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s u m m a r y
Convolution modeling is useful for investigating the temporal distribution of groundwater age based on
environmental tracers. The framework of a quasi-transient convolution model that is applicable to twodomain ﬂow in karst aquifers is presented. The model was designed to provide an acceptable level of statistical conﬁdence in parameter estimates when only chloroﬂuorocarbon (CFC) and tritium (3H) data are
available. We show how inverse modeling and uncertainty assessment can be used to constrain model
parameterization to a level warranted by available data while allowing major aspects of the ﬂow system
to be examined. As an example, the model was applied to water from a pumped well open to the Madison
aquifer in central USA with input functions of CFC-11, CFC-12, CFC-113, and 3H, and was calibrated to several samples collected during a 16-year period. A bimodal age distribution was modeled to represent
quick and slow ﬂow less than 50 years old. The effects of pumping and hydraulic head on the relative volumetric fractions of these domains were found to be inﬂuential factors for transient ﬂow. Quick ﬂow and
slow ﬂow were estimated to be distributed mainly within the age ranges of 0–2 and 26–41 years, respectively. The fraction of long-term ﬂow (>50 years) was estimated but was not dateable. The different tracers had different degrees of inﬂuence on parameter estimation and uncertainty assessments, where 3H
was the most critical, and CFC-113 was least inﬂuential.
Published by Elsevier B.V.

Introduction
The groundwater transit time from recharge source to a well or
spring (groundwater age) often is a distribution, or spectrum, of
many different ages because of the dispersive properties of the
aquifer, particularly in karst settings. Some karst groundwater systems are similar to a stream catchment consisting of a hierarchical
drainage structure, with the main conduit acting as a drain that is
hydraulically connected to a diffusive pore network or ‘‘annex system” (Palmer, 1991; Mangin, 1994). A sharp distinction between
quick and slow ﬂow is characteristic of many karst aquifers (Mangin, 1994; Pinault et al., 2001; Denić-Jukić and Jukić, 2003; Mahler
and Massei, 2007). Separating these ﬂow domains quantitatively
can yield insights into major aquifer characteristics such as its degree of organization (Pinault et al., 2001), which is useful for
understanding groundwater storage and contaminant transport
issues.
Environmental tracers, including stable isotopes (18O, 2H, 15N),
radionuclides (3H, 14C, 36Cl, U-series), and dissolved gases such as
chloroﬂuorocarbons (CFCs) and SF6, have been widely used in
groundwater investigations (Cook and Herczeg, 2000). CFCs are
* Corresponding author. Tel.: +1 605 394 3237; fax: +1 605 355 4523.
E-mail address: ajlong@usgs.gov (A.J. Long).
0022-1694/$ - see front matter Published by Elsevier B.V.
doi:10.1016/j.jhydrol.2009.07.064
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anthropogenic tracers present in the atmosphere that are useful
for estimating groundwater age (Cook et al., 1996; Oster et al.,
1996; Plummer et al., 2006). CFCs enter groundwater with inﬁltrating precipitation or sinking streams. Groundwater age can be estimated by comparing concentrations in groundwater samples to
historical atmospheric concentrations for different CFC species
including CFC-11, CFC-12, and CFC-113 (Fig. 1). CFCs in rainwater
and surface water become equilibrated with atmospheric concentrations; in groundwater not in contact with the open atmosphere
(saturated or conﬁned zones), CFCs generally remain at the concentration of recharge water, except in reducing environments.
Groundwater in some vadose zones can remain in equilibrium
with atmospheric concentrations, and thus long residence times
of inﬁltrating water in the vadose zone can affect the age interpretation. Fast inﬁltration in karst aquifers is less susceptible to this
effect. Because the atmospheric tritium (3H) concentrations in past
decades were elevated when CFC concentrations were low, the old
water fraction (>50 years old) can be better constrained with the
combination of these tracers (Plummer et al., 2006), which will
be demonstrated in this paper for modeling age distributions.
Methodologies for interpreting age-dating tracers and age distributions for steady state and transient groundwater applications
are described in Maloszewski and Zuber (1991), Goode (1996),
Varni and Carrera (1998), Pinault et al. (2001), and Corcho Alvarado
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domain karst aquifers and accounts for transient effects of hydraulic head and pumping. As an example, we describe an application
of the model with quick-ﬂow and slow-ﬂow domains.
Four input functions for recharge water were used in the model:
the three atmospheric CFC curves and the estimated 3H concentrations in a sinking stream (Fig. 1). Modeled concentrations of the
four tracers in water from a pumped well were calibrated to
measured concentrations in several samples collected sparsely
during a 16-year period. This provides an example of how inverse
modeling and uncertainty assessment can be used to constrain
parameterization to a level that is warranted by available data.
Because CFCs and 3H are common tracers used for dating groundwater in the range of 0–50 years old, this approach may have
potential for broad practical application for cases where tracer
input functions are known or can be estimated.

