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SYSTEMS OF NONLINEAR WAVE EQUATIONS WITH DAMPING AND
SUPERCRITICAL SOURCES

Yangiu Guo, Ph.D.
University of Nebraska, 2012

Advisor: Mohammad A. Rammaha

We consider the local and global well-posedness of the coupled nonlinear
wave equations

uyy — Au+ g1(ug) = fi(u,v)
v — Av + ga(vy) = fo(u,v),

in a bounded domain 2 C R™ with a nonlinear Robin boundary condition on «
and a zero boundary conditions on v. The nonlinearities fi(u,v) and fa(u,v)
are with supercritical exponents representing strong sources, while g (u;) and
g2(vy) act as damping. It is well-known that the presence of a nonlinear bound-
ary source causes significant difficulties since the linear Neumann problem for
the single wave equation is not, in general, well-posed in the finite-energy space
H'(Q) x L*(02) with boundary data from L?*(9€2) (due to the failure of the
uniform Lopatinskii condition). Additional challenges stem from the fact that
the sources considered in this dissertation are non-dissipative and are not lo-
cally Lipschitz from H'(Q) into L*(Q2) or L?*(02). By employing nonlinear
semigroups and the theory of monotone operators, we obtain several results
on the existence of local and global weak solutions, and uniqueness of weak
solutions. Moreover, we prove that such unique solutions depend continuously
on the initial data. Under some restrictions on the parameters, we also prove
that every weak solution to our system blows up in finite time, provided the
initial energy is negative and the sources are more dominant than the damping
in the system.

Additional results are obtained via careful analysis involving the Nehari
Manifold. Specifically, we prove the existence of a unique global weak solution
with initial data coming from the “good” part of the potential well. For such
a global solution, we prove that the total energy of the system decays expo-
nentially or algebraically, depending on the behavior of the dissipation in the
system near the origin. Moreover, we prove a blow up result for weak solutions
with nonnegative initial energy. Finally, we establish important generalization
of classical results by H. Brézis in 1972 on convex integrals on Sobolev spaces.
These results allowed us to overcome a major technical difficulty that faced us
in the proof of the local existence of weak solutions.
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Chapter 1

Introduction

1.1 The Model

In this thesis, we study a system of coupled nonlinear wave equations which fea-
tures two competing forces. One force is damping and the other is a strong source. Of
central interest is the relationship of the source and damping terms to the behavior
of solutions.

In order to simplify the exposition, we restrict our analysis to the physically more
relevant case when  C R3. Our results extend very easily to bounded domains
in R", by accounting for the corresponding Sobolev imbeddings, and accordingly
adjusting the conditions imposed on the parameters. Therefore, throughout the paper
we assume that € is bounded, open, and connected non-empty set in R? with a smooth
boundary I' = 0f).

We study the local and global well-posedness of the following initial-boundary
value problem:

(

u — Au~+ g1 (uy) = fi(u,v) in 2 x(0,7),

vy — Av + go(vy) = fo(u,v) in Qx (0,7),

Ou+u+ g(uy) = h(u) onI'x (0,7, (1.1.1)
v=>0 onI'x (0,7, o
uw(0) = ug € HY(Q),u,(0) = uy € L*(Q),

v(0) = vy € HJ(Q),v:(0) = v € L*(Q),

\

where the nonlinearities fi(u,v), fo(u,v) and h(u) are supercritical interior and
boundary sources, and the damping functions g1, go and g are arbitrary continuous
monotone increasing graphs vanishing at the origin.

3



4 CHAPTER 1. INTRODUCTION

The source-damping interaction in ((1.1.1)) encompasses a broad class of problems
in quantum field theory and certain mechanical applications (Jorgens [25] and Segal
[45]). A related model to is the Reissner-Mindlin plate equations (see for in-
stance, Ch. 3 in [28]), which consist of three coupled PDE’s: a wave equations and
two wave-like equations, where each equations is influenced by nonlinear damping and
source terms. It is worth noting that non-dissipative “energy-building” sources, espe-
cially those on the boundary, arise when one considers a wave equation being coupled
with other types of dynamics, such as structure-acoustic or fluid-structure interac-
tion models (Lasiecka [32]). In light of these applications we are mainly interested in
higher-order nonlinearities, as described in following assumption.

Assumption 1.1.1.

e Damping: ¢\, go and g are continuous and monotone increasing functions
with g1(0) = ¢2(0) = ¢(0) = 0. In addition, the following growth conditions at
infinity hold: there exist positive constants a; and b;, j = 1,2,3, such that, for
|s| > 1,

ay|s|™ < gi(s)s < by|s|™th, with m > 1,
as|s|"™ < ga(s)s < bols|"T, with v > 1,
as|s|"t < g(s)s < bsls|*Tt, with ¢ > 1.

e Interior sources: f;(u,v) € C'(R?) such that

IV £i(u,0)] < C(lulfP™t + o]~ +1), j=1,2, with 1<p<6.

e Boundary source: h € C*(R) such that

W (s)| < C(Js|* +1), with 1 <k < 4.

m

e Parameters: max{p™= p"1} <6, kq%;l < 4.

Let us note here that in view of the Sobolev imbedding H'(Q2) — L5() (in
3D), each of the Nemytski operators f;(u,v) is locally Lipschitz continuous from
H'(Q) x H(Q) into L?*(2) for the values 1 < p < 3. Hence, when the exponent of
the sources p lies in 1 < p < 3, we call the source sub-critical, and critical, if p = 3.
For the values 3 < p < 5 the source is called supercritical, and in this case the
operator f;(u,v) is not locally Lipschitz continuous from H'(Q) x H*() into L*(9).



1.1. THE MODEL )

However, for 3 < p <5, the potential energy induced by the source is well defined in
the finite energy space. When 5 < p < 6 the source is called super-supercritical.
In this case, the potential energy may not be defined in the finite energy space and
the problem itself is no longer within the framework of potential well theory (see for
instance [3], 34, [35] 50] 51]).

A benchmark system, which is a special case of , is the following well-known
polynomially damped system studied extensively in the literature (see for instance
12, 3, 39, [40]):

g — Au+ |ug|" 'y = fi(u,v)  in Q x (0,7), (1.1.2)
v — Av + o[y = folu,v)  in Q x (0,7), o

where the sources f1, f are very specific. Namely, fi(u,v) = 0,F (u,v) and fo(u,v) =
O, F(u,v), where I : R? — R is the C''-function given by:

F(u,v) = alu + v[P™ + 2b|uv|p2i, (1.1.3)

where p > 3, a > 1 and b > 0. Systems of nonlinear wave equations such as (1.1.2)
go back to Reed [42] who proposed a similar system in three space dimensions but
without the presence of damping. Indeed, recently in [2] and later in [3] the authors
studied system (|1.1.2) with Dirichlét boundary conditions on both v and v where
the exponent of the source was restricted to be critical (p = 3 in 3D). We note here
that the functions f; and fy in satisfy Assumption , even for the values
3 < p < 6, and so our work extends and refines the results in [2], on one hand by
allowing a larger class of sources (other than those in ([1.1.2))) and having a larger
range of exponents of sources, p > 3. On the other hand, system has a Robin
boundary condition which also features nonlinear damping and a source term. In
particular, the Robin boundary condition, in combination with the interior damping,
creates serious technical difficulties in the analysis (for more details, see Subsection
2.1.1)).

In studying systems such as or the more general system , several
difficulties arise due to the coupling. On one hand, establishing blow up results for
systems of wave equations (not just global nonexistence results which don’t require
local solvability) is known to be more subtle than the scalar case. Additional chal-
lenges stem from the fact that in many physical systems, such as , the sources
are not necessarily C?-functions, even when 3 < p < 5. In such a case, uniqueness
of solutions becomes problematic, and this particular issue will be addressed in this
thesis.
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It is important to note that the mixture of Robin and Dirichlét boundary condi-
tions in the system is not essential to the methods used in this paper nor to
our results. Indeed, similar existence, uniqueness and blow-up results can be easily
obtained if instead one imposes Robin boundary conditions on both » and v.

In recent years, wave equations under the influence of nonlinear damping and
sources have generated considerable interest. If the sources are at most critical,
ie., p < 3 and k£ < 2, many authors have successfully studied such equations by
using Galerkin approximations or standard fixed point theorems (see for example
12, 13, 4, 201 36}, [39, 40l [41]). Also, for other related work on hyperbolic problems, we
refer the reader to [16, 18, 24] 27, 30] B, B3], B8, 47, 49] and the references therein.
However, only few papers [7, [10, 1T} 12] have dealt with supercritical sources, i.e.,
when p > 3 and k > 2.

