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HILBERT-SAMUEL AND HILBERT-KUNZ FUNCTIONS OF
ZERO-DIMENSIONAL IDEALS

Lori McDonnell, Ph. D.

University of Nebraska, 2011

Adviser: Thomas Marley

The Hilbert-Samuel function measures the length of powers of a zero-dimensional
ideal in a local ring. Samuel showed that over a local ring these lengths agree with
a polynomial, called the Hilbert-Samuel polynomial, for sufficiently large powers of
the ideal. We examine the coefficients of this polynomial in the case the ideal is
generated by a system of parameters, focusing much of our attention on the second
Hilbert coefficient. We also consider the Hilbert-Kunz function, which measures the
length of Frobenius powers of an ideal in a ring of positive characteristic. In particu-
lar, we examine a conjecture of Watanabe and Yoshida comparing the Hilbert-Kunz

multiplicity and the length of the ideal and provide a proof in the graded case.
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Chapter 1

Introduction

The study of Hilbert-Samuel functions began in 1890 with the paper Uber die Theorie
der algebraishen Formen [Hil90] by David Hilbert. In this paper, Hilbert proved
that over the polynomial ring C[zy, ..., x4 with homogeneous ideal I, the function
H(n) = dimg I, agrees with a polynomial for n sufficiently large. Pierre Samuel then
extended Hilbert’s ideas to m-primary ideals I in a local ring (R, m) in his article
[Sam51]. In particular, Samuel’s work introduced modern multiplicity theory.

Let (R,m) be a local ring of dimension d, I C R an m-primary ideal, and M a
finitely generated R-module. The Hilbert-Samuel function for I with respect to M is
the function Hy @ Z — Z given by Hyy(n) = Ag(M/I"M). Samuel showed that
these functions agree with a polynomial Py r(n) (called the Hilbert-Samuel polyno-
mial) of degree t = dim M for n sufficiently large. We can always write Pj p/(n) in

the form

Pon) = S (1T, M) (")

, t—1
=0
When M = R we often suppress the M in the notation above. The numbers e;(I, M)

are known as the Hilbert coefficients for I. In particular, the number e(l, M) :=



eo(I, M) is known as the multiplicity of I with respect to M and has been well-

studied. One can compute the multiplicity as the limit

g(M /I M
e(I, M) = lim HAR(M/1"M)

n—oo /n,t

(1.1)

where ¢ := dim M. The first Hilbert coefficient, e, (1, M), is also sometimes called the
Chern number for I with respect to M (see e.g., [Vas08], [MV10]).

One can study the coefficients of the Hilbert-Samuel polynomial to determine what
information these coefficients can tell us about the ring or the ideal. For example,
Nagata [Nag62| proved the following well-known result concerning the multiplicity of

the maximal ideal.

Theorem 1.1 (Nagata). Suppose (R,m) is a local unmized Noetherian ring (i.e.,

dim R/p = dim R for all p € Ass(R)). Then e(m) = 1 if and only if R is reqular.

The other Hilbert coefficients carry important information as well. When the ring
R is Cohen-Macaulay, Northcott [Nor60] and Narita [Nar63] have provided charac-

terizations of ey () and ey([), respectively, with the following theorems.

Theorem 1.2 (Northcott). Suppose (R, m) is Cohen-Macaulay and I is an m-primary
tdeal. Then

1. e1(1) > 0 with equality if and only if I is a parameter ideal.
2. )\R(R/I) Z 60([) - 61([).

Theorem 1.3 (Narita). Suppose (R, m) is Cohen-Macaulay and I is an m-primary
ideal. Then ex(I) > 0. If dim R = 2, then es(I) = 0 if and only if I"™ has reduction

number one for some integer n.



If R is Cohen-Macaulay and I is a parameter ideal, i.e, I = (z1,...,24) with
d = dim R and v/T = m, it is a straightforward exercise to show that e(I) = A\g(R/I)
and e;(I) =0fori =1,...,d. However, if R is not Cohen-Macaulay, this is not always
the case. In this thesis we will examine the Hilbert coefficients for a parameter ideal
in a non-Cohen-Macaulay ring.

Our first main result was inspired by the following theorem of Ghezzi, et al
[GGH*10b] which characterizes the Cohen-Macaulayness of an unmixed ring in terms
of the first Hilbert coefficient of a parameter ideal. In Section 2.4 we will discuss the

case the ring R is unmixed in more detail.

Theorem 1.4 (Ghezzi, et al). Suppose (R,m) is an unmized local ring and q a

parameter ideal. Then e1(q) < 0 with equality if and only if R is Cohen-Macaulay.

Our main results in Chapter 2 are the following. We will define the postulation

number, n(q), in Section 2.1.

Theorem A. Let (R,m) be a Noetherian local ring of dimension d > 2. Suppose that

depth R > d — 1. If q is a parameter ideal of R, then the following hold:
1. es(q) <0.
2. es(q) = 0 if and only if n(q) < 2 —d and grade gry(R)+ > d — 1.
3. ea(q) = 0 implies e3(q) = eq(q) = -+ = eq(q) = 0.

Theorem B. Let (R, m) be a local Noetherian ring of dimension d and suppose q is
a parameter ideal for R satisfying depth gry(R) > d —1. Then for 0 <i<d+1 and
n € 7,

(_1)iAd+1_i(Pq(n) — Hy(n)) = 0.

Moreover, e;(q) <0 fori=1,...,d.



In Chapter 3 we restrict our focus to rings of positive characteristic and consider
a characteristic p > 0 analogue of the Hilbert-Samuel multiplicity (1.1), known as
the Hilbert-Kunz multiplicity of an ideal. Given a local ring (R, m) of dimension d
with maximal ideal m of characteristic p > 0, an ideal I of R and ¢ = p° (for some
e), we define the e-th Frobenius power of the ideal I, denoted I'4, to be the ideal of
R generated by the set {i? : ¢ € I}. If I is m-primary, we define the Hilbert-Kunz
multiplicity of I by
enr (I, R) := lim M.

q—00 q

(1.2)

As with the Hilbert-Samuel multiplicity, when the ring R is understood, we often
suppress the symbol R in the notation above. The idea of studying this limit began

with Kunz in [Kun69] where he proved the following:

Theorem 1.5 (Kunz). Let (R,m) be a local ring of characteristic p > 0 and dimen-

ston d. Then the following are equivalent:
1. R is a reqular local ring.
2. R is reduced and flat over R? = {r? | r € R}.
3. Ag(R/mld) = ¢? for all ¢ = p®, e > 1.

In the same paper, Kunz also showed that for any local ring (R, m) of characteristic
p>0,

Ap(R/ml) > ¢ forall g =p°, e> 1.

In particular, this shows that for any local ring (R, m), we have ey (m) > 1. Monsky
[Mon83] then proved that the limit (1.2) exists and is positive for all m-primary ideals,

giving us the Hilbert-Kunz multiplicity.



The Hilbert-Kunz multiplicity can be difficult to compute, and unlike the Hilbert-
Samuel multiplicity, ey (1) is not necessarily an integer. In fact, modulo a conjecture,
Monsky ([Mon08a], [Mon08b]) has given examples of non-rational algebraic Hilbert-
Kunz multiplicities and even transcendental multiplicities.

In Chapter 3, we consider the following conjecture of Watanabe and Yoshida

[WYO0].

Conjecture 1.6 (Watanabe-Yoshida). Let (R,m) be a Cohen-Macaulay local ring of

characteristic p > 0. Then
1. For any m-primary ideal I, one has egx (I, R) > Ar(R/I).
2. For any m-primary ideal I withpdg (R/1) < oo, one hasegk (I, R) = Ag (R/I).

An example of Miller and Singh [MS00] shows neither part of this conjecture holds
in general. We will examine the conjecture in the case that the ring R is graded. Our
main result in Chapter 3 gives a positive answer to part (1) of the conjecture in this

case.

Theorem C. Let R be a graded ring of characteristic p > 0 and dimension d and I
a homogeneous ideal with A\g(R/I) < oo and pdg(R/I) < co. Then for every q = p°,
one has Ag(R/I%) = ¢?\g(R/I). In particular, egx (I, R) = Ag(R/I).

Also, in Chapter 3 we consider part (1) of Conjecture 1.6 in the context of numerical
semigroup rings.

Finally, in Chapter 4 we discuss the following theorem of Hochster and Huneke
considering tight closure and the Hilbert-Kunz multiplicity. This is an expository

chapter on the theorem and the background needed to prove the theorem.

Theorem 1.7. (c¢f. [HHI90, Theorem 8.17]) Let (R,m) be a local ring and J C I

m-primary ideals of R.



1. [f]g J* then CHK ([) = EHK (J)

2. The converse to (1) holds if R is equidimensional and either complete or essen-

tially of finite type over a field.



Chapter 2

The Second Hilbert Coefficient of a

Parameter Ideal

2.1 Definitions and Notation

Given a local ring (R, m), it is a well-known fact that an ideal I C R is m-primary if
and only if /T = m. If M is an R-module, we write Ap(M) (or simply A(M)) for the
length of M as an R-module. For an m-primary ideal I, the Hilbert-Samuel function
of I with respect to M is defined by Hya(n) = Ar(M/I"M) for all integers n.
Throughout this thesis we use the convention I™ = R for n <0, so that H; y(n) =0
for n < 0. Samuel [Sam51] showed that the function Hy y/(n) agrees with a polynomial
Py yr(n), known as the Hilbert-Samuel polynomial for I, of degree t = dim M for n

sufficiently large. Moreover, one can always write Prs(n) in the form

Py as(n) Ziei(],M)(H_t_i_l)

t—1
i=0



where the e;(I, M)’s are known as the Hilbert coefficients for I with respect to M.
We define the postulation number for I with respect to M, denoted n(I, M), to be

the largest integer for which Hy p(n) and Py a(n) disagree. That is,

n(l,M)=min{j | H pu(n) = Pru(n) Vn > j}.

Let Ass R denote the set of associated primes of the ring R and Assh R the set of

associated primes of maximal dimension in R, i.e.,

Assh R = {p € Ass R | dim(R/p) = dim R}.

We define the associated graded ring of an ideal I C R by gri(R) = @,>ol"/I".
When R is local, we have that N,>¢/" = 0 so that for any element z € R, there
is a unique integer n so that z € I"\I"™'. We let z* denote the image of z in
I"/I" C griy(R). For a graded ring G = @®,50G,, we let G, denote the ideal
@n>1Gh.

We say that an element y € [ is superficial with respect to a module M if there
exists ¢ € N such that for all n > ¢, (I"™'M :3; y) N I°M = I"M. In particular, if y
is also a non-zero-divisor on M, we have (I"M :5; y) = I"'M for all n sufficiently
large ([SHO6, Lemma 8.5.3]). A sequence yi,...,ys € I is said to be a superficial
sequence for I with respect to M if the image of y; in I/(y1,...,y;—1) is a superficial
element of I/(yy,...,y;—1) with respect to M/(y1,...,y;-1)M for alli=1,...s.

We provide some preliminary results in the next section and prove the main the-

orems of this chapter in the following section.



2.2 Some Preliminary Results

When looking at Hilbert-Samuel functions, a common technique is to reduce by a
superficial sequence to obtain a ring of smaller dimension. The following Proposition

guarantees that when we reduce in this way, the Hilbert coefficients behave nicely.

Proposition 2.2.1. (cf. [Nag62, 22.6] ) Let (R,m) be a Noetherian local ring, I
an m-primary ideal and M a nonzero finitely generated R-module of dimension d.

Suppose y € I is superficial with respect to M. Then Ag(0 :ps y) is finite and
Pj’M(n) = P[’M(n) - PLM(TL - 1) + /\R(O M y)
In particular, we have

_ e;(I, M) fori=20,...,d—2
6,’([, M) =
ea1(I, M)+ (=1)¥\g(0:pr y) fori=d—1.
Proof. We follow the proof of Nagata in [Nag62]. Let ¢ be such that (I"M 3 y) N
IcM = I""'M for all n > c. For n € Z, consider the exact sequence

I"M iy M o, M M
— - — —
"M M M M 4 yM

0.
It follows that

M M M I"M iy
DY (SR W () [ | (- I P ——_ A
() = () ()« o (55

For n sufficiently large this gives

Pryi(n) = Prag(n) — Prag(n — 1) + Ag((I"M 23y y) /"' M).



10

So it is enough to show that Ag((I"M :p; y)/I" 1 M) = Ag(0 :p y) for n sufficiently

large. First note that for n > ¢

(M oy I"M 5y (UMM ) 4 1M
B\ 1m B\ (I"M o y) N IeM r I°M '

Note that M/I¢M is a finite length module, and hence artinian. Thus, the descending

chain

(I"M 0y y) + I°M (™M oy ) + 1M (I"F2M g y) + 1M
I°M = I°M = I°M =

(I”M:My)—i-ICM

s ) is a constant, say C, for n sufficiently

must stabilize, and we have Ag (
large.
We claim that (I"M :p y) C (0 :a7 y) + 1°M for n sufficiently large. To see this,

note that, using the Artin-Rees lemma, we have
y(I"M :pp y) = I"M NyM = I"*(I*"M nyM) C yI"*M

for some integer k. So if x € (I"M :p y), for n > 0, there exists an element
a € I""*M C I°M such that yz = ya. Then z —a € (0 :p; ). This proves the claim.

Now, we have (0 :py y) + [°M C (I"M :pp y) + I°M C (0 :pp y) + I°M for n
sufficiently large. Hence,

C Ok IcM — R IcM TR\ Oy N IeM )

Finally, since this C' is independent of ¢ (when c is large), we must have the intersection
(0 :pr y) N I°M = 0. This proves the first statement. The second statement follows

directly from the first. ]
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Note that in the proof above, we show that if z € (I"M :j; y) and ¢ € Z is
such that (I"M :p; y) N I°M = I"7'M for all n > ¢, then for n > 0, there exists
an element a € I°M such that yr = ya. If y is a non-zero-divisor, this gives that
(I"M :p; y) € I°M. In particular, this says that for a non-zero-divisor y € I that is
superficial with respect to M, (I"M 3y y) = (I"M 5 y) N IM = "7 M for n > 0.

