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The author’s purpose in this dissertation is to introduce, develop and apply the tools
of discrete fractional calculus to the arena of fractional difference equations. To
this end, we develop the Fractional Composition Rules and the Fractional Laplace
Transform Method to solve a linear, fractional initial value problem in Chapters 2
and 3. We then apply fixed point strategies of Krasnosel’skii and Banach to study a
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Chapter 1

Introduction

1.1 Discrete Fractional Calculus

Gottfried Leibniz and Guilliaume L’Hopital sparked initial curiosity into the the-
ory of fractional calculus during a 1695 correspondence on the possible value and
meaning of noninteger-order derivatives. In one exchange, L’Hopital inquired, "then
what would be the one-half derivative of x?" to which Leibniz responded that the
answer "leads to an apparent paradox, from which one day useful consequences will
be drawn" (see [15] and [16]). Leibniz may well have toyed with several seemingly
correct ways to define a one-half order derivative but was forced to cede they lead
to unequivalent results. In any case, by the late nineteenth century, the combined
efforts of a number of mathematicians—most notably Liouville, Griinwald, Letnikov
and Riemann—produced a fairly solid theory of fractional calculus for functions of
a real variable. Though several viable fractional derivatives were proposed, the so-
called Riemann-Liouville and Caputo derivatives are the two most commonly used
today. Mathematicians have employed this fractional calculus in recent years to

model and solve a variety of applied problems. Indeed, as Podlubney outlines in [17],



fractional calculus aids significantly in the fields of viscoelasticity, capacitor theory,
electrical circuits, electro-analytical chemistry, neurology, diffusion, control theory
and statistics.

The theory of fractional calculus for functions of the natural numbers, however,
is far less developed. To the author’s knowledge, significant work did not appear
in this area until the mid-1950’s, with the majority of interest shown within the
past thirty years. Diaz and Osler published their 1974 paper [9] introducing a
discrete fractional difference operator defined as an infinite series, a generalization
of the binomial formula for the N**-order difference operator AY. However, their
definition differs fundamentally from the one presented in this dissertation (they agree
only for integer order differences). In 1988, Gray and Zhang [12] introduced the type
of fractional difference operator used here; they developed Leibniz’ formula, a limited
composition rule and a version of a power rule for differentiation. However, they
dealt exclusively with the nabla (backward) difference operator and therefore offer
results distinct from those presented in this dissertation, where the delta (forward)
difference operator is used exclusively.

A recent interest in discrete fractional calculus has been shown by Atici and Eloe,
who in [2] discuss properties of the generalized falling function, a corresponding power
rule for fractional delta-operators and the commutivity of fractional sums. They
present in [3] more rules for composing fractional sums and differences but leave
many important cases unresolved. Moreover, Atici and Eloe pay little attention in
[2] and [3] to function domains or to lower limits of summation and differentiation, two
details vital for a rigorous and correct treatment of the power rule and the fractional
composition rules. Their neglect leads to domain confusion and, worse, to false or
ambiguous claims.

The goal of this dissertation is to further develop the theory of fractional calculus



on the natural numbers. In Chapter 2, we present a full and rigorous theory for
composing fractional sum and difference operators, including correcting and broad-
ening the power rule stated incorrectly in [2], [3] and [4]. We then apply these
rules to solve a certain fractional initial value problem. In Chapter 3, we develop a
Fractional Laplace Transform Method (paying close attention to correct domains of
convergence) and apply this to resolve the fractional initial value problem introduced
in the second chapter. In Chapter 4, we shift our attention to a certain fractional
boundary value problem of arbitrary real order. Specifically, we take N —1 boundary
conditions at the left endpoint and 1 boundary condition at the right endpoint and
show the existence of a solution using two well-known fixed point theorems, those of

Krasnosel’skii and Banach.

1.1.1 Whole-Order Sums

We consider throughout this dissertation real-valued functions defined on a shift

of the natural numbers:
f:N, = R, where N, := {a} + Ny ={a,a+1,a+2,...} (a€R fixed).

In the continuous setting, we know that n repeated definite integrals of a function f

yields

y(t) = /// / f(Tn_1) (d7p—q - - - dTodT1ds)

Y G Y
- / oy eds, 1€ fa.00). (11)

a



the unique solution to the continuous n*"-order initial-value problem

y™(t) = f(t), € la,00)

yD(a)=0, i=0,1,...,n—1.

We call the kernel of integral (1.1) the Continuous Cauchy Function.

Likewise, n repeated definite sums of a discrete function f yields

t—1 s—1 Tn—2—1
) = Y > o D, flran)

n—1

] t=s—1-))
- ZHFO (1) f(s), t € Ny, (1.2)

S=a

the unique solution to the discrete n'*-order initial-value problem

In this case, the kernel of summation (1.2) is the Discrete Cauchy Function, and we

define

n—1

(t—s—1)ﬂzzﬂjzo<t—s—1—j).

Notice that writing summation (1.2) as a single definite integral carries the additional
information

y(a)=yla+1)=---=yla+n-1)=0,

from which we immediately obtain the desired initial conditions

y(a) = Ay(a) = - = A" Yy(a) = 0.



We call summation (1.2) the n'*-order sum of f (denoted A,"f) and write

— (t—s— 1)~

y(t) = (A"f) (1) = Z Wf(S), t € N,.

s$=a

1.1.2 Fractional-Order Sums and Differences

The above discussion motivates the following definition for an arbitrary real-order

surnmn.

Definition 1 Let f : N, — R and v > 0 be given. Then the v*"-order fractional sum

of f is given by

A0 = S o)), Jort € N
I

Also, we define the trivial sum by A;°f(t) == f(t), fort € N,.

Remark 1 e The name ‘fractional sum’ is a misnomer, strictly speaking. FEarly
mathematicians penned the name with rational-order sums in mind, but both

in the general theory and here, we allow sums of arbitrary real-order. Hence,

AT, A;%f, A;ﬂf and A, f are all legitimate fractional sums.

e [or ease of notation, we use throughout this dissertation the symbol A" f(t) in
place of the technically proper but less convenient symbol (A” f) (t). Therefore,
the t in AL f(t) represents an input for the fractional sum A,Yf and not for

the function f.

e The fractional sum A" f is a definite integral and therefore depends (in addition

to its variable arqgument t) on its fixed lower summation limit a. In fact, it only



makes sense to write A,V f if we know a priori that the function f is defined
on N,. The lower summation limit, therefore, provides us with an important
tool for keeping track of function domains throughout our calculations; omitting
this lower limit, as some authors do, leads to domain confusion and general

ambiguaity.

e Fuler’s Gamma Function in Definition 1 is given by
M) = / e 1dt, v € C\(—Ny)
0

and is used, along with many of its properties, extensively throughout this dis-

sertation. Most notable are its properties
(i) I'(v) > 0, for v > 0.
(ii) T'(v +1) =vl(v), for v e C\ (—Ny).

(iii) T'(n+ 1) =n!, for n € Ny.

(iv) F(F"(J;)k) =(wv+k—-1)---(v—=1), forveC\(-Ny) and k € N.



-1 gamma(x)
6__
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Figure 1.1: The Real Gamma Function I' : R\(—Np)— R

e The o-function in Definition 1 comes from the general theory of time scales and
1s used here to assist in connecting with the general theory. For a discrete time
scale such as N, o(s) denotes the next point in the time scale after s. In this

case, 0(s) = s+ 1, for all s € N,.

o The term (t — o(s))“=L in Definition 1 is the so-called generalized falling func-

tion, defined by
It+1)

=
Ft+1—-v)

for any t,v € R for which the right-hand side is well-defined. Hence,

L(t—s)

(t_0<8))E:F(t—s—u+1)'

o The following identities, holding whenever the generalized falling functions are

well defined, will be used extensively throughout this dissertation.



(1) vw=T(r+1)
(i) Atz ==L
(iii) = = (t —v)tr

With fractional sums in hand, we are prepared to introduce fractional differences,

as traditionally defined, such as in [15].

Definition 2 Let f : N, — R and v > 0 be given, and let N € N be chosen such that

N —1< v <N. Then the v*"-order fractional difference of f is given by
(ALf) (1) = ALf(t) == AVATVIf(t), fort € Nayn-.

Remark 2 o This traditional definition defines fractional-order differences as the
next higher whole-order difference acting on a small-order fractional sum. In
Section 1.1.4 (Theorem 1), we derive an equivalent definition for fractional
differences which mairrors that for fractional sums and which proves essential in

several applications.

e QObserve that Definition 2 agrees with the standard whole-order difference defin-

ition: For any v = N € Ny,

ALF(t) = ANATWIf(t) = AVALOf(t) = ANf(2), for t € N,.

o When applying Definition 2, we often wish to use the following well-known bi-

nomial formula for the whole-order difference AY :

wt s =3 (V) e v,

=0



The important extension to a fractional-order binomial formula is presented at

the conclusion of this chapter (Theorem 3).

It is important to note that, whereas whole-order differences do not depend on
any ‘starting point’ or lower limit a, fractional differences do. To demonstrate
this point, the second-order difference of a function f : N, — R at a point

t € N, is given by
APf(t) = f(t+2) = 2f(t+1) + f(1),

a value which in no way depends on the starting point a. However, the fractional

difference

AL = AN f(t)
= AP F(t42) — 200 f(t + 1) + A0 £ (1)

t—0.5

= 2f(t+15) = 3f(t+05)+ = Z =25 1(s)

certainly does depend on the lower summation limit a. This dependence frus-
trates our traditional notion of a difference; fortunately, the dependence on a
vanishes as v — N~ (see Theorem 2 in Section 1.1.4). For this reason, we
write AN f for whole-order differences but must write A” f for fractional-order

differences.

In the above setting, it is important to think of v > 0 as being situated between
two natural numbers. For such a v with N —1 <v < N (N € Ny), we call
the fractional difference equation AL, yy(t) = f(t) a v™"-order equation, and

we identify it with the whole-order difference equation ANy(t) = f(t). For
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example, an initial value problem for the equation AT, sy(t) = f(t) must have

8 wnitial conditions to be well posed.

1.1.3 Domains

When working with fractional sums and differences, it is crucial to characterize and
track their domains correctly. We begin by considering the domain of a fractional
sum. Consider the first-order sum of a function f at a point ¢t € N,, for which we
sum up the values of f from 7 = a to 7 =t —1. As always, the definite sum A ' f(¥)
represents the area under the curve f from a to t, where the height on the interval

[t,t + 1] is given by the value f(t).

f(t)

H

1%

a a+l a+2 a+3 a+d4 a+5 a+b6 a+7

Figure 1.2: A First Order Sum
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One may consider the value of A;!f at ¢ = a, thinking of this as the non-existent

area under f from t = a to t = a. Using Definition 1 for A;!f(a), we find that

A () = = St — o) (s)| =S F(s).
I

s=a t=a s=a

Therefore, if we insist on considering A;!f(a) as a legitimate value, then we must
hold to the convention that > /"1 f(s) = 0.
Likewise, if we recognize the values of A" f at the N points t = a,a + 1,...,a +

N — 1, we must insist that
ANfla)=Afla+1)=---=A"fla+ N —1)=0.

This reasoning leads us to following sensible convention on fractional-order sums:

For any v > 0 with N — 1 <v < N, A" f satisfies
AV fla+v—N)=Afla+v—N+1)=---=A"fla+v—1)=0.
Moreover, the first nontrivial value of A " f occurs at the point t = a + v:

A fla+v) = [fla).

In light of this, it is convenient to ignore the initial N zeroes by defining the

domain of AJ” f to be

D{A;"f} = Nop,

as given in Definition 2.

We now utilize fractional sum domains to easily determine fractional difference
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domains.  Whereas whole-order differences are domain preserving operators (i.e.
D (AN f) =D(f), for all N € Np), we find that fractional differences are domain
shifting operators. Using Definition 2 together with a function f : N, — R and an
order v > 0 with N — 1 < v < N, we may calculate the domain of the v*"-order

fractional difference as
D{ALf =D{ANA, VL =D{A; NV f} = Nopnoy.

Note that whereas the domain shift for a fractional sum is a large shift by v to the
right, the domain shift for a fractional difference is a relatively small shift by N — v
to the right.

Let us next consider the domains for the four two-operator sum and difference

compositions. For example, the composition of two arbitrary fractional sums is

ATV ATHF() = % S (t— ofs)! (ﬁ S (s U(T))”f(r)) ,

r=a

bt 4

which has domain Ngy,,. Notice that the lower limit of the outer operator A,Y,

matches the starting point for the domain of the inner function A_*f(¢), which is

= a+ u. The domains of all four sum and difference compositions are given below.

Summary 1 Let f : N, — R and v,u > 0 be given. Let N, M € Ny be chosen so
that N—1<v<Nand M —1<pu< M. Then

oD {A;Vf} = Natv oD {AZf} = Notn—v
oD {Agi,uA;Mf} = Na+u+r/ oD {AZ—FMA;“J[} = Na+u+N7V
oD {A;-Ist—uAgf} = Na+M—u+V eD {AZ+M—uAgf} = NG+M—M+N—V



13

1.1.4 Unifying Fractional Sums and Differences

We demonstrate in this section that fractional sums and differences may be uni-
fied via a common definition. To accomplish this, we need the following version of
Leibniz’ Rule, easily proved below.

Let g : Noy, x N, — R be given. Then for ¢t € N,,,,

A(Zg(t,s)) = 2 g(t+1>s>—ig(t,s>
= i(g(t—l—l,s)—g(t,s))—I—g(t—i—l,t—i—l—v)
= ZVAtg(t,s)+g(t+1,t+1—V)- (1.3)

Theorem 1 below effectively unifies fractional sums and differences, allowing us
to substantially extend several results from previous publications—most notably the

power rule and composition rules found in [2] and [3].

Theorem 1 Let f : N,— R and v > 0 be given, with N —1 < v < N. The following

two definitions for the fractional difference A f : Nyyn_, — R are equivalent:

ALf(t) = ANALI f (1), (1.4)

L o —o(s)) ==L f(s — v
ALF() = Z—N?%”(t E)==fe), N i; N s

Proof. Let f and v be given as in the statement of the theorem. We suppose that
(1.4) is the correct fractional difference definition and show that (1.5) is equivalent

to (1.4) on Nyyn—p.



