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Abstract

This paper is concerned with the problem of plastic zone at the tip of an edge crack in an isotropic
elastoplastic strip under anti-plane deformations. By means of complex potential and Dugdale model, the
stress intensity factor and the size of plastic zone are obtained in closed-form. Furthermore, the analytic
solutions for an edge crack at the free boundary of a half-space and a semi-infinite crack heading towards a
free surface are determined as the limiting cases of the strip geometries.
� 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Crack tip opening displacement and the size of plastic zone near crack tips are two important
fundamental parameters utilized in nonlinear analysis of cracks in ductile materials. Based on the
assumption of constant cohesive stress at the leading edge of the crack, the Dugdale model was
utilized extensively for investigating the plastic deformation near crack tips, and yielded reliable
predictions at the ends of stationary slits in steel sheets [1]. The Dugdale model provides a feasible
method to estimate the size of the plastic zone near crack tip in the framework of linear fracture
mechanics.

A number of solutions for notches, cracks and spatial penny-shaped cracks under anti-plane or
in-plane deformations were obtained using the Dugdale hypothesis, for example, see recent works
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by Singh and coworkers [2–10], Olesiak and Wnuk [11], Olesiak and Shadley [12], Tsai [13], Fan
[14,15], Wang and Shen [16]. It is also important to mention the early work by Atkinson and
Howard [17], Bilby et al. [18], Field [19], Koskinen [20], Rice [21], Smith [22]. A brief literature
review on the Dugdale model and its related applications can be found in the recent paper by
Vrbik et al. [10].

In the present work, on the basis of complex displacement potential and Dugdale model, a
method is proposed to find the closed-form solutions for the stress intensity factor (SIF) and the
size of the plastic zone of an edge crack in an isotropic elastoplastic strip under anti-plane de-
formations. The solution is obtained by introducing a conformal mapping, which maps the edge-
cracked strip onto the whole plane with a semi-infinite cut. Compared with the methods developed
in literature, the current method provides a more concise way to extract the closed-form solutions.

As the limiting cases of the current problem, the SIF and plastic zone size solutions for an edge
crack at the free boundary of a half-plane as well as a semi-infinite crack heading towards a free
surface can be determined directly without recourse to the method of dual integral equations or
the Wiener–Hopf technique.

2. Formulation and solution procedure

Cracks in elastic media under deformations can be analysed as interactions between a dislo-
cation and cracks. In the anti-plane case, the displacement and stress components of an isotropic
elastic body can be expressed in terms of an analytic function uðfÞ as follows:

u3ðn; gÞ ¼ � 2

l
Im½uðfÞ�; r23ðn; gÞ ¼ �2Re½u0ðfÞ�; r13ðn; gÞ ¼ 2Re½iu0ðfÞ�; ð1Þ

where the prime (0) denotes the derivative with respect to f ¼ n þ ig, and l is the material shear
modulus.

Consider a semi-infinite crack interacting with a singularity (a screw dislocation or a line force)
in an infinite plane as shown in Fig. 1(a). The singularity is located at f0 ¼ n0 þ ig0 where n and g
are the coordinates of the material points, ðn; gÞ with the origin located at the crack tip. Thomson
[23] obtained the complex displacement potential for this anti-plane problem as follows:

Fig. 1. A semi-infinite crack in the whole space under anti-plane deformations: (a) with an anti-plane singularity and

(b) with a pair of concentrated forces located at crack surfaces.
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u0ðfÞ ¼ q
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where the over bar ð�Þ denotes the complex conjugate.
Here, the quantity q is defined as

q ¼ � bl
4p

þ i
p
4p

; ð3Þ

in which b is the Burgers vector of the screw dislocation and p is the line force.
The SIF (KIII) and the energy release rate (ERR) (GIII) are evaluated respectively as

KIII ¼ lim
n!0

�2
ffiffiffiffiffiffiffiffi
2pn

p
u0ðnÞ; GIII ¼

K2
III

2l
: ð4Þ

Under the action of a singularity q at f0, substitution of (2) and (3) into (4) yields

KIII ¼
ffiffiffiffiffiffi
2p

p qffiffiffiffi
f0

p

0
B@ þ �qqffiffiffiffi

�ff0
p

1
CA: ð5Þ

When the crack is opened by a pair of self-equilibrated anti-plane forces P0 acting on the crack
surfaces a distance l behind the crack tip, the corresponding SIF and ERR may be extracted from
(4) and (5) as