For an element x € I™\I""!, recall that x* denotes the image of z in gr;(R). If
r* is a non-zero-divisor, the postulation number also behaves nicely when we pass to

I/(x). As the proof is short, we include it for completeness.

Lemma 2.2.2. Let x € I\I* be a non-zero-divisor and assume that =* is a reqular

element of gri(R). Set [ = 1/(z). Then n(I) =n(I) + 1.
Proof. Note that from the exact sequence

k

T2 L R/ LRIk — R/(¢F,x) — 0

0= g1

we obtain

Hi(k) = Hy(k) — Hy(k — 1) and Py(k) = Py(k) — Py(k — 1).

From this it is clear that n(l) < n(I) + 1. Suppose n(I) < n(I) + 1. Then we have
Hy(n(1)+ 1)~ Hy(n(I)) = Hyn(1)+1) = Pr(n(1)+1) = Pr(n(I)+1)— Py(n(1)). But,
since Hr(n(I) + 1) = P;(n(I) 4+ 1), we obtain H;(n(l)) = Pr(n(l)), a contradiction.

Thus, n(I) = n(I) + 1. O

We define grade gr;(R); to be the maximal length of a regular sequence for gry(R)
contained in gr;(R);. Then grade gr;(R), = depth gr;(R). The grade of the associ-
ated graded ring also behaves nicely with respect to superficial sequences as evidenced

by the following lemmas.
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Lemma 2.2.3. [HM97, Lemma 2.1] Let x1, ...,z be a superficial sequence for I. If

grade gr;(R)4 > k, then x73,...,x} is a reqular sequence.

Lemma 2.2.4. [HM97, Lemma 2.2] Suppose y1, ...y is a superficial sequence for
an ideal I. Let R and I denote R/(yi,...,yr) and I1/(y1,...,yr), respectively. If

grade gry(R)y > 1, then gradegr;(R)y > k + 1.

We now derive a formula for the d** Hilbert coefficient of a parameter ideal with

the following lemma.

Lemma 2.2.5. Suppose (R,m) has dimension d. Let I be an m-primary ideal and
y € I a superficial element. Let I = I/(y), Hy(k) = Ar(R/(I*,y)) and Pr(k) denote

the Hilbert polynomial for I. Then for 1> 0,
! !
(=D)%ea(l) = > (Hi(k) = Pr(k)) = > Ap((I* - 9)/I"") 4+ 1hg(0 < ).

k=1 k=1

Furthermore, if y is also a non-zero-divisor on R, we have

(=1)%ea(I) = Y (Hy(k) = Pr(k)) = > Ar((I": y)/1"7).

Proof. For k € 7Z, consider the exact sequence:

k .
Ly RIS BT R y) — 0

0—

From this we see that Ag(R/(y, I¥)) = Ag(R/I*¥) — Ap(R/I*"1) + )\R(%). Subtract-

ing P;(k) and summing both sides and we get, for [ > 0,

l l
k=1 k=1

S0 R/ = Pi) = 3 (M = MR/ 8 () - P
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Thus,

MN

I d-1 _9_ B l k.
CACEYOESYITED 3 MV (S PO RS DY

b
Il
—
b
Il
—

where A\(—) = Ag(—).

By Proposition 2.2.1, we have e;(I) = e;(I) for i = 0,...,d — 2 and e;_1(I) =

ea—1 (1) — (—=1)4" AR (0 : y). Hence,
;(fh(k:) — Pr(k)) = —IAg(0:y)+ (—1)%q(l) + ; A((I% ) /15,
Rearranging, we get
(—1)%eq(I) = Z (Hr(k) — Pr(k) = > Ar((I* = )/ 1Y) + IAg(0 < y)

k=1 k=1

and if y is also a non-zero-divisor on R, we have

(=1)%ea(l) =) (Hi(k) = Pr(k)) = > Ar((I*: 9)/1"")
since for k> 0, Hy(k) — Pi(k) = 0 and Ap((I* : y)/I*1) = 0. O

2.3 The first difference function, A(P,(n) — H,(n))

In this section, we examine the difference function A(P,(n) — H,(n)) for a parameter

ideal q. The techniques we use closely follow those of Marley in [Mar89]. In this
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section we also prove Theorems A and B.

Definition 2.3.1. Let f : Z — Z. The first difference function, A(f), is defined
by A(f(n)) = f(n+1) — f(n). We define the i*" difference function inductively by

AY(f) = A(ATHS)).

We begin with a proposition describing the Hilbert coefficients for a parameter
ideal in a ring of dimension one. The second part of this result is also proved in

[GNO03, Lemma 2.4(1)]. As the proof is short, we include it here.

Proposition 2.3.2. [GN03] Suppose (R, m) is a one-dimensional local Noetherian

ring and ¢ = () C R is a parameter ideal for R. Then
1. eo(q) = Ar(R/(Hy(R), x)), and
2. e1(q) = —Ar(Hy(R)).

Proof. Consider the short exact sequence

— 0.

H(R) R R
—_— s -
"NHYR) ¢ (HY(R),q")

: e 0
Using the additivity of length, we have Ag(R/q") = Ar <qnﬁ"ﬁ(‘%R()R)> + AR <m> )
Note that for n > 0, ¢" N HY(R) = 0 by the Artin-Rees Lemma, so we have
Ar(R/q") = Ar(HY(R)) + Ar(R/(H2(R),q")) for n > 0. Now, R/H2(R) is a

Cohen-Macaulay ring and the image of x in R/HC(R) is a parameter, so we also

have Agr(R/(H2(R),q")) = nAr(R/(H2(R),z)). Putting this together, we have
Ar(R/q") = nAr(R/(Hy(R),2)) + Ar(Hy(R))  for n>>0.

It follows that ey(q) = Ar(R/(H2(R),z)) and e;(q) = —Ar(H2(R)). O
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We now provide another description of the Hilbert coefficients of a parameter ideal

in a one-dimensional ring.

Proposition 2.3.3. Suppose (R, m) is a one-dimensional local Noetherian ring and

q = (x) C R is a parameter ideal. Then
1. a) eo(q) = A\r(R/Z) where & = ((x'1) : ") for all i > 0, and
b) er(q) = St Ar(R/E) — Ar(R/((z"Y) : 21))) for a fived integer 1.

2. a)

-

() = H(n) = 5, OB/ ) — AR/2)) where
T = (1) 1 2b) for all1 >0, and

b) P,(n) > H,(n) for alln > 0.

Proof. Write ¢ = (x). Note that Ag((z%)/(z™1)) = Ag(R/((z"™1) : 2%)) for all i as
((x*1) : 2%) is the kernel of the surjective map R — (2%)/(z**") defined by 1 +— xt.

Then A(R/q") = 3215y Ar((@')/(2"1)) = X2iZ5 Ar(R/((a") : 27)). Note

is an ascending chain, so there must be a point at which it stabilizes. Let
I =min{i | ((z") :2™) = (') : 2%) for all n > i}

and set 7 = ((2'*1) : ).
For n > I, we have Ag(R/(z")) = Y0 Ar(R/((z**1) : 2%)) + (n — [)Ar(R/%).

This gives that
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From this, we see that eg(q) = Ag(R/Z) and e1(q) = S2i—¢ [\r(R/Z) — Ag(R/((z - 27))].
This proves (1).
Now if n <1 — 1, then Hy(n) = Y70 Ag(R/((z"*1) : %), and

By(n) = Hyln) = 3" Aa(RJ( ) ) + (n— DAR(R/2)

-1

= 3 ((R/((x"Y) o) — Ar(R/7))

i=n
0

= D B/ ah) = Anl(R/2))

i=n

where the last equality holds since ((z**!) : %) = 7 for all 4 > [. This gives 2(a).
Note that for all 7, we have ((z'™!) : 2%) C 7, so A\g(R/((2""1) : 2%)) > Ap(R/Z)
and we have Py(n) — H,(n) > 0. In fact, if n > [, we have P,(n) — H,(n) = 0. This

gives part 2(b) of the proposition. ]

This proposition gives us a formula for the postulation number of a parameter

ideal in a one-dimensional ring.

Corollary 2.3.4. Let (R,m) be a one-dimensional local Noetherian ring and q = (x)

a parameter ideal. Then
n(q) = min{i | (") : ") = () : &) for all j > i} — 1.

Proof. Let | = min{i | ((x**) : 2%) = ((2/*1) : 29) for all j > i} and & = ((z!*1) : 2%).
Then, using part 2(a) of Proposition 2.3.3, clearly n(q) <1 —1. If n(q) <! — 1, then
we have P,(l) = H,(l) and using 2(a) again, this gives Ag(R/((z!) : 2'71) = Ar(R/%).
But since 7 = ((z!™) : 2!), this says that ((z!) : 2!71) = ((2*) @ 2t) = () @ 2?)

for all ¢ > [, contradicting the minimality of {. Thus, we must have n(q) =1 —1. O
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Corollary 2.3.5. Let (R,m) be a one-dimensional local Noetherian ring and q = (x)
a parameter ideal. Then
1. For k € Z, if Py(k) — H,(k) = 0, then P,(n) — H,(n) = 0 for all n > k, i.e.,

k> n(q).
2. A*(P,(n) — Hy(n)) = Ag(((z"*?) : ™) /((a™1) : ™)) for all n.
3. A?(P,(n) — H,(n)) >0 for all n.

Proof. For the first statement, suppose FP,(k) — H,(k) = 0. Let & be defined as in
Proposition 2.3.3. Then P,(k) — Hy(k) = >_:2, (Ar(R/((a™1) : %) — Ag(R/Z)) = 0.
As Ag(R/((z"1) : 2Y)) — Ar(R/Z) > 0 for all i > 0, we must have equality for each
i > k. It follows that P,(n) — H,(n) =0 for all n > k, i.e., k > n(q).

For (2), note by Proposition 2.3.3

A(Py(n) — Hy(n)) = Ar(R/T) — Ar(R/((z") : 2"))

So,

A (Py(n) — Hy(n)) = A(A(P(n) — Hy(n)))
= AAr(R/E) — Ap(R/((z") : 2™)))
= —Ar(R/((2""%) 1 2™)) + Ar(R/((2"1) : 2™))

= Ar(((@") 12" ) /(") 1 a™)).
In particular, this says A(P,(n) — H,(n)) < 0 and A?*(P,(n) — H,(n)) > 0 for all

n. O

In our next result, we give an explicit formula for e;(g) over a two-dimensional

ring.
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Proposition 2.3.6. Let (R,m) be a local Noetherian ring of dimension two with

parameter ideal q. Suppose y € g\mq is a superficial element for q. Then

61(CI) = —AR(O ‘HY(R) y))

Proof. By Propositions 2.2.1 and 2.3.2 , we have

e1(q) = Ar(0:r y) — Ar(Hu(R/(y))). (2.1)

We will first find formulas for Az(0 :g y) and Ag(H2(R/(y))). Consider the short
exact sequence

0—(0:ry) — R— R/(0:gy) — 0.

Applying local cohomology, we have

0 — HY(0 : y) — HYR) — HYR/(0 :r y) — HY0 R y) — -

Note that since Ag(0 :g y) < oo ( by Proposition 2.2.1) , we have H2(0 :z y) = (0 :r v)

and HL(0:g y) = 0. So, from the exact sequence

0— (0:ry) = Hy(R) = Hy(R/(0:ry)) — 0

we have

Ar(0 7 y) = Ar(Hy(R)) — Ar(Hy(R/(0 7 y))). (2.2)

Similarly, we can apply local cohomology to the short exact sequence

0— R/(0:ry) = R— R/(y) =0
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where a(7) = yr to obtain the long exact sequence
0 — HY(R/(0:r y)) — HA(R) — HA(R/()) L HL(R/(0 5 ) D HA(R) = -
Letting C := ker(f) 2 im(g), we have
Ar(HO(R/ (1)) = Ar(C) + Ar(HY(R)) = Ar(HA(R/(0 i v)). (2:3)

Now combining (2.2) and (2.3) with (2.1), we have e;(q) = —Ar(C).

We claim that C' = (0 : 1 (g) y). First note that as y is superficial for ¢, y acts as a
non-zero-divisor on R/HY2(R). Indeed, suppose * € R such that zy = 0 in R/H2(R).
We need to show that x € HY(R). There exists n; € Z such that zym™ = (0) C ¢
for all i > 0 and hence am™ C (¢* : y) for n > 0 and for all : > 0. As y is superficial
for ¢, there exists ¢ € Z such that (¢"*! : y)Ng¢ = ¢" for n > c. Since ¢ is m-primary,
there exists ny such that m™ C ¢. Then note that m"2¢ C ¢° implies that zm™ C ¢¢ for
n > 0. Thus, for n > 0, we have yzm™ = 0 and hence am” C (¢! : y) N ¢° = ¢ for
all ¢ > c. In particular, by Krull’s Intersection Theorem, we have zm™ € N;>.¢" = 0.
So, z € (0:m") C HY(R).

Recall that we have the exact sequence

0— C — Hy(R/(0:ry)) — Hy(R).
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Consider the following commutative diagram with exact rows and columns:

0 0 0
0—= HY(R)/(0 :r y) — HA(R) K 0
B8
0 R/(0:p y) —2 R R/(y) ——>0
0 R/HY(R) —— R/HY(R) — R/(HY(R),y) —>0

where K = ker(3) = Coker(vy). We can apply local cohomology to obtain the follow-

ing commutative diagram

0—=C——Hy(R/(0:rY)) H.\(R)

) I

0—>T —> HL(R/HS(R)) —— HL(R/HS(R))

where T = ker(HL(R/HO(R)) % HL(R/H(R)). Note # and 7 are isomorphisms
because HY(R)/(0 :z y) and H2(R) are both finite-length modules and hence

H'(HX(R)/(0:py)) =0 and H.(HX(R)) =0 for i > 1.

