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Abstract
The hyperspherical coordinate method developed by Macek, Fano, Lin,
and Klar to describe two-electron correlations is used for the first time
to treat an atomic photoionization process. Using adiabatic approximations for both the initial and the final state, the cross section for the process He +γ +He+1s +e– is calculated and is found to lie 1% higher than
the revised experimental data of Samson at threshold, 4% lower at 1 Ryd
above threshold, and 12% lower at 1.9 Ryd above threshold.

While the use of hyperspherical coordinates to describe two-electron correlations
is quite old (Morse and Feshbach 1953, Smith 1960, Macek 1967), it is only relatively recently that Macek (1968) introduced an adiabatic approximation in such
coordinates which provided quantitatively accurate predictions of doubly-excited-state energies in He as well as a good description of two-electron dynamics.
Further development of the theory and numerous applications to doubly excited
states of He and H– have been made by Fano and Lin (Fano 1969; Fano and Lin
1975; Lin l974, 1975a), H. Klar and M. Klar (H. Klar 1974; M. Klar 1977; H. Klar
and M. Klar 1980) and Greene (1980). Application of the method to treat twoelectron atomic scattering processes have been described by Fano (1969) and by
Fano and Lin (1975), but only the 1S electron-hydrogen phaseshift has been considered in detail (Lin 1975b; H. Klar and Fano 1976; H. Klar 1977; H. Klar and M.
Klar 1978). Meanwhile recent experimental data of Wuilleumier et al. (1980) and
Woodruff and Samson (1980) on the photoionization cross section of He with excitation of the ion to the n = 2 state are much lower just above threshold than predicted by close-coupling calculations (Jacobs and Burke 1972; Hyman et al. 1972),
thereby indicating a need to improve the description of the two-electron correlations involved. Motivated by this discrepancy between theory and experiment,
we have begun the investigation of the photoionization of He using the hyperspherical coordinate method. We report here our first results: adiabatic approximation calculations of the photoionization cross section for the process He + γ
+ He+(1s) + e–. Our single-channel results, which lie 1% above the recently revised experimental data of Samson (1976) at threshold, 4% below at 1 Ryd above
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threshold, and 12% below at 1.9 Ryd above threshold, compare well with the
more detailed rpa (Wendin 1970; Amusia et al. 1974), close-coupling (Burke and
McVicar 1965; Jacobs 1971), and polarized orbital (Bell and Kingston 1967) calculations, particularly at threshold.
In the hyperspherical coordinate method of Macek (1968), a two electron
wavefunction ψ(r1, r2) is expanded in terms of a complete set of adiabatic eigenfunctions φμ(R, , r̂ 1, r̂ 2 ), which depend parametrically on the hyperspherical ra2
2 ½
dius R ≡ (r1 + r2 ) and are functions of the five angular variables  ≡ tan–1(r2/r1),
r̂ 1, and r̂ 2. The form of ψ is thus
ψ(R, , r̂ 1, r̂ 2) = (R5/2 sin  cos )–1 ∑ Fμ(R)φμ (R, , r̂ 1, r̂ 2)
μ

(1)

The angular function φ is defined to satisfy the following differential equation in
atomic units (ħ = e = m = 1):
(2)
2

Here Li is the squared orbital angular momentum operator for the ith electron,
θ12 ≡ cos–1 r̂ 1 ∙ r̂ 2, Z is the nuclear charge and Uμ(R) is the eigenvalue, which is
parametrically dependent on R. Upon substituting equation (1)in the two-electron Schrödinger equation and using equation (2), one obtains the following set
of coupled differential equations for the radial functions Fμ(R):

(3)
In equation (3) the coupling matrix elements (φμ, ∂nφμ′/∂Rn), n = 1, 2, involve integration over the five angular variables only and are thus parametrically dependent on R. Given initial- and final-state wavefunctions ψi and ψf in the form of
equation (1), the dipole amplitude for incident radiation linearly polarised along
the z axis is
(4a)
where
(4b)
In calculating our wavefunctions we make an adiabatic approximation in which
we keep only a single term μ in the summation in equation (1). For the ground
state this term corresponds to the dominant 1s2(1S) configuration; for the final
state this term corresponds to the dominant 1sp( 1 P) configuration. However,
this adiabatic approximation is not an independent particle approximation; much
correlation is included. (For example, in calculating φμi for the initial state, using equation (2), an expansion is made in the angular momentum pairs ss, pp,
f
dd, and ff; in calculating φμ for the final state, an expansion is made in the angular momentum pairs sp, ps, pd, dp, df, and fd.) In Table 1, we compare the He
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Table 1. Non-relativistic total energies for the ground state of helium.
Source

