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This dissertation deals with the global well-posedness of the nonlinear wave equation

”

uy — Au— Apuy = f(u) in Qx(0,7),

{(0), ur(0)} = {uo, s} € Hy() x L*(Q),

u=0 on I x(0,7),

\

in a bounded domain 2 C R™ with Dirichlét boundary conditions. The nonlin-
earities f(u) acts as a strong source, which is allowed to have, in some cases, a
super-supercritical exponent. Under suitable restrictions on the parameters and with
careful analysis involving the theory of monotone operators, we prove the existence
and uniqueness of local solutions. We also provide two types of restrictions on either
the power of the source or the initial energy that give global existence of solutions.
Finally, we give decay rates for the energy of the system for suitable initial data, with

the proof of the decay and decay rates the focus of the talk.
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Chapter 1

Introduction

This dissertation is concerned with the local and global well-posedness, as well as

energy decay rates, of the following problem:

(

Ut — Au — Aput = f(U/) in Qx (O, T),

{u(0),u;(0)} = {uo, u1 } € HA () x L3(5), (1.0.1)

u=0 on T x(0,7),

where € C R" is a bounded open set with sufficiently smooth boundary I'. Here, the

p-Laplacian is given by:

A, WP (Q) — WL (Q),
(1.0.2)
(=D, 0) = [ |Vu[P?Vv - Vodz, 2<p < oo,

where (-, -) denotes the duality paring between W™ () and W7 (1), % —l-Z% =1.In
addition, we assume that f € C1(R) enjoys a general polynomial growth at infinity,
namely, | f(u)| < c|u|” for all |u| > 1, where 1 < r < 6.

In order to simplify the exposition, we restrict our analysis to the physically more



relevant case when  C R3. Our results easily extend to bounded domains in R" by
accounting for the corresponding Sobolev imbeddings and accordingly adjusting the
conditions imposed on the parameters.

In view of the Sobolev imbedding H} () — L°(Q) (in 3D), the Nemytski operator
f(u) is locally Lipschitz continuous from H}(2) into L?(2) for the values 1 < r < 3.
Hence, we call the exponents of the source 1 < r < 3 sub-critical and r = 3
is critical. The values 3 < r < 5 are called supercritical, and in this case the
operator f(u) is not locally Lipschitz continuous from Hj () into L*(€2). However,
for 3 < r <5, the potential energy [, F'(u(t))dz induced by the source, where F is
the primitive of f, is well defined in the finite energy space. The values 5 < r < 6 are
called super-supercritical. In this case, the potential energy may not be defined
in the finite energy space and the problem itself is no longer within the framework of
potential well theory (see [3, 20, 22, 28, 30]).

In recent years, wave equations under the influence of nonlinear damping and
nonlinear sources have generated considerable interest. However, the majority of the
work that has been done deals with sources that are at most critical, where standard
fixed point theorems and Galerkin approximations can be employed [1, 2, 3, 4, 14,
23, 29, 31]. Indeed, few papers [8, 9, 10] have dealt with supercritical sources. The
authors of [8, 9, 10] provided a comprehensive study for a semilinear wave equation
under the influence of boundary/interior damping and nonlinear boundary/interior
sources (where the interior damping term is of the order |us|™ 'u;, m > 1). The main
tool used in [8, 10] is the powerful theory of monotone operators [5, 27| in combination
with important ideas from [12].

It is worth noting here that when the damping term —A,u, is absent, the source
term of the form |u|"~" u should drive the solution of (1.0.1) to blow-up in finite time.

In such a case, by appealing to a variety of methods (going back to the work of Glassey



[15], Levine [19], and others) one can show that most solutions to the problem blow up
in finite time. In addition, if the source term f(u) is removed from the equation, then
damping terms of various forms should yield existence of global solutions (cf. [2, 4, 5,
16]). However, when both damping and source terms are present, then the analysis of
their interaction and their influence on the global behavior of solutions becomes more
difficult (see for instance [7, 14, 20, 23, 25] and the references therein). We finally note
here that, when p = 2, the term —Auwu,; provides very strong dissipation. However, for
p > 2, this effect is diminished by the fact that such a damping is quasilinear and is,
in some sense, degenerate. The case when —A,u; is replaced by —Aw,; (when p=2),
has been studied by Webb [31], but only for the case of a good source f(u) that is
globally Lipschitz continuous from H{(€2) into L*(Q2). Here, the source in (1.0.1) is
allowed to be super-supercritical. As an additional complication, the degenerate
nature of the p-Laplacian as an elliptic operator is known to cause serious difficulties,
as one can see from the work of DiBenedetto [13]. Nonetheless, the problem is still
monotonic and is treatable with the theory of monotone operators, at least for the
case when f: H}(Q) — L*(Q) is globally Lipschitz.

In our work we are also able to provide a decay rate for the energy of the sys-
tem, provided that the initial data lies in the good part of the potential well (see
Section 1.1.1). When p = 2, it is well-known that the energy decays exponentially
(see Webb [31]), however the situation becomes much more difficult for p > 2. We
follow the method presented in [21] and further refined in [3, 11] and compare the
energy of the system to a suitable ordinary differential equation. Difficulties arise in
constructing an observability-stability inequality due to the lack of a uniform bound
for | Vu(t)||,. As a result, our estimate for ||[Vu(t)]|, is growing in time (see (5.1.23)).
This leads to a non-autonomous ODE (in contrast to the time-independent ODEs

of [3, 11, 21]) and careful analysis is required to show both decay to zero and a



subsequent decay rate of the solution.

1.1 Preliminaries

We begin by introducing some basic notation that will be used in the subsequent

discussion:

[ull, = llullgr @ and  (u,v)e = (u,v)r20)-

For duality pairing between H™1(€) and H}(Q) and between W' (Q) and W (),
we shall use the simple notation (-,-). Also, due to Poincaré’s inequality, the stan-
dard norms ||u||Hé(Q) and ||u||W01,p(Q) are equivalent to the norms ||Vull, and [[Vul,

respectvely. Hence, we put
ullmy@) = Vull2,  and  Jullyre gy = 1Vl .

Also, the following Sobolev imbeddings (in R?) will used frequently, and sometimes
without mention:

(

WhP(Q) — L77(Q), for2<p<3,

Wy (Q) — L5(Q), for1<s < oo, (1.1.1)

WyP(Q) — C%(Q), for p> 3.

In addition, the following parameter ¢ will be fixed throughout the disseration:

L if2<p <3,

q=1% 1+, ifp=23, (1.1.2)

1, if p > 3,



where § > 0 can be taken arbitrary small. In view of the imbeddings in (1.1.1) we

always have

WyP(Q) — L7(Q), 2<p< oo, (1.1.3)

where §+%: 1.

1.1.1 Defining the Potential Well

A powerful tool in the study of the global existence of solutions to partial differential
equations is potential well theory, first developed by Payne and Sattinger [22]. The
energy of a PDE system is, in some sense, split into kinetic and potential energy.
By examining the functional .J, defined below in (1.1.4), along scalings of functions
in Hy(Q2) we discover that there is a valley or a “well” of height d created in the
potential energy. Because this height d is strictly positive, we find that, for solutions
with initial data in the “good part” of the well (see (1.1.21), the potential energy of
the solution can never escape the well. In general, it is possible for the energy from
the source term to cause the magnitude of the total energy to go to —oc in finite time
(i.e., blow-up in finite time). However in the good part of the well it remains bounded
by the quadratic potential energy, ||Vu||3, which is bounded in time. As a result, the
total energy of the solution remains finite on any time interval [0,T'), providing the
global existence of the solution.

We proceed by defining the functional .J : Hy(Q2) — R by

1
Tw) = 5 IVull3 - -

1

el 3. (1.1.4)



Then, we write the total energy of the system as
B(t) = Sllu(t)]z + J (u(t)) (1.1.5)

and write the positive quadratic energy as

1 1
E(t) = 5llw )|z + 5/ Vullz. (1.1.6)

The Gateaux' derivative, J'(u,v), of J at u in the direction v is given by

J' (u,v) :=lim Jlutev) = J(w) = iJ(u + ev)
e—0 € de o
d (1 1 )
- i (v vl — g elitt) |
= (Vu, Vo) = (Ju]""u,v). (1.1.7)

Now, the critical points of J (the u for which J'(u,v) = 0 for all smooth v of compact

support) are the weak solutions of the elliptic problem

—Au=|u|""'u inQ,

(1.1.8)
u=>0 on 0f).
We define the Nehari Manifold,
N = {u € H{(Q) \ {0} : {J'(u),u) = 0}, (1.1.9)

1For the functional J defined in (1.1.4), the Gateaux derivative (1.1.7) is linear in v and also
bounded (hence continuous) whenever u € Hj(Q) N L™1(Q). In this case, J'(u) = (Vu,Vv) —

(Ju|""u,v) is also the Frechét dervivative.



where J'(u) is the Gateaux derivative at u. Equivalently,
N = {u € Hy() \ {0} : | Vull3 = lull7{1}- (1.1.10)
We define, as in the Mountain Pass Theorem,

d:= inf  supJ(Au). (1.1.11)

u€HG(\{0} A>0
We first show the following lemma.

Lemma 1.1.1. For1 <r <5 and J as defined above, we have that
d = inf 1.1.12
Inf J(u) ( )

and d > 0.

Proof. The statement in (1.1.12) follows from a scaling argument. First, let u €

Hj () \ {0} be fixed. Then, for any A > 0, we have

1 1 ;
J(Au) = §||/\VU||§ - H—1||/\U||rﬁ
1 2 2 1 T r+1

Taking the derivative of the right hand side of (1.1.13) with respect to A yields

d T T T— T
o/ Q) = A Vally = NulliZn = A (IVulls = A ull) (1.1.14)



1
and so the critical values for A are \g = 0 and \; = A\ (u) = (NV”L:%) . Also,
d2 2 r—1 r+1
0w = [Vul eyl
2 d2
Hence, sup J(Au) = J(A\ju).

A>0
We now observe that \;u € N because

Va2 IVulp)
2) " T2 = 2

IV )2 = (
? HUH:ﬁ ”UHTH
Va2 7
u T
= ()™ et = gl (11.16)
r+1

1
”Vﬂ%> " =1 and so A (u)u = u for all

Also, for any v € N, note that A\j(u) = <” H
Ul 41

u € N. Thus, we have

supJ(Au) = inf  J(A(u)u) = Jg{/ J(u) (1.1.17)

inf
ueH§(2)\{0}

ueHE()\{0} x>0

and (1.1.12) is shown.
We now show d > 0. From the Sobolev Imbedding (1.1.1), because r + 1 < 6, for

all u € N we have,

(1.1.18)

IVull; = llull; T3 < ClIVull3™,

which, in turn, implies that | Vul[, > C71 7. Thus, for all u € N,

P 2 r4+1 r—1 Tizl
J(u) = SlIVully = = llull = (T )IIV ull = TSI (1.1.19)



and thus

d = inf J(u) Cr1 >0,

ueN 2(7” -+ 1)

v

proving Lemma 1.1.1.

We now define the potential well W:

W= {u € Hy(Q) : J(u) < d}

and partition it into the two sets:

Wy o= {ue W ||Vul2 > [[u]7H} U {0}

Wy = {u €W ||Vull3 < [lull}31}-

(1.1.20)

(1.1.21)

We will refer to W, as the “good” part of the well and W, as the “bad” part of the

well.

1.1.2 A Specific Product Rule in Banach Space

Symbolically, deriving an energy identity for a partial differential equation is as simple

as testing the equation against the solution u and integrating by parts. However, it is

often the case that the solution does not have enough regularity to allow for this, or

even for u to be a test function in the variational formulation of the problem, and we

must use a different line of analysis. This is the case with our wave equation (1.0.1)

and so we next give a specific case of a product rule for derivatives of functions

in Banach Spaces that allows us to provide the energy identity (1.2.1). Following
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the presentation of [26], this product rule is shown in this subsection through two
propositions, Proposition 1.1.2 and Proposition 1.1.3.
Let X be a Banach space. For any y € C,,([0,7]; X)? and any h > 0, define the

symmetric difference quotient by:

Diyl(#) = %(ye(t L h) — et — ), (1.1.22)

where

(

y(0), fort <0,
Ye(t) = y(t), for0<t<T, (1.1.23)

y(T), fort>T.

\

With this notation, we have the following technical results.

Proposition 1.1.2. Let H be a Hilbert space and X a Banach space with its dual
X* such that X C H C X* where the injections are continuous and each space 1is
dense in the following one. Assume that f,g € C([0,T],X), f € L¥(0,T, X*),
g € L¥(0,T,X*) where 1 < o/, 3" < co. Then, ¥(t) := (f(t),g(t)) coincides with an

absolutely continuous function a.e. [0,T] and

= (f®),9(0) = (F'(1),9() + (f®). (1)) ae [0,T), (1.1.24)

where (', ) is the inner product in H and (-,-) is the duality pairing between X* and
X.

2The space of weakly continuous operators from [0, T] into a Banach space X, C,([0,7]; X), is
the set of operators y : [0,7] — X such that the map ¢t — (z,y(t)) is continuous on [0,T] for every
ze X'
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Proof. Extend f and g asin (1.1.23). Then, f. and g, are bounded and uniformly con-

tinuous from R into X. Let ¢(t) := (f'(t), g(t))+ (f(t), g'(t)) and ¥ (t) := (f(¢),9(?)).

It is well-known that
Dnf — f e LP(0,T,X*) and Dug— ¢ € L¥(0,T, X*). (1.1.25)
Let us note here that

Dh¢(t) = (th(t)7ge(t + h)) + (fe(t - h): Dhg(t)) (1126)

By elementary calculations, we see that

Dyip(t) = ¢(t) = (Dnf(t) = f'(t), ge(t + ) + {f'(1), ge(t + 1) — g(1))

+ (fe(t = h), Dug(t) = g'(t)) + (fe(t = h) = f(t),g'()) . (1.1.27)

Therefore,

/0 | Db (t) — o(t)|dt g/o D) — POl oot + B)l|xdt
+ [ 1Ol o+ 1) = o0
+/0 ||fe(t_ h)”XHDhQ(t) _g/(t)HX*dt

= [ U= 1) = Ol Ol x-ar (1.1.28)

By using Holder’s inequality with 8’ and 5 = ﬁ,ﬂ—_ll on the first two terms and o/ and
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Ol/
a’—1

a= on the last two terms of (1.1.28), we have

T
A|amw—¢wwwqmw@w¢wmmmmp)

Ge(t + )| L5 0,1,x)

1 Ol e 0.1, 19e(E + B) = g(@) | Lo 0.7,.x)
+ 1 fe(t = W)l Le.1.x) 1 Drg(t) — ' ()l o (0.7, 5

+ [fe(t =) = FOllerxllg Ol Lo 0.1, x0)- (1.1.29)

Since f. and g, are bounded from R into X, then ||g.(t + h)||Ls(0,rx) and [|fe(t —
h)||ze(o,r,x) are uniformly bounded for all ~ > 0. By (1.1.25) the first and third
terms in (1.1.29) converge to 0, as h — 0. Also, f. and g. are in C(R, X), so
I fo(t — ) — f(O)||% and [|ge(t + h) — g()||% — 0, as b — 0, for all 0 < ¢t < T. Given
that f. and g. are bounded from R into X, then by the Dominated Convergence
Theorem |(t — £) — F()llueorx), [9e(t + B) — 9(®)lzoomxy — 0, a5 b — 0. As
1 Olleeorxey 19 Ollperorx-) < 00, the second and fourth terms in (1.1.29)

converge to 0 as h — 0. Therefore,

liny | IDw (1) — 6(1)| = 0. (1.1.30)

h—0

Let us note that ¢(t) € L'(0,T), because

A|wmwzé|qwmm»+umyw»w
sA\uwmmmw+4|U@ywmw

< ||f/||L5/(O,T,X*) 9||LB(0,T,X) + ||g/||Lw’(o,T,X*) f”LO‘(O,T,X)

< . (1.1.31)
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Combining, (1.1.30) and (1.1.31) we have that, 4¢ € L'(0,T) and thus ¢ € W''(0, T, R).
By a standard result, v is a.e. equal to an absolutely continuous function and

Lap(t) = (f'(t), g(t)) + (f(t),d'(t)) a.e. [0,T], which completes the proof. O
We now relax the conditions on f and ¢ in the following proposition.

