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ON THE BETTI NUMBER OF DIFFERENTIAL MODULES

Justin W. DeVries, Ph. D.
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Adviser: Srikanth B. Iyengar

Let R = k[zy,...,74 with k a field. A Z9graded differential R-module is a Z?-graded
R-module D with a morphism 6 : D — D such that 6> = 0. This dissertation establishes
a lower bound on the rank of such a differential module when the underlying R-module is
free. We define the Betti number of a differential module and use it to show that when
the homology kerd/imd of D is non-zero and finite dimensional over k then there is an
inequality rankz D > 2¢. This relates to a problem of Buchsbaum, Eisenbud and Horrocks
in algebra and conjectures of Carlsson and Halperin in topology.

Motivated by some steps of this work, further results are proved relating the homotopical

Loewy length, derived Loewy length and generalized Loewy length.
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Chapter 1

Introduction

The study of commutative algebra has grown out of the classic study of polynomial equations
and their solutions. The principal objects of study are commutative rings and their modules.
A basic tool for working with modules is a free resolution, where a module is represented by
generators and relations, and those relations are themselves represented by generators and
further relations, and so on. Corresponding to these stages of construction, a free resolution
is indexed by the integers Z. Alternatively, we can consider a free resolution to be the
final product of the construction, so that it is given “all at once” without a corresponding
7Z indexing. Viewed in this way a free resolution is a module equipped with a square-zero
endomorphism coming from the differentials of the complex. Such an object is known as a
differential module.

Differential modules have appeared in several works on chain complexes, but there have
not been many studies of differential modules themselves. As described above, they capture
much of the structure of a chain complex, but they also allow richer behavior because they are
not constrained to a Z indexing. For example, differential modules simultaneously address
problems about free resolutions and problems about free complexes with homology spread

among several homological degrees. Their flexibility extends beyond algebraic contexts as



well. One such use is in the conjectures of Carlsson and Halperin concerning a lower bound
on the rank of DG-modules with non-zero finite length homology [5], 9] (for this connection
between differential modules and DG-modules see [I, §5]). This dissertation examines dif-
ferential modules, particularly Z?-graded differential modules, with a focus on the problem
of finding a lower bound on the rank of a resolving differential module.

To be precise, let k be a field and set R = k[xq,...,x4]. A differential R-module D is an R-
module with a square-zero homomorphism ¢ : D — D called the differential. The homology
of D is defined in the usual way: H(D) = kerd/imd. The results of this dissertation are
motivated by a conjecture of Avramov, Buchweitz and Iyengar on the rank of a differential
module over a local ring ([I, Conjecture 5.3]). Formulated for a Z?-graded polynomial ring,

this reads:

Conjecture 1.0.1. Let R = k[x1,...,74] be a Z%graded polynomial ring of dimension d,
and F a Z%-graded differential R-module admitting a finite free flag. If H(F) has non-zero
finite length, then

rankp F' > 29,

In this conjecture, a free flag on a differential module is a filtration compatible with
the differential (see Definition . It provides the appropriate lifting properties for the
category of differential modules. From [, Theorem 5.2] it follows that the conjecture is true
when d < 3.

A consequence of our results is the following result for all dimensions when the differential

0 has degree zero:

Theorem. Let F be a finitely generated Z%-graded differential R-module with differential
d : F'— F that is homogeneous of degree zero, such that F' is free as an R-module. If H(F)

has non-zero finite length then rankgy F > 2¢.



This follows from Theorem [3.4.4] which establishes a lower bound on the rank of a dif-
ferential module by finding a lower bound on an invariant that corresponds to the role of a
Betti number of a module (see Definition [2.0.7).

This result is new even for complexes of R-modules. Given a complex of Z?-graded free

R-modules

F: F2 Fl FO

the module €, F; with differential § = @, " forms a differential module. When H(F) has

non-zero finite length as an R-module then we conclude that

> rankp Fy > 2%, (1.0.1)
This inequality is already known when F' is a resolution—i.e. F; = 0 for i < 0 and H;(F) =
0 for i # O0—from the work of Charalambous and Santoni on the Buchsbaum-FEisenbud-
Horrocks problem [7, 13]. Recall that for a Z-graded polynomial ring, the Buchsbaum-
Eisenbud-Horrocks problem is to show that 5;(M) > (Czl) all Z-graded R-modules M with
non-zero finite length, where §;(M) is the i-th Betti number of M [4, [10]. Summing the
binomial coefficients gives when F is a free resolution of a non-zero finite length Z9-
graded module M. However, when F' is not acyclic it is not clear how to establish
without using differential modules.

Some techniques available for complexes can be directly adapted to the case of differential
modules, however there are some subtle difficulties that appear. For example, there may be
no way to minimize a resolution in the category of differential modules and this creates an
obstruction to applying the usual tools of complexes (see Example , or Theorem
for some positive results). Not many techniques are available for working with differential
modules. This work should be seen as a contribution in that direction.

Chapter |2 provides the background in differential modules and Z?-graded differential



modules. We define a notion of a Betti number for differential modules, which serves as an
essential notion for establishing a lower bound on the rank of a differential module.

Chapter 3| explores Z?-graded differential modules with an eye towards lower bounds on
the Betti number. We examine several classes of Z?-graded differential modules, presenting
some results and examples, including an example that demonstrates that the Betti number
is not always bounded below by 2¢. The main theorem on the lower bound for Betti num-
bers is proven by using truncation techniques to reduce to a case where differential module
adaptations of Santoni’s results [I3] can be applied.

An important step in finding a lower bound on the Betti number is to take a differential
module with finite length homology and replace it by a differential module with finite length.
In Chapter |4 we examine this phenomenon for complexes of R-modules and investigate some

ways of measuring the size of such a replacement.