Explanation
Tritium in precipitation estimated locally
Tritium in Spring Creek estimated
Tritium in Spring Creek measured
Fig. 1. Chloroﬂuorocarbon (CFC) mixing ratios measured in the atmosphere and
tritium concentrations estimated locally in precipitation and in Spring Creek.
Atmospheric CFC mixing ratios for North America were from Plummer and
Busenberg (2006). Tritium concentrations in precipitation for the Black Hills, South
Dakota were estimated by Putnam and Long (2007b). Measured and estimated
tritium concentrations in Spring Creek are described in this paper. [pptv, parts per
trillion by volume; TU, tritium units].

et al. (2007). Convolution (or lumped-parameter) modeling is an
effective tool for analyzing many natural systems, including
groundwater ﬂow and transport, and is particularly useful for analysis in karst aquifers (Mangin, 1994; Olsthoorn, 2008). Previous
computer programs suitable for basic applications in convolution
modeling of environmental tracers in groundwater are available
and include Maloszewski and Zuber (1996), Böhlke (2004), and
Ozyurt and Bayari (2005).
Pinault et al. (2001) modeled a two-domain karst system by
convolution with two superposed impulse-response functions that
represent the two domains. Denic-Jukic and Jukic (2003) used a
composite impulse-response function, which combined the peak
of the quick-ﬂow function with the tail of a slow-ﬂow function.
Long and Putnam (2006) applied a steady-state convolution model
to CFC data (one-time sampling) for a karst aquifer and concluded
that CFC concentrations for samples from several wells were the
result of bimodal age distributions that represented quick-ﬂow
and slow-ﬂow domains. However, because these CFC data alone
were not sufﬁcient to estimate parameters with quantiﬁable
uncertainty, inverse modeling was not conducted, and only general
characteristics of probable age distributions were discussed. In this
paper we show that by including 3H data together with CFC data in
a quasi-transient model, the problem is better constrained, and a
limited number of parameters can be estimated by inverse methods with quantiﬁable conﬁdence limits and assessment of model
uncertainty. Determination of the optimum level of model parameterization is needed for obtaining meaningful results but is an illdeﬁned process (Hill, 2006) and one which we propose to better
deﬁne for modeling age distributions when data are sparse. Hill
(2006) stresses the importance of parsimony in these situations,
and further guidelines for effective model calibration are in Anderson and Woessner (1992), and Gallagher and Doherty (2007).
The objectives of this study were to develop a method for estimating age distributions for discharge from a karst aquifer with
multiple ﬂow components and to explore methods for determining
appropriate levels of model parameterization. This method can be
used to help assess aquifer organization, transient ﬂow dynamics,
and solute transport issues. The approach presented herein is a
quasi-transient convolution model with an age distribution that includes two superposed parametric functions applicable to two-

The convolution model for groundwater age
The convolution integral applied to groundwater tracers can be
expressed as (Olsthoorn, 2008)

cðtÞ ¼

1
X

½cin ðt  si ÞDsi gðsi Þexpðksi Þ:

ð1Þ

i¼0

Eq. (1) describes the tracer concentration at the discharge point
c(t) at time t in response to the input tracer concentration cin(t  s)
at time s earlier, which is weighted by the distribution of tracer age
g(s) [t1], and k [t1] is the decay constant for radioisotope tracers.
3
H has a half-life of 12.43 years, which results in a decay constant k
of 0.0558 yr1. CFCs are radiometrically stable tracers for which k is
equal to zero. This form of the convolution equation engages g(s)
as a weighting function applied to past input values and calculates
the output concentration based on the age distribution for a particular time step. Thus g(s) can take on a different form for each time
step if required for transient applications. For modeling CFC and 3H
concentrations, cin(t) is the long-term record of tracer concentrations in recharge water. These tracers are assumed to be conservative, and thus g(s) is an approximation of groundwater age. When
cin(t) and c(t) are known, g(s) can be estimated by inverse
modeling.
Maloszewski and Zuber (1991) described the dispersion function and its applications for transport in ﬁssured carbonate
aquifers:

gðsÞ ¼

P1=2
Pð1  s=tÞ2
exp
3
1=2
t½4pðs=tÞ 
4ðs=tÞ

ð2Þ

where t is the mean transit time, P is the dimensionless Peclet number that describes the dispersive properties of the aquifer and is
analogous to the variance of a normal distribution because the distribution width, or age span, resulting from mechanical dispersion
is proportional to P. When input and output dimensions are equivalent, the area under the curve for the age distribution is unity. For
this approach, two dispersion functions are used to represent the
two ﬂow domains, and by superposition

gðsÞ ¼ aq g q ðsÞ þ as g s ðsÞ ðaq þ as 6 1Þ;

ð3Þ

where aq and as are positive, dimensionless, and represent the relative volumetric fractions for quick and slow ﬂow, respectively.
Cases where aq + as < 1 results either from model error or the presence of an older ﬂow domain, in which case ðaq þ as þ al ¼ 1Þ, where
al is the fraction of long-term ﬂow (age > 50 years). The age of the
long-term domain, however, cannot be determined. Transient conditions can be modeled by allowing some or all of the parameters of
the age distribution to change temporally based on hydraulic
inﬂuences.
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Mahler and Massei (2007) concluded that the relative rates of
quick and slow ﬂow were inﬂuenced by changes in hydraulic head.
The pumping rate from wells also can inﬂuence groundwater age
(Zinn and Konikow, 2007). A karst conduit can be compared to a
surface-water stream, where a nearby pumped well inﬂuences
streamﬂow (or conduit ﬂow). Some wells deplete streamﬂow
approximately synchronous with pumping (Bredehoeft and Kendy,
2008). If the conduit ﬂow fraction can be assumed to change linearly in proportion to hydraulic head and pumping, then the value
of aq can be estimated as a function of time by the equation

aq ðtÞ ¼ Wq qðtÞ þ mq hðtÞ þ bq ;

ð4Þ

where h(t) is hydraulic head [length L], mq is a coefﬁcient that
weights the inﬂuence of hydraulic head [L1], q(t) is the pumping
rate [L3/t], wq is a coefﬁcient that weights the inﬂuence of pumping
[t/L3], and bq is a function shift parameter [dimensionless]. The
parameter bq is necessary to compensate for an arbitrarily selected
altitude at which h = 0 (e.g., sea level). Depending on the application, hydraulic head might be a proxy for recharge, or recharge
could be used in place of h(t). Here, hydraulic head does not refer
to water level in or near the well (i.e., water affected by pumping
of that well), but to hydraulic head outside of the well’s zone of
drawdown, which might inﬂuence the well’s discharge. Similarly,
the value of as can be determined as a function of time by the
equation

as ðtÞ ¼ Ws qðtÞ þ ms hðtÞ þ bs :

