), h'(z), andh i(z) are taken as a step func-
tion with the bulk-liquid valuesj l , h',l , andh i ,l set forz
,0 and the bulk-vapor valuesjv , h',v , and h i ,v for z
.0. The initial input forh2,0(z) is just zero. Figures 5~a!
and 5~b! show orientation profilesh2,0(z), h'(z), andh i(z)
for T* 51.8 and various givenE* anduE .

In the previous section, we showed that changinguE from
0 to p/2 increases the liquid-side densities and decreases the
vapor-side densities. Thus, it makes the density profilej(z)
steeper and reduces the 10-90 width of the interfaceW. In-
creasing the temperatureT* towardTc* leads to a divergence
of W. NearTc* (E,uE) the mean-field scaling relation forW is
found to be

W;t21/2 ~50!

FIG. 4. The orientation order parameterh1 at vapor-liquid co-
existence for the sphere-shaped system with three different dielec-
tric constants of the surrounding medium,«851, «, and`.
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FIG. 5. The orientation order-parameter profiles~a! h2,0(z), and
~b! h'(z) ~curves 1! andh i(z) ~curves 2! for various givenuE and
T* 51.8. The inset to~a! shows the differences in theh2,0(z)
curves from the zero-field one.
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for the givenE* anduE .
Figure 5~a! shows thath2,0(z) is weakly dependent on the

field direction, whereas Fig. 5~b! shows that the orientation
profiles h'(z) and h i(z) are strongly sensitive to the field
direction. In zero field, bothh'(z) and h i(z) become zero
andh2,0(z) is the only nonzero order parameter; it describes
the spontaneous interfacial ordering of dipoles. The sponta-
neous interfacial ordering of dipoles is well known from both
experiments@40,41# and theories@3,7,14,16,42,43#. Consis-
tent with previous results, we find that the dipoles prefer to
lie parallel to the interface on the liquid side@h2,0(z),0#,
but perpendicular to the interface on the vapor side
@h2,0(z).0#. As a measure of the degree of dipole orienta-
tional ordering at the interface we employed theD parameter
@16#, that is, the difference between the maximal and mini-
mal values of the order parameterh2,0(z), i.e., Dh2,0

[h2,0(zmax)2h2,0(zmin), wherezmax andzmin are the posi-
tions of the maximum and minimum on theh2,0(z) curve.
The width of the profileh2,0(z) can be defined@16# by
Wh2,0

[zmax2zmin . Figure 5~b! shows that when the electric

field is perpendicular to the interface (uE50) theDh2,0
pa-

rameter is slightly reduced but the widthWh2,0
is increased.

Changing the angleuE from 0 to p/2 increasesDh2,0
but

reducesWh2,0
.

Frodl and Dietrich@16# have shown that nearTc* the
width Wh2,0

and theDh2,0
parameter satisfy the scaling rela-

tions

Wh2,0
5zmax2zmin;t21/2 and Dh2,0

;t1/2. ~51!

We find that both mean-field scaling relations still hold when
the system is in the electric field.

Figure 5~b! shows that when the field is perpendicular to
the interface (uE50) the nonzero order parameter ish'(z)
andh i(z)50. ChanginguE from 0 top/2 reduces the mean
orientational ordering of the dipoles in the normal direction
but enhances it in the direction parallel to the interface. For
uE5p/2, h i(z) becomes largest at everyz but h'(z)50.
Both h'(z) and h i(z) can be well approximated by an ex-
tended Eq.~29!, i.e.,

h'~z!5
bm0E'

3@112y~z!#
and h i~z!5

bm0Ei

3@12y~z!#
,

~52!

wherey(z)5(4p/9)bm0
2r(z).

More accurate formulas forh'(z) and h i(z) than Eq.
~52! can be obtained. To this end, we writef1(z12) @appear-
ing in Eqs.~18! and ~19!# as

f1~z12!52
8p

3
m0

2d~z12!1f1~z12!1
8p

3
m0

2d~z12!,

~53!

with which Eq.~18! can be written as

h'~z1!5
bm0E'

3
2

8p

9
bm0

2r~z1!h'~z1!

