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Summary
Commonly used methods for estimation of pumping-induced stream depletion are based on a series of idealistic
assumptions about the stream-aquifer interface. In many cases, however, these assumptions are not consistent
with field conditions. In order to obtain stream-depletion estimates that are based on assumptions more
appropriate for conditions often faced in the field, a new analytical model is proposed. This model, which
incorporates the effects of finite stream width, shallow stream penetration, and a low permeability streambed, is
based on the Dupuit assumptions and a steady-state representation of flow across the streambed. A general
solution for stream depletion is developed in Laplace space and numerically inverted to obtain stream depletion
as a function of time. In two special cases, the Laplace-space solution can be analytically inverted to obtain
closed-form expressions. This solution is used to assess the impact of finite stream width, shallow stream
penetration, and a low-permeability streambed on stream depletion estimates.
Introduction
The evaluation of pumping-induced stream depletion is a critical step in the design of watershed-scale
management plans. In the United States and many other countries, stream depletion estimates are commonly
obtained for water-management design and water-rights adjudication purposes using analytical solutions based
on simplified representations of the stream-aquifer interface (e.g., Theis[l], Glover and Balmer[2]). In particular,
a graphical method for estimation of stream depletion developed by Jenkins [3] has seen much use. These
analytical solutions and the estimation methods developed from them are based on a series of idealistic
assumptions that include a fully penetrating stream and a perfect hydraulic connection between the stream and
the aquifer. Although hydrogeologists have long recognized that these assumptions often bear little resemblance
to reality, the method of Jenkins is still the most commonly used tool for estimation of stream depletion in many
countries because of its simplicity and the lack of convenient-to-use alternatives.
In the last several decades, much new light has been shed on the concept of stream depletion (e.g., [4]). Carefully
performed field studies have revealed the heterogeneous nature of the stream-aquifer interface and emphasized
the impact of partial penetration (e.g., [3,5-81). These field studies have been supplemented by a number of
modeling investigations of stream-aquifer interactions. Several studies have numerically explored the impact of
a number of factors on stream depletion estimates [9-121. This work found that neglect of partial penetration and
an imperfect hydraulic connection between the stream and the aquifer can result in a significant overestimation
of stream depletion. Recently, the influence of these factors was illustrated using a simplified analytical model of
stream depletion from a partially penetrating, infinitely thin stream [13].
Although largely unknown outside of Eastern Europe, a considerable amount of work was done on streamaquifer interactions in the former Soviet Union. In particular, analytical solutions that incorporate a simplified
representation of an imperfect hydraulic connection and a partially penetrating stream were developed [14-151
and have been widely used for well-field design and the analysis of stream-aquifer interactions [16-191. The
work of Grigoryev [14] and Bochever [15] will be the basis of the definition of the model of the stream-aquifer
interface used here.
The primary objectives of this study are to: (1) obtain an analytical solution to a model of stream-aquifer
interactions that incorporates a more realistic representation of the stream-aquifer interface; (2) explore the
sensitivity of stream depletion estimates to various hydrogeological parameters; and (3) to demonstrate the
difference between stream depletion estimates obtained with this model and those obtained using models based
on more simplistic representations of the stream-aquifer interface.
Statement of the Problem
A major objective of this work is to develop methods for the estimation of pumping-induced stream depletion
that are based on a model of stream-aquifer interactions that represents conditions typically found in the Great
Plains region of the United States. Figures l a and l b depict conditions assumed in the commonly used models
for estimation of stream depletion. Figure l a represents the situation in which the stream fully penetrates and is
in perfect hydraulic connection with the adjacent aquifer [I-31. Figure l b is an extension of the fully penetrating
stream model to incorporate an imperfect hydraulic connection produced by low-permeability streambed
sediments, a configuration that was examined by Hantush [20]. Unfortunately, Figures l a - l b are often not
representative of alluvial valleys in the Great Plains, where shallow stream penetration and large stream widthto-depth ratios are the norm.
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In this work, we will develop a method for estimation of stream depletion that is based on a model of streamaquifer interactions that incorporates shallow stream penetration and large stream-width-to-depth ratios
(Figure lc). The approach we utilize was originally proposed by Grigoryev (141 for the design of well fields in
alluvial aquifers. The proposed approach involves dividing the aquifer into three zones (Figure lc): Zone I,
which includes both the stream-aquifer interface and the portion of the aquifer under the stream; Zone 11, which
consists of a section between the stream and the pumping well (II(l)) and a section on the opposite side of the
well extending away from the stream
and Zone 111, which is located on the opposite side of the stream
from the pumping well. The following series of assumptions are adopted in order to obtain an analytical solution
for this configuration: (1) the stream is infinitely long in the horizontal plane and has low sinuosity; (2) the
aquifer is homogeneous, isotropic and semi-infinite in lateral extent; (3) the stream and the aquifer are initially at
hydraulic equilibrium, and the water table is initially horizontal at some level ho; (4) the streambed partially
penetrates the aquifer with a hydraulic conductivity much less than the aquifer; (5) drawdown is small compared
with the saturated thickness so the Dupuit approximation is applicable; ( 6 ) leakage across the streambed (to or
from the stream) is vertical and occurs only through the stream bottom, and the stream and aquifer are
hydraulically connected (albeit imperfectly) in all parts of the streambed; (7) groundwater in Zone 1 is under
confined conditions while groundwater in Zones I1 and I11 is unconfined; and (8) stream stage does not affect
stream depletion.

