
volumetric expansion and a decrease in the population of smaller
eddies due to higher viscosities combine to produce this effect.
The most probable value of the swirl strength at the end of the do-
main for the reactive case is kcI � 104:36 ¼ 22;908 s�1. Figure 9
shows iso-surfaces of the most probable swirl strength for the
non-reactive case (kcI ¼ 104:54), colored by temperature, for the
mixing and reacting cases. Clearly indicated is the volumetric
expansion of the shear layer after ignition.

Figure 10 shows time-averaged and instantaneous contours of a
flame index [44] defined as (rYH2 � rYO2)/(|rYH2||rYO2|). This
quantity is only evaluated where the average heat release (indi-
cated in the topmost figure) exceeds 1% of its maximum value.
The flame index distinguishes between non-premixed combustion
(a negative flame index, as fuel and oxidizer approach the flame

front from different directions), and premixed combustion (a posi-
tive flame index, as fuel and oxidizer approach the flame front from
the same direction). The instantaneous structure indicates that
non-premixed combustion dominates in the intense mixing zone
downstream of the flame stabilization position. Fuel rich, premixed
combustion takes place near the bottom wall, as the lifted flame
allows hydrogen and oxygen to mix before being entrained into
the reaction zone. The time-averaged flame index shows that a
region of non-premixed combustion exists upstream of the point
of maximum heat release, before the formation of the rich, pre-
mixed combustion region. As shown in the instantaneous contours
of Figs. 6 and 10, this region is characterized by the intermittent
formation of thin reaction zones and their extinguishment due to
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Fig. 8. Swirl strength probability density functions versus distance.

Fig. 9. Swirl-strength iso-surfaces (top – non-reacting, bottom – reacting, contours from 250 to 2500 K).
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high turbulence-induced strain rates. As the shear layer spreads,
local strain rates diminish and the reaction zones become more
connected and more resistant to turbulent-eddy interactions.
There is no evidence of a lean premixed branch, as one might ex-
pect in a laminar triple-flame structure, in either the time-aver-
aged or instantaneous contours. A more sophisticated analysis,
such as that proposed in [45], would be necessary to confirm the
presence of this branch.

The sidewall and top boundary layers in the 3D domain range
from 1 to 1.5 cm in thickness in the combustor section (see
Fig. 11). These provide a displacement effect that acts to compress
the flow further. The flame-anchoring position moves further up-
stream for the LES/RANS simulations performed on this domain,
to �16 cm downstream of the fuel injector exit. Three-dimensional
snapshots of temperature at different cross-stream planes in
Fig. 11 illustrate the blockage effects of the sidewall boundary lay-
ers and also the large degree of variation in the reaction zone struc-
ture across the lateral extent of the combustor. Longitudinal
vortical structures with sizes of the order of the shear layer thick-
ness deform the flame front significantly in the cross-stream direc-
tion, though smaller-sized structures are also captured. The
vertical extent of the reaction zone increases within the sidewall
boundary layers, as shown in the time-averaged exit-plane tem-
perature contours included as an inset figure. This effect is likely
a result of counter-rotating corner vortices that act to force hot
reaction products from the reaction zone toward the wall and into
the corner. Average temperatures in the reaction zone are �1900 K
– substantially less than the peak values of around 2500 K shown
in the instantaneous snapshots. This effect is due to large-eddy
interactions within the reactant streams which locally strain the
flame, reducing the effective reaction rate, and also cool it through
engulfment of colder pockets of fluid.

3.3. Vitiated-air mixing and combustion – comparisons with
experimental data

Figure 12 presents stagnation temperature profiles at the com-
bustor exit for the reactive cases. The solutions obtained on the

periodic domain under-predict the peak stagnation temperature
but show reasonable agreement with the shear layer width. The ef-
fect of the Gaussian-quadrature subgrid model is to sharpen the
stagnation-temperature peak slightly. The location of the peak is
shifted further away from the wall for the solution obtained on
the 3D domain. This effect may also be due to the corner vortices
mentioned earlier, as these force fluid within the sidewall bound-
ary layers downward into the corner, then laterally toward the
centerline, and finally upward into the middle of the combustor.
The nine-species reaction mechanism also results in a slight shift
of the peak in stagnation temperature away from the wall. Pitot
pressure profiles in Fig. 13 show similar trends. The shear layer ap-
pears to be further displaced from the lower wall for the solution
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obtained on the 3D domain. Traces of shock waves traversing the
data plane are noted in the profiles.

