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Some nontrivial aspects of the magnetic and structural characterization of hard-magnetic
nanoparticles are investigated. Dilute ensembles are well-described by mean-field theory, although
there is an asymmetry between exchange and magnetostatic interaction fields. Corrections to the
mean-field approximation are caused by cooperative effects and have the character of Onsager
reaction fields, which are much stronger in micromagnetism than in atomic-scale magnetism. The
slow dynamics of zero-field-cooled (ZFC) magnetization curves is strongly affected by the
particles0 magnetic anisotropy, which reduces the corresponding energy-barrier height from 25 to
C 2012 American Institute of Physics. [doi:10.1063/1.3672845]
19.1 kBT. V
I. INTRODUCTION
1

2

Hard-magnetic nanoparticles, such as FePt and YCo5,
can be interpreted as ensembles of interacting magnetic
grains, and the same is true for granular permanent magnets.
The interactions have far-reaching consequences for hysteresis and for slow magnetization dynamics, as observed in magnetic viscosity and ZFC/FC measurements. The simplest
approach is the mean-field approximation, which is also the
basis for remanence plots, such as Dm plots. However, the
mean-field approximation is a poor approach to coercivity
and hysteresis and incorrectly treats exchange and magnetostatic interactions on equal footing, describing them as positive and negative interactions, respectively.3,4
In this paper, we discuss several theoretical aspects of
the magnetism of particulate nanomagnets and discuss how
experimental investigations are affected by these theoretical
considerations.
II. PACKING FRACTION AND INTERACTIONS

Clusters are usually embedded in a matrix material to
make a nanocomposite film, and a multilayer structure with
alternating cluster layer and matrix layer is usually adopted.
Figure 1 shows typical clusters deposited on a TEM grid.
The number of particles is conveniently parameterized by
the nominal film thickness tnom ¼ 4pR3N/3A, where N is the
total number of particles, R is the particle radius, and A is the
film area. For sufficiently dilute particle ensembles with random lateral distribution, the areal coverage fA ¼ 3tnom/4R.
This result is independent of whether the particles are truly
randomly located or form layered structures, separated by
nonmagnetic spacer layers.
For small cluster concentrations, the above equation is
quite accurate. In one explicit example, the predicted and
measured fA values were 11% and 10%, respectively. As the
nominal thickness increases, the particles overlap in the twodimensional TEM view, and interactions cause the formation
0021-8979/2012/111(7)/07B507/3/$30.00

of elongated islands and other structures. The overlap effect
can be calculated with the method outlined in5 and yields the
areal coverage
fA ¼ 1  expð3tnom =4RÞ;

(1)

where the exponential dependence reflects the randomness
of the lateral particle positions. Interactions are more difficult to treat than one might expect from Fig. 1, because
MnAu is essentially antiferromagnetic and the magnetostatic
interactions due to the residual moment of the particles are
not very strong.
III. HYSTERESIS-LOOP SLOPE

Hysteresis loops are a rich source of information on particulate magnets. Our focus is on the loop slope or
“micromagnetic susceptibility” v ¼ dM/dH measured at Hc.
(In magnetic recording, this parameter is referred to as a.)
The micromagnetic susceptibility vo of noninteracting particles is determined by the switching-field distribution P(H),
which reflects real-structure features such as particle shape
and size distribution. The relation is vo(H) ¼ 2 Ms P(H),
where 2Ms is the magnetization change as the field increases
from - 1 to þ 1.
A simple mean-field approach is to add an interaction
field k M to the external field, which yields the linearized
equation M ¼ vo (H þ k M) and
v¼

vo
:
1  vo k

(2)

This micromagnetic susceptibility is structurally and physically very similar to the Stoner susceptibility v ¼ vo/[1 - I
D(EF)]. In both cases, the susceptibility vo of a noninteracting
system is enhanced by a mean-field type interaction, and in
both cases, v is overestimated. The Stoner theory sometimes
incorrectly predicts ferromagnetism for antiferromagnets, and
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FIG. 1. L10-ordered MnAu clusters on a TEM grid. The particle agglomeration visible in this image is usually a combination of projection and physical
interaction effects.