If v = N, then (1.4) and (1.5) are clearly equivalent, since in this case,

ALf(t) = AN f () = AVALOf(1) = AV (1),

If N—1<wv < N, then a direct application of (1.4) yields

ALf (1)
= ANATIf()

t—(N—v)
= AV ﬁ SZ; (tG(S))N”lf(S)]
AN-1 t—(N—v)
_ F(N_V)-A ; (t —a(s)==f(s)| (now apply (1.3)),
N—1 t—(N—v)
+(t+1—a(t+1—(N—V)))N_”_lf(Hl—(N—V))]
t—(N-v) _ o(s))N=v=2
S|y f(s)+f(t+1—(N—’/))]
. 1 t+1—(N-v) |
= AN T Z (t — o (5) Y22 ()
- ] t—(N—v—1) 7
— AN-1 g ; (t = (s)"=2f(s) | -

Repeating these steps N — 2 times yields

1 t—(N—-v-1)

ALf(t) = AV e Y (=0 ()T (s)
(N —-—v-—1)

S=a
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t—(N—-v—-2)
= Ay L e P
: AN-N 1 Y N—v—(N+1)
- g D DEKECE (0
1 t+v .
= T L)

Note that since N — 1 < v < N in the above work, the term ) exists for

__1
T(N—v—k

each k = 1,2,..., N. Furthermore, for each point ¢t € N,y ny_, (sayt =a+ N —v+m,

for some m € Ny), we see that
I'(t—s) Ia+N—-v+m-—s)

- \N—v—k—1 _ -
(t—a(s)) Ft—s—N+v+k+1) Ta+m+k+1—35)’

which exists for each k € {1,2,..., N} and for each
se{a,a+1,. . t—(N—v—Fk)}={a,a+1,..,a+m+Ek}.

Finally, note that though (1.5) at first glance appears to be valid for all t € N,_,,
it only defines the v*"-fractional difference on N, x_,. W

In (1.5), one ought to wonder about the continuity of AY f with respect to v. We
would certainly wish, for example, that AL-% f be very close to A?f, for every function

f N, — R. Seemingly to the contrary, however, the term in (1.5) blows up as

1
I(=v)

v — N7! The following theorem fully clarifies this matter.

Theorem 2 Let f : N, — R be given. Then the fractional difference A% f is con-
tinuous with respect to v > 0. More explicitly, for each v > 0 and m € Ny, let

tym = a+ [V] —v+m be a fired but arbitrary point in D{ALf}. Then for each
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fized m € Ny,

vi— AV f(t,m) is continuous on [0, c0).

Proof. Let f: N, — R be given, and fix N € N and m € Ny. It is enough to show

that

AV f(a+ N — v +m) is continuous with respect to v on (N — 1, N) (1.6)
Alfla+ N —-v+m)— ANf(a+m)asv — N- (1.7)

Alfla+N—-v+m)— AV fla+m+1)asv — (N —-1)F (1.8)

To show (1.6), note that for any fixed v € (N — 1, N),

Alfla+ N —v+m)

- :i;(t SRR

- X N v st

- T L e

B gfm T(a+ N —|—1m —s+1) e NF:J =i

(a+ N+ m—s)! f(s))+f(a+N_|_m)

sS=a

S ((z'—1_3)...(—u>f(a+N+m_i)) b flat+ N+m).  (L9)

7l
i=1

Since (1.9), an expression for A f(a+ N — v +m), is clearly continuous with respect

tovon (N —1,N), we have demonstrated (1.6). Next, we take the limit of (1.9) as
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v — N~ to show (1.7):

hrj{;ﬁAZf(CL—i-N—V—i-m)

N+m

Z <(i_1_y,)"'(_”)f(a+N+m—i))+f(a+N+m)

7!

_ N*’"((z—l—m--«—m

f(a+N+m—z')> + fla+N+m)

_ ij:<<i_1_]\23"'(_N)f(a+zv+m—z‘))+f(a+N+m) (1.10)
— i((_1)i(N)"'(g_i+1)f(a+N+m—z))+f(a+N+m)
= i::((—l)i<]j)f(a+]\f—i—m—i))—|—f(a—i—N+m)

Il

|

[

~.
VR
<. 2

fla+N+m—1i)

f((a+m)+ N —1)

Finally, we take the limit of (1.9) as v — (N — 1)" to show (1.8):

li Al N —
y_>(11vn_11)+ (0t v+m)

=  lim [Z ((i_1_”)"(_”)f(a+N+m—i))+f(a+N+m)

—(N—1)+ !
v—(N-1) i1 ?

N+m((z’—N)'~(—N+1)
i

I
(]

f(a+N+m—i)) + f(a+ N +m)

N

Il
_

' ((—1)"<N_1> 'i'!'(N_i)f(a+N+m—i)> + f(a+ N +m)
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_N_: ((—1)"(N,_1)f(a+N+m—z’)> + f(a+ N +m)

:J‘H <(—1)"(N._1)f(a+m+1+<N—1>_i>)

Remark 3 e Step (1.10) in the above proof shows explicitly why the dependence
of a fractional difference on its starting point a vanishes as the order of dif-
ferentiation approaches a whole number. We may, of course, still write t in

terms of a, but a whole-order fractional difference has a fixed number of terms,

regardless of how far t lies away from a.

e Theorem 2 implies that for any f : N, — R and m € Ny, the sequence
AMfla+m+0.1), A f(a+m +0.01), AL f(a +m +0.001), ...

approaches the value A%f(a + m). This notion of "order continuity” adds a

beauty to fractional calculus that is absent from the standard whole-order calcu-

lus.

Theorem 2 shows that (1.5) in Theorem 1 is a legitimate and reasonable definition
for the fractional difference. Hence, we may unify fractional sums and differences by

a single definition:

Definition 3 Let f : N, — R and v > 0 be given. Then



(i) the v''-order fractional sum of f is given by

t—v

D (t—0(s)f(s), t € Nogo.

S=a

1

Af(E) = o)

(ii) the v'-order fractional difference of f is given by

t+v
T t—o(s))=r=1Lf(s ; v dN
AV F(t) =4 TV ;( (s)==f(s) ¢
ANf(t)y V= N e N
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; te Na«#NfV

The following theorem generalizing the binomial representation to both fractional

sums and differences demonstrates the relevance of Definition 3.

Theorem 3 Let f : N, — R and v > 0 be given, with N —1 <v < N.

For eacht € Ny n_,,

v+t—a
Awaw=§j«4fcgfa+u—@.
k=0
For eacht € Ny,

ISV U SRS g VTR

k=0

N Gaat)

k=0

(1.11)

(1.12)

(1.13)

Proof. Let f, v and N be given as in the statement of the theorem and let
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t € Nyyn_, be given by t =a + N — v + m, for some m € Ny. Then

AL(t)

t+v

1 —v—1
Ry 2 o))

s=a

Z I( Lt = o) f(s)

t—s+v+1)I(—v)

s=a
a+N-+m

I'a+N—-v+m—s)
Z F(a+N+m—5+1)F(—y)f(8)

N+m

(N+m-—s—v)
2 TN tm—s3 T %

st Nomy s 30 (e R s
) IICV A (W FICRRY
g(—n’f (2) fla+N+m—k)

J:;:(—l)k(Z)f((aJrN—wrm) +v—k)

i (—1)* (Z)f(t + v — k), proving (1.11)

k=0

Note that when v = N, (1.11) reduces to the traditional binomial formula

AN f(t)

Z(—l)k (J;j)f(t + N — k), fort € N,.

0

We prove (1.12) via a quite similar argument. We must note, however, that when
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v = N, we interpret the problematic expression (_]jv ) as

-N\  I'(-N+1)  (=N)---(-N—-k+1) [ N+k—1
(k>_k!F(—N—k+1) k! _(_1>( k )

We may, therefore, write generally for v > 0

(F) = ()

whose substitution into (1.12) yields (1.13). Although (1.13) is probably more useful,

(1.12) offers a closer resemblance the traditional binomial formula. H
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Chapter 2

The Fractional Composition Rules

Having set the stage by outlining and developing many properties of fractional
sums and differences, we have the necessary tools to study the following four compo-

sitions

s—o(r)k=t
Aa+pA Hf V) Z t_ O \V L ( F((M))) f(ff’),
s=a-+u r=a
t+v S—U e
ALLA () = oty S0 (= o(s)=t S g g,
s=a+u r=a
t—v s+ e 1
AV uAuf(t):ﬁ Z (t —o(s))= 12(5 a(r) £(r),
s=a+M—p
t+v S+ o
Ao MO =1y D (E—o(s)== ) B = (),
L s=a+M—p r=a

whose domains are as given in Summary 1. Definition 3 is the tool that allows us
to write these four compositions in a uniform manner. It will be helpful to keep the

above representations and their domains in mind as we develop a rule to govern each
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composition.

2.1 The Fractional Power Rule

We first, however, need a precise fractional power rule for sums and differences. Much
of the proof for this power rule may be found in [2], though the precise power rule
presented in Lemma 4 corrects ambiguity and significantly extends this previous ver-

sion.

Lemma 4 Let a € R and p > 0 be given. Then,

At —a)t = p(t — a)“=L, (2.1)

for any t for which both sides are well-defined. Furthermore, for v > 0,

ALYt —a)t = p==(t — a) ™, fort € No,p, (2.2)
and
Ay (t—a)t = p=(t — a)*==, fort € NojyN—o- (2.3)

Proof. It is easy to show (2.1) using the definition of the delta difference and
properties of the gamma function. For (2.2) and (2.3), we first note that (t — a)~,
(t —a)™ and (t — a)L=~ are all well-defined and positive on their respective domains
Na+u7 Na-HH—V and Na—HH-N—l/-

To prove (2.2), we consider the two cases v = 1 and v € (0,1)U(1, c0) separately.
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For v = 1, we see from direct calculation that

(t— )™

Af:*lﬂ(t — a/)ﬁ — A;,I“A (ﬁ) y by (21)

B - (s+1—a)ﬂ_ (s—a)ﬂ
B Z ( 1 p+1 )

s=a+u

(t—ay= et
1 p+1

- u‘—l(t—a)@.

For v € (0,1) U (1, 00), define for ¢ € N, 4, the functions

g1(t) =AY, (t —a)® and

at+p

galt) = p= (1 — a2

We will show that both ¢g; and g solve the well-posed, first-order initial value problem

(t—a—(p+v)+1)Ag(t) = (p+v)g(t), for t € Nopyy, (2.0

gla+p+v)=T(n+1).

Since

gla+p+v) = ) Z(a—l—u—l—u—a(s))g(s—a)ﬁ
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and

golatp+v) = = (u+v)

o Te+1)
= I‘(,u—i—l—i—u)r(/l—i_y—i_l)

= D(u+1),

both g; and g, satisfy the initial condition in (2.4).
Our greatest effort is required to show that g; satisfies the difference equation in

(2.4). Fort e Nuyuto,

Bailt) = A 5o 3 (6= o)~ | (wow apply (13)
s=a+p
1 t—v e - )
= ) SaJm(V —1(t—o(s)“==(s —a)t
+u+1—%a§—WY@+1—y—@u
v—1 << v—2/. Y
= T s:aw(t_ds»(s a4+ (t+1 )E.

91(t)
1 t—v - B ,
) S;ﬁ —o(s)) (s — )t
1 t—v - ) )
= s;u(t —o(s) — (v —2))(t — o(5))=2(s — )~
= F(ll/) i [(t —a— (N + l/) + 1) — (S —a— ﬂ)] (t _ U(S))”_2(5 _ a)ﬁ
s=a+u




1 v—2 ptl
T S;w(t —o(s))=(s —a)==
= N(t) — k(1)
where t_y
h(t) o= =L N (= 0(s))2(s — )t
k(1) == m5 i (t — o(s))=2(s — )L,

Integrating k£ by parts, we obtain

(t—v+1)-1 _ gt
") = ﬁ{ 2, (oA (_<tv—)1 )]

26

- ! s—a pt1 _(t — S)E s=t—v+1
) ') [<( ) ( v—1 )) s=a-+pu
e — O(S v—1
X (_%(le)(s—a)
B F;V)[_zf(_y)l(t v+1—a)tt
+ 5—}__51[ _i (t —o(s))~ (S—Q)F‘]
: Uil ﬁ;(t)l i (t = o)) =Hs — a - (t—u+1—a)““]

It follows from the above work that
o (t—a—(u+v)+DAgt)= v —-Dh{#t)+(t+1—v—a)rtt

o (u+1)gi(t)—(v—Dk(t)=(t+1—v—a)ktl
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Hence,

(t—a—(u+v)+1)Agt) = (v—1h)+ (p+1)g(t) — (v —1)k@?)
= (v=1aqa@) + (p+1al)

= (k+v)a(D).

Finally, g» also satisfies the difference equation in (2.4):

(t—a—(p+v)+1)Ag(t)
= (t—a—(p+v)+1) [ (p+v)(t —a)=], by (2.1)
= (u+ vt —a—(p+v—1))(t - )]
= (n+v)p=r(t — a)

= (L+v)g(t)

By uniqueness of solutions to the well-posed initial value problem (2.4), we con-
clude that g; = g2 on Ny 40

We next employ (2.1) and (2.2) to show (2.3) as follows: For ¢t € Ny, n_y,

Agrult —a)t
= AN AL - )]

a+p

_ AN|: L(p+1)

'p+1+N—-v)

I'(p+1) .
- F(,u—|~1+N—y)((“+N_V)"'(M+1—V)>(t—a), by (2.1)
_ L(p+1) F(M+N—y+1)(t_aw_y
M'pu+1+N—-v) D(p+1-v) )

(t — a)‘“rN_”} , by (2.2)
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In the special case where v € {u+ 1, +2,...}, we have p+ 1 — v € (—Np), and so

the term
I'(p+1)

B e T+ 1-v)

from (2.3) is ill-defined. In this case, we naturally interpret the right hand side of

(2.3) as zero, which is exactly as we desire. B

2.2 Composing Fractional Sums and Differences

2.2.1 Composing a Sum with a Sum

The rule for composing two fractional sums depends on an appropriate application of

power rule (2.2) from Lemma 4 (see [2]).

Theorem 5 Let f: N, — R be given and suppose v, > 0. Then

AGAM () = ATHf(t) = AL AT f (1), for t € Nayyg.

a+p

Proof. Suppose f:N, — R and v,u > 0. Then for ¢t € Noy, 1y,

ALATFE) = o 3 (- (st (i S (s o))t <r>>

<V) s=a-+p F(M) r=a
1 = A v=1(. p—1
= T X o o))
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Let x = s — o(r) and continue with

t—(v+p) [t—l/—r—l

1 v—1_nu—1 r
= T Z Z (t—x—T—Q)fU]f()

1 t—(v+p) r 1 (t_fr:l)fu
_ m ) Z (t—r—1)—o(z)=La=L| f(r)

1 t—(v+p)
= M) ; <[A;Z1(tu_l)] N _lf(T))

t—(v+p)
= ﬁ Z %(t — 7 — 1)EE£(r), using (2.2)
1 T_ta—(l/+u)

- g X (o)
— A;(”“‘)f(t)
= AJHS().