Mole fraction profiles at X = 35.4 cm are shown in Fig. 14. The
peak in water production is consistently under-predicted, though
its location is reasonably well-captured by the solutions obtained
on the periodic domain. The reaction zone is displaced further from
the wall for the solution obtained on the 3D domain. This yields
better agreement with experimental data for Y < 2 cm but the
water mole-fraction peak deviates more from the measured loca-
tion. The nine-species reaction mechanism provides a similar, but
less pronounced shifting of the reaction zone. A slight increase in
water production is predicted by the Gaussian quadrature model
relative to the laminar chemistry model. This increase is associated
primarily with the modest shifting of the flame stabilization
position further upstream as noted in Fig. 7. In all cases, the
time-averaged reaction zone appears broader than indicated in

the experimental data. The experimental data shown in Fig. 14 is
that most commonly used in prior computational comparisons
[20–24]. Another set of mole-fraction measurements is also pre-
sented in [18], and a comparison of the LES/RANS results with this
data set is shown in Fig. 15. In the report [18], water condensation
within the sampling probe is given as a reason for the large water
concentration levels, but it is interesting that the thickness of the
time-averaged reaction zone as predicted by the LES/RANS models
agrees quite well with these measurements, even though the viti-
ated-air composition is slightly different.

Figures 12–14 also show that streamwise mesh refinement for
the seven-species, laminar chemistry calculation yields only mini-
mal differences in the time-averaged predictions. The slight up-
stream shift in the flame-stabilization location evidenced in
Fig. 7 alters the position of the generated shock wave (see Fig. 5).
This primarily affects the Pitot pressure profiles (Fig. 13).

3.4. Vitiated-air mixing and combustion – turbulence/chemistry
interactions

Scatter plots of reactive scalars versus mixture fraction can be
used to assess the degree to which resolved turbulent eddies influ-
ence the flame behavior. The mixture fraction definition is based
on the use of the hydrogen element fraction:

f ¼ eH � eH;1

eH;2 � eH;1
; ð20Þ

with the hydrogen element fraction defined in terms of the species
mass fractions for the seven-species model as

eH ¼ YH2 þ YH2O=9þ YOH=17þ YH; ð21Þ

and the subscripts 1 and 2 representing the hydrogen and vitiated-
air streams, respectively. The stoichiometric value of the mixture
fraction fst is found by considering combustion of hydrogen at the
experimental fuel/vitiated-air ratio of 0.0143 according to the
one-step, irreversible reaction

H2 þ
1
2

O2 ) H2O: ð22Þ

The stoichiometric mixture fraction is a sensitive function of the frac-
tion of unburned hydrogen assumed to be present after combustion,
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with values ranging from 0.014 for 0% unburned hydrogen to 0.040
for 5% unburned hydrogen. The data used in the scatter plots was
sampled from the seven-species solution on the periodic domain at
four planes within the combustor – one well upstream of the ignition
location (X = 9.95 cm), one within the region of intermittent combus-
tion noted in Figs. 5 and 6 (X = 20 cm), one near the point of
maximum heat release (Fig. 10, X = 22.6 cm), and one near the mea-
surement location of X = 35.4 cm. Figure 16a plots O2 and H2O mass
fractions (left axis) and temperature (right axis) versus mixture frac-
tion at the plane well upstream of the ignition location. The expected
linear variation of species concentration with mixture fraction is
recovered in this region. Within the intermittent region and just
downstream (Fig. 16b and c), the scatter plots reveal a transition be-
tween an unburned flamelet structure and a burning flamelet struc-
ture. The significant levels of scatter indicate that transient ignition
events are present in this region and that the lifted flame allows
some oxygen and water vapor to mix with the hydrogen stream
without passing through the reaction zone. Near the combustor exit
(Fig. 16d), peaks in temperature and the minor species OH and O
atom (not shown) are located within the range calculated above
for the stoichiometric mixture fraction (0.014–0.04). If the OH peak

can be identified with the true stoichiometric mixture fraction con-
tour, then the peak temperature values occur toward the fuel-rich
side and the peak O atom values occur toward the fuel-lean side.
Peak values of water and H atom (not shown) are located at higher
(fuel rich) values of the mixture fraction. Flame-lift effects are indi-
cated also at this station, as unburned oxygen and hydrogen are still
present beneath the flame front. The scatter in the composition vari-
ables about mixture-fraction conditioned averages indicates the ef-
fect of turbulent-eddy interactions in locally straining the flame.
These results provide evidence that a strained flamelet model for tur-
bulent combustion may be valid in this region of the flame.

