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Magnetic skyrmions and other topologically protected nanostructures are investigated. Since

skyrmions are mathematical rather than physical objects, they describe a wide variety of physical

systems, from simple magnetic domain walls to complicated quantum phases with long-range

many-body entanglement. Important distinctions concern the skyrmions’ relativistic character, their

quantum-mechanical or classical nature, and the one- or many-body character of the wave functions.

As specific examples we consider magnetic nanospirals, where the topology of a vortex-like spin state

is protected by magnetostatic interactions, and edge currents in dilute magnetic semiconductors and

metallic nanodots. Our analysis militates against giant orbital moments created by a mesocopically

enhanced spin-orbit coupling. VC 2012 American Institute of Physics. [doi:10.1063/1.3672079]

I. INTRODUCTION

Skyrmions are mathematical objects that have fascinated

the magnetism community for many years, covering a num-

ber of physically very different phenomena. Skyrme’s origi-

nal idea1 emerged in nuclear physics, where skyrmions are

specific solutions of a nonlinear sigma model, used to

describe baryons. Today, the term is also used for a wide va-

riety of nonlinear phenomena, such as dislocations in liquid

crystals, vortices in superconductors, magnetic domain

walls,2 and quantum states in topological insulators.3

By definition, skyrmions are a homotopically non-trivial

soliton-like solutions of nonlinear field equations, typically

characterized by topological invariants such as winding

numbers. Figure 1 compares a trivial spin structure (a) with

two soliton-like skyrmionic spin configurations (b),(c). The

structures (b) and (c) are homotopically equivalent, that is,

they can be continuously deformed into each other. Homo-

topic nonequivalence is often imposed by boundary condi-

tions, as in Fig. 1.

Some skyrmions are relatively simple classical objects,

but many skyrmion-like phenomena are based on highly non-

trivial quantum physics. These include anyons,4 fractional

quantum Hall effect,4,5 quantum phases,6 quasi-particles

with fractional statistics,5,7 and topological insulators.3 These

systems involve features such as a long-range entanglement

of many-body wave functions6 and Berry phases.8

Topological solitons are very stable entities, because

their topological nature protects them against perturbations.

The robust character of skyrmions is potential useful in tech-

nology. For example, anyons are considered as potentially

useful for fault-tolerant quantum computers.9

The aim of this paper is to show that nanoscale magnetic

skyrmions form a multifaceted world with a rich and diverse

physics. Key distinctions are classical physics versus quan-

tum mechanics, relativistic versus nonrelativistic interac-

tions, and single-particle versus many-particle effects. As

explicit examples, we discuss magnetic nanospirals and pos-

sible giant orbital moment in magnetic nanoparticles.

II. RELATIVISTIC AND COULOMB EFFECTS

A major distinction is between nonrelativistic (or electro-

static) interactions, such as exchange, and relativistic interac-

tions, such as spin-orbit coupling (SOC). The latter are

weaker by a factor of order a2 than the former, where a¼ 1/

137 is Sommerfeld’s fine-structure constant, but they play an

important role in many skyrmionic effects. Magnetic domain

walls, as in Fig. 1(b) involve magnetic anisotropy, which

originates from spin-orbit coupling and is therefore a

relativistic effect. Noncollinearities due to relativistic

Dzyaloshinski–Moriya (DM) interactions occur in or-

dered10,11 and disordered12,13 structures with broken inver-

sion symmetry. Figure 2 illustrates how DM interactions

yield noncollinear spin structures, including some types of

skyrmions. Two ways of writing the DM interactions are

h¼ c M�rM (Ref. 11) and h¼Dij � Si�Sj,
12 where the

DM vector Dij depends on the atomic positions Ri and Rj of

the involved atoms. For long-wavelength spin spirals of the

type Mx¼Mo cos(kz), My¼Mo sin(kz), and Mz¼ 0, the two

definitions are equivalent with D¼k c.

However, many skyrmions are protected by interatomic

exchange in combination with geometrical boundary

conditions. Examples are Fig. 1(b) and skyrmions formed

by adding a ; electron to completely filled two-dimensional

: subband.14 The latter is a correlation effect and means that

rapid magnetization changes are opposed by an exchange-

type energy, similar to Fig. 1(c). In fact, most noncollinear

a)Author to whom correspondence should be addressed. Electronic mail:

rskomski@neb.rr.com.
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spin structures encountered in practice are caused by com-

peting exchange and may mask weaker relativistic effects.13

Examples are the helimagnetism of the heavy rare-earth ele-

ments10 and the noncollinearities in many Cr and Mn alloys.

Interestingly, Figs. 1(b) and 1(c) are homotopically equiva-

lent, that is, there is a continuous deformation between struc-

tures without (c) and with (b) relativistic interactions.

Other examples of geometrically protected spin struc-

tures are magnetic nanotubes15 and nanospirals, Fig. 3,

which can be produced by glancing-angle deposition

(GLAD) onto a rotating substrate.16 The materials can be

nonmagnetic (e.g., Si) or magnetic (e.g., Co), and the spirals

(helices) have nanoscale feature sizes with wire diameters

below 50 nm. The exchange energy Eex in long and thin spi-

rals is obtained by integration over the exchange-energy

density

Eex ¼ A

ð rM

Ms

� �2

dV; (1)

where A is the exchange stiffness of the magnetic material.