Proposition 1.1.3. Let X, H and X* be as in Proposition 1.1.2. Assume that f €
L*(0,T,X) N L*0,T,H), g € LP(0,T,X) N L0, T,H), f € LF(0,T,X*), g €
L¥(0,T, X*) where 1 < o, 3 < 00, o/ = = and 3 = % Then (t) := (f(t),9(t))

coincides with an absolutely continuous function a.e. [0,T] and

= (f(1),9(t) = (f'(t), () + {f(1).g'(t))  a.e. [0,T]. (1.1.32)

Proof. Extend f and g to be zero outside of [0,7] and regularize the extensions by
mollifying with the sequence of functions {o;} € D(R) such that o; > 0, [, o;dt = 1,
;(t) = 0;(—t) and supp o; C (—%, %) This gives the sequences of C*°-functions,

{f;} and {g;} defined by

fj(T):/RO'j<T—S)f(S)dS and gj(T):/]RO'j(T—S>g(S>dS. (1.1.33)

We denote f;|pm by f; and g;|pm by g;. It is well-known that

fj - f in L2(07T7 H)7 gj —4g in L2(07T7 H)a
fi— fin L%0,T,X), fl— f in L#(0,T, X*), (1.1.34)

J

g; — g in LF(0,T, X), g;— g in L0, T, X*).
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We now show the following limits as 7 — oo:

(

(fir95) — (£,9) W LY0.T),

(fi.g;y — (f',g)  in LY0,T), (1.1.35)

<fjvg;‘> - <f>g,> in LI(O?T)

\

For the first convergence in (1.1.35) we have,

[ 100,050 = (0,90
< [ 150.0,0 - g0t + [ 15,0 - 50,900t
< [ U0l = s+ [ 150~ 7O alo®)c
< sl s — allzomm + lallzommlfs — Fluomm

— 0, as j — 00, (1.1.36)

where we have used the Cauchy-Schwarz inequality and convergences in (1.1.34). As

for the second convergence in (1.1.35), we have

/0 L), 95(8)) — (F/() g(1)) |dt
< / LFO - g5 (8) — a(0) 1t + / LFAE) — £ gt

9 — QHLB(O,T,X) + Hf]/- - f/“Lﬁ/(O,T,X*) QHLB(O,T,X)

< HfJ/'HLB/(o,T,X*)

— 0, as j — o0. (1.1.37)

A similar argument gives the third convergence in (1.1.35).
At this point, we note that (fj, gj), <f]’-, gj> and <fj, g;> are all elements of L'(0, 7).

Hence they define regular distributions in D’(0, 7). Thus, the convergences in (1.1.35)



15

hold in D’'(0,T) as well. In addition, we have

%(fj(t%gj(t)) — %(f(t),g(t)) in D'(0,T), as j — oc. (1.1.38)

To see this fact, let ¢ € D(0,T). Recall that since (fj,gj), (f, g) € L'(0,T), they

define regular distributions. So, it follows from (1.1.35) that,

(5050.00).0) = [ (1000 0
— - / (F(8), 9(t) & (D)t
= <%(f(t),g(t)),¢>, (1.1.39)

and (1.1.38) is shown. Now, because f;, g;, fj and g satisfy Proposition 1.1.2, then

for cach j € N, we have

%(fj(t)vgj(t)) = (fi(1),9;(t)) + (f;(), g;(t))  ae. [0,T]. (1.1.40)
By letting j — oo in (1.1.40) and using (1.1.39), (1.1.35), we have
— (f(1),9(t)) = (f'(t), 9(t)) + {f(£).g'(t)) inD'(0,T). (1.1.41)

Because the right-hand side of (1.1.41) is in L'(0,T), it follows that (f(t),g(t)) co-

incides with an absolutely continuous function on [0,7]. Moreover,

for all ¢ € [0, 7. O
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1.1.3 Assumptions and Definition of Weak Solution
Throughout the dissertation, we assume the validity of the following assumption.

Assumption 1.1.1. We assume that 2 < p < oo and f € C'(R) with the following

growth conditions for |u| > 1:
o |f(u)] < colul", |f'(w)] < crlul~t 1 <r < 6, for some positive constants g, ;.

e In addition, for the values 3 < r < 6, we further require f € C?(R) with the

growth condition | f”(u)| < co|u|"2, for |u| > 1.

e Throughout, the exponent of the source satisfies:

1<r<8-9, if2<p<s3,
(1.1.43)

1<r<6, if p > 3.

o ug € Hy(Q), uy € L*(Q).
At times we will also employ the following assumption.

Assumption 1.1.2. Assume that E(0) < d, where d is the depth of the potential

well (see (1.1.11)), and that uy € W.
We now give a precise definition of weak solutions of (1.0.1).

Definition 1.1.4. A function u is said to be a weak solution of (1.0.1) on [0,7] if
u € C([O,T],Hé(Q)), up € O([O’T]v L2<Q))QLP(O7T= W(I)’p(Q))7 (u(0>7ut(0)) = (uOvul)

and, for all 0 <t < T, u satisfies

t t
/ / (—w ¢ + Vu - V) dwds + / utgb\jj)dwr / / |V [PV, - Vodrds
0 Q Q 0 Q

:/Ot/Qf(u)gbdxds, (1.1.44)
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for all test functions ¢ € H'(0,T; L*()) N LP(0, T; W* ().

1.2 Main Results

Our first result establishes the existence and uniqueness of a weak solution of (1.0.1).

Theorem 1.2.1. (Local Solutions) Under the validity of Assumption 1.1.1, prob-
lem (1.0.1) has a local weak solution u defined on [0,T] (in the sense of Definition
1.1.4) for some T > 0. Moreover, if we further assume that ug € L2D(Q), when-
everr > b, then the said weak solution is unique. In addition, u satisfies the following

enerqy identity:

E(t) +/0 IVue(s)||? ds = E(0), (1.2.1)

for allt € [0,T], where E(t) denotes the total energy of the system

B() = 5 (03 + 5 IVa@)l — | Fu(e)e (122

and F(u) = [} f(s)ds.

Remark 1.2.1. Clearly, the energy identity (1.2.1) shows dissipation of energy in

the system.

Our next result shows that the weak solution furnished by Theorem 1.2.1 is a global
solution provided the exponent of damping is more dominant than the exponent of

the source. More precisely, we have the following theorem.

Theorem 1.2.2. (Global Solutions) In addition to Assumption 1.1.1, assume
that v < p—1 and ug € L"), if r > 5. Then, the said weak solution u in

Theorem 1.2.1 is a global solution and T can be taken arbitrarily large.
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Remark 1.2.2. Notice that for » < 5 the condition that ug € L™ (Q) in Theorem

1.2.2 is not an additional restriction, due to the imbedding H} () — L5(Q).

Corollary 1.2.3. (Continuous Dependence on Initial Data) Under the va-
lidity of Assumption 1.1.1, then the weak solution of (1.0.1) depends continuously
on the initial data. More precisely, let (ug,uy) € Hy(2) x L*(Q), if 1 < r < 5, or
(uo,ur) € Hy(Q)NLF(Q) x L2(2), if r > 5, where k = 3(r—1). Further, let {(ug,u?)}

be a sequence of initial data such that, as n — oo,

(up, ul) — (uop,uy) in Hy(Q) x L3(Q), if 1 <r <5,

(1.2.3)
(ul, ul) — (uo,uy) in H5(Q) N LF(Q) x L3(Q), if r > 5.
Then, the corresponding solutions u™ and u of (1.0.1) satisfy:
(u™, ul) — (u,u;) in C([0,T], Hy(2) x L*(2)), asn — oo. (1.2.4)

Let us note here that the allowable range of the parameters is as shown in Fig-
ure 1.1 below.

We next provide different criteria for the global existence of solutions via potential
well theory. Here, we may allow for a much higher exponent on the source (1 < r < 5)
by restricting the size of the initial data. Note that, in contrast to Theorem 1.2.2,

the allowable values of r do not depend on the value of p.

Theorem 1.2.4. (Global Solutions in the Potential Well) In addition to As-
sumption 1.1.1, assume that ug € Wy, E(0) < d, 1 < r <5 and f(u) = |u|"" u.

Then, the unique weak solution u provided by Theorem 1.2.1 can be extended to [0, 00).
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Figure 1.1: Local solutions in the grey and black regions. Global solutions in the grey
region.

Furthermore, for allt € [0,T), u(t) remains in W,

st <d (r - 1) (1.2.5)

r—1

and

Ei(t) < d<;i—?) (1.2.6)

Remark 1.2.3. The source f(u) is chosen as |u|""*u in Theorem 1.2.4 to clarify the
exposition, however the result can be shown for a more general source f(u) satisfying

the assumptions.

A final theorem provides a decay rate for the global solution provided by Theo-
rem 1.2.4.

Theorem 1.2.5. (Decay of Global Solutions in the Potential Well) Let

(1.0.1) satisfy the hypothesis of Theorem 1.2.4, uy € W(l)’p(ﬂ) and let u be the unique



global solution with total energy E(t) as in (1.2.2). Then,

G

0<E(l) < ——
(1H<Cgt))

tZT(b

where Ty is chosen in the proof.

20

(1.2.7)
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Chapter 2

Existence of Local Solutions

2.1 Local Solutions

This chapter is devoted to the proof of the local existence statement in Theorem 1.2.1,
which will be carried out in five subsections. At this point, some comments are in
order regarding the local solvability of (1.0.1). It is important to point out that
nonlinear semi-groups and Kato’s Theorem [6, 27] can only accommodate a globally
Lipschitz perturbation of a monotone problem. Thus, moving from globally Lipschitz
sources to the full generality of super-supercritical sources requires a great effort. Our

strategy in handling this major problem is summarized as follows:

Step 1: For a globally Lipschitz source from Hg(f2) into L?(9), construct global

solutions using nonlinear semigroup theory (Lemma 2.1.1).

Step 2: Extend the existence result in Step 1 to obtain local existence in the case
of sources that are locally Lipschitz from Hj(f2) into L*(Q2). In the process, derive

a priori bounds that do not depend on the locally Lipschitz constant of the source
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as a mapping from H{(Q) into L?(Q), but rather on the locally Lipschitz constant
of the source as a mapping from H'"¢(Q) into L7(f2), where ¢ is given in (1.1.2). In
particular, show that the local existence time, T, is independent of the properties

required in Step 1 (Lemma 2.1.2).

Step 3: Construct approximations of the original source that obey the requirements
in Step 2. This step is accomplished by using a certain truncation of the source, which
was employed in [24]. Finally, pass to the limit on the weak variational form to obtain
a local weak solution. Handling the corresponding approximations of the damping
and sources is a major technical step due to the lack of compactness. Here, special
estimates involving the so-called dissipativity kernels, which were introduced in [12],
play a critical role. Another important ingredient in this process is the availability
of an energy identity. This strategy allows us to pass to the limit without the use of
compactness (Section 2.1.3-Section 2.1.5).

We proceed by beginning with some notation. Throughout the dissertation, we
let

H :=H}(Q) x L*(Q)

with the usual inner product, i.e., if X7 = (y1,21), Xo = (y2, 22) € H, then

(X1>X2)H = (V?Jh V@/2)Q + (21, 22)9.

We also define the nonlinear operator 7 by:

7 <y> - (—Ay - f(y)y

with D(&7) = {(y,2) € H5(Q) x WeP(Q) : —Ay — A,z — f(y) € L*(Q)}. Tt is clear
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that o/ : D(/) C H — H.
Our first goal is to show that if (u,v) € Wh*°(0,T, H) is a solution to the Cauchy
problem

40 +() =0 aeteDT]

dt \v

(2.1.1)
(u,v)(0) = (uo, vo) € D(),

then u is a weak solution to (1.0.1) on [0, 7] in the case when (ug, vg) € D().

2.1.1 Globally Lipschitz Sources

Our first step toward proving Theorem 1.2.1 is to prove Lemma 2.1.1 below, which

deals with the case of a globally Lipschitz source.

Lemma 2.1.1. Suppose that f : Hy(Q) — L*(Q) is globally Lipschitz continuous
and (ug,vo) € D(). Then Problem (2.1.1) has a unique global solution (u,v) €
Whte(0,T, H), (u(t),v(t)) € D() a.e. [0,T], where T > 0 is arbitrary.

Remark 2.1.1. Indeed, Lemma 2.1.1 asserts that Problem (1.0.1) has a unique global
solution provided f : Hy(2) — L%(Q) is globally Lipschitz continuous and (ug, vo) €
D(</). More precisely, Lemma 2.1.1 provides the existence of a unique function
u such that, u € C°([0,T],Hy(Q)), us € C°([0,T],L*(Q)), uy € L=(0,T, L*()),

v(t) = uy(t) € WiP(Q), a.e. t €[0,7], and u satisfies:

uy = Au+ Apuy + f(u) € LA(Q), a.e. [0,T],
(2.1.2)

(u(0), v(0)) = (uo, v0) € D(),

where 7" > 0 can be taken arbitrarily large.
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Proof. The conclusions of Lemma 2.1.1 follow from Kato’s Theorem (e.g., [27]). Thus,
it suffices to show that the operator .« + wl is m-accretive for some w > 0.

Step 1: & 4+ wl is accretive for some w > 0. By assumption, there exists
a constant Ly > 0 such that |[f(y1) — f(y2)ll2 < Lf||V(y1 — y2)|l2, for all yi,ye €
Hy(Q). Let X1, Xy € D(#) with X; = (y5,2), i = 1,2. We aim to show that
(o +wl) X1 — (o +wl) Xy, X1 — X5),, > 0 for some w > 0. By straightforward

calculations, we obtain

(o +wl) Xy — (7 +wl) Xy, X1 — X5)
= (7 (X1) = A(X2), X1 = Xa) , +w[| Xy = Xo|l

= ( — 21+ 22,1 — y2)Hé(Q) - (f(?/l) = f(y2), 21 — ZQ)Q

(= Ay — Apzr + Ay + Dpzo, 21 — 20) o + 0| X0 — Xol3. (2.1.3)

Given that f is globally Lipschitz, the second term in (2.1.3) is estimated as

follows:

(fn) = fly2), 21 — 22) o, < I1f (1) — Fwa)ll2llz0 — 22l

< Ly[[V(y1 — ya)ll2ll21 — 22| (2.1.4)

By noting that Ay; + A,z € L*(Q) for i = 1,2, as implied by the definition of



D(</), the third term in (2.1.3) becomes

( - Ayl - Apz1 + Ay2 + APZQ, 21 — ZQ)Q
= (A —12), 21 — 22) + (= (Apz1 — Bpza), 21 — 22)

= (Yl — ), V(a1 — 22)),

Recalling that z1, 2z, € W(l)’p (), it follows from Hélder’s inequality that

/(|V21|p + | VaP — V21 |P2V2 - Vg — [V2o|P 72V 2y - V21 )dx
0

> IValg + V2l ~ 19alz V2], — V212 Val,

= (IValy™ = IValy ) UIVal, = IVal,) > 0.
Therefore, from (2.1.3)-(2.1.4) and Young’s inequality we have

(7 +wl)X) — (o +w)Xs, Xy — Xo)

> —(V(Zl - 22)7 v(yl - y2))g + (V(zl - 22)7 v<y1 - y2))Q

— Le[[V(y1 — y2)|l2llz1 — 222 + w|| X1 — Xo||;
Ly

= W=D [IV0n — )+ 11— 2] > 0

L . .
whenever w > . Thus, for such w, &7 4wl is accretive.

+ /(|Vzl|p + | Valf — V2 [P2Vz, - V2o — V2P 2V 2y - V2 )da.

25

(2.1.5)

(2.1.6)

(2.1.7)

Step 2: &/ + wl is m-accretive. It suffices to show that R(& + wl + \I) =

H{(Q2) x L2(2) for some A > 0. Rename w + A as A and let (a,b) € H5(Q) x L2(2) be
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given. We now find (y, z) € D(«) such that

o) -G

or

(o a ) = (0) 219

Then, it must be that y = %= and

a—+z a—+z
—A( 3 )—Apz—f( \ )+/\z:b,

or

a—+z

—lAz — Apz — f(

. J+Az=b+ %Aa =: b. (2.1.9)

Let us note that because a € HL(Q) and b € L*(Q), then b := b + Aa € H Q) C
Wy 7' (). Therefore, if we define an operator T : Wi P(2) — Wy '*'(Q) by
1 a+z

T(z):= —XAZ —Apz — f( )

)+ Az, (2.1.10)

then (2.1.9) holds for some z € W (Q) if we can show that T is surjective. In order
to show that T : WAP(Q) — Wy "' (Q) is surjective, it suffices to show that T is

maximal monotone and coercive.

Show 7' is monotone for some A > 0: Let 2y, 25 € W(l)’p (©). Then, straightforward
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computation shows that

(T'(21) = T(22), 21 — 22)
=l = all = [ (A5 = SN = e

1
+ XHV(ZI — ZQ)H% — <Ap21 - APZQ, Z1 — ZQ> . (2111)

Employing the fact that f is globally Lipschitz from Hj(€2) into L?(2) and 2t% €
Hy(€), i = 1,2, we have

L
(T(21) = T(22), 21 — 22) > |21 — 223 — TfHV(Zl — 22)|l2/l21 = 222

1
+ XHV(Zl — 2)|15 — (Apz1 — Apza, 21 — 29) . (2.1.12)

By the same calculation as in (2.1.5)-(2.1.6), the last term in (2.1.12) is nonnegative.

Using Young’s inequality, we find

2

L 1
(T'(21) = T(22), 21 — 22) > (A — 2—;:)||Zl — 25 + ﬁHV(zl — 2)[3 >0,

provided A > \L/—’% Thus, T is monotone for such values of .

In order to show the maximality of T, it suffices to show that T is hemicontinuous.

Show T is hemicontinuous: We need to prove that W—lir% T(z + pz2) = T(z) for
pn—

every 21,2, € WyP(Q). To see this, let &€ € WyP(Q), then

(Tt 122),6) = 3 (A1 +122),€) — {8y o1+ 1122).)