Since v and p are arbitrary, we conclude more generally that

ATV ATRF(E) = ATV E(E) = AL ATV F(E), for t € Najoype

a+p

Remark 4 We apply (2.2) above to write

v [ L(p) 1
ALY [T&} = Tt V)T“ v form € Nyo14y.

Since we are working with t € Ny, 4, and since r € {a,...,t —p— v}, it is indeed

appropriate to evaluate these terms att —r —1 € Ny, 1.
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2.2.2 Composing a Difference with a Sum

v

Before considering the general composition Aj,

o A #, we first restrict v to be
a natural number. For this special case, Atici and Eloe in [3] show the identity (2.5)

for the even stricter case of u > k.

Lemma 6 Let f : N, — R be given. For anyk € Ny and p > 0 with M—1 < p < M,
we have

AFACEF() = AFrf(t), fort € Noy, (2.5)
APARF() = AR (), fort € Noyar (2.6)

Proof. Let f, u, M and k be as given in the statement of the lemma. We consider

the following two cases.
Case 1l (u= M)

Observe that for t € N1,

AN f(t) = A

iﬂs)] “ ) = S f(s) = £(0)

This is, of course, the discrete analogue of the second part of the Fundamental The-

orem of Calculus. Furthermore, for any £k € N and t € N,

AATFF(E) = AMT[AAL, L (AZRV )]
_ Ak_lA;(k_l)f(t)
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Therefore, for any t € N, ,;, we have

praci gy < | A [AYAIO] = AS@),  provided k> M
’ A’“A;fok [A;(M_k)f(t)] =AM f£(1), provided k < M.

Considering (2.6) for the case u = M, it is already well accepted that whole order

differences commute.

Case 2 (M —1<pu<M)
We first show that AA¥f(t) = AL#f(t), fort € Nosar—y.

Given t € Nyyy—,, and using our new Definition 1 for Al f, we calculate

AN F (1)
= A D= ol (s) | (now apply (1.9)
= Fm 2 = D= o))+ fle+ )
t+u
= o o) ) + St e+ )
= o X (e
1 t*s(*au*l)
= TCao) > (=) (s)

= AVE)

= AS().

Therefore, we obtain for any k € N,

AFARF() = AFTLAARF(H)]
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|
>
S
+
=
~
—
N
Sy
3
~
m
2,
S
+
)
S
o~
>
e
»
3
QS
<
S .
Q
™
N

Identity (2.5) is proved in a nearly identical manner.

We have now collected all the necessary tools to obtain a rule for composing

fractional differences with fractional sums.

Theorem 7 Let f : N, — R be given, and suppose v,pu > 0 with N —1 < v < N.
Then

AZ—Q—MA;Mf(t) = Agiﬂf(t)z fOT’t € Na+u+Nfzx-

Proof. Let f, v, N and p be given as in the statement of the theorem and let

te Na+u+N7,j. Then

ALAL () = ANAZITIA ()
= ANA; (V=4 £(4) by Theorem 5,
= AN-(0=r40) (1) by Lemma 6,

= AS(D).

Remark 5 One ought to wonder if the correct domain has been chosen for the result
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in Theorem 7. To justify the given domain, we observe that

D {Aa+uA;Mf} = Na+,u+Nfz/
D{ATHf)} = Nayyos, ff v < pu
D{AZ*Nf(t)} = Na-l—fu—;[\—(u—u); ZfV > W,

and note that in both latter cases, we have D {AY, A f} C D{A#f(t)}. The
composition rule holds on Ny, yn—_v, therefore, the intersection of the domains for

the left and right hand sides of the equation.

2.2.3 Composing a Sum with a Difference

For the remaining two composition rules—whose inner operators are differences—
we may not simply combine two operators by adding their orders. This should come
as no surprise, however, in light of the first part of the Discrete Fundamental Theorem
of Calculus:

t—1

Y (Af(s)) = f(t) — f(a).

Although (2.7) below is merely a special case of (2.8), it is significant in its own right

and its proof (found in [3]) provides a natural stepping stone to (2.8).

Theorem 8 Let f : N, — R be given and suppose k € Ny and v > 0. Then for

t € Nyyy,

AVARf() = ATV f (1) (t — a)==5, (2.7)

k) ?T‘
,_.

Fy—k—i-]—i-l)

Moreover, if p > 0 with M —1 < pu < M, then fort € Noyy— o,

Aa—:-/M ;LAﬂf<t> =
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M) v—M+j
t—a—M Lt 2.
V—M—i-]—i-l) (t—a 1) (28)

AL f(1)

uMg

Proof. We first consider (2.7).

Let k € Ny be given and suppose v is nonnegative with v ¢ {1,2,...,k — 1} . Then

we may sum by parts, with ¢ € N,,, to obtain

AVARf(t)

::i%BEZ@—a@W'WAW@ﬂ

1 (i_—au+1)—1
= T L t-oe)A(ale)

1 L s=t—v+1
= ) [(t — 8)=A"" f(s)

_ Z ( v—1)(t - 0(8))”2A'“f(8)>]
(t —a)=t

= A v+ D) = S A (@)

t—v

NJ;DZ;(“—ﬂ$V2Akv@O

B 1 t—v+1 e o2 Nk ) B Ak—lf(a) . L1
- oy 2 (- ar=ate) - S -0

+

INCZN! p—
— A;(ufl) [Akﬂf(tﬂ B Ar(lyf)(a) (t — a)=t
_ AlAR () - 2 - : f)(“) (t— a)e=L.

Summing by parts (k — 1)-more times yields

AVARf()



35

= Aclzil/Akilf@) F(V) (t - a)u :
_ A?;VAkizf(t) A F(j)(a> (t — )ufl _ ?(V f(la)) (t — a)ﬂ

k k=i £ (g .
= N0 =Y gy
v A(a)

(t —a)“=%* for t € Nyy,.

Note that our assumption v ¢ {1,2,...,k — 1} implies that v — k + j + 1 &€ (—Np),
leaving the above expression well-defined.

Next, suppose that v € {1,2,....k —1}. Then k — v € N, and so we have for

t €Ny,
AVARS()
= APATEIAYARF(T), by Theorem 7
= A"V [AFA*f(t)], by Theorem 5
k=1 o
A ,
= AFT () - jzo F(jj:ifal)) (t —a)L| , by the previous case
Ak—yf(t) § Ajf(a) [Ak—u(t )g]
— — —a)t
2T +1)
k—1 ; .
_ AT f(a) I'(j+1) i
= AFVI@) — t —a)l=H" by (2.1
T S (M o
B TG +1-k+v) ’
with allowance for the convention - = 0, for ¥ € Ny. Combining the above two

T(—k)

cases, (2.7) is proved.

We next consider (2.8). Suppose that v, u > 0 with M — 1 < u < M. Defining
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g(t) == A; MW f(t) and b:=a + M — p,

where b is the first point g’s domain, we have for ¢ € Ny - 40,

A(Z—ZM—pAlalf (t)

= AV, AM(g(t)), by Theorem 7

a+M—p
M—-1 :
- Alg(b) M
o AM v . _ B\v—M+y 2.
a+M7ug(t) = F(V—M+j+1) (t b) ) bY( 7)

~— AAMr)

_bV—M+j
> RS ET TS

=

~ AJTMAf (a4 M — p)

'v—M+j+1)

(t —a— M 4 p)==M+,

where in this last step, we applied Theorem 7 and, in the case v > M, Theorem 5.

Remark 6 o Theorem 7 allows us to write (2.8) in the equivalent form

A;Jlr/Mf,uAZf(t) =

M-1

AW IOEDY

J=0

AT fa+ M — p)

_ F—a— M+ )M
To—M+j+1 )

fort € Nopar—pto-
M-1

o When0< pu<1, the M terms {Aff(Mfﬂ)f(a + M — u)} in (2.8) simplify

nicely to the single term f(a). More generally for M — 1 < p < M, however,

we may alternately write Aff(Mfmf(a + M — p) for each j € {0,...., M — 1} as

AR fa+ M = p)
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- t“g_m(t ot
= T(M —lu —J) ;(M — = o (k)P (k + a)

2.2.4 Composing a Difference with a Difference

We conclude our presentation of the four fractional composition rules with a
Theorem governing the composition of two fractional differences. Atici and Eloe in
[3] proved the special case of (9) below where p is a natural number—we extend their
result here to the fully fractional case with p any positive, real number. One quickly
observes the similarity between composition rule (2.9) and composition rule (2.8). In
fact, though their proofs are different, the two could easily be stated as a single rule

governing all cases with an inner fractional differentiation.

Theorem 9 Let f: N, — R be given and suppose v, pp > 0 with N —1 <v < N and

M—-1<p<M. Then fort € Nojpm—pin—v,

AZ—&—M—/,LAl;f t) =
L A+ M - )
N(—v—-—M+j+1)

(t—a— M+ p)==14, (2.9)

where, in agreement with both rule (2.6) and the standard convention on T, the terms

i the summation vanish in the case v € Ny.
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Proof. Let f,v and p be given as in the statement of the theorem. Recall that
Lemma 6 proves (2.9) in the case when v = N.

On the other hand, if N —1 < v < N, then we have for ¢t € Ny p—pynv—0

AISVRWAYS ()

= AN A A

— AN AN () -

= ASMH (a4 M - p)
TN —v—M+j+1)
= ATMf(t) -
= AMHef(a+ M = p) AN
TN —v—M+j+1)

(t—a— M+ p)X==MH] by (2.8)

' [(t —a— M + p)N=r=2MH] by (2.5)
NI OEDS

Jj=0

AJMHEf(a+ M — pi)
T(—v—M+j+1)

(t —a— M + p)=2=24,

By the same token as (2.9), we may write in reverse order

Appn—Acf(t) =
— ANtV (g + N —v)

AT = ]ZO M- N+j1D)

(t —a— N 4 v)==NH

where the terms in the summation vanish if 1 € Ny. Combining the above with (2.9),

we obtain the following two additional rules for composing fractional differences.

Corollary 10 Let f : N, — R and v, > 0 be given with N —1 < v < N and
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M—-1<pu<M. Then, fort € Notry—pin—v,

Aginr—pALT (1) = Ay AGS (1)

+Nf ANV f(g 4 N = )
'(—p—N+j+1)

j=0
= AMHf(a+ M = p)
T(—v—M+j+1)

(t—a— N + )=+

(t—a— M + p)=2=2H1,

J=0

Moreover, fort € Nyion—0),

N—-1 .
Y 5 , AN fg+ N —v N
Al ALf) = A1) - 3 T TR -0 v e
=0

2.3 Application

In order to explicitly solve a v*"-order fractional initial value problem, we need
many of the tools developed thus far in Chapters 1 and 2. Most importantly, we
apply the general power rule (2.3) from Lemma 4 and the two composition rules from

Theorems 7 and 8.

Theorem 11 Let f : N, — R and v > 0 be given with N —1 < v < N. Consider

the v'h-order fractional difference equation
Agy-ny(t) = f(t), teN, (2.10)

and the corresponding v'"-order fractional initial value problem

AZ+V7Ny(t) = f(t), te Na
Ay(a+v—N)=A4A;, i€{0,1,..,N—1}, A, €R.

(2.11)
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The general solution to (2.10) is

y(t) =D i (t — )™+ AV f(t), t € Navyow, (2.12)

1

where {a; Yo" are N real constants.  Moreover, the unique solution to (2.11) is

(2.12) with particular constants

EEF ()

forie{0,1,...N —1}.

3

Proof. Let f and v be as given in the statement of the theorem. For arbitrary but

fixed constants {al} ' C R, define y : Nyiv_n — R by

u(t) = Y it = @) N AL (),

Here, we extend the usual domain of the fractional sum A" f from N,, to

the larger set N,,_n by including the N zeros of A" f discussed in Section 1.1.3.
We will show that any function of y’s form is a solution to (2.10) and that every
solution to (2.10) must be of y’s form. Beginning with the former, observe that for

t € Ng,

Ay+y Ny(t)

= WNZ% a)= = ALV F(1)

= ZaiAgw,N (t = a)™ =+ AL, NAZY ().
=0
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At this point, we would like to apply power rule (2.3) within the summation and
Theorem 7 on the second term, but neither may be applied directly as is due to the
incorrect lower limit on the operator Ay, . However, in this case, we obtain the
correct lower limit by throwing away the zero terms involved. Writing each term out

by definition, we have

v i+v— 1 o —v— i+v—
Aoy (1= a5 = g D (1= o(s) == (s — o)t
s=a+v—N
1 t+v

= Y (o) s -

L(-v) s=a+v—N-+i

= AV N (=) forie{0,..,N -1}

and

t+v
1

Avrv-nBf) = w0 D (t—o(s)==EAL f(s)
s=a+v—N
1 t+v

e Z (t = o(s)==A" f(s)

s=a-+v

= AL A

Therefore, applying (2.3) and Theorem 7, we have

N-—-1
AZ+quy<t) - Z OéiAZJriJrqu (t - CL)H_V_N + AZ+VAa_Vf(t)
=0

= S e = A
)

Next, we show that every solution of (2.10) has y’s form. Suppose that z :

Nutv—n — Ris a solution to (2.10). Then we may apply Theorem 8 to directly solve
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(2.10) for z:

Ay, n2(t) = f(t), fort e N,

= AJYAL, na(t) = AJVF(t), for t € Nopy_y

= A? t) — atv—N
a+V—NZ( ) Z F(V—N+Z+1)

(t—a)=" = AV f(t)

= z(t) = ; (F(fj+lj”:_Njy\[<? 1>> (t — a)T=N L ATV (). (2.13)

Since z has the same form as (2.12), we have shown that

N-1

y(t) = > o (t — )+ AV F(E), t € Nogyy

1=0

is the general solution of (2.10).
The next task is to find the particular {ozi}iN:Bl C R which make y a solution to

(2.11). From (2.13), we already know that these constants have the form

a

I'i+v—N+1)

A Ny(a)

, fori e {0,...,N — 1},

o; =

but to be relevant, we must write each «; in terms of {Ap}ivz_ol‘ In other words, we

must find a way to write each fractional initial condition A%t ~\y(a) in terms of the
given whole-order initial conditions

{APy(a+v— N )};\[:_01 . To accomplish this, we need two tools:

e the fractional binomial representation (1.11) from Theorem 3:

t—a+v

Aty = 3 <—1)k(g)g<t Fu— k), for t € Nopwos.