In this thesis we use the powerful theory of monotone operators and nonlinear
semigroups (Kato’s Theorem [6, [46]) to study system (L.1.1)). Our strategy is similar
to the one used by Bociu [7] and our proofs draw substantially from important ideas
in 7, 10, 11, 12] and in [I7]. However, we were faced with the following technical issue:
in the operator theoretic formulation of , although the operators induced by
interior and boundary damping terms are individually maximal monotone from H'((Q)
into (H'(Q))’, it was crucial to verify their sum is maximal monotone. Since neither
of these two operators has the whole space H'(f2) as its domain, as the exponents
m, r, and g of damping are arbitrary large, then checking the domain condition
(see Theorem 1.5 (p.54) [6]), to assure maximal monotonicity of their sum, becomes
infeasible. In order to overcome this difficulty, we construct a convex functional whose
subdifferential can represent the sum of interior and boundary damping, which yields
the desired maximal monotonicity. Some details can be found in Subsections [I.3.4]

and 2.1.11

1.2 Notation

The following notations will be used throughout the thesis:

lully = Null oy » Tuls = Nl oy s Nl = lull gy ;

(u,v) = (uaU>L2(Q)a (u,v)r = <U7U)L2(F): (u,v)1,0 = (U,U)Hl(sz);
m+1 r+1 qg+1

7f: 7@2—'
m T q

m =
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As usual, we denote the standard duality pairing between (H(€2))" and H'(Q2) by
(,-). We also use the notation yu to denote the trace of u on I' and we write £ (yu(t))
as yug. In addition, the following Sobolev imbeddings will be used frequently, and
sometimes without mention:

H'=(Q) — L% (Q), for e € [0, 1],

) (1.2.1)
H(Q) — H2<(T) — LT% (), for € € [0,1].
We also remind the reader with the following interpolation inequality:
lull o0y < €llullf g+ Cle. 8) [lullz (1.2.2)

for all 0 < 6 < 1 and € > 0. We finally note that (||Vul|; + |yu[3)"/? is an equivalent
norm to the standard H'(€) norm. This fact follows from a Poincaré-Wirtinger type
of inequality:

ull2 < co(||[Vulls + |yul?) for all u € HY(Q). (1.2.3)

Thus, throughout the thesis we put,
lulls o = IVull; + [yul3 and (u,v)10 = (Vu, Vo)a + (yu,70)r, (1.2.4)

for u, v € HY(Q).

1.3 Main Results

In order to state our main result we begin by giving the definition of a weak
solution to ((1.1.1)).

Definition 1.3.1. A pair of functions (u,v) is said to be a weak solution of (1.1.1)
on [0, 7] if

e wueC([0,T]; H'(Q)), v € C([0,T); HY{(Q)), us € C([0,T); L*(2)) N L™ (Q x
(0,7)), yu; € LT x (0,7)), vy € C([0, T); L*(Q)) N L™1(Q x (0,T));

o (u(0),v(0)) = (ug,vo) € HY () x H}(), (us(0),v4(0)) = (ug,v1) € L*(N) x
L2(Q);
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e Forallte[0,T], uand v verify the following identities:

(ue(2),0(t))o — (w(0), 6(0))o + /0 (= (u(7), 6(7))e + (u(7), (7)1, 0]dT

+/t/91(ut(7))¢(7)d93d7+/t/g(VUt(T))Wb(T)dFdT
//f1 )o(T) dxd7+// (yu(r))yo(r)dldr, (1.3.1)

(0 ()4 (8)a = (v:(0), 1/1(0))9+/[ (0(7), (7))o + (0(7), (7)1, ldT

//92 vi(T d:l:dT—/ /f2 YW(r)dzdr, (1.3.2)

for all test functions satisfying:

¢ € C([0,T]; H(2)) n L™ (Q x (0,T)) such that y¢ € LT x (0,7)) with
¢¢ € LY[0,T); L3(Q)) and v € C([0,T]; Hy(Q)) N L™ x (0,T)) such that ¢ €
LY([0,T]; L*(2)).

1.3.1 Existence and uniqueness

Our first theorem establishes the existence of a local weak solution to ([1.1.1)). Specif-
ically, we have the following result.

Theorem 1.3.2 (Local weak solutions). Assume the validity of Assumption|[1.1.1]
then there exists a local weak solution (u,v) to defined on [0,Ty] for some
To > 0 depending on the initial energy &(0), where

&(t) = %(Hut(t)!@ + ez + lu)llf o + lo@)]1 g). (1.3.3)

In addition, the following energy identity holds for all t € [0,Tp):

t t
"’/ / (91 (ue)us + go(v)ve] dwdT —I—/ /g('yut)vutdFdT
0o Ja 0o Jr

+ /0 t /Q [ty 0)ue + folu, 0)r] dadr + /0 t /F h(yu)yudldr.  (13.4)
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In order to state the next theorem, we need additional assumptions on the sources
and the boundary damping.

Assumption 1.3.3.

(a)  For p > 3, there emists a function F(u,v) € C3(R?) such that fi(u,v) =
F,(u,v), folu,v) = Fy(u,v) and |D*F(u,v)] < C(Ju[P™2 + [v|P~2 + 1), for all
multi-indices |a| = 3 and all u,v € R.

(b)  Fork>2, he C*R) such that |h"(s)| < C(|s|*2+ 1), for all s € R.

(c) Fork <2, there exists my > 0 such that (g(s1) — g(s2))(s1— s2) > my|s1 — sa|?,
for all sq, sy € R.

Theorem 1.3.4 (Uniqueness of weak solutions—Part 1). In addition to As-
3(p—1)

sumptions |1.1.1) and |1.3.5, we further assume that ug, vo € L™ 2 (Q) and yug €
L**=(T). Then weak solutions of are unique.

Remark 1.3.5. The additional assumptions on the initial data in Theorem are
redundant if p < 5 and k£ < 3, due to the imbeddings . Also, it is often the case
that the interior sources f; and fy fail to satisfy Assumption (a), as in system
for the values 3 < p < 5. To ensure uniqueness of weak solutions in such
a case, we require the exponents m and r of the interior damping to be sufficiently
large. More precisely, the following result resolves this issue.

Theorem 1.3.6 (Uniqueness of weak solutions—Part 2). Under Assumption
and Assumption (b)(c), we additionally assume that ug, vy € L3P~V (Q),
yug € L2F=)(T), and m, r > 3p — 4 if p > 3. Then weak solutions of are

unique.

Our next theorem states that weak solutions furnished by Theorem are global
solutions provided the exponents of damping are more dominant than the exponents
of the corresponding sources.

Theorem 1.3.7 (Global weak solutions). In addition to Assumption[1.1.1], further
assume ug,vg € LPT(Q) and yug € LFT(T). If p < min{m,r} and k < q, then the
said solution (u,v) in Theorem 15 a global weak solution and Ty can be taken
arbitrarily large.

Our next result states that the weak solution of ((1.1.1)) depends continuously on
the initial data.
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Theorem 1.3.8 (Continuous dependence on initial data). Assume the validity
of Assumptions|1.1.1] and|1.3.5 and an initial data Uy = (ug, vo,u1,v1) € X, where
X is given by X = (HYQ) N L% (Q)) x (HY(Q) N L™= (Q)) x L2(Q) x L*(Q),
such that yug € L**=D(T). If U} = (uf,u?, vg,v?) is a sequence of initial data such
that, as n —» o0,

U — Uy in X and ~yull — yug in L**~D(D),
then, the corresponding weak solutions (u™,v") and (u,v) of satisfy:
(u™, 0" uy, vft) — (u,v,ug,v) in C([0,T); H), as n — oo,
where H := H'(Q) x Hy(Q) x L*(Q) x L*(Q).

Remark 1.3.9. If p <5, then the spaces X and H in the Theorem [1.3.8| are identical
since H'(Q) < L%(Q). In addition, if ¥ < 3, then the assumption yu?} — ~yug in
L2*=D(T) is redundant since uff — ug in H*(Q) implies yuy — yuo in L*(T).

1.3.2 Blow-up of weak solutions

In order to state our blow up results, we need additional assumptions on interior and
boundary sources and initial data.