. <f(@),g>+A<zl+uzg,g>. (2.1.13)
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Since zy, Az, € WP (Q), then for the first and fourth terms in (2.1.13) we easily

have

A ), 8) = 1 (B2, & (A5, €) — —3 (An 6 (2114

and
Az + pz2, &) — A (21,€), as u — 0. (2.1.15)

For the second term in (2.1.13) we utilize the Dominated Convergence Theorem. We

first note that,
~ (A1 12§ = [ V(a1 w2V ) - Ve,
Clearly,
}Lig(l) V(21 4+ p22) P2V (21 + pzo) - VE = [V, [P2V2, - VE  ace. (2.1.16)
and for |u| < 1, we have
IV (21 + p22) P2V (21 + pza) - VE| < 2272 (V2 [P 4 [V 1) [VE (2.1.17)
In addition, |V [P~ VE] € LY(Q), i = 1,2, because

/Q|Vzi]p1\V£\dx < |[Val Ve, < oo
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Therefore, by the Dominated Convergence Theorem, we have

— lim (A (a1 + pz2),§) = lim | [V(21 + )PV (21 + pze) - Védr
— — Q

= /Q V21 |P2V 2 - Védr = — (A2, €). (2.1.18)

Finally, for the third term in (2.1.13) we shall show that

lim <f(%>,f> _ <f<“§zl>,s>. (2.1.19)

pu—0

To see this, we note that

\<f<w>—f<“zl>,s>

A A
a+z + pz a+z
< || fF (=) = F=)| Nl
A A 9
Ly
<l S IV 2], €]l — 0. as 0. (2.1.20)

Hence, (2.1.19) follows. Combining (2.1.14)-(2.1.15) and (2.1.18)-(2.1.19), we have

iy (T + ) €) = =5 (851,6) = (8,1, = (£ 7106
+AMz1,€) = (T(=1),6) (2.1.21)

and thus, T"is hemicontinuous. Because 71" is monotone and hemicontinuous, then by

Theorem 1.3 in [5], we conclude that 7" is maximal monotone.

Show T is coercive for some )\ > 0: We now need to show that

1
||VZ||p

(I'(2),2z) — o0, as ||Vz]|, = oo.
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For z € WP (Q) we have,

(T(2), 2) = <——Az A — (2 i ) Az z>

/]Vz| d:t—l—/\Vzlp *Vz - Vzdx—/f

a+z
EXHVZH%HVZHP 1£( Mzllzll2 + All]13- (2.1.22)

zda:+)\\|zH2

We estimate the third term in (2.1.22) as follows,

17 (2 bebell = [ (2 ) = 7 (5) bt 1 (3) 1]

10t 1 (5) e el

1 2 L?‘ 2 1 ay o 1 9
< SIVEB+ S+ 507 (5) B+ 523 @129)

IN

where we have used Young’s inequality in (2.1.23). It follows from (2.1.22)-(2.1.23)

that,

2

1 2 p Lf 1 2
(T(z),2) 2 SVl + Vel + (= 52 = D=l = S CI

1 a
> | Vzlp = S 15 (s (2.1.24)

provided A > 0 is sufficiently large. Because p > 2 and || f($)||3 is a constant, we have

1
IVl

IFOB
2Avel,

(T(2),2) > ||[Vz|]p~! — as ||Vzl|, — oo. (2.1.25)

Hence, T' is coercive.
Now, given that we have shown that 7" is maximal monotone and coercive, then

by Corollary 1.3 in [5], the operator T : Wi?(Q) — W17 (Q) is surjective. Con-
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sequently, given (a,b) € H, and subsequently b=10b+ %Aa € W‘pr(Q), we find

z € WyP(Q) such that T(z) = b. Choosing y = atz ¢ Hy(€2), we obtain

1 a—+z
—XAZ—Apz—f(

)+ Az=0b+ %Aa, (2.1.26)

which is equivalent to

a—+z

_A( 3

) —Apz — fy) + Az =0b. (2.1.27)
Rearranging the terms in (2.1.27) gives
—Ay— Az — fly) =b— Az € L*(Q). (2.1.28)

Hence, (y, z) is indeed in D(«7) and, therefore, o/ + wl is m-accretive. By Kato’s
Theorem (see [27]), there is a unique function U = (u,v) € WH>(0,T, H), where

T > 0 is arbitrary, that solves

40"+ o) =w()" e teT]

dt \v

(2.1.29)
(u(0),v(0)) = (uo, vo) € D(&),
or equivalently, U = (u,v) € Wh(0,T, H) satisfies:
w\ T —v tr
%(v) + (—Au—Ap'u—f(u)) =0, ae te[0,T],
(2.1.30)

(u(O), U(O)) = (UQ,UQ) c D(%)

This completes the proof and also furnishes the conclusions of Remark 2.1.1. O
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2.1.2 Locally Lipschitz Sources

In this subsection we relax the conditions on the source term and allow f to be

locally Lipschitz from Hg(€2) into L2(€2).

Lemma 2.1.2. Assume that f : Hy(Q) — L*(Q) is locally Lipschitz and (ug,vo) €
D(a/). Then, Problem (1.0.1) has a unique solution u such that v € C([0,T)], H3(Q)),
w, € C([0,T), L*(Q)) N LP(0, T, Wy*(Q)), uy € L=(0,T,L*(Q)), for some T > 0,
where T depends on ||[U(0)||lg = ||(uo,v0)||z, f(0), and the local Lipschitz constant
of the mapping f : H5(Q) — L9(SY), where q is as defined in (1.1.2). Moreover, u

satisfies the energy identity (1.2.1).

Remark 2.1.2. The values of the parameter ¢ in (1.1.2) are inherited from the
Sobolev imbeddings in (1.1.3). Moreover, 1 < g < g, and so, by assumption, the
mapping f : Hj(Q) — L9(Q) is automatically locally Lipschitz. However, it is essential
to note here that the local existence time, 7', in Lemma 2.1.2 does not depend on

the local Lipschitz constant of f as a map from Hj(9) into L?(€2).

Proof. We use a standard truncation of the source (for instance, see [5, 10]). Put

fw), if [[Vulls < K,
fr(u) = (2.1.31)
fmar), iVl > K,

where K2 > 2[||u;(0)||2 4 ||Vu(0)||3]. In particular, the mapping fx : Hy(Q2) — L?(2)
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is globally Lipschitz continuous. We consider the truncated problem:

(

uy — Au — Apup = fr(u) in Qx(0,7),
{u(0),u(0)} = {ug,u,} € D(), (2.1.32)

u=0 on T x(0,7).

\

By the results of Lemma 2.1.1 and, more precisely, the conclusions of Remark 2.1.1,
(2.1.32) has a unique global solution u* such that, «*X € C°([0,7],H§(2)), uX €
CO([0,T7, L*(Q)), ulf € L>(0,T, L*(Q)), and u/<(t) € W P(Q), a.e. t € [0,T], where
T > 0 is arbitrarily large. Note that f is also globally Lipschitz from Hy(Q2) — L9(92),

where ¢ is as defined in (1.1.2). That is, there exists a constant L¢(K) > 0 such that
1fre(u) = Fre ()l < Lp(E) |V (u = w)lly, for all u,v € Hy(Q).

In what follows, we shall write u for the solution, u”, to (2.1.32). The strong
regularity of u = u allows us to test the PDE in (2.1.32) with u,. By multiplying
the PDE in (2.1.32) by u; and integrating in space and time, one easily obtains the

following energy identity:

(I + [Vu)B) + / | [wutsrasds
= 51O+ 19008 + [ [ futsu(s)iss (2.1.33)

for all £ > 0. Let &(t) denote the quadratic the energy, that is,

E(t) = %(Hut(t)H% +[IVu®)|3).
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Then, (2.1.33) becomes

(5"(75)+/0t/Q|Vut(s)]pdxd5— / /fK s)dxds. (2.1.34)

By Hélder’s inequality with ¢ and ¢/, where ¢ is defined in (1.1.2) and % + & =1,
along with Young’s inequality with p and p’ = ]%, the last term in (2.1.34) is

estimated as follows:

[ It ute)e < et o)
< CullficCul) + ellun(s)
< Cu(llficuls)) = Fic(O) g + 1 FicO),) + ellur(s)
< Cepll frc(ul)) = fre(O)IF + Cepll FO)1 + ellue(s)]I

< Cop(Le(K)V | Vuls)[lf + Cr + el|us(s)]L, (2.1.35)

where Cy = C¢, || f(0)||?". Note that we have used the fact that fx : Hy() — L9I(€)
is globally Lipschitz continuous with Lipschitz constant L¢(K). By recalling the

imbeddings in (1.1.3), we obtain

| st utsdedt < Cop(L (K IV +C; -+ eClVur(s) I

< Oxé&(s)20D + Cf + eC||Vuy(s)||2, (2.1.36)

where Cx = C.,(L;(K))?. It follows from (2.1.34), (2.1.36) and the fact <1

P
2(p—1)
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that

t
s+ [ [Vus)
0
t t
§£(O)+C’K/ 5’(5)2<Pp1)d5+0ft+60/ [Vu(s)|[bds
0 0
t t
Sé"(O)—I—C’K/ é"(s)ds—i—C’K,fT—i—eC'/ [Vu(s)|[bds, (2.1.37)
0 0

for all 0 <t <T', where T" > 0 will chosen below and Ck ; = Cx 4+ Cy. By choosing

e > 0 sufficiently small, we obtain
t t
g@+g/ﬁwW@%wg5mm{kﬂwc@/5@@, (2.1.38)
0 0
for all 0 <t < T. By Gronwall’s inequality, we have
E(t) < (&(0) + C fT)e ", (2.1.39)

forall 0 <¢t <T.
Now, we recall K? > 4&(0). Then we can choose T' > 0 small enough so that

&(0) + Cg T < %KQ, say T' = Ki%}i(m. Therefore, by requiring ¢ < i In 2, one has

E(t) < (E(0) + Cr fT)e " < —K?ert < — K2 (2.1.40)

1
2

A~ =

Consequently, by taking 7" = min{ Kigfjfo) éln 2}, then &(t) < 3K? for all ¢t €
[0,7]. Thus, fx(u(t)) = f(u(t)) on the interval [0,7]. Because u solves (2.1.32),
by the uniqueness of the solution to (2.1.32), we have that u solves the original

problem (1.0.1) on [0,7] with the regularity enjoyed by u®. The fact that u; €

LP(0, T, WyP(Q)) follows immediately from (2.1.38), and the fact that u satisfies the
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energy identity (1.2.1) follows trivially from (2.1.33), completing the proof. O

2.1.3 More General Source Term

In this subsection, we relax the conditions on the source. Specifically, we allow f €
C!(R) with the following growth conditions for |u| > 1: |f(u)] < colul", |f'(u)] <
cilul""t, 1 < r < 6, for some positive constants cg, ¢;. Furthermore, for the values
3 < r < 6, we require f € C?*(R) with the growth condition |f”(u)| < co|u|""2, for

|u| > 1. Throughout this dissertation, the exponent of the source satisfies

1§r<8—g if 2 <p<3,
(2.1.41)
1<r<6, if p> 3.

Before reaching a complete proof of Theorem 1.2.1, we need some preparation.

Lemma 2.1.3. f : H(Q) — L%(Q) is locally Lipschitz for some € > 0, where q is

defined in (1.1.2).

Proof. From the restriction on r in (2.1.41) we can choose 0 < € < 1 such that

s-(6/p)=r
SO 9 < <3,

e < (2.1.42)
6o if p > 3.

It is easy to see that r < %, if2<p<3 and r < ﬁ, if p > 3. Now, let

u,v € H'™(Q) with [Jullgi-c(q), [[v]lg1-¢q) < R. Then, by the Mean Value Theorem,
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we have for some &, , between u and v,

1) = Fl = [ 1760 = F)de < [ 16000 =)l
<C [ [l + Dl = vlda

< O/ lu —v|?(Ju|1 + o] + 1)da. (2.1.43)
Q

Using Holder’s inequality on (2.1.43) with PIEEST] and m gives

1+2)
I )= f @)l
r—1 r—1
<Clu=ol’s (lulfy") o +lolie") o +C)  (2144)
q(1+2¢)

q(r—1) 5= ) s=q1¥20)

where C7 > 0 depends on 2. Notice that g(r — 1) < 6. Indeed, for 2 < p < 3,

__ 6
6—q(1+2¢)

a quick calculation yields

6 3p 8p—6 6
q(r—1) < < - )
6 —q(l+2¢) = 4p—3\p(1 + 2¢) y 3(1+2€)
6
S 1+2€
For p > 3 (recalling ¢ = 1), we have
6 6

1 < .
A2 S T2

For p = 3, we may choose § in the definition of ¢ in (1.1.2) small enough so that
q(r — 1)m 6. By using the imbedding H'~¢(Q) — Lﬁ(Q), it follows from
(2.1.44) that

7“1 7“1
1 (w) = F@)IIE < Cllu = vl g (el g, + VI g + 1) (2.1.45)
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Because ||ul[y1-<q); [|V][g1-<(@) < R, we obtain

1f () = F@)§ < Cgllu = vllf-c(q) (2.1.46)

where Cf, = C(2R1"~Y + 1) and so f : H'7°(Q) — L9(Q) is locally Lipschitz. O

Since f is not in general locally Lipschitz from Hj(92) into L?(£2), we will construct
a Lipschitz approximation of f. We consider a sequence of smooth cut-off functions
., introduced in [24], where 0 < 7, < 1, n,(u) = 1 if ju| < n, n,(u) = 0 if |u| > 2n,

and |1/, (u)] < C/n for some constant C' (independent of n). Define

o) = fu)n,(u). (2.1.47)

Lemma 2.1.4. For each n € N, the function f, has the following properties:

o f, 1 Hy(QY) — L*(Q) is globally Lipschitz continuous with Lipschitz constant

depending on n.

o f,: H5(Q) — LI(Q) is locally Lipschitz continuous with Lipschitz constant

that does mot depend on n, where q and € are as defined in Lemma 2.1.5.

Proof. Let u,v € Hy(2). Consider the four regions

O ={z € Q:|u(x)|,|v(z)| < 2n},
Qo :={z € Q:|u(x)| < 2n,|v(x)] > 2n},
Qs :={z € Q:|v(z)] <2n,|u(x)| > 2n},

Q= {x € Q:|u(z)],|v(z) > 2n}, (2.1.48)
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4
and observe that Q = (J §;. Then,

=1

) = 1@ = 3 [ 150) = £u(0) o (2.1.49)

Now, by the Mean Value Theorem applied to f and 7, we find

g | fu() = fu(0)]* da = g | (w)nn(w) = f(0)m(0)]* da
= |17 (@n) = F@mu) + F@)ma(0) = @) () do (2.1.50)
= | {11/ Cu)llu = o] + 1 F @)1, G |u — v]}da, (2.1.51)
where , , and fu,v lie between u and v. Because |u|, |v| < 2n, implied by the definition

of Qy, then [, ./, |§~uv| < 2n. Recalling properties of f (from Assumption 1.1.1) and

1, we have

[ 1) = )
9
<C [ gl ™ 1)+ (o] + 1) v

<On" ' [ |u—v|fdr. (2.1.52)
1951

For the second region 25, we notice here that f,(v) =0 (as n,(v) = 0). So,

A [falw) = fulv)]* do = ) [/ (w)na(w)| dz

= [ 1£@) () = (o)) d. (2.1.53)

Notice that, by switching the roles of u and v in the third and fourth terms of (2.1.50),
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we can estimate (2.1.53) as we have done in (2.1.51) and (2.1.52) so that

|fo(w) — fo()Pdz < Cn"~t | |u—v|?da. (2.1.54)
Qo

The integral over ()3 is estimated the same way as {2, by reversing the roles of v and
v. Finally, in region €y, f,(u) = f.(v) = 0 and the estimate is trivial. Combining
these facts with (2.1.52) and (2.1.54) yields

1fa(u) = fa(@)ll2 < Cn™Flu — lf2. (2.1.55)

Thus, for each n € N, f, : L*(Q) — L?(Q) is globally Lipschitz continuous with
Lipschitz constant C,, = Cn"~!, verifying the first statement of the lemma.
To prove the second statement, let u,v € H'~(Q) with lullgi-c (o lo]lgi-co) < R

and recall the four regions €2; introduced in (2.1.48). Then,

[ fn(w) = Fu(0)l§ = Z 1fn(u) = Fu(0) Lo,y

We begin by looking at the L¢ norm of f,(u) — f,(v) on the region {2y;

[fn () = fu (V)| La0n)
< 10 (w) = F@D)ma(W) |y + [1F () (w) = (@) (0) | Lan)

1

<)~ £ oy + ([ (@m0 = m@lyar)” (2150)

By the Mean Value Theorem applied to 7,, the fact that f is locally Lipschitz from
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H'™(Q) — L) and |f(s)] < c|s|" for |s| > 1, we have,

an<u> - fn(U)HLq(Ql) S CRHU - UHHI—E(Q)

1

F O AT+ )l = olyodr) " (2.1.57)

Because |7,| < C/n and |v| < 2n in 4, we obtain |v||n},(&u)| < 2C and thus

”fn(u) - f’fL(U)HLq(Ql) S CRHU/ - fUHHlfe(Q)

([ (ol 4 Dlu— vt (2,159
Q1

The same analysis as in (2.1.43) through (2.1.46) applied to the second term of (2.1.58)

yields

1

(/Q (Jo]?=Y 4 1)|u — U|qda:> " < Crllu—vllgi-cq), (2.1.59)

where Cf is as in (2.1.46). Combining (2.1.58) and (2.1.59) gives

1fn ()= fu(0) [ Loy < Crllu = vllm-<q), (2.1.60)

where C% > 0 depends on R. It is important to note here that the estimate for
does not rely on the bound for |u| in the region, but only on the fact that |v| < 2n
and so the estimate for €2; also holds on €23. Furthermore, by switching the roles of

u and v, we easily obtain the same bound for {2,. That is, for i = 1,2, 3,

1fn (1) = fr(0)l| o) < Crllu = vl (2.1.61)
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Finally, since f,(u) = f.(v) = 0 in €y, it follows that

1fn(u) = fu(0)llg < Crllu = vllm-<), (2.1.62)

concluding the proof of Lemma 2.1.4. m

2.1.4 The Approximated Problem

In order to prove the existence statement in Theorem 1.2.1, we approximate the
original problem (1.0.1) by using the cut-off functions 7,,, introduced previously.