1
8p

9
bm0

2E
2`

`

dz2r~z2!h'~z2!

3F f1~z12!

~8p/3!m0
2

1d~z12!G , ~54!

where d(z12) is the Dirac delta function. The two terms
within the square brackets in Eq.~54! are negligibly small
when uz12u.1.5 for all temperatures considered. Within
uz12u51.5, althoughj(z2)5(pd3/6)r(z2) can vary by an
order of magnitude,h'(z2) varies only by 20% to 30%.
Thus, in the regionuz12u<1.5 we can approximateh'(z2) by
h'(z1) to arrive at an algebraic equation forh'(z1). Solving
this equation yields

h'~z1!5
bm0E'

3@112y~z1!1I ~z1!#
, ~55!

where

I ~z1!52
8p

9
bm0

2E
2`

`

dz2r~z2!F f1~z12!

~8p/3!m0
2

1d~z12!G .

~56!

Similarly, using Eq.~53!, Eq. ~19! can be rewritten as

h i~z1!5
bm0Ei

3
1

4p

9
bm0

2r~z1!h i~z1!

2
4p

9
bm0

2E
2`

`

dz2r~z2!h i~z2!

3F f1~z12!

~8p/3!m0
2

1d~z12!G . ~57!

Replacingh i(z2) by h i(z1) and solving the resulting alge-
braic equation forh i(z1) yields

h i~z1!5
bm0Ei

3@12y~z1!2I ~z1!/2#
. ~58!

B. Dielectric-permittivity profile

At the interface, the dielectric permittivity is a tensor
whose components can be determined from the formula

«a~z!5114p
Pa~z!

Ea
M~z!

~a5',i !, ~59!

where

Pa~z!5m0r~z!ha~z! ~a5',i ! ~60!

EFFECT OF EXTERNAL ELECTRIC FIELD ON THE . . . PHYSICAL REVIEW E 68, 051203 ~2003!

051203-9



is the component of the local polarization vector, and where
Ea

M(z) is the component of the Maxwell field which has the
same expression as Eq.~26! @44#,

Ea
M~z!5Ea24pPa~z!da,' ~a5',i !. ~61!

Substituting Eqs.~60! and ~61! into Eq. ~59! gives

«'~z!5F124p
P'~z!

E'
G21

and « i~z!5114p
Pi~z!

Ei
.

~62!

In Fig. 6 we plot the dielectric-permittivity profiles«(z) for
E* 50.5 and various givenuE and T* 51.8. Because the
anisotropy of the dielectric permittivity is small, the tensor
character of the dielectric permittivity cannot be seen in Fig.
6. The inset of Fig. 6 shows a small portion of the profiles
where the two components of the dielectric-permittivity ten-
sor can be clearly distinguished. We find that at the interface
the dielectric permittivity is well described by the local
Clausius-Mossotti formula

«~z!5
112y~z!

12y~z!
. ~63!

A small correction due to inhomogeneity to the local
Clausius-Mossotti formula of«(z) can be given analytically.
Substituting Eqs.~55!, ~58!, and~60! into Eq. ~62! results in
a more accurate equation for«'(z) and« i(z), i.e.,

«'~z!5
112y~z!1I ~z!

12y~z!1I ~z!
~64!

and

« i~z!5
112y~z!2I ~z!/2

12y~z!2I ~z!/2
. ~65!

Castle and Lekner@9,10# employed a different approach to
investigate the anisotropy of the dielectric-permittivity pro-
file at the vapor-liquid interface for a nonpolar but polariz-
able fluid. They obtained the same formulas for«'(z) and
« i(z) @Eqs. ~64! and ~65!# but a different formula forI (z)
@Eq. ~56!#. They found that if a unit correlation function is
assumed, thenI ( z̄)50, and the dielectric-permittivity profile
can be described by the local Clausius-Mossotti formula.
They therefore concluded that for nonpolar fluids the dielec-
tric anisotropy at the interface can be seen only if the corre-
lation function differs from unity. Our calculation indicates
that their conclusion cannot be generalized to dipolar fluids.
This is because, even if the correlation function is assumed
to be unity,f1( z̄)/(8pm0

2/3) still differs from d( z̄), as fol-

lows from the formula~A15b! in Ref. @3#. Thus, I ( z̄)Þ0,
and Eqs.~64! and ~65! cannot be reduced to Eq.~63!.