ð5Þ

Hence, by linking aq and as with hydrologic time-series data, only
ﬁve parameters are required for estimating values of aq and as for
all time steps.
The sign of the weighting coefﬁcients indicates whether pumping and hydraulic head have a direct or inverse effect on a. The
absolute value of wq compared with ws indicates the relative effect
of pumping on quick and slow ﬂow, and the same is true for mq and
ms in relation hydraulic head. Other stresses that might affect ﬂow
fractions include climate change and conduit dissolution.
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The study area
This model was applied to CFC and 3H data for a supply well
(RC11) open to the Madison aquifer on the eastern ﬂank of the
Black Hills of South Dakota (Fig. 2). This well produces as much
as 700,000 m3/yr of water (Fig. 3). The Mississippian-age Madison
Limestone (locally, the Pahasapa Formation) is exposed at the land
surface in the mountainous western part of the study area and dips
to the east. An ancient epikarst clay soil exists on the surface of the
eroded and buried Madison Limestone (Gries, 1996). The outcrop
has thin soil cover or none. The formation is more than 140 m thick
at well RC11 and contains limestone and dolostone. Flow primarily
is parallel to bedding and occurs within large conduits and other
solution openings of various sizes, primarily within the upper
30–60 m (Greene, 1993; Ford et al., 1993). The Madison aquifer
is partially conﬁned above by the low-permeability shale layers
of the Minnelusa Formation (Permian and Pennsylvanian;
200 m thick), which also contains sandstone and limestone, and
below by the lower 80–110 m of the Madison Limestone, which
has very low permeability (Driscoll et al., 2002; Rahn and Gries,
1973). Underlying the Madison Limestone is the Englewood Limestone (Devonian, 10–20 m thick), which is a conﬁning unit (Greene,
1993). The top of the Madison aquifer is 255 m deep at well RC11,
and the well is open hole from 269 to 391 m, which penetrates the
lower part of the Madison Limestone. The well is artesian with a
static water level about 235 m above the top of the aquifer. The
well was completed in 1991 and was ﬁnished above the open hole
with steel pipe (0.34 m diameter) and concrete grout. Land use is
urban residential near well RC11 and primarily rural near Spring
Creek.
Recharge to the Madison aquifer in the study area largely is
from Spring Creek and Rapid Creek (ﬂowing east), which sink into
the Madison Limestone within the outcrop area (Fig. 2). Upstream
from the Madison Limestone, the catchments for these streams
consist primarily of fractured Precambrian rocks. From 1986–
2007, monthly mean streamﬂow varied from 0.15 m3/s for January
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Cleghorn–Jackson Springs with some easterly ﬂow also. Upstream from the Madison Limestone (west), the Spring Creek catchment consists of fractured Precambrian rocks.
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On the basis of the analysis of stable isotopes of oxygen and
hydrogen, a predominant groundwater ﬂow path originates at
the Spring Creek sink and ﬂows north toward Jackson–Cleghorn
Springs (Anderson et al., 1999; Naus et al., 2001). These isotopes
also indicate that 89–100% of water sampled from well RC11 was
recharged by Spring Creek (Greene, 1997; Fig. 2). On this basis,
we assume that 90–100% of the water from well RC11 originates
from Spring Creek recharge. Hydraulic head in the Madison aquifer
declines by about 30 m from the stream sink to well RC11, a distance of about 7 km. Hydraulic head measurements for well PE86A and the pumping rate from well RC11 were used in Eqs. (4)
and (5) to estimate the relative ﬂow domain contributions to the
well (Fig. 3). Well PE-86A is outside of the zone of inﬂuence of well
RC11.

Fig. 3. Hydraulic head in well PE-86A and pumping rate for well RC11. [NGVD 29,
National Geodetic Vertical Datum of 1929].

Sampling

to 2.0 m3/s for June at the gage on Spring Creek, and the mean,
median, and standard deviation of daily ﬂows were 0.56, 0.18,
and 1.26 m3/s, respectively (Fig. 2, station 06407500, USGS 2007).
The maximum rate of sinking streamﬂow to the Madison Limestone is about 0.6 m3/s (Hortness and Driscoll, 1998). Precipitation
in the outcrop area is about 48 cm/yr with the highest precipitation
rates generally occurring from March through June (Driscoll et al.,
2000). Inﬁltration of precipitation within the outcrop is an additional source of recharge that accounts for less than 10% of total recharge in the area (Long and Putnam, 2002). Several studies of
artiﬁcial tracers injected into sinking streams in the Black Hills
have resulted in breakthrough curves that return to background
concentrations within 1–2 years for wells open to the Madison
aquifer (Greene, 1999; Putnam and Long, 2007a). Many of these
wells, including well RC11, had CFC apparent ages in the decades
old range, which indicates the presence of water much older than
what is represented by these breakthrough curves. Spring Creek
ﬂows exceeding 0.6 m3/s partially sink into the Minnelusa aquifer
(Hortness and Driscoll, 1998), which overlies the Madison aquifer
and is exposed at the land surface to the east of the Madison
Limestone.