Chapter 2

Differential Modules

Throughout, k is a field, R = k[x1,..., 4] is the standard Z¢-graded polynomial ring and
m = (z1,...,74). To be specific, the grading on R is such that the degree deg(z;) € Z¢ of
variable z; is (0,...,0,1,0,...,0) with the 1 appearing in the i-th coordinate. For m € Z¢,
we write m; to denote the i-th coordinate. Two elements a, b € Z¢ are compared coordinate-
wise by setting a < b if a; < b; for all i. This makes Z? into a partially ordered group.

Recall that a Z?-graded module M over R is an R-module that has a decomposition
P,ncze Mm as abelian groups such that multiplication by an element of R of degree n takes
My to My . An R-linear map ¢ between Z?-graded modules M and N is a morphism if
&(Mp) C Np. In particular, a complex of Z4-graded modules is required to have morphisms
for its differentials.

For d € Z4 the shifted (or twisted) module M (d) is defined to be Mgy, in degree m for
each m € Z%, with the same R-module structure as M. Given a morphism ¢ : M — N the
shifted morphism M (d) — N(d) defined by z — ¢(x) is denoted ¢(d).

We will work with Z4-graded modules and Z-graded differential modules, so definitions
will be given in that context for simplicity; see [I, 6] for details concerning arbitrary differ-

ential modules.



Definition 2.0.2. A Z%-graded differential R-module with differential degree d € Z¢ is a

Z%-graded R-module D with a morphism & : D — D(d) such that the composition

is zero. We say that 0 is the differential of D.

When D and E are Z?-graded differential modules with the same differential degree,
define a morphism ¢ : D — E to be a morphism of Z?graded modules satisfying 6% o ¢ =
¢ 0 dP. For a fixed differential degree, the category of Z-graded differential modules with
this notion of a morphism is an abelian category.

The homology of a differential module D is the Z4-graded R-module

H(D) = kerd/im(é(—d)).

The Z?-grading on H (D) is inherited from D by considering ker § and im(§(—d)) as sub-
modules of D with the induced grading. Any Z?-graded R-module, in particular H (D), will
be considered as a differential module with zero differential.

In the usual way, a morphism ¢ : D — E induces a map in homology H(¢) : H(D) —
H(E). If H(¢) is an isomorphism we say that ¢ is a quasi-isomorphism and write D ~ E

or ¢ : D = E. Given an exact sequence of differential modules

there is an induced long exact sequence of in homology,

o H(Dy)(id) "5 (D,) (1d) 2 (Dy) (id) 2L H(Dy)(( + 1)d) —> - -



where i ranges over the integers, and each map is a morphism of Z?graded modules (in

particular, has degree 0). We summarize this sequence by the following diagram

H(D,) (2.0.1)

where the circle indicates that v is a homomorphism of degree d.

See [6, Chap. IV §1] for a proof.

Bounds on the rank of a differential module will be obtained by comparing the rank and an
invariant that we call the Betti number of a differential module. To define the Betti number
we will need a notion of a tensor product of differential modules. However adapting the
usual definition of a tensor product between complexes fails to produce a differential module
when applied to two differential modules. To work around this we recall the construction of

a tensor product of a complex and a differential module, along with some of its properties

[T, §1].

Definition 2.0.3. For a complex C' of Z%graded R-modules and a Z?graded differential
R-module D with differential degree d, define a Z?-graded differential module C' Xy D by

setting
C'®p D = @P(Ci(—id) ®r D),

1EL

with differential defined by
§MEL (c® d) = 0%(c) @ d + (—1)'c ® §°(d),

for c®d € Cy(—id) ®g D. This makes C Xy D into a Z%-graded differential R-module with

differential degree d.



We will need the following facts concerning this product. These results are proved in
[1] for arbitrary differential modules, but the proofs hold for Z?-graded differential modules

with the obvious modifications.

Proposition 2.0.4 ([1, 1.9.3]). Let X and Y be Z%-graded complexes and let D be a Z°-
graded differential module. Then there is a natural isomorphism of Z-graded differential

modules:

(X®rY)Rp D= XKg (Y g D).

Proposition 2.0.5 ([I, Proposition 1.10]). Let X and Y be bounded below Z?-graded com-

plexes of flat R-modules, i.e. X; =Y; = 0 for sufficiently small i. Then
1. the functor X Wi — preserves exact sequences and quasi-isomorphisms;

2. a quasi-isomorphism ¢ : X —'Y induces a quasi-isomorphism

qb&RDX&RDﬁY&RD

for all Z4-graded differential R-modules D.

Using this tensor product, we can define a Tor functor between R-modules and differential

R-modules, and hence define a Betti number.

Definition 2.0.6. For a Z?-graded differential R-module D and a Z9graded R-module M

set

Tor® (M, D) = H(P Xy D)

where P is a Z%-graded free resolution of M. This is well-defined as different choices of free

resolution produce quasi-isomorphic differential modules by Proposition [2.0.5]



Definition 2.0.7. We define 82 (D) to be the Betti number in degree m € Z¢ of a differential
R-module D:
B (D) = rank; Tor®(k, D).

Summing over all degrees gives the Betti number 5%(D):

BR(D) = " B(D) = ranky Tor"(k, D).

meZ

The connection between ranks of differential modules and Betti numbers is provided by

free flags, a notion of a free resolution for differential modules [1, §2].

Definition 2.0.8. A free flag on a differential module F is a family {F"},cz of Z-graded

R-submodules such that
1. F* =0 for n <0,
2. F™ C F*H for all n,
3. 6F(F™) C F™! for all n,
4. U, Fr=F,
5. F"/F"~1is a free R-module for all n.

We say that a Z%graded differential module F with a free flag resolves D if there is a

quasi-isomorphism F —== D in the category of Z?-graded differential modules.

Many properties of free modules have analogs for differential modules with free flags. We

will use the following two.