Hence, by the Five Lemma, we have that C = T.

We now show that T = (0 :p1 ) y). Note that by applying local cohomol-
ogy to the exact sequence 0 — H2(R) — R — R/HJ(R) — 0 one can see that
HL(R/HY(R)) = HL(R). Furthermore, the kernel of the map HL(R) & HL(R) is

(0 :mr(ry ¥), so T = (0 :p1 gy y). Applying this to the diagram above, we can see
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that C' = (0 :p1 (g ¥), and hence e1(q) = —Ar(0 1 () ¥)- O

Corollary 2.3.7. Let (R, m) be a local Noetherian ring of dimensiond > 1 and q C R

a parameter ideal. Then e1(q) < 0.

Proof. Without loss of generality, we may assume that R has infinite residue field by
passing to R[7|mpgy if necessary. We will proceed by induction on d. The cases d = 1
and d = 2 follow from Propositions 2.3.2 and 2.3.6, respectively. Suppose d > 2. Then
we may choose y € ¢\mq superficial for ¢ such that e;(q) = e1(¢/(y)). The result

now follows by induction as ¢/(y) is a parameter ideal in the (d — 1)-dimensional ring

R/(y). O

Corollary 2.3.8. Let (R,m) be a local Noetherian ring of dimension 2 and ¢ C R a

parameter ideal. Then the following are equivalent:
1. e1(q) = 0.
2. HL(R) = 0.
3. R/HC(R) is Cohen-Macaulay.
In particular, if R has positive depth, e1(q) = 0 if and only if R is Cohen-Macaulay.

Proof. Note that without loss of generality, we may assume that R has infinite residue
field. We will start with proving (1) if and only if (2). Note that H(R) is annihilated
by a power of m, and hence, by a power of y. So, by Proposition 2.3.6, e;(¢q) = 0 if
and only if (0 :51 5 y) = 0 if and only if HJ(R) = 0.

For (2) if and only if (3), apply local cohomology to the short exact sequence

0— H’(R) — R — R/H°(R) — 0
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to obtain the long exact sequence
+ = Hy(Hy(R)) — Hy(R) — Hy(R/Hy(R)) — Hy(Hy(R)) — -

Note that since HY(R) is a finite-length module, H. (HY(R)) = 0 for all i > 1. So
H.(R) = 0 if and only if HL(R/H2(R)) = 0 if and only if R/H2(R) is Cohen-

Macaulay. The last statement of the Corollary follows immediately. [

We now prove Theorem A, characterizing the second Hilbert coefficient of a pa-

rameter ideal in a ring of depth at least d — 1.

Theorem A. Suppose (R,m) is a Noetherian local Ting of dimension d > 2 and

depthR>d — 1. Let ¢ C R be a parameter ideal. Then
1. es(q) <0.
2. es(q) = 0 if and only if n(q) < 2 —d and depth gry(R) > d — 1.

3. ex(q) = 0 implies e3(q) = -+ = eq(q) = 0.

Proof. We may assume that R has infinite residue field by passing to R[%|mp[ if
necessary. We will proceed by induction on d = dim R. First suppose d = 2. Let
q = (y,x) where y € ¢\mgq is a superficial non-zero-divisor for R. Let (*) denote
working modulo (y). Now, q is a parameter ideal in the one-dimensional ring R, so

by Proposition 2.3.3, Hz(k) — P;(k) < 0 for all £ > 0. In particular, Lemma 2.2.5

gives

ea(q) = D> (Hy(k) — Py(k)) = > Ae((d* : )/ ™)

k=1
0.

IN
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Note that if the left-hand side of the equation above is zero, we must have that
Ar((¢F 1 y)/¢"') = 0 and Py(k) = Hy(k) for all k > 1. In particular, the condition
Ae((¢F = y)/q"') = 0 for all k > 1 implies that y* is a non-zero-divisor in gr,(R),
so depth gr,(R) > 1. Now, since y* is a non-zero-divisor, Lemma 2.2.2 gives that
n(q) = n(q) + 1; i.e., n(q) < 0. This proves the Corollary when d = 2.

Now if dim R > 2, then let yi,...,y4-2 € ¢\mQ be a superficial sequence of
non-zero-divisors for R. Then ¢ = q/(y1,...,Y4—2) is a parameter ideal in the two-
dimensional ring R = R/(y1,...,Y4_2) which has depth R > 1. Hence, by induction,
we have es(q) = e2(q) < 0.

For (2), first suppose ez(q) = 0. Then by induction grade grg(R), > 1. By Lemma
2.2.4, this implies grade gry(R)+ > d — 2+ 1 = d — 1. Finally, this gives v, ..., vy} ,
is a regular sequence by Lemma 2.2.3. Hence, n(q) < 0 if and only if n(q) < 2 — d.
This gives the forward implications for (2).

For the backward implication of (2), suppose n(q) < 2 —d (i.e., Hy(n) = P,(n)
for all n > 2 — d) and grade gr,(R)+ > d — 1. Then P,(n) =0 for all 2 —d < n <0.

Plugging the values 0, —1, —2,...,2 — d successively into P,(n), one can see that we
get ea(q) = eq-1(q) = -+ = ea(q) = 0.
Finally, (3) follows from the proof of (2). O

Corollary 2.3.9. Suppose (R,m) is a local Noetherian ring of dimension d > 2 and

depth R > d — 1. Then for any parameter ideal ¢ C R, we have

Ar(R/q) < eolq) — ei(q).

Proof. As before, we may assume that R/m is infinite. From Proposition 2.3.3, we
have that H;(n) < P;(n) for all n > 1, where ¢ = q/(v1, ..., Ya—1) for y1,...,¥4-1 € ¢

a superficial sequence which is part of a minimal generating set for q. Note that
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we may also choose yi,...,y4-1 to be a regular sequence as depth R > d — 1. Now,
letting n = 1 and using the fact that e;(q) = e;(q) for i = 0,1 since y1,...,y4-1 is a

superficial and regular sequence, the result follows. O
In light of the above corollary, one could ask the following question.

Question 2.3.10. Suppose (R,m) is a local Noetherian ring of dimension d and

depth R > d — 1. Let ¢ C R be a parameter ideal. Then does es(q) = 0 if and only if

Ar(R/q) = eo(q) —ei(q)?

If e5(q) = 0 above, then by Theorem A one can see that Agr(R/q) = eo(q) — e1(q).
We believe that the other direction of this question may be related to the questions
of Section 2.5. In particular, if we assume additionally that depthgr,(R) > d — 1,
then the question has an affirmative answer. To see this, let y :=yi,...,y4-1 € q be
a superficial sequence for ¢ which is also a regular sequence and part of a minimal

generating set for ¢ fand let - denote working modulo y. Then

Ar(R/G) = Ar(R/(4,y)) = Ar(1/q) = eoq) — ex(q) = eo(q) — ex(q) = Py(1).

Thus, by Corollary 2.3.5, since R is one-dimensional, we have Hy(n) = Py(n) for
all n > 1. Moreover, y a superficial sequence and depth gre(R) > d — 1 imply that
Yi,...,y5_, is a regular sequence in gr,(R) (Lemma 2.2.3). Finally, by Lemma 2.2.2
we have n(q) = n(q)+d—1, son(q) < 1—d. Successively pluggingn =0,—1,...1—d
into P,(n) = Hy(n), we obtain e;(¢) = 0 for ¢ > 2.

The assumption that depth R > d — 1 is necessary in Theorem A, as evidenced by

the following example.

Example 2.3.11. Let R = k[x,y, z,u,v,w|/I where I is the intersection of ideals

I=(x+4y,z—uw) N(zu—vy) N(z,u,w) and q=(u—y,z+w,xr —v). Then R
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is an unmized ring of dimension three and depth one and q is a parameter ideal with

P,(n) :3(";:2) +2<""2H> +n

In particular, es(q) =1 > 0.

Note that in the example above, one could mod out the ring R by a superficial
non-zero-divisor in ¢\mq to obtain an example of a two-dimensional ring R of depth
zero with parameter ideal g satisfying e;(q) = 1 > 0.

The upper bound for e;(q) in Theorem A can be achieved even if R is not Cohen-
Macaulay. We also provide an example below with negative second Hilbert coefficient.
In both examples, we use the software system Macaulay2 [GS] to compute the Hilbert-

Samuel functions.

Example 2.3.12. Let R = k[[z° zy*, 'y, v°]] = K[[t1,t2,t3,t4)]/J where J is the
ideal J = (tots — tity, t5 — tats tits — t342 4343 — 31y, t3ty — t3.t3 — tits). Then R
is a two-dimensional domain with depth one. The parameter ideal ¢ = (2°,3°) has

Hilbert-Samuel polynomial

s0 ez(q) = 0.

Example 2.3.13. Let R = k[z,y,2,t]/((2* 2*) N (x —y,2+t)). Then R is a two-
dimensional unmized ring with depth one. The ideal ¢ = (x +t+ y,z —y) is a

parameter ideal with Hilbert-Samuel polynomaial

Po(n) :9("‘2“) +2(711) ~1.
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Hence, es(q) = —1 < 0. In this example, we have that n(q) = 0; that is, P,(0) # H,(0)

and Py(n) = Hy,(n) for alln > 1. However, we do have that depth gr,(R) > 1.
We now prove the other main result of this section.

Theorem B. Let (R,m) be a local Noetherian ring of dimension d and suppose q is
a parameter ideal for R satisfying depth gry(R) > d —1. Then for 0 <i<d+1 and
n € 7,

(—=1)'ATIHPy(n) — Hy(n)) 2 0.

Proof. We first note that it is enough to prove the result when ¢ = 0. Indeed,
suppose g : Z — 7 satisfies g(n) = 0 for all n sufficiently large and A(g(n)) > 0 for
all n > 1 —d. Then we claim g(n) < 0 for all n. Let N be such that g(n) = 0 for all
n > N. Then A(g(N —1)) = g(N)—g(N —1) > 0 implies g(N —1) < 0. Inductively,
one can show that ¢g(j) < 0 for all j. In particular, if we set g(n) = P,(n) — H,(n),
and assume (—1)'A%1~(g(n)) > 0 for all n > 1 — d, then (—1)’A%T1=1(g(n)) <0

gives the theorem for ¢ + 1. Hence, it is enough to prove

AT (P,(n) — Hy(n)) >0 for all n.

We will use induction on the dimension d. Note the case d = 1 is proved in
Corollary 2.3.5. Suppose d > 1. Let a € ¢\mg such that a* is a gr,(R)-regular
element. Let ¢ = ¢/(a) and R = R/(a). Then note that depthy(R) > d — 2 and § is

a parameter ideal for the (d — 1)-dimensional ring R. So, by induction,

AY(Py(n) — Hg(n)) >0 for all n.

Now, as a* is a non-zero-divisor in gr,(R), we have Hz(n) = H,(n) — H,(n — 1) for
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all n. Similarly, P;(n) = P,;(n) — P,(n — 1). Hence,

AT Py (n) = Hy(n)) = AYA(Py(n) — Hy(n))
= Ad(Pq(n +1) — Hi(n+1))

> 0 for all n.

Thus,
AT (P,(n) — Hy(n)) >0 for all n. O

Corollary 2.3.14. Let (R, m) be a local Noetherian ring of dimension d and suppose q
is a parameter ideal for R satisfying depth gr,(R) > d—1. Suppose P,(k)—H,(k) =0
for some k. Then Py(n) — Hy(n) =0 for alln >k, i.e., k > n(q).

Proof. Letting i = d in Theorem B, we have (—1)A(P,(n) — H,(n)) > 0 for all
n. This gives (—1)%(P,(n + 1) — H,(n + 1)) > (=1)4(P,(n) — H,(n)) for all n. In

particular, we have
0> (~)(Py(n) — Hy(n)) = (=1 (P (k) — Hy(k)) =0 ¥ n >k
where the first inequality holds because P,(N) — H,(N) = 0 for N > 0. Thus,

P,(n) = H,(n) for all n > k. O

Remark 2.3.15. Let (R,m) be a local Noetherian ring of dimension d and suppose

q s a parameter ideal for R. For 0 <1i < d— 1, we have the following:
1. If n(q) <t —d, then ej(q) =0 for j > i.

2. If depth gr,(R) > d — 1, the converse to (1) holds.
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Proof. Note (1) follows by using that P,(j) =0 for i —d < j < 0. For (2), suppose
depth gr,(R) > d—1 and e;(q¢) = 0 for j > i. Then P,(i —d) = 0= H,(i —d) and by
Corollary 2.3.14, n(q) < i — d. O

Question 2.3.16. Does the converse to part (1) of the remark above hold in general?

Corollary 2.3.17. Let (R, m) be a local Noetherian ring of dimension d and suppose

q is a parameter ideal for R satisfying depth gry(R) > d — 1. Then for 1 <i<d
1. e;(q) <0.
2. (=1)"Heo(q) —er(q) + -+ + (=1)e;j(q) = Ar(R/q)) = 0 for j=1,....d.

Proof. Note that it is enough to prove (1) in the case i = d, as we can then use
our usual argument via reduction by a superficial sequence to obtain e;(¢q) < 0 for

1=1,...,d—1. Letting ¢ = d 4+ 1 in Theorem B, we have

(=) Y(P,(n) — Hy(n)) >0 for all n. (2.4)

If n=0, (—1)%((—=1)%ealq) — Hy(0)) > 0 implies —eq(q) > 0; that is, eq(q) < 0.
For (2), we will first prove the case j = dim R = d. Indeed, letting n = 1 in

equation (2.4), we see

(=1 eolq) —ex(q) + -+ + (=1)%ea — Ar(R/q)) = 0.