Assumption 1.3.10.

e There exists a function F € C?*(R?) such that fi(u,v) = 0,F(u,v) and fo(u,v) =
Oy F(u,v), (u,v) € R%  Moreover, there exist co > 0 and ¢; > 2 such that
F(u,v) > co(JulP™ + |oPt™) and ufi(u,v) + vfa(u,v) > o F(u,v), for all
(u,v) € R?.

o There exist c; > 0 and c3 > 2 such that H(s) > cy|s|**! and h(s)s > c3H(s),
for all s € R, where H(s) = [; h(r)dr.

e The initial energy E(0) < 0, where the total energy E(t) is given by:
1
E(t) =§(||Ut(7f)||§ + [l ()15 + u@®F o + o] o)

—AFM&MMW—ﬁHWMWD (1.3.5)
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Remark 1.3.11. It is important to note here that our restrictions on interior and
boundary sources in Assumption [1.3.10] are natural and quite reasonable. For in-
stance, the function F' given in satisfies Assumption . Indeed, a quick
calculations show that there exists a constant ¢y > 0 such that F(u,v) > co(|ul[P™ +
|v|P*1), provided b is chosen large enough. Moreover, it is easy to compute and find
that wfi(u,v)+vfo(u,v) = (p+1)F(u,v). Since the blow-up theorems below require
p>m > 1, then p+ 1 > 2 and so, the assumption ¢; > 2 is reasonable. A simple
example of a boundary source term that satisfies Assumption is h(s) = |s|*Ls.
In this case, H(s) = ﬁ|s|k“, and so, h(s)s = (k+ 1)H(s). Again, the statement
of Theorem [1.3.12| requires & > ¢ > 1, implies that k 4+ 1 > 2. Thus, the restriction
c3 > 2 in Assumption [1.3.3|is also reasonable.

Our first blow-up result shows that if the interior and boundary sources are more
dominant than their corresponding damping terms, and the initial energy is negative,
then every weak solution of blows up in finite time. In addition, we obtain an
upper bound for the life span of solutions.

Theorem 1.3.12 (Blow-up of solutions-Part 1). Assume the validity of Assump-
tions|1.1.1 and|1.3.10. If p > max{m,r} and k > q, then any weak solution (u,v) of
blows up in finite time. More precisely, ||u(t)[|, o+ [v(t)|l, g — 00 ast — T,
or some 0 <T" < oo.

Our second result shows that all solutions of ([1.1.1)) blows up in finite time, pro-
vided E(0) < 0, and the interior sources dominate both interior and boundary damp-
ing, without any restriction on the boundary source.

Theorem 1.3.13 (Blow-up of solutions-Part 2). Assume the validity of Assump-
tions and [1.3.10 If p > max{m,r,2q — 1}, then any weak solution (u,v) of
blows up in finite time. Specifically, [|ut)||, o + [l0(t)[l,q — 00 ast — T~,
for some 0 < T < oo.

Remark 1.3.14. Although the existence and uniqueness results in Theorems and
hold for sources that are super-supercritical (i.e., p < 6 and k < 4), however
the assumptions in Theorem [1.3.12| and [1.3.13] force the restrictions p < 5 and k£ < 3.
To see this, we note that both theorems require p > m, and by Assumption [I.1.1] it
follows that, 6 > p(1 + %) > p(l+ ]—1)) = p + 1, which implies p < 5. By the same
observation, we conclude k < 3 in Theorem [I.3.12] Although &k > ¢ is not required by
Theorem we still must have £ < 3. Indeed, since 2¢ — 1 < p < 5, then ¢ < 3.
Whence, by Assumption , we have 4 > k(1 + é) > %k, and so, k < 3.




12 CHAPTER 1. INTRODUCTION

1.3.3 Decay of energy

This subsection is devoted to present our results of global existence of potential well
solutions, uniform decay rates of energy, and blow up of solutions with non-negative
initial energy. Comparing with the results of [3] for system (1.1.2)) with p = 3, our
results extend and refine the results of [3] in the following sense: (i) System is
more general than ((1.1.2)) with supercritical sources and subject to a nonlinear Robin
boundary condition. (ii) The global existence and energy decay results in [3] are
obtained only when the exponents of the damping functions are restricted to the case
m, r < 5. Here, we allow m, r to be larger than 5, provided we impose additional
assumptions on the regularity of weak solutions. (iii) In addition to the standard
case p > max{m,r} and k > ¢ for our blow up result, we consider another scenario
in which the interior source is more dominant than both feedback mappings in the
interior and on the boundary. Specifically, we prove a blow up result in the case
p > max{m,r,2q — 1}, and without the additional assumption k£ > ¢. Although this
kind of blow up result has been established for solutions with negative initial energy
[10, 22], to our knowledge, our result is new for wave equations with non-negative
initial energy.

We begin by briefly pointing out the connection of problem to some impor-
tant aspects of the theory of elliptic equations. In order to do so, we need to impose
additional assumptions on the interior sources f;, fo and boundary source h.

Assumption 1.3.15.
e There exists a nonnegative function F(u,v) € C'(R?) such that 9, F (u,v) =

filu,v), 0,F(u,v) = fa(u,v), and F is homogeneous of order p + 1, i.e.,
F(wu, W) = N F(u,v), for all X >0, (u,v) € R%

e There exists a nonnegative function H(s) € C*(R) such that H'(s) = h(s), and
H is homogeneous of order k+1, i.e., H(As) = N¥*1H(s), for all A > 0, s € R.

Remark 1.3.16. We note that the special function F(u,v) defined in satisfies
Assumption [1.3.15] provided p > 3. However, there is a large class of functions that
satisfy Assumption . For instance, functions of the form (with an appropriate
range of values for p, s and o):

p+1

F(u,v) = alul" + bl + aful [ + B(Jul” + [0]7) =,

satisfy Assumption|1.3.15, Moreover, since F' and H are homogeneous, then the Euler
homogeneous function theorem gives the following useful identities:

fi(u,v)u+ fo(u,v)v = (p+ 1)F(u,v) and h(s)s = (k+1)H(s). (1.3.6)
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Finally, we note that the assumptions |V f;(u,v)| < C(Ju[P~'+|v[P~1+1), j = 1,2 and
IW(s)] < C(|s|*"' + 1) (as required by Assumption [1.1.1)), imply that there exists a
constant M > 0 such that F(u,v) < M(|ulP™ +|v[PT1+1) and H(s) < M(|s|*+1),
for all u,v, s € R. Therefore, by the homogeneity of F' and H, we must have

F(u,v) < M(JulP™ + [v|P™) and H(s) < M|s|"™. (1.3.7)

Now we put X := H'(Q) x H}(2), and define the functional J : X — R by:

Hu) = (o + lolie) = [ Fluode— [ Huwar, (138

where J(u, v) represents the potential energy of the system. Therefore the total energy
can be written as:

1
2
In addition, simple calculations shows that the Fréchet derivative of J at (u,v) € X
is given by:

E(t) = S ()5 + loe(®)3) + T (u(t), v(t)). (1.3.9)

(J'(u,v), (¢,9)) = /Q Vu - Vodr + /nywymlf‘ + /Q Vo - Vipdz
_/Q[fl(uw)gb—i-fg(u,v)g/)]dx—/h(yu)ygbdf, (1.3.10)

r

for all (¢,v) € X.
Associated to the functional J is the well-known Nehari manifold, namely

N 1= {(w,0) € X\{(0,0)} : ('(u,v), (u,v)) = O}. (1.3.11)
It follows from (|1.3.10)) and (1.3.6) that the Nehari manifold can be put as:

N ={(.v) € X\{(0,0)} ;
lullf g+ vllg = (p—I—l)/QF(u,v)dx—f—(k:+1)/FH(7u)dF}. (1.3.12)

In order to introduce the potential well, we first prove the following lemma.

Lemma 1.3.17. In addition to Assumptions|1.1.1] and|1.5.15, further assume that
l<p<bandl <k <3. Then

d:= inf J > 0. 1.3.13
Wt (u,v) ( )
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Proof. Fix (u,v) € N. Then, it follows from (1.3.8) and ([1.3.12)) that

1

S0 2 (-1 ) Gl + ol ) (13,14

where ¢ := min{p+ 1,k + 1} > 2. Since (u,v) € N/, then the bounds (1.3.7)) yield

lull} g + ol < G / (Il + o) dz + / [ul**tar)
< (iR + oI5+l ): (1315)
Thus,
I, )% < Ol 0I5 + I v)lIE),
and since (u,v) # (0,0), we have
1< O(I(w, oI5 + 1w 0)lx -

It follows that [|(u,v)|y > s; > 0 where s; is the unique positive solution of the
equation C(sP~! + s*~1) =1, where p, k > 1. Then, by (1.3.14), we arrive at

1 1
J(u,v) > <§_E> 57

for all (u,v) € N. Thus, follows. O
As in [3], we introduce the following sets:
W= {(u,v) € X : J(u,v) < d},
Wi {(w.0) €W ullg + ol > (1) | Fluv)de+ (k+1) [ Hejary
U {(0,0)},

Wai= {(we) €W [ullq + ol < (r+ 1) [ Fluv)ds+ (k+1) [ Huar),
Clearly, Wy N W, = (), and W) UW, = W. In addition, we refer to W as the potential
well and d as the depth of the well. The set W, is regarded as the “good” part of

the well, as we will show that every weak solution exists globally in time, provided
the initial data are taken from W, and the initial energy is under the level d. On
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the other hand, if the initial data are taken from W, and the sources dominate the
damping, we will prove a blow up result for weak solutions with nonnegative initial
energy.