Proposition 2.0.9. Let Dy and D, be differential modules and let F' be a differential module

with a free flag. If o : D1 — Dy is a surjective quasi-isomorphism and 3 : F — Dy is a
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morphism then there is a morphism v : F' — Dy such that the following diagram commutes:

D,
7
% zla
s
Y

FTDQ

Sketch of proof. Let {F™},cz be a free flag on F. Define v : F' — D; inductively by defining
A" F™ — D;. We can define 7° : F© — D; using the usual lifting properties since F© is a
free R-module. For n > 0 we have " = F" '@ (F"/F"!) since F"/F"! is free. Assuming
that we have y"~! : F*~1 — D, defined, we can define 4" : '™ — D; by using the lifting
properties of the free module F"/F"! to define a map F™/F"~! — D;. The lifting used is
important since we need 6”1y = v6% and ay = 3. However, any lifting can be modified by

adding an appropriate boundary of D; so that it has the desired properties. O

Proposition 2.0.10 ([T, Proposition 2.4]). Let F be a Z%-graded differential module with a

free flag. Then the functor — X g F' preserves exact sequences and quasi-isomorphisms.

With differential modules that admit a free flag providing a resolution of a differential
module, the Tor functor is balanced, which gives the connection between the rank and Betti

number of a differential module.

Lemma 2.0.11. Let P be a free resolution of a Z%-graded module M and let F be a free flag
resolving a Z4-graded differential module D. Then H(PXg D) is isomorphic to H(M Xy F)

as Z-graded R-modules.

Proof. Let ¢ : P — M and n : F — D be Z%graded quasi-isomorphisms. Then there are
Z4-graded morphisms

PgR’ﬂ €|XRF

P®3D<—P®RF*>M|ERF

By Proposition [2.0.5 and Proposition [2.0.10] these are quasi-isomorphisms. O
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Theorem 2.0.12. Let F be Z%-graded differential module admitting a free flag. For all

degrees m € Z% we have BE(F) < ranky, Fy,. Therefore,
BR(F) < rankg F.
Proof. By Lemma [2.0.11
BE(F) = rank;, Tor®(k, F)py = rank, H(k Xp F)m.

Since k is an R-module, kXr F' = k®pg F. Since H(k®pg F')y, is a subquotient of (k®g F)m,
we have

ranky H(k Mg F)m < rankg(k @ F)m = ranky, Fip,.

Summing over all degrees gives the inequality for the Betti number,
BR(F) = Z BR(F) < Z ranky Fy, = rankg k @ g F' = rankg F. O
meZ4 meZ4

Remark 2.0.13. When §(F) C mF we have 82(F) = rank,, Fjy, as the differential of k Xy F

is zero. In general, the inequality can be strict; see Example [3.2.3]

We finish this section by recording a property of the Tor functor for use later.

Lemma 2.0.14. Consider an ezact sequence of Z%-graded differential R-modules

0 D1aD2ﬂ

D3 0.

For each Z%-graded R-module M there is an exact commutative diagram of Z4-graded differ-
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ential modules:

Tor®(M, D)) Tortie) Tor® (M, Dy)
¥ \ Tor(M,[3)
Tor® (M, Ds)

Proof. Take a free resolution P of the module M. By Proposition the sequence of

differential modules remains exact after applying P X —:

0—= PRy D, P2 PR, Dy 22 PRy Dy —— 0.

The diagram ([2.0.1) coming from this exact sequence is the desired one. O]
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Chapter 3

Lower Bound on the Betti Number

3.1 Compression

Every complex of R-modules produces a differential module by forming its compression.
This construction allows results about differential modules to be translated to results about
complexes of modules. In fact, the differential modules produced by compressing always
have differential degree 0 so it is sufficient to restrict to differential modules with differential
degree 0 if one is interested in establishing results about complexes. Note that not every

differential module of differential degree 0 arises this way (see Example [3.1.3)).

Construction 3.1.1 ([1, 1.3]). If C is a complex of Z%graded R-modules, then its com-

pression is the Z%-graded differential module

Cr=EPC
1€EZ
with differential §¢2 = D,z oc.
We have deg(d94) = 0 because the differentials of the complex C are required to have

degree zero. By the definition of 6“2, we have H(Ca) = €, , H;(C).

1EL
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When the complex C' is bounded below and consists of free R-modules then the com-
pression has a free flag. Indeed, suppose C; = 0 for i sufficiently small. Then setting

" =P, Ci forms a free flag.

Computing the Betti number of a compression is a straight-forward application of The-

orem 2.0.12] and Remark 2.0.13

Lemma 3.1.2. Let C' be a bounded below complex of free modules that is minimal in the

sense that 05 (C,) C mC,_1. Then

B(Ca) = Z rankp C;.

i

When C' is a minimal free resolution of a module M we have
B(Ca) = Bi(M),

where B;(M) is the usual Betti number of M.

Proof. Since C' is a bounded below complex of free modules, Cx has a free flag. We have
d(Ca) = @8i(ci) C @mci—l =mCa,
i€Z i€z

so by Remark [2.0.13| we have

B(Ca) =rankpr Ca = ZrankR C;.

i

When C'is a minimal free resolution of M we have rankg C; = (3;(M), which completes the

proof. ]
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Obviously differential modules with non-zero differential degree do not come from com-
pressing a complex, but the following shows that there are also differential modules with

differential degree zero that are not compressions of a complex.

Example 3.1.3. Let R = k[z,y] and let F' = R(0,0) ® R(—1,0) ® R(0,—1) & R(—1,—1).

Viewing I’ as column vectors, define a differential § by left-multiplication by the matrix

0 z vy xy
000 —y
000 =

_0 00 O |

This is a differential module with degd = 0. Represented diagrammatically this has the

form of a Koszul complex on x,y modified by adding an additional map:

Yy

/’w.‘-—\\
RC—L—J)[ﬂ?}ﬁ—LO)@IKQ—J)V”ﬁ}ﬁQO)»0.

Reading the diagram from right to left produces a free flag:

0 C R(0,0) C R(0,0) ® R(~1,0) ® R(0, —1) C

R(0,0) ® R(—1,0) ® R(0, —1) & R(—1,-1) = F.