Figure 1. Hydrogeological conditions near the stream-aquifer interface: (a) fully penetrating stream
by Theis [I], Gloper and Balmer [2], and Jenkins [3]; (b) fully penetrating stream by Hantush [20];
(c) partially penetrating stream with low permeability streambed by Grigoryev [14] and Bochever [IS].
Consider hydraulic head h(x, y, t ) in an aquifer with the aquifer base as a reference level, and a stream stage H(t)
with the same reference level. Two-dimensional groundwater flow can be described by the following boundary
value problem:

h(x, y,O) = h, = m
h ( x , y , t ) = h , , x2 + y 2 + o o
H ( t ) = h, = m
S ( ~ , Y=) S , T ( x , y )= TI = km,, g ( x ) = kl/m', for -2w < x < 0
S(x, Y ) = Sy , T(x,Y ) = T'I = Tul= km , g ( x ) = 0 , for x c -2w and for x > 0
Here, x and y are Cartesian coordinates, t is time, k is hydraulic conductivity of the aquifer, k' and m'are the
hydraulic conductivity and the thickness of the streambed, respectively; w is the half-width of the stream, TI and
S are transmissivity and storativity of Zone 1, respectively, TIIand TIIIare transmissivities for Zones I1 and 111, S,
is the specific yield, 1 is the distance from the well to the stream bank, Q is pumping rate, 6(x) is the Dirac
function, and m and ml are aquifer thicknesses for Zones 11-111 and Zone I, respectively (Figure 1 c).
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Continuity conditions for head and flux are required along the vertical interfaces between Zones I, 11, and 111
(lines x=O and x=-2w).
We are interested in finding the stream depletion q(t) which can be expressed as

Solution
The introduction of dimensionless variables ? = x/w , J = y / w , i = (Tllt)/(Sj!~2), CJ = S / S , , ,
f? = TI/TII = m,/m = 1 , and y = (kfw~)/(m'TI1)allowsthe problem to be rewritten m a dimensionless
format, where y will be henceforth called stream leakance. In dimensionless variables, the equation (7) for
stream depletion can be rewritten as:

Due to the linearity of the boundary value problem (1) - (6), the solution for q(i) can be obtained using integral
Laplace transforms [21]. Derivation of the solution in Laplace space for both stream depletion and drawdown is
straightforward following the earlier proposed approach [15, 221, albeit tedious. In the general case, the solution
for stream depletion can be numerically inverted using the Stehfest [23] algorithm with sixteen weighting
coefficients.
The Laplace space solution for the general case, as well as analytical expressions for two simplified cases for
which the inversion can be readily performed analytically, are given below.
General Case: Finite Storativity and Specific Yield (o> 0)
The Laplace transform solution for the stream depletion is as follows:

where

Special Case I : Neglecting the Storativity of the Confined Aquifer (Zone I) Under the Streambed (a = 0)
In this case, o2 = y / P , and the analytical solution for stream depletion can be obtained in closed form [15,21]:

Special Case 2: Neglecting the Storativity of the Confined Aquqer under the Streambed with Infinitely Wide
Stream (a = 0, w + m)
In this case, there is no Zone 111, and h = of?. The closed form analytical solution for stream depletion is:

Effects of the Hydrgeological Parameters on Stream-aquifer Interactions
Analysis of the solutions (9), (11) and (13) was performed using an example of a stream with characteristics
typical of many alluvial aquifers in the Great Plains region of the United States. Consider a shallow stream
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which does not .penetrate an unconfined aquifer with the following parameters: hydraulic conductivity
k=20mlday, aquifer thickness m = ml = 10m (i.e. /3 = 1 ), storativity S=0.001, specific yield Sy=0.2, stream
width 2w=IOm, hydraulic conductivity of the streambed k' = 0.1 m/day, streambed thickness m' = 0.1 , and-a
pumping rate Q=l000 m3/day from a well located at a distance I=100m from the right bank of the stream. Using
typical ranges for these parameters, one can evaluate their influence on stream depletion estimates with the
proposed model.
Accuracy of the Simplified Solution (Effect of o)
The simplified solutions for stream depletion (11) and (13) were obtained by neglecting the compressibility in
Zone I (o = 0). The accuracy of these solutions can be demonstrated by comparison with the numerical
inversion of (9). The same response was calculated from (9) using a range of o values from 0.005 to 1 by
changing storativity S from 0.001 to 0.2 while keeping Sy fixed. The results displayed in Figure 2 show that there
is little dependence on (. Therefore, the storativity of the confined aquifer in Zone I can be neglected for practical
purposes.

Effect of the Stream Width (Parameter w )
The Glover and Balmer [2] model of stream depletion for fully penetrating stream can be written as:

Q9 = erfi*)
where a = (km)/S is the aquifer diffisivity, The Hantush 1201 model, which adds a vertical low-permeability
streambed to the fulfy penetrating stream model of Glover and Balrner, can be written as:

-9= e r f

Q

+)

{2b]
- .-(a + F ) ~ ~ - +
+

where a = k'mt/k is a retardation coefficient to incorporate the effects of the reduced permeability of the
streambed [6].
In order to assess the impact of stream width and to compare our solution with these previous models, equation
(11) is rewritten in dimensional form as follows:

Q

{2b)-ev(b12t

b, = ,u&b

+g)erf{*+b,

- l/csh(2wv ) ] , v 2 = k'/(m'km,

) , /I = pvcth(2w v )

Figure 3 displays dimensional stream depletion plots from equations (14)-(16), along with the expression for the
case of an infinitely wide stream (13). The results illustrate that with an increase of stream width, stream
depletion becomes larger. In this particular example, there is no further increase in stream depletion for streams
wider than approximately 30 m and the curves are very close to the curve for stream of infinite width. These
results indicate that, for a given hydraulic conductivity and thickness of streambed, the effect of increases in the
stream width becomes limited due to increases in the length of the groundwater flow path under the stream. In
this case, the transmissivity of Zone I becomes the limiting parameter, and stream depletion is lower than in fully
penetrating case. Interestingly enough, the Hantush solution corresponds to a relatively wide stream. Naturally,
the largest values for stream depletion are obtained with the fully penetrating stream model. In certain
conditions, dependence on the fully penetrating stream model can lead to significant overestimates of stream
depletion.
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Figure 3. Comparison of stream depletion for
available solutions for various stream widths

Figure 2. Effect of compressibility in Zone I

Effect of the Stream Leakance Parameter (y)
Stream depletion strongly depends on the value of the stream leakance parameter. Figure 4 indicates that an
increase in y enhances the pumping-induced stream depletion. When the stream leakance is large ( y >>I ), the
stream depletion curves approach the case of a fully penetrating stream. Physically, case (y >>I ) corresponds to
a very good hydraulic connection between the stream and aquifer. In this situation, heads in both the stream and
the aquifer are very close, and the fully penetrating stream model becomes applicable.
1.o

partial penetration
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Figure 4. Effect of the leakance yon stream depletion
Discussion
The commonly used analytical model of Glover and Balmer [2] and its extension by Hantush [20] disregard the
effects of stream width and shallow penetration on stream depletion estimates. A new analytical solution, which
is an extension of earlier work of Grigoryev [14] and Bochever [15], has been developed to explicitly consider
these features. This solution incorporates the effects of stream width, the hydraulic conductivity and thickness of
the streambed, and very shallow penetration. Evaluation of the solution indicates that stream depletion estimates
are insensitive to the storage properties of the sub-stream aquifer zone, thereby significantly simplifying the
required calculations. This evaluation also indicates that stream depletion estimates are very sensitive to the
stream leakance parameter, which incorporates the effects of stream width, and the hydraulic conductivity and
thickness of the streambed. As shown here, the larger the value for the stream leakance parameter, the more
closely stream depletion estimates correspond to those for a fully penetrating stream. Note that all the results
presented here assume that the Dupuit assumptions are valid.
The expressions presented here allow stream depletion estimates to be obtained that are more reflective of actual
field conditions in many parts of the world. If these expressions are to be utilized for water-management design
and water-rights adjudication purposes, field methods need to be developed for the estimation of the stream
leakance parameter. Current theoretical and field studies at the University of Nebraska and the Kansas
Geological Survey are being directed towards this goal.
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