Water samples for the analysis of CFCs and 3H were collected
from well RC11 and Spring Creek upstream from the sink during
1991–2006 (Table 1). All sample bottles were ﬁlled with untreated,
unﬁltered water without atmospheric contact. These samples were
collected after temperature, electrical conductivity, and pH had
stabilized. The well was pumped with a designated submersible
pump used for water production, and refrigeration grade copper
tubing was used as the sampling line. For each CFC sample, ﬁve
bottles were ﬁlled, of which three were analyzed (replicate samples) for quality control. The averages of the three replicate samples were used as the measured sample concentration for model
calibration (Table 1). The variation in measured concentration for
each set of replicate samples was represented by the difference
of the maximum and minimum concentrations divided by the
mean. These relative percent differences (RPD) were in the range
of 2.1–3.6% for CFC-11, 2.3–13.3% for CFC-12, and 3.3–21.4% for
CFC-113 (Table 1).
To verify that stream water had equilibrated with the atmosphere, CFC samples were collected from Spring Creek at the
streamﬂow gage (Fig. 2) on 25 May 2006. Mixing ratios for CFC12 and -113 (Table 1) were similar to current atmospheric mixing
ratios (Fig. 1). CFC-11 was higher than atmospheric mixing ratios,

Table 1
CFC, 3H, and dissolved gas sampling results for well RC11 and Spring Creek. Mean streamﬂow for the day of each sample was measured at the gage on Spring Creek [–, no data;
pptv, parts per trillion by volume; TU, tritium units; mg/L, milligrams per liter].
Sample date

a

c

H (TU)b

3

H ± 2r (TU)c

CFC mixing ratio (pptv)

Streamﬂow (m3/s)b

Relative % difference for three
replicate samples

CFC-11a

CFC-12a

CFC-113a

CFC-11

CFC-12

CFC-113

–
–
2.3%
–
7.4%
13.3%

–
–
12.5%
–
21.4%
3.3%

Well RC11 samples
17 December 1991
5 October 1993
21 April 1995
24 July 1996
19 July 2000
20 October 2005

10.7
16.6
–
16.0
12.0
9.4

0.9
–
–
0.9
0.8
0.6

–
–
63.7
–
100.0
130.4

–
–
140.2
–
230.2
266.1

–
–
13.9
–
62.1
34.3

–
–
3.6%
–
2.1%
3.0%

Spring Creek samples
27 September 1993
9 September 1996
6 June 2000
6 May 2005
25 May 2006

29.7
25.1
19.1
10.7
–

–
1.6
1.2
0.8
–
Dissolved gases (mg/L)

–
–
–
–
321.8

–
–
–
–
554.1

–
–
–
–
76.2

–
–
–
–
19.3%
Relative %

Well RC11 samples
20 October 2005
20 October 2005
b

3

–
–
–
–
5.4%
difference for

0.17
0.38
0.33
0.61
0.33
0.01

–
–
–
–
3.0%
two replicate

0.44
0.58
0.61
0.07
0.17
samples

CH4

N2

O2

Ar

CH4

N2

O2

Ar

0.00
0.00

19.12
19.02

4.67
4.58

0.663
0.659

0.0%

0.5%

1.8%

0.7%

Concentrations were averaged from three replicate samples.
Data from the National Water Information System (US Geological Survey, 2008) and Naus et al. (2001).
Indicates the accuracy to the measurement as ± two standard deviations.
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which indicates possible contamination, the source of which might
be septic systems within several meters of the stream. Between
this location and the main stream sinks (4 km) there are no septic
systems in such proximity to the stream, and the elevated CFC-11
mixing ratios at the sample location would have time to equilibrate
with the atmosphere. Also, the RPD for that sample (19.3%) was
notably high (Table 1) and may indicate other sources of error,
such as contamination during sample collection. The RPD for the
CFC-113 sample for well RC11 in 2000 also was high (21.4%) and
could result in model error. Unlike CFCs, 3H in surface water does
not equilibrate with atmospheric concentrations, and thus 3H concentrations in Spring Creek result from a mixture of recent precipitation and base ﬂow. 3H samples collected from Spring Creek from
1993 to 2005 were used to estimate a long-term 3H record for
Spring Creek (Fig. 1, Table 1) as explained in detail in the Appendix
A.
Samples for the analysis of the dissolved gases CH4, O2, N2, and
Ar were collected from well RC11 concomitant with the 2005 CFC
sample (Table 1). Concentrations of these gases were used to assess
possible CFC degradation and to improve the estimates of CFCbased groundwater ages by applying methods described by Plummer and Busenberg (1999), where the recharge temperature was
estimated to be 8.2 °C. The presence of O2 and the absence of methane in samples (Table 1) indicates aerobic groundwater and that
CFC degradation did not occur. Dissolved CFC concentrations in
water samples reported by the laboratory were converted to equivalent air mixing ratios for comparison to atmospheric mixing ratios. For this conversion, Henry’s Law applies, which states that
the concentration of a gas dissolved in water in equilibrium with
air is proportional to the partial pressure of the gas in air (Plummer
and Busenberg, 1999).
Samples were analyzed at the US Geological Survey (USGS) CFC
Laboratory in Reston, Virginia, and the USGS Tritium Laboratory in
Menlo Park, California. CFCs were determined in the laboratory
using a purge-and-trap gas chromatography procedure with an
electron capture detector. This instrument is calibrated to standards at the beginning and ending of each day to test for instrument stability and drift, which is typically less than 1% for CFC11 and CFC-12 and 1–3% for CFC-113. Analytical sample results
are then corrected for drift. Other dissolved gases were determined
by gas chromatography. 3H was determined by electrolytic enrichment and liquid scintillation.
Inverse modeling and parameter assessment
The four-tracer convolution model was applied to estimate a
quasi-transient age distribution based on CFC and 3H data for well
RC11 with 6-month time steps. The atmospheric mixing ratios for
CFC-11, CFC-12, and CFC-113 were used as tracer input functions
representing Spring Creek recharge. The estimated record of 3H
concentrations in Spring Creek (Appendix A) was used as a fourth
tracer input function.
The approach involved limiting the number of parameters to
what could be estimated by inverse modeling with acceptable