To calculate H(F'), consider the first differential submodule of the flag F* = R(0,0). It is

straight-forward to see that

H(F%) = R(0,0)

H(F/F°) = (R(-1,0) © R(0, —1))/R(—y @ x).
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From the short exact sequence

0 FO F F/F° ——

we have the long exact sequence
= H(F/F%) —%> H(F%) —2+ H(F) —= H(F/F%) —> H(F%) —> - -

where the map « is given by the matrix |:_q;' y] . Since « is injective, 3 must be a surjection,
giving

H(F)=H(F°/ima = R/(x,y) = k.

To compute the Betti number, note that §(F) C mF, so we have 8%(F) = rankg I = 4
by Remark [2.0.13

3.2 Non-positive differential degree

Every differential R-module with a free flag is free as an R-module, but not conversely (see

Example [3.2.4). Even when a differential module admits a free flag there may be no way

9

to “minimize,” unlike finite free complexes that can be decomposed into an acyclic complex
and a minimal complex C' with 9(C) C mC' (see Example [3.2.3)). Restricting to the case of

a differential module D with deg d” < 0 we can avoid both of these difficulties.

Theorem 3.2.1. Let F be a finitely generated 7. -graded differential R-module with deg §¥ <
0 that is free as an R-module. Then F has a free flag and a submodule F' that is a direct

summand in the category of Z%-graded differential R-modules such that

1. F’ has a free flag,
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2. 5(F) C mF,
3. H(F') = H(F).

Remark 3.2.2. The hypothesis that degd < 0 is necessary. See Examples [3.2.3] and [3.2.4]

Proof. We induce on rankg F: if rankg F' = 1 then the differential of F' is multiplication by
an element of R. Since R is a domain, this element must be zero; hence F° = F is a free
flag. As §(F°) = 0 we conclude that §(F) C mF as well.

Now suppose rankg F' > 1. If §(F') € mF then there is some homogeneous basis element e
with d(e) € mF. We first show that €, §(€) € F//mF are linearly independent over k. Suppose
that there is a linear relation 6(€) = ae with a € k. Since 6 = 0, we have 0 = ad(€) = a’e,
a contradiction.

So e and d(e) are linearly independent. By Nakayama’s lemma we can take {e,d(e)} to

be part of a basis of F'. Let G = Re @ Rd(e). Then G is a differential sub-module. So we

have an exact sequence of differential modules:

0 G F F/G 0. (3.2.1)

Since H(G) = 0, the long exact sequence in homology coming from (3.2.1)) shows that
H(F/G) = H(F). The module F/G is free since G is generated by basis elements of F. So
by induction F'/G has a free flag {G"},ez. By Proposition [2.0.9] F//G is a direct summand

of F' as differential modules. Setting

F° = R6% (e),
F' = R6%(e) @ Re,

F"=R6"(e) ® Re®G" 2, n>2
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gives a free flag on F'. The induction hypothesis also shows that F'/G has a direct summand
F’ with a free flag such that §(F’) C mF’ and such that H(F') = H(F/G) = H(F'). This
completes the proof when §(F) € mF.

Now suppose that 6(F) C mF. In this case it suffices to show that F' has a free
flag. Let eq,...,e, be a homogeneous basis for F', and let n be a minimal element of

deg(ey), ..., deg(e,)} under the partial order on Z¢. Set
{deg g

Then 67 (G) C G since deg(67 (¢;)) < deg(e;) for all i as the degree of 6 is non-positive in
each coordinate. So G is a differential sub-module.

We claim that 6¥'|¢ = 0. When degé” < 0, we have 67| = 0 as deg(67(e;)) < deg(e;)
and all the generators e; of G have the same degree. When deg 67 = 0 the matrix representing
6¥|¢ has entries in k since all generators of G are in the same degree. So §*'|¢ = 0, otherwise
there would be an element of 67 (G) that is not in mF, contrary to assumption.

Since 67| = 0 we get §7(F°) = 0 by setting F* = G. As F° is generated by basis
elements of F', the quotient F'/F? is a free R-module, so the induction hypothesis produces
a free flag {G"},ez for F/F°. Setting F"* = FO@G" ! forn > 0 and F" =0 for n < 0 gives

a free flag on F. ]

The next example illustrates several difficulties in dealing with differential modules with
non-zero differential degree. It provides an obstruction to extending Theorem to dif-
ferential modules with degé > 0. Furthermore, by [1, Theorem 5.2], a differential module
over k[z,y] with a free flag must have rank at least 4. So this also shows that Lemma [3.2.1]
cannot be extended to differential modules with degd > 0 as no summand can have a free

flag.
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Example 3.2.3. Let R = k[z,y] and let F' = R(0,0) & R(0,1) & R(1,0) & R(1,1) have

differential given by the matrix,

0z y 1

00 0 —y
)=

000 =«

000 O

This is a differential module with differential degree (1,1). As a diagram it is

1

/—\
R(1,1) *]> R(0,1) ® R(1,0) Tl R(0,0) —0. (3.2.2)
—y T
As in Example [3.1.3] reading the diagram from right to left gives a free flag. The same
computation from Example shows that H(F) = k. As F has a free flag, we can
compute S%(F) by rank, H(k Xy F). Applying k Xp — to (3.2.2) we have the vector space

k* (suppressing the grading) with differential given by the diagram:

The homology is k2, so SE(F) = 2.

This final example shows that a differential module that is free as an R-module need not
have a free flag; thus Lemma [3.2.1] cannot be strengthened to apply to differential modules

with degd > 0.

Example 3.2.4 ([I, Example 5.6]). Let F' be as in Example [3.2.3 Let e be the basis

element in degree (—1,—1) and set G = Re @& R6" (e). Then calculation shows that F/G is
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the differential module D = R(0,1) & R(1,0) with

ry -y

This is a differential module with degd = (1,1). Since H(G) = 0, an exact sequence
argument shows that the map F' — F/G is a quasi-isomorphism; hence H(D) = H(F) = k.
As F admits a free flag, it is a resolution of D. So we have 3%(D) = B%(F) = 2.