k=0



o the following well-known formula (see [13]):

glt+m)=Y" <7Z) A*g(t), for m € Ny

k=0
Applying the above two formulas directly yields

A vy(a)

— Z( k(2+y_ yla+i+v—N—k)

k=0

Y)
_ kio( k(HV_ )y a+v—N)+(i—k))
)::( ) yla+v—N)

et

k=0 p=0

_ iz k(z+V—N)(i—k)Ap
pOkO p

B ZZ T(i+v—N+1) (i=h
ot KC(i+v—N-—-k+1)pli—k—p! "

= F(z—i—V—N—I—l)

)

p=0 k=0

I'i—k+1) il (i — p)!
Z z—k+1—|—1/—N)p!(z'—p)!k!(i—p—k)!
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(2.14)
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Moreover, this solution is unique since initial value problem (2.11) was solved
directly, with no restrictions or lost information. M

Calculating the constants {ai}fv:_ol

is cumbersome at best, especially when done
by hand. However, when solving lower order problems, one may use the following

user-friendly expressions for the first several ;. Define

g:Ng — R by g(t) := t¥=~,

Then the first five constants «; (provided they are necessary) are always given by:

Qp = g(O)AO>
ar = g(1) A1 = (g(0) — g (1)) Ao,
o = 10, (o) - g2 a,+ 1O 2 D HIR)
0y — 9553)143_9(2);9(3)A2+9(1)—292(2)+g(3)A1
_9(0)=39(1) +39(2) —9(3) ,
6 0
0 — 92(;1)A4_g(3)g9(4)A3+9(2)—294(3)+9(4)A2
~g9(1) —39(2) +39(3) —9(4)A1
6
L9(0) —49(1) +69(2) —49(3) +9(4) ,
24 o

Note that if » = N in (2.11), we have the well-studied whole-order initial value
problem
AVy(t) = f(t), teN,
Aly(a) = A;, 1€{0,1,..,N -1}, A, e R.
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In this case, the solution given in Theorem 11 simplifies considerably as

. NZ 5~ (Z 1 () (i;p)) 4,

(t—a)+ AV f(t)

Lp=0 \ k=0 p
N-1T i A /i i—p i—p '
= 2|5 () S () - o s
i=0 Lp=0 k=0
N—lA‘
- S(t—a)+ ANF(t), for t € N, (2.15)
i=0

the well-known solution to the whole-order initial value problem. The substantial

simplification prior to (2.15) follows from the result

Sy =

1, i—p=0.

Next, one may prefer to write everything in solution (2.15) in terms of y:

(t—a)*+ ATV AYy(t),

~

which yields a version of Taylor’s Theorem for functions y : N, — R. More specifi-

cally, since

t—

N
1
~N AN _ N-1AN C
AV AYY(t) = ) 5 (t —o(s))~—A"y(s) — 0 pointwise as N — oo,

s=a

we may write

y(t) = i A i,/fa) (t —a)t, fort € N,. (2.16)
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However, (2.16) turns out to be just a disguised version of formula (2.14). To see

this, let ¢ € N, be given by t = a + m, for some m € Ny. Then (2.16) becomes

y(t) =yla+m) = Z Aii/!(a) mi=Y" <m> Aly(a).

— \ i
2.4 Examples

Example 1 Consider the following 2.7"-order initial value problem

A%T y(t) =12, teN
0,3y( ) 0 (2.17)
y(—0.3) = 2, Ay(—0.3) =3, A%(—0.3) = 5.

Note that (2.17) is a specific instance of (2.11) from Theorem 11, with

a=0, v=27 N=3,  f(t) =1t
A0:2, A1:3, A2:5

Therefore, the solution to (2.17) is given by

y(t) = Z ai(t —a)T=N L ATVF(t), fort € Nyp, n

= Oéztﬂ + A62'7t2, fOT' t e N,()_g,
where,

Qg = OEAO

ap = 1934, — (0% —1%%) A,

20.3 093 _9.103 4 903

AO?
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= g =~ 1.541, a3 =~3.962, ay= 3.684.

Our only remaining task is to calculate, via power rule (2.2), the sum

AGPTE2

= A2, since 2 =12 =0
L(3) ur

r'(5.7)

0.0276t%T.

Q

Therefore, the unique solution to (2.17) may be approximated as
y(t) = 1.541t=23 4 3.962¢%7 + 3.684t%7 + 0.0276t%7, for t € N_g3.

Example 2 Consider the composed difference operator Ay, o Ab, where v
and 1 are two positive non-integers who sum to an integer. One ought to wonder
by how much the fractional composition Ay, o Al differs from the corresponding
whole-order operator AV*H.

Let f : N, — R be given and find M,N,P € N so that N —1 < v < N,
M-1<puy<Mandv+p=P. Then N+ M =P +1 and so

D {AZ—kM—MAgf} = NaJer;Heru = Na—i—(N—l—M)—(u—i—,u) = NaJrl cD {Apf} :
Applying composition rule (2.9) from Theorem 9, we have fort € N1,

Ab - AL f(t)
M-1 .
A f(a+ M — p) :
— AP = E a t—a—M —v=M+j
af() ~ P(_V_M+j+1) ( a +,u)




Observe that for j € {0,.... M — 1},

lim (t—a—M+p)=M5 = (t—q—1)222

ui@N:l)*
[(t—a)
T(t—a+P+1—))
lim  ATMYfa+ M —p) = AT fla+1) €[0,00),

p—(M—1)*

€ (0,0),

and
1
li =0
voN-T(—v— M+ j+1)

It follows that
lim (A7 f(t) = Abiy— ALf() =0,

v—N
p—(M—=1)"
as expected. Compare this result to (2.6) from Lemma 6.
We also observe how these two operators compare as t grows large:

lim (A7 f(t) = Al A (1)

t—o0

M—1 4 :
AJMHHf(a+ M — p) M
= 1 a t—a— M+ p)=r=M+i

tLI?o<Z Ty sl U )

j:
NN Mrufq4 M—p) . T(t—a—M+p+1)
1m
T(—v—M+j+1) t—o(t—a+P+1—))

J=0
= 0,

after applying the Squeeze Theorem, since we have for t € N, o that

t—a—M+p+1>2andt—a+P+1—j52>2
F(t—a—M+u+1)<F(t—a+1) 1

It—a+P+1—j) " T(t—-a+2) t—a+l
Ft—a—M+p+1)

e 1' :O
e T(t—a+ P+1—)

== 0<

48
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We glean here that the discrepancy between a single P™"-order difference and two
composed fractional differences whose orders sum to P depends explicitly on how far
the point t is away from the first point in their common domain, N, 1. Furthermore,
we see this discrepancy vanish as t grows large.

The following table shows the first seven of these differences for the specific case

ft)=¢,a=0andv=p=3.
t 1| 2 3 4 5 6 7
3 At el 1] 1 5 7 21 33 429
2 A2t 1|01 | 5 | 7
A%Ao e —Ae" | 3| 3% | B | 76 1,024 | 2,048 | 32,768
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Chapter 3

The Fractional Laplace Transform
Method

3.1 Introduction

Pierre Laplace’s Transform has been a key tool in solving differential equations
since the late eighteenth century. However, since many problems are solved on

domains other than the reals, such as on

1\ Mo 111
Ny := 1.2. ... — =<1l - - = ..
o= onzed o (5) = {ig e U

mathematicians have developed a general theory of analysis to govern all these do-
mains simultaneously. In fact, the theory of time scales considers functions on any
non-empty, closed subset of the reals. Bohner and Peterson provide a great intro-
duction to time scales theory in [8].

When the general time scales’ Laplace Transform from Bohner and Peterson’s

book [8] is considered for the domain N,, we have the so-called Discrete Laplace



o1

Transform (Note that the popular Z-transform, which has dominated discrete work
for years, is similar but distinct). Several mathematicians have worked to apply
the Discrete Laplace Transform to the fractional calculus setting in recent years. In
particular, Atici and Eloe offer results similar to some presented in this chapter in
[2] and [3]. However, several important definitions from [2] and [3] differ from those
made here (including the transform itself and the convolution), so a direct comparison
of results cannot be made.

The author’s purpose in this chapter is to provide a rigorous development of the
Discrete Laplace Transform in the fractional calculus setting. The end goal is to
apply the resulting Fractional Laplace Transform Method to resolve the fractional

initial value problem first introduced in Chapter 2 (Theorem 11).

3.1.1 The Laplace Transform

In the general time scale setting, the Laplace Transform of a regulated function
f: T, — R is given by

o0

Lo{f}(s) = /e‘és(t, ) F(H)AL, for all s € D{f}, (3.1)
where a € R is fixed, T, is an unbounded time scale with infimum a and D {f} is
the set of all regressive, complex constants for which the integral converges. Laplace
Transform (3.1) is a slight generalization of the one introduced by Bohner and Peter-
son in [8].

We again consider the discrete domain

N, =Ng+{a} ={a,a+1,a+2,...}, where a € R is fixed.
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The uniformly positive graininess of N, (i.e. wu(t) = 1 on N,) implies that every
function f : N, — R is regulated, meaning that left and right-hand limits exist for
every point t € N,. Moreover, the only nonregressive, complex constant for the

domain N, is s = —1, since

Therefore, given any s € C\ {—1}, we may simplify the exponential term in (3.1)

to

t—a+1
o —a 5 1
o) = cerlir L) = (14090 = (1= ) -

It follows that for any function f : N, — R, the Laplace Transform (3.1) can be

written as
LA ) = /(S“tm / ot
f(k+a)
k=0 (s 4+ 1)kt (3.2)

for each s € C\ {—1} for which the above series converges. Series (3.2) is the Discrete
Laplace Transform of a function f : N, — R. However, an important question
remains: For which s € C\ {—1} does (3.2) converge? This depends greatly, of

course, upon the function f being transformed.

Definition 4 We say that a function f : N, — R is of exponential order r (r > 0)

if there exists a constant A > 0 such that

|f(t)| < Art, fort € N, sufficiently large.
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Suppose that a given function f : N, — R is of some exponential order r > 0.

Then there must be some constant A > 0 and natural number m € Ny such that for

each t € N, ,,,, we have |f(t)| < Ar'.

of the ball B_y(r),

La{f}(s)

IN

> [ L

§w
,l_.o

i
L

i
LL

i
o

3
L

i\

3
L

21

We may write, therefore, for any s € C outside

f(k+a)

s—i—l’“rl

f(k+a) f(k+a)
(S—i—l)k"'l +Z S—|—1 (e L 1)k+1
f(k+a) 2L Apkte
- + -
(S+1>k+1 ,;n|5+1‘k+1
flita) | A i( r )’f
(s+ DM s+ 1] = \[s +1]
fhra) | A ()

+ 1)k+l +1 r
(= T T+ 10— ()
f(k+a) N A ratm
(s 4 1)k+1 U™ s+ 1| — 7

This fact allows us to guarantee the convergence of L, {f} (s) by restricting its

domain, whenever f is of some exponential order.

Lemma 12 Suppose f : N, — R is of exponential order r > 0.

L. {f}(s) exists for s € C\B

Then

1 (7")

For the remainder of this chapter, we restrict ourselves to functions of exponential

order, insuring that their Laplace Transforms £, {f} (s) exist on respective domains

C\B

_1(r), as pictured below.
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Figure 3.1: Convergence for the Laplace Transform

Of course, the exponential function e, (¢, a) is itself of exponential order, providing

the following important example.

Example 3 Let p € C be given.

scale N, is given by

ey (t,a) =

Recall that the exponential function for the time

e teN,.

Clearly, (1 + p)t_a 15 of exponential order 1 4+ p. Therefore, we have

L.{(1+p) ™}
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for s € C\B_1 (1 +p). An important special case of the above formula is
1 -
L,{1}(s) = o for s € C\B_(1).

Whenever the Laplace Transform does exist, it is linear and one-to-one, vital
properties for obtaining results developed in this chapter. The proof of the following

lemma is left to the reader.

Lemma 13 Suppose f,g: N, — R are of exponential order r > 0 and let c1,co € C.

Then

Lo{erf +eag}t(s) =l {f}(s)+cala{g}(s), for s € C\B_1(r), (3.3)

and

Lo {fY(s)=L{g}(s) onseC\B_1(r) < f(t)=g(t) onN,. (3.4)

Also, it is often necessary to track how a shifted Laplace Transform relates to the

original, as described in the following lemma.

Lemma 14 Let m € Ny be given and suppose f : N, _,, = R and g : N, — R are of

exponential order v > 0. Then for s € C\B_; (r),

Lm0 = e DO+ S HEEE 65)

and
m—1

Lowm {9} () = (s + )" Lafg} (s) =Y (s +1)" g (k+a). (3.6)

k=0



Proof.
s € C\B_1 (r),
Lom{[f}(s)
and
£a+m {g} (8) =
|

Let f,g,r and m be as given in the statement of the lemma.

26

Then for

it f(k+a—m)

Z e

X flk+a—m) = f(k+a—m)
;L (S+1)k+1 +k:0 (s—l—l)kH

= flh+a) K flkta-m)
kzz()(8+1)k+m+l+k:0 (s+1)k+1

1 = f(k+a—m)

G a{f}(8)+k:0 (+1)k+1 ;
Zg k:—l—a+m

g(k+a)

(S+1)k7m+1

g (k+a) _m71 g(k+a)
e (3—1— 1)k—m+1 r (s—i— 1)k—m+1
D" Lo g} ()= S (s + ™ gk 4 a)

We leave it as an exercise to verify that applying formulas (3.5) and (3.6) consec-

utively yields the identity

E(a+m)—m {f} (S) = £(

for s € C\B_1 (r).

a-m)+m L/} (8) = La {f} (5),
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3.1.2 The Taylor Monomial

Quite useful for applying the Laplace Transform in discrete fractional calculus
are the Taylor Monomials, which are defined and developed in the general time scale

setting in [8]. Briefly, the Taylor Monomials are defined recursively as

ho(t,a) :=1
hnyt (t,a) == fj hy (s,a) As, for n € Np.

For the specific domain N,, the Taylor Monomials can be written explicitly as

(t —a)"*
|

n.

hn(t,a) = , for n € Ny, t € N,

where the above generalized falling function is given by

T(t+1)

= ———
Fit+1—p)

, fort, u € R.
Here, we take the convention that £ = 0 whenever t+1—pu € —Nj. This generalized
falling function allows us to extend (3.7) to define a general Taylor Monomial that

will serve us well in the discrete fractional calculus setting.
Definition 5 For each u € R\ (=N), define the u'"-Taylor Monomial to be

hu(t,a) = u, fort e N,.

F(u+13

Lemma 15 Let ;1 € R\ (=N) be given and suppose a,b € R such that b —a = p.