The following result establishes the existence of a global weak solution to (|1.1.1]),
provided the initial data come from W), and the initial energy is less than d, and
without imposing the conditions p < min{m,r}, k < ¢, as required by Theorem
37

In order to state our first result, we recall the quadratic energy & (t) and the total
energy E(t) as defined in (|1.3.3]) and (1.3.5)), respectively.

Theorem 1.3.18 (Global solutions). In addition to Assumptions|1.1.1 and|1.3.15,
further assume (ug,v9) € Wy and E(0) < d. If1 <p <5 and 1 < k < 3, then the
weak solution (u,v) of is a global solution. Furthermore, we have:

o (u(t),v(t)) € W,

.éa(t)<d( ‘ ) (1.3.16)

c—2
° (1 — g) Et) < E(t) < &), (1.3.17)

for allt >0, where c=min{p+ 1,k + 1} > 2.

Since the weak solution furnished by Theorem is a global solution and the
total energy E(t) remains positive for all ¢ > 0, we may study the uniform decay
rates of the energy. Specifically, we will show that if the initial data come from a
closed subset of W, then the energy E(t) decays either exponentially or algebraically,
depending on the behaviors of the functions ¢;, g» and g near the origin.

In order to state our result on the energy decay, we need some preparations. Define
the function

1

G(s) = 532 — MRysP*™ — M Rys™, (1.3.18)

where the constant M > 0 is as given in (|1.3.7)) and

[l Iyulity
Ry = : §+1, Ry = su g (1.3.19)
weH @\{0} [[ulli g weH @\0} [|ullyq

Since p < 5 and k£ < 3, by Sobolev Imbedding Theorem, we know 0 < R;, Ry < oo.
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A straightforward calculation shows that G'(s) has a unique positive zero, say at
so > 0, and
sup G(s) = G(so).

s€[0,00)
Thus, we define the set

Wi = {(u,v) € X : ||(u,0)||x < S0, J(u,v) < G(s0)}. (1.3.20)

We will show in Proposition that G(so) < d and Wy C Wy. )
Furthermore, for each fixed small value 6 > 0, we define a closed subset of W,
namely

W2 = {(u,v) € X = ||[(u,0)||x < 50— 9, J(u,v) < G(so—9)}. (1.3.21)

Indeed, we will show in Proposition that Wf is invariant under the dynamics,
if the initial energy satisfies E(0) < G(so — 9).

The following theorem addresses the uniform decay rates of energy. In the stan-
dard case m, r < 5, ¢ < 3, we don’t impose any additional assumptions on the weak
solutions furnished by Theorem [1.3.18] However, if any of the exponents of damping
is large, then we need additional assumptions on the regularity of weak solutions.
More precisely, we have the following result.

Theorem 1.3.19 (Uniform decay rates). In addition to Assumptions and
further assume: 1 < p < 5,1 < k < 3, ugp € L™(Q), vy € L"(Q),
yug € LT, (ug,v9) € WP, and E(0) < G(sy — 0) for some 6 > 0. In addition,
assume u € L®°(R*; L2=D(Q)) ifm > 5, v € L®(RT; L2"(Q)) ifr > 5, and yu €
L>®(R*; LX) if ¢ > 3, where (u,v) is the global solution of furnished by
Theorem [1.3.18.

e If g1, g2, and g are linearly bounded near the origin, then the total energy E(t)
decays exponentially:

E(t) < CE(0)e™, for all t >0, (1.3.22)
where C and w are positive constants.

e [f at least one of the feedback mappings g1, g2 and g is not linearly bounded near
the origin, then E(t) decays algebraically:

Et) < C(EO)(1+t)7", foralt>0, (1.3.23)
where B > 0 (specified in ) depends on the growth rates of g1, go and g

near the origin.
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Our final result in this section addresses the blow up of potential well solutions
with non-negative initial energy. It is important to note that the blow up results in
Theorems [1.3.12] and [1.3.13] deal with the case of negative initial energy for general
weak solutions (not necessarily potential well solutions).

Theorem 1.3.20 (Blow-up of potential well solutions). In addition to Assump-
tions|1.1.1| and|1.53.15, further assume for all s € R,

ay|s|™ < gi(s)s < by|s|™, where m > 1,

as|s|"t < ga(s)s < bo|s|"t, where 7 > 1,

as|s|?tt < g(s)s < bs|s|?™, where g > 1. (1.3.24)
In addition, we suppose F(u,v) > ag(|u[PT+ |v|PT1), for some ag > 0, and H(s) > 0,
foralls #0. If 1 <p <5, 1<k <3, (up,v9) € Wa, 0 < E(0) < pd, where
min { 5,44 |
pi= p:l ’Z 11 <1, (1.3.25)
+
max {%, m}

then, the weak solution (u,v) of (as furnished by Theorem[1.3.9) blows up in

finite time; provided either

. p > max{m,r} and k > q,
or

° p > max{m,r,2q — 1}.
Remark 1.3.21. The blow up result in Theorem [1.3.20| relies on the blow up results in

Theorems [1.3.12[ and |1.3.13| for negative initial energy. Therefore, as Theorems|[1.3.12
and [1.3.13] we conclude from Theorem [1.3.20] that

||u(t)||19 + ||U(t)||1ﬂ — o9,

ast — T, for some 0 < T < o0.
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1.3.4 Convex integrals on Sobolev spaces

In this subsection we introduce some abstract results which are essential for estab-
lishing the local existence of weak solutions to our system (1.1.1)).

Let jo, j1 : R — [0, +00) be convex functions vanishing at 0. Note that, since jo
and j; are convex functions and finite everywhere, then they are continuous on R. Let
v HY(Q) — HY2(T') denote the trace map, and define the functional J : H!(2) —
[0, +00] by

J(u) = /jo(u)dx + /jl(vu)dF. (1.3.26)
Q r
Clearly, J is convex and lower semicontinuous with its domain given by
D(J) ={u e H(Q) : jo(u) € L(Q) and ji(yu) € L}(I")}. (1.3.27)

As usual, D(dJ) represents the set of all functions v € H'(Q) for which 0.J(u) is
nonempty. It is well known that D(0J) is a dense subset of D(J). The convex
conjugate of J is defined by

J(T) = sup{{(T,u) — J(u) : u € D(J)} for T € (H'(Q)), (1.3.28)
where, here and later, (H'(Q2)) denotes the dual space of H'(Q2). Similarly, the
convex conjugate of jx, k =0, 1; is given by

ji(z) = sup{ay — ju(y) y € R}, zER (1.3.29)

H. Brézis [14] studied the convex functional Jy(u) = [, jo(u)dz on Hj(2) and
characterized its conjugate J; and its subdifferential 0.Jy. The main Theorems pre-
sented here generalize the results in [14] to the functional J. The strategy of the proof
is conceptually similar to the one by Brézis, however our conclusions cannot be di-
rectly derived from the work in [14], and necessitate a number of nontrivial technical
auxiliary results.

Our main findings are stated in the following theorems.

Theorem 1.3.22. Suppose T € (H'(2))" such that J*(T') < +o0o. Then T is a signed
Radon measure on Q and there exist T, € L*(Q) and Tr, € L*(T') such that

(T, v) :/Tavdx—l—/Tp,afyvdF, for all v e C(Q). (1.3.30)
Q r

Moreover,

<Nﬂ=LMEW%AﬁmmW



1.3. MAIN RESULTS 19

Theorem 1.3.23. Let u € H'(Q). If T € (H'(Q)) such that T € 0.J(u), then T is
a signed Radon measure on Q and there exist T, € L' (), Tr, € L (T') such that T

satisfies (1.5.30). Moreover, T, T,, Tr,, verify the following:

o T,€0j(u) a.e. inQ and Tr, € 0ji1(yu) a.e. on T, (1.3.31)

o T,uc LY and Tr.yu € L'(T), (1.3.32)

o (T ,u) :/Taudqu/TF,avudF. (1.3.33)
Q r

Conversely, if T € (HY(Q)) such that there exist T, € L'(Q), Tr, € LY(T)
satisfying (1.53.30) and (1.5.31]), then T € 0J(u).