Knowing the anisotropy of the dielectric function at the
vapor-liquid interface is important to ellipsometry measure-
ments of liquid interfacial structure, for instance, the deter-
mination of the interface thickness@6#. In ellipsometry ex-
periments, the coefficient of ellipticityr̄5Im(r p /r s)uuB

is
measured; this is the imaginary component of the ratio of the
complex reflection amplitudes at the Brewster angleuB (r p
andr s are the reflection amplitudes forp ands polarizations,
respectively!. The real part of this ratio at the Brewster angle,
Re(r p /r s)uuB

50. For light ~with the optical wavelengthl)
incident from a liquid onto a planar surface, the coefficient of
ellipticity r̄ can be expressed, to the first order in interfacial
thicknessW/l!1, by the equation@5#

r̄5
p

l

A« l1«v

« l2«v
x0 , ~66!

where

x05E
2`

1`

dzH «~z!1
« l«v

«~z!
2« l2«vJ . ~67!

When dielectric anisotropy is considered,r̄ is still given by
Eq. ~66!, but x0 is replaced by@9,45,46#

x5E
2`

1`

dzH « i~z!1
« l«v

«'~z!
2« l2«vJ . ~68!

To illustrate the extent to which the anisotropy of the dielec-
tric function affectsr̄, we calculatedx/x0 for T* 51.8 and
uE5p/4 or p/3, and foundx/x050.97. Thus, when the
anisotropy of the interface is taken into account, the right-
hand side of Eq.~66! will be a few percent smaller.

C. Surface tension

The thermodynamic surface tensions is defined as the
excess grand potential per unit area,

s5~V2V l ,v!/A, ~69!

FIG. 6. The dielectric-permittivity profiles«(z) for variousuE ,
andE* 50.5 andT* 51.8. The inset shows a portion of the profiles
using a larger axis scale.
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whereV l ,v is the grand potential at phase coexistence andA
is the surface area. Figure 7 shows the temperature depen-
dence ofs* (5sd2/«) for various givenuE . It can be seen
that when the electric field is normal to the interface (uE
50) the field reduces the surface tensions* . Changing the
angleuE from 0 top/2 increases the surface tension ands*
reaches a maximum foruE5p/2. We also find that the law
of corresponding states is not applicable tos* ; when we
plot s* versus the scaled temperaturet51
2T* /Tc* (E,uE), the s* curves cannot be superimposed
onto one another~except very close to the critical point!.
However, we find that the scaling relation@22#

s* ;t3/2 ~70!

still holds for nonzero fields.
Another surface tension commonly shown in the literature

is the mechanical surface tensiong, which is defined as one-
half of the trace of the excess surface tension tensorĝ, i.e.,

g5~gx1gy!/2,

Ag i52E @pii ~rW !2pii
l ,v~rW !#dV ~ i 5x,y!, ~71!

where pii (rW) and pii
l ,v(rW) are, respectively, a component of

the local pressure tensor in the real interfacial system and in
a fictitious system in which the liquid-side phase and vapor-
side phase are considered to be uniform up to a selected
dividing surface. Assuming that the planar interface is in the
x-y plane and the electric field is in thex-z plane, the two
terms ofg can be given by@31#

gx5s1 P̄'E' and gy5s1 P̄'E'2 P̄iEi , ~72!

where P̄' and P̄i are the components of the excess surface
polarization vector, and

AP̄a5E @Pa~rW !2Pa
l ,v~rW !#dV ~a5',i !, ~73!

wherePW l ,v(rW) is the polarization vector in the fictitious sys-
tem.