Now, let ay,...aq—; € ¢\g* be part of a minimal generating set for ¢ such that

ai,...,ay ; is a gry(R)-regular sequence. Then, setting R = R/(ay,...aq4;) and
q = q/(as,...a4s_;) we have q is a parameter ideal in the j-dimensional ring R, and

depth gry(R) > j — 1. Finally, Ar(R/q) = A\z(R/q) and since ay,...aq_; defines a

superficial regular sequence in R, we have e;(q) = ¢;(q) for all i =0, ..., 7. It follows
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that

(1) (eolq) = ex(a) + -+ (=1)¢;(q) — Ar(R/q)) = 0. O

Corollary 2.3.18. Let (R, m) be a local Noetherian ring of dimension d and suppose
q is a parameter ideal for R satisfying depth gr,(R) > d — 1. Suppose e;(q¢) = 0 for

some 1 <i<d—1. Thenej(q) =0 fori<j <d.

Proof. Note that it is enough to prove that e;;1(¢) = 0. Reducing by a superficial
sequence if necessary, we may assume that i = d — 1. Since e(q) > 0, we must have
that d > 1, so by assumption, depth gr,(R) > 0. Let a € ¢ be such that a* € gr,(R)
is a non-zero-divisor. Then e;_1(7) = eq—1(q) = 0 implies that P;(0) = 0 = Hy(0).
Now, by Corollary 2.3.14, n(q) < —1. As n(q) = n(q) + 1, this gives n(q) < —2, and
in particular, (—1)%4(q) = P,(0) = H,(0) = 0. O

Question 2.3.19. Is there an ezample of a parameter ideal with e; = 0 and e;.1 # 07

2.4 The Unmixed Case

In this section we provide an alternative proof of Theorem A in the case R is unmixed.

We restate the theorem below:

Theorem A. Let (R,m) be an unmized Noetherian local ring of dimension d > 2.

Suppose that depth R > d — 1. If q is a parameter ideal of R, then the following hold:
1. es(q) <0
2. es(q) = 0 if and only if n(q) < 2 —d and grade gry(R)y > d —1

3. ea(q) = 0 implies e3(q) = eq(q) = -+ = eq(q) = 0.
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Although this theorem is less general than Theorem A, the methods used to prove
Theorem A are quite different than the methods used in the previous section. We
include the proof here in the hopes that the proof techniques will be useful in proving
more results concerning other Hilbert coefficients of parameter ideals in unmixed
rings.

To prove Theorem A, we want to show that if R = S /I with S a Gorenstein ring
of the same dimension as R and ¢ C R is a parameter ideal of R, then there is a
parameter ideal ) € S so that QR = ¢. The following lemma will allow us to find
such a (). We use the same proof technique here as Lemma 3.1 in [GHV09], where

they prove the lemma in the case S is Cohen-Macaulay and [ is prime.

Lemma 2.4.1. Let (S,n) be a local Noetherian ring of dimension d with infinite
residue field and let R = S/I with dim R = dim S. Suppose x1,...,xq € S such that
dim(S/(I,z1,...,2;)) =d—1i fori=1,...,d. Then there exist ay,...,aq € S such
that dim(S/(aq,...,a;)) =d—1 and x; —a; € I fori=1,...,d.

Proof. Let I = (c1,...,¢,) and let py,...,p; be the dimension d (ie. dim.S/p = d)
primes of S not containing /. We will show that there exists a € S\n such that
T+ o+ e’ + -+ c,a™ & p; for i = 1,...,1. Suppose not. Then since S/n
is infinite, there exist ay,...,a,11 € S\n and a fixed k between 1 and [ such that
a; +n # a; +n whenever ¢ # j and x1 +cia; +- -, € ppfori=1,...,n+1. Let

A be the Vandermonde matrix determined by the «;. We have

2 n
T 1 o af - af T g1

2 n
c1 1 oo o Ol C1 g2

2
Cn I appr any o0 anq| |en In+1
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where g1, ..., gn1 € pr. Note A is invertible as det A = [[,_;(c; — ;) ¢ nso det A
is a unit in S. Thus we have c¢i,...,¢, € pp so that I C p;, a contradiction. Now
let a; = 21 + cra + c20? + -+ + ¢,a”. Then ay ¢ p for any dimension d prime in
S not containing I. In fact, we have a; ¢ p for any dimension d prime of S. To
see this, suppose p O [ is prime with dim .S/p = d. Then note that as z; — a; € I,
by assumption we have dim S/(I,a;) = d — 1. If a; € p, then dim(S/p) < d — 1,
contradicting our assumption that dim S/p = d. Thus, we must have that a; ¢ p for
any prime p C S with dim S/p = d, and hence dim S/(a;) = d — 1.

Now let ¢y, ..., qs be the dimension d — 1 primes of (a1) not containing /. Using
a similar argument to that above, we can find 8 € S\n such that the element ay =
o+ f+---+c¢,[0"isnot in p; for i = 1,...,s. Note again that if p is a dimension
d —1 prime over (a;) such that p D I, then we have S/(I,ay,as) = S/(I,x1,x3) so by
assumption dim(S/(7, a1, az)) = d — 2. If p contains ag, we have dim(S/p) < d —2, a
contradiction. Thus ay is not contained in any dimension d — 1 prime over (a;). We
can continue in this way to obtain ay, ..., a4 such that dim(S/(a4,...,q;)) = d—i for

1<i<d. [l

When we consider the Hilbert coefficients of an ideal in an unmixed ring, the

following results will allow us to assume that the ring has infinite residue field.

Lemma 2.4.2. Suppose (R,m) — (S,n) is a faithfully flat local ring extension and
I C R is an ideal with /I = m. Then depth S/IS = depth S/mS.

Proof. Note S/IS and S/mS are S/IS-modules, so depthg,;4.5/1S = depthg S/IS
and depthg, ;g S/mS = depthg S/mS. Now, R — S flat implies R/I — S/IS is
flat. Hence, tensoring with R/I, it’s enough to show depth.S = depth S/mS when

dimR = 0 and R — S is flat. We claim that depth S/m"S = depth S/mS for all
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n > 1. Then, since dim R = 0, m"” = 0 for n sufficiently large and so we’ll have
depth S = depth S/mS.
To prove the claim, we proceed by induction. The result clearly holds for n = 1,

so assume n > 1 and depth S/m™S = depth S/mS. Consider the exact sequence
0 —m"/m"" — R/m"* — R/m" — 0.
Note that m”/m"*! = (R/m)? for some t. Now, since S is flat over R, we have
0 — (S/mS)! — S/m" — S/m"™ — 0

is exact. By induction, we have depth(S/mS)" = depth .S/m". It follows from the

exact sequence above that depth S/m"*! = depth S/m. ]

Theorem 2.4.3. Let R be a local ring which is the homomorphic image of a Cohen-
Macaulay ring such that Ass R = Assh R. Then Ass R = Assh R.

Proof. Write R = S/I. Then R= §/I§ Let @ € Ass §/[§ and consider QN S = p.
Now, Q € Ass §/I§ means that p consists of zero-divisors on S/I,sop C q € Ass S/I
for some ¢q. However, dim R/q = dim R by assumption, so we must have ¢ = p is
minimal over I.

Now, S, — §Q is a flat local ring extension. So, depth §Q = depth S,+depth §Q/p§Q
by [BH93, 1.2.16]. Note that as p € Min(S/I), \/[_p = pS,, so applying Lemma
2.4.2 to the extension S, — §Q, we have depth §Q/p§Q = depth §Q/I§Q = 0 as
Q e Ass(§ /1 :9\) Thus, depth §Q = depthS,. Now, as S is Cohen-Macaulay, §Q
and S, are Cohen-Macaulay, so this gives dim §Q = dim S,. Finally, as S and S are
Cohen-Macaulay, we have dim S, + dim S/p = dim S = dim S = dim §Q + dim §/Q
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This implies
dim S/I = dim S/p = dim S/Q,

i.e., dim R = dim ﬁ/q for any q € Ass R. O

Note that given an unmixed ring (R, m) and an m-primary ideal I, we may pass
to the m-adic completion R so that e;(I) = e;(IR) for each i. Now R satisfies
Ass R = Assh R. Passing to T' := }A%[x]aﬁ[x], we obtain a ring with infinite residue
field such that AssT = Assh T and we still have e;(I) = ¢;(IT) for i = 0,...,d. Note
that since R is the homomorphic image of a Cohen-Macaulay ring (by the Cohen
Structure Theorem), 7" is also. Thus, we may apply Theorem 2.4.3, to obtain that T
is a local unmixed ring with infinite residue field.

We now prove the main theorem in the case dim R = 2.

Proposition 2.4.4. Suppose (R, m) is an unmized ring of dimension two. Then
ea(q) < 0 for all parameter ideals q of R. Moreover, equality holds if and only if
grade gry(R)+ > 1 and P,(n) = H,(n) Vn > 0.

Proof. As above, we may assume that R has infinite residue field. By passing to the
m-adic completion }A%, we may also assume R is complete and is the homomorphic
image of a two-dimensional Gorenstein local ring (S,n). Furthermore, note that as
R is unmixed, depth R > 0. Let g be a parameter ideal for R. Then there exists a
parameter ideal Q C S such that QR = ¢ by Lemma 2.4.1. Since grg(R) = gry(R),
we have e;(Q, R) = ¢;(¢q) for i = 0,1,2. As R is unmixed and S is Gorenstein, we

may assume R is a first syzygy of S [EG85, Theorem 3.5]. So we have
0—-R—-S5"—C—0.

Let y € Q be a superficial element with respect to R such that y is part of a minimal
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generating set for Q) and y ¢ p for all p € Assg(C)\{n} and all p € Assg(R). Tensor

the sequence above with S/(y) to obtain

0 — T = Tor(S/yS,C) — R/yR % S"/yS" — C/yC — 0.

Let R denote R/yR and S’ denote the image of ¢. We consider the short exact
sequence

0—-T—R — 5 —=0.

Note A(T") < oo as T, = 0 for all p # n by the choice of y.

Let @ = (y, z). Then we can apply the Snake Lemma to

0—=1Tn f”R’ anR, z’lS ! 0
0 T R S’ 0

to obtain

MR [Z"R') = NT/(T' N 2"R)) + A(S'/2"S")

for all n. Now, for n > 0, we have T'N 2" R’ = (0) since by the Artin-Rees Lemma,
there exists a k such that TNz"R' C 2" *(z*R'NT) C 2" *T and 2" *T = 0 forn > 0
as Ag(T) < oo. Furthermore, \(S'/z"S") = nA(S'/z5") for all n since z is regular

on S/(y) and hence on S" C S™/yS™. From this we get that eo(Q) = A(S'/z9")

and €;(Q) = —\(T). Since y is a superficial non-zero-divisor for R, we have that
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eo(Q) = e0(Q) and €,(Q) = e1(Q). Now by Lemma 2.2.5,
) = 3 (Holb) = Palh) = D@1/
= i (MT/(TNZER)) + MS'[25S) — (RA(S'/2S") + A(T)))
- Z Ar((@Q":y)/QY)

- i AT NZFR) — Z)\R y)/QF 1)

INA
_O?r
i

This proves the first part of the proposition.

For the second statement, suppose e3(q) = 0. Note that in the above equation we
have shown that Hg(k) — Pg(k) = —=AN(T' N 2z*R’) <0 for all k£ > 1. If the left hand
side of the above equation is 0, we must have Q% : y = Q! for all k > 1, i.e., y*
is a non-zero-divisor for gro(R) = gry(R). Furthermore, since Hg(n) — Pp(n) < 0
for all n > 1, we must have Hg(n) = Pg(n) for all n > 1. Finally, note that
since y* is a non-zero-divisor in gro(R), Ho(n) = Pg(n) for all n > 1 if and only
if Hy(n) = Pg(n) for all n > 0 by Lemma 2.2.2. For the other direction, note that

e2(Q) = Pu(0) = Hg(0) = 0. O

To prove the main theorem of this section we want to be able to choose a super-
ficial sequence y1,...,y; € ¢ which is part of a minimal generating set for ¢ so that
R/(y1, ... ,y;) remains unmixed. The following theorems and propositions will allow

us to make such a choice.

Theorem 2.4.5. [BH93, Theorem 2.1.15] Let R be a Cohen-Macaulay local ring, and

p a prime ideal. Then dim é/q =dim R/p for all q € Ass(é/pﬁ). In particular, pﬁ
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s an unmized ideal.
Proof. This follows from Theorem 2.4.3, since Ass R/p = Assh R/p. O

The following propositions can be found in [GNO1]. The proofs here are those of

[GNO1], but we include more detail.

Proposition 2.4.6. [GN01, Lemma 3.2] Suppose R is a homomorphic image of a

Cohen-Macaulay local ring satisfying Ass R C Assh RU {m}. Then
§ = {p € Spec R | height(p) > 1 = depth R,,p # m}

s a finite set.

Proof. [GNO1] Let § := {P € SpecR | heights P > 1 = depth Rp, P # mR}. Let
p € §and P € Min(ﬁ/pﬁ). Then note that heightz P > 1,depth§p = 1, and
p = PN R. To see this, first note that R/p is a domain, so P contracts to the zero
ideal in R/p as P consists of zero-divisors in ﬁ/ pﬁ; that is, PN R = p. Now, as in
the proof of Theorem 2.4.3, we have depth ﬁp = depth R, + depth Ep/pﬁp =140
as p € § and P € Ass(R/pR). Finally, [Mat89, Theorem 15.1] gives height P =
height p + dimﬁp/pﬁp > 1. Hence, P € §, so§C{PNR|Pc @} and it’s enough
to prove that § is a finite set.