4. Conclusions

Simulations of the Burrows and Kurkov reacting wall-jet exper-
iment using large-eddy/Reynolds-averaged Navier–Stokes (LES/
RANS) methods have been described in this paper. Calculations
have been performed on an idealized 2D geometry, in which side-
wall effects are neglected, and a fully 3D geometry, in which top
and side-wall boundary layers are resolved. The LES/RANS model

Fig. 16. Scatter plots of species mole fraction and temperature versus mixture fraction.
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provides good predictions of non-reactive mixing of the hydrogen
jet and the vitiated-air stream. Simulations including chemical
reactions predict a lifted flame, stabilized from 15 to 20 mm down-
stream of the injection location. The flame anchoring position
moves toward the fuel injection location for calculations per-
formed on the 3D domain, and the reaction zone structure is
influenced by the formation of counter-rotating vortex pairs in
the side-wall/lower-wall junctures. In all cases, the ignition event
causes significant changes in the structure of the shear layer. Com-
bustion-induced volumetric expansion leads to an enhanced
growth rate of the shear layer and the formation of larger eddies
that act to stretch the flame and to force large pockets of colder
reactant fluid toward the flame front. The time-averaged reaction
zone as predicted in the calculations performed on the 3D domain
is shifted further away from the wall than indicated in the exper-
imental data. This effect is due to the lifting action of a pair of
counter-rotating vortices and may imply that the LES/RANS model
over-predicts the growth rate of the sidewall boundary layers. As
details of the facility nozzle are not known precisely, it is not sur-
prising that idealized inflow conditions may lead to such discrep-
ancies. All LES/RANS models under-estimate the peak levels of
stagnation temperature and water concentration in the time-aver-
aged reaction zone. This appears to be a consequence of too-rapid
mixing of colder reactants at larger turbulence length scales. The
use of a Gaussian quadrature estimate for the filtered species
production terms provides a slight improvement in this regard.
Reactive scalar scatter plots indicate that the flame exhibits a tran-
sition from a partially-premixed flame structure, characterized by
intermittent heat release, to a diffusion-flame structure that could
probably be described by a strained laminar flamelet model.
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Appendix A. Implementation of Gaussian quadrature model

The implementation of the Gaussian quadrature model requires
first a transformation into a uniform computational space, where
the quadrature rules can be defined correctly:

X _xs ¼
ZZZ

X
ðVð~xÞÞdX �

Xnq

k¼1

wk _xsðVRð~xkÞÞ

¼
Xnq

k¼1

~wkJð~xkð~nkÞÞ _xsðVRð~xkð~nkÞÞÞ: ðA1Þ

Here, ~nk denotes a set of quadrature points

~n ¼ n;g; f ¼ ½ð0;1Þ; ð0;1Þ; ð0;1Þ�; ðA2Þ

defined in a computational space, ~wk are the quadrature weights in
this space,~x ¼ x; y; z, and Jð~xkð~nkÞÞ is the Jacobian of the transforma-
tion. It is clear from the above equivalence that wk ¼ ~wkJð~xkð~nkÞÞ and
X ¼

Pnq
k¼1

~wkJð~xkð~nkÞÞ. A set of quadrature weights and locations that
integrate third-order polynomials exactly are listed in Table A1.

The Jacobian is defined by first considering a linear variation of
~x within a mesh cell:

~xðn;g; fÞ ¼~a1 þ~a2nþ~a3gþ~a41þ~a5ngþ~a6nfþ~a7gf

þ~a8ngf; ðA3Þ

where

~a1 ¼~xi�1;j�1;k�1;

~a2 ¼ �~a1 þ~xi;j�1;k�1;

~a3 ¼ �~a1 þ~xi�1;j;k�1;

~a4 ¼ �~a1 þ~xi�1;j�1;k;

~a5 ¼ �~a2 þ~xi;j;k�1 �~xi�1;j;k�1;

~a6 ¼ �~a2 �~xi�1;j�1;k þ~xi;j�1;k;

~a7 ¼ �~a3 �~xi�1;j�1;k þ~xi�1;j;k;

~a8 ¼ �~a5 þ~xi�1;j�1;k �~xi;j�1;k þ~xi;j;k �~xi�1;j;k:

ðA4Þ

From this, the Jacobian can be calculated as

J ¼ xnðygzf � yfzgÞ � xgðynzf � yfxnÞ þ xfðynzg � ygznÞ: ðA5Þ

The physical locations corresponding to each quadrature location
~nk ¼ nk;gk; fk can be found by substituting the values in Table A1
into Eq. (A3). The cell centered value ~x0 can be determined by
substituting the values n = 1/2, g = 1/2, f = ½ into Eq. (A3).