More precisely, we consider the mth problem given by:

p

upy — Au™ — Aput = fr,(u™) in Qx (0,7),

(u™(0), u}*(0)) = (Um0, Um.1) € D(), (2.1.63)

u™=0 on I'x(0,7),

\

where (Um0, Um,1) — (o, u1) in H, asm — 00, With || (tm,0, Um,1) ||z < || (o, u1)|| g +1,
for all m € N, and f,, = fn,, as defined in (2.1.47). We wish to apply Lemma 2.1.2
to the mth problem (2.1.63). In order to do so, we recall the second statement in
Lemma 2.1.4, which assures us that the local Lipschitz constants of f,, : Hy(€2) —
L9(Q2) are independent of m. In addition, by the proof of Lemma 2.1.2, the local
existence time depends on the choice K? > 2 ||(uy,0, um1)||§{ However, by choosing
K? > 2(||(ug, w1)||;; + 1)* in the proof of Lemma 2.1.2, we have one K that properly
bounds the norms of the initial data for each m € N. Therefore, it follows from
Lemma 2.1.2 that, for each m € N, the mth Problem (2.1.63) has a unique solution
u™ such that u™ € C°([0,T], Hy(R2)), vl € C°([0,T], L*(Q)), ulr € L>=(0,T, L*(2)),

u™ € LP(0,T,W*(Q)), for some T > 0 (independent of m), and u™ satisfies the
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energy identity,

/ / IVl (s)Pdeds = &, / / (™ () ul (s)dwds,  (2.1.64)

for all ¢ € [0,T1], where &, (t) := 3 (||uf"(t)||3+ || Vu™(t)||3). By the same analysis used

to obtain (2.1.38) and (2.1.39), we conclude that there exists C'r > 0 such that
t
Enlt) + / IVup(s)|ds < Cp for all ¢ € [0, 7). (2.1.65)
0
Also, with ]lj + ]% = 1, we note that

t ) t
/ / HVu;”]p’QVu;”}p dxds = / Vu|[hds < Cr, (2.1.66)
0 Jo 0

forallt € [0,T]. That is, {|Vu{"|P~2Vu]"} is a bounded sequence in (L (0, T, LPI(Q)))?’.
Therefore, it follows from (2.1.65)—(2.1.66) that there exists a subsequence of {u™},

which we still denote by {u™}, such that

(

u™ — u weak* in L>=(0, T, H3(2)),

u — u; weak* in L>(0,T, L*(Q)),
(2.1.67)
u — u; weakly in LP(0, T, WP (Q)),

| [V P2V — ¢ weaKly in (L¥(0, T, L (Q2))),

for some 1 € (L¥'(0, T, Lp/(Q)))g.

At this point, we note that Aju;® — n weakly in X*, for some n € X*, where
X = L?(0,T,W,P(Q)) and X* = L” (0,7, WP (Q)) is the dual of X. To see this
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fact, let ¢ € X. Then, from the last convergence in (2.1.67), we have

T T
(Apu”, d) o x = / / |Vu*|P2Vu) - Vodrds — / / - Vodrds. (2.1.68)
’ 0 JQ 0 JQ

Thus, Ayuy* is weakly convergent in X*. Given that X* is a reflexive Banach space,
and by a standard theorem (e.g., [32]), X* is sequentially weakly complete. Hence,

there exists an n € X™* such that
Apuy" — n weakly in LPI(O,T, Wfl’p/(Q)). (2.1.69)

Let us note here that H}(Q) ¢ H'™(Q) C L”(Q) where each injection is con-
tinuous and the first injection is compact. Also, given that {u™} is bounded in
L0, T, Hy(£2)), then, in particular, {u™} is also bounded in L¥' (0, T, Hy(f2)). We
also know that {u/"} is bounded in L?(0, T, Wy*(Q)), and thus, in particular, {u"} is
bounded in L”' (0, T, L” (2)) by Hélder’s inequality. Hence, by Aubin’s Compactness

Theorem there exists a subsequence, labeled again by {u™}, such that
u™ — u strongly in L' (0, T, H¢(Q)), (2.1.70)

where € > 0 is as in (2.1.42).
Our goal now is to identify the function 7 and pass to the limit. For this purpose,
let a(t) = u™(t) — u"(t) and @, (t) = u*(t) — u}(t). Straightforward calculations show

that u satisfies the following energy identity:

t
&(t) + / / (V" P=2Vu — |Vul P2Vl - Vigdads
0 JQ

— 5(0) + /0 /Q (F™) — fou™))itydads, (2.1.71)
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for all ¢ € [0,T], where &(t) = s([la ()13 + [[Va(t)[|3). Since (tm,o, tma) — (uo, ur)

in H by assumption, { (%m0, Um,1)} is Cauchy in H and so,
~ 1
¢(0) = 5 (luma — Un, 1[5+ IV (o = tm,)[[3) — 0, (2.1.72)

as m,n — 00.
Next, we shall show that the last term in (2.1.71) converges to 0 as m,n — oo.

To do so, we recall the bounds in (2.1.65) and the convergences in (2.1.67). Thus,

we can choose R > 0 such that [[u™[|gi-c oy, ||u|gi-<q) < R, for all m € N. The last

term in (2.1.71) is estimated as follows

fa(u™))@ydzds| <

//‘fm (w)||te|dzds
//}fm - ||Ut|dxds—|—/ /|f fo(w)||@|dxds
/ [ o) = ot (2173

By using Holder’s inequality with the exponents ¢ and ¢', where ¢ is as defined in

(1.1.2), followed by the Sobolev imbeddings in (1.1.3) applied to u;, we have

ISC / IIfm(um)—fm(U)IIqIIVﬂtIIpdS+/ [ fm () = f(@)]|g] V|| pds
/Ilf — fu(u)llg IIVutllpder/ [fn (1) = fu(W") oIV e pds

Because f,, and f, are locally Lipschitz from H'"¢(Q) — L4(Q), as furnished by
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Lemma 2.1.4, we have
T
I < CR/ ™ — ey | Vs (2.1.75)
0
and
T
I < CR/ ™ — e gy | Ve s, (2.1.76)
0

where Cg is the local Lipschitz constant of f,,, which can be taken to be the same
for all m € N. Combining (2.1.75)-(2.1.76) and employing Hélder’s inequality with p

and p/, we have

Li+1, < CR[HUm —ull o<y W = vl om0

||7-Lt||Lp(07T7W(1),p(Q)). (2177)

Because u* is bounded in LP(0, T, Wy?(Q)), so is ;. Hence, it follows from (2.1.77)

and the strong convergence in (2.1.70) that
I +1, — 0, as m,n — oo. (2.1.78)

As for I and I3, we also employ Holder’s inequality with p and p’ to obtain

1
7

" (10 - g as) |

(2.1.79)

b < ([ i - sl as)

o ||Lp(0,T,Wé”’(Q)) :
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Now, because 7,,(u) — 1 as m — oo, we have
[frm(u) = f)|* = |f () (u) = D] — 0 ae. € Qx[0,T],

as m — oo. Also, given that f(u) € L%(Q) for all u € Hy(Q2), as furnished by
Lemma 2.1.3, then | f,,(u) — f(u)|? < 29]f(u)]? € L*(Q2). Therefore, by the Lebesgue
Dominated Convergence Theorem, f,,(u) — f(u) in L), or || fim(u) — f(u)||1q" — 0
a.e. t € [0,7]. Additionally, because f is locally Lipschitz from H'™¢(Q) — L4(Q)

(see Lemma 2.1.3), we have

1) = fl)[l < 27| f()|[F < C(If(w) = FO)E + [[FO)E)

/ /
< O lulf-.,

o +Cr € LN0,T), (2.1.80)

Given that € L (0,7, H'7(Q)), from (2.1.70). Again, by the Lebesgue Dominated

Convergence Theorem, we have

1
v

(/OT I fin () — f(U)Ili,"ds)p — 0, (2.1.81)

as m — oo (and similarly for n — o0). It follows from the boundedness of @, in

LP(0, T, WP (€)), (2.1.81) and (2.1.79) that
I+ I3 — 0, as m,n — 0. (2.1.82)
Moreover, from (2.1.6) it is clear that,

t
/ / (V" P2V — VP[P Vay) - V(u)® — u))dads > 0. (2.1.83)
0 Jo
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Therefore, it follows from (2.1.72), (2.1.78) and (2.1.82) that, for all ¢ € [0, 7]
3 ¢
&(t) +/ / (VU P2V — |[Vup [P Vauy) - V(u — ) )dzds — 0, (2.1.84)
0 Jo

as m,n — co. This implies that &(t) — 0, i.e. (u™,u}") is uniformly Cauchy in H

on [0,7], and so (u™,u") — (u,u;) in H uniformly on [0, 7.

2.1.5 Proper Proof of the Existence Statement in Theorem

1.2.1

We recall the regularity of ™, the solution of the m-th problem, namely, u™ €
C([0,T],Hy(2)), um™ € C([0,T), L3(2)), ulr € L>(0,T, L*(Q)), uy* € LP(0, T, Wé’p(Q)).

In particular, u™ verifies,

t t
/ / (—u}"¢ps+Vu™ - Vo)drds + / u;”¢|j:gdx+ / / (VU P2Vl - Vodrds
0 JQ Q 0 JOQ

:/Ot/Qfm(um)ngdxds, (2.1.85)

for all ¢ € [0,77] and for all test functions H'(0,T, L*(Q)) N LP(0, T, W;*(Q)).
Let us first note that because (u™,u") — (u,u;) in H uniformly on [0, 7], then

u € C([0,T),H}(R)) and u, € C([0,T], L*(Q)). In addition, we have

uw(0) = lim w(¢) = lim lim «™(¢f) = lim lm «™(¢) = lm o = o,
t—0+ t—0+ m—oo m—oo t—0+ m— 00

u (0) = tlir(% w(t) = tlirgl+ nll_r}(l)o u'(t) = 7711_%0 tlirgl+ ut(t) = nlli%o Um1 = ug, (2.1.86)

where the limits in m are strong limits in Hj(2) and L?(€2), respectively. In view of
the convergences in (2.1.67), passing to the limit in the first three terms of (2.1.85) is

trivial. However, passing to the limit in the last two terms of (2.1.85) requires some
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care. As for the last term in (2.1.85), we recall the fact that f,, : H'7¢(Q) — L(Q) is
locally Lipschitz with the same Lipschitz constant for all m € N. By the imbeddings
in (1.1.3), we have

j/(/kfaxum>—-f<u»¢dxds sg/'|uf@<um>—-fm<u»nqnv¢mpds
0 Q 0

+/0 [(fm(w) = f())llg IV, ds, (2.1.87)

for all t € [0,T]. By going back to (2.1.74) we see that the right-hand side of (2.1.87)
is exactly the term I + I in (2.1.74), but with @, is being replaced by ¢. However,
(2.1.77) and (2.1.82) show that the right-hand side of (2.1.87) converges to zero, as

m — oo. That is, for all ¢ € [0, 7],

Tim /0 t /Q Fn(u™ pdzds = /O t /Q f(u)pdads. (2.1.88)

As for the term due to the p-Laplacian in (2.1.85), we first recall (2.1.83) and (2.1.84),
which yield

m n m n
— (A" = Apuy, _ut>x*,x

t
= [ [ 9y = (9 - Vi - a)dads — 0, (2.8
0 JQ

where X = LP(0,T,W;*()) and X* = L” (0,7, W '7(Q)) is the dual of X. In

addition, we recall the weak convergences from (2.1.67) and (2.1.69);

u™ — u;  weakly in LP(0, T, Wy?(Q)),
(2.1.90)

Apu* — 1 weakly in LP' (0, T, W1 (Q)).

Therefore, it follows from Lemma 1.3 of [5] that n = A,u;, provided we show that
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A, : X — X* is maximal monotone. Clearly, (2.1.5) and (2.1.6) show that A, is
monotone from X into X*. To show it is maximal, it is enough to show that A,
is hemi-continuous from X into X*. To this end, let u,v,& € L?(0,T, Wy*(Q)) and

i € R. Then,
T
—(Bp(u+ ), x. x = / / |V (u+ ) P2V (u + ) - Védads.
0o Jo
Clearly,
lim |V (u + ) [PV (u + pv) - VE = |[VulP2Vu - VE ae. Qx (0,7), (2.1.91)
n—
and for |u| < 1, we have
IV (u+ ) P2V (u+ po) - VE| < 2072 ([Vul~ + [ Vuf ™) V€L (2.1.92)
In addition, |Vu[P~HVE|, |VolP~t|VE| € LY (Q x (0,T)), because (similarly for v),

T T
/0 / Vul ! Velde < / IVulE Vel ds < ull €]y < oo

Therefore, by the Dominated Convergence Theorem we have

T
— lim (A, (u + @), )y x = lim /0 /Q IV (u + o) P2V (u + o) - Véda

pu—0 u—0

T
= /0 /Q |VulP2Vu - Védr = — (Apt, &) xe x -

(2.1.93)

Hence, A, is hemi-continuous from X into X* and we conclude that n = Apu;. Now,

we have all the ingredients to pass to the limit in (2.1.85) to obtain that w satisfies
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the variational identity (1.1.44) and w has the required regularity in Definition 1.1.4.

This concludes the proof of the local existence statement in Theorem 1.2.1.

2.2 Energy Identity

Let u be a local weak solution to (1.0.1) on [0, 7], as furnished by Section 2.1. Our

goal here is to prove that u satisfies the following energy identity:

E() +/0 IVuu(s)|[? ds = E(0), (2.2.1)
where
B() = 5 (03 + 5 IVa@)l — [ Fute)ie (222)

and F(u) = fou f(s)ds. We begin by proving that wu, € L” (0, T, W_l’p/(Q)). To see
this, let ¢ € Wy?(Q) and recall that u satisfies (1.1.44) in Definition 1.1.4. Then, for

this particular ¢, we have

(ut(t),qb)ﬂ = (ut(O),qﬁ)Q —/0 /QVu-V¢da;ds
—/0 /Q|Vut|l’— Vut-V¢dxds+/0 /Qf(u)qzﬁdxds. (2.2.3)

Thus, the mapping ¢t +— (ut(t),gb) is absolutely continuous on [0,7] and for all

0
¢ € WiP(Q), we have

(1) 6) = 5 w(0).0) = G (we(t). ), = = [ Vu(t)- Vods

—/Q|Vut(t)|p_2Vut(t)-ngd:n—l—/Qf(u(t))gbd:v, a.e. [0,T]. (2.2.4)
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Applying Holders inequality to the three terms in the right hand side of (2.2.4), one

obtains

[ {une(t), &) | < IVu®)ll2IVSll2 + IVue@l5 IVl + (1L () lllolly
< [IVu@®)[2IVell, + [Vue @ IV, + ClLf (@) ol Vel

< CIVoll, (IIVul®)lls + V)™ + LF )]l ) (2.2.5)

for all ¢ € W (). Therefore,

() -1 @) < CUVu@ 2 + [Vue@)I + 1f (w®)lg) ae [0,T].  (2.2.6)

Hence,

T /
[ OTW-1P (@) = / (|IVU( e+ Va5 + Hf(U(t))llq)pdf
, T
<of [ ivungars [ 1vuige
0T
+ /0 () dt ). (2.2.7)
Because 1 < p' < 2, u € C([0,T],H:(Q)) and u, € LP(0,T, W P()), the first two

terms on the right-hand side of (2.2.7) are finite. As for the third term of (2.2.7), we

have

[ isenigar< o [ i) - o [ o))

T
<C; [ Ivudr+ Cor < . 229
0

where we have used the fact that f : Hj(Q) — L9(Q) is locally lipschitz (see Lemma

2.1.3). Hence, uy € L' (0, T, W1 (Q)).
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Now, because u:(t) € WiP(Q) a.e. [0, 7], we can replace ¢ by u,(t) in (2.2.4) to

obtain

(u®) ) = =3 | G1VuPde = [Vuo)l+ [ SP@)s, (229

for almost all ¢ € [0,7]. Employing Proposition 1.1.3 with f = g = u;, X = W;?(Q),
X* = Wfl’p/(Q), H=1I1*Q),a=03=pand o =3 =p/, we conclude that

1d 2
5%”%(0”2 = (u(t),us(t)), ae. [0,7] (2.2.10)
and
S®13 = ) = [ Guuls)ulopas fraieor. 221

Integrating (2.2.9) from 0 to ¢ and using (2.2.11) we obtain,

+Lmem—Amew. (2.2.12)

Rearranging the terms in (2.2.12) and recalling the definition of E(s) gives the energy

identity (2.2.1).
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Chapter 3

Uniqueness of Weak Solutions

This chapter is devoted to the proof of the uniqueness statement in Theorem 1.2.1.

Precisely, we aim to prove the following proposition.

3.1 Proof of Uniqueness

Proposition 3.1.1. Given the validity of Assumption 1.1.1, and assuming that uy €

LE(QY), if r > 5, where k = 3(7»2—1); local weak solutions to (1.0.1) are unique.