levels of statistical conﬁdence and model uncertainty. This level
was considered acceptable when parameter values at the end
points of the 95% conﬁdence limits resulted in model outcomes
that did not effectively alter overall conclusions. Parameter sensitivities and information from other tracer experiments also were
considered. Inverse modeling was applied to estimate model
parameters (t, P, m, w, and b) by using the parameter estimation
program PEST (Doherty, 2006), which was linked to the convolution model written in FORTRAN (Eqs. (1)–(5)). Beginning with initial parameter estimates, modeled tracer concentrations c(t) were
calculated by the convolution model and iteratively adjusted by
PEST to minimize the sum of the squared weighted residuals
(SSWR); i.e., the differences between measured and modeled values. This process determined the best-ﬁt parameter values and
conﬁdence intervals for those values by applying a nonlinear estimation technique known as the Gauss–Marquardt–Levenberg
method (Levenberg, 1944; Marquardt, 1963 Doherty, 2006).
The model was calibrated to 14 measured values for samples
from well RC11. These include nine CFC concentrations and ﬁve
3
H concentrations (Table 1). If t q , t s , Pq, and Ps were to be estimated
for each of the six sample times, the total number of parameter values to be estimated would be 30, which is much greater than the
number of measurements. This would result in an under-constrained model and very little conﬁdence in parameter estimates.
We hypothesized that parameters affecting the relative magnitudes of ﬂow fractions would be the most critical in modeling
and understanding transient phenomena (e.g., see Mahler and
Massei, 2007), whereas parameters affecting the exact positions
in time of these ﬂow fractions (t and P) would be less critical and
possibly could be assumed constant. Therefore, tq , t s , Pq, and Ps
were initially assumed to be constant, which reduced the number
of parameter values to 10. This hypothesis was examined further
by an analysis of parameter sensitivity and conﬁdence limits to assess the validity of accepting this as a model assumption (see subsequent discussions).
The initial PEST execution resulted in very large conﬁdence
intervals for tq and Pq, which indicated low conﬁdence in the
quick-ﬂow distribution. Also, several parameters were highly correlated (correlation coefﬁcient > 0.9). CFC-based ages have large
uncertainties in very young groundwater due to ﬂattening of the
atmospheric CFC curves after about 1990 (Fig. 1, Plummer and
Busenberg, 1999). It was thus evident that precise estimates of
the quick-ﬂow distribution would not be possible. This estimate
of the quick-ﬂow distribution, however, was consistent with artiﬁcial tracer studies in the area as previously discussed because the
distribution was contained within the ﬁrst 2 years. Therefore, tq
and Pq were assigned the ﬁxed values of two time steps (1 year)
and 5.9, respectively, for consistency with these studies and thus
were omitted from further adjustments in PEST. Therefore, it was
accepted that there would be little statistical conﬁdence in these
parameters based on model ﬁt alone, but that there would be some
conﬁdence in them based on prior information.
Further PEST executions indicated that bq and bs could be
assumed to have equal absolute values with opposite signs, where

Table 2
Estimated parameter values for samples from well RC11. Time dimensions were converted from time steps to years [m, meters; yr, year; NA not applicable].
Parameter

ts
Ps
mq
ms
bq

Wq
Ws

Flow domain

Slow ﬂow
Slow ﬂow
Quick ﬂow
Slow ﬂow
Quick ﬂow
Quick ﬂow
Slow ﬂow

Parameter value

32.9
310.9
5.6  103
5.3  103
5.29
6.4  107
2.1  107

95% Conﬁdence limits

Dimensions

Lower limit

Upper limit

30.9
76.9
2.3  103
8.5  103
9.49
4.4  107
5.9  107

35.1
1256.0
8.9  103
2.0  103
2.35
8.4  107
1.7  107

yr
Dimensionless
m1
m1
Dimensionless
yr/m3
yr/m3
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Results
The modeled age distribution was bimodal and indicates that
slow ﬂow ranged from about 26 to 40 years, a span of 14 years
(Fig. 4). An error analysis for this age span based on parameter conﬁdence limits (Table 2) indicates that the overall distribution is not
different to large degree when considered at these limits. At these
95% conﬁdence limits, the calibrated age span of 14 years ranges
from 9 to 32 years, and the distinct separation of quick and slow
ﬂow remains intact. Parameters ts and Ps had relatively low sensitivity as compared with other parameters indicating that the error
bars on the age span might be much wider if these parameters
were not held constant, which would result in greater parameter
uncertainty. Therefore, it was accepted that temporal changes in
ts and Ps might result in the aforementioned changes in the slowﬂow distribution but that these changes could not be quantiﬁed
with acceptable model conﬁdence, and the inclusion of these
parameters as constant was accepted.
During the modeled period (1990–2005), the quick-ﬂow fraction increased from 0.04 to 0.55, whereas the long-term fraction
decreased from 0.59 to 0.28. The slow-ﬂow fraction ranged from
0.12 to 0.36, with a decrease during the ﬁrst part of the period followed by a slight increase (Fig. 5). These simulated changes resulted primarily from the combined effects of simulated
hydraulic head and pumping changes. Figs. 6 and 7 show the model ﬁt to measured concentrations. The sample with the poorest ﬁt
was CFC-113 in 2000 (Fig. 6). We note that this also was the sample
with the largest relative percent difference in the three replicates
as previously discussed, and thus sample error may have been a
factor in the poor ﬁt for this sample. Aside from this, CFC-113
was shown to have the least affect on model outcome as will be described in the sensitivity analysis.
Sensitivity of tracers and parameters

for a particular application. To examine this issue, the relative effects of each of the four tracers on model calibration and uncertainty were evaluated by four inverse modeling executions, each
omitting one tracer. When CFC-11 and CFC-12 were omitted, conﬁdence intervals were larger. Omitting CFC-113 had little effect on
conﬁdence limits suggesting that CFC-113 had less inﬂuence for
the estimated parameters. One reason for this could be the small
slope of the CFC-113 input function (Fig. 1) or the analytical error
for CFC-113 (larger than CFC-11 and -12) and thus may have implications for other study areas. Omitting 3H resulted in considerably

0.7
0.6
Long-term flow ( al)

0.5
Flow fraction

bs = bq so that only one parameter need be estimated. With the
tentative assumptions at this point in the process, the remaining
seven parameter estimates and 95% conﬁdence intervals were
determined by a PEST execution (Table 2). Time dimensions for
all results were converted from time steps of 6 months to years
for purposes of description.

