
University of Nebraska - Lincoln
DigitalCommons@University of Nebraska - Lincoln
Mechanical & Materials Engineering Faculty
Publications

Mechanical & Materials Engineering, Department
of

1-1-2001

Conjugate Heat Transfer From a Two- Layer
Substrate Model of a Convectively Cooled Circuit
Board
S. A. Harman
University of Nebraska-Lincoln

Kevin D. Cole
University of Nebraska - Lincoln, kcole1@unl.edu

Follow this and additional works at: http://digitalcommons.unl.edu/mechengfacpub
Part of the Mechanical Engineering Commons

This Article is brought to you for free and open access by the Mechanical & Materials Engineering, Department of at DigitalCommons@University of
Nebraska - Lincoln. It has been accepted for inclusion in Mechanical & Materials Engineering Faculty Publications by an authorized administrator of
DigitalCommons@University of Nebraska - Lincoln.

Harman, S. A. and Cole, Kevin D., "Conjugate Heat Transfer From a Two- Layer Substrate Model of a Convectively Cooled Circuit
Board" (2001). Mechanical & Materials Engineering Faculty Publications. Paper 46.
http://digitalcommons.unl.edu/mechengfacpub/46

http://digitalcommons.unl.edu?utm_source=digitalcommons.unl.edu%2Fmechengfacpub%2F46&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.unl.edu/mechengfacpub?utm_source=digitalcommons.unl.edu%2Fmechengfacpub%2F46&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.unl.edu/mechengfacpub?utm_source=digitalcommons.unl.edu%2Fmechengfacpub%2F46&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.unl.edu/mechengineer?utm_source=digitalcommons.unl.edu%2Fmechengfacpub%2F46&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.unl.edu/mechengineer?utm_source=digitalcommons.unl.edu%2Fmechengfacpub%2F46&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.unl.edu/mechengfacpub?utm_source=digitalcommons.unl.edu%2Fmechengfacpub%2F46&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/293?utm_source=digitalcommons.unl.edu%2Fmechengfacpub%2F46&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.unl.edu/mechengfacpub/46?utm_source=digitalcommons.unl.edu%2Fmechengfacpub%2F46&utm_medium=PDF&utm_campaign=PDFCoverPages


Journal of
Electronic
Packaging Technical Brief

Conjugate Heat Transfer From a Two-
Layer Substrate Model of a
Convectively Cooled Circuit Board

S. A. Harman and K. D. Cole
Mechanical Engineering Dept., University of Nebraska,
Lincoln, NE 68588

1 Introduction
This note presents the results of a study of a simple model of an

air-cooled electronic device mounted on a circuit board. The
model includes a flush-mounted heater to represent the electronic
device, a two-layer substrate to represent the circuit board, and a
steady shear flow to represent the cooling fluid.

Ortega@1# provides a good review of the literature and a com-
prehensive introduction to conjugate methods applied to elec-
tronic cooling, emphasizing simple shear flows and single-layer
substrates to illustrate basic principles. Ortega also describes two-
layer effects by including infrared thermographs of a convectively
cooled glass/epoxy circuit board with copper traces, which pro-
duce significant anisotropy, with larger in-plane relative to out-of-
plane conductivity in the circuit board.

There have been few conjugate studies with multiple conduc-
tion layers. Zebib and Wo@2# simulated a protruding electronic
module on a three-layer circuit board, but the geometry was fixed
and only three fluid velocities were used. Gorobets@3# analyzed a
fin with a low-conductivity coating to simulate the effects of fin
fouling. Chen et al.@4# developed a solution that included solid,
liquid, and gas phases to simulate laminar condensation on a fin.
In a series of papers Lee and co-workers~Palisoc and Lee@5#, Lee
et al. @6,7,8#! studied several different substrates with up to five
layers, but these studies approximated the convective cooling by a
spatially-uniform heat transfer coefficient.

This note builds upon the work of one of us~Cole @9#! for a
single-layer substrate, in which results were presented for various
values of the dimensionless substrate thickness and the conjugate
Peclet number, (kf /ks)Pe1/3. The present study adds a second
layer to the substrate described by a single additional parameter
that combines the thickness and conductivity of the added layer.

2 Analysis
The circuit board is modeled as a two-layer substrate of infinite

lateral extent with a flush-mounted heater of streamwise length 2a
generating heat uniformly. Refer to Fig. 1. The top layer of the
substrate is thin and highly conductive and treated as a lumped
solid in they-direction. The bottom of the substrate is insulated.
The fluid flow is a spatially invariant shear flow with velocity

gradientb. Thermal properties are constant~small temperature
rise assumed!. Radiation, natural convection, and viscous dissipa-
tion are neglected. The energy equations for the fluid flow and the
two substrate layers are given below.
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Coordinatex is the streamwise direction with range (2`,x
,`) and subscripts ( )f , ( )s1 , and ( )s2 refer to the fluid, solid 1,
and solid 2, respectively. Functionq0 is the heat flux introduced
by the heater andp(x) is the top-hat function defined as unity on
(2a,x,a) and zero elsewhere.

The temperature and heat flux at the interface are obtained by
solving the above energy equations in the fluid and both solids
separately with continuity of temperature at the fluid-solid and
solid-solid boundaries. Nondimensionalization of the governing
equations yields three dimensionless governing parameters
defined as follows: conjugate Peclet numberL
5(kf /ks2)(ba2/kf)

1/3; D2
15D2 /a; and, D1

1K5(D1 /a)
3(ks1 /ks2). Solutions are obtained through a combined numeri-
cal and analytical approach. The nondimensional governing equa-
tions are Fourier transformed in thex-direction reducing them to
ordinary differential equations with analytical solutions. The real-
space solutions are then given as integrals with the inverse Fourier
transform, which must be evaluated numerically. For the details of
the analysis see Harman@10#.