We first claim that Ass R C AsshR U {mﬁ} To see this, suppose that P €
Ass ﬁ\{mﬁ} Then there exists p € Ass R with p # m such that P € Assg ﬁ/pﬁ
Indeed, let p = PN R. Then the extension R, — .f{p is a faithfully flat extension and
so depth ép = depth R, + depth Ep / pﬁp. As P € Ass E, the left-hand side of the
equation is zero. Thus, depth }A%p/pﬁ!p = 0 = depth R,. This gives that p € Ass R

and P € Assp R/pR.
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By assumption, we have p € Assh R, so dim(ﬁ/pﬁ) = dim(R/p) = d. Now, by
Theorem 2.4.5, we have dim fi/P =dimR/p = d, so P € Assh R. This gives the
claim. We may now assume that R is a complete local ring.

Let Kg be the canonical module for R. (Recall that for a complete local ring R
we can define Kr := Hompg(H%(R), Er(k)). See [BH93, Remark 3.5.10] for more.)
Let ¢ : R — S = Hompg(Kg, Kg) be the canonical map given by ¢(r)(xz) = rz for
r € R and x € Kg. Then setting U = Kerp and C' = Coker ¢, we have an exact
sequence 0 - U — R — S — C — 0. First note that U, = 0 for p € Assh R. To
see this note that (Kg), = Kg, and S, = Homg, (Kg,, Kr,) = R, since p € Assh R.
Localize at p € § to obtain the short exact sequence 0 — R, — S, — C, — 0. By
the choice of p, we have depth R, = 1 and depthy S, > 2 by [HH90, Remark 2.2(f)].
By the Depth Lemma, this implies depthC}, = 0 and hence p € Assg(C). Thus,
§ C Assg(C), a finite set. L

Proposition 2.4.7. [GN01, Lemma 5.3] Suppose R is a homomorphic image of a
Cohen-Macaulay local ring satisfying Ass R C Assh RU {m}. Let q be a parameter
tdeal. Set d = dim R. Then there exists a system ay,as,...,aq of generators of q such

that Ass(R/q;) C Assh(R/q;) U {m} for all 0 <i < d where ¢; = (a1, as,...,a;).

Proof. [GNO1] Note if d = 0, the result holds. So assume d > 0. It is enough to prove

the proposition in the case i = 1. Let § be as in Proposition 2.4.6. Choose a; € ¢ so

ven (mU(Y ) U(Ur))

Let p € Ass(R/(ay)) with p # m. We want to show that dim R/p = dim R/(ay).

that

Note that since p is an associated prime for R/(a;), depth(R,/a1R,) = 0. However,
since p ¢ Ass(R) (by the choice of a;), we have depth R, > 0. Thus, we must have

depth R, = 1. This gives heightp = 1 as p ¢ §. Note by assumption, R is catenary
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and equidimensional. So we have dim R/p = dim R — heightp = d — 1 = dim R/(a1).
Thus, p € Assh(R/(ay)). O

Note that we can choose the element a; above to be a superficial element of ¢. To

see this, we consider the following from [SHO6].

Proposition 2.4.8. (cf. [SH06, Proposition 8.5.7] ) Let R be a Noetherian ring with
infinite residue field and I an ideal. Then there exists an integer ¢ such that for all
n>c, (I":g x)NI¢ = I""1. Furthermore, there exists a non-empty Zariski-open set

U of I/ml such that whenever r € I with image in I/ml in U, then r is superficial
for I.

Corollary 2.4.9. [SH06, Corollary 8.5.9] Let (R, m) be a Noetherian local ring with
infinite residue field. Let I be an ideal of R and Py, ..., P, ideals in R not containing
I. Then for any finitely generated R-module M there exists a superficial element for

I with respect to M that is not contained in any P;.

If ¢ is a parameter ideal of R and depth R > 1, then note that ¢ € p for any
p € §U Ass R. Hence, by Corollary 2.4.9, we may choose a; in Proposition 2.4.7 to
be a superficial non-zero-divisor.

We are now ready to prove Theorem A.

Theorem A. Let (R, m) be an unmized Noetherian ring of dimension d > 2. Suppose

that depth R > d — 1. If q is a parameter ideal of R, then the following hold:
1. es(q) <0.
2. es(q) =0 if and only if n(q) < 2 —d and grade gry(R); > d — 1.

3. ea(q) = 0 implies e3(q) = e4(q) = -+ = eq(q) = 0.
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Proof. We will proceed by induction on d := dim R. As in Proposition 2.4.4, we may
assume that R is complete and has infinite residue field. Note that the case d = 2
is given by Proposition 2.4.4. So suppose d = dim R > 2. By Proposition 2.4.7 we
may choose a superficial non-zero-divisor a € ¢ which is a minimal generator for ¢
such that Ass(R/aR) C Assh(R/aR) U {m}. Since depthR > d —1 > 1, we have
depth(R/aR) > 1, so m ¢ Ass(R/aR). Thus, R/aR is unmixed. Let ¢ be the image
of ¢ in R/aR. Then, by induction, we have es(q) = e3(q) < 0. Then ey(g) = 0. This

gives us (1). The proof of (2) and (3) is identical to the proof in Theorem A. O

2.5 When does the associated graded ring have
positive depth?
Our work in the previous sections led us to the following question:

Question 2.5.1. Let ¢ € R be a parameter ideal in a local Noetherian ring R. Is
depth gr,(R) = depth R?

In this section we examine this question, and present some situations in which the

question has an affirmative answer.

Definition 2.5.2. Let (R,m) be a d-dimensional ring and I C R an ideal. Let
I=1(p1)N---N1(p,) be a primary decomposition for I, where I(p;) is p;-primary.

We define the unmixed part of I to be

U= (1 I

pEAssh R

Lemma 2.5.3. Suppose (R, m) is a one-dimensional local Noetherian ring. Then

H(R) = U((0)).
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Proof. Let (0) =p; NpaN---Np,Np be a primary decomposition of (0) where p’ is

the m-primary component. Then for n > 0, we have

HY(R)=(0:m") = (p:m™) NN (p:m™) A (P m™) = py (-~ Ny = U((0)).

]

Lemma 2.5.4. Suppose (R, m) is a two-dimensional Noetherian ring and q = (x,y)

is a parameter ideal satisfying yH2(R/(x)) =0 (or xH%(R/(y)) =0). Then

U((w)) Nq" = 2q"""

(or U((y)) N g™ = yq" ') for all integers n > 0.

Proof. Let u € U((x)) N¢". Then u € ¢" = z¢" ' + yq"*. So we may write
u = za + yB where o, € ¢" ! and hence y3 = u — za € U((x)). Note y is
R/U((z))-regular since (x,y) is a system of parameters. This gives 5 € U((x)).

Suppose n = 1. Then the assumption that y H2(R/(x)) = 0 implies that yU((x)) C
(z) as HY(R/(z)) = U((z))/(z). Hence, B € U((x)) implies y5 € (z) and we have
u=za+yl € (x). This gives U((z)) N¢g = (z)R.

Now suppose n > 1 and assume U((x)) N ¢" ' = (z)¢" 2. Now, note that
BeU((x)Ng"t = (x)g"? gives yB € (x)¢"!. Hence, u = va + yB € (x)¢" ! and

we have U((x)) Nq¢™ = (z)g" L. O

Corollary 2.5.5. Suppose (R, m) is a two-dimensional Noetherian ring and ¢ = (x,y)
is a parameter ideal with x a non-zero-diwisor satisfying yHO(R/(z)) = 0. Then

depth gr,(R) > 0.

Proof. By the lemma above, z(¢" : z) = (x) N¢" C U((z)) N ¢" = xq"! for all
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n > 1. As z is a non-zero-divisor, we have (¢" : x) = ¢" ! for alln > 1, i.e., 2% is a

non-zero-divisor in gry(R). O

Definition 2.5.6. Let M be a finitely generated R module. Then we say a system of

parameters x:= x1,...,xq 15 a standard system of parameters if

(@) Hi (M/(x1,.. ., 2;)M) =0

holds for all non-negative integers i,j with i + j < d.
We say M is Buchsbaum if every system of parameters x for M forms a weak

M -sequence, that is,

(171, R ,ZEi_l)M X = (ZL‘l, e ,J}Z‘_l)M -m

holds for all 1 < i < d.
M is quasi-Buchsbaum if at least one (and hence every) system of parameters x

for M contained in m? forms a weak M -sequence.

We remark that M is quasi-Buchsbaum if and only if mH’ (M) = 0 for all 0 <
i <d.

Suppose (R,m) is a two-dimensional ring of positive depth and ¢ = (z,y) is a
parameter ideal. Then by the above corollary we have depthgr,(R) > 0 if ¢ is
also a standard parameter ideal. Goto [Got83] has also shown that if the ring R is
Buchsbaum, depth gr,(R) > 0.

Lemma 2.5.7. [Suz87, Theorem 3.6] Let R be a quasi-Buchsbaum ring and a € m?

part of a system of parameters. Then R/(a) is quasi-Buchsbaum.

This gives us the following:
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Corollary 2.5.8. Suppose R is a quasi-Buchsbaum ring of depth at least d — 1 and

q C m? is a parameter ideal. Then the following hold:
1. gradegr,(R)y > d — 1.
2. ei(q) <0 for1<i<d.
3. For 2 <1 <d, we have
a) e;(q) =0 if and only if H,(n) = P;(n) Yn >i—d, and
b) ei(q) = 0 implies €;11(q) = €i12(q) = -+ = ea(q) = 0.
Proof. Let q = x1,...,xq where zq, ..., x4 o is a superficial sequence and x4, ..., xq 1
is a regular sequence. Then, by Lemma 2.5.7, we have R = R/(x1,...74_2) is a two-

dimensional quasi-Buchsbaum ring. Moreover, depth R > 1. Note, again by Lemma

2.5.7, R/(x1,...,24_1) is quasi-Buchsbaum and hence (z4)HS(R/(z1,...,24-1)) = 0.
By Corollary 2.5.5, we have grade gry(R); > 0. This implies grade gr,(R)y > 1+
d—2=d—1 by Lemma 2.2.4, proving (1). Now, (2) follows from Corollary 2.3.17.

Combining the results of Remark 2.3.15 and Corollary 2.3.18, we obtain (3). O
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Chapter 3

A Conjecture of Watanabe and
Yoshida

3.1 Definitions and Notation

In this chapter, we examine a conjecture of Watanabe and Yoshida and provide a proof
of this conjecture in the case we have a graded ring R. We begin with some notation.
Throughout this chapter all rings are assumed to be commutative Noetherian of prime
characteristic p > 0 unless otherwise noted. All graded rings R = ®;>oR; are finitely
generated over the Artinian local ring Ry. Let (R, m) be a local ring of dimension d
with maximal ideal m. For an ideal I of R and q = p¢ (for some ¢), we let I denote
the ideal of R generated by the set {i?: i € I}. Given an m-primary ideal I of R, let
Ar(R/I) denote the length of R/I as an R-module. One then defines the Hilbert -
Kunz multiplicity of I by

Ar(R/119)

eHK([; R) = lim P

q—00 q

(3.1)
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One can also define the Hilbert-Kunz multiplicity using the Frobenius functor.
We define RF to be the R-bimodule with additive group R and multiplication given
by a-rob = art® for a,b € R and r € RY. The Frobenius functor F is then

given by F(M) = R" @z M. It can be shown that F(R/I) = R/I", and hence
Fe(R/I
enx(l) = lim M‘

e—00 ped

Many theorems that hold for the Hilbert-Samuel multiplicity of an ideal have an
analogous statement for the Hilbert-Kunz multiplicity. For example, Watanabe and
Yoshida [WY00], and later Huneke-Yao [HY02], proved that an unmixed Noetherian
local ring of characteristic p is regular if and only if egx(m) = 1. This provided
a Hilbert-Kunz analogue to the famous theorem of Nagata (Theorem 1.1) that an
unmixed Noetherian local ring is regular if and only if the Hilbert-Samuel multiplicity
e(m) = 1. Another example is given by a theorem of Rees [Ree61] which states that
in a formally equidimensional Noetherian ring with m-primary ideals I C J, J C I
if and only if e(I) = e(J), where I denotes the integral closure of the ideal I. In the
appendix, we treat the Hilbert-Kunz analogue to this theorem, due to Hochster and
Huneke [HH90].

In [WYO00], Watanabe and Yoshida made the following conjecture:

Conjecture 3.1.1. Let (R, m) be a Cohen-Macaulay local ring of characteristic p > 0.
Then

1. For any m-primary ideal I, one has egx (I, R) > Ar(R/I).
2. For any m-primary ideal I withpdg (R/1) < oo, one hasegk (I, R) = Ag (R/I).

Note that the Hilbert-Samuel analogue of part (1) of the conjecture can be shown
to hold using a reduction of the ideal /. Dutta [Dut83] has shown Conjecture 3.1.1

holds when R is a complete intersection ring (but not necessarily graded). Note part
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(2) of Conjecture 3.1.1 is also easily shown to hold over a regular local ring due to
the flatness of the Frobenius. However, neither part of the conjecture holds for all
Cohen-Macaulay rings. In particular, Miller and Singh [MS00] have constructed a
module M of finite projective dimension over a Gorenstein ring R of dimension 5

with
220 = lim 22UEEUD)

N—00 p5n

< Ap(M) = 222.

From the proof of Theorem 6.4 in [Kur(04], there exist m-primary ideals J, Iy,..., I

of finite projective dimension such that Iy, ..., I, are parameter ideals and

1. Ar(M) = Ag(R/J) — Zt: Ar(R/I), and

t

=enx(J.R) =Y Ap(R/L).

=1

Thus, for the ideal J C R, we have egk(J, R) < Ar(R/J), contradicting both parts

5. lim 22 (M))

n—oo p5n

of the conjecture above.
What we are able to prove, using basic properties of Poincaré series and a result

of Avramov and Buchweitz [AB93], is the following:

Theorem 3.1.2. Let R be a graded ring of characteristic p > 0 and dimension d,
and I a homogeneous ideal with A(R/I) < oo and pd(R/I) < co. Then for every
q = p°, one has N(R/I9) = ¢?\(R/I). In particular, e (I, R) = M(R/I).