0.4
Quick flow (aq)
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Inverse modeling places constraints on model complexity because uncertainty assessments help to determine how many
parameters can be included based on the quality and quantity of
measurements and the relative inﬂuence of the different tracers
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Fig. 6. Measured and modeled CFC concentrations for samples from well RC11.
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Fig. 4. Model-calibrated distribution of groundwater age from well RC11 using
average ﬂow-domain fractions for 1990–2005. When considering parameter
conﬁdence intervals, the slow-ﬂow age span could be as wide as 32 years
(P = 76.9) or as narrow as 9 years (P = 1256).
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larger conﬁdence intervals, particularly for ts and Ps, where the
conﬁdence limits spanned many orders of magnitude. This indicates that 3H was essential for the analysis, particularly in deﬁning
the slow-ﬂow domain, because of the very different characteristics
of the 3H input function as compared with the CFC curves as discussed by Plummer et al. (2006). To evaluate the effects of timeseries data for modeling transient phenomena, an age distribution
for the 2005 samples only (steady state) was estimated as a comparison. This required the estimation of only four parameters (ts ,
Ps, aq, and as) calibrated to four measurements. Results of the PEST
execution indicated that this model was under-constrained because conﬁdence intervals could not be calculated. When one of
the four parameters was assigned a ﬁxed value (not estimated),
conﬁdence intervals could be calculated on the remaining three.
Four tracers may have been too few for estimating four parameters
in this case because of the small inﬂuence of CFC-113. Results
might be different if a different tracer, such as SF6 or 85Kr (not
available here), was used in place of CFC-113.
A parameter sensitivity analysis indicates that the model was
most sensitive to parameters related to the inﬂuence of hydraulic
head (mq, ms, bq), whereas parameters related to the inﬂuence of
pumping (wq, ws) were much less sensitive (Table 3). Parameters
t q , t s , Pq, and Ps had low sensitivity, which suggests that a steadystate approximation for these parameters may be all that can be
achieved with acceptable conﬁdence.
In addition to having the highest sensitivity, mq, ms, and bq all
were highly correlated (>0.99), whereas all other parameter combinations had correlation coefﬁcients of less than 0.85. Because mq
and ms had similar absolute values (Table 2), it might be possible
to combine these parameters and assume that ms = mq, which
might further constrain conﬁdence intervals. This resulted in a
much poorer model ﬁt, much larger conﬁdence intervals, and more
parameter combinations that were highly correlated. This may
have resulted because these parameters had relatively high sensitivity and needed to be estimated independently despite the high
correlation. These results indicate that too few parameters, as well
as too many, can result in a poorly posed problem.
To test the reliability of parameter convergence and uniqueness
of solution, different initial parameter values were used to assure
that the parameter estimation process would consistently result
in the same values. PEST was executed twice, where all of the
best-ﬁt parameter values (Table 2) were divided by 2.0 for the ﬁrst
execution and multiplied by 2.0 for the second. Both executions resulted in the same best-ﬁt parameter values as those listed in Table
2.

Discussion
The estimate of the long-term ﬂow fraction was compared to results of an independent model for veriﬁcation. A well withdrawing
water with a wide distribution of ages results in different apparent

Table 3
Parameter sensitivity analysis showing the relative fractional change (RFC) in sum of
the squared weighted residual (SSWR) resulting from parameter RFCs of 0.1 and 0.1.
Parameter