3 Results

Temperature Distribution. Figure 2 shows the normalized
temperature at the fluid-solid interface versusx for L51, D2

1

5100, and for variousD1
1K. IncreasingD1

1K increases the abil-
ity of the top solid layer to carry heat, which boosts the rate of
heat flow into the solid and distributes it farther upstream and
downstream before it enters the fluid. Consequently, asD1

1K in-
creases the temperature peak becomes broader, lower, and more
symmetric. Similar features are present in the heat flux field~not
shown!.

As D1
1K is increased and the top solid layer carries more heat,

the bottom solid layer carries less heat, and the temperature field
spreads out over lengths much greater than the heater length. If
D2

1 is small compared toD1
1K, the temperature distribution

across the thickness of the bottom layer can be neglected and the
entire solid treated as a single lumped-capacitance layer with ef-
fective thicknessDeff

1 5(D1
1K1D2

1); this is called the lumped-solid
limit. This limit is also approached if the convective flow velocity
is small ~small conjugate Peclet number! because as convection
decreases the shape of the temperature field becomes broader and
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more symmetric; however the peak temperature increases. In the
limit L→0 the peak temperature increases without limit; this is a
consequence of the two-dimensional geometry.

Spatial Average Temperature. Figure 3 shows the spatial
average modified temperature on the heated region,LT15L(T̄
2T`)ks2 /(q0a), versusL/Deff

1 at D2
15100 and variousD1

1K.
This modified temperature is used to preserve the conjugate Peclet
numberL as a basic parameter and to show the limiting behavior
at large and small values ofL. The convergence of the curves for
small L is the lumped-solid limit. The large-L asymptoteLT1 51.44 is associated with convection-dominated heat transfer. In

this region the temperature varies inversely with the conjugate
Peclet number; that is,T1;1/L.

The range 1,L,100 represents a large number of real-world
flow geometries, including air-cooled circuit boards. Figure 4
shows the spatial average modified temperature in this range ofL
for various values ofD1

1K and D2
1 . The impact ofD2

1 dimin-
ishes asL increases since increasing convection begins to mask
the effect of the bottom solid layer. The impact ofD2

1 also dimin-
ishes at greater values ofD1

1K; for D1
1K.20 variation inD2

1 has
almost no effect on the spatial average temperature.

Fig. 1 Conjugate heat transfer geometry

Fig. 2 Dimensionless heat flux to the fluid at LÄ1, D2
¿Ä100,

and various D1
¿K

Fig. 3 Modified spatial average temperature versus LÕDeff
¿ for

D2
¿Ä100, and various D1

¿K

Fig. 4 Modified spatial average temperature versus L for vari-
ous D2

¿ , and D1
¿K

Table 1 Nu* for various L, D1
¿ , and D2

¿
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The values ofD2
1 shown in Fig. 4 are representative of the

entire range of behaviors (0,D2
1,`) since theD2

150.5 curves
shown are nearly identical to the lumped-solid solution, and the
D2

1510 curves shown are very close to the semi-infinite solution
(D2

1→`).

Correlations of Results. In the range 1,L,100 and where
the lumped-solid approximation applies (D2

1,0.5), the following
correlations are accurate within 5 percent:

for L/Deff
1 ..55;

LT̄151.4420.4673S L

Deff
1 D 22/3

2.06363S L

Deff
1 D 24/3

for L/Deff
1 ,.55;

LT̄151.4619S L

Deff
1 D 2/5

2.2895S L

Deff
1 D 4/5

2.1695S L

Deff
1 D 6/5

for L/Deff
1 .1.2;

Nu*

L
51.522.728S L

Deff
1 D 23/4

1.3363S L

Deff
1 D 23/2

for L/Deff
1 ,1.2;

Nu*

L
51.3819S L

Deff
1 D 1/5

20.1627S L

Deff
1 D 2/5

20.1068S L

Deff
1 K D 3/5

whereNu* 5h̄a/ks2 , called the modified spatial average Nusselt
number~actually a Biot number!, whereh̄ is the spatial-average
heat transfer coefficient on the heated region.

For larger values ofD2
1 correlations were found to be imprac-

tical, so a table of values has instead been provided from which
values can be interpolated with 95 percent accuracy. Values given
in Table 1 forNu* can be linearly interpolated directly with respect

to D2
1 . The logarithm ofNu* can be linearly interpolated with

respect to the logarithm ofD1
1K. Finally, with respect to variation

in L, the ratioNu* /L can be linearly interpolated with the loga-
rithm of L. The low convection limit applies forD1

1K.103 and

table values can be extrapolated as follows:Nu* 5Nu* (L

5100)L1/5/(100)1/5. The D2
1510 case adequately represents re-

sults for 10,D2
1,` ~with at least 98 percent accuracy!.

4 Conclusion
In this paper results of a conjugate analysis applied to the elec-

tronic cooling problem are presented. The analysis is an extension
of earlier work with a single-layer substrate by adding a second
solid layer to represent the surface traces on a circuit board. The
addition of a lumped-solid second layer to the substrate adds a
single dimensionless parameter to the problem,D1

1K. Numerical
results for the two-layer substrate model are presented over a wide
range of flow parameterL, bottom layer thicknessD2

1 , and top-
layer parameterD1

1K. Design correlations and a table of values
are given spatial average~modified!Nusselt number to character-
ize thermal behaviors for values of the governing parameters typi-
cally encountered in electronic cooling applications.
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