In Fig. 8 we plot the temperature dependence ofg*
([gd2/«) at the Gibbs equimolar dividing surfaceZG for
various givenuE . The Gibbs dividing surface is defined us-
ing the relation

E
2`

ZG
@r~z!2r l #dz1E

ZG

1`

@r~z!2rv#dz50. ~74!

In contrast tos* , g* is always enhanced by the field regard-
less of the field direction. The enhancement is a minimum
for uE50 and a maximum foruE5p/2. Like s* , theg* -t
relation does not satisfy the law of corresponding states, but
it does follow the scaling relation

g* ;t3/2. ~75!

Experimental studies of the field effect on the surface tension
are scarce. Hurd and co-workers@32# found that the surface
tension of a salt solution was reduced by an applied electric
field (106 V/m) perpendicular to the liquid surface. How-
ever, that result was questioned by Damm@47#, who pointed
out the sensitivity of their results to the conditions of the
experiment. Hayes@48# measured the surface tension of pure
water and a salt solution. He found no change in the surface
tension with the field having a magnitude up to 106 V/m.

Here, we have considered the dimensionless electric field
E* 50.5. To give an estimation of its physical magnitude,
we utilize the Stockmayer parameters for methanol mol-
ecules @49#, namely, m0* 51.036, d53.803 Å, and «/kB

5359.0 K ~the Stockmayer model is very similar to the

FIG. 7. Temperature dependence of the thermodynamic surface
tensions* 5sd2/« for various givenuE . The inset shows the dif-
ferences in the temperature-tension curves from the zero-field
curve.

FIG. 8. Temperature dependence of scaled mechanical surface
tensiong* 5gd2/« for various givenuE . The inset shows the dif-
ferences in the temperature-tension curves from the zero-field
curve.
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dipolar model considered here!. The calculation givesE
;108 V/m. Therefore, to detect the field effect on the sur-
face tension, a much stronger electric field than previously
applied may be needed. It is expected that if the electric field
is in parallel with the interface it will result in a greater
change in the surface tension. However, care must be taken
about the strength of the applied field, because if the electric
field is above 53108 V/m it will lead to dielectric break-
down for most simple dielectric liquids@50#.

V. CONCLUSIONS

We have studied the bulk and interfacial properties of a
weakly dipolar fluid in an electric field. To this end, we have
extended the MMF DFT of Teixeira and Telo da Gama to
take into account the field effect. Particular attention has
been paid to the effect of an electric field with an arbitrary
direction with respective to the vapor-liquid interface.

For the bulk properties of a fluid in a slab-shaped system,
we find that, when the electric field is perpendicular to the
slab surfaces, it reduces the critical temperatureTc* and nar-
rows the vapor-liquid coexistence curve, compared to zero-
field results. Changing the direction of the field~by changing
the angleuE between the field direction and the surface nor-
mal from 0 top/2) will increaseTc* and broaden the coex-
istence curve. When the electric field is parallel to the slab
surfaces (uE5p/2), Tc* is higher than that in zero field. Near
Tc* , the differences in the density, dielectric constant, and
order parameter at phase coexistence all follow the same
scaling relation:j l2jv , « l2«v , h',v2h',l , h i ,l2h i ,v
;t1/2.

We also investigated the properties of a sphere-shaped
dielectric system in an electric field. In particular, we studied
the dependence of vapor-liquid coexistence on the dielectric
constant of the surrounding medium,«8. We find that for
«851 the field has no effect on the coexistence curve. For
«85« and «85` the field increasesTc* and broadens the
coexistence curve. The broadening is greater for«85`. Our
results are in good agreement with a computer simulation
and previous theoretical studies in the cases of«85« @39#
and«85` @37–39#. However, we predict different behavior
of the vapor-liquid coexistence in the case of«851 @28,39#.
We expect that higher terms in the expansion of the expo-
nential in Eq.~7! should be included in order to see the field
effect on the coexistence curve in the case of«851. Note
that Groh and Dietrich@51# studied vapor-liquid coexistence
in other non-slab-shaped systems, for example, a needle-
shaped spheroidal system. They also found that the critical
temperature increases with increasing applied external field.