Parameter RFC = 0.1

Parameter RFC = 0.1

tq
ts

2.47
20.05
0.27
0.01
622.76
322.90
473.86
1.00
0.05

1.55
9.49
0.24
0.01
622.62
323.50
474.78
1.00
0.05

Pq
Ps
mq
ms
bq

Wq
Ws
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ages for the three CFCs based on a piston-ﬂow model, which is
characteristic of binary mixtures of water younger and older than
50 years (Plummer and Busenberg, 1999). Excluding other sources
of error, inconsistency of these three apparent ages indicates that
piston ﬂow is a poor assumption, which is the case for well
RC11, where the three apparent ages were separated by as much
as 10 years for the 2005 samples. True piston ﬂow would result
in the same age for the three CFCs. For non-piston ﬂow cases,
Plummer et al. (2006) developed a simple binary mixing model
to estimate the old fraction (>50 years), which is valid if that fraction is not dominant (Corcho Alvarado et al., 2007). Although the
binary mixing model treats the younger fraction as a single end
member, results of this method can partially be compared to those
of the convolution model presented in this paper because both
methods estimate the older fraction. Thus using the binary mixing
model as an independent conﬁrmation, the long-term fraction was
estimated to be in the range of 0.19–0.63, which is similar to the
range for the convolution model of 0.28–0.73.
Assumptions regarding the exact ﬂow and storage components
that contribute to quick ﬂow and slow ﬂow were not build into the
model (e.g., the proportion of epikarst water contributing to a particular ﬂow domain was not explicitly described by the model).
However, the estimated age distribution may provide general
information about aquifer characteristics and ﬂow components.
The quick-ﬂow domain (Fig. 4) probably contains conduit ﬂow
but also could include a considerable amount of epikarst water,
as described by Aquilina et al. (2006), and annex-system ﬂow because the ages were as much as 2 years. Also conduit/annex exchange may have occurred anywhere along the ﬂow path.
There are several possible explanations for the slow-ﬂow domain. First, this could be interpreted as annex-system ﬂow, but
the large separation between the ages of quick and slow ﬂow suggest that this is unlikely for a hydraulically connected system of
conduits and annex system. Second, slow ﬂow could represent
water from aquitards or the rock matrix as discussed by Bethke
and Johnson (2002), who indicate that groundwater contributions
from these can be large despite very low permeability.
Third, as previously described the overlying Minnelusa aquifer
also is recharged by Spring Creek. The conﬁning layers at the base
of this aquifer could cause delayed recharge to the Madison aquifer
as groundwater seeps slowly downward. This combined with epikarst storage in the buried Madison aquifer (previously described)
might account for the decades-old water of the slow-ﬂow domain.
As an example, tritium concentrations in cave drip in Israel indicated greatly varying groundwater ages of as much as several decades (Even et al., 1986). Delayed storage in epikarst also has been
discussed by Long (2009) in the northern Black Hills and elsewhere
by Pinault et al. (2001), and regional paleowater mixed with recent
recharge was described by Plummer et al. (1998).
Fourth, although recharge from direct precipitation is a small
component of recharge to the Madison Limestone outcrop, direct
precipitation falling on adjacent outcrops (the Minnelusa Formation to the east or fractured Precambrian rocks to the west) might
inﬁltrate, then seep downward or upward into the Madison aquifer. This possibility was evaluated with a model modiﬁcation to
the tritium input function because this function for precipitation
is different from that of streamﬂow. Results indicated that the
spectral range of slow-ﬂow age was within 1 year of previous results. The quick-ﬂow fraction was within ±0.03 of previous results
for all time steps; the slow and long-term fractions were as much
as 0.17 less and 0.14 greater, respectively, than previous results;
and overall temporal trends were similar. Modeled concentrations
were within ±5% of previous results. Thus, this fourth possibility for
the slow-ﬂow domain changed model results little.
The long-term component most likely results from the rock
matrix, overlying aquitard, or underlying aquitard(s).
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Although the speciﬁc combination of storage mechanisms that
are responsible for the quick-ﬂow/slow-ﬂow age separation cannot
be determined from model results, it is evident that there is organization to the aquifer and that multiple ﬂow components exist
and are distinct. The karst groundwater system can be interpreted
as having or being inﬂuenced by at least two reservoirs with considerably different residence times. The quantiﬁcation of these is
useful when considering quick transport and persistence of contaminants originating in the sinking stream. Understanding the
inﬂuences of pumping and hydraulic head on the relative ﬂow fractions is useful for assessing solute transport issues, particularly
those related to quick ﬂow.
Hydrologic models are merely approximations of physical
phenomena. The estimated age distribution for the model application is useful as a general assessment of ﬂow domains but
does not identify the exact storage sources for the different ﬂow
domains, which mainly is left to interpretation based on knowledge of the system. The potential error associated with the different assumptions of the recharge source for slow ﬂow should
be considered. Several assumptions were built into this model:
(1) the age distribution can be approximated by parametric
functions, (2) t and P are constant in time, (3) quick ﬂow is less
than 2 years old, and (4) the relative fractions of quick and slow
ﬂow are proportional to hydraulic head and pumping. Also, the
actual age distribution probably is more varied than any parametric function, and ages of water not indicated by the modeled
age distribution may have been present in samples. Parameterization possibly could be increased with additional tracers or
greater sampling frequency. Application of this method is limited to cases where the tracer input functions are known or
can be estimated, and prior knowledge of the hydrologic system
may be needed to properly apply model assumptions and
constraints.
Information gained from the age distribution pertains to annual
or biannual dynamics and may provide a useful assessment of
groundwater age and ﬂow domains on a scale of years to decades
but does not represent short-term events, nonlinearities, and
threshold effects except for their cumulative effects. It was not
possible to assess transient characteristics originating from the
medium itself because dispersive properties were assumed constant at large time-scales and thus have no effect on quick-ﬂow
in response to individual rain events. Further hypothesis testing related to the level of parameterization warranted or the effects of
limited data could be conducted if additional data were available
by sequestering some of the data as a comparison to cases of limited data.

Conclusions
Convolution modeling is a useful approach that is well suited to
estimate the distribution of groundwater age for two-domain ﬂow
in karst aquifers based on environmental tracer data. Inverse modeling and uncertainty assessment not only are useful for objectively estimating parameters, but also for determining the
number of parameters that should be included based on the quality
and quantity of measurements and the relative inﬂuence of the different tracers for a particular application. By considering these factors along with other hydrologic information, an appropriate level
of model parameterization can be selected to help gain useful
information from the model.
Chloroﬂuorocarbons (CFCs) and tritium (3H) are complimentary
tracers because of the differences in their atmospheric input functions. A basic framework for a quasi-transient convolution model
for two-domain ﬂow was designed to provide an acceptable level
of statistical conﬁdence in parameter estimates when only CFC