Eq. (2) breaks down for very high interaction strengths. Note
that atomic-scale exchange parameters (or molecular fields)
k  J often exceed 100 T, as compared to typical switchingfield distribution of the order of 1 T. In fact, when the
exchange interaction exceeds a certain threshold, then the
particles can be considered as strongly coupled and the excess
exchange has very little effect on the hysteresis loop.3
The corrections to the mean-field susceptibility have the
character of an Onsager reaction field.6 Figure 2 illustrates
the mechanism. Magnetization changes are not realized by
the field itself, but by the torque that acts on a given spin
(central spin). In strongly interacting systems, Fig. 2(b), the
rotation of the central spin initiates the rotation of neighboring spins, which leads to a substantial reduction of the torque
acting on the central spin.
The exchange energy between normalized spins S0 and
S1 on neighboring sites R0 and R1 scales as - J cos(h0 - h1),
and subtracting the irrelevant projection onto the central spin
yields

FIG. 3. Nanoscale implementation of the Onsager correction. Onsager correlations in ferromagnets extend over many interatomic distances a but not
necessarily over many grain or particle diameters 2R.

The Onsager field is usually defined for atomic dipoles,6–8
where individual dipoles can rotate, for example, due to thermal excitation. In this case, the Onsager field is a small perturbation with the small parameter 1/z, where z is the number
of nearest atomic neighbors.7 In micromagnetism, neighboring atomic spins are nearly parallel and the Onsager term
leads to an almost complete cancellation of the exchange
field. On a nanoscale, the interaction may be mean-field like
(vok  1), of intermediate strength (vok  1), or cooperative
(vok  1). Figure 3 shows the intermediate case, with partial
spin correlations.
IV. EXCHANGE AND MAGNETOSTATIC
INTERACTIONS

(4)

It is tempting to associate positive and negative values of
k (or J) with exchange and magnetostatic interactions, respectively, as done in Henkel, Dm, and other remanence plots.
However, magnetostatic interactions cannot be mapped onto
a negative interaction field k < 0. This is seen by considering
local rather than global mean-field approximations, where the
mean field varies across the sample. Magnetostatic interactions favor columnar spins structures with alternating : and ;
particle columns, and the mean field changes sign between
neighboring columns. The corresponding mean-field equations have the character of a local mean-field theory.4,9
Figure 4 shows the behavior of a macroscopically compact (rather than thin-film-like) granular magnet with (a) ferromagnetic interparticle exchange and (b) magnetostatic
interactions. Aside from the opposite changes in the loop

FIG. 2. Angular correlations in ferromagnets: (a) mean-field model and (b)
Onsager correction.

FIG. 4. Effect of interactions on the hysteresis loop: (a) exchange interactions
and (b) magnetostatic interactions. The dashed lines correspond to noninteracting particles and the arrow in (b) indicates where the net magnetostatic
interaction is zero.

J ! Jð1 < S0  S1 >Þ:

(3)

This expresses the Onsager reaction field in terms of the spin
correlations C ¼ <S0S1>.8 Aside from a trivial conversion
factor, k ¼ J, so that Eq. (2) can be rewritten as
v¼

vo
:
1  vo Jð1  CÞ

07B507-3

Skomski et al.