Then for s € C\B_1(1),

Lol () = A 35)




Proof. Recall the general binomial formula

o0

(x+y)" = Z <Z) a¥y”* for v, 2,y € R such that |z| < |y|,

k=0
14 L VE
k] kD

Observe that for £ € Ny and v > 0, we have

where

k! k!

= (_1)k (k + 2'_ 1)7

I (kjizl)

Combining the above two facts, we may write the following for » € R and |y| < 1:

<_k,,) (—y)f1*

(—y) (- (v (cv—k+1)

— (-9 + 17" =

(1—y)”

Therefore, since b — a = p, we have for s € C\B_;(1),

(s+1)» 1 1
+1 - 1 \Ht1
SH 8—}—1(1_8+_1>
1 i k+u) 1
- k
s+ 1= o) (s+1)
(k+pt 1

o8
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> 1
= h,(k+b,a) ————
kZ:O 14 (S ‘|‘ 1)k+1

= Ly{h ()} (s).
[ |

Remark 7 We know from Lemma 12 that if h, (t,a) is of some exponential order
r >0, then Ly {h, (-,a)} (s) exists for certain s in the complex plane. We will show
that for each v € R\ (—=N), h,, is of exponential order one.

First, suppose that i > 0 and choose M € N so that M — 1 < u < M. Then for

any fixed r > 1,

C(t—a)t L(t—a+1)
hu(t,a)—m T T+ OI(t—a+1—p)
g I't—a+1)

F(p+1DI(t—a+1—M)
(t—a)---(t—a—M+1)
I'(p+1)

tM
I'(p+1)

’I“t

T(p+1)
for sufficiently large t € N,. On the other hand, if p < 0, then we have the inequality

I't—a+1) < 1

P (8,0) = Fp+1)I(t—a+1—p) ~ T(p+1)

for sufficiently large t € N,,.

Combining these two cases, we have that h,, (t,a) is of exponential order 1+¢, for
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each € > 0. Hence, Lemma 12 implies that L, {h, (-,a)} (s) exists on

U(C\B (1+e> C\(ﬂB 1+e>:(C\B_1(1),

e>0 e>0

as indicated in Lemma 15.

3.1.3 The Convolution

Although the following convolution differs from the one defined for general time
scales in [8] and from that defined by Atici and Eloe in [2], the author believes (3.9)

below best fits our current setting.

Definition 6 Define the convolution of two functions f,q: N, — R by
(fx9)( Zf g(t —r+a), fort € N,. (3.9)

The following lemma composes the Laplace Transform with convolution (3.9) and

proves a useful tool for solving fractional initial value problems.

Lemma 16 Let f,g: N, — R be of exponential order r > 0. Then
Lo{f*g}(s) = (s +1) La{ [} (s) La{g}(5), (3.10)

for s € C\B_;(r).

Proof. Let f,g and r be as in the statement of the lemma. Then

> % g) (k
Lo{f*g}(s Z f 9) ,;rla)

=0
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0o k+a

=20 kHZf gk +a—r+a)
k:O
ook

B fr+a)glk—r+a)

N %7"20 (S+1)k+1 7

whereby applying the change of variables 7 = k — r yields the two independent

summations
2 f(r+a)g(t + a)
; ; (S + 1)T+r+1
flr+ +
s+1 Zsllgﬂ gllfﬂ
= (s+1)L.{f}(s)La {9} (S), for s € C\B_1(r).
|

3.2 The Laplace Transform
in Discrete Fractional Calculus

Let f : N, — R be given and suppose v > 0 with N € N chosen so that

N —1 < v < N. Recall the v*"-order fractional sum of f

AV f(t) = ﬁ i(t —o(r)“=Lf(r), for t € Nuy,_n,

where A7 f has its N initial zeros on the set {a +v — N,...,a +v —1}. Likewise,

recall the v*"-order fractional difference of f

AVF(t) == ANATN f(#), for t € Nopn_o,
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which we established in Theorem 1 is equivalent to

AF@) = T ;@ — o(s))==Lf(s), ve(N—1,N)
ANf(t), VN

fort € Nyin o

Results analogous to (3.11) and (3.12) below are widely known and used today.

La{f}(s)

Lo {ANf}(s) = — (3.11)
and s
Lo {AY Y () = s"La{f} (5) = Z s' AN f(a), (3.12)

for N € Nyg. We wish to generalize (3.11) and (3.12) to Laplace Transforms of

fractional-order operators.

3.2.1 The Exponential Order of Fractional Operators

Before we may apply the Laplace Transform on fractional operators, we must

discuss the exponential order of fractional sums A_” f and differences A! f.

Lemma 17 Suppose that f : N, — R s of exponential order r > 0 and let v > 0 be

giwen. Then for each fixed ¢ > 0,

AV f and AL f are of exponential order r + €.
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Proof. Since f is of exponential order r, there exists an A > 0 and a T' € N, such
that

|f(t)] < Ar', for all t € N, with t > T.

The following estimates require a good understanding of the gamma function, espe-
cially that I'(z) is positive on (0, 00) and monotone increasing on [2,00). See Remark
1 for additional properties and a graph of the gamma function.

We first examine the exponential order of the fractional sum A ”f. Let € > 0 be

fixed and let t € N,, be given with t — v > T + 2. Then

T—

A1) = Zt‘(’j +Z E0 rs

s§=

Zt_aj |+Zt_a;9 A, (3.13)

IN

We consider the two terms in (3.13) separately, beginning with the second and po-

tentially much larger sum:

s=T F(V)
A tz‘: T(t—s)
- I(v I't—s—-—v+1
s=T
_ A t—v t—v—1 & F<t B S) s
D) Cw)r'™" + T+ 1)r + SZT F(t—s—y—i—l)r
A v, A Y T(-s) .
< Z(y)r D) ; T(t—s—N+1)
A y . A t—v—T-2 .
= T—y(l—l—;)r +F(V) 2 t—-T—-s—1)---t—-T—-s—N+1)r
A v A1l
(1 - t s
< 7‘”( _'_T)T * ['(v) "
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If r € (0,1] , we have

B < 20sY) iy
= (Fé(H;)Jrré))Tt
< %(He)t,

for sufficiently large t € N,,,. Likewise, if r € (1,00), then

t—v
(t B U(S))V_l s A v t AtN_l o . o t—v—1T-2
Sz; T0) Ar® < (1 + ) "+ (t—v—-T—-1)r

IN
=

+
Z

for sufficiently large t € N,,,, since the exponential (r + e)t will eventually dominate
the power function % .
We employ an analogous argument as above to the second term in (3.13) to show

that for any t € Ny, with t > T + v,

< (t —o(s))=L SO AT .
;T|f(5)|<<; F(y))t §§(7’+€),

for sufficiently large ¢t € N,,,. Combining the above steps, we see that there exists a

T. € Ny, (with T, > T 4+ v + 2) such that for all ¢ € N, with ¢t > T,
AV )] < (r+e)

In other words, A" f is of exponential order 7 + ¢, for each € > 0.
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We turn our attention now to the fractional difference AYf = ANA, (V=) f. By
the first part of the proof, we know that given any € > 0, the fractional sum A, (V=) f
is of exponential order r+¢, with coefficient A = 1. Hence, there existsa T, € N, y_,

(with T, > T+ N — v + 2) such that for all t € N, y_, with ¢t > T,
A7 f(1)] < (r+ o).
It follows that for each such t € N, y_, with ¢t > T,
AL = \ANA_(N_”)f(tH

Z ( ) AN f(t+ N — k)

k=0

i( >\A N f(t+ N — k)]

(i (]Z) (r+ e)N‘k> (r4e).

We conclude, therefore, that the fractional difference A f is also of exponential order

IA

r+e¢, for every e > 0. B

It can be shown, though by a longer and more technical proof, that if f is of
exponential order » > 0, then A’ f is also of exponential order r, for any v > 0.
No analogous result holds, however, for the fractional sum A7 f. Nevertheless, the
distinction between this stronger property for A f and the weaker version presented in
Lemma 17 is of little significance practically. In fact, the two results lead to identical
domains of convergence for the corresponding Laplace Transform L, ny_, {ALf}, as

justified below.

Corollary 18 Suppose that f : N, — R is of exponential order r > 0 and let v > 0
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be given, with N —1 <v < N. Then

Lovvn {07} () and Loy, {ALF} (5)

both exist for s € C\B_1 (r).

Proof. Let f,r and v be as given in the statement of the corollary. By Lemma 17,
we know that for each € > 0, both A" f and A” f are of exponential order r + e.
Now, fix an arbitrary point sy € C\m Since dz’st(so,m) > 0, there
exists an €y > 0 small enough so that s, € C\B_; (7 + ¢;). Since A;”f and A¥f are
both of exponential order r + €, it follows that both series £, n {A;”f} (s) and

Loin— {AYf} (s) converge at s = 59. W

3.2.2 The Laplace Transform of Fractional Operators

With Corollary 18 in hand to insure correct domains of convergence, we now
safely develop formulas for applying the Laplace Transform to fractional sums and

differences.

Theorem 19 Suppose f : N, — R s of exponential order r > 1 and let v > 0 be

giwen, with N —1 <v < N. Then for s € C\B_; (r),

(s+1)"

Lan A0 116 = S £, 111 9) (314
and
. (s 1)nN
Lovwn {0771} (5) = S0 1y ). (3.15)

S
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Proof. Let f,r,v and N be as given in the statement of the theorem. Note that

though we assume f is of exponential order r > 1, it does hold that

f is of exponential order r € (0,1) = f is of exponential order 1.

Therefore, the assumption » > 1 is not for excluding functions of exponential order

r € (0,1), but rather for insuring that Lemma 15, applied below, will hold whenever

s € C\B_1 (r).

We first apply Lemma 14 to our current setting to reveal the relationship between

(3.14) and (3.15). Indeed, shift formula (3.5) implies that for each s € C\B_; (1),

Lotv-n {Agyf} (s)

1 vy (o) NS AL (ki tat v = N)
= (S n 1)N£a+y {Aa f} ( ) + % (S + 1)k+1
= ﬁﬁa-‘ru {A;Vf} (S> ;

taking the NV zeros of A" f into account. Moreover,

‘Ca-‘ru {A;Vf} (S)

o0

B AV f(k+a+v)

- ; (s + 1)FtL

- 1 ax (k+a+v—o(r)—

= L o) fr)

k+a

(s+—11)’f+12f(r)hu1 (k+a)—r+aa—(-1)

K

e
i
o

(f*xhya(ha=(v=1)))(k+a)
- (s+ 1)k+1

a{f xhya(a = (v =1))} (s)

WK

, applying (3.9)

I
= =
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= (s+1)L{f}(8) La{hy_1(-;a— (v —1))}(s), using rule (3.10)

(s+1)"" : :
= (s+1) s—”ﬁa {f} (s), applying (3.8), since r > 1

= GED e (s,

Sl/

thus proving (3.14). We then obtain (3.15) as a consequence via

1

Low-n{Af}(s) = T)NE‘H‘V {AZVf} (s)

_ Mﬁa {f}(s), for s € C\B_; (r).

SV

Remark 8 Note that when v = N in (3.15), the well-known formula (3.11) is ob-
tained. An analogous extension holds true for the Laplace Transform of a fractional

difference.

Theorem 20 Suppose f : N, — R is of exponential order r > 1 and let v > 0

be given, with N —1 <v < N. Then for s € C\B_1(r),

Lonee U} () = o b} () = L 980 e N =) (3.16)

Proof. Let f,r,v and N be as given in the statement of the theorem. We already
know that (3.16) holds when v = N since this agrees with the well-known formula

(3.12). If N—1 < v < N, on the other hand, then 0 < N —v < 1 and we may apply
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(3.12), (3.14) and composition rule (2.5) in succession as follows:

Laoyn-v{AG[f}(s)

= Laona ANV fY (5)

N-1
= NLon o {A Y () = Y SANTTIA N F a4 N =)
7=0
N—-1
= s —(87;1) L. {f}(s)— SANTIIN N f (g N — )
v
_ JAV—1-] _
= G +1>V ——— Lo {f} (5) - ZA fla+N-v).

Remark 9 We may certainly compose the results from Theorems 19 and 20. In

particular, observe that under the same assumptions as in these two theorems, we

have for s € C\B_ (1),

[’(aJrqu)Jerz/ {AZ+V—NA;Vf} (8)

= ‘C {Aa-i-l/ N( (;Vf)}(s>

_ N-1

= e S H S AT (e M) N
j=0

_ s” (s+1)"" - i A—(+1)

S i V| e L Z AL f(a)

= ‘Ca{f}(s)7

a result confirmed by the composition rule in Theorem 7.

Example 4 Define

f(t) = (t =5)* =T(m + 1)ha(t,5), for t € Nyir.
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Recalling Remark 7 and formula 3.8, we have for s € C\B_(1),

Lavr {f}(5) = D(w + DEsr (o)} (5) = D+ 1) CELL

Moreover, (3.15) allows us to calculate

£2+7T+e {Agﬁwf} (S) = & (F(ﬂ- + 1)(88—:—4-11))

s
(8 + 1>7r+673

= Tlr+1) gmtetl

and (3.16) together with power rules (2.2) and (2.3) allow us to calculate

£8+7r—e {A§+7rf} (S)

= (s+1)>° (F(ﬂ' + 1)@;—31)) — Z SN T8+ —e)

=0
DT 2L (34— e)TmetitL
B (CRaY AR o PP C il
sm—etl = (r—e+j+2)

_ (1) ((sj;ﬂ1)€116+3 - (3+7r—6)2(2+7r—e) —(3—1—7r—e)s—32>,

both valid for s € C\B_; (1).

3.3 The Fractional Laplace Transform Method

3.3.1 A Power Rule and Composition Rule

In Chapter 2, a number of formulas concerning fractional sum and difference
operators were introduced and developed. These include the four fractional compo-

sition rules and the fractional power rules, whose proofs did not employ the Discrete
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Laplace Transform presented in this chapter. Several of these results can also be
proved, with varying efficacy, using the Laplace Transform. Though this is not al-
ways the case, the following are two results for which the Laplace Transform proof is

a significant improvement over the original.

Remark 10 7o prove the power rule in Theorem 21 below, we show that for s €

C\B_1 (1), the Laplace Transform of the left and right-hand sides are equal. To see

why C\B_1 (1) is the correct domain of convergence for these Laplace Transforms,

we combine Remark 7 with Lemma 17 to conclude that for each ¢ > 0, (t —a)¥ is

-V

aty (t —a)* is of exponential order

of exponential order 1 + € and, therefore, that A
1+ 2¢e. We then apply an argument identical to that given in Corollary 18 to show

that Loy, {(t — @)} and Logyrn {AY, (t — )t} eist for s € C\B_; (1).

a+p

Theorem 21 Let v, > 0 be given. Then fort € Noy,40,

AV (t— )t = %(t—a)w.