Energy (au)a

Hartree-Fockb

–2.861 68

Present results:
adiabatic upper bound

–2.895 17

Pekeris (1958)

–2.903 72

Present results:
adiabatic lower bound

-2.929 67

a 1 au = 27.2108 eV.
b Clementi and Roetti (1974).

non-relativistic ground-state energy calculated in two hyperspherical adiabatic
approximations with the essentially exact result of Pekeris (1958) as well as the
Hartree-Fock (HF) result (Clementi and Roetti 1974). One adiabatic approximation includes the diagonal coupling matrix element (φμ, ∂2φμ/R2) in solving equation (3), and the other ignores this term. In the former (resp. latter) case the lowest
energy of each symmetry obtained upon solving equation (3)—ignoring all offdiagonal coupling terms—may be shown to give an upper (resp. lower) bound
on the true energy (see e.g. Starace and Webster 1979). Our two adiabatic results
do indeed bound the Pekeris result and are much more accurate than the HF result. In our photoionization calculations, both initial and final radial wavefunctions were calculated with the diagonal coupling term included. Indeed, this term
is needed in order that equation (3) for Fμ(R) has the proper asymptotic form to
O(R–2) (Macek 1968).
The photoionization cross section obtained using only the lowest μ = 0 term
in equation (1)for the 1S initial- and 1P final-state wavefunctions is shown in Figure 1. Figure 1 also shows the revised experimental data of Samson (1976), which

Figure 1. Photoionization cross section for He. Full curve, present adiabatic calculations in the hyperspherical coordinate method; broken
curve, 1s–2s̄–2p̄ close-coupling calculation of Jacobs (1971);dots, experimental measurements of Samson (1976).

L528

Miller & Starace

in

J . P h y s . B: A t o m . M o l e c . P h y s . 13 (1980)

Table 2. Comparison of the present results with some of the more detailed theoretical calculations of the photoionization cross section for the process He + γ + He+(1s) + e–.
σ (Mb)b

Photoelectron
energy
(au)a

Hyperspherical
coordinate
Interpolated
method
experimental
(present
rpa method
results
adiabatic
(Wendin
(Samson 1976)c results)d
1970,1971)e

0.0
0.05
0.1
0.15
0.2
0.25
0.3
0.4
0.5
0.7
0.9

7.56 ± 0.23
6.89 ± 0.21
6.41 ± 0.19
5.92 ± 0.18
5.52 ± 0.17
5.02 ± 0.15
4.63 ± 0.14
3.94 ± 0.12
3.41 ± 0.10
2.57 ± 0.08
2.10 ± 0.06

a

7.65
6.96
6.36
5.81
5.33
4.88
4.48
3.81
3.26
2.43
1.85

7.55
7.00
6.45
6.00
5.55
5.18
4.85
4.28
3.75
2.87
2.23

Close
-coupling
method
(Jacobs 1971)f

—
—
6.32 (6.25)
—
5.38 (5.34)
—
4.61 (4.59)
3.98 (3.97)
3.47 (3.46)
2.68 (2.67)
2.13 (2.11)

Polarized
orbital method
(Bell and
Kingston
1967)g

7.56 (7.84)
7.00 (7.24)
6.47 (6.69)
—
5.55 (5.72)
—
4.79 (4.92)
4.14 (4.25)
3.61 (3.70)
2.79 (2.85)
2.19 (2.23)

1 au = 27.2108 eV.

b Theoretical results are given in dipole length approximation. When available, dipole velocity

results are given in parentheses.

c Linear interpolation of the densely spaced experimental results (see Figure 1) is used to pro-

vide values at the same energies for which theoretical results are available.

d The diagonal non-adiabatic coupling terms are included in calculating both initial- and final-

state wavefunctions.
Numerical values were supplied to us by Wendin.
f See Table 4. Final state is obtained from a 1s–2s̄–2p̄ expansion. Initial state is the 56-term Pekeris variational wavefunction.
g See table 2. Initial state is the 20-term Hart-Herzberg variational wavefunction.
e