J. Appl. Phys. 111, 07B507 (2012)

slope, there is a “fixed point” [arrow in (b)] where the magnetostatic interactions are not effective. This is because the
dipole field created by a cubic or spherical neighborhood of
parallel spins is zero. For example, an octahedral environment has 6 nearest neighbors with relative field contributions
of 1 (top), 4 times -[1/2] (in-plane neighbors), and 1 (bottom).
This is true for any value of the average magnetization, and
to obtain a net interaction, one must define two sublattices, so
that the interaction-field contributions from the octahedron
change to 1, 4 times þ[1/2], and 1. The same effect exists in
thin films, but there it is less obvious due to the strong
demagnetizing field.
V. SLOW DYNAMICS

Field- and zero-field-cooled magnetization curves are
frequently used to investigate ensembles of magnetic nanoparticles. Here we consider the effect of magnetic anisotropy
on the zero-field-cooled (ZFC) peaks of noninteracting hardmagnetic particles in a small field H. We assume that all particles are identical and Stoner-Wohlfarth-like, of anisotropy
constant K and volume V. We further assume that the particles are c-axis aligned, which yields the well-known energy
barriers

. 2
Eb ¼ KV 16H Ho

ð to

expðbKVÞ ðbh  mÞ dt:

(8)

0

Next, we take into account that the exponent -bKV is largest
at high temperatures, that is, for t  to. We can therefore
write t ¼ to - t0 and T ¼ To - c t0 , expand the integrand of Eq.
(9) into powers of t0 , and keep the linear terms only. The
evaluation of the integral is then straightforward and yields

mo ¼ Co expðbKVÞ To2 h cK 2 :

(9)

Using h ¼ mo/kBTo and dividing by mo we obtain a selfconsistent equation for To:
expðKV=kB To Þ ¼ Co to ðkB To =KVÞ2

(10)

Without the quadratic term, this equation would reproduce
the 25-kBT dependence, but (kBTo/KV)2 « 1 reduces the numerical factor by about ln (252) ¼ 6.38. A more accurate numerical analysis of Eq. (10) shows that 25 kBT must be
replaced by 19.1 kBT. Physically, the effectiveness of the
ZFC energy barriers is reduced, because the high anisotropy
limits mo and means that the switching of a small fraction of
the particles is sufficient to realize the ZFC peak.

(5)

Here Ho ¼ 2K/loM is the anisotropy field of the particles.
The ZFC peak position is obtained by using a constant heating rate c ¼ dT/dt. The peak temperature To, which corresponds to a heating time to ¼ To/c, is typically estimated
from KV ¼ ln(Coto) kBTo  25 kBTo, where Co  109 s is an
atomic-scale relaxation rate.10 In this section, we show that
this relaxation is a rather poor estimate if one considers the
permanent-magnet case of particles with high anisotropy.
Insertion of Eq. (5) into the transition rates Wij ¼ Co
exp(-Eb/kBT) of the master equation dpi/dt ¼ Rj (Wij pj - Wji
pi) yields, with p1 þ p2 ¼ 1 and p1 - p2 ¼ m, the following familiar two-level equation of motion for the normalized
magnetization:
h

mo ¼ Co


2

i

dm=dt ¼ Co exp bKVð1  H Ho2 Þ
h
i
 sinhðbhÞ  m coshðbhÞ :

(6)

Here b ¼ 1/kBT and h ¼ loMHV. For large K and small H,
this equation simplifies to
dm=dt ¼ Co expðbKVÞ ðb h  mÞ:

(7)

However, the right-hand side of this equation depends on
both m and b(t). To approximately solve Eq. (7), we first
take into account that T ¼ c t yields dm/dt ¼ dm/dT ¼ 0 at the
peak position. Both Co and the exponential function are positive, so that the peak height mo and its position To obey
kBTo ¼ mo/h. We start by formally integrating Eq. (9) from
t ¼ 0 to t ¼ to:

VI. CONCLUSIONS

In summary, we have investigated some theoretical
implications of experimental approaches to characterize
ensembles of hard-magnetic nanoparticles. Two of the
explicit examples discussed in this paper are the inequivalence of mean-field-type magnetostatic and exchange interaction fields in hysteresis loops and the replacement of the
factor 25 in the analysis of ZFC curves by a reduced value of
19.1, caused by the high anisotropy of the nanoparticles.
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