Proof. Suppose that v and v are weak solutions to (1.0.1) on [0,7] in the sense of
Definition 1.1.4. Let @ := u —v. We aim to show that « = 0. Observe that because
u and v are weak solutions, then @ € C([0,7],Hy(2)) and @; € C([0,T], L*(R2)) N
LP(0, T, WyP(€2)). Thus, there exists R > 0 such that for all ¢ € [0, 77,

IVu)l2, 1Vo@)llzs [[ue@)ll2, ez < R,
(3.1.1)

S I Vuepdwdt, [ (|Vog|dzdt < R.
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Let us note here that u satisfies the problem

(

Uy — AU — Apuy + Apvy = f(u) — f(v) in Qx(0,7)
=0 on T x (0,T) (3.1.2)
@(0) = @(0) = 0. in 0

Furthermore, as u and v satisfy their corresponding energy identities (2.2.1), @ does

as well. That is, u satisfies:

t
+/ /(|Vut|p_2Vut — |V |P2V ) - Viidads

/ / o))isdads, (3.1.3)

for all t € [0, T], where &(t) := %(Hilt(t)Hg + HVil(t)H%) Recalling the monotonicity

property (2.1.6) of the p-Laplacian, we have

/ / v))tdzds, for all t € [0,T]. (3.1.4)

As in [9], our main goal is to estimate the term due to the source. We start with the
simple case when f : Hj(Q) — L2(Q) is locally Lipschitz (i.e., when 1 < r < 3). For

these values of r, we have by the Cauchy-Schwarz inequality and Young’s inequality,

/ 190 = @) llads
< 3Ls / (||v< I+ ll3)ds

=L /Oté(s)ds. (3.1.5)

v))drds| <

Now, for 7 > 3 we recall Assumption 1.1.1, namely, we further require that f € C?(R)
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and | f"(u)| < ca|ul"72 for all |u| > 1. This yields the following growth conditions on
f:

)
[f' ()l < eul™ [ f(u)] < colul”, for |ul > 1,

1F/(u) = f'(0)] < Clu—o|(Ju"2+[o]"24+1), wu,veR, (3.1.6)

|[f(w) = f)] < Clu - of(ful ="+ o+ 1), wveR

Integration by parts, the bounds in (3.1.6), and the fact that a(0) = 0 yield

v))tdzds
< (f( (t)) — t)dx| + v)vy)tudads
<C’/|u 2(u(@®)| + o) + 1) dw + w)utydrds
"(v))viadzds
< C’/Q |a(t)|” <|u "+ Jo(t)] dw —I— @)*dxds

t
+0/ /<|uyr—2+yv|r-2+1)|vt\|a|2da;ds. (3.1.7)
0 Q
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One more integration by parts in (3.1.7) yields

| / / v))ydxds|

<c/|u 2(Ju(t) ! + (e + dx+—|/f a2 (t)d]

+c/ /(|uv2+w2+1>|vt||ay2dxds+—|/ /f”(u)utﬂ2d:cds\

<C /|u 2(Ju@®)|"t + o) + da:—l—/ / (Jue] + |vg|)dxds
+/ /(|u|r_2 + 0" (Jue| + |vt|)|ﬂ]2dxds]. (3.1.8)
0 Jo

Our task here is to estimate each term on the right-hand side of (3.1.8).

1. Estimate for [, |a(t)]*dx: First, notice that the regularity of @ and the fact that

u(0) = 0 allow us to write

t
/|ﬂ(t)|2dx: dxg// iy (5)[2dss - tda
Q QJO

< T/O () |2ds < ZT/O & (s)ds. (3.1.9)

2

t
w(s)ds
0

2. Estimate for f(f Jq @ |ug|dzds and fot Jo @|vi|dzds: Using Hélder’s inequality

with 3 and 2, the imbedding in (1.1.1), and (3.1.1), we have

t t
| [ auideds < [ ) ()l eds
0 JQ 0

t t
<c / IVa(s)3lluc(s)lads < CR / IVa(s)2ds
0 0

< Cg /té’(s)ds. (3.1.10)

Similarly, fg Jo @ lveldxds < Cg f(f &(s)ds
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3. Estimate for [, |a(t)*(Ju(t)|""" + |v(t)|"!)dz: Here, both terms are estimated

in the same manner. We have,

/Q|a(t)|2|u(t)|r—1dx§ lal + | (ol a0 (3.1.11)

where Q) = {x € Q: |u(t)] > 1}. The first term on the right hand side of (3.1.11)

was estimated in (3.1.9). As for the second term, we consider two cases

Case 1: 3 <r < 5. Given that |u(t)] > 1 on 2}, there exists ¢g > 0 (say, €y =

(5 — 1)), such that |u(7§)|’"‘1 < |u(t)]* on €. Now, choose 0 < € < ¢/4. By

and we obtain

Holder’s inequality with ( Tooe +2 )

() @2 (0)de < | Ju()[* a3 () dx
Q) Q
< a7 a2, (31.12)

) < 6. Also, because both @(t)

Now, notice that because € < ¢y/4, we find that
and u(t) are in H3(€2), we have,
()" @ () dz < CIVu() |5~ @) [F-«oy: (3.1.13)

o

where we have used the imbeddings Hj(Q2) — L5(Q) and H'"¢(Q) — LT+ (Q) for

0 < e < 1. It follows from a standard interpolation inequality combined with Young’s
inequality that

[wll-c(q) < ellVells + Cellwll3, (3.1.14)

for all w € H'™(Q) and any 0 < ¢ < 1. Recalling that ||Vu(t)||; < R for all t € [0, 7]
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we have

. [u(t)]""'@*(t)dz < Cr(el|Va(t)l; + Cella(t)]l2)

< Cr(e&(t) + Cella(t)|3). (3.1.15)
Finally, applying the estimate (3.1.9) to the second term of (3.1.15) yields

Qi|u(1t)|T—1a2(1t)d:c <Cp (eé(z&) + QCET/O é?(s)ds). (3.1.16)

Case 2: 7 > 5. Here, recall the additional assumption that uy € Hg(Q2) N L*(Q),

where k = 2(r—1). Because C§°(£2) dense in L* (), there exists a function ¢ € C§°(Q2)

such that
luo — ol < 07T, (3.1.17)

where 1 > 0 will be chosen below. Now,

/Q\u(t)\T1ﬁ2(t)dx§0</9]u(t)—uo\r1122(t)d:1:+/§2]u0—¢]r1ﬁ2(t)d:v
+/Q|¢|”a2(t)d:c). (3.1.18)

Holder’s inequality and the Sobolev Imbedding Theorem yield

Jutr-as < ¢ (Juo) - wla)
Q
+lluo = ol GO + [l (0)d)

< C(Hu(t) — oyt + fluo — ¢HZ’1)£‘)(t) T /Q |6 a2 (t) da. (3.1.19)
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Consider the first term on the right-hand side of (3.1.19). The regularity of u, namely,
we C([0,T),H(Q)), u; € C([0,T], L*(Q))NLP(0, T, W?(Q)), implies that Vu, Vu, €
L*(0,T,L?(£2))3. This allows us to write

V(u(t) — up) = /Ot Vu(s)ds, a.e. Q x [0,T]. (3.1.20)

Also, recall the definition of ¢ and ¢’ in (1.1.2). We slightly modify the choice of ¢’
as follows. Choose ¢’ sufficiently large so that & < ¢’ when p > 3. For the values of
p € [2,3), note the restriction r < 8 — g automatically implies that k& < ¢’. Therefore,

with this choice of ¢/, and by using (1.1.3), (3.1.20), we obtain

lu(t) = woll < Cllu(t) —uolly < CIV(ult) —uo)lly = C/Q |V (u(t) = uo)|” dx

= C/Q /Ot Vuy(s)ds

Given fOT |Vuy(s)|[Pds < R, we have,

p t
dng// Vug(s)P 7 Adsdr.  (3.1.21)
QJO

u(t) —uo|i" < Ct'F VRS < T Cp, (3.1.22)

for all ¢ € [0,7]. Because ¢ € C§(Q2), the third term on the right-hand side of

(3.1.19) is estimated by

/ o] @*(t)dx < O, / @*(t)dz < TC, /tég(s)ds, (3.1.23)
Q Q 0

where we have used (3.1.9). Recalling that |lug — ¢||; " < n, it follows from (3.1.19),
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(3.1.22), and (3.1.23) that
r—1 ~ t ~
/ lu(t)|" '@ (t)de < (T7 Cr+ Cn)&(t) + TCW/ &(s)ds, (3.1.24)
Q 0

where 7 > 0 is arbitrary. A similar estimate holds for [, |v(t)|""'a*(t)dz. Combining

Cases 1 and 2 with (3.1.9), we obtain,

LR (uOr + p) + 1)de < (Cr s T5 O + )0
Q
¢
—I—TC’G,,]’R/ &(s)ds. (3.1.25)
0
: t r—2 r—2 ~12 TR
4. Estimate for [ [,(|u[""* + |[v|"7®)(|w| + |v¢|)|@|[*dzds: Here it is enough to

consider only one term because the other terms are estimated in the same manner.

Using Hoélder’s inequality with 3 and 3/2, and then again with % and 64?’ we obtain

¢ - t - 3(r—2) 3
| [l 2ulapaeds < [ 1ae)EC [ o) ) )
0 JQ 0 Q

< / ()2 lluts) 5 lue(s)] e ds. (3.1.26)

win

ds

Now notice that for the values of p € [2,3), our restriction r < 8 — g is equivalent

to 6% < 22 Then, by the Sobolev imbeddings and using (1.1.3), it follows from
P

(3.1.26) that

t t
/0 / ™| a2 dwds < C / IVa(s) 2IVu()ll; 2 Vuls)llds

< Cg /0 E(5)||Vuy(s) | pds, (3.1.27)

where we have used the fact that ||Vu(s)|la < R for each 0 < s < T. Accounting for
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the remaining terms in this step, we have

/Ot /Q (1ul=2 =+ o17~2) (Juel + ) 2P

< Cp /0 EO(IVul)ly + I1Tu()l)ds.  (3.0.28)

Combining (3.1.5), (3.1.9)-(3.1.10), (3.1.25), and (3.1.28), we have

y/ / V))iigdads| < <eCR—|—TP lon +cn>g()

+ Crenn / Es) IVl + 9]l +1)ds. (31.29)

Hence, it follows from (3.1.4) and (3.1.29) that

&(t) < (eC’R + 770, + cn)é(t)

+ Crenr /0 é<s)(||vut(s)\|p+ HVvt(s)Hp+1>ds. (3.1.30)

We can choose € > 0,1 > 0 and 7T sufficiently small ! so that €, := ECR—i-Ti(T_l)CR—l—
Cn < 1. Then (3.1.30) implies

t
E(t) < Cronr / E(5) (V) + [Vor(s) |l + 1) ds. (3.1.31)
0
Because (||[Vu(s)||, + [|[Vue(s)|l, + 1) € L]0, T], Gronwall’s inequality yields
E(t) =0, for t € [0,T], (3.1.32)

which completes the proof of the uniqueness statement in Theorem 1.2.1. O

"'We can choose a small T, since the argument can reiterated to cover the whole local existence

interval.
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Chapter 4

Global Existence

This chapter is devoted to the proofs of Theorem 1.2.2, Corollary 1.2.3 and Theo-
rem 1.2.4.

4.1 Damping Exponent Dominates Source

In this section we prove the global existence of solutions to (1.0.1), as well as the

continuous dependence of solutions on initial data.

4.1.1 Proof of First Global Existence Result

Here, we use a standard continuation argument to conclude that u, the weak solution

of (1.0.1), is a global solution or else, for some 0 < T' < 0o, one has

limsup E(t) = 400, (4.1.1)
t—T—

where &(t) = 5(||lu:(t) 13 + [IVu(@®)l3) + 5 lw(®)ll7{1. Our goal is to show the latter

cannot happen under the assumptions of Theorem 1.2.2. Indeed, this assertion is
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contained in the following proposition.

Proposition 4.1.1. Let u be a weak solution to (1.0.1) on [0,T] as furnished by

Theorem 1.2.1 and assume that ug € L™ (Q) whenever r > 5. We have
o ifr <p—1, then for all t € [0,T], u satisfies:

1
r+1

t
lu(®)r + / IVunlds < Cr(luollmmrss @ llurll o),

E(t)+

(4.1.2)

where T > 0 is arbitrary.

o [fr > p—1, then the bound in (4.1.2) holds for 0 < t < T < Ty, for some

Ty > 0 where Ty may be finite and depends on ||uo|| g3 (@)nrr+1 () and |luil|r2(o)-

Proof. As in [7, 10], we introduce the modified energy
Ei(t) == &(1) + — lu@®7, (4.1.3)

where &(t) = 1(||lu(t)[|3 + [Vu(t)||3). Recalling the energy identity (1.2.1) we note

that E(t) satisfies

t t t
E(t) +/ [V |[pds = E1(0) +/ /f(u)utdxder/ / lu|" " tuuydrds.  (4.1.4)
0 0 Jo 0o Jo

First, we note that

/Ot/Qf(u)utdxds

where @Q; = Q2 x (0,t) and |Q;| denotes its Lebesgue measure. To see this, put

gC’<|Qt|—I—/OtEl(s)ds+/0t/Q|u|’"|ut|d:)sds> (4.1.5)

Q) :=A{(x,s) € 2x(0,t) : |u(x,s)] <1} and Q} := {(z,s) € 2x(0,t) : |u(zx,s)| > 1}.
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Because f is continuous, f(u) is bounded on @)} for each 0 < t < T. Consequently,

after using Young’s inequality, we obtain

t
|/ /f(u)utda:ds] < ]f(u)ut|dxds+/ | f(u)us|dxds
0 Q Q, QY
gC( \ut]dxds—i—/ |u]’”|ut]d:cds>
Q} QY

<of \uty2dxds+yc2;|+/ ul uldzds)
Q; QY
t t

< C’(/ Ei(s)ds + |Q] +/ / |u|’"|ut|d:vds>, (4.1.6)
0 0 Q

for all t € [0,7]. We now estimate fot Jo lul"|ug|dzds. Recalling the definition of ¢
in (1.1.2), it is easy to check that under Assumption 1.1.1 we have gr < r + 1. By
Holder’s inequality with ¢ and ¢’ followed by the Sobolev imbeddings in (1.1.3), we

obtain

t t t
/0 / | dds < / o)l llus) |nds < © / IVuc(3) [, llus) |7 ds

SC/O IVu(s)llplluls)lryads. (4.1.7)

By Young’s inequality we have

t t t
/ /|u|r|ut|da:ds§e/ HVut(s)Hst—i—C'e/ lu(s)| ds. (4.1.8)
0 Q 0 0

If r = p—1, then rp’ = r+1 and we have the estimate in (4.1.9) below. Otherwise,
r < p — 1 and, in this case, it is clear that % > 1. Thus, we may apply Young’s

inequality to the integrand of the second term in (4.1.8) with % and (p;z—(:rl) to
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get

t t t
/ /\umutuxdsge/ HVut(s)Hgds—l—C'l/ lu(s)|r+ ds + C
0 Q 0 0

t t
SE/ \|Vut(8)\|§ds+01/ E,(s)ds + C1, (4.1.9)
0 0

where ] depends on ¢t. Now, returning to (4.1.4) and using (4.1.5) and (4.1.9) we

conclude that
t t t
El(t)—f—/ |V |[Pds < Cy + Co/ Ei(s)ds + eC/ Vg (s)|Pdrds, (4.1.10)
0 0 0
where Cy = C(t, ||, ¢,7, £1(0)). Choosing € > 0 sufficiently small, (4.1.10) implies
1 t t
Ei(t) + 5/ [Vu|[pds < Cy + CO/ Ey(s)ds, (4.1.11)
0 0
and by Gronwall’s inequality, we obtain
Ei(t) < Cye™T, (4.1.12)

forall 0 <t < T, and (4.1.2) follows from (4.1.11).

When r > p — 1, we use (4.1.7). Because ¢gr < 6, by assumption (when p = 3 we

may choose § > 0 sufficiently small so that gr = (1 4 §)r < 6), we have

t t
//ﬁmwwws/nwwmwﬂ@w
0 Q 0

scA|wm@vaw@mw. (4.1.13)
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Therefore, instead of (4.1.9), we obtain

t t t
/ /|uyr\ut|dxdsge/ ||Vut(5)|]gd:cds+C’e/ IV u(s)|[5? dads
0 Q 0 0

t t ’
<e / [V (s)|[Pdwds + Ce / Ey(s)* dxds. (4.1.14)
0 0
By choosing € > 0 sufficiently small and combining (4.1.4), (4.1.5), (4.1.14), we have
1 t t -
Ei(t) + 5/ | Vug|[Pds < Cy + C’/ (El(s) + E1(3)7>d5, (4.1.15)
0 0
where Cy = C(T, |Q|, €,r, E1(0)). Now, Put
Y(t) =1+ Eq(t),

and notice that %’/ > 1, since r > p—1 and p > 2. Therefore, it follows from (4.1.15)

that,
1 t t !
Y(t)+ 5/ [Vug||Pds < Cs + 20'/ Y(s) 2 ds. (4.1.16)
0 0
In particular,
t
Y(t) < Cs+ 26"/ Y (s)?ds, (4.1.17)
0
where o := %”/ > 1. By using a standard comparison theorem (e.g., [18]), then

(4.1.17) yields that Y (t) < z(t), where z(t) = [C3 7 —2C" (0 — 1)25]_ﬁ is the solution

of the Volterra integral equation

2(t) = C3 4 2C" /Ot z(s)%ds. (4.1.18)
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Although z(t) blows up in a finite time 7;, > 0 (since o > 1), nonetheless, whenever
0<T< To, then Y(t) < Z(t) < CT(||UO||H3(Q)OLT+1(Q)a ||u1||L2(Q)) for all t € [O,T]

Hence, the proof of the proposition is complete. O

4.1.2 Continuous Dependence on Initial Data

We now provide the proof of Corollary 1.2.3, which follows from the energy identity;,

uniqueness of solutions and the bounds given in Proposition 4.1.1.