Proof. With Remark 10 in hand, we have for s € C\B_; (1),

(s+1)"

Lovprv {81, (E =)} (5) = Loy {(t = )"} (5), using (3.14)
= O s 1)Ly (s () (9
- @Jg—yl)yr(u +1) <S;;+1l)u, applying (3.8)
= T(p+ 1)%
= T(p+1)Latprv {Pptw (a)} (s)

B I'(p+1) VAR
= Lo { ol - e 0,
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By the one-to-one property of the Laplace Transform (3.4), it follows that

- I(p+1) +
AV (t—a)= ——F— (t—a)™ fort €N, ”
atp(t—a) F(u+1+y)( a) ™= for t € Nojpt

Theorem 22 Suppose that f : N, — R is of exponential order r > 0 and let v, > 0

be given. Then fort € Noj,q0,

AJANS(E) = A1) = AATf(H).

Proof. Let f,r,u and v be as given in the statement of the theorem. It follows

from Corollary 18 that

Losprn {0 A}, Lawy {A"f} and Loge {A, O f}

all exist on C\B_; (r). Therefore, we may apply (3.14) multiple times to write for

s € C\B_1 (r),

Lorpw {A7A f}(s) = & ;1) Lo {A# 1} (s)
_ (s+1)" (s+ 1)“£a ()
= )

= Lorim 1A f} (s)

= Lo A ).

The result then follows from symmetry and the one-to-one property of the Laplace

Transform. W
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3.3.2 A Fractional Initial Value Problem

By far the most substantial application of the Laplace Transform is presented in
Theorem 23 below. Note that the fractional initial value problem (3.17) solved
below by the Fractional Laplace Transform Method is identical to problem (2.11)

solved in Chapter 2 using the Fractional Composition Rules.

Theorem 23 Suppose f : N, — R is of exponential order r > 1 and let v > 0 be

giwen with N —1 < v < N. The unique solution to the fractional initial value problem

AZJrquy(t) = f(t); le Na
Ayla+v—N)=4;, i€{0,1,..,.N—1}; A, €eR

(3.17)

s given by

N-1

y(t) = ) ai(t — )=+ ALV f(t), fort € Noy, n,

=0

where
) 1—p k . .
_ <_1> N—v ? [y
Q= Z' (Z — k) p k Ap,
p=0 k=0

forie{0,1,...N —1}.

Proof. Since we already solved problem (3.17) once using composition rules in
Theorem 11, we present here only that portion of the proof involving the Laplace

Transform Method. Since f is of exponential order r, we know by Lemma 12 that

L, {f} exists on C\B_; (r). So, applying the Laplace Transform to both sides of the

fractional difference equation in (3.17), we have for s € C\B_1 (r),

La{ A wy} (s) = Lo {f} (5)



N-1

SV‘Ca—i—V—N {y} (8) jAv—ji—1 .
A Z A y(a) = Lo} (s), by (3.16)

Lolf} o) |y~ Bu (@)

sv (s + 1) st (s + 1)V

= Low-n{y}(s) = '

It follows immediately from (3.15) that

La{f}(s)

v Lo ABSTH )

Considering next the summation terms, we have for each j € {0,..., N — 1},

1
sv=i (s +1)N7

1 (s+1)"771
N—j—1 sv—J

(s+1)""
1
- Wﬁw—j—l {hy—j1(-,a)} (s), by (3.8)
‘& hy_j—1(k+a+v—N,a)

, by (3.5
— (8 + 1)k+1 ( )

= ;CaerfN {hufjfl ('7 a)} (S) -

= Lorv-~{hv—j-1(-,a)} (s),

since

(k+v— N>
M)
Mk+v—N+1)
I(k=(N—j—=1))I(—j)
= 0,

hufjfl(k—i_a—i_l/_Naa) =

for k € {0,...N —j —2}.

74
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Putting these steps together, we have for s € C\B_; (r),

Larv-n{y}(s)

= Lo~ {A7f}(s) + Z A y(@) Loty n {1 ()} (s)
= Lotv-N {Z AZJHJ/ %Vy hy—j-1 (- a) + A;Vf} (s).

Since the Laplace Transform is a one-to-one operator, we conclude that for ¢ €

Na+u—Na

y(t) = ZAZ+]V NY(@hy i1 (a) + A f (#)

NlAujl()

= YR - A )
=0

Z <

A Ny(a) N A
" <HHW—N+U)@_®+ )

=0
We already demonstrated in the proof of Theorem 11 that for i € {0,1,..., N — 1},
S S E () ()
+V N . —v p i
A y(a TV = N)a
F(z—l—V—N—l—l = D k
concluding the proof. W
Example 5 Consider the ©"-order, fractional initial value problem
AT y(t) =n"2, teN
1y(t) 0 (3.18)

y(r —4) =2, Ay(mr —4) =3, A%y(r —4) =5, Ady(r —4)=T1.
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Note that (3.18) is a specific instance of problem (3.17) from Theorem 23, with

a=0, v=m N=4, f(t)=7
A0:2, A1:3, A2:5 A3:7

After applying the Discrete Laplace Transform Method as outlined in the proof of

Theorem 23, we have

3
y(t) = Zaitw_,_ A™ (71'4252)
=0

3
= Z at T AST (7'2) | since 2=t (1 — 1),
1=0
0.303t™2 + 5. 040t™=2 + 6. 977t™=2 + 4. 8761™L 4 3. 272¢™*2

Q

where in this last step,

S 2 (1)

o | AN
=) (50
p=0 k=0 )

fori€{0,1,2,3}, and we applied power rule (2.2) on the last term.

o; =
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Chapter 4

The (N — 1,1) Fractional Boundary
Value Problem

Given a boundary value problem, its corresponding Green’s function is mathe-
matically vital. Indeed, the approach of deriving a Green’s function and using its
properties to show solution existence and other solution attributes dates back a long
time. British mathematician George Green developed the general strategy in the
1830’s, and others have broadened its reach since then. In this chapter, we ap-
ply Green’s strategy to a discrete, nonlinear, (N — 1,1) fractional boundary value
problem with a fractional right boundary condition. The Green’s function allows us
to employ Krasnosellski’s Theorem and Banach’s Contraction Mapping Theorem to

demonstrate the existence of a positive solution.

4.1 The Boundary Value Problem

Specifically, we consider the nonlinear, (N — 1,1) fractional boundary value problem
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—AY_y(t) = flt,y(t+v—1)), forte{0,....b+ M},
Aly(v — N) =0, for i € {0,.., N — 2}, (4.1)
AV yylb+ M +v—p)=0.

where
e v > 2 with N € N chosen so that N —1 <v < N.

o 1 <pu <v,with M € N chosen so that M —1 < p < M.

e heN.

e f:{0,..,b+ M} x R — R is continuous and nonnegative for y > 0.
Take note of the domain for each function appearing in problem (4.1):
e D{AY_yy} ={0,...,b+ M},

e D{y}={v—N,...b0+ M+ v},

e D{Ay} ={v—N,..,b+ M +v —1i}, for each i € {0,..., N — 2},
e DAY \yt={v—-N+M-—p,..b+M+v—ypu}.

In particular, the ‘unknown’ function in problem (4.1) has the form
y:{v—N,.,b+M+v} —>R.

A similar boundary value problem was studied by Goodrich in [10]—however,

problem (4.1) differs from Goodrich’s work in two significant ways:
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e In [10], the order of the fractional difference equation is restricted to the case
v € (1,2], requiring only two boundary conditions. Here, we consider a dif-
ference equation of order v € [2,00), requiring N := [v] boundary conditions.
The corresponding Green’s function is more complicated and behaves quite dif-

ferently for v € [2,00), and the required analysis justifies a separate study of

problem (4.1).

e In [10], the right boundary condition is focal (i.e. the first derivative is specified).
Here, however, we consider a fractional (u'-order) right boundary condition,
where 1 € [1,v). The fractional boundary condition requires more attention

but offers greater flexibility and the potential for broader application.

In addition to the definitions and rules presented in previous chapters, we employ

the following two properties of the generalized falling function in our work to come:

e Given a € R, t — t* is positive for t > max {—1,a — 1} . (4.2)

e Given av > 0, t — t* is increasing for ¢t > a — 1. (4.3)

4.2 The Green’s Function

Following in the footsteps of George Green, our strategy for analyzing problem
(4.1) centers on understanding its Green’s function. To accomplish this, let us
temporarily suppose that the nonlinear term f (¢, y) does not depend on y. We then
derive the Green’s function for (4.1) by solving the corresponding linear boundary

value problem
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=AY y(t) = h(t), fort € {0,....,b0+ M},
A'y(v — N) =0, for i € {0,..., N — 2}, (4.4)

AV yylb+ M +v—p)=0.

As derived in Theorem 11 from Chapter 2, the general solution to the fractional

difference equation in (4.4) is

N-1
y(t) = o™= — AJVh(t),
1=0

where a; e Rand t € {v — N,....b + M + v}.

Notice that when taken together, the left N — 1 boundary conditions
Ay(v — N) =0, fori € {0,..., N — 2}

imply that

yv—N)=yv—N+1)=---=yv—-2)=0.

Furthermore, since

AF*h(v — N +k) = (r(ly) X_:(t — o—<s))“h<s)>
1 —N+k V__l
= 0 ZO (v— N +k —o(s))“=Lh(s)
= 0

for each k € {0,..., N — 2}, we conclude that

N-1
0= yw—N+k) = D a(v—N+k)*F—Aj"n(v— N +k)

1=0



B F'v—N+k+1)
= D T(h—i+1)

1=0

. T(w=N+k+1)
= E a; - .
(k—1)!
1=0

Solving the above system of N — 1 equations for {&i}fv:_02, we obtain
ap =1 =-+--=ay_g = 0.
Hence, the general solution to (4.4) simplifies nicely to
y(t) = an_1t“=t — AJVh(t).
Next, we apply the right fractional boundary condition
A yb+M+v—p)=0

and solve for an_1.

AY_y(t) = an Ayt — A UAGV ()

= ay_ 1AL 77— APAGVA(T)
I'(v)
v —p)

= aN,lm ol ARV R(t),

applying power rule (2.3) and the composition rule from Theorem 7,

— 0= A yyo+M+v—p)
L'(v)

N1 =————(b+ M+ v — )=~ AP VR(b+ M + v — p),
NIF(V—,u)( ) 0 ( )
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D(v—p) AFh(b+M+v—p)

— ON-_1 = ,
Nt ['(v) (b—i-M—l—I/—,u)m

noting that (b+ M +v — pu)“=#=1 > 0 by (4.2). Therefore, every solution of (4.4) has

the form

(t)
_ T —p) AR+ M +v—p) oy Ava
L(v) (b4 M+ v — p)=t=t 0

<

- = tfy(t — 0(s))"#=h(s) : -
- T s=0 - bmbt Mt (b+ M+ v — p)=t=t
- o - a2
1l N Mtv—p—o(s)rt 0L — N
N F(V) 52; (b+ M+v— N)V*M*I t h< ) F(I/) g (t ( )) h( )

_ L N[Ot M vt )
B 0{ (b+ M+ v — p)=t=t o) }h()

b+M o

M Y — ad ]

IR Gy = S 1O
L) s=t—v+1 (b+M+v—p)
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where G : {v — N,..,b+ M + v} x{0,...,b+ M} — R is given by

p
b+ MAv—pu—o(s))X=t=t v—
e no =L — (1 — o(s))2L

0<s<t—v<b+M,
(b+M+Vfufa(s))utE
G(t,S) — (b+M+v—p)r=r=1

I'(v) 0<t—v+1<s<b+ M,

Y

te{v—N,.,v—2}, s€{0,...b+ M},

is the Green’s function for the homogeneous problem corresponding to (4.1) and
(4.4).
In summary, we have found the appropriate Green’s function G(t, s) for studying

the nonlinear problem (4.1), and

y(t) =Y G(t,s)h(s), for t € {v = N,...b+ M + v}

s=0
is the unique solution to the corresponding linear problem (4.4).

We now establish three important properties of this Green’s function.

Lemma 24 The Green’s function G(t,s) corresponding to problem (4.1) has the fol-

lowing three properties: For each fized sy € {0,...,b+ M},

i G t, > 0. A5

° tG{Vflf.I‘l.}lE#M+V} ( SO) ( )
m G(t —Gb+ M ' 16

* tE{V—N,..%gi-M-s-V} ( ) 30) ( + + v, 80) ( )

) te{“J“M*”EIllvl--r-lﬂbJFMW—l} (t:50) 2 né{y_ﬁ%aﬂ/jﬂ} (t, 50), (4.7)

where 0 < v < 1 is a fized constant independent of sq and a := E(b + M)] .
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Proof. For convenience, let us define the two piecewise components of the Green’s

function as

Gi(t,s) == b+M+v—p— 0’(8)):_#_1 v=1 (t — U@))Q,

(b+M+v—p)=*F
(b+M+v—p—o(s))—t-1
(b+ M + v — p)==

GQ(ta 8) = tg

Observe first that we may apply rule (4.2) to show that for each fixed sy €
{0,...,0+ M},

(b+M+v—p—ofs)) ==
(b+ M + v — p)r=t=t

G(V — 1, So) = > 0.

With this in mind, our strategy to prove (4.5) and (4.6) lies in showing that

ANG(t,s9) >0, forallt e {v —N,..,b+M+v—1}. (4.8)

To this end, let sg € {0, ...,b + M} be chosen and fixed for the remainder of the proof.