This energy depends on the geometry of the spirals. Assum-

ing that M is parallel to the wire axis (that is, protected by

magnetostatic self-interactions in combination with coil ge-

ometry), Eq. (1) yields

Eex ¼ pA
a

R

� �2

L 1� h2=L2
� �

: (2)

Here a is the wire radius, R is the radius of the coil, L denotes

the contour length of the wire, and h is the total height h of

the coil. For example, the fictitious extension of a spiral to

full length, h¼L, leads to Eex¼ 0, because the correspond-

ing magnetization M¼Mz ez is homogeneous.

III. QUANTUM EFFECTS

Quantum-mechanical skyrmions form part of the “new

quantum mechanics” based on concepts such as Berry

phases8 and quantum orders.6 The Berry phase is a geometri-

cal phase factor in the wave function that arises from adia-

batically slow variations of a parameter, unrelated to the

familiar dynamical phase factor from the time-dependent

Schrödinger equation. The phase is essential for the under-

standing of solid-state phenomena such as orbital magnetism

and the anomalous Hall effect,17 but even more important

for the understanding of topological or quantum orders.6

These orders are caused by nonlocal many-electron quantum

entanglement.

Quantum-mechanical skyrmions often involve non-

simply connected or “doughnut-like” spaces. A simple

example is the Aharonov–Bohm effect, where the Berry

phase corresponds to the vector potential and the magnetic

flux line forms the “hole” of the doughnut. Other examples

are the fractional quantum Hall effect and the related concept

of anyons,4 where the electrons move around each other on

FIG. 2. DM interactions, spin-orbit coupling, and broken inversion symme-

try. The electrons of (a) and (b) move in opposite directions but exhibit the

same clockwise spin precession along the path ABC.

FIG. 3. (Color online) Nanospirals: (a) Si nanospirals produced by GLAD

and (b) chirally spin-polarized magnetic nanospiral.

FIG. 4. Nanoscale meaning of the fractional Hall effect: (a) one-electron

orbit and (b) many-electron orbits.

FIG. 1. Simple topological excitations in a nanomagnet: (a) ground state of

a ferromagnetic chain, (b) domain wall, and (c) delocalized spin change.

The configurations (b) and (c) are protected, that is, (a) cannot be reached by

continuous deformation.
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doughnut-like mesoscopic trajectories,6 as illustrated in

Fig. 4(b).

Topological insulators, such as Bi1�xSbx, are electronic

materials that have bulk band gaps like ordinary insulators

but exhibit protected conducting states on their surface.3,18

These states involve spin-orbit interaction, which couples the

electron’s wave vector to the spin and means that electrons

on the surface of a topological insulator are not allowed to

make U-turns.19

IV. ORBITAL MOMENT

An interesting question is whether the unusual and

poorly understood orbital-moment behavior of dilute mag-

netic semiconductors20 and of nanostructures such as AuFe

nanoparticles21 is a Berry-phase effect. It is well-known that

the Berry phase and the orbital moment are closely

related17,22 and that edge states are important in some quan-

tum systems.6 One possible mechanism is that the spin-orbit

coupling at the edges of the sample creates macroscopic cur-

rents that yield a big magnetic moment.23 The corresponding

phenomenon is basically a one-electron process, governed

by the spin-orbit coupling

H ¼ �h2

4m2c4
r�ðrV�kÞ; (3)

where k is the wave vector of the moving electron and V is

the electrostatic potential.24 Note that the usual form of the

SOC, in terms of L, is obtained from this equation by intro-

ducing spherical potentials V(r)¼V(r). Adding the kinetic

energy, which is quadratic in k, to the SOC term of Eq. (3)

yields an energy scaling as

E ¼ Eo aokð Þ2�a2E1aok; (4)

where both Eo and E1 are of the order of a few eV, and

ao¼ 0.529 Å is the Bohr hydrogen radius. The same proce-

dure applied to the energy expression Eq. (2) in Ref. 23

yields

E ¼ Eo aokð Þ2�a2E1Rk; (5)

where R is the lateral feature size, for example, the radius of

a nanodot. The only difference between the two equations is

the replacement of ao in Eq. (4) by R in Eq. (5). In other

words, Eq. (5) greatly overestimates the effect of the spin-

orbit coupling. Note that the spin-orbit interaction of Eq. (3)

is a local quantity and depends on spin, potential gradient,

and electron velocity, but not on the feature size R.

Interestingly, the orbital moment follows from the Berry

phase,17 but it can also be obtained directly from the local

currents j�rw,10 similar to the scenario outlined in Ref. 25

and equivalent to Eq. (3). This avoids the use of ill-defined17

angular-momentum vectors L¼ r�p, which is one of the

reasons for considering the Berry phase in the context of the

orbital moment.

V. CONCLUSIONS

In summary, magnetic skyrmions are nanoscale objects

that involve a wide variety system-dependence mechanisms.

One specific example is the possibility of giant orbital cur-

rents in magnetic nanodots and nanoparticles. In spite of the

close relationship between Berry phase and orbital moment—

and in spite of the long-range entanglement effects in typical

quantum phases, the orbital moment is created locally,

involving local currents and local spin-orbit coupling.
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