Assume for the moment that Theorem [1.3.23] has been proven. Define the func-
tionals Jy and J; : H'(Q) — [0, +0o0] by

Jo(u) = /Qjo(u)dm and Jy(u) = /Fjl(vu)df.
Then, following corollary is an immediate consequence of Theorem [1.3.23|
Corollary 1.3.24. Let u € HY(Q). Then,
e if j1 =0 (ie.,, J=1), then

dJo(u) = {T € (H'(Q)Y N L) : T € djo(u) a.e. in Q). (1.3.34)

o if jo=0 (i.e., J=Jy), then

dJi(u) = {T € (H'(Q)) : T = ~*Tr, where Ty € H™2(T') N L'(T)
such that Tr € 0j1(yu) a.e. on T'}. (1.3.35)

Proof. The first statement of the Corollary is clear from Theorem [1.3.23] As for
the second statement, first assume that T € (H'(Q)) such that T = ~+*Tr where
Tt € H=3(I') N LX) with Ty € 8j1(yu) a.e. on I'. Note for all w € C1(Q),

(T w) = (3T w) = (T ) = [ T,
I
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Let v € C(Q), then there exists a sequence w, € C'(Q) such that w, — v in C(Q).
Then, it follows easily from the Lebesgue Dominated Convergence Theorem that we

may extend 7" to a bounded linear functional on C(f2) via

(T,v) = lim (T, w,) = lim [ Tryw,dl = /Tp’yvdf.
r r

n—oo n—o0

Therefore, by Theorem [1.3.23] with j, = 0, we obtain T' € 9.J;(u).

Conversely, if '€ (H'(Q))" such that T' € 9.Ji(u), then by Theorem [1.3.23] with
jo = 0, T is a Radon measure on  and there exists Tr € L'(T") such that Tt € 97, (yu)
and

(T,v) = /prvdF for all v € C(9). (1.3.36)
r

Since Tt € L'(I'), we have Tt € (C(T"))" such that (Tt, ¢) = [, Tredl, for all ¢ €
C(T"). Note, for any ¢ € Hz(T'), there exists a sequence ¢,, € C*(I') such that ¢, — 1
in H2(T). Since v : H'(Q) — Hz(T) is surjective and has a continuous linear right
inverse 7', then clearly |(T,7~'4)| < [IT[ |7l g1y < oo, for all ¥ € Hz2(D).

Therefore, we can extend 7t to a bounded linear functional on H %(P) as follows:

(Tr,¢) = lim (Tp, ¢,) = lim | Trg,dl = lim (T, v~ ¢,) = (T,7 '),
n—oQ n—oo T n— o0
for all ¢ € Hz(T'), where we have used (1.3.36). Hence, Tt € H~2(T') such that
(Tr,yv) = [ Tryvdl = (T, v) for all v € C'(Q). Since C'(Q) is dense in H'(Q), we
obtain (Ty,yv) = (T,v) for allv € HY(Q) , i.e., T = y*Tt. O



Chapter 2

Existence and Uniqueness

2.1 Local Existence

This section is devoted to prove the existence statement in Theorem [1.3.2] which will
be carried out in the following five sub-sections.

2.1.1 Operator theoretic formulation

Our first goal is to put problem in an operator theoretic form. In order
to do so, we introduce the Robin Laplacian Ag: D(Ag) C L*(Q) — L*(Q2) where
Ap = —Au with its domain D(Ag) = {u € H*(Q) : ,u+u = 0 on I'}. We note here
that the Robin Laplacian can be extended to a continuous operator Ap : H(Q) —
(H'(€))" by:

(Agu,v) = (Vu, Vu)g + (vu, y0)r = (4, v)10 (2.1.1)
for all u,v € H(Q).
We also define the Robin map R : H*(I') — H**3(1) as follows:

q = Rp <= q is a weak solution for { gﬁ]—:i- 2 . i)r;glz (2.1.2)
Hence, for p € L*(T'), we know from that
(Rp, ¢)1.0 = (p,yp)r for all p € H' (). (2.1.3)
Combining (2.1.1]) and (2.1.3)) gives the following useful identity:
(ArRp, ¢) = (Rp, d)1,0 = (0, 70)r, (2.1.4)

21
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for all p € L3(T') and ¢ € H'(Q).
By using the operators introduced above, we can put (1.1.1)) in the following form:

u + Ar(u — Rh(yu) + Rg(yur)) + g1(ue) = fi(u, v)
vy — Av + ga(vy) = falu,v)

u(0) = ug € H'(Q),u:(0) = uy € L*()

v(0) = vo € H}(Q),v:(0) = v, € L*(Q).

(2.1.5)

It is important to point out here that in (2.1.5)), we can show S := ArRg(yu,)
and S, := g(u;) are both maximal monotone from H'(2) into (H'(Q2))’. However, in
order to show that S; + &s is also maximal monotone, one needs to check the validity
of domain condition: (int D(S;)) N D(Ss) # 0. The fact that the exponents of the
interior and boundary damping, m and ¢, are allowed to be arbitrary large makes it
infeasible to verify the above domain condition.

In order to overcome this difficulty, we shall introduce a maximal monotone op-
erator § representing the sum of interior and boundary damping. To do so, we first
define the functional J : H*(Q2) — [0, +-00] by

J(u):/gjl(u)dx+/Fj(7u)dF. (2.1.6)

where j; and j : R — [0, +00) are convex functions defined by:

Ji(s) = /OS g1(7)dT and j(s) = /Osg(T)dT. (2.1.7)

Clearly, J is convex and lower semicontinuous. The subdifferential of .J, 8.J : H(Q) —
(H'(2))" is defined by,

0J(u) = {u* € (H'(Q)) : J(u) + (u*,v —u) < J(v) for all ve HY(Q)}. (2.1.8)

The domain D(d.J) represents the set of all functions u € H*(2) for which 9.J(u) is
nonempty.

By Theorem [1.3.23] we know that, for any v € D(9J), J(u) is a singleton, and
thus we may define the operator S : D(S) = D(0J) € H(Q2) — (H'(2))’ such that

0J(u) = {S(u)}. (2.1.9)

It is well known that any subdifferential is maximal monotone, thus S : D(S) C
H'(Q) — (H'(Q)) is a maximal monotone operator. Moreover, by Theorem |1.3.23)
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we also know that, for all u € D(S), we have g1(u) € L'(Q), g1(u)u € LYQ),
g(yu) € LYT) and g(yu)yu € LY(T). In addition,

(S(u),u) :/le(u)udx—k/rg(vu)yudﬁ (2.1.10)
and
(S(u),v) = /le(u)vdx—I—/Fg(vu)yvdF for all v € C(9Q). (2.1.11)

It follows that for all u € D(.5),
(S(u),v) = / g1(u)vdx + /g('yu)fyvdf for all v € H'(Q)NL>®(Q).  (2.1.12)
Q r

In fact, if v € H'(Q)NL>®(Q), then there exists v, € C(Q) such that v, — v in H'(Q)
and a.e. in Q with |v,| < M in Q for some M > 0. By and the Lebesgue
Dominated Convergence Theorem, we obtain .

By using the operator S we may rewrite as

uy + Ag(u — Rh(yu)) + S(w) = fi(u,v),
v — Av + 92(%) = fo(u,v),

u(0) = ug € HY(Q),u(0) = uy € L*(Q),
v(0) = vg € H}(Q),v:(0) = v, € L*(Q).

(2.1.13)

It is important to note here that S(u;) represents the sum of the interior damping
g(uz) and the boundary damping ArRg(yu:). However, D(S) is not necessarily the
same as the domain of the operator AgRg(v-)+g() : HY(Q) — (H'(Q2))’. Therefore,
systems and are not exactly equivalent. Nonetheless, we shall see that

if (u, v) is a strong solution for (2.1.13)), then (u, v) must be a weak solution for (1.1.1))
in the sense of Definition|1.3.1} So, instead of studying (|1.1.1)) directly, we show system

(2.1.13]) has a unique strong solution first.
Let H = H'(Q) x H} () x L*(Q) x L*(Q) and define the nonlinear operator

o D) CH— H

by
U tr _y tr
|0 =177 : (2.1.14)
y Apr(u — Rh(yu)) +S(y) — fi(u,v)
z —Av + g2(2) = fau,v)
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where

D) = {(uv,y.2) € (H'(©) x H(@)
Ag(u— Rh(yu)) + S(y) — fi(u,v) € L*(Q), y € D(S),
— Av+go(2) — folu,v) € LA(Q), ga(2) € HHQ) N Ll(Q)}.

Put U = (u, v, us, v;). Then the system ([2.1.13)) is equivalent to
U, + /U = 0 with U(O) = (UQ,’UQ,Ul,Ul) € H. (2115)

2.1.2 Globally Lipschitz sources

First, we deal with the case where the boundary damping is assumed strongly
monotone and the sources are globally Lipschitz. In this case, we have the following
lemma.