We demonstrate (4.8) through the following five cases.

e Fort € {v — N,...,v — 3} (this step not necessary if v = N = 2),

AtG(t, 80) = G(t + 1, 80) - G(t, So) =0—-0=0.

e Fort=v—2,

ANG(t,s9) = Gao(v—1,5)—0
1 (b+M+v—p—o(s) == 1
- I'(v) (b+ M+ v — p)r=t=L =1=
(b+ M +v—p—o(sg))=t—L

(b_i_M_i_y_'u)w




> 0, using rule (4.2).

e Forte{v—1,...,v+sy—2},

1 (b+M+v—p—o(s))=t=t
I'(v) (b+ M +v — p)r=t=t
= (b+ M +v—p—o(s)) (v—1)t=2
T(v) (b+ M +v— p)~=1
> 0,

A=l

AtG(t, S(])

applying rule (4.2) again, since we also have that ¢ > max {—1,v — 3} .

e Fort=v+sy—1,

F(I/)AtG(t, 80)

= G1(v + s0,50) — G2(v + 50 — 1, 50)

(M +v—p—o(s)) Tt T S S

B (b+ M + v — p)r==t (v + 50) =1
oM Av—p—o(s) T

(b+ M + v — p)=t=t (v +s0—1)

_ b+ MAv—p — olso)=t v+s v+ sy —

N (b+ M + v — p)r== (074 0)= = (v 450 = 1))
—T'(v)

_ b+M+v—p —0(30/{)1“ ((y—l)(l/—l—so—l)V_Z)_P(V)-

(b+M+v—p)F

Hence,

AG(v+s9—1,8) >0
(b+ M +v—p—a(sy)) ==
T(v) (b+ M +v— p) ==

(v=1)(r+s—-12) -1>0

85
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(b+ M+ v —p— o(s9)) ==L (v + 50 — 1)*

F'b+M—-—so+1) TO+M+v—p+1) I'(v—1) (so+1)! —
[(b—I—M+1)---(b+M—30+1)][(V+80—1)---(1/—1)]>1
(b+M4v—p)---b+M+v—p—s0)][(so+1)---1] —
S0
<:>H( b+M+1—p .1/—1—|—30—p)21
i b+M+v—pu—p 1+so—p
b+M+1—p v—14+s9—p
b+M+v—pu—p 1+s9g—p
b+M+1-0p S 1+s9—p
b+M+v—p—p v—14+5—p

<~ >1
(b+ M + v — p)r==t rv—-1) —
— Fb4+M+v—pu—s9) -T(b+M+2) T'(v+sp) -
F'b+M—so+1)- I'b+M+v—p+1)-I'(sp+2)-I'(v —1) —
PN Fo+M+2) T'b+M+v—p—s)l(v+s) 1 .-
—

> 1, for each p € {0, ..., 50}

, for each p € {0, ..., 50} .

Furthermore, since v > 2 and max {so} = b+ M, the above inequality holds

b+M+1—-p S 14+b+M—p
b+ M+v—p—p v—1+b+M—p

, for each p € {0, ..., 50}

= v—14+b+M—-—p>b+M+v—pu—op

— pu=l
which is certainly true. It follows that A;G(sg +v —1,s0) > 0.
e Fort € {v+sp,...0+M+v—1}, let us find k& € {0,....,0+ M — sy — 1} so

that ¢t = v + so + k. Then,

AtG(t, 80) 2 0

< F(V)AtGl(t,So) >0
(b+M+v—p—o(s)) =t .
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b+ M+v—p—o(so) ==, ,

= =2 > (t — o(s9) )2
(b+M+v— p)—+=" = (0=t
— Fb+M+v—pu—s)l(b+M+2)I(t+1) - ['(t — sp)
Fb+M—-so+1)I'0+M+v—p+1)I't—v+3) " T'(t—so—v+2)
PN F'b+M+v—p—s)l'(b+ M +2) S I'(t—v+3)I(t — so)
Fb+M+v—pu+)Ib+M-—sp+1) " T'(t—v—s0+2)I'(t+1)
b+M+1)--(b+M—s9+1) (t—v+2)--(t—v—s0+2)
< >
b+M+v—p)--(b+M+v—p—sy) (t) -+ (t — so)
b+M+1)--(b+M+1—sp) (so+k+2)--(k+2)
— > )
b+M+v—p)--b+M+v—pu—s9)  (so+k+v) -(k+v)

and since v > 2 and max {k} = b+ M — so — 1, the above inequality holds

b+M+1)--(b+M+1—sp)
b+M+v—p)--(b+M+v—p—so)
b+M+1)--(b+M+1-—sp)
“b+M-14v)--(b+M—sy—14v)
— b+M+v—-1)--b+M+v—s—1)

>b4+M4v—p)--(b+M+v—s50—p)
= p=1,
which is true.

In summary, we have shown (4.8): For each fixed sy € {0,...,b+ M},

AG(t,s9) >0, forallt e {v —N,..,b+M+v—1}.

Since G(v — 1, s9) > 0, we conclude additionally that for each so € {0,...,0+ M},
i) G(t,s9) >0on{vr—1,..,b+ M+ v},
ii) G(t,sp) is nondecreasing on {v — N, ...b+ M + v},

from which (4.5) and (4.6) easily follow.
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We turn our attention now to proving (4.7). Let a be defined as in the statement

of the lemma. Notice that (4.6) allows us to write

min G(t, so0)
te{a+M+v—1,...b+M+v—1}

Gla+M+v—1,s)

b+MA4v—p—o(sg))y=+=1 v—1
( +(b:M+li—u()7”0*)2H (a+M+v—1)

—(a+M+v—1—0(sp))=, 0<sp<a+M-—1,

Y

1
I'(v)

Mo (o4 0 4y — 1)L 0k M < sg < b M.

Furthermore, (4.6) implies

max G(t, so)
te{v—N,...b4+M+v}

Gb+ M +v,sp)
bt Mt v—p- U(S_O))_V;Mil (b+ M + v)*="
b+ M +v—p)~t—
Tb+M+v—p—s)) TO+M+2)  Tb+M+v+1)
rb+M—so+1) T'b+M+v—p+1) I'(b+M+2)
I'(b+M+v—s)
I'b+ M —sy+1)
Fb+M+v—pu—s9) [ T(O+M+v+1) I'(b+M+v—sp)

'b+M—so+1) |[I'b+M+v—pu+1) Tb+M+v—pu—s)

(b+M+v—p—o(se)“LL[(b+M+v)E—(b+ M+ v —o(sp))

—(b+ M +v—o(s))~L

(b+ M +v—pu—o(s))=L=LP(s0),

where

P(s):=0b+M+v)t—(b+M+v—o(s))t.

Note that since ¢ > 0 and v — 1 > p — 1, we may apply (4.3) to conclude that ¢t~
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is increasing for t € {v —1,...,b0+ M +v}. It follows that (b+ M + v — o(s))* is

decreasing and hence that P(s) is increasing for s € {0,...,b+ M} . Moreover, since

PO) = b+M+v)E—(0b+M+v—1)»~F

= pu(b+ M+ v — 1)L using power rule (2.1),

B r'b+M+v)

T Mo+ Mtv—p+1)
> p

> 1

Y

we have that

1 <P(0) < P(so) < P(b+ M), for all so € {0,....b+ M} .

So, finding conditions on 0 < 7 < 1 such that, for all sy € {0,....b+ M},

min G(t, sg) > max G(t, s
te{a+M+v—1,....b+M+v—1} (7 0) _,yte{u—N ..... b+M+v} (7 0)

is equivalent to finding conditions on « such that

Gla+M+v—1,5)>vb+M+v—pu—o(s))=L=P(s), (4.9)

for all sq € {0,...,b+ M}. To find such an appropriate -y, we consider the following

two cases.

Case 1l [so € {a+M,.. b+ M}
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In this case, (4.9) becomes

bt M+ v — i — o(s9)) ==
(bt MAv—p 0(;93)_1 (a+M+v -1
(b+M+v— )~

> b+ M+v—p—o(s0))=L=P(s0)

(a+M+v -1~

(b+ M +v — p)r=t=t

1 M+v—1)"2

— 0<n< (a+M+v 3771
P(so) (b+ M + v — p)—#=—=

1 (a+M+v -1~
P+ M) (b+ M+ v — )=t

> 7P(s0)

— 0<~ <

Since (4.2) implies that both (a + M + v — 1)t and (b+ M + v — p)*~*=* are pos-

itive, this is indeed the condition on 0 < v < 1 that we seek.
Case 2 [sp € {0,...,a+ M — 1}]

In this case, (4.9) becomes

o o v—pu—1
b+M+v—pu U(SE))_ (a+ M +v—1)="
(b+ M +v — p)r=t=t

—(a+M+v—1-0(s))2

> b+ M +v—p— o(s9))=L=LP(s0)

Q(s0)
P(so)’

= 0<y<L

where the function Q is defined by

(s) := (a+M+v-1"=  (a+M+v—1-0(s)"
L+ MAv— ) (b Mty — g o(s))

for s € {—1,0,...,a+ M — 1}. Note that although we do not actually consider the
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value s = —1 as an input for the Green’s function, we define Q at s = —1 in order to
show that Q is positive and increasing on {0,...,a + M — 1}.

To see this, observe that Q(—1) = 0 and that for s € {—1,0,...,a + M — 2},

AQ(s)

= Qs+1)—Q(s)
(a+M+v—1—o0(s))=L (a+M+v—1—o0(s+ 1))~
b+M+v—p—o(s)==L  (b+M+v—p—o(s+1))=L
Fa+M+4+v—1-—s5) T(b+M+1-—ys)
I'(a+ M —s) Fb+M+v—p—s)
I'a+M+v—-2-—s5) I'b+M—5s)
 T(a+M-s—1) Tb+M+v—p—1—s)

Therefore, noting that all the terms in the above equation are positive for s €

{-1,0,...,a+ M — 2}, we have

IF'a+M+v—-1—s)I'(b+M+1—35)
AQs) >0 = IF'a+M+v—-2—s) T'(b+M-—s)
F(a+ M —s) Fb+M+v—p—s)
Fa+M—-s—1)I'+M+v—p—1—s5s)
— b+M-s)(a+M+v—2—5)

>(a+M—-s—1)b+M+v—p—1-5)
— (b+M-s)(a+M+v—2-—s)
>(a+M—-s—1)b+M+v—p—1-25)

— (w—-1)(b—a+1)+pula+M-—s)>0,

which is certainly true, since both terms on the left hand side are positive. Since

Q(—1) = 0 and Q(s) is strictly increasing for s € {—1,0,...,a + M — 1}, the condition
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on 0 < v <1 we seek is

Q(0)
R e Y=

Combining Case 1 with Case 2, we have shown that any choice of 0 < v < 1

satisfying

< win 1 (a+M+v—1)*1 Q(0)
’= P+ M) (b+ M +v— p)/ 2 Plat M—1)

will also satisfy—for each sqo € {0, ..., b+ M }—the inequality

min G(t,s0) > max G(t, so).
te{a+M+v—1,..,b+M+v—1} te{v—N,...,b+M+v}

Notice that since (a + M +v —2)*=2 >0, (b+ M +v — p—1)*=£=L > 0 and P is
increasing, a simpler but less sharp requirement for choosing 0 < v < 1 is

Q(0)
R JUESTsE

4.3 Solutions to the Nonlinear Problem

Now that we have derived and developed properties of the Green’s function cor-
responding to the nonlinear boundary value problem (4.1), we have the necessary
tools to discuss solutions to (4.1) when the non-homogeneous term f (-, y (- + v — 1))

does in fact depend on the solution y. Let us recall the problem at hand:
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—AY_yy(t) = f(ty(t+v—1)), forte{0,...b+ M},
Aly(v — N) =0, for i € {0,...,N — 2},
Ay ny(b+M+v—p) =0,

where

e v > 2 with N € N chosen so that N —1 <v < N.
o 1 <pu <v,with M € N chosen so that M —1 < p < M.
e beN.

e f:{0,..,b+ M} x R — R is continuous and nonnegative for y > 0.

Define the Banach space (B, ||-||) by

y:{v—N,..,b+ M + v} — R such that
B .= Aly(v — N)=0fori € {0,...,N—2} and ¢,

AP ylb+ M +v—p) =0,

together with norm

lylls = Iyl =, max  Jy(o)].

Define also the completely continuous operator

b+M

T:B— Bby Ty(t) := Z G(t,s)f(s,y(s +v—1)).

s=0

Our work from Section 4.2 allows us to conclude that every fixed point of T is a

solution to (4.1). In the following work, we consider two different settings and apply
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theorems of Krasnosel’skii and Banach to demonstrate the existence of fixed points
for T, and hence of solutions for (4.1). Moreover, applying Banach’s Theorem in an

appropriate setting yields a unique solution to (4.1).

4.3.1 Krasnosel’skii

The following theorem is attributed to Soviet mathematician Mark Krasnosel’skii
(1920-1997), who worked primarily in nonlinear functional analysis in the Ukraine

and Russia.

Theorem 25 LetB be a Banach space, K C B a cone and let )y and €2y be open sets
contained in B such that 0 € Q; and Q, C Q. Suppose that T : KN (QQ\Ql) — K is
a completely continuous operator. Then T has at least one fixed point in KN (52\91)

if either
i) 1Tyl < llyll fory € K N0y and |Ty|l = llyl for y € K 100,
ii) || Tyl > [yl fory € KN oy and || Tyl < ||y| fory € K N Q.

To help us apply Krasnosel’skii’s Theorem 25 to (4.1), let us define

—‘ (as in Lemma 24)

b+M -1 b+M -1
n = <ZG(6+M+V,3)) = ZG(~,5)
s=0 s=0
b+M -1
A= <Z G(b+M+V,s)> :
s=a+M

Also, we make the following bound assumptions on the nonlinearity f:
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(A1) There exists an r; > 0 such that for each 0 <y <7y,

f(t,y) <mnry, forallt € {0,....,0+ M} .

(A2) There exists an 75 > 0 such that for each yry <y < r,

flt,y) > Arg, forallt € {a+ M,....,0+ M}.

(A3) Either r1 < 1y or Arg < nry.

Note that n < A and 0 < v < 1 (where v is the constant found in Lemma 24).
With these two facts in mind, we make assumption (A3) to avoid the case where

assumptions (A1) and (A2) contradict each other.

Theorem 26 Suppose that assumptions (A1), (A2) and (A3) hold for the nonlin-
earity f(t,y). Then problem (4.1) has at least one positive solution yo such that

min {7y, 79} < [|yo]| < max {ry,ra}.

Proof. Suppose assumptions (A1), (A2) and (A3) hold for f (¢,y) and define the

cone K C B by

yeB:yt)>0on {vr—N,..,b+ M+ v} and
K =

min t) > .
te{a+M+v—1,..., b+M-‘rV—1}y( ) =7 Hy”

We first show that the operator 7' maps K into K. To see this, observe that for

anyy € K andte€ {v—N,...b+ M+ v},

b+M

Ty(t) =Y G(t,8)f(s,y(s +v —1)) >0,

s=0
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since GG is nonnegative everywhere and f is nonnegative for y > 0. Moreover,

Vv

Hence, T :

min Ty(t
te{a+M+v—1,....b+M+v—1} y()

%A:J ( min G(t, 3)) f(s,y(s +v—1))

o te{a+M+v—1,.. b+ M+v—1}
sS=

Z ('y max G(t, s)) f(s,y(s+v—1)), by property (4.7)

te{v—N,...b+M+v}
s=0

b+ M
ma G(t,s)f(s,y(s+v—1
te{v—N,.. ,2(+M+y} Z X )

YTyl

K — K.