KIII ¼
2P0ffiffiffiffiffiffiffi
2pl

p ; GIII ¼
P 2
0

pll
: ð6Þ

Let us now consider an edge crack at the free boundary of a strip with an anti-plane singularity
(a screw dislocation or a line force) located at z0 ¼ x0 þ iy0 as shown in Fig. 2(a). Here, a and W
denote the crack length and the strip width, respectively. Consider the conformal mapping,

Fig. 2. Cracked-material with an anti-plane singularity: (a) an edge-cracked strip (z-plane) and (b) a semi-infinite crack

in the whole plane (f-plane).
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f ¼ tgðZ þ AÞ
tgðAÞ

	 
2
� 1; ð7Þ

with

Z ¼ pz
2W

¼ pðxþ iyÞ
2W

; A ¼ pa
2W

; ð8Þ

which maps the edge-cracked strip onto the whole plane with a semi-infinite cut along its negative
n-axis as shown in Fig. 2(b). Substituting (7) into (2), we obtain the complex potential of the edge-
cracked strip in the z-plane as

u0ðzÞ ¼ p
W

tgðZ þ AÞ sec2ðZ þ AÞ qg1ðZÞ
(

� qg2ðZÞ þ �qqg3ðZÞ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tg2ðZ þ AÞ � tg2ðAÞ

p
)
; ð9Þ

where

g1ðZÞ ¼
1

tg2ðZ þ AÞ � tg2ðZ0 þ AÞ ; ð10Þ

g2ðZÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tg2ðZ þ AÞ � tg2ðAÞ
p

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tg2ðZ0 þ AÞ � tg2ðAÞ

p ; ð11Þ

g3ðZÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tg2ðZ þ AÞ � tg2ðAÞ
p

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tg2ðZ0 þ AÞ � tg2ðAÞ

q ; ð12Þ

Z and A are defined in (8), and q is the singularity quantity defined in (3).
Substitution of (9)–(12) into (4) yields the SIF, which can be used as the Green’s function to

calculate the SIF and ERR of an edge-cracked strip under arbitrary anti-plane deformations.
Now consider the SIF for the edge crack in an isotropic strip opened by a pair of self-equili-

brated anti-plane forces, P0 at the crack surfaces a distance l behind the crack tip, as shown in
Fig. 3(a). Substituting (9) into (4), we obtain the SIF as

KIII ¼ lim
x!0

�2
ffiffiffiffiffiffiffiffi
2px

p
u0

1ðxÞ ¼ lim
x!0

�4
ffiffiffiffiffiffiffiffi
2px

p
u0ðxÞ

¼ 2P0ffiffiffiffiffiffi
pa

p sec
pa
2W

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pa
2W

tg
pa
2W

tg2
pa
2W

� tg2
pða� lÞ
2W

� ��s
: ð13Þ

Furthermore, as shown in Fig. 3(b), using (13) as the Green’s function, we may obtain the SIF for
the strip with crack surfaces under the action of self-equilibrated forces pðxÞ applied in the interval
x 2 ½�l; 0� as
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KIII ¼
2 sec pa=2Wð Þffiffiffiffiffiffi

pa
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pa
2W

tg
pa
2W

r Z l

0
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p dx: ð14Þ

When uniform forces are considered, say pðxÞ ¼ p0, relation (14) reduces to

KIII ¼ p0
ffiffiffiffiffiffi
pa

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2W
pa

tg
pa
2W

r
1

�
� 2

p
arcsin

sin½pða� lÞ=2W �
sinðpa=2W Þ

� ��
: ð15Þ

Setting l ¼ a, relation (15) becomes

KIII ¼ p0
ffiffiffiffiffiffi
pa

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2W
pa

tg
pa
2W

r
; ð16Þ

which agrees with the result derived by means of Westergaard stress function [24],

ZðzÞ ¼ p0 sin
pz
2W

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2 pz

2W

� �
� sin2 pa

2W

� �r�
:

Under anti-plane deformations, the discussed edge-cracked strip is mathematically equivalent to
collinear periodic cracks in an infinite space.