and 3H data are available. Because these are common tracers used
for dating groundwater less than 50 years old, this model could
have many potential applications.
In a model application to the Madison aquifer in the Black Hills
of South Dakota, the age distribution and transient parameters for
water from a pumped well were estimated, where simulated temporal changes in the relative ﬂow-domain fractions were proportional to pumping and hydraulic head. A bimodal age
distribution was modeled to represent quick and slow ﬂow that
is less than 50 years old. Long-term ﬂow (>50 years old) was estimated as the remainder of the quick-ﬂow and slow-ﬂow fractions,
which were estimated to be in the range of 0–2 and 26–41 years,
respectively. Results indicated that 3H, when used in combination
with CFC data, was the most critical tracer for parameter estimation and uncertainty quantiﬁcation, and CFC-113 was least
inﬂuential.
In this application, the quick-ﬂow fraction probably represents
a combination of conduit ﬂow and epikarst storage. The slow-ﬂow
fraction may be the result of several storage mechanisms including: (1) aquitards, (2) rock matrix, (3) streamﬂow sinking into
and stored in the overlying aquifer and the buried epikarst of the
Madison aquifer, and (4) inﬁltration of direct precipitation to adjacent aquifers in hydraulic connection with the Madison aquifer.
Quantiﬁcation of the residence times and relative ﬂow fractions
of the major storage and ﬂow components is useful when considering quick transport and persistence of contaminants. The inﬂuences of pumping and hydraulic head on the quick-ﬂow fraction
is a useful insight for assessing short-term contaminant transport
issues.
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Appendix A
A.1. Estimating long-term 3H concentrations in Spring Creek
3
H concentrations were estimated for Spring Creek at 6-month
intervals for the period 1953–2005 (Fig. 1). This record was used as
the Spring Creek recharge 3H input function for the groundwater
age model for well RC11. For the four Spring Creek 3H samples
(Table 1), 3H concentrations in the base-ﬂow component were
estimated. Then the distribution of groundwater age for Spring
Creek base ﬂow was modeled and calibrated to the estimated
base-ﬂow concentrations for the samples. Based on this model,
daily base-ﬂow and event-ﬂow 3H concentrations were estimated
for Spring Creek for 1953–2005, and 6-month average concentrations were calculated. Similar methods have been used by Michel
(1992) and Amin and Campana (1996) to model 3H concentrations
in streams.
A convolution model and parameter estimation procedure similar to that described in the main text was used. The age of groundwater discharging to the surface as stream base ﬂow was
approximated using the exponential distribution (Amin and Campana, 1996):

hsi
1
gðsÞ ¼  exp  :
t
t

ð6Þ
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Table 4
Estimated 3H concentrations for Spring Creek base ﬂow. The parameter a is the base-ﬂow fraction; cs is the measured 3H concentration in the sample; cr is the estimated 3H
concentration in precipitation; cb is the 3H concentration in base ﬂow; and c(t) is the tracer concentration in stream base ﬂow at time t.
Sample date

27 September 1993
9 September 1996
6 June 2000
6 May 2005

3

H concentration in tritium units (TU)

Error

(a)

(cs)

(cr)

(cb)

c(t)

Residual c(t)  (cb)

0.88
0.84
0.88
0.71

29.7
25.1
19.1
10.7

7.9
7.8
9.0
7.3

31.2
28.1
19.8
10.9

31.6
24.8
18.9
12.9

0.4
3.3
0.9
2.0

In this model the tracer age s is assumed to be proportional to
the distance from the inﬁltration point to the point of discharge
into the stream, which is valid for the catchment upstream from
the Madison Limestone consisting primarily of fractured Precambrian rocks.
Typically, hydrograph separation methods assume that concentrations in streamﬂow result from a binary mixture of event ﬂow
and groundwater inﬂow, or base ﬂow (e.g., Michel, 1992). In this
case, the 3H concentration of event ﬂow is equal to that of precipitation, and the concentration of base ﬂow is unknown. The estimated 6-month 3H concentrations in precipitation for the Black
Hills (Fig. 1) were used for the event-ﬂow component. Flow in
Spring Creek upstream from the Madison Limestone outcrop was
measured continuously by the US Geological Survey from 1 October 1986 to the present (Fig. 2; station 06407500; US Geological
Survey, 2008). Prior to 1 October 1986, ﬂow at this station was estimated as a proportion of measured ﬂow in Rapid Creek (Fig. 2; station 06412200; US Geological Survey, 2008). The daily base-ﬂow
fraction of Spring Creek then was estimated by using the base-ﬂow
separation program, HYSEP (Sloto and Crouse, 1996). Finally, the
estimated 3H concentrations in base ﬂow were calculated for the
four Spring Creek samples (Table 1) using a binary mixing model
of the form

cs ¼ acb þ ð1  aÞcr ;

ð7Þ

where cs is the measured 3H concentration in the sample; a and 1 
a are the 6-month average base-ﬂow and event-ﬂow volumetric
fractions, respectively; cb is the 3H concentration in base ﬂow;
and cr is the estimated 3H concentration in precipitation (Table 4).
For the spring creek analysis, the estimated 3H in precipitation
for the Black Hills (Fig. 1) was used as cin(t) in Eq. (1). The system
output c(t) is the tracer concentration in stream base ﬂow at time t.
The parameter t (Eq. (6)) was estimated by the same iterative
parameter estimation process used to estimate the age distribution
for well RC11. Steady-state conditions were assumed for the Spring
Creek model, and modeled 3H concentrations in base ﬂow, c(t),
were calibrated to the estimated values (cb). The calibrated value
of t was 1.94  102, with 95% conﬁdence intervals of 9.66 
103 and 3.89  102.
A long-term daily record of 3H concentrations for Spring Creek
base ﬂow was calculated by convolution (Eq. (1)) using the calibrated value of t. The estimated record of 3H in precipitation for
the Black Hills (Fig. 1) was used as the input tracer concentration
cin(t). Eq. (7) then was applied to calculate the daily whole-water
3
H concentrations in Spring Creek (cs) from the modeled concentrations for base ﬂow, event ﬂow (precipitation), and the base-ﬂow
fraction estimated by HYSEP. Six-month averages for this record
were then calculated from the daily values (Fig. 1).
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