The differential module D itself cannot have a free flag since rankg D = 2 < 4, as noted

before Example [3.2.3

3.3 High-low decompositions

The main tool, Theorem [3.3.6] we use for finding a bound on the Betti number comes from
an inequality of Santoni [I3] formulated to apply to differential modules. The essential idea
is to use information about the “top” and “bottom” degree parts to derive information
about the entire module. The meaning of “top” and “bottom” is made precise by a high-low
decomposition, Definition [3.3.5]

Let y be an indeterminate over R = k[zy, ..., x4 with degy = (0,...,0,1) € Z4*1 so
that R[y] is a Z91-graded ring. In this section we will be concerned with comparing Z4+!-
graded differential modules over R[y] with Z%-graded differential modules over R. Via the
inclusion R — Rly|, any Z%"'-graded differential module over R[y] can be considered as a
Z%-graded differential module over R, with the action of R fixing the (d + 1)-th coordinate
of the Z¥*1-grading. The following result allows this change of rings to be applied to the Tor

functor.

Lemma 3.3.1. Let M be a Z***-graded Rly]-module and D a Z%**-graded differential Rl[y-
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module. View R[y] Kg D as a R[y]-module via the action r(s @ d) = (rs) ® d. Then
Tor®™™ (M, Rly] K D) = Tor®(M, D).

Proof. Let P be a Z4*1-graded free resolution of M over R[y]. Then using Proposition

one gets:

Tor™ (M, Rly| 8y, D) = H(P Ry (Rly) By D))
> H((P @y Rly]) ¥n D)
~ H(PXp D)

= Tor™(M, D). O

Let C be a class of Z4!-graded differential R[y]-modules which is closed under taking
submodules and quotients. Take A to be a superadditive function from C to an ordered
commutative monoid such that \(C') > 0 for all C' € C. Recall that A is superadditive if an

exact sequence

0 A B C 0
of differential modules in C gives an inequality A(B) > A(A4) + A(C).

Example 3.3.2. For our purposes, C will be the collection of Z4*!-graded differential R[y]-
modules with non-zero homology in finitely many degrees and A will be the length of the

differential module.

Lemma 3.3.3. Let B be a Z% -graded differential R[y]-module and suppose we have the
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following commutative diagrams in C:

A—>B B =
Ya i J{wg oB o
AM— - B B—~C

Then for each m € Z% the following inequalities hold:

A(Im )y > A(im "), and  ANime)y, > Aime')py,.

Furthermore, if e. = 0 then

A Bm) > Aim ") + A(ime’) .

Proof. For the first inequality, there is a surjection im ¢ — im¥pgt, so

A(m L) > Aim Ypt)m = A0m "4 ) m.

Because 14 is surjective there is also a surjection im:”1)4 — im¢”. This gives the desired
inequality, A(im ¢)py, > A(Im (") .

For the second inequality, there is an inclusion ime’ < ime since ¢¢ is injective. By
superadditivity, A(im &)y, > A(ime’)y,.

For the final inequality, note that e2 = 0 implies that im ¢ C kere. The exact sequence

0 ker e B ime—0,

then implies A(Bp) > AMime)y, + A(ime)y, > A(ime)y, + A(im )y, using the first two

inequalities. O]
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Lemma 3.3.4. Let D be a Z4 ' -graded differential R[y]-module. Viewing R[y]| Xp D as a
R[y]-module via the action r(s®@d) = (rs)®@d, there is a sequence of Z4 ' -graded differential

R|y]-modules
0 — (R[y] g D)(—degy) —— R[y|®r D ——=D —0,

withoc(1®d) =y®d—1®yd and e(a ® d) = ad. This sequence is exact and functorial in

D. The map o is given by multiplication by y if and only if yD = 0.

Proof. 1t is straight-forward to check that o and € are morphisms and that the sequence is
exact and functorial. Evidently o is multiplication by y when yD = 0. The exactness of the

sequence shows that the converse holds. O

The following definition and theorem are differential module versions of Santoni’s results

for R-modules [13].

Definition 3.3.5. A Z4"l-graded differential R[y]-module D admits a high-low decomposi-
tion if there are non-zero Z*!-graded differential R[y]-modules Dj;, and D, each annihilated
by y, and there are morphisms of differential R[y]-modules D,“— D and D —s D, that

split in the category of Z%graded differential R-modules.

Theorem 3.3.6. Let K be a Z%-graded R[y]-module such that yK = 0, and assume C is
closed under Tor®™ (K, —). Let D € C be a 2% -graded differential module with differential

degree d which admits a high-low decomposition. Then for all m € Z+!
AMTor®™ (K, D)) > MTor® (K, D¢)m) + MTor® (K, Dy)mid-—degy)-

Proof. Applying the functoriality of Lemma to the high-low decomposition D;,~—— D
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and D— D, gives two exact commutative diagrams:

i |
0 — (Rly] K Dy)(— degy) 7~ Rly] K

ol

00— (R[y] ®g D)(—degy) —— R[y]

and

0 — (R[y] ®g D)(—degy) —— R[y| Xg D —— D —0

| L,

1"

0— (Rly] ®r Dy)(— deg y) —=> R[y| K Dy ——> Dy — 0

l L

0 0 0
In both diagrams the first two columns are split exact over R[y] due to the high-low de-
composition. Because Dj and D, are annihilated by y, Lemma implies that ¢’ and ¢”
are multiplication by y. The R[y]-action on Tor®¥ (K, —) is via K and yK = 0, so after

applying Tor®™ (K, —) and using Lemma the maps ¢’ and ¢” become zero, leaving

0
,Dp) = Tor®¥(K, D)) 2> Tor®(K, Dp)(d — degy) — 0

e
)

- % Tor®(K, D) —> Tor®¥ (K, D) —> Tor™(K, D

0 — Tor®(

%N%o

o(d)
(d— degy) "L
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and
% Tor® (K, D) —= Tor®¥ (K, D) —2> Tor®(K, D)(d — deg y) °% -
CE |
0 —= Tor®(K, Dy) == Tor®¥ (K, D;) 2> Tor®(K, Dy)(d — deg ) —= 0
| |
0 0
Lemma on the commutative squares (1) and (f) completes the proof. O

3.4 Lower bound on the Betti number

In order to apply the results for high-low decompositions we need to establish some results
on the existence of high-low decompositions Dy, and D, with H (D) # 0 and H(Dy) # 0.