Lemma 2.1.1. Assume that,

e g1, g2 and g are continuous and monotone increasing functions with g,(0) =
g2(0) = ¢(0) = 0. Moreover, the following strong monotonicity condition is
imposed on g:
there exists my > 0 such that (g(s1) — g(s2))(s1 — s2) > my|s1 — so/*.

o fi, fo: HY(Q) x H}(2) — L3(2) are globally Lipschitz.
o hovy:HYQ) — L*(T) is globally Lipschitz.

Then, system has a unique global strong solution U € W1°°(0,T; H) for
arbitrary T > 0; provided the datum Uy € D(<7).

Proof. In order to prove Lemma it suffices to show that the operator &/ + wl
is m-accretive for some positive w. We say an operator &7 : D(&/) C H — H is
accretive if (/' x) — A xg, 11 — x9)y > 0, for all x1, 29 € D(), and it is m-accretive
if, in addition, 7 + I maps D(«7) onto H. In fact, by Kato’s Theorem (see [46] for
instance), if &/ + wl is m-accretive for some positive w, then for each Uy € D(/)
there is a unique strong solution U of , ie., U € WL(0,T; H) such that
U0) = Uy, U(t) € D(&) for all t € [0,T], and equation (2.1.15)) is satisfied a.e.
[0, 7], where T' > 0 is arbitrary.
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Step 1: Proof for o/ +wl is accretive for some positive w. Let U = [u,v,y, 2],
U =lu,,7,z2] € D(«). We aim to find w > 0 such that

(o +wh)U — (o +w)U, U = U)y > 0.
By straightforward calculations, we obtain

A~ A

(A +w)U — (o +w)U,U=U)y = (A (U) —(U),U —U)y +w|U —Ul%
(z —

—(y— g u—1t)0— 2,0 = 0)1,0+ (Ar(u— @),y — 7)
— (ArR(h(yu) — h(ya)),y — §) + (S(y) = S(@),y — 9)
= (filu,v) = f1(@,9),y — P — (A(v = D),z — 2)
+(92(2) = 92(2), 2 = 2) = (fa(u,v) = fa(@,0),2 = 2)g
+w(lu—allig+llv—ollig+lly = 9li3 + 11z — 2[12)- (2.1.16)
Notice
—(A(v—10),z—2)=(V(v—=10),V(z—2)a=(v—10,2 — 2)10. (2.1.17)

Moreover, since gq(y € HYQ)NLYQ) and 2z — 2 € H(Q) satisfying
(g2(2(x)) — g2(2()))(2(x > 0, for all z € , then by Lemma 2.2 (p.89)
in [6], we have (g2(2) — g2(2))(z — 2) € L*(Q2) and

I\

(92(2) = 92(2), 2 = 2) = [ (92(2) — 92(2))(z — 2)dz = 0. (2.1.18)

:o\

Now we show
(Sy) =S@)y—9)
> [@) -0 —ide+ [ atn) gy - (2119)

Since y — § € H'(Q), if we set

n ify—gy>n
w,=% y—vg ifly—g|<n (2.1.20)
—n  ify—g < —n,

then w,, € H*(Q) N L>=(Q2). So by (2.1.12)) one has

(Sly) = S(9), wn) = /Q(gl(y) —gl(ﬁ))wndﬂﬂr/r(g(vy) —g(vg))yw,dl'.  (2.1.21)
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Moreover, by (2.1.20) we know w, and y — ¢ have the same sign, then since g; is
monotone increasing, one has (¢1(y) — ¢1(9))w, > 0 a.e. in Q. Therefore, by Fatou’s
Lemma, we obtain

n—oo

fiminf | (0(s) = g1 (9)wide > / (01(9) — 019y — §)de. (2.1.22)

Likewise, we have

fiminf | (9() = 9 rndl > [ (o) =gy =)l (2123

n—oo Q

Since w,, — y — ¢ in H'(Q), by taking the lower limit on both sides of (2.1.21)) and
using ([2.1.22)-(2.1.23]), we conclude that the inequality (2.1.19)) holds.
By using (2.1.1)), (2.1.4), (2.1.17), (2.1.18) and (2.1.19)), we obtain from (2.1.16))

that

(o +wl)U — (o +wU,U —U)y
> (9(vy) — 9(v9), vy — v9)r — (h(yu) — h(v@), vy — vY)r
— (filu,v) = fi(@,9),y — §)a — (fo(u,v) — fo(@, 0), 2 — 2)q

+w(llu—alig+llv—2oliao+lly—dl:+I1z = 2]2)- (2.1.24)

Let V = H'(Q) x H}(Q) and recall the assumption that fi, fo and h are globally
Lipschitz continuous with Lipshcitz constant Ly, Ly,, and Ljy; respectively. Let
L = max{Ly,, Ly, Ly,}. Therefore, by employing the strong monotonicity condition
on g and Young’s inequality, we have

(9(vy) — 9(v9), vy — v9)r — (h(yu) — h(y@), vy — v9)r

- (fl(u7v> - fl(a7®)7y - Q)Q - (fQ(’LL,U) - f2(ﬂ7@>72 - 2)9
> mglyvy — il — Lllu—allyq vy — 9l — Lll(u—d,0 = 0)|ly ly — dll,

— L|(u—t,v=2)|, ||z = 2|,

2 2 2 L 2 2
4—€||u —allf g —elvy —9l3 — §(||u —dlli g+ llv—"2[1g)
L ) L R R L .
- §||y — g5 — §(Hu —al[fq+lv—10l1q) — §Hz — 2|3 (2.1.25)

> mglyy — i3 —
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Combining (2.1.24]) and ([2.1.25]) leads to

(A +wU — (o +wU, U -U)y
. L? .
> (my — €)|yy — i3 + (w— 2~ Dl = alli o

. L . L .
o= L)llo =0l g+ (= 2)lly — 93 + (@ — )2 - 213
Therefore, by choosing € < m, and w > i—: + L, then o/ + wl is accretive.

Step 2: Proof for &/ + Al is m-accretive, for some A\ > 0. To this end, it
suffices to show that the range of &7 + A\I is all of H, for some \ > 0.

Let (a,b,c,d) € H. We have to show that there exists (u,v,y,z) € D(&) such
that (o + M) (u,v,y,2) = (a,b,c,d), for some A > 0, i.e.,

—y+Au=a
e =0 (2.1.26)
Ag(u— Rh(yu)) +S(y) — fi(u,v) + Ay =¢
—Av+ go(2) — fo(u,v) + Az =d.
Note, (2.1.26) is equivalent to
%AR(y)—ARRh( ) (aiy b+z) —i-)\y—c— AR(CL) (2 127)
—3Az+ gao(2) — fo (%,%)—I—)\Z—d—klAb o

Recall that V' = H'(Q) x H} () and notice that the right hand side of (2.1.27)) belongs
to V. Thus, we define the operator & : D(#) C V. — V' by:

o[1] -

where D(%) = {(y,2) € V : y € D(S), g2(2) € H () N L (Q)}. Therefore, the
issue reduces to proving that B : D(#) C V. — V' is surjective. By Corollary 1.2
(p.45) in [6], it is enough to show that # is maximal monotone and coercive.

We split 4 as two operators:

2 { Y r _ { ZAR(y) = ArRh (355%) = fi (5% 557) + r

LAn(y) — ArRh (Y52) + S(y) — fi (525,282) + x|
—3Az 4 ga(2) — fo (5, HE) + Az

’
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7 [ : ]”: [i@) ]

%, is maximal monotone and coercive: First we note D(%;) =
#, V. — V' is monotone, we let Y = (y,z) € Vand Y = (9,2) € V. By
straightforward calculations, we obtain
(BY — BY,Y —-Y)
1

= ttant= -3 - (8ak (0 (25 <1 (;252) )y - )
(fl(a—i—y,b—l):z)_fl(a—f—y b+z) )
)

and

N 1 . .
Al = 918 - (A - 2),2 - 2)

a+y b+ z Uy
(f2 ( v ) iy ( ]
By [@11) and (ZT4) we have,

(BY — BY,Y —Y)

1 . . a+y a+7y .
= (=9 y—9ha—(h —h -
A(y U,y — )10 ( (7 A > (7 /\ ),vy vy)r
a+y b+z a+y b+ 2 .
(fl( ) )\ ) fl( ) )\ )>y y)ﬂ
~(z—2,2—2)10

)\ o 2
+ My — 95 + A(

a—l— b+ z a—l— b+ z . .
£ N sy 2—2) A2k
) ) o

Since f1, fo, h are Lipschitz continuous with Lipschitz constant L,

2) + Az — 2”3

. 1 A L A A

(BY = 2Y,Y =Y) > ly - Il a— Sy = dllelvy =il
. . . . 1 .