For the planar interfacial properties, we find that when the
field is perpendicular to the interface (uE50) the 10-90 in-
terfacial widthW is broadened and the density profilej(z)
becomes smoother. Changing the field direction (uE) will
decreaseW and make the slope ofj(z) at the interface
steeper. The interfacial dipolar ordering can be described by
the interfacial order-parameter profilesh'(z), h i(z), and
h2,0(z) ~the last is the only nonzero order parameter in the
zero field!. Using the parameter Dh2,0

5max(h2,0)

2min(h2,0) as a measure of interfacial dipolar ordering, we
find that foruE50 the field reducesDh2,0

and increases the

width Wh2,0
of the h2,0(z) profile. Increasing the angleuE

from 0 top/2 will increase theDh2,0
parameter but decrease

the width Wh2,0
. Near the critical point bothW and Wh2,0

scale with the reduced temperature ast21/2, and Dh2,0
as

t3/2. We also find that the dielectric-permittivity profile can
be well approximated by the Clausius-Mossotti formula with
a small correction due to the interfacial inhomogeneity.

Finally, we find that when the field is normal to the inter-
face (uE50) the thermodynamic surface tensions* is re-
duced, compared tos* in zero field. Increasing the angleuE

from zero will enhance the surface tensions* , ands* will
reach a maximum foruE5p/2. In contrast, the mechanical
surface tensiong* at the equimolar dividing surface is al-
ways increased by the field regardless of the field direction.
The shift in g* is minimal for uE50 and maximal foruE

5p/2. Both s* and g* satisfy the scalings* ,g* ;t3/2.
Knowledge of the dependence ofg* on the direction of the
electric field can be useful to the study of vapor-to-liquid
nucleation in an electric field@52,53#. Thus far, experiments
have not revealed any evidence of surface tension change
due to an external electric field. We speculate that an electric
field as high as 108 V/m may be needed in order to observe
a notable field effect on the surface tension, and that the
effect will become more pronounced when the electric field
is applied along the interface.
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APPENDIX

Here we give the expression for the effective potential
fe f f appearing in Eq.~10!. To obtainfe f f(z,v1 ,v2), Ref.
@3# used the condition of the invariance of the system in the
x-y plane. Therefore, the orientation distribution function de-
pends only on the azimuthal angleu, namely, f 5 f (z,u).
Note that the average over the angle for those terms in the
distribution function containing the factor cos(w12w2) is
zero. Thus, those terms are omitted in the expression of
fe f f(z,v1 ,v2) @Eq. ~A13! in Ref. @3##.

For the system considered here, however, the invariant of
the system in thex-y plane no longer holds. As a result, the
average over the angles for those terms containing cos(w1
2w2) in the distribution functionf (z,v) is no longer equal to
zero becausef (z,v) has an axial anglew dependence. The
final expression for the effective potentialfe f f in terms of
spherical harmonics, accounting for its dependence on the
axial anglesw1 andw2, is given by
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fe f f~z,v1 ,v2!5A~z!1B~z!
4p

3 FY108 Y109 1
1

2
Y1218 Y119 1

1

2
Y118 Y1219 G2

b

2 H C~z!1D~z!F16p

45
Y208 Y209 1

8

9
A4p

5
~Y208 1Y209 !

1
16

9 G1E~z!F32p

5
Y208 Y209 2

8

3
A4p

5
~Y208 1Y209 !1

16

3 G1F~z!F32p

15
Y208 Y209 1

1

3
A4p

5
~Y208 1Y209 !G

1G~z!
4p

5
Y208 Y209 1H~z!

4p

3 FY108 Y109 1
1

2
Y1218 Y119 1

1

2
Y118 Y1219 G J , ~A1!

whereYlm8 5Ylm(u1 ,w1), Ylm9 5Ylm(u2 ,w2), and the coefficientsA(z), B(z), C(z), D(z), E(z), F(z), G(z), andH(z) are
identical to those in Eq.~A14! of Ref. @3#.
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