Recall that m; denotes the i-th coordinate of a d-tuple m € Z¢.

Definition 3.4.1. Let D be a Zd—graded differential module and let 1 <7 < d. We say that

D is bounded in the i-th direction if there are a,b € Z such that m; € [a, b] implies Dy, = 0.

Remark 3.4.2. When D is finitely generated the condition that D is bounded in the i-th

direction for all 7 is equivalent to the condition that rank; D < oc.

Lemma 3.4.3. Let D be a Z%-graded differential module with H(D) # 0. Fix an index
1 < i < d and suppose that (degd®); = 0. If H(D) is bounded in the i-th direction then
there is a Z%-graded differential module D' that is quasi-isomorphic to D such that D' has a
high-low decomposition D} and D with H(Dj) and H(D);) both non-zero.

Proof. Let a € Z be the largest integer such that H(D),, = 0 whenever m; < a. Such an

integer exists because H (D) is non-zero and bounded in the i-th direction. Set

E = @Dm.

mcZ4
a<m;
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This is an R-submodule. Since (degd?); = 0 it is closed under 6° as well. So E is a

differential submodule of D. By the definition of E, we have

D/E= D Du.

meZzZ?
m;<a

Let z be a cycle in (D/E)y. If m; > a then z = 0 as (D/E)y, = 0. If m; < a then
2 € (D/E)m = D so thereis a 2’ € D with 6°(2') = zas H(D)m = 0. So 0°/E(2' +E) = 2.
Therefore H(D/E)y = 0 for all m € Z%, and so H(D/E) = 0. From a short exact sequence
we conclude that £ ~ D.

Let b € Z be the smallest integer such that H(E), = 0 when m; > b. Again, such an

integer exists because H(F) = H(D) is non-zero and bounded in the i-th direction. Set

E = @ E...

meZ?
b+1<m;

Then E’ is a differential submodule of £ with H(E’) = 0 by the definition of b. Set D' =
E/E'. From a short exact sequence we conclude that H(E/E') =2 H(E) so that D' =
E/E'~FE~D.

By construction, D), = 0 for m; < a and for m; > b. Also, by the definitions of a and b,
there are n,n’ € Z? with n; = @ and n} = b such that H(D'), # 0 and H(D') # 0; hence
D, # 0 and D!, # 0 as well.

Set

D= D, and  Dj =P D

meZz? mcZz?
m;=a m;=b

Then Dj and Dj, are both non-zero and annihilated by x;. The two morphisms D} ~—— D’

and D’ —s D, split in the category of differential modules because (degd?); = 0. So
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Dj, and Dj, form a high-low decomposition. As noted above H (D)) and H (D)) are both

non-zero, so D’ is the desired differential module. O

The proof of the following theorem uses Theorem [3.3.6] inductively, after first using
Lemma to find a differential module with a high-low decomposition.
Note that H (D) is not required to be finitely generated in the following theorem. If H(D)

is finitely generated then the hypothesis on H(D) is equivalent to 0 < rank, H(D) < oo; see
Remark 3.4.2]

Theorem 3.4.4. If D is a Z%-graded differential module with degdé” = 0 and such that
H(D) # 0 is bounded in the i-th direction for all i, then

pR(D) > 2%

Proof. Use induction on d. For d = 0, so that R = k, we have

Tor*(k, D) = H(k X, D) = H(D) # 0.

So B*(D) > 1.

Now suppose d > 1. Then H(D) is bounded in the d-th direction by assumption. By
Proposition the Betti number is preserved under quasi-isomorphisms, so Lemma [3.4.3
allows us to assume that D has a high-low decomposition D, and D, with H(Dj) # 0 and
H(Dy) # 0. By definition of a high-low decomposition, H(D;) and H(D,) are submodules
of H(D) since the splitting happens in the category of differential modules. In particular,
H(Dy,) and H(Dy) are bounded in the i-th direction for all 1.
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So induction hypothesis applies to D; and D,. From Theorem [3.3.6| we have:

ﬂR(D) > Bk[m ..... xd—l](De) +ﬂk[zl ..... xd,l](Dh)
> 2d—1 + 2d—1

—9d O

Remark 3.4.5. Example shows that Theorem cannot be extended to differential
modules D with deg6” > 0.

Via Theorem [2.0.12] this result provides an affirmative answer to Conjecture when
degd = 0.

Corollary 3.4.6. If F is a finitely generated Z%-graded differential module that is free as an

R-module such that deg ¥ = 0 and such that H(F) has non-zero finite length then
rankp F > 24,

Proof. By Lemma|3.2.1) F has a free flag. So Theorem [2.0.12|implies that S%(F) < rankpy F.
Applying Theorem gives the desired inequality. O
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Chapter 4

Derived Loewy Length

4.1 Notions of Loewy length

Lemma [3.4.3| can be seen as a means of taking a differential module with finite length
homology and replacing it by a new differential module that has finite length. In fact, a
similar result is true for chain complexes (see Theorem below). In this chapter we will
take this as motivation for investigating and comparing ways to measure the size of such
replacements.

The following is essentially contained in [12].

Theorem 4.1.1. Let R be a noetherian ring and let C' be a complex of finitely generated
R-modules such that H(C') has finite length. Then there is a complex C' such that C' has

finite length and C" is isomorphic to C in the derived category.