Proof. As in the proof of uniqueness, let (ug,u;) € H5(Q) x L2(Q), when 1 < r < 5, or
(uo, ur) € Hy(€2) N LF(Q) x L*(Q), when r > 5, where k = 2(r — 1). Let {(uf,u})} C

Hj(Q2) x L2(2) be a sequence of initial data such that, as n — oo,

(up, ut) — (ug,up) in Hy() x L2(Q), if 1 <r <5,
(4.1.19)

(up, ul) — (ug, uy) in H5(Q) N LE(Q) x L2(Q), if r > 5.

Let {u"} and u be the unique solutions to (1.0.1), in the sense of Definition 1.1.4,
corresponding to the initial data {(uf, u})} and {(uo, u1)}, respectively. We first point
out that, when r > 5, our assumption (4.1.19) implies that u}, ug € L™ (), which
is required in Proposition 4.1.1. Therefore, in view of Proposition 4.1.1 and (4.1.19),

there exists a constant R > 0 such that, for all n € N

IVu()]lz, [V (@)l lue(®)ll2, [luf @)z < R,
(4.1.20)

T T "
Jo 1Vue(s)||bdzdt, [ [|Vui(s)|bdt < R,

for all ¢t € [0,T], where T" > 0 can be chosen arbitrarily large if » < p — 1 and is

chosen sufficiently small, if » > p — 1.
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As in the proof of uniqueness of solutions, put @(t) := u(t) —u"(t) (suppressing the
dependence on n and with v is being replaced by u™). Then, as in (3.1.3), accounting

for the now non-zero initial data, u satisfies:

t
+/ /(|Vut|p_2Vut — | VUl P2V} - Vadods

/ / u™))iydads, (4.1.21)

for all t € [0,T], where &,(t) := %(Hﬂt(t)H% + HV&(t)H%) Our goal here is to prove
that &,(t) — 0 uniformly on [0,7T], where T > 0 is arbitrarily large (but fixed), if
r <p—1,or T > 0 is chosen sufficiently small if r > p — 1.

Now, similar to (3.1.4), we have
En(t) < 6,(0 / / u"))udzds, for all t € [0,T]. (4.1.22)

We employ the same calculations as in the proof of uniqueness, but account for the
extra terms contributed by the non-zero initial data. First, integration by parts in

(3.1.7)-(3.1.8) yields two extra terms

(4.1.23)

/Q (f (o) — £(u2))(0)de

1
+ = /f’(uo)f&2 0)dz
21/

which must be added to the right hand side of (3.1.8). Using the properties of (3.1.6),

we have

/Q (f(wo) — F(ul))(0)de

+1 /f’(uo)fﬂ 0)dx

< (J/ 13(0) |u0|T Lyt 1+1>dm. (4.1.24)
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Each term on the right-hand side of (4.1.24) is estimated in the manner that follows.
/an(o)|2|ug|”dx < a(0)3llug ]l < Créu(0), (4.1.25)

where we have used (4.1.19)-(4.1.20).
The non-zero initial data, @(0) # 0, also changes the estimates in (3.1.9). We find

that

[a(t)|*de = i | (0) +/0 w(s)ds|*dx

sc(ua(o>y\§+/ﬂ/0t 0(s) s -

t
< c(Jla(o)2 +T/ £uls)ds )
0
t
< (J(é;w) T / é"n(s)ds>. (4.1.26)
0
Now, for the case 1 < r < 5, we can simply perform the estimates in (3.1.11)
through (3.1.16). Accounting for (3.1.28) and the additional terms due to the non-
zero initial data, we find
En(t) < Crén(0) + eCré,(t)

t
+Cor [ (1962 + [Vl + 1) u(s)ds, (4.1.27)
0

for all t € [0, T]. By choosing € = ﬁ and applying Gronwall’s inequality we conclude

that

En(t) < Crrcdn(0) exp( /0 IVl (s)], + HVut(s)Hp—i—l)ds), (4.1.28)

for all ¢ € [0,7]. In light of (4.1.20), [, (||Vu(s)[l, + || Vue(s)|l, + 1)ds < Cr.p, for all
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n € N and all t € [0,T]. Because &,(0) — 0, &,(t) — 0 as n — oo for all t € [0,T].
This establishes the continuous dependence of solutions on initial data in the case
1 <r < 5 without a restriction on 7T

For the case r > 5, we must exercise caution in estimating the term [, (Ju(t)["~" +
|u"(t)|""1)a(t)?dz. The bound in (3.1.24) is still valid, but care should be taken in

estimating the term [, [u"(t)|""'a(t)*dx. Recall the choice of ¢ € C5°(Q2) such that,
o = élle < 077, (4.1.29)
where > 0 is arbitrary. Indeed, as in (3.1.18)-(3.1.19), we have

/ (0 (1) < O / W (f) — R () de
Q Q
+/ lug — uo|r_1ﬂ2(t)dx+/ lug — ¢|”_1ﬁ2(t)dx—l—/ |¢|r_1ﬂ2(t)dx>
Q Q Q
< (I (®) — I+ 1§ = woll -+ o — 6l (0

+/ lp|" a2 (t)dx. (4.1.30)
Q
As in (3.1.20)-(3.1.22), we obtain
1 E
|lu(t) —ugll, " <T+¥ Cgr, te]|0,T]. (4.1.31)
Also, because u? — ug in L*(Q) by assumption,
lug — wollz ™ <, (4.1.32)

for all sufficiently large n. Therefore, it follows from (4.1.30)-(4.1.32) and (4.1.26)
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that

/Q ()12 () da < (T%CR + Cn) éu(t) +C, (@%L(O) LT / t @E"n(s)ds>. (4.1.33)

The remaining estimates in the proof of uniqueness remain valid, and one finally

obtains

Eu(t) < Crudn(0) + (ECR L ORTT & cn) é.(1)

t
+Crenn [ G (IVa)l+ [Fu(s)l, + 1)ds. (4.1.34)
0

Again, we can choose ¢ > 0,7 > 0 and T sufficiently small so that ¢, := eCr +

TPTTI(“DC’R + Cn < 1. Then (4.1.34) implies

t
En(t) < Crpén(0) + CT76,777R/ én(s) (||Vu?(s)||p + |V (s) ||, + 1>ds. (4.1.35)
0
By Gronwall’s inequality we conclude that

En(t) < Crren 10 (0) exp ( /0 IV ()]l + | Vue(s)]l, + 1)ds>. (4.1.36)

Since fOt(HVu?(s)Hp + || Vuy(s)||, + 1)ds < Cpg, for all n € N, then &,(t) — 0 as

n — oo, for all t € [0,T], where T' > 0 is sufficiently small. ]

4.2 Global Existence via the Potential Well

In this section, we provide the global existence of solutions to (1.0.1) under different
hypotheses than those considered in Theorem 1.2.2. We again use a standard con-

tinuation argument on the weak solution u of (1.0.1) and show that it is not possible



for

limsup FE(t) = 400,
t—T—
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(4.2.1)

to occur. However, in this section we will find a bound for the energy that is uniform

in ¢ by examining solutions in the “good” part of the potential well.

Following the method of [3] and [11] we proceed in three steps. We begin by

recalling the functional J, where

1 I
J(u) = §HVUH§ — mHuHrﬁ

and the potential well
W= {u e Hy(Q) : J(u) < d},
which is divided into the two sets

Wi = {ueW: |Vul3 > |lulii} U {0}

Wy = {u €W ||Vull3 < [lull}31}-

(4.2.2)

Step 1: W, is invariant with respect to (1.0.1). Recall the energy identity given

by Theorem 1.2.1,

B(t) + /0 IVu(s)|? ds = E(0).

(4.2.3)
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Differentiation with respect to ¢ implies

E't) < 0. (4.2.4)

Consequently

E(t) < E0)<d, Vvte]|0,T). (4.2.5)

As a result, J(u(t)) < d for all t € [0,T). Hence u(t) € W for all t € [0,T) since
J(u(t)) < E(t).

To show that u(t) € Wy on [0,T) we proceed by contradiction. Assume there
exists tg € [0,T) such that u(tg) ¢ Wi. Since W = Wy U W, and Wy N W, = 0,
u(ty) € Wy and thus [|[Vu(ty)||3 < |lu(to)||/T]. Because u € C([0,7T],Hy(2)) and
Hy(Q) — L™(Q) (recall r + 1 < 6), |[Vu(t)||3 — [|u(t)||/1] is continuous. Since
IVu(0) 13 = [u(0)I7{1 > 0, as uo € Wi, and [[Vu(to) |3 — [lu(to) |11 < 0, it follows

that there exists s € (0,t) such that || Vu(s)||3 = [lu(s)||i1]. Now, we define

t* = sup{s € (0,t0) : [|Vu(s)3 = llu(s)[}11}- (4.2.6)

In particular, ||Vu(t*)||3 = [Ju(t*)||i11, and u(t) € Wy for all ¢* < t < t,.

We consider two cases:
Case 1: Suppose that ||[Vu(t*)||3 # 0. Then u(t*) € N, the Nehari Manifold (see
(1.1.10)). From (1.1.20) we know that d is the infimum of J over all functions u in the
Nehari Manifold and thus we have that J(u(¢*)) > d. Clearly, E(t*) = {ju,(t*)||3 +

J(u(t*)) > d, contradicting (4.2.5).



Case 2: Suppose that |[Vu(t*)||? = 0. Since u(t) € W, for all t* < t < ty,

[Vu®)|5 < lu@®)]i*, for all t* < t < t.
By the regularity of u, we have
T [[Vu(t)[ =0.
Applying the Sobolev Imbedding to (4.2.7) gives
IVu@)ll; < lu@®lif < CIVu@lz", v <t <t
Therefore,
IVu@)3(1 = ClVu®)[z™) <0, vt <t <t
and thus

IVu(t)]ls > C71, V" <t <t

5

(4.2.7)

(4.2.8)

(4.2.9)

contradicting (4.2.8). Thus, u(t) € W, for all t € [0,7) and W, is invariant under

(1.0.1).

Step 2: ||Vu(t)|]2 is controlled by the depth of the well. In particular, we will

show that ||Vu(t)||3 < 2d(*5) for all t € [0,T). Since E(t) < d and u(t) € Wy on

[07 T)?

4> J(u) = FIVuOl ~ Ol > Tl

(4.2.10)
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for all t € [0,T), and thus

, r+1
el < 2(—

), Vtelo,T). (4.2.11)

Now, because J(u(t)) < d for all t € [0,T),

1 T
SIVu@lls < d+ lu(@®) < d+— =d( (4.2.12)

r+1

on [0,T), thus concluding Step 2.
Step 3: The solution is a global solution. Rearranging the terms in the energy

identity gives
t 1 L
&(t) +/0 IVud($)lpds = E(0) + = llu(®) 17 (4.2.13)

Thus, for all t € [0,T"), by (4.2.11) implies

E(t) + /Ot [Vug(s)|[bds < d + TQle = d(: i_ 1)
and so
E(t) < d(:i), vt €10,T). (4.2.14)
Also,
B0 = o) + — ol < d(C ) + 2L =D, waas)

for allt € [0,T). By a standard continuation argument, we conclude that the solution

is global.
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Chapter 5

Energy Decay

We begin this chapter by establishing the observability-stability estimate, whereby the
total energy of the system is controlled by a function of damping as in [3, 11, 21]. This
estimate, combined with the energy identity, allows us to derive an inequality that
compares the energy at time ¢ with the energy at time 0. From here, we construct an
ordinary differential equation, related to this inequality, whose solution will bound the
total energy for all sufficiently large ¢. A significant difficulty arises as this ordinary
differential equation is non-autonomous and we cannot find its solution explicitly.
This problem is overcome via a careful comparison to a new ordinary differential
equation, which is also non-autonomous, however the simplicity of its form does allow
us to find the explicit solution, along with its decay rate. From here, we may provide

a decay rate for the total energy of the system (1.0.1).

5.1 Observability-Stability Estimate

We start by showing Lemma 5.1.1) that provides the equivalence of the quadratic

energy, &(t) = 3|lu(t)[|3+35 | Vu(t)||3 and the total energy E(t) = é"(t)—qﬂ%“u(t)”iﬂ



Lemma 5.1.1.

and

r—1
r+1

t
t+/mvm@%¢g£@g___
0

Under Assumptions 1.1.1 and 1.1.2, we have

r—1 9
s VU0l < (o).
T8 < B() < 8()

t
t-+/nvmwmy@.
0
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(5.1.1)

(5.1.2)

(5.1.3)

Proof. By Theorem 1.2.4, u(t) € W, for all ¢t and so for each fixed ¢ € [0, 00) either

(1) [IVu(@)l3 =0 or

(i) [Vu@)l > w1

If (i) holds, then 0 < [lu(t)[/E] < C||Vu(t)|5t = 0 and J(u(t)) = 0. So trivially,

IVu@l3 < J(u(t).

2(r+1)

verified.

If (ii) holds, then

T(u(t)) = l||w<t>||2— Ol 2

N | —

r+1

r—

C2(r 4+

and so (5.1.1) holds. Now note that since ||Vu(t)||2 > ||u(t)||/Z] for each ¢

r—1
(r+1)

)HVU( )z

Et) =&

<&(t) - lu(@®)l;11 = E(t) < &),

r+1

1
IVu@®)l; = —IVu(t

Additionally, E(t) = &(t) = 3llu.(t)||3 and so (5.1.2) is

(5.1.4)
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and (5.1.2) holds. Utilizing (5.1.2) and recalling the energy identity (1.2.1), we have

r —

T+1<§”‘(t)+/0 ||Vut(s)\|§ds§E(t)+/o IVuy(s)|[2ds = E(0) < £(0),  (5.1.5)

which gives the left-hand inequality of (5.1.3). Taking ¢ = 0 in (5.1.4) and again

employing the energy identity, we get

r—1
(r+1)

&(0) < B(0) = B(t) + /0 IVug(s)|[2ds. (5.1.6)

Given that E(t) < &(t),

r—1
(r+1)

£00) < &) + /O IVur(s)|2ds. (5.1.7)

Multiplying (5.1.7) by “ gives the right-hand side of (5.1.3).

O

Proposition 5.1.2. (Observability-Stabilization Inequality) Under the validity
of Assumptions 1.1.1 and 1.1.2 and assuming that ug € Wy?(Q) and 1 < r < 5, there

exists Ty > 0 such that the global solution of (1.0.1) given by Theorem 1.2.4 satisfies

r—1 D! Dt \»
<E < Q 0 0
L0 <50 < cpaf e+ ()

—1
t p—2

+ (f—tto) ' (I7u(O)], + > (D))}, (5.1.8)

for all ¢,t9 > 1 with t — ty > Tp), where D! := [ |[Vu(s)|[bds.

Note that the left hand inequality in (5.1.8) provides the non-negativity of the

total energy E(t) in Theorem 1.2.5.

Proof. We begin with establishing the equipartition of energy. Testing in (1.1.44)
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with u (and replacing 0 by to > 0) gives

- / () |2ds + / IVu(s) 2ds + (ue(t), u(t)) — (ue(to). ulto))

t ¢
+/ / |V [P~2Vuy - Vudzds :/ /f(u)udxds. (5.1.9)
tg JQ to JQ

Adding 2 fti ||lue(s)||3ds to both sides of (5.1.9) and dividing by 2 to gives

/t E(s)ds = /t | (5)||3ds — %(ut(t),u(t)) + %(ut(to),u(to))
_ %/to /Q |V, P2V, - Vudads + % /to /Qf(u)udxds. (5.1.10)

We proceed by estimating the terms on the right hand side of (5.1.10). We begin by

bounding the initial and terminal energies. Let s > 0. Then by Young’s inequality,

[(us(s), u(s))] < / ue(s) lufs)lds < 3 (hu()3 + Ju()I3) < CEG). (.11)

Since ¢’ > 6 (from (1.1.2)), ¢/2 > 1. By Holder’s inequality with ¢//2 and -

q-27
followed by (1.1.3) and Holder’s inequality with p/2 and -2 gives
t t
[ ets)ds = [ [ fusto)Pdads
to to Q
t
<Co [ u()l2ds
to
t
<Co [ IVuls)|ds
to
p—2
< Colt —to) 7 (D} )*". (5.1.12)

Now, to bound the term due to damping we apply Holder’s inequality with z%
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and p twice.

|/ /\Vut\p *Vu, - Vudzds| </ Vw21Vl pds

< (D!)"5 / [ Vu||bds)'/?. (5.1.13)

Finally, we estimate the source term. Recalling that 1 < r < 5, by Holder’s inequality

. 4 4
with == and =5,

t t t
//f(u)uddeZ/ /\u|T+1d:rd5:/ /|u
to JQ to JQ to JQ

t s-r §(r—1)
< / la() 127 lfus) |3V ds, (5.1.14)
to

5—r

2 |u|%(”’1)dxds

Now applying Young’s inequality with = and =5, for € > 0, followed by the Sobolev

Imbeddings,

t t t
/ / f(w)udzds < C. / lu(s)|3ds + ¢ / lu(s)6ds
to JQ to to

t t
<c. / lu(s)|3ds + cC / IVu(s) [Sds
to to

t t
<C, [ u)Bds +eCa [ [Vuts)lBas (5.1.15)
to to

by the bound in (4.2.12). Using the estimates of (5.1.11) - (5.1.13) and (5.1.15) with
(5.1.10) yields

/ "8 (s)ds < Calt — to) 5 (DL)YP + C(S(to) + £(8)) + (DL)5 / |Vullzds)/»

to

+C’/ |lu(s)]l5 ds+eC’dr/ 1Vu(s)||5ds. (5.1.16)

Now, recall that for solutions in the good part of the well, we have the estimate
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n (5.1.2), which we can multiply by “5 so that

r+1
r—1

IRy

E(to) + &) < (E(ty) + E(t)) = . /t IVu(s)|2ds)  (5.1.17)

by the energy identity (1.2.1).
By choosing ¢ > 0 sufficiently small so that eCy, < 1/4 in (5.1.15) and using
(5.1.17) we get

/ &(s)ds < C{E(t) + Dy, + CE/ |u(s)|l3ds

to

+Colt —t0) 7 (D) + (D) (/ ||Vu||pds) 3 (5.1.18)

Now, since E(t) is monotonically decreasing, for all ty < s <,

(t — to) Elto) > /tE(s)ds > (t — to)E(t), (5.1.19)

to

and for t — tg > 1 we have

E(t)

1 t 1 t t
< / E(s)ds < / E(s)ds < / &(s)ds. (5.1.20)
t— tO to t— Z50 to to

Thus, we can estimate fti &(s)ds as

t t
/ &(s)ds gC[D§O+C€/ u(s)|12ds
to

to

+ Colt —to) 7 (Dt )2/P 4 p* (/ Hqupd5> } (5.1.21)

for t — ty sufficiently large, say, t — tq > 2C.