- XH(y — 0,2 = 2)|vlly = glla + My — 9l + XHZ — 2|3 q

L . . . .
— M =9,2 = Hlvliz = 2l + Allz - 2[5
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Applying Young’s inequality yields,

. . 1 A L? . n .
(BY = BV, Y =Y) > Sy - Il a— 477—Ally —gllia— Ty - V95

L? N A2 n N N 1 ~112
- 477—)\(”9 —Jllia+llz—2liq) - XHZJ —g[13 + My — 95 + i\ (R
L? R R n R R
——(ly—dlliq+Iz— 2||ig) — <z = 2[5 + Allz — 2|3
AnA A
1 3L* . n .
> (X - 477—A> ly = 9llte — Iy = ils

1 2L? R n ) A2
# (5 25 ) = 2+ (A= 1) Ay = 918 + 1= 213

By using the imbedding H2(€2) < L3(I') and the interpolation inequality (1.2.2)), we
obtain,
ulz < Cllull? - < dllulli g + Csllullz,

HI(Q)
for all u € H'(Q), where 6 > 0. It follows that,
vy =79l < dlly — 9l o + Cilly — 35
Thus,

—BYY -V)>(— -2 _ 1~ — 7|2
(BY —B,Y.)Y —-Y) > (2>\ ) )\) ly y”l,Q

~ n+nCs 1 27

N n A A
+0= Ty = g+ (= Dl = 2B+ (55 - oy ) 1= 2l

1 . .
+ oy (ly =i + 112 = Zllie).
Note that the sign of

1 3L nd 2-3L%/n—4né
20 dnph N 4N ’

does not depend on the value of A\. So, we let 7 > 3L? and choose 6 > 0 sufficiently
small so that 4nd < 1. In addition, we select A sufficiently large such that A2 > n+nCs.
Therefore,

1

—BYY-Y)>
(BY — BY,Y ~Y) = o

A . 1 .
(ly = dllie + 2 = 2llia) = 53 IV =Y,
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proving that %, is strongly monotone. It is easy to see that strong monotonicity
implies coercivity of 4.

Next, we show that % is continuous. Clearly, Ap : H'(Q) — (H'(Q)) and
A: Hi () — H Q) are continuous. Moreover, if we set

~ a+y b+=z .
fj(y7z)::fj( \ ) A )7 .7:172a

then, since fi, fo : V —>~L2(Q) are globally Lipschitz, it is clear that the mappings
fi:V— (HY(Q)) and fy: V — H~(Q) are also Lipschitz continuous.

To see the mapping
= a—+
h(y) := ArRh (7 ) y>

is Lipschitz continuous form H!(Q) into (H'(Q2)), we use (2.1.4) and the assumption
that ho~: HY(Q) — L*(T") is globally Lipschitz continuous. Indeed,

= o (n(355) =n (5 )
HQY oy g=1 A AT
<o (*5) -1 (*37)

It follows that %, : V.— V' is continuous and along with the monotonicity of %,
we conclude that 4, is maximal monotone.

|At) - h(@)

CL )
< Y ly —3ll.q-

2

%, is maximal monotone: First we note D(%,) = D(B) = {(y,2) € V 1 y €
D(S), g2(2) € H1(Q) N L'(©)}. Remember in Subsection we have already
known S : D(S) € H(Q2) — (H*(2))’ is maximal monotone. In order to study the
operator gs(z), we define the functional Jy : H}(Q) — [0, 0o] by

J(z) = / o)) de

where jy : R — [0, +00) is a convex function defined by

i) = [ go(r)dr

Clearly J; is proper, convex and lower semi-continuous. Moreover, by Corollary
we know that 0Jy : H}(Q) — H~1(Q) is described by

0Jy(z) = {p € HH Q) NLYQ) : = go(2) ace. in Q. (2.1.28)
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That is to say, D(0.2) = {z € Hy(Q) : g2(2) € H Q) N LY(Q)} and for all z €
D(0J3), 0J2(2) is a singleton such that 0Ja(z) = {g2(2)}. Since any subdifferential
is maximal monotone, we obtain the maximal monotonicity of the operator go(-) :
D(0J,) C H}(Q) — H™'(Q). Hence, by Proposition in the Appendix, it
follows that &, : D(#2) C V — V' is maximal monotone. Now, Since #; and %,
are both maximal monotone and D(%;) = V, we conclude that = %, + %, is
maximal monotone.

Finally, since %, is monotone and %50 = 0, it follows that (%,Y,Y) > 0 for all
Y € D(S), and along with the fact % is coercive, we obtain & = HB; + A, is coercive
as well. Then, the surjectivity of Z follows immediately by Corollary 1.2 (p.45) in [6].
Thus, we proved the existence of (y, z) in D(%) C V = H* () x H}(2) such that (y, 2)
satisfies . So by , (u,v) = (2,22 € HY(Q) x H} (). In addition,
one can easily see that (u,v,y, z) € D(&). Indeed, we have Ag(u— Rh(yu))+S(y) —
filu,v) = =Xy +c € L*(Q) and —Av + g2(2) — fo(u,v) = =Xz +d € L*(Q2). Thus,
the proof of maximal accretivity is completed and so is the proof of LemmaR2.1.1] [

2.1.3 Locally Lipschitz sources

In this subsection, we loosen the restrictions on sources and allow f;, fo and h to be
locally Lipschitz continuous.

Lemma 2.1.2. For m,r,q > 1, we assume that:

e g1, g2 and g are continuous and monotone increasing functions with g,(0) =
92(0) = ¢g(0) = 0. In addition, the following growth conditions hold: there exist
positive constants a;, j = 1,2,3, such that g1(s)s > ay|s|™ ™, ga(s)s > ags|"™!
and g(s)s > ag|s|?™ for |s| > 1. Moreover, there exists m, > 0 such that
(9(s1) — g(s2))(s1 = 52) = myls1 — sof*.

o f1, fo: HY(Q) x HYQ) — L*(Q) are locally Lipschitz continuous.
o hory:HYQ) — L*T) is locally Lipschitz continuous.

Then, system has a unique local strong solution U € W'>(0, Ty; H) for some
To > 0; provided the initial datum Uy € D().

Proof. As in [12,[17], we use standard truncation of the sources. Recall V = H'(Q) x
H;(Q) and define

. i) it (w0}l < K
fl (U,U) = {

Ku Kv :
(s ) i)y > K,
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fK( ) { f2(u7v) lf ||(U,U)||V S K
2 U7U - ) .
f2(||<ulf)>||v ||(UI§))||V) it || (w, )y > K,
h(yu) if ”u”lQ <K

P () = |
h(%\ﬁ%) if fJull, o > K,

where K is a positive constant such that K? > 4&(0) + 1, where the quadratic energy

£(t) is given by &(t) = £ (Jul®) g + [0 0 + lue®)]3 + lon(t)]3).
With the truncated sources above, we consider the following (K) problem:

ug + Ar(u — RRE(u)) + S(uy) = fE&(u,v) in Q x (0, 00)
Vi — Av + go(vy) = fE(u,v) in  x (0, 00)
u(x,0) = up(x) € H'(Q), us(z,0) = uy(x) € HY(Q)
v(z,0) = vo(x) € HE(Q),vi(z,0) = vy (x) € HI(Q).

(K)

We note here that for each such K, the operators f{*, f& : H'(Q) x H}(2) —
L*(Q) and hE : HY(Q) — L*(T") are globally Lipschitz continuous (see [17]). There-
fore, by Lemma [2 u, the (K) problem has a unique global strong solution Ui €
W1e(0,T; H) for any T > 0 provided the initial datum Uy € D(«).

In what follows, we shall express (ug(t), vi(t)) as (u(t),v(t)). Since u; € D(S) C
HY(Q) and v, € H}(Q) such that g(v;) € H1(Q) N L), then by and
Lemma 2.2 (p.89) in [6], we may use the multiplier u; and v; on the (K) problem and
obtain the following energy identity:

t t
"’/ / g1 (ue)uy + ga2(ve)vy d!EdT+/ /g(’yut)vutdde

/ / FE(u,v)ug + £ (u, v)vy) dxdT—i—/ / uw)yudldr.  (2.1.29)

In addition, since m, r, ¢ > 1, we know m = ’”T, =, L g = % < 2. Hence,
by our assumptions on the sources, it follows that fi: HI(Q) X HN Q) — L™(Q),
far HY(Q) x H3 () — L7(Q), and hov: H'(Q) — LI(T') are all locally Lipschitz
with Lipschitz constant Ly, (K), Ly, (K), Ly(K), respectively, on the ball {(u,v) €
Vi l(u,v)]l,, < K. Put

Ly = ma’X{Lfl (K>7 Lf2(K)7 Lh(K)}
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By using similar calculations as in [I7], we deduce ff : H'(Q) x H}(Q) — L™(R),
5 HY Q) x HY(Q) — L7(Q) and X : H'(Q) — LI(T) are globally Lipschitz
with Lipschitz constant L.