Theorem 3.1.2 also follows from a conjecture of Szpiro [Szp82, Conjecture C2].
Szpiro sketches a proof of this conjecture in the graded case, using different methods

than what we employ here.
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3.2 Proof of Theorem 3.1.2

Let R be a graded ring and M a nonzero finitely generated graded R-module. Let
P (t) = 3,0 ARy (M;) t* denote the Hilbert series for M. Note that if Az (M) < oo,
we have Ag (M) = Py (1) . Further note Pyy_y) (t) = t* Py (t) for any k € Z, where if
M = ®;ezM;, M(—k) denotes the graded R-module with M(—k); = M;_. We recall

the following proposition concerning the Hilbert series for M.

Proposition 3.2.1. (cf. [Smo72, Theorem 5.5] ) Let R be a graded Noetherian ring
and M a nonzero finitely generated graded R-module of dimension . Then there exist

positive integers si . ..,s, and a polynomial p (t) € Z[t,t™'] with p (1) # 0 such that

p(t)

ER TR

Proof. We use the proof from [Mar]. We will proceed by induction on [. If [ = 0,
then M, = 0 for all but finitely many n and thus p(t) = Py(t) € Z[t,t7']. Note
p(1) = Ag(M) # 0. Now suppose | > 0. Let z € R, be a superficial element for M

and let s; = degz. Consider the exact sequence
0— (0:a )y — My = My, — (M/xM), 45 — 0.
As length is additive on exact sequences, we get
Ar(Mnys) = Ar(Mn) = Ar((M/2M)nis) + Ar((0 ar 2)n) (3.2)
and so multiplying by t"*5 we have

)\R(Mn+5l)tn+sl - )\R(Mn)tn+sl B )\R((M/xM)n+5l)tn+sl + )\R((O ‘M l‘)n)tn+sl.
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Summing over all n, we get
PM(t) — tslPM(t) = PM/xM(t) — tslP(():Mx)(t).

Now, since x was superficial, dim M/zM = [ — 1 and since (0 :p; x) has finite
length, dim(0 :p; ) = 0 or (0 :py @) = 0. Therefore, by induction, there exist

p1(t), p2(t) € Z[t, t'] with p;(t) # 0 and positive integers sy, ..., s_1 such that

s o pl(t) 48y
(L= E0Pu(t) = et~ = (0

Thus,
pa(t) =t TIi (1 — tsi)Pz(t).
Hi:l(l - tsi)

Let p(t) = pa(t) — t [[.21 (1 — t*)po(t) € Z[t,¢7"]. Tt remains to show that p(1) # 0.

Py (t) =

If I > 1, then p(1) = pi(1) # 0. If d = 1, then
p(1) = pi(1) = p2(1) = Ap(M/xM) = Ap((0 s @)).
Suppose that Ag(M/zM) = Ag((0 :pr 2)). Then by equation (3.2), we have,

Ar(My) + -+ Ap(Mnys,) = Z Ar(Mits,) = Ar(M;)

1=—00
n

= Z )\R((M/xM)H-sl) - Z ()‘R((O ‘m x)l)

= 0

Hence, Ag(M,,) = 0 for n sufficiently large, and thus dim M = 0, a contradiction. [J
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The following result is a special case of a result in [AB93]. Since the proof is not

difficult, we include it here for completeness.

Proposition 3.2.2. [AB93, Lemma 7] Let M be a finitely generated graded R-module
with finite length and finite projective dimension. Let m be the maximal ideal of Ry
and let K = R/(m+ R,) = Ry/m. Set x& (t) :== 3., (1)’ Procrou ) (t) . Then one

has Py (t) = X% (t) Pg ().

Proof. [AB93] Let F. : 0 — F; — -+ — F} — Fy — 0 be a minimal free resolution
for M where F; = @7 R (—j )% with b;; € N. Then evaluating the Hilbert series for

M using the resolution, one gets

Py (t) =Y (=1)"by;Pr (t)t. (3.3)
ijEZ
Note this sum is well-defined as there are only finitely many nonzero b;;. More-
over, x% (t) is also well-defined as Tor’(M, K) is finitely generated graded and
Torf (M, K) = 0 for i > pdy M. Now, tensoring F. with K, we obtain the com-
plex
o OK (=) = o K (=) =0

where each map is the zero map. Note that for n € Z, Tor) (M, K), = H; (F ® K),,

SO
dimg Torf' (M, K),, = dimg ((@jeZK (—j)bij> ) = Zbij dimg K, —j = bin < 00
" €z

(as K = 0 for i # 0). Thus, Pro,ra ) (t) = D ez bit-

jez Yij
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Now, by the invariance of Euler-Poincare characteristics, we have

XJI\?J t) = Z <_1)i PTorﬁ(M,K) (t)

1€Z

= > (=1)'byt!

= : (by equation (3.3))

This gives Pr (t) x¥ (t) = Py (t). Note also that we have x%.(t) € Z[t, t71]. O

Note if we can show Ag(F(R/I)) = p“Ar(R/I) for all e sufficiently large, then
ek (I, R) = Ag(R/I) since ey (I) is obtained by taking a limit of increasing powers

of the Frobenius applied to R/I. We now prove the main theorem of this chapter.

Theorem C. Let R be a graded ring of characteristic p and let M be a finitely
generated graded R-module with A\g(M) < oo and pdgp(M) < co. Then Ag (F¢(M)) =
¢ \r (M) for all ¢ = p°. In particular, one has egr (I, R) = Ag (R/I) for all zero-

dimensional homogeneous ideals I of finite projective dimension.

Proof. Let GG. be a minimal graded free resolution for M, with G; = ‘ééoR (—J )bij and
b;; € N. Let F* (—) denote the Frobenius functor and ¢ = p°. Note tljliat L =F°(G)
is a minimal graded free resolution for F¢(M) by [PS73, Theorem 1.7] where each
twist by j in G. is multiplied by a factor of ¢ and the b;; remain the same. That is,
L, = jé_élR (—jq)" . Now, by the lemma above, we have Py (t) = x% (¢) Pg (t) and
Prery (t) = Xge(M) (t) Pr(t).

t
By Proposition 3.2.1, we can write Pg(t) = p(t)

H?:1 (1 o tsi)

and the s; € N are nonzero. Each term in the denominator can be factored as

where d = dim R

1 —t% = (1 —1t)g (t) with ¢;(t) € Z[t] and g¢;(1) # 0. Letting g(t) =[], g:(¢), we can
p(t)

(1—-t)g(t)

rewrite Pg (t) = where p(1)/g(1) is a nonzero rational number.
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Since A\ (M) < oo, Py (t) € Z[t,t7']. So, we have

P ) = x5 ) P 0) = ) s € 7

Since p(1) # 0, we must have (1 —t)* divides \% (¢) in Z[t,t7']; say x% (t) =

B () - (1 —1)?, for some Y& (t) € Z[t, t~]. So,

~—

R D
Py (1) = & (1) =—=. 3.4
()= (0 20 (3.0
In the proof of Proposition 3.2.2, we see that xj; (t) = >, cs (—1)"byt’. Applying

this to the resolution L. of F¢(M), we also have

XEean () = D (=1) bt = x{ (89) = %3 (19) - (1 = 9)".
1,JEL

Thus,

_ R )

Preny () = Xeqar) (8) 1-17g)
_ ~R q _4q d p(t)
- G

— <R (1a q-1 dp(t)

= Xy () (Q+t+--- 17 o)
Letting t = 1, we get

AR(FE(M)) = Preqn (1) = X5 (19) (1+ 14+ 1971)° %

= )@t

= ¢'Pu(1) (by (3.4))

Q
—
~—
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Finally, if I is a zero-dimensional homogeneous ideal and ¢ = p®, we have

e (I, R) = lim Ap (F(R/D) /a* = Ar (R/T). =

3.3 Numerical Semigroup Rings

We would like to determine whether the first part of the conjecture of Watanabe and
Yoshida holds in a graded ring of positive characteristic. In the hopes of making
progress in this direction, we will consider the first part of Watanabe and Yoshida’s
conjecture in the case that the ring R is a numerical semigroup ring of characteristic

p > 0. Recall the conjecture:

Conjecture 3.3.1. [WY00] Let (R, m) be a Cohen-Macaulay local ring of character-

istic p > 0. Then for any m-primary ideal I, one has ey (I, R) > Ag(R/I).
In considering this conjecture, one could ask the stronger question:
Question 3.3.2. Under what conditions is A\g(R/I"1) = p*Ag(R/I) for all e > 17

In this section, we consider the above question for numerical semigroup rings.
Let S € N. We say S =< ay,...,a, > is a numerical semigroup if N\S is a finite
set or equivalently, if ged (aq,...,a,) = 1. The Frobenius number of a numerical
semigroup S is the largest natural number not in S, denoted f(S). For n € S we
define the Apéry set of n in S to be Ap (S,n) = {s € S| s —n ¢ S}. In particular,
Ap(S,n) = {0 = w(0),w(l),...,w(n — 1)} where w(i) is the least element of S
congruent to ¢ modulo n for all 0 < ¢ < n — 1. Let k be a field. Then if S is a
numerical semigroup, the ring R = k[t* : s € S] is a numerical semigroup ring. We
will show that if R is a numerical semigroup ring and I a homogeneous ideal of R

then Ag(F¢(R/I)) > p°Agr(R/I) for all e > 0.
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We begin with a claim.

Claim 3.3.3. Let R = k[t™,...,t%| be a numerical semigroup ring and I = (t°) an

ideal of R. Then A\gr(R/I) = s. In particular, A\g(F¢(R/I)) = p°s = p°Ar(R/I).

Proof. Let S =< ay,...,a, > and Ap(S,s) = {ao,..., 1} where a; € S and
aj = j (mod s) for 0 < j < s — 1. Let ¢~ denote the image of t* in R/I for any
t* € R. We claim that {{* : a € Ap(S,s)} is a k-basis for R/I. First note that if
g € S\ Ap(S, s), then g = «; (mod s) for some j. So g — a; = ns for some n € N\{0}
and t9 = t* - t("=Vs . 4% ¢ (#*) = I. From the definition of Ap(S,s), we see that the
elements t* Z t* (mod I) for j # 1. So {t* : a € Ap(S, s)} is a k-basis for R/I. Since
Ap(S, s) has s elements, we have s = dimy(R/I) = Ag(R/I). The final statement of

the claim is clear since (t*)P7l = (¢57°). O
Theorem 3.3.4. Let R = k[t™, ... t"] be a numerical semigroup ring and I =
(t°',...,t°") a homogeneous ideal with s; = min{s; : 1 < i < m}. Let S =<

ai,...,a, >. Then for p¢ > f(S), Ag(F¢(R/I)) > p*Ar(R/I). In fact, egr(I) = s;.

Proof. Let g = f(S) and note that 97" € R for all 1 > 1. We will show that for p¢ > g,
TPl = (t*1)P°l. The containment (¢°1)P1 C I is clear. For the other containment,
let e be such that p° > g. Then for 1 < i < m, we have t*?° = (si=s0p° 512" ¢ (gs1)P°],
(Note & =50r° ¢ R as (s; — s1)p® > g.) Thus, 1P C (+*1)P] and it follows that

TP = (#51)P] for all p° > g. In this case,

Ar (FY(R/T)) = Ap (R/IV)
= g (R/(t)P)
= pAr(R/(t™)) (by Claim 3.3.3)

> pAr(R/I)
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Finally, note that

en(l) = lim Ag(R/IP))/pf
= T A (RAG)) f

= Ar(R/(t7)) = s1.

]

Remark 3.3.5. Note that in the statement of Theorem 3.53.4 above, the hypothesis
p¢ > f(S) could be replaced by min{s; — s : i # 1} > f(S)/p°. Then for such an
e, we’ll have Ag(F¢(R/I)) = s1p¢ > p°Ar(R/I). In particular, if f(S)/p <1 (i.e.,
f(S) < p), then we have A\r(F¢(R/I)) = s1p° > p°Ar(R/I) for all e > 1.
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Chapter 4

A Theorem of Hochster and

Huneke

This final chapter is an expository chapter on a theorem of Hochster and Huneke
([HH90, Theorem 8.17]) which characterizes the Hilbert-Kunz multiplicity of two
ideals by their tight closures. We follow closely the treatment given in [HH90], but
expand on some of the details. In preparing this we found one implication in line 12
of page 81 of the proof in [HH90] which we were unable to justify. However, we were
able to use an argument suggested by Neil Epstein to work around this implication.

This argument can be found toward the end of the proof of Theorem 4.2.4.

4.1 Background

We begin with some notation. Throughout this section all rings are assumed to be of
prime characteristic p and (except in obvious exceptional cases) Noetherian as well.
For a ring R we let R° denote the elements of R which are not in any minimal prime

of R. For an ideal I of R and ¢ = p° (for some e), we let I'9 denote the ideal of R
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generated by the set {i?:i € I'}. The tight closure of I, denoted by I*, is defined to
be the set of all elements x € R such that there exists ¢ € R° with cz? € 19 for all
q = p° sufficiently large.

Let (R, m) be a local ring of dimension d. Given an m-primary ideal I of R, we
let A(R/I) denote the length of R/I as an R-module. We define the Hilbert-Kunz
multiplicity, ey (I, M), of I with respect to an R-module M as in Chapter 3. If
M = R, we will suppress the M.

In [HH90], Hochster and Huneke give a proof of the following result:

Theorem 4.1.1. (c¢f. [HHI0, Theorem 8.17]) Let (R, m) be a local ring and J C I

m-primary ideals of R.
1. ]f] g J* then CHK (I) = CHK (J)

2. The converse to (1) holds if R is equidimensional and either complete or essen-

tially of finite type over a field.

We note that this theorem provides an analogue to the following result of Rees
[Ree61] concerning Samuel multiplicity and integral closure. For an ideal of a ring R,
let I denote the integral closure of I. If R is local of dimension d and I is m-primary,

then the Samuel multiplicity of I is defined by

e(l):=d! lim M

n—00 nd

Theorem 4.1.2. (¢f. [Ree61, Theorem 3.2] Let (R, m) be a local ring (not necessarily

of positive characteristic) and J C I m-primary ideals of R.
1. If I C J then e(I) = e(J).