We next estimate fti |Vu|[bds in terms of Df and Df. By the regularity of u
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provided in Theorem 1.2.1, along with the assumption that u, € Wy(2), we have
that Vu, Vu, € L*(0,T; L*(2))? and so for s > 0,
|Vu(s)|? = |Vu(0) +/ Vu()dr|?
0
< 227 (|Vu(0) P + |/ Vo (7)dr|P)
0

< 227 (IVu(0)[P + P71 /OS |V (7)|PdT), (5.1.22)
by Jensen’s inequality. Integrating (5.1.22) over Q yields,
IVu(s)||h < 2071 (|| Vu(0)||h + 57~ /0 [V (7)|[PdT). (5.1.23)
Therefore,

t t s
[ 1vus s =27 [ {ivao)lz+ 7 [ vuolzdryas
0 0 0
t, t ) .
=271 ((t = o) Vu(O)|l7 + / 5! / V() llpdrds)
0 0
' t t
<2 (= )| Vel + 0 [ [ V() gards)
to JO

< 27 (8= o) [Vu(O) [ + 7t — o) /0 V() )

<ot — to)(||Vu(0)||§; + tp—lD;;). (5.1.24)

As a result, we have

- t 1/p
cwy)F ([ 1vulpas)
to

<Gy (D)7 (t— 1) P[IVulO)], + ¢7 (DY)]. (5.1.25)
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We now choose Ty = 2C' + 1 and employ the bounds in (5.1.25) and (5.1.21) to
conclude that

t t .
/ E(s)ds < C’e/ lu(s)|3ds + Co(t — to)pT(D}fO)?/p + C’D,’fO
to

to

+ Co(DL)T (t— to) 2| Vu(0) ], + 7 (DE)7]. (5.1.26)

Proposition 5.1.3. (Estimate of lower order term) Assume the hypotheses of

Proposition 5.1.2 hold, with Ty = 2C'+1. Then, for t —ty > Tj there exists a constant
C(p,?) such that
/WL@$<CR )DL, + Calt — to) 7 (D}, )7

+(DL)"F (¢ = to) P [[Vu(0), + "5 (DY)}, (5.1.27)
If we assume for a moment the validity of Proposition 5.1.3, we have from (5.1.26)

[ s < ¢ [ s+ Cate - )7 (D424 0D

+ Cy(DL)'7 (= to) PP [IIVu(0)], + 7 (D))
<C(p,Q 6){Dt +Cg(t—t0) (Dt )2/p

p—

+ (DL)T (t = 1) [ Fu(O) [, + 7 (DY) 7]}

By recalling (5.1.20) we find the following estimate for the total energy

B < c<m{Dt+(D%f

t—to t—to

A

>,, [[[Vu(0 )\|p+t”%1(D3)1/p]}. (5.1.28)
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Proof. To prove (5.1.27) we proceed by the standard compactness-uniqueness argu-
ment (see, for instance, [3, 11, 21]) . Suppose, for the sake of a contradiction, that
(5.1.27) is false. Then there exists a sequence of initial data {(u*(0),u¥(0))} satisfying

Assumptions 1.1.1 and 1.1.2 such that the corresponding solutions of (1.0.1) satisfy

B(u¥)

koo [ [[u(s)13ds

Y

where B(u") is defined as,

p—2

B = [ It + / 19 sz Y

p—1

* </t: |\Vuf(8)||§ds> v (t— 1)1/

X {||vuk<o)|yp+t’%l (/Ot ||vuf(s)|ygds) W}. (5.1.30)

Now, since the sequence solutions lie in W, for each ¢ > 0, by Theorem 1.2.4, &*(s)

and E¥(s) are uniformly bounded on [ty,#] for all k, where

1 1
EMs) = §|\Uf(8)|\§ + QHVU’“(S)I!% (5.1.31)
and
1 T
Ei(s) i= 64(5) + — ()7 (51.32)

Thus, u* is bounded in L*>(t,t; Hy(Q)), u¥ is bounded in L>(ty,t; L?(2)), and u*
is bounded in L™"(ty, ¢; L"(2)). Hence, there exists u such that, on a relabeled

subsequence, we have
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(

uf — u weak* in L>®(to, t; H5(Q)),

§ uF — uy weak® in L™ (to,t; L2(£2)), (5.1.33)

uf — uy weakly in L™ (tg, t; L™T1(0)).

\

Also, in light of (5.1.29) and (5.1.33), it must be that

t
gm{/nvﬁwmws:a (5.1.34)
—00 to

Note here that H}(Q) ¢ H'™¢(Q) C L?*(Q), where 0 < ¢ < 1, each injection
is continuous, and the first injection is compact. Also, because {u*} is bounded
in L>®(to,t; Hy(2)), then in particular, {u*} is also bounded in L?(to,t; Hj(2)). We
also know that {uf} is bounded in L*(t,¢; L*(€2)). Hence, by Aubin’s Compactness

Theorem, there exists a subsequence, labeled again by {u*}, such that
u¥ — w strongly in L*(to, t; H' (), (5.1.35)

where € > 0 is defined by

O i o < p < 3,
e < (5.1.36)

Er if p > 3.
Now, we test the kth solution, u*, against ¢ € C§°( x (to,t)) to get

t t
/ /(—uf¢t+Vuk -Vo)dxds +/ / |Vul P72V ul - Vpdads
tog JQ tg JQ

:/t:/gf(uk)gbdxds, (5.1.37)
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Note that by Holder’s inequality and the Sobolev Imbedding we have
t P2 t
[ ks lds < Colt — )7 ([ IVuk(s) pds)Pds 0. as ko0, (5.138)
to to

by (5.1.34). That is, u¥ — 0 strongly in L2(to,t; L>(Q)) as k — 0 and hence,
Ji o ubdrdads — 0 as k — oo. Next, by (5.1.33), [, [, Vu* - Vdrds — [} [, Vu-
Vdzds. Further, as in (5.1.13),

t
| / /Q |Vul P72V ul - Vpdads|
to

t 1 t
< ([ 19ut a7 ([ IVollas) 0. as k-,
to to

by (5.1.34). Finally, we show that ft Jo f(uP)pdxds — ft Jo f(w)pdxds. Let Ly be
the local Lipschitz constant for f : H'7¢(Q) — L(Q) (see Lemma 2.1.3). By Hélder’s

inequality with ¢ and ¢" as in (1.1.2),

'// ¢@M</mf — ()]l dds

<ty [ I = ol
t
Ot ) .
2 1/2 2 1/2
_Lf(/ lu —u||H1_€(Q)dS)/(/ 16]2ds)" (5.1.39)
to to

Since u* — w strongly in L?(to, t; H'7¢(Q2)), we have ft Jo, f(WF)pdads — ft Jo f(w)odzds.
Thus, passing to the limit in (5.1.37) shows that u satisfies (in the sense of distribu-

tions),

—Au = |u[""'u in Q

(5.1.40)
u=0 on I,

which implies that |[Vul3 = |lul|/T5. Since u(t) € Wi, it must be that u = 0 a.e.
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(to, t) x €.

We now renormalize the sequence {u*}. Define

dy = (/t: Hu’“(s)”gds) 1/2. (5.1.41)

Without loss of generality, assume that dj # 0 for each k£ and put
ub = —. (5.1.42)

Observe that (5.1.35) combined with the conclusion that u = 0 a.e (to,?) x € implies

that d, — 0. Also, note that

t 1/2
(/ ||ﬂk(s)||gds) =1, for all k. (5.1.43)
to

Put B (t) = &% (s) — = |[uF(s) |7} and &°(¢) := L|[uk(t)||3 + 4| Va*||3. Then by the
equivalence of &*(t) and E*(t) supplied by Lemma 5.1.1, for all k € N and s € [0, ]

we have

&) < %Ek@ < d%{a / () [3ds + C(p, ) B(u*)}

<M (5.1.44)

for some number M > 0, by (5.1.20), (5.1.26) and (5.1.29). Thus, again we have
that @* is bounded in L>(to,t; Hy(R)), uF is bounded in L>(ty,t; L*(Q2)) and @* is

bounded in L™ (tg,t; L™ (2)) for 1 < r < 5 by the Sobolev Imbedding Theorem.
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Then on a relabeled subsequence we have

u* — w weak® in L=(tg, t; Hy(9)),

(5.1.45)
ur — wy weak® in L™ (tg,t; L2(2)).
Also, as in (5.1.35), by Aubin’s Compactness Theorem
" — 1 strongly in L*(to, t; H4(Q)), (5.1.46)

on a relabeled subsequence.
Let us now examine dj more closely. By applying Holder’s inequality with ]ﬁ

and p/2 twice we have

/p
dz = / [ (s)||2ds < Ca(t — to) 7 (/ | VuF(s des) . (5.1.47)
Now, recalling (5.1.24) we have
1 t 1/p )
& < C’Q(t—to){HVuk(O)Hp—l—tT (/ Hvuf(s)ugds) } . (5.1.48)
to

We next divide (5.1.37) by dj, and look at the limit as k — oo. As in (5.1.12),

t _ 1 t
| [ tpasas = [ e
to J to
C

< Z(t—1)7 ||Vut s)||Eds)?/Pds, (5.1.49)
k

which converges to 0 as k — oo by (5.1.29). From (5.1.45) it is clear that ftl; Jo, Vu" -
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Vodrds — ftz Jo V- Vgdazds. Now for the term due to damping, as before
1 t
|— / / \Vuf[P~2Vuf - Vodads|
dk to J
1 ¢ 1 [t
< ([ 19at Iz ([ 1velgasir. (5150
k to to

Then by (5.1.48),

t
|di / / |Vuf P2V ul - Vpdads|
k

C C 7
< S0 ([ Ivdeigs) " (w0,

e (/0 Hvuf(s)ugdS) v L (5.1.51)

where C, is a constant depending on ¢. Now by (5.1.29) we have that

i j;fl; Jo IVuFIP2Vuy - Vodeds — 0 as k — oo.

Finally, examining the source term gives
1 /[t Cy [*
—/ /f(uk)gbdmds:—¢/ /|uk|rdmds
di Ji, Ja de Ji, Jo
t
:C¢d’,;‘1/ /|ﬂ’“|’”da:ds, (5.1.52)
to JQ

where 7 > 1. Since @* is bounded in L™ (to,t; L"**(Q)) and d, — 0, we have that

ft fQ uF)pdrds — 0. Thus, we now have that @ solves

t
/ / Vu - Vodrds =0, (5.1.53)
to JQ

for all sufficiently smooth ¢ € C5° (€2 x (to,1)), and so ©w = 0 a.e. X (t,t). However,

this contradicts (5.1.43). Thus (5.1.27) must hold and Proposition 5.1.3 is verified. [
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O
Recall the energy identity (1.2.1) and rearrange to get
t
Df, = [ 19uts)lgds = Bw) - () (5.154)
to
Now, define
T=t—ty, 1>t (5.1.55)

and require ty > T > T, where Ty is as in Proposition 5.1.3. Also note that by (5.1.2),

&(t) < E(0). (5.1.56)

Then substituting (5.1.54) and (5.1.55) into (5.1.28) yields

B < o7+ (70) + (F) T Ul B0 @1

Since T > 1 we can obtain the estimate
p—1

) < Clo 190 ) 2o+ (22) 2 ()7

2 p—1

< Olp. 2 IVu(O)ll, BO)(D, + (D},)7 +15 (D})7)

= Ht(Dfo), (5.1.58)
where the function H; is defined by

Hy(p) =C (p +(tp)7 + pz/p) , (5.1.59)
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and C' = C(p,Q, ||Vu(0)||,, £(0)). Now, assuming that ty > 7', we have that " =

p—
P

! p=1
(to+T) 7 <2t,” ,implying that H;(p) < 2H;,(p). Thus, we estimate
E(t) < H(D,) < 2H,,(D}). (5.1.60)

At this point we incorporate the multiple of 2 above into the constant C from the

definition of H;. Then (5.1.60) becomes
E(t) < Hy, (E(to) — E(t)). (5.1.61)

Now, for fixed to, H; (p) is concave and monotone increasing in p and passes
through the origin. We denote the inverse of the mapping p — Hy, (p) by Htgl and

note that H; ! is convex and monotone increasing in p. We then have
H, ' (E(t)) < E(to) — B(1),
and so
E(t)+ H ' (E(t)) < E(ty). (5.1.62)
Choosing to = mT and t = (m + 1)T provides the family of inequalities:

E((m+ 1)T) + H. (E((m + 1)T)) < E(mT), (5.1.63)

form=1,2,3,...
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5.2 Comparable ODE

We now define the sequence s,,,
Sm = E(mT) (5.2.1)

and put ¢, (-) := Hy,'(-) = H,.p(-). Then (5.1.63) becomes

m

Sm+1 + ¢m(5m+1) S Sm-

-1

Since H_ 1. is strictly increasing it is clear that ¢,, and (I + ¢,,(-))"! are strictly

increasing as well and so,

Smr1 < (I + () s (5.2.2)

By multiplying both sides of (5.2.2) by —1 and adding s,, to each side, we conclude

that

Sm = Sma1 = Sm — (I + O () 5pm. (5.2.3)

Thusly, we define the function ¢ by

q(t,s) =5 — (I +¢(-)) " s, (5.2.4)

and note its following properties:
q is increasing in s and nonnegative: Since Htgl() is increasing and passes
through the origin, I + H, '(-) is strictly increasing (and therefore invertible), passes

through the origin, and lies above the graph of the identity. Thus, (I + Htgl(-)y1
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is also increasing, passes through the origin and lies below the graph of the identity,
implying that ¢ is nonnegative.

q is decreasing in ¢: Begin by observing that H; (see (5.1.59)) maps [0, 00) onto
[0,00), for every t > 0. Let 0 < t; < ty. Clearly Hy,7(p) < Hyr(p) for all p > 0.

Thus
H, 1(s) > H, 1(s), for all s > 0 (5.2.5)
and further,
s+ H, 1(s) > s+ H, 1(s), for all s > 0. (5.2.6)

Now as above, for any t > 0, I + H; " maps [0, 00) onto [0, 00), is strictly increasing,

and invertible. Therefore, from (5.2.6) we conclude

(1+ Ht—l;(-))l(s) <(1+HE0) (). foralls>0 (5.2.7)

and so

-1

s—(1+ Hg;(-))l(s) >s— (T+HA() () foralls>0.  (528)
Finally,

q(ti,s) =5 — (I + () 's=s— (I +Hyr()'s

> 5 — (f + Hé%r('))

13 =5— (I + ¢, (")) 's = qlts, 5) (5.2.9)

and so ¢ is decreasing in ¢.
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In what proceeds, we will consider the non-autonomous ordinary differential equa-

tion

CS(0)+alt, (1) =0, (1) =5 = B(T). (5.2.10)

We first rewrite the function ¢. Let ¢ be fixed, put ®(s) = ¢(s) = H,; and note that

(I+®),P,Hipr,q:[0,00) — [0,00). Then,

g=1-(I+0)"'=[[+P)o(I+P) "] -I+D)"
=Po([+®) =00 (@ 'o®+®) =0 ([ +I]od)!

=Qod o (@ + N =(d+ D) = (Hp + 1)L (5.2.11)
Thus, if we define
Gilp) == (C+ 1)p+ C(ptT) T + Cp*7, (5.2.12)

then ¢(t,s) = G, '(s) and the ODE in (5.2.10) is rewritten as

% LGNS =0, S(1) = s, = E(T). (5.2.13)

Proposition 5.2.1. The initial value problem

ds

S HGIS) =0, S(1)=s = E(T). (5.2.14)

has a unique solution that exists for all time ¢ > 1.
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Proof. We begin this proof by showing that G : (1/2,00) x R, defined by

G(t,s) = (5.2.15)

1s continuous.