have error bars of ± 3%. Our results lie within these error limits near threshold
(for kinetic energies 0.0 ≤  ≤ 0.4 au) but are lower than experiment at higher energies. Of the many other theoretical calculations, we show the one with the best
overall agreement with experiment: the three-channel (i.e. 1s–2s̄–2p̄) close-coupling calculations of Jacobs (1971). Our single-channel calculations do not include
coupling to excited states of He+.
More quantitative comparison of our results with some other detailed theoretical calculations is shown in table 2. Within the kinetic energy range 0.0 ≤  ≤
0.25 au, our values are comparable to those of these other calculations. Above  =
0.25 au the rpa (Wendin 1971) and polarized orbital (Bell and Kingston 1967) calculations lie higher than experiment, while our results lie lower. Close-coupling
results (Jacobs 1971) are not given below  = 0.1 because of numerical problems
near threshold; above  = 0.25 au they are in best agreement with experiment.
We are presently investigating the effect of higher final-state adiabatic channels, in particular those corresponding to n = 2 and n = 3 excitations. The need to
include such higher channels is indicated by the adiabatic phaseshifts. At threshold our calculated phase for the 1sp(1P) channel is –0.151 rad. This compares
with an extrapolated experimental value (Seaton 1966) of –0.041 rad. In contrast the 1s6p(1P) energy level calculated (M. Klar 1977) without the diagonal coupling matrix element corresponds to a quantum defect of +0.056, which implies a
threshold phaseshift of +0.176 rad. Thus, since omission or inclusion of the diag-
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onal coupling matrix element in the adiabatic hyperspherical coordinate method
can change the threshold phaseshift by 0.3 rad, it is quite likely that inclusion of
off-diagonal coupling matrix elements in solving equation (3) will improve our
calculated phaseshifts.
Acknowledgments
We wish to thank Professor U. Fano and Mr. C. Greene for suggesting the hyperspherical
coordinate method. We are grateful to Professor J. Macek for providing his computer program to solve Equation (2) and for numerous discussions. AFS thanks Dr. H. Klar for discussions regarding the behavior of our calculated phaseshifts. This work was supported by US
Department of Energy Contract No EY-76-S-02-2892. Support of AFS by an Alexander von
Humboldt Research Fellowship at the Universität Freiburg is gratefully acknowledged.

References
Amusia, M. Ya., Cherepkov, N. A., Zivanovic, Dj., and Radojevic, V. 1974 Vacuum Ultraviolet Radiation Physics, ed. E. E. Koch, R. Haensel, and C. Kunz (Braunschweig: Pergamon-Vieweg),
pp. 241-2
Bell, K. L., and Kingston, A. E. 1967 Proc. Phys. Soc. 90 31
Burke, P. G., and McVicar, D. D. 1965 Proc. Phys. Soc. 86 989
Clementi, E., and Roetti, C. 1974 Atom. Data Nucl. Data Tables 14 177
Fano, U. 1969 Atomic Physics I (New York: Plenum), pp. 209-25
Fano, U., and Lin, C. D. 1975 Atomic Physics 4 (New York: Plenum), pp. 47-70
Greene, C. 1980 J. Phys. B: Atom. Molec. Phys. 13 L39
Hyman, H. A., Jacobs, V. L., and Burke, P. G. 1972 J. Phys. B: Atom. Molec. Phys. 5 2282
Jacobs, V. L. 1971 Phys. Rev. A 3 289
Jacobs, V. L., and Burke, P. G. 1972 J. Phys. B: Atom. Molec. Phys. 4 L67
Klar, H. 1974 J. Phys. B: Atom Molec. Phys. 7 L436
————. 1977 Phys. Rev. A 15 1452
Klar, H., and Fano, U. 1976 Phys. Rev. Lett. 37 1132
Klar, H., and Klar, M. 1978 Phys. Rev. A 17 1007
————. 1980 J. Phys. B: Atom Molec. Phys. 13 1057
Klar, M. 1977 Doctoral Thesis Fakultät für Physik der Albert-Ludwigs-Universität, Freiburg,
West Germany
Lin, C. D. 1974 Phys. Rev. A 10 1986
————. 1975a Phys. Rev. Lett. 35 1150
————. 1975b Phys. Rev. A 12 493
Macek, J. H. 1967 Phys. Rev. 160 170
————. 1968 J. Phys. B: Atom. Molec. Phys. 1 831
Morse, P. M., and Feshbach, H. 1953 Methods of Theoretical Physics, Part II (New York: McGrawHill) pp 1729-34
Pekeris, C. L. 1958 Phys. Rev. 112 1649
Samson, J. A. R. 1976 Phys. Rep. 28 303
Seaton, M. J. 1966 Proc. Phys. Soc. 88 815
Smith, F. T. 1960 Phys. Rev. 120 1058
Starace, A. F., and Webster, G. L. 1979 Phys. Rev. A 19 1629 (appendix)
Wendin, G. 1970 Phys. Lett. 33A 16
————. 1971 J. Phys. B: Atom. Molec. Phys. 4 1080
Woodruff, P. R., and Samson, J. A. R. 1980 6th Int. Conf. on Vacuum Ultraviolet Radiation Physics,
Charlottesville, Virginia Extended abstract II-92; to be published
Wuilleumier, F., Adam, M. Y., Sandner, N., and Schmidt, V. 1980 J. Physique Lett. in press