Proof. If H(C) = 0 then take C’ to be the zero complex. Otherwise there are a,b € Z with
H,(C) # 0 and H,(C) # 0 and H;(C) = 0 for i < a or i > b. Let Cc, denote the soft

truncation above a, and let C5;, denote the soft truncation below b. Truncating in succession
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we get the complex (Ccy)op:

0—— Ca/a(ca+1) Ca—l e Cb+1 ker 8b —0.

Note that there is a quasi-isomorphism from C' to Cc, and a quasi-isomorphism from (Cc,)-p
to Ccq,. So in the derived category the complex (Cc,)op is isomorphic to C.

So we may assume that C; = 0 for ¢ < a or @ > b. Proceed by induction on a — b.
If a—b =0, then H,(C) = C, and H,(C) has finite length by hypothesis. Now suppose
a—0b>0. Let E(H,(C)) denote the injective envelope of H,(C'). Since H,(C') injects into

C, we have the following diagram

Let C! = im¢. Then C! is artinian as it is the submodule of the injective hull of the finite
length module H,(C). Since C! is finitely generated, it is also noetherian, and hence has
finite length. Note that the restriction of ¢ to H,(C') must be injective by commutativity of
the diagram.

Using the push-out C! I, C,_1, build the following diagram:

Cpg—srii—(y

a, l a_,

C;*)C(ILHCa Oa_lgca_gﬁ”'ﬂcb

where 0 (m) = (m,0) and 9, _;(m,n) = J,_1(n).
We claim that this is a quasi-isomorphism between the rows. An element of C! ¢, C,—4

is zero if and only if can be written in the form (¢(m),d,(m)). So m is in the kernel
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of &/ if and only if there is an m’ € C, with ¢(m’) = m and 9,(m’) = 0. Thus every
element m € ker &/, is in ¢(H,(C)). Since ¢ is injective when restricted to H,(C), we get an
isomorphism H,(C) = ker 0/, so the homology of the two rows agrees here.

In degree a — 1, a homology class [z] maps to the class [(0,z)]. We can write a cycle
(m,n) of C! g, Cy—q in the form (0,n + 0,(m’)) with ¢(m') = m. Since 9,(n) = 0, this

shows that map in degree a — 1 homology is surjective. If the cycle (0, z) is a boundary

0,(m) = (m, 0) = (0, 04(m"))

with ¢(m’) = m, then (0,z — 0,(m’)) is zero. In particular there is an n’ € C, such that
Ou(n) = z — 0y(m’). Thus z is a boundary, and we conclude that the map is a quasi-
isomorphism.

Now note that the cycles ker @, have finite length as there is an exact sequence

0 —=0,(CY) —=kerd,_y —=Ho1(C) —=0

and both 0/, (C") and H,_1(C) have finite length. So the induction hypothesis applies to the
complex

T, Coy P Cy e .
Splicing the quasi-isomorphic finite length complex with C! via the map &, : C! — kerd,_,

gives the desired finite length complex C’. [

In this chapter we will be concerned with measuring the sizes of possible replacements.

Let (R, m) be a commutative local ring with maximal ideal m. Denote the derived category

of R by D(R).

Definition 4.1.2. Let M be an R-module that is not necessarily finitely generated. The
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Loewy length 0r(M) of M is

UUr(M) =inf{n >0 | m"M = 0}.

For a complex C' of R-modules, define ¢/x(C) to be the Loewy length of the underlying
module.

Subscripts are omitted when the ring is understood.

When M is finitely generated then the Loewy length is finite if and only if the ordinary
length is finite, in the sense of a composition series. We are interested in extending this
invariant to the derived category D(R). One option is to allow replacements by objects that
are isomorphic in the derived category. This gives the homotopical Loewy length as defined

by Avramov, Iyengar and Miller [2].

Definition 4.1.3. Let C' be a complex of R-modules. Define the homotopical Loewy length
hilg(C) to be
Wlr(C) =inf{lt(V) | C ~V}.

Another option is to allow replacements by objects that “contain” the object of interest.

Allowing this extra flexibility appears to give an invariant with better homological properties.

Definition 4.1.4. Let C' be a complex of R-modules. Define the derived Loewy length
dllr(C) to be
dllp(C) =inf{€l(V) | C is a retract of V in D(R)}.

Obviously
V(H(C)) < dee(C) <hee(C) < (0,

but not much is known about the precise value of he¢(C') or dé¢(C).
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We will focus attention on the Koszul complex of a minimal generating set for m. Recall
that the Koszul complex K (z1,...,z,) on a sequence of elements z1,...,z, in R is defined
to be

K(wla"'vxn):K(xl> ®R®RK(xn)7

where K (z;) is the complex

Throughout, K will denote the Koszul complex of a minimal generating set for m. Different
choices for minimal generating sets give isomorphic Koszul complexes, however the derived

Loewy length is independent of the choice even if we allow non-minimal generating sets.

Proposition 4.1.5. Letxzq,...,x, and yy, ...,y be sequences of elements of R that generate

the same ideal. Then

dU(K (2, ..., 2,)) = dUU(K (Y1, ..., Ym))-

Proof. 1t suffices to show that

dUU(K (z1,...,2,)) = dU(K (21, ..., Tn,Yy))

for y € (z1,...,x,). In this case there is an isomorphism of complexes K (x1,...,2T,,y) =

K(xy1,...,2,,0), see [3, 1.6.21]. As complexes,

K(zy,...,2,,0) =2 K(x1,...,2,) ® K (21,...,7,).

Thus we have

AdU(K (21, ..., 2,)) < UK (21, ... 20, 9))
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as K(z1,...,x,) is a retract of K(xy,...,z,,0).
If K(xq,...,x,) is a retract of V' in D(R) then K(xy,...,x,,0) is a retract of V @ XV,
SO

dU(K (21, ..., 20, y)) < dU(K(zq,...,2,)). O

4.2 Bounds on Loewy lengths

Given the variety of notions for extending the definition of Loewy length, it is natural to

compare them. An upper bound for hé/( K %) is given by [2] in the form of a new invariant.