Let (to, s0) € (1/2,00) x R and € > 0. If sy > 0, choose

. _ 11 :
§ < min g 2=l 50 p_ﬁl( % and if sy < 0, choose
14+CT P E=i2l/pp P

6 < min {#e=L %0 (C'+1)}. Let (t,5) € Bs(to, So).-

Suppose first that so > 0. Note that for all ¢y € (1/2,00),

e(C+1) _ e(C+1)

— p—1 _
L+ 0T E12Ung” 14 CT"F L2, Pp,?

Put py := G(to, s0) and p := G(t,s). Then, so = Gy, (po) and s = Gy(p) and
so—s=(C+1)(po—p) +CT7 ((topo) T — (tp) 7 ) + Clpy/” — p*7).  (5.2.16)

If po > p, then the first and last terms of the right-hand side of (5.2.16) are non-

negative. Now,

p—1

= (ty" —t7 )py’ +1
(o 7 )pe” +

1 p—1

1
p— p— == 1
P

v (" — ). (5.2.17)

p—1

(topo) » — (tp)

—1 p—1

Since ’%1 <1, ()pT is a concave function, £,” —t’%l > ]%(to —t)tgl/p. Thus, from



(5.2.16),

so—s=(C+1)(po— p)

p—1 p—1

p—1
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p—1

p—1 p—1l . = p—1
+CT 7 ((t" —t7 )p” +t7 (p" —p 7))

> (C+1)(po— p) + Clpy” — p*7)
b1 fp—1 T L
+CT" [p (to— )5 P p,” + 57 (py” —p'7) (5.2.18)
The fact that pg — p > 0 implies
p=tp — 1 “1/p 5
so—s>(C+1)(po—p) +CT 7 (to — )ty " po (5.2.19)
Thus,
p=1p— 1 _ p=1
§+6CT 5 L=t 1P p 7
pm1p—1 gy L
> [so — 5| — CT'% E—lto — tity "y’
> (C'41)(po — p)- (5.2.20)
Therefore,
=Ll p1,—1/p =
14+ CT 7 Bty Fpy*
e>0 p 2 2 ) >lpe—pl (5.2.21)

C+1
If pg < p, then consider the difference

s—s0=(C+1)(p—po) + CT"F ((1p)"7

. . p—1 | . p—1
Again, since () 7 is a concave function, ¢ »

C— (top)' T ) + O = 7). (5.2.22)

— tof%l > ;%1@ —19)t7'/? and as in



(5.2.18),

s—%zﬁﬂﬁm%ww+@f”—£@

s p =1 it BB e

+CT 5 ——(t—=to)t"Ppr 1" (po” —po )]
1

> (CH1)(p= o) + CT'F [Pt = 1)t 0p'7)|.

If t > ty, we have
0> [s—so| =s—s502(C+1)(p—po) =(C+1)p—pol,
implying
€>0(C+1) = |p—pol-
If t < ty, then

—1 1
§+0CT S [ 1eps )}
p

p—

)

-1
> |s—so| — CT' v [ (t — o)t~ Y7p
p

> (C+1)(p = po)-
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(5.2.23)

(5.2.24)

(5.2.25)

(5.2.26)
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Recalling that ¢ € (1,00), we know that ¢~'/? < 1. This implies

p—1

1+ CTPTTII%QUPIOOP
(C+1)

_ p=1

14+ oT p_ly=1/pp 7

> 4§ P
- (C+1)

€>0

> P = Po

= Ip— pol. (5.2.27)

If 5o < 0, then s < 0 and thus |G(to, s) — G(t,s)| = |0 —0| = 0 < e. Now suppose
so = 0. If s < 0 then again, |G(t, so) — G(t,s)| < € as above. If s > 0, then clearly

p > po and
s—sg=s=(C+1p+CT% (tp)F +Cp? > (C+ 1)p. (5.2.28)

By the definition of ¢,

J ls — sof
> > 0= lpo — pl. 5.2.29
€>Er12 051 2F lpo — pl ( )

Therefore, given any € > 0 we have found § > 0 such that |G/(to, s0) — G(t,s)| < € for
all (t,s) € Bs(to, s0) and so G is continuous.

Now, observe that for each fixed ¢ € [1,00), —G(t, s) is non-increasing in s on the
rectangle @ = {(t,s) : 1 <t < M,|s — E(t)| < 2E(T)}. By Corollary 8.37 of [17],
the Initial Value Problem 5.2.14 has a unique solution in Q).

We proceed to extend our unique solution to [1,00). Note that the unique solution
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to the initial value problem

% +GINS)=0, S(1)=0 (5.2.30)

is identically 0. Note further that the solution S to Problem 5.2.14 is decreasing as G *
is non-negative. These two facts imply that 0 < S(t) < E(T) for t € [1, M]. Thus,

the unique solution S(t) can be extended, giving the maximal interval of existence

[1,00). 0

Now that we have the global existence of S, we will show that the sequence
{sm}7° is bounded by the sequence {S(m)}{°, i.e., s, < S(m). Since ¢ is positive
we know that S(t) is non-increasing. We proceed by induction. Note that S(1) > s
and assume that S(m) > s, for some m > 1. From (5.2.10), S(m) — S(m + 1) =

fnTH q(7,S(7))dr and therefore,

m+1

S(m+1)=S8(m) — / q(r,S(7))dr

m

Now, note that m < 7 and S(m) > S(7). Then, since ¢ is decreasing in its first

argument and increasing in its second argument, ¢(7, S(7)) < g(m, S(m)) for each

7 > m. Thus,
S(m+1) > S(m) — /m q(m, S(m))dr
=8S(m) —q(m,S(m)) > s — q(m, S$m) > Smi1, (5.2.31)

since s — q(t,s) = (I + ¢4(-))'s is increasing in s.
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Since
S(m) > s, = E(mT) (5.2.32)
and S and E are both decreasing functions, for any 7 € [m,m + 1],
S(tr—1)> S(m) > E(mT) > E(TT) (5.2.33)
Now, by relabeling ¢t = 77" in (5.2.33) we conclude
S(t/T—1)> E(t) fort>T. (5.2.34)

Thus, S(¢) bounds the energy of (1.0.1) for all £ > T" and subsequently will provide a

decay rate of the energy.

5.3 Full Decay of ODE

In what follows we will compare G, to the related function F}, given by

p—1
p
Y

Fi(p) :== (Cr +7)(ptT) (5.3.1)

where v > 0 and Cr is a constant to be defined later. By showing that F, '(s) <

G '(s) we can use the solution to the ordinary differential equation,

CLRNS) =0, S1) == B(T), (5.3.2)

which we will find explicitly, to provide decay rates for the solution to (5.2.14) and,

subsequently, the energy E(t) of our wave equation.
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We now show that S decreases to zero over time in the following lemma.

Lemma 5.3.1. Let S(t) be the solution to the ordinary differential equation

P LG9 =0, Sy =5 = BD), (5.3.3)

where Gy is defined in (5.2.12). Then S(t) is decreasing and

lim S(t) = 0. (5.3.4)

t—o00

Proof. Since G, : [0,00) — [0,00), G;! is non-negative. It is clear from this that S
is non-increasing. Put F;, = E(T'). For any fixed 0 < ¢ < Ej;,, we will find a time ¢,
for which S(t.) < c¢. Let v > 0 be any fixed number, Cr := CT" +1 (recall that C

is the constant in the definition of G;) and define

1 1 \#1 exp (=B
k:_( ) A= Alepn) = 22 ) (5.3.5)
OT + Yy p—1
eXP | LD

Note that A. > 1 since ¢ < E;,. Now choose a time 7, as

sp\ 72T 21 g
T, > max T QCT El/p—l—E P , ACr Ein ,
T v v T

p P=3 p(p=3)
4CT 2 A2 CT+’7 2(? )]
(1) a7 ()Y 620

We will show that t.:= A.7, provides a time for S(t.) < ¢. Define

P

c |
IOO - pO(TC) T (CT _‘_7) ACTCT' (537)
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Observe that py < Ej;,. As A, > 1,

po < cTilH L —
CT—F’}/ TCT
1 1 p
c \» 1 B! 1 —1 1
< o —. 5.3.8
¢ (E ) T (CT+7) Te (5:58)

Because Cr > 1 (and thus 1 —4C7 < 0), for v > 0,

1 4C —4Cr (C 1 —4Cr) —4C?
_ 40 _y=40(Cr i) ol 0 4G (5.3.9)
Cr+vy 7 Y(Cr +7) Y(Cr +7)
As a result, we have #ﬂ < %. From (5.3.8) and the definition of 7, for 0 < ¢ <
EiTLJ
. b
EX (4Cr\ 1 1 1
Po < C—2 (—T) — < cTe— =c < Ej,. (5.3.10)
T ¥ Te Te

We will return to the proof of Lemma 5.3.1 after proving the following propositions.

Proposition 5.3.2. For any ¢t > 7. and any p € [po, ;| we have,
Gi(p) < Fi(p), (5.3.11)

where F} is as given in (5.3.1).

Proof. Since C' < Cr = cT' +1 (as T' > 1), it sufficies to show the inequality

p=1
P Y

(Cr)(p+ (ptT)T + p'?) < (Cr +7)(ptT)
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which is equivalent to the inequality,
(Cr)(p+ ") < A(ptT)'7. (5.3.12)

Since p > 0 we can divide both sides of the inequality (5.3.12) by ppTTI. Thus, we

may prove (5.3.11) by showing,
(Cr)(pMP +p'7") < A(tT)" 7 (5.3.13)

Indeed, it is enough to show the stronger result (for p > 3),

p—1

(Cr) (B +p§% ) < =(7T) 7 . (5.3.14)

o |2

Note, if 2 < p < 3, then % > 0 and (5.3.13) is satisfied simply by noting that

P

1 (2Cr | 1y 3op |\ p1
> — = |E/’+E.? 5.3.15
nz g (%8 v, (5.3.15)
implies, for t > 7,
L el 1/p 2r 1/p 3=p
W) 7 > (D) 7 2 (Cr)(Ey” + By ) 2 (Cr)(p? " +p7), (5.3.16)

whenever py < p < Ej,.

To prove (5.3.14) we note that from the definition of 7.,

p L
ACT\ 71 B2
( T) n_ < 7, (5.3.17)
y T



implies

CrEMP < %( 7T
and also,

p p=3 p(p—3)

(4CT) 5 A <0T + ’y) D
<7
v T c -

implies

—(3—p)

—(p—3) (p—1)
(r,T)~%P < T ( ¢ ) :

4CT CT + v

Recalling the definition of py, we have,

3—p
p—3

C’TpOpp:C'T< ¢ ) A (7T) " HP(rT) 5 %( 7T)5

CT+’7
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(5.3.18)

(5.3.19)

(5.3.20)

(5.3.21)

Combining the estimates of (5.3.18) and (5.3.21) provides the inequality of (5.3.14)

and concludes the proof of Proposition 5.3.2.

Proposition 5.3.3. For 7, <t < A.7. and ¢ < s < E;,,,

F(s) < Gil(s).

]

(5.3.22)

Proof. Observe that since F; and G; are both continuous and increasing, then F; maps

the interval [po, Ei| onto [EFy(po), Fi(Eiwm)] and Gy maps [po, Ei,] onto [Gi(po), Gi(Ein)]-

By Proposition 5.3.2, p < Gy(p) < Fi(p) for py < p < Ej, and in particular, Gy(py) <
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Fi(po) and Gy(Ey,) < Fy(E;,). Furthermore, since Fi(p) is increasing in t,

Fi(po) < Fan(po) = (Cr + 1) (poAcrT) 5

p—1

c o | P
(Cr+7) <<CT + v) AT > “ (5.3.23)

for all t € [, A.7]. Recalling the definition of Gy in (5.2.12), it is clear that G;(E;,) >

FE;,. Hence, we have that

Gt(pO) < Ft(ﬂo) <c< Em < Gt(Ezn) < Ft<Em> (5324)

Therefore,

(¢ Ein] C [Gi(po), Gi(Eim)] OV [Fipo), Fi(Ein)], (5.3.25)

which is to say that each s, with ¢ < s < F,,, is in the common range of F; and
G;. Now, for fixed s € [c, i), s = Gi(p1) = Fi(p2) for some py, pa € [po, Fin]. Since
Gi(p) < Fi(p), for all p € [po, Ei] and F; and G, are increasing, this implies that
p1 > p2. Thus Gy (s) = p1 > py = F;'(s) and (5.3.22) is shown. O

We conclude by showing that S(A.7.) < ¢. We can compare the solutions of the

initial value problems:

281 +G;H(S1) =0
51(7'6> = S(Tc>

(5.3.26)
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and

% + Ft_l(g) - O
S’(TC) = E’Ln

(5.3.27)

Notice, that S(t), the unique solution to (5.3.3) is also the unique solution to
the IVP (5.3.26). Furthermore, the solutions S; = S and S are continuous and

g(Tc) = E;, > S(7.). By Proposition 5.3.3, we have
S(t) < S(t) on (7e, AcTe, (5.3.28)

so long as S(t) > ¢. This is true because whenever the solutions S and S coincide,

the magnitude of the rate of change of S(t), which is given by F;'(S(t)) is strictly

below the magnitude of the rate of change of S(t), which is given by G;*(S(t)).
Since Fi(p) = (Cr +7) (,OtT)pr%l, then

p

Fri(s) = — ( > )p_l _kgn (5.3.29)

tT OT""Y

It is then straightforward to verify that the solution to (5.3.27) is given by

3(t) = (Ll [k In <i> - (En)T(p— 1)])1_p. (5.3.30)

b — Te

If S(t) drops below ¢ at some time before A.7., then we are done. Otherwise, we are
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still guaranteed that S(t) < S(t) and evaluation at A.7. shows

S(Act.) < S(Acte) = b []{7 InA, + (Em)ﬁ(p B 1)]>1_p

p—1
1-p
1 p—1 _ p— 1 . p—1
p—1 [cl/(l’—l) E;{(p_l) Ezln/(P—l)] )
1\
cl/(p—1)>

<ec. (5.3.31)

I
N N N

This concludes the proof of Lemma 5.3.1.

5.4 Decay Rate

We now conclude the proof of Theorem 1.2.5 by showing the rate of the decay of
the energy E(t). In addition to showing that S(¢) decreases to zero as t increases to
infinity, the proof of Lemma 5.3.1 also provides a time, t. = A.7., by which we can
guarantee that the energy level is below ¢, for any 0 < ¢ < Ej,. From this information
we can find a decay rate for the solution S. So, for 0 < ¢ < E;, we are assured that

S(Ac1e) < ¢, where 7. satisfies (5.3.6). Indeed, we can specifically choose

1 /20, 1/p 37\ 51 ACT = Ert
=T+ - —=— |E E. P in
T + T ( |: m + m + ’Y T
£

Y
p(p—3)
(4CT> A2 (1 + 'y) 2(p—1)
+
¥ T c

-1 2 p(p-3)
= Bi + Byexp <p—> ¢ (5.4.1)
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P
3—p p—1 L 5T
where B; :T+% (% {E}T{p+Emp })p + <ﬁ>p U Ep,

S
and By = = <%> exp <—(p 31)/(&, f?) Then,

VS|

2kE

exp () p—1\7T s
A, = kel /TP By + Byexp (—> c 22

1/ T)
—1
exp (W)
1 17
p— p— 2 _p=3)
= B3 exXp (W) + By €xXp (W) c 20-2), (542)

We estimate A.7. in the following two cases.

Case of 2 < p < 3: Here, ’2’(3:3 > 0 and hence, for all ¢ with Ej;,, > ¢ > 0 we have

(p
that
(3-p)
St < g (5.4.3)
Furthermore, 221 < 1, implying that 25— > > e-1° 1 and thus
ch 2ch
-1 —1)2
exp (p : ) > exp (u) . (5.4.4)
kcr—1 2kcr—1
Therefore,

—1 —1 p(3—p)
t. < Bsexp (p 1) + Byexp (p ) E2PY

ker—1 kT
-1 —1\""!
< Bsexp (p - ) < Bsexp (p - > , (5.4.5)
ker—1 ker—T
p(3=p)

where By = B3 + B4Efn(p’”. That is, time t. = Bjs exp( p=l > guarantees that

kep—T1
S(t.) <.

Case of p > 3: Here,p—3>0and p—1 > 2, sopl>1andp(p3 > 0. Now, for

1)
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sufficiently small ¢ > 0 we know that, for some constant C",

p—1
_ p(p—3) , p— 1 2
c 20-2) S C B4 exp (W) , (546)
and also
1 1\T
D — D— 2
P (kcl/(p—1)> < oxp (k;cl/(p—_l)> ' (54.7)

Thus, for all sufficiently small ¢ > 0,

p—1
—1 —1\ 2 »G-p —1 p-l
t. < Byexp (p : ) + Bjexp (p - > 02(2*1> < Bgexp (p s ) , (5.4.8)

kcr—1 kcr—1 kecr—1

where Bg = B3+ C"By. By choosing B = max{Bs, Bs}, we have by (5.4.5) and (5.4.8)

that for all p > 2,

-1 p—1 -1 2
t. < Bexp (p ; > :Bexp(<p 1) ) (5.4.9)
ker-1 ker-1
Now, let
—1)2
t> Bexp [ L1 (5.4.10)
kE!!

7

S

and choose ¢ = ¢(t) to be

o (p—1) "
c= (W) . (5.4.11)



Note that ¢ < Ej, is ensured by (5.4.10). Then,

and
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(5.4.12)

(5.4.13)

(5.4.14)
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