2. If R is formally equidimensional then the converse to (1) holds.



26

Note that the converses of part (1) of both Theorem 4.1.1 and 4.1.2 hold under
essentially the same conditions.

We begin with a discussion of gth roots. Assume R is reduced and let Assg R =
Ming R = {p1,...,pn}. Foreachiletk; = R,, = Q(R/p;). By the Chinese Remainder
Theorem, the total quotient ring Q = Q(R) is isomorphic to k; X - - X k,. For each
i let k; denote a fixed algebraic closure of k; and let () denote ki XXk, Clearly,
R embeds in @ in a natural way. For ¢ = p° let RY/? = {u € Q | u? € R}. Then
RY4 is an integral extension of R but in general is not finite. For each r € R there
exists a unique v € RY, denoted r'/9, such that u? = r. For, if u? = r = w? for
u,w € Q, then 0 = w9 — w? = (u —w)?; since R/ C @ is reduced, we have u = w.
Note that the map ¢ : R— R given by ¢(r) = r'/% is a ring isomorphism, so R/
is a Noetherian ring. If R is local with maximal ideal m then the maximal ideal of
RY4is mY/1 = {27 | x € m}.

Note that the inclusion map R < R'Y?, where ¢ = p°, is essentially the same as
the the e iteration of the Frobenius map f¢: R — R defined by f¢(r) = r?". To
be precise, let S be the ring R, but viewed as an R-module via f¢. Then the map
p: S—RY1 given by p(s) = s/ is easily seen to be an isomorphism of R-algebras
(i.e., a ring isomorphism which is R-linear). Hence, for example, by a result of Kunz

[Kun69] R is regular if and only if RY9 is a flat R-module for some (equivalently,

every) q.

Lemma 4.1.3. Let A C R be rings, with A a Noetherian domain and A C R a finite
integral extension. Then R is torsion-free as an A-module if and only if dim R/p =
dim R for all p € Assg R. In the case R is torsion-free over A, we have Q(A) C

Rw = Q(R), where W = A\{0} and Q(—) denotes the total quotient ring.

Proof. For the reverse implication, suppose a - r = 0,with a € A\{0},r € R\ {0}.
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Then a € P for some P € Assg R as a € A C R is a zero-divisor. Now A/(PNA) C
R/P is a finite integral extension, and dim R = dim R/P = dim A/(P N A) = dim A.
But A is a domain, so we must have PN A = (0. We have a € PN A, so we must have
a = 0, giving a contradiction. Thus, R must be a torsion-free A-module.

Conversely, let P € Assg R. Since R is torsion-free, P N A = (0). This implies
dim R/P = dim A = dim R.

In the case R is torsion-free over A, let W/ = {s € R| s a non-zero-divisor}. As R
is torsion-free over A, W C W’ so Q(A) C Rw C Ry and Q(R) = Ry = (Rw)w =
Q(Rw). But as Q(A) C Ry is integral, dim Ry = 0. Hence, Q(Rw) = Rw . O

Lemma 4.1.4. Let A C R be rings. Consider the ring homomorphism ¢ : R ®4

AY4 — R [Al/q] given by (7“ ® al/q) = ra'/9. Then ¢ is onto and ker ¢ is nilpotent.

Y= 0.

Proof. Clearly ¢ is onto. Note, if ¥r; ® a;/q € kerp, then we have Xr;a,

Taking ¢'" powers, we get Yrfa; = 0, and so, Yrfa; ® 1 = 0. We can move the a;’s to
q

the other side of the tensor product to obtain 0 = ¥r! ® a; = (Zri ® ag/ q) . Hence,

Sr; @ a,’? is nilpotent. O

Example 4.1.5. Note that R®4 AP need not be reduced, even if R and A are fields.
For example, let k be an imperfect field (i.e., k = F,(t), where t is an indeterminate)
and A =k and R = kY?. Choose a € kK\kP. Then 3 =a'? ®1 —1® a'/? is nonzero
as {a*’?®1,1®a'/?} is part of a k-basis for kP @, k'/P since a'/? is part of a k-basis

for k'/? . However, BP = 0.

We want to determine when the map ¢ of Lemma 4.1.4 is an isomorphism, or
equivalently, assuming R and A are reduced, under what conditions R ®4 A9 is

reduced. We begin this exploration with some remarks concerning separability.
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Definition 4.1.6. Let A C S be a finite ring extension where A is a Noetherian
domain and S is reduced and torsion-free over A. Then Q(A) C Q(S) X ky X -+ X ky,
where each k; is a finite field extension of Q(A). An element s € S is separable over
A if each component of its image in ky X -+ X ky, is separable over Q(A). We say
S is separable over A if each s € S is separable over A, or equivalently, each k; is

separable over Q(A).

Remark 4.1.7. (/Mat89], page 199) If E/F is a finite separable field extension, then

for every field extension L of F', E ®p L is reduced.

Lemma 4.1.8. Let A C S be a finite separable ring extension with A a Noetherian

domain and S reduced and torsion-free over A. Let B be a reduced A-algebra. Then
1. If B 1is flat, then S ® 4 B s reduced.
2. If S is flat and B is torsion-free, then S @4 B s reduced.

Proof. We first prove part (1). Note that as S, B are reduced, S and B both inject
into a product of fields, say, S <— ky x---x k, and B < [; X - -+ X [,,,. By hypothesis
Q (A) C k; is separable for all i. We want to show that S ®4 B injects into a reduced
ring.

Claim: S®4 B — (k‘l X o+ X k‘n) XQ(A) (l1 X lm) = H (kl XQ(A) l])

(2
Proof of claim: Note 0 — S — ky x --- X k, is exact. Applying — ®4 B, we

obtain

0 - S®1B— (k1 x - xXk,)®4B= (ki ®4B)x--x(k,®aB) is exact,

with the injection coming from the fact that B is flat. It suffices to show that if a field

k is separable over Q) (A) and B <= [; X -+ + X I, then k@4 B — k®4 (I3 X -+ X 1).
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Now, we have 0 — B — l; X -+ X [, is exact. Applying @ (A) ®4 — and then

k ®g(ay —, we obtain

0 - QA)RAB—-Q(A)®@a(ly X+ Xlp) =l X+ X1, isexact and

0 — k®gu (Q(A)®aB) — k®qa) (Il x -+ x1,) isexact,

where the isomorphism in the first line comes from the fact that [; O @ (A) for all i.
But, k ®q(a) (Q (A) ®4 B) = k@ B and k ®@qeay (hh x -+ x ln) =[] (k ®qa) li) is
reduced by separability. Thus, we have k ®4 B — H (k: ®0(A) l,;), aI;d thus, k®4 B
is reduced, implying that S ®4 B is reduced. Z

Now, to prove part (2), suppose S is flat and B is torsion-free. Using the notation

above, since S is flat over A, we have
O—>S®AB—>(S®AZ1) X oo X (S@Alm>

is exact. Therefore, it suffices to show that S ®4 [; is reduced for all i. Since B is
torsion-free over A, Q(A) C I; for all 7, and so Q(A) ®4 [; = [; for all i.
Hence, k; ® 4 1; = kj ®q(a) l; is reduced for any j, since k; is separable over Q(A).

Since [; is flat over A,
0= S®aly— (k1 x - xky) ®@al; =2 (k1 ®@al;) X X (b, ®al;)

is exact. Therefore, S ® 4 [; is reduced.

O

Remark 4.1.9. Suppose we have A C R, a finite extension with A a Noetherian

domain and R reduced and torsion-free over A. Then AY4 C R [Al/q} s a finite
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extension and R [Al/q] is reduced and torsion-free over AY1. Furthermore, the ex-

tension AV1 C R[AY4] is separable for ¢ > 0.

~

Proof. Using the notation from the beginning of this section, we have R C Q(R)
ki x -+ Xk, where k; is a field for all . As R is torsion-free over A, Q(A) C Q(R) by
Lemma 4.1.3. Let k; denote the algebraic closure of k;. Since R/p; is a finite extension
of A, we have each k; is an algebraic extension of Q(A). Note R [Al/q} Cky XX kn,
a product of fields, so R [A'] is reduced for any q. Now, suppose a'/? (Eriag/q> = 0.
Then, taking ¢'" powers, we have a (Xrfa;) = 0. If a # 0, then Xrfa; = 0 since R
is torsion-free over A. Taking ¢'* roots, we have Zria;/ = 0. Thus, R [Al/ ‘1] is
torsion-free over A4,

To see that A/ C R [AY4] is a finite extension, note that if R = Ao+ - -+ Aay,
with a; € R, then R[AY] = AY4[R] = AY9q) + --- + AY%,. Thus, R[AY] is a
finitely generated AY%-module.

Finally, to see that the extension AY? C R [Al/ q] is separable for ¢ > 0, write
R = Aa;+-- -+ Aa,,. Recall that for a field F' of characteristic p > 0 and an element
« in the algebraic closure of F, o®" is separable over F for all n > 0. So, for each 1,
there exists a ¢; = p® such that o is separable over A, and therefore «; is separable

over AY%. Now, let ¢ = max;{¢;}. Then we have R, and hence R[A'/9], is separable
over A4 O

Proposition 4.1.10. Let A C R be a finite ring extension where A is a reqular local
ring and R is reduced and torsion-free over A. Then there exists a power ¢’ of p
such that for all ¢ > ¢/, S = R[A"Y9] is reduced, torsion-free, and separable over A9,

Furthermore, for all Q > q > ¢, S ® 4170 AYQ = S[AY€].

Proof. Note by Remark 4.1.9, there is a ¢’ such that A7 C S = R[A'Y9] is a finite

separable extension and S is reduced and torsion-free over A4 for all ¢ > ¢. As
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A is regular, for Q > ¢ > ¢/, we have AY? is flat over A4, So by Lemma 4.1.8,

S® 41/ AY? is reduced and thus, by Lemma 4.1.4, we have S® 41/, AY? = S[AYQ]. O

Definition 4.1.11. Let R be a ring and S an R-algebra. We say that S is smooth
over R, sometimes denoted as S/R smooth, if given an R-algebra T, an ideal N of T
satisfying N* = 0, and an R-algebra homomorphism u : S — T /N, then there erists
an R-algebra homomorphism v : S — T lifting u; i.e., w = v where w : T — T/N s

the natural surjection.

We refer the reader to [Mat89] and [Mat70] for a detailed treatment of smooth-
ness. We summarize some of the important properties of smoothness in the following

remark:

Remark 4.1.12. We list below several properties of smoothness:

1. ([Mat89], 28.2) If A is an R algebra, then S/R smooth implies S®@pr A is smooth

over A. In particular, localization and taking quotients preserve smoothness.
2. ([Mat89], 28.1) T/S and S/R smooth imply T'/R is smooth.

3. ([Mat70], 28.E) If W is a multiplicatively closed subset of R, then Ry /R is

smooth.

4. ([Mat89], 28.9; [Gro64], 19.7.1) If S/ R is smooth and S, R are Noetherian, then
S/R is flat.

5. ([Mat70], 28.1, 28.L) Let R be a field and S a finite extension field of R. Then
S/R is smooth if and only if S/R is separable.

6. ([Mat70], 29.E; [Mat89] corollary to theorem 30.5) If S is a finitely generated

R-algebra then {p € Spec R | S,/ R, is smooth} is an open set. In particular, if
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Sy/ R, is smooth for some p € Spec R then there exists an f € R\p such that

S¢/Ry is smooth.

7. ([Mat70], 28.K) If k is a field and A is a local ring which is smooth over k, then

A is a regular local ring.

8. ([Mat70], section 28, example 1) Let A be a ring. Then Alx] is smooth over A.

Proposition 4.1.13. Suppose S is smooth over R, where R and S are Noetherian

rings. If R is reduced, so is S.

Proof. Let P € Assg S. Note that it suffices to show that Sp is a field. Let Q = PN R
be the contraction of P to R. Since P consists of zero-divisors on .S, so does ). On
the other hand, since S is flat over R, any non-zero-divisor on R is a non-zero-divisor
on S (i.e., S is torsion-free over R). Hence, () must consist of zero-divisors on R,
so there exists Q' € Assg R such that Q C @Q)’. But, as R is reduced, the associated
primes are minimal, and so ) must be a minimal prime of R. Furthermore, as R is
reduced, Rq is a field. Now, we have Sg is smooth over Rg, and PSg € Assg, Sq.
Thus, we have reduced to the case that R is a field.

Now, Sp is smooth over S, and so by transitivity, Sp is smooth over R. By (7) in

the remarks above, Sp is a regular local ring of depth zero, i.e., Sp is a field. O

Proposition 4.1.14. Suppose R C S is a finite extension where R is a Noetherian
domain and S is reduced, torsion-free, and separable over R. Then there exists d €

R\{0} such that Sy is smooth over Ry.

Proof. We have Q(R) C Q(S) = ky X -+ X ky,, where k; is a finite separable field
extension of Q(R) for each i. By part (5) of Remark 4.1.12, each k; is smooth over
Q(R). Thus, Q(S) is smooth over Q(R). Since Q(S) = Sy where W = R\{0} (see
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Lemma 4.1.3), we have Sy is smooth over Ry,. The result now follows by part (6)

of Remark 4.1.12. O

Theorem 4.1.15. Suppose S/R is smooth, finite, and R is a Noetherian domain of

characteristic p. Then for any ¢ = p°, S/ = S [R"4] .

Proof. Note that since S/R is smooth and R is a domain we have S is reduced
(Proposition 4.1.13) and torsion-free over A (Remark 4.1.12, part (4)). Also, since
S 22 §1/4 as rings, and this isomorphism restricts to R = RY4, we get that S/9/R'/4
is smooth and finite. Thus, it is enough to prove the theorem for e = 1, since
SYP = 5 [RY?] implies $17* = SUP [R1P] = 5 [RVP*] .