Next, define for all » > 0 the open subsets

Q. ={yeB:|yl|<r}.

Note, in particular, regarding constants r; and ro from assumptions (A1) and (A2),

that

y € 0, = |ly|| = r1 and y € 99Q,, = ||y|| = r2.

Assumption (A3) then leads us to the following two cases.

Case 1 [r] < 719

If 1 < 77y, we may apply Theorem 25(i) to show the existence of a positive

solution to problem (4.1), as follows:

e Suppose y € K N0SY,,. Then

b+M
1Tyl = max ZGts (s,y(s +v—1))

te{v—N,...b+M+v}
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b+M

— S G+ M +v,5)f(s,y(s + v — 1)), by property (4.6),
s=0

b+ M

< nn (Z G(b+ M + I/,S)) , by assumption (A1),
s=0

g 7"1

=l

e Suppose y € K N 0SY,,. Then

[Tyl = Tylb+M+v)
b+M
= > Gb+M+v,s)f(sy(s+v—1))
Iy
Z Gb+M+v,s)f(s,y(s+v—1)).

s=a+M

v

Now, since y € K N 0f),,, we have that

1 t) >
te{a+M+sz?,1},.l,b+M+zx71}y< ) =7 Hy”

= g <y(t)<r,forte{fa+M+v—-1,...0+M+v—1}.
Assumption (A2) thus implies that

ft—v+1y(t) > Arg, fort e {fa+M+v—-1,..,0+M+v—1}

= f(s,y(s+v—1))> Ay, forse{a+M,...,b+ M}.

Therefore,

b+M

Tyl = ) G+ M+v,s)f(s,y(s+v—1))

s=a+M
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b+M

> Arg Z Gb+M+v,s)
s=a+M

= T2

= |yl

In summary, we have shown that
o 1Tyl < lly], for all y € K N0,

o ||Ty|| > ||y|l, for all y € K N 0OL2,.,.

Hence, Theorem 25(i)—with Q; := §2,, and Qs := Q,,—implies that 7" has a fixed

point yo in KN(Q,,\Qy,). It follows that yq is a solution to (4.1) with r1 < ||yo| < r2.

Case 2 [Ary < nr]

If Ary < nry, we may apply Theorem 25(ii) with Q; := Q,, and Q := €, to show
the existence of a positive solution y, in K N (ﬁrl\Qrz) such that ro < [|yol| < 71,

following the same procedure as in Case 1.

Since r, and 75 from assumptions (A1) and (A2) are positive, we see that in either

case, o is a nontrivial solution to (4.1) satisfying

min {r,72} < ||yo|| < max {ry,re}.
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Example 6 Consider the fractional (3,1) boundary value problem

4
—AT_yy(t) = (M) , te{0,..,12},
y(m —4) = Ay(r — 4) = A2y(r — 4) =0, (4.10)
APy (1247 —5) =0,

Here, we have the nonlinear problem (4.1) with

|ty = (%),
b=10, a =9

=
Il

w\.lru
|

~

and

D{y} ={r—4,..,m+12}.

A graph of the Green’s function corresponding to (4.10) is shown below in three di-

mensions, together with several two dimensional slices for sample values of s.
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f

Figure 4.1: The Green’s Function for Problem (4.10)
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Figure 4.3: Green’s Function Slice at s = 3
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Figure 4.6: Green’s Function Slice at s = 12

Let us apply Theorem 26(i) to show that (4.10) has at least one positive solution.

To do this, we must find constants ri,ro > 0 so that assumptions (A1)-(A3) are



satisfied. First, we calculate the following three constants from Theorem 26:

e Satisfying (A1):

We wish to find r1 > 0

0< f(t,y) <nri, for 0 <y <ry andt € {0,

Q(0)

—2 =~ (0.0875
P(12)

-1

~ 0.00103

12

ZG(',S)

s=0

Z G(‘,S)

s=11

-1

~ 0.0108

such that

4
— 0< <%) <nry, for0 <y <r andte{0,..,12},
e

b+ M},

<— Ogrzfgm"l

= 0<r <n3~0.1010.

Hence, (A1) is satisfied with r == .

10
o Satisfying (A2):

We wish to find ro > 0 such that

f<t7y) Z/\T27 f07"77“2 SZ/SM and t € {a+M,7b+M},

Y

4
— (7) > 0.0108ry, for 0.0875r, <y < and t € {11,12}
(&

4
(%> > 0.0108r4

ell

e 1y > 13,328,472.

Hence, (A2) is satisfied with ry := 13,330, 000.

103
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o Assumption (A8) is also satisfied, since % < 0.0875 - 13, 330, 000.

Therefore, we may apply Theorem 26(i) to conclude that fractional boundary value
problem (4.10) has a positive solution yo on {m —4,...,m + 12}. Moreover, for what
it is worth, we know that

1
< < llyoll < 13,330, 000,

4.3.2 Banach

Polish born Stefan Banach (1892-1945) produced his well-known Contraction Map-
ping Theorem in 1922, the same year he received his doctoral degree in mathematics

from the King John IT Casimir University of Lwéw, Ukraine.

Theorem 27 Let (X,d) be a complete metric space and suppose f : X — X is a

contraction mapping, where 0 < L < 1 is the constant such that

|f(z) — fly)| < Llx—y|, for all z,y € X.

Then
(1) f has a unique fized point u € X.

(il) lim f*(z) = u, for allxz € X.

(iii) d(f™(x),u) < E-d(x, f(z)), for allz € X and n € N.

1-L

Since (B,||-]|) is a complete metric space (with d(yi,y2) := [|v1 — v2||), we may
apply Banach’s Contraction Mapping Theorem 27 to show the existence of a unique

solution to problem (4.1), provided the nonlinearity f satisfies a certain Lipschitz
-1

b+ M
condition. In Theorem 28 below, n := HZ » G(-,s)‘ is the fixed constant

involving the Green’s function, as defined earlier.
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Theorem 28 The nonlinear boundary value problem (4.1) has a unique solution pro-

vided there exists a 0 < 6 < n such that f satisfies the uniform Lipschitz condition

|f(t7yl) - f(t7y2)| < 0 |yl - y2|7

forallt € {0,....b+ M} and y1,y> € R.

Proof. Suppose there exists a 0 < 6 < 7 such that f(¢,y) satisfies the uniform
Lipschitz condition stated in the theorem. Then given any y;,y» € B, we may

estimate

| Tyr — Tys|
b+ M b M H

= Z G(" s)f(s,yl(s +v— 1)) - Z G('a S)f(57y2<8 tv— 1))
b+M

> Gl sl v = 1) = fls.pals + v~ 1>>\||

b+M '

Z G, 8)0|y(s+v—1) —ya(s+v—1)|

b+M

Z G(-,S)

s=0

IN

IN

IN

01lyr — el

0
= - ||Z/1 —y2||.
n

Then T is a contraction mapping with Lipschitz constant % € [0,1), whereby
Banach’s Contraction Mapping Theorem 27 implies that 7" has a unique fixed point
yo € B. It follows that g, is the unique solution to (4.1). Moreover, we may obtain
this unique solution gy by calculating for any y € B the function

lim T"y.

n—oo
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Furthermore, for any chosen initial function y € B, Theorem 27(iii) allows us to

calculate the error of estimation at any step n € N via

n

. 0
1Ty — voll < ——

. (n—e)H |

Remark 11 Since

| =

IN

5
=

(]

Gb+M+wv,s)

(=

’1
=~
(]

@
Il
o

S

+

(b+M+v—p—o(s))=t=t

b+ M+ v)E— (b+ M +v—o(s))Y]

T
=

=

< =
~—

w

o

b+ M+v—p—o(s)=L=L b+ M+v)t

—
S
+
S

rb+M+v—pu—s) I'b+M+v+1)
rb+M—-s+1) T(b+M+v—pu+1)

r

—~

v) &
NI+ M+v+1) T'(v— p)
I'(v) Fb+M+v—p+1)
b+M+v)---(v)
b+M+v—p) - (v—p)
(b+ M + )L
(b+ M + v — )

(=
+
[==)

I
o

S

b+ M+1)

—~

(b+M+1)

we obtain the inequality

< (b+ M + v — p) ML
T 04+ M+1)(b+ M)

<.

Hence, it is natural to check whether [ satisfies a Uniform Lipschitz Condition with
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constant

(b+ M + v — p) L

(b4 M +1)(b+ M + )M

since, in this case, Theorem 28 would guarantee a unique solution to the boundary
value problem (4.1). Moreover, this conclusion would be reached without ever needing

to make the messier calculation for 7.

Example 7 Consider the fractional boundary value problem

- In | (t+7r71)\+1
_Aﬂf4y(t) = (y (t+4)5 ) ’ fOT t e {07 ey 12} 9

y(m —4) = Ay(r — 4) = A2y(r — 4) =0, (4.11)

APy (12+7-5) =0.

Here, quite similar to problem (4.10), we have

v=m | N=4| f(t,y) = Sl

p=<t|M=2| b=10, a=9

In this case, let us apply Theorem 28 to show that problem (4.11) has a unique solution
on{m—4,..,m+12}. Observe that fort € {0,...,12} and y1,y2 € R,

In(jyi| +1)  In(lye| +1)
(t+4)5 (t+4)5
1
= m‘ln(\ylHl)—ln(\yzHl)}
1
< Hl(mnl+1) = (el + 1)
= Il — |l |
1024
< |y1—y2|‘
= 1024

|f(t7y1) - f(t7y2)| =
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Since

1
<f0:=——~=0. .00103 =
0<46 1024 0.00098 < 0.00103 =~ 7,

Theorem 28 implies the existence of a unique solution yo to (4.11) on

{m—4,...,7m+12}.
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Appendix A

Extending to the Domain NZ

All the results presented in this dissertation may be extended from the domain N, to

the more general domain
N':= a4+ hNy = {a,a +h,a+2h,..}, a € R, h > 0 fixed.

Though this extension may prove useful in some cases, the process itself is of little
mathematical interest. Since N, and N are both discrete domains with constant
forward jump operators, proving an extension amounts to nothing more than ‘scaling’
a current result by a factor of i and, therefore, involves no new mathematical ideas.
In light of this, the author has chosen to restrict this dissertation to the domain N,
in order to avoid the messy calculations required in work with N”.

Nonetheless, we present one such example here, that of extending part of the
Fractional Laplace Transform Method to problems defined on N”. Note that Bohner
and Guseinov have results similar to some that follow in [7]. Also, for convenience and
easier comparison with the main body of this dissertation, some of the summations

below come with instructions to sum by increments of h instead of by the standard
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unit increment. All of the definitions and lemmas leading up to the main theorem

(Theorem 32) will be given without motivation or proof.

Definition 7 Let f : N! = R and v > 0 with N —1 < v < N. Define the v'"-order

sum and the v*"-order difference of f by

» NS (o))
WA (1) = 3 Z( - ) f(s),
forte Nt .. and
WS (1) = AV (A N) £ (1)
fortENHN Dh

Similar to the derivation presented in Chapter 3, the Laplace Transform as taken

from the general theory of time scales simplifies to

kh—i—a
LS} (s ZJ;M

for those s € C\ {—1/h} for which the series converges.

Lemma 29 Suppose f : N* — R is of exponential order r > 0. Then
L, {f}(s) converges for s € C\B_y,(r"/h).

Next, the Whole-Order Taylor Monomials are

(t—s)(t—s—h)---(t—s—(N—-1)h)
(N +1)

_ MGLNH) (t?) (t?_l)...(t;s—w_l))

hN (t, S) =
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B F(]ifl]i 1) (t D S)N'

Definition 8 For v > 0, define the v*"-order Taylor Monomial by

o (1 5) = F(Vh:- 1) (t 0 8>V'

Definition 9 Let f,g: N" — R be given. Define the convolution of f and g to be

(f*g)(t):= Zf(r)g(t—r—i—a), fort e NZ.

by h

Lemma 30 Let it > 0 and a,b € R such that b — a = ph. Then

(1+hs)"
8M+1

Ly {hy (- a)} (s) =

)

for s € C\B_y1,,(1/h).

Lemma 31 Let f,g: N — R be of exponential order r > 0. Then

Lats ey 9 = e iy () £ty ()

for s € C\B_yp(r"/h).

As in Chapter 3, the above definitions and lemmas may be combined to prove

Theorem 32 for the Laplace Transform of a fractional sum.

Theorem 32 Suppose f : N — R is of exponential order r > 1 and let v > 0 be

gwen with N —1 <v < N. Then for s € C\B_y,(r"/h),

1+ hs

Lo (2110 = (2 2t 0.



Proof.

Let f, r and v be as given in the statement of the theorem. Then

a+uh{hA7 f}
WAV f(kh +a+ vh)
hz (14 hs)k+1
> o ((k+v)h+a—r— kSt
h) 1+hsk+1'r<) ( I > /()
k=0
byh
) 1 a+kh
2
thZf (a—i-k:h)—r—f-aa—(l/—l)h)
by h

2N~ (b a— (v—1)h)) (a+ kh)
h ; (1 + hs)k—‘rl

b La{f * hor(a— (v — D)) (5)
L0 £ {1 (5) £ fhuaa — (0= 1)} 5)

<1+hs>wc (710

(F) e,

p L+ hs)

for s € C\B_1/,(r"/h). W
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Appendix B

Further Work

The ideas and results discussed in this dissertation are fairly close to the beginnings of
calculus, so there are many directions to further develop and explore. One direction
that appeals to the author is to extend the Fractional Laplace Transform Method to

solve the more general initial value problem

AL, wyt) +py(t+v—N)=[f(t), peR,teN,
Alyla+v—N)=A4;, i€{0,1,..,N—1}, A, e R.

(B.1)

Attempting to solve problem (B.1) by the Laplace Transform Method, we arrive at

the equation

Lo} () = TR Z M)

Hence, solving problem (B.1) requires one to find, for each j € {0,...,N — 1}, the

inverse Laplace Transforms
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Needless to say, this is much easier accomplished for p = 0, as is true for problem
(2.11) presented in this dissertation.

A second direction for further work is to develop results analogous to those pre-
sented in this dissertation for functions f : ¢ — R, where the geometric domain ¢
is given by

o = {1,q,q2,q3, } , where ¢ > 1 is fixed.

Though analogous calculations and results are much more involved than for the do-
main N,, progress can still been made. In fact, mathematicians Atici, Bohner, Eloe
and Guseinov, all referenced in this dissertation, have recent publications in this

area.
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