Now consider the plastic zone near the edge crack tip in the strip with uniform forces, p0 acting
on the crack surfaces. The plastic zone is described by line 0 < x < d as shown in Fig. 3(b). On the
basis of the Dugdale hypothesis [1], the shear stress in the yield zone is equal to a constant yield
stress, Y, and the singularity of shear stress at the leading of the crack (x ¼ d) is removed. Uti-
lizing (13) as the Green’s function for the current problem, we obtain the size of the plastic zone
by solving the following integral equation:

Fig. 3. An edge-cracked strip under anti-plane deformations: (a) a pair of concentrated forces located at crack surfaces

and (b) uniform forces at crack surfaces.
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Z dþl

d
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0

Yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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which yields

arcsin
sinðpa=2W Þ

sin½pðaþ dÞ=2W �

� �
¼ p

2ð1þ kÞ 1

�
þ 2k

p
arcsin

sin½pða� lÞ=2W �
sin½pðaþ dÞ=2W �

� ��
; ð18Þ

where

k ¼ p0
Y
: ð19Þ

Setting l ¼ a in (18), we obtain the plastic zone solution for uniform forces at the crack surfaces as

arcsin
sinðpa=2W Þ

sin½pðaþ dÞ=2W �

� �
¼ p

2ð1þ kÞ : ð20Þ

Consequently, letting d ¼ W � a in (20), we obtain the limiting uniform force p0 at which the strip
fully yields along the crack line across the strip as

p0 ¼
W
a

�
� 1

�
Y : ð21Þ

The explicit relation (20) determines the plastic zone size near the edge crack tip in an isotropic
elastoplastic strip. Vrbik et al. [10] provided a numerical solution of the same problem with the
help of the Fredholm integrals of the second kind. The current results are compared with the
results of [10] in Fig. 4. It is evident that the two methods predict similar trends. Since the present

Fig. 4. Variation of plastic zone size with k for different values of W =a ¼ 1:2, 1.5, 2, 3, 8.
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solution (20) is an explicit one, the deviation between the two approaches may be caused by the
numerical procedure in [10].

3. Examples and discussion

Here we consider the SIF and plastic zone size solutions for an edge crack at the free boundary
of a half-space and a semi-infinite crack heading towards a free surface etc.

As shown in Fig. 5(a) and (b), letting W ! 1 in (13) and (15), we obtain the SIFs for the edge
crack at the free boundary of a half-space as

KIII ¼
2P0ffiffiffiffiffiffi
pa

p affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � ða� lÞ2

q ð22Þ

and

KIII ¼ p0
ffiffiffiffiffiffi
pa

p
1

	
� 2

p
arcsin 1

�
� l
a

�

: ð23Þ

Setting l ¼ a, relation (23) reduces to

KIII ¼ p0
ffiffiffiffiffiffi
pa

p
; ð24Þ

which is the solution for uniform forces acting on the entire crack surfaces.
Alternatively, we may derive relations (22)–(24) by letting W ! 1 in (7) and using the con-

formal mapping function, f ¼ ðz=a� 1Þ2 � 1. Furthermore, as shown in Fig. 6(a) and (b), rela-
tions (22) and (24) are exactly the SIFs for a Griffith crack in an infinite space with two pairs of
self-equilibrated forces, P0, and uniform anti-plane forces, p0 at the crack surfaces, respectively.

Fig. 5. An edge-cracked half space under anti-plane deformations: (a) a pair of concentrated forces located at crack

surfaces and (b) uniform forces at crack surfaces.
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Letting W ! 1 in (18), we obtain the corresponding plastic zone size as

arcsin
a

aþ d

� �
¼ p

2ð1þ kÞ 1

�
þ 2k

p
arcsin

a� l
aþ d

� ��
: ð25Þ

Furthermore, setting l ¼ a, relation (25) becomes

arcsin
a

aþ d

� �
¼ p

2ð1þ kÞ ; ð26Þ

which accords with the result derived by the method of dual integral equations [10].
As shown in Fig. 7(a) and (b), letting a ! 1 and simultaneously keeping c ¼ ðW � aÞ constant

in (13) and (15), we obtain the SIFs for a semi-infinite crack heading towards a free surface as

KIII ¼
2P0ffiffiffiffiffi
pl

p lþ cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cðlþ 2cÞ

p ð27Þ

and

KIII ¼ 2p0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 2cÞ

pc

r
: ð28Þ

Consequently, letting c ! 1 relation (27) returns to (6), and (28) becomes

KIII ¼
2

ffiffiffi
2

p

p
p0

ffiffiffiffiffi
pl

p
; ð29Þ

Fig. 7. A semi-infinite crack in a half space under anti-plane deformations: (a) a pair of concentrated forces located at

crack surfaces and (b) uniform forces at crack surfaces.

Fig. 6. A Griffith crack in the whole space under anti-plane deformations: (a) two pairs of concentrated forces located

at crack surfaces and (b) uniform forces at crack surfaces.
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which is the solution for a semi-infinite crack in the whole space with uniform forces, p0 on the
crack surfaces, 0 < x < l.
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