Case 1: R is a field. Then we have R — S = k; x --- X k, with each k;/R
a finite algebraic separable field extension. Note SV? = ki’ x .-+ x kn/P. Tt is
enough to show that k% = k [R'/?], because then S'/7 = kP x e x kP =
ky [Rl/p] X - X Ky, [Rl/p} = (ky X - X ky) [Rl/p] =9 [Rl/p] )

Claim: If L/K is a finite separable algebraic field extension of characteristic p,
then LY/? = L [K'/?] .

Proof of claim: Note L/K separable implies L'/?/K'/? is separable. Now,
KY?» C L (K'Y?) C LY? and L'?/K'/? separable imply L'/?/L (K'/?) is separable.
Let « € L'/P. Then o? € L C L (K'?). Let Min(a, L (K'/?)) denote the minimal
polynomial of a over the field L (K'/?). Then we have Min (o, L (K'/?)) | (2? — o)
implies Min (o, L (K'/?)) = 2 — « by the separability of L'/?/L (K'/?). Thus, o €
L (Kl/p) . This gives that L'/? C L (Kl/p) . The other containment is clear, giving
LYP = L(KY?) = L [KY?] . Oaaim

General Case: We want to show that S/ = S [R'?]. Since S/R is smooth,
Q(S) = S is smooth over Ry; i.e., S is separable over R, by Remark 4.1.12, part

(5). Since S is flat over R and R is torsion-free over R, S ®x R'P is reduced by
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part (2) of Lemma 4.1.8. Hence, by Lemma 4.1.4, S @ R'/P = S[R/7].

Define ¢ : S ®@r R'/? — SVP by ¢ (s®@r!/P) = sr'/P. We claim that ¢ is an
isomorphism. Note that it is enough to show that ¢ is an isomorphism locally at
any maximal ideal of R. Thus, we may assume that (R, m) is local. Now, S/R
is finite and flat, which implies S ®z R'/?/R'? is finite and flat. Recall that if T
is a finitely generated flat module over a Noetherian ring then T is free. Therefore,
we have S ®@g RY? is a free R'/P-module. Similarly, S'/? is a finitely generated free
RYP-module.

Over a local ring, a map of finitely generated free modules is an isomorphism if
and only if it is an isomorphism after tensoring with the residue field. Now, we have
S®rRYP 5 SUPis amap of free R'/P-modules. Tensoring with R/mR (= RY/?/m!/?)
gives the map S/mS @p/m (R/m)? 5 (S/mS)/?. Since S/msS is smooth over R/m,

this is an isomorphism by the first case. Thus, ¢ is an isomorphism. O]

Now, suppose we have R C S with R a domain and S finite, torsion-free, and
separable over R. By Proposition 4.1.14, there exists a d € R/ {0} such that S;/Ry
is smooth. The previous theorem then implies that (S Va/g [Rl/ q]) g = 0 for any
q = p°, so that, given g, there is a power [ of d such that d'S'/¢ C S [R'] . Using

the following lemma, one can find a single power of d that will work for all q.

Proposition 4.1.16. (see 6.4 in [HH90]) Let A C R be a finite ring extension where
A is a regular local ring and R is reduced, torsion-free, and separable over A. Then

there exists ¢ € A\{0} such that cRY1 C R[AY9] for all q.

Proof. By Proposition 4.1.14, there exists d € A\{0} such that R, is smooth over A,.
In the discussion above, we showed that there exists a power b = d' of d such that
bR'? C R[AYP]. Let h=1+41/p+---+1/p°.

Claim: b"RYP C R [Al/pq} for all ¢ = p°.
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Proof: We proceed by induction on e. If e = 0, then h = 1 and b'R'/? C R [Al/p].
If e > 0, take ¢'" roots to obtain b'/?2RY/P1 C R4 [AY/P1]. Now, with /' = h —1/q,

we have
ph RY/Pa — ph pt/a Rl/ra C b RY/a [Al/pq} C [R [Al/qﬂ [Al/pq] — R[Al/pq]

where the last containment comes from the induction hypothesis. U qim
Now, since b" divides b? (in A'/9) for all h, setting ¢ = b?, we have that cRY9 C

R [AY1] for all ¢, as required.

4.2 The Proof

Before we begin the proof of the main result of this chapter, we recall some definitions

and a lemma.

Definition 4.2.1. Let R be a Noetherian ring of characteristic p > 0 and I an ideal
of R. We say x € I*, the tight closure of I, if there exists a ¢ € R° such that cz? € I'9
for all q > 0. We say c € R° is a ¢'-weak test element if there exists ¢’ such that for
all I C R and all x € I*, we have cx® € 19 for all ¢ > ¢'. The element c is a locally
stable ¢'-weak test element if its image in every local ring of R is also a ¢'-weak test
element. Finally, ¢ is a completely stable ¢’-weak test element if it is locally stable

and its image in the completion of each local ring of R is a ¢ -weak test element.

Remark 4.2.2. (see [HH90], 6.18 and 6.19) Let R be a reduced, equidimensional
local Ting of characteristic p > 0 and suppose that either R is complete or essentially

of finite type over a field. Then R has a completely stable ¢'-weak test element.
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Lemma 4.2.3. (see [HH90], 8.16) Let J be an ideal in a reduced Noetherian ring R
which has a ¢'-weak test element ¢ € R°. Suppose that x € R such that x ¢ J*. Then
for any d € R°, dz? ¢ J9* for all ¢ > 0. In particular, for any d € R°, dv? ¢ JWRYa

for all ¢ > 0.

Proof. We will use the contrapositive to prove the lemma. Suppose that there exists
d € R° such that da? € J9* for all ¢ > 0. We will show that € J* by showing
cd 17 299" e Jladl for all ¢ > 0. Note if dz? € J4* then we have cd®? z4@ ¢ JlaQd]
for all O, as ¢ is a weak ¢'-test element. So, (cdwq)qu € (J [‘Z})[Qq/]. Hence, for all
Q, we have 1 - (cdxq)Qq/ € (J[‘ﬂ)[Qq/], which shows that cdz? € J9* for all ¢ > 0.
But since ¢ is a ¢-weak test element, we have ¢ (cdazq)q/ e Jldl for all ¢ > 0, i.e.,
I t1q? 99 ¢ Jladl for all ¢ > 0, which shows that z € J*.

To prove the last statement of the lemma, note that if v € JWRY? then v €
JQ and as above, 109" € JQd"] for all ¢". Hence, v € JW*. In particular,
dx? ¢ J9* for ¢ > 0 implies dz? ¢ JIURY for all ¢ > 0.

O

We are now prepared to prove the main result. The proof here follows closely that

of Theorem 8.17 in [HH90], with some details expanded.

Theorem 4.2.4. [HH90] Suppose (R, m) is a local ring and let J C I be m-primary
ideals of R.

2. The converse to (1) holds if R is analytically unramified, formally equidimen-

sitonal, and has a completely stable q,-weak test element c.

Proof. (1) Let I = (x1,...,x,). Then since I C J*, for each x; there exists a; € R°

such that a;z? € J4 for all ¢ > 0. Let @ = a;---a, € R°. Then since az? € JU
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for all ¢ > 0, we have a9 C J9. As J is m-primary, there exists an n such that
m"l C J. Set K =m". Let b be a bound on the number of generators for /. Then
19/ Jla has at most b generators and is annihilated by K@ + aR, so that 19 /.Jl4 is
a homomorphic image of (R/(K4 + aR))”. Thus, A\(119/J@) <X (R/(KY + aR)).
Let S = R/aR. Since a € R°, dim S < d—1. So we have A (I19/J14) < px (S/K1S).
By a result of Monsky, we have A\(S/K4S) < ey (K S)q?+Cq*? for some constant

C'. Therefore,

0 < enxl]) =en(l) = lim [\(R/J?) fq" = X (R/I™) /q]

— lim idA (119.J)

q—00 (

1
< Jim g lenn(KS)q"™ + Cq™?]

= 0.

(2) Suppose ey () = ey (J) and I € J*, i.e., there exists € I\J*, with z # 0.
Then, as above, we have that lim, . qid)\(l ld /)y = 0. Our goal is to show that
there exists a constant v > 0 such that A (I /g [‘1’]) > ~vq? for ¢ > 0 to obtain a
contradiction.

Choose ¢ > ¢, such that cz? ¢ J4. Since JOIRNR = JI we have cz? ¢ JUR. As
(J }AE)M = JWR and cis a completely stable g;-weak test element, we have = ¢ (J }AB)*
So we may assume (R, m) is complete, local, reduced and equidimensional. By the
Cohen Structure theorem, R is module finite over a complete regular local domain
A =kl[x1,...,24)] and as R is equidimensional, by Lemma 4.1.3, we have R is also
torsion-free over A.

By Proposition 4.1.10, we can choose ¢” such that S = R [Al/ ‘1/'] is separable over
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AY4" and by Lemma 4.1.16 we can choose d € A° such that dS*/? C S [Al/qq”] for any
q. Since z € I is not in J*, by Lemma 4.2.3 we can choose ¢’ such that dz? ¢ Jl4 R/
for any ¢ > ¢'.

Let Kg C A be the ideal of elements a € A such that az® € JI@. Note the map
A/Kg — 1@/ JI€ given by a az® is an injection. Since A and R have the same
residue class field, A (1191/J19) > X (4/Kg), and so it is enough to show there exists
v > 0 such that A (A/Kg) > ~vQ? for Q > 0.

Now assume Q > ¢'q” and write Q = ¢¢'q". Then a € K implies that az? € JI9l.
Taking (1/q)"" powers, we have a'/9279" ¢ JWd'IRYa C jldd"lgl/a  This implies
da/12?7" € JdT) (451/e) C Jlad)g [Al/ed"]

Note that as A is regular, A9 is AY7"- flat and so we have S ® 41/ A9 =

S [Al/ qq”} is S-flat, with the isomorphism coming from Proposition 4.1.10. Therefore,

alll e (J[q’q”]S[Al/qq”] g1/ a0"] dxq’q”> ~ (J[q’q”]s ‘g dxt]’t}”) g [Al/qq”} )

! 1

Now, (JU'71S g de?") € (JUTIRV -0 det") as S = R[AV2"] C RV, By

i

choice of ¢/, dz? ¢ JWRY for any § > ¢'. Therefore, (J [ TRV da? ) +
RY4". Thus, (JI99S 5 dz97") C m'/?" and so a/¢ € m"/4"S[AY/4"] C m!/4" R1/ad",
Taking qq” powers, we get a?" € mlR. So if Q > ¢'¢" and a € Ko, then a? €
mlQ/d IR N A.

Let m,4 denote the maximal ideal of A. Note we can find D = p” such that m” C
maR and then a?’ € mQ/77TRNACm@7" RN ACmY""PRNAC m!F/I D)

for some constant ¢ and ¢ > 0 (the last inclusion coming from the Artin - Rees

Lemma). Now for large @) we’ll have

m;Q/q/q”D)*t - mg/B where B = ¢'¢" Dp.
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Thus, for Q > 0, a? € mg/B. Let d = dim A. Then note that m’iq C m[Z] for any

g = p". Let p® > d. Then we have for large Q, a?" € mﬁ’”e/B”e C m‘jd/Bpe C m[AQ/Bpe}.

//]

Now let H = m[f/BpﬁqN]. For large @, A = (H7) :4 a?") = (H :5 a)[q”] (the last

equality coming from the fact that A is regular and so the Frobenius is flat). So, we
have A = (H :4 a) and hence a € H = ml%"" 7" for large Q. As a was an arbitrary

element of K, we have for large @), Ko C mf/Bl] C mcj/B/ where B’ = Bp®q”, and

so A(A/Kqg) > )\(A/mg/B/). Let 0 < v < m. Then as A is regular we have

MAJKG) > MA/m2®) = (Q/B/”‘l)

d
d
= Q— + lower terms

d\(B')?
> Q% for Q> 0.

]

The argument in the last paragraph of the proof above allowing us to conclude
that Ko C mg/ B s suggested to us by Neil Epstein and allowed us to avoid the

implication on page 81, line 12 of the original proof in [HH90].
Corollary 4.2.5. Let (R,m) be a local ring and J C I m-primary ideals of R.

2. The converse to (1) holds if R is equidimensional and either complete or essen-

tially of finite type over a field.

Proof. Note that part (1) follows from the previous theorem. To prove part (2),
suppose that egr(I) = eyx(J) and R is equidimensional and either complete or

essentially of finite type over a field. We first note that that we may reduce to the
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case R is a domain by going modulo a minimal prime. To see this, recall the asso-
ciativity formula for Hilbert-Kunz multiplicity says that for any ideal I, egg(I) =
> peash(r) €K ([, R/ P)Ar,(Rp) where Assh(R) = {P € Ass(R) | dimR/P =
dim R}. Let Min(R) = {Py,...,P,} and [; and J; denote the images of I and J
respectively in R/P;. As R is equidimensional, Assh(R) = Min(R) and so we have
enx(I) = >0 jeux(I)ANRp,) = > enrx(Ji)ANRp,) = engr(J). Since J C I, we
have egi(I;) < epk(J;) for all i. The equality of the Hilbert-Kunz multiplicities of
I and J forces ey (l;) = egx(J;) for all i. Furthermore, an element € R is in the
tight closure of J if and only if its image is in J for all i. (See [BH93|, Proposition
10.1.2.) Thus, we may reduce to the case R is a domain.

By Remark 4.2.2, R has a completely stable test element. If R is a complete
domain, we are done by Theorem 4.2.4. If R is a domain which is essentially of finite
type over a field, then the completion of R is analytically unramified (see [Mat70],
page 251, Lemma 2) and formally equidimensional (see [Mat89], Theorem 31.6 (iii)).

The result once again follows from Theorem 4.2.4. O]
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