Cell-centered gradient information required in Eqs. (5) and (7)
is calculated using Green’s theorem:

XrV ¼
X

l

V l~nlAl; ðA6Þ

where~nl;Al are cell-face unit normals and areas and Vl ¼ 1
2 ðV þ VNÞ.

Here, N refers to the face neighbor. The curvature term requires
some assumptions to reduce the cost of the evaluation. First, we
approximate rQ ; Q ¼ rV � ð~xk �~xoÞ as

XrQ ¼
X

l

Q l~nlAl: ðA7Þ

The vector Q is approximated at a cell interface by first associating
the vector~xk �~xo with that of the mesh cell in question. The gradi-
ent rVl at a cell interface is approximated as the directional deriv-
ative pointing from the mesh-cell to its face neighbor:

rVl ¼
2ðVN � VÞ
XþXN

~nlAl: ðA8Þ

This ‘thin layer’ approximation is adopted for reasons of simplicity
and because nominally Cartesian mesh topologies are used in this
work. As eight quadrature points are required for a hexahedral
mesh cell, the Gaussian quadrature method requires eight evalua-
tions of the chemical source terms per mesh cell.

References

[1] R.A. Baurle, AIAA Paper 2004-0267.
[2] F.A. Jaberi, P.J. Colucci, S. James, et al., J. Fluid Mech. 401 (1999) 85–121.
[3] S. Navarro-Martinez, A. Kronenburg, F. Di Mare, Flow, Turb., Combust. 75

(2005) 245–274.
[4] T. Echekki, A.R. Kerstein, T.D. Dreeben, Combust. Flame 125 (2001) 1083–1105.
[5] N. Peters, Turbulent Combustion, Cambridge University Press, 2000.
[6] C.D. Pierce, P. Moin, J. Fluid Mech. 504 (2004) 73–97.
[7] F. Genin, B. Chernyavsky, S. Menon, AIAA Paper 2003-7035.
[8] F. Genin, S. Menon, AIAA Paper 2009-132.
[9] M. Berglund, C. Fureby, Proc. Combust. Inst. 31 (2007) 2497–2504.

[10] S. Menon, P.A. McMurtry, A.R. Kerstein, AIAA Paper 1993-107.

Table A1
Quadrature weights and locations.

k n g f ~wk

1 1
2 ð1� 1ffiffi

3
p Þ 1

2 ð1� 1ffiffi
3
p Þ 1

2 ð1� 1ffiffi
3
p Þ 1/8

2 1
2 ð1� 1ffiffi

3
p Þ 1

2 ð1� 1ffiffi
3
p Þ 1

2 ð1� 1ffiffi
3
p Þ 1/8

3 1
2 ð1� 1ffiffi

3
p Þ 1

2 ð1� 1ffiffi
3
p Þ 1

2 ð1� 1ffiffi
3
p Þ 1/8

4 1
2 ð1� 1ffiffi

3
p Þ 1

2 ð1� 1ffiffi
3
p Þ 1

2 ð1þ 1ffiffi
3
p Þ 1/8

5 1
2 ð1þ 1ffiffi

3
p Þ 1

2 ð1� 1ffiffi
3
p Þ 1

2 ð1þ 1ffiffi
3
p Þ 1/8

6 1
2 ð1þ 1ffiffi

3
p Þ 1

2 ð1þ 1ffiffi
3
p Þ 1

2 ð1� 1ffiffi
3
p Þ 1/8

7 1
2 ð1þ 1ffiffi

3
p Þ 1

2 ð1þ 1ffiffi
3
p Þ 1

2 ð1þ 1ffiffi
3
p Þ 1/8

8 1
2 ð1þ 1ffiffi

3
p Þ 1

2 ð1þ 1ffiffi
3
p Þ 1

2 ð1þ 1ffiffi
3
p Þ 1/8

J.R. Edwards et al. / Combustion and Flame 159 (2012) 1127–1138 1137



[11] W. Waidmann, F. Alff, U. Brummund, M. B’ohm, W. Clauss, M. Oschwald, Space
Technol. 15 (1995) 421–429.