We now estimate the terms due to the sources in the energy identity . By
using Holder’s and Young’s inequalities, we have

t t
/ / 5 (u v)urdadr < / 15 o) (el dr
0 0

t t ~
§6/ ||ut||ziid7'+06/ HflK(u,v)HZdT
0 0
t t - -
< [uiptiar e [ (188w - £00) 5+ 5007 dr
t ~ ~ ~
/ ol dr+ €t [l + ol + CHAO.OPIR) (2130

Likewise, we deduce

/ t / FE (u, v)vdwdr

t ~ ~ ~
<e / et dr + €L, / (ull} o + o]l o) + Cetlf2(0,0)F 121, (2.1.31)

t ~ ~
/ / wyudldr < 6/ s dr + CEL‘i(/ lull? o, dr + Cet|R(0)|7|T.
0
(2.1.32)

If we set o := min{ay, as, a3}, then by the assumptions on damping, it follows
that

gi1(s)s = a(|s|™" = 1), ga(s)s = a(ls|"™™" = 1), g(s)s > a(|s]""" —1)  (2.1.33)
for all s € R. Therefore,

fo fQ g1 (u)ugdwdr > O‘fo ||ut\|2j: T — at|Q),

fo fQ g2(v)vedzdT > O‘fo ||vt||:ﬂ dr — at|Q|, (2.1.34)

Jo - g(yu)yudldr > o [ [yug iTidr — at|T.



34 CHAPTER 2. EXISTENCE AND UNIQUENESS

By combining ([2.1.30))-(2.1.34)) in the energy identity (2.1.29)), one has

50 +a [ Qi+ ol 3+ bulyidir - ar@le] +I0)

< 600+ [ Gl + oy + bl ar

+ O [ lull + 1oy + .2k [ (ol )

+ Ot [l dr + (| F0.00710] + 150,019 + [HO)FIF). (2135

If € < a, then (2.1.35)) implies
50) <60) + CIf [l + Iolioir

+ O [ ull+ ol )i+ Cote [l i
+ (1 (0,0)719] + 17200, 0)1719] + O] + ar(20] + TT).  (2.1.36)

Since m, 7, ¢ < 2, then by Young’s inequality,

t - ~ t _ t 5
/0 (ullTg + [0 7)dr < / (Ul g+ [0l o + C)dr < 2 / &(r)dr + Ct,

t ~ } " )
[l + 1ol )i <2 [ sy + e,

t t 3
/ HuH?Q dr < 2/ &(r)dr + Ct,
0 0

where C'is positive constant that depends on m, 7 and q. Therefore, if we set C'(Lg) =
2C (L + L+ L) and Cp = C% O)[™ €2+ 1200, 0)["[2] + [(0)|7|T']) + (2]€2] +
2

IT]) + 3C, then it follows from (2.1.36) that

E(t) < (8(0)+ CyTy) + C(Lg) /t &(7)dr, for all t € [0, Ty,

where Tj will be chosen below. By Gronwall’s inequality, one has

E(t) < ((0) + CoTy)eC Lo for all t € [0, Ty). (2.1.37)
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We select

) 1 1
ngmln{4co cL )logQ} (2.1.38)

and recall our assumption that K? > 4&(0) + 1. Then, it follows from (2.1.37) that
E(t) <2(&£(0) +1/4) < K?/2, (2.1.39)

for all ¢ € [0,7p]. This implies that [[(u(t),v(t))||,, < K, for all t € [0,Tp], and
therefore, fX(u,v) = fi(u,v), fE(u,v) = fo(u,v) and h¥(u) = h(yu) on the time
interval [0,75]. Because of the uniqueness of solutions for the (K) problem, the
solution to the truncated problem (K) coincides with the solution to the system

(2.1.13)) for ¢t € [0,Tp], completing the proof of Lemma [2.1.2] O
Remark 2.1.3. In Lemma [2.1.2] the local existence time T, depends on LK, which

m+1

is the local Lipschitz constant of: f; : H' () x H}(Q) — L™ m (Q), fo : H'(Q) X

HY(Q) — L+ (Q) and h(yu) : HY(Q) — L%(T). The advantage of this result is
that Ty does not depends on the locally Lipschitz constants for the mapping fi, fo :
HY Q) x H} () — L*(Q) and h(yu) : H'(Q) — L*(T"). This fact is critical for the

remaining parts of the proof of the local existence statement in Theorem [1.3.2]

2.1.4 Lipschitz approximations of the sources

This subsection is devoted for constructing Lipschitz approximations of the sources.
The following propositions are needed.

m+1 r+1 6
Proposition 2.1.4. Assume 1 < p <6, m,r > 1, p™== < 1+26, and p== < THae
for some € > 0. Further assume that fi, fo € C’l(Rz) such that
IV fi(u,0)| < C(lufP™! + o~ + 1), (2.1.40)

for j = 1,2 and all u,v € R. Then, f; : H4(Q) x Hy~ () — L7(Q) is locally

Lipschitz continuous, j = 1,2, where o = ’”T“ or o = #

Remark 2.1.5. Since H*(Q) < H'7¢(Q), then it follows from Proposition that
each f; is locally Lipschitz from H'(Q) x H}(Q) into L™+ () or L (). In par-
ticular, if 1 < p < 3, then it is easy to verify that each f; is locally Lipschitz from
HY Q) x H}(Q) — L*(Q).
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Proof. 1t is enough to prove that f; : H'™°(Q) x Hy “(Q) — L™(Q) is locally
Lipschitz continuous, where = 2t Let (u,v), (@,9) € V := H'™(Q) x H; (Q)
such that ||(u,v)|¢,||(@,?)]]; < R, where R > 0. By (2.1.40) and the mean value

theorem, we have
|fl(u7v) - fl(a7f))|
< c(|u — a4 — @|) (|u|p_1 a4 ot et + 1). (2.1.41)

Therefore,
I£160.0) = fula )17 = [ V) = (.0
Q
C _onm _am
< /Q(|u al™ + v —0|™)

(Jaa| P71 || =10 gy =D 15| (=D 1) g, (2.1.42)
All terms in (2.1.42)) are estimated in the same manner. In particular, for a typical
term in (2.1.42), we estimate it by Holder’s inequality and the Sobolev imbedding

H7(Q) — L%(Q) together with the assumption pm < ﬁ and [|ul[ g1-cq) < R
For instance,

1 p=1
/|u PV < (/ fu — a\f’fndm) (/ |u|”mdx)
Q Q Q

~ 1T —1)m —1)7n N
< Cllu = il ) < CROD™ flu— iy

Hence, we obtain

[f1(u,0) = f1(@, )|, < C(R) [[(u = 6,0 = )| r-c(y =<0 -
completing the proof. O

Recall that for the values 3 < p < 6, the source fi(u,v) and fo(u,v) are not locally
Lipschitz continuous from H'(Q2) x H}(Q) into L?(Q2). So, in order to apply Lemma
to prove Theorem [1.3.2] we shall construct Lipschitz approximations of the
sources fi and f. In particular, we shall use smooth cutoff functions 7, € C§°(R?),
similar to those used in [37], such that each 7, satisfies: 0 < n, < 1; n,(u,v) = 1 if
|(u, v)| < n; nu(u,v) =0 if |(u,v)| > 2n; and |V, (u,v)| < C/n. Put

fi(w,v) = fij(u,v)n,(u,v), w,veR, j=1,2, neN, (2.1.43)

where f; and fo satisfy Assumption [1.1.1, The following proposition summarizes
important properties of f{* and f3'.
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Proposition 2.1.6. For each j = 1,2, n €N, then function [}, defined in ,
satisfies:
o fP(u,v): H'(Q) x Hy(Q) — L*(Q) is globally Lipschitz continuous with Lips-
chitz constant depending on n.

o There exists € > 0 such that [P : H'"5(Q) x Hj () — L7(Q) is locally

Lipschitz continuous where the local Lipschitz constant is independent of n, and

where 0 = 2L or g = L
m T

Proof. 1t is enough to prove the proposition for the function fJ'. Let (u,v), (a,v) €
H'(Q) x H}(Q) and put

O =A{z € Q:|(u(z),v())] <2n,| (

Qp = {z € Q:[(u(x),v(x))] < 2n, [(a(z), ()] = 2n},

Q3 ={z € Q:|(u(z),v(x))] > 2n,|(a(x),0o())| < 2n}. (2.1.44)
By the definition of 7, it is clear that fi'(u,v) = fJ(
|(4,0)] > 2n. Therefore, by (2.1.43) we have

17w, 0) = (@, 0)|l; = I + Lo+ Is, (2.1.45)

where Ij - fQj |f1(u7 U)nn(ua U) - fl(a