Definition 4.2.1. Since 9% (m'K,) € m"*t'K,_,, for each i we get a complex
Iip=0—>m 9K} —m ="K} — . s m K mi K ——0.

Define the spread of R to be

spread(R) = inf{i € Z | H(Ig,{) =0 for all j > i}.
Proposition 4.2.2 ([2, 6.2.2]). We have

hélr(KT) < spread(R).

Proof. Let s = spread(R). Then

Ijn=0——m" 9Kl — ... —m*K}' —0

is an exact subcomplex of K. So K# ~ K®/I% , but m* - (K®/I5.;) = 0. O

By work of Serre, we know that spread R < co. Part of the interest in focusing on the
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Koszul complex K% comes from the following theorem. The equivalence of the first three

conditions is due to Avramov, Iyengar and Miller [2] 6.2.3].
Theorem 4.2.3. The following are equivalent:

1. R is regular,

2. spread R < 1,

3. het(KR) <1,

4. dUU(K®) < 1.

Part of the proof of this theorem relies on having an explicit collection of objects to test

the derived Loewy length.

Proposition 4.2.4. If F' is a complex of free R-modules then

d0(F) =inf{n > 0| F is a retract of F/m"F in D(R)}.

Proof. Clearly, d¢¢(F) is at most the right-hand side. So it suffices to check the other
inequality. Suppose that F is a retract of V' in D(R) with £¢(V') = n. So we have morphisms
f:F—Vandg:V — Fin D(R) such that gf is the identity on F. Since F is a complex
of free modules we can assume that the morphism f : FF — V is an ordinary morphism
of complexes. As m"V = 0, we have m"F in the kernel of f, so we get an induced map
[ F/m"F - V.

We claim that F' is a retract of F//m™F via the canonical map 7 : F' — F/m"F. We have

(9f)m = g(f'm) = gf,

and g f is the identity on F. O
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Corollary 4.2.5. For F' a complex of free R-modules we have
dO(F) >sup{n |z € Z(F), [z2] #0 € H(F) and z € m"F'}.

Proof. Let m = d¢((F). Then F' is a retract of F//m™F. In particular, H(F') embeds in
H(F/m™F). Thus every cycle in F' representing a non-zero homology element must map to
a non-zero element of F/m™F. So if z is a cycle of F' that is not a boundary and z € m"

then we must have m > n. O

With this in hand, the proof of Theorem is straight-forward.

Proof of 4.2.3]

={2). Since R is regular, K is a free resolution of the residue field k. Thus O(Kft) =
mK(}f, SO I}<R is exact. Thus spread R < 1.

={3)). Clear as he¢(K*) < spread R.

(@ =14). Clear as de¢(K") < het(K"R).

. By Corollary , there cannot be any cycles in mK* that represent non-zero
homology elements. However, for i > 0 a non-zero element of H;(K%) must be represented

by some cycle in mK . Therefore H;(K®) = 0 for i > 0, and so K7 is a finite free resolution

of the residue field k. O

The lower bound in Proposition can be tight and, in fact it is strong enough to

allow us to compute d¢/(K®) and hé¢(K*®) for any artinian ring.
Proposition 4.2.6. Let (R,m) be an artinian ring. Then d0((K®) = hel(KT) = (/(R).

Proof. Let n = ¢{(R). Then m" = 0 and m"~! # 0. For e the embedding dimension,
We have H,(K®) = (0 : m), but m"' C (0 : m) and m""! is non-zero. So there is a

non-zero element in H,(K%) represented by a cycle in m"~t. Thus d¢/(K®) > n — 1 and
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dO/(KR) < 0(R) = n. So de/(K®) = ¢{(R). Since d/(KT) < hil(K®) < ¢¢(R) we have
het(KER) = 00(R) as well. O

While the spread is a convenient upper bound, it is often too large. Another upper bound
can be found by extending Loewy length to give a finite number for non-artinian rings. Ding

[8] defines the generalized Loewy length of a ring as follows.

Definition 4.2.7. If dim R > 0 define the generalized Loewy length to be

gll(R) = inf{ll(R/(x1,...,2,)) | x1,...,2, & system of parameters}.

I[fdim R =0set gl R= (IR R.

For Cohen-Macaulay rings we can use the generalized Loewy length as an upper bound

on the derived Loewy length.
Proposition 4.2.8. If R is Cohen-Macaulay then d0/(KT) < gll(R).

Proof. Take a system of parameters zy,...,z4. Since R is Cohen-Macaulay this is a regular
sequence. Extend this to a sequence x1, ..., %4, 411, - - ., . that generates m. By Prop.
we have

AdCO(KTY = dbU(K (21, . . ., x.)).

Set S = R/(z1,...,24). The Koszul complex on xy,...,z4 is quasi-isomorphic to S, so
K(xy,...,z.) is quasi-isomorphic to S® K (2411, - . ., 2.) = K®. Since D(S) embeds in D(R),
if K is a retract of V in D(S) then K is also a retract of V in D(R). So délr(K¥) <
dlls(KS) = ls(9).

Thus for all systems of parameters x4, ..., 2z, we have

dff(KR) < KKR/(:“ md)(R/(xb - ,:L‘d)).

.....
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So gll(R) > del(KT). O
This inequality can be strict, as the following example, borrowed from [I1], shows.

Example 4.2.9. Let R = Fy[[z,y]]/(xy? + 2*y). In this case, straight-forward computation
shows that spread(R) = 4, and that (y* + zy,0) € R? = K{' is a cycle. So we must
have 3 < d¢/(K®) < 4. The map Fy — Fy is split, so K = Fy ®p, K® is a retract of
F, ®@p, K = KT®:E Qo

dllr(K®) < dllp,or(K™®H).

By computations of Hashimoto and Shida we have gl/(R) = 4 and gl{(F, ®p, R) = 3. By
Prop. [£.2.§] we conclude that d¢/g(K) = 3.
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