[12] M. Berglund, C. Fureby, V. Sabel’nikov, J. Tegner, 32nd International
Symposium on Combustion, Montreal, Canada, Paper 1E12, August, 2008.

[13] D.M. Peterson, G.V. Candler, AIAA Paper 2008-6923.
[14] D.M. Peterson, G.V. Candler, AIAA Paper 2009-0130.
[15] S. O’Byrne, P.M. Danehy, A.D. Cutler, AIAA Paper 2004-0710.
[16] P. Donde, H. Koo, V. Raman, AIAA Paper 2010-0203.
[17] J.R. Edwards, J.-I. Choi, J.A. Boles, AIAA J. 46 (2008) 977–991.
[18] M.C. Burrows, A.P. Kurkov, Supersonic Combustion of Hydrogen in a Vitiated

Air Stream using Stepped Wall Injection, NASA-TM-X-67840, 1971.
[19] M.C. Burrows, A.P. Kurkov, Analytical and Experimental Study of Supersonic

Combustion of Hydrogen in a Vitiated Airstream, NASA-TM-X-2828, 1973.
[20] P.G. Keistler, R.L. Gaffney, X. Xiao, H.A. Hassan, AIAA Paper 2005-5382.
[21] W. Engblom, F. Frates, C.C. Nelson, AIAA Paper 2005-1000.
[22] M. Deepu, S. Gokhale, S. Jayaraj, J. Combust. Soc. Jpn. 48 (2006) 187–197.
[23] K. Brinckman, W.H. Calhoon, S.M. Dash, AIAA J. 45 (2007) 1036–1046.
[24] H.B. Ebrahimi, AIAA-1993-1840.
[25] J.P. Drummond, R.C. Rogers, Comp. Methods Appl. Mech. Eng. 64 (1987) 39–60.
[26] D.R. Eklund, S.D. Stouffer, AIAA Paper 94-2819.
[27] C.J. Jachimowski, An Analysis of Combustion Studies in Shock/Expansion

Tunnels and Reflected Shock Tunnels, NASA TP-3224, 1992.

[28] B.J. McBride, S. Gordon, M.A. Reno, Coefficients for Calculating Thermodynamic
and Transport Properties of Individual Species, NASA TM-4513, 1993.

[29] J.-I. Choi, J.R. Edwards, R.A. Baurle, AIAA J. 47 (2009) 2179–2193.
[30] J.A. Boles, J.-I. Choi, J.R. Edwards, R.A. Baurle, AIAA Paper 2009-1324.
[31] S. Ghosh, J.-I. Choi, J.R. Edwards, J. Prop. Power 26 (2010) 203–214.
[32] F.R. Menter, AIAA J. 32 (1994) 1598–1605.
[33] E. Lenormand, P. Sagaut, L. Ta Phuoc, P. Comte, AIAA J. 38 (2000) 1340–1350.
[34] L.G. Margolin, M. Shashkov, Int. J. Numer. Methods Fluids 58 (2008) 991–1002.
[35] P.E. DesJardin, S.H. Frankel, Phys. Fluids 10 (1998) 2298–2314.
[36] J.A. Boles, J.-I. Choi, J.R. Edwards, R.A. Baurle, AIAA Paper 2010-1099.
[37] P. Colella, P.R. Woodward, J. Comput. Phys. 54 (1984) 174–201.
[38] J.R. Edwards, Comput. Fluids 26 (1997) 635–659.
[39] A. Jameson, J. Sci. Comput. 34 (2008) 188–208.
[40] P.K. Subbareddy, G.V. Candler, J. Comput. Phys. 228 (2009) 1347–1364.
[41] F. Ducros, V. Ferrand, F. Nicaud, C. Weber, D. Darracq, C. Gachareiu, T. Poinsot,

J. Comput. Phys. 152 (1999) 517–549.
[42] E. Garnier, Shock Waves 19 (2009) 479–486.
[43] J.B. Star, J.R. Edwards, M.K. Smart, R.A. Baurle, AIAA Paper 2006-3040.
[44] H. Yamashita, M. Shimada, T. Takeno, Proc. Combust. Inst. 26 (1996) 27–34.
[45] T. Lu, C.S. Yoo, J.H. Chen, C.K. Law, AIAA Paper 2008-1013.

1138 J.R. Edwards et al. / Combustion and Flame 159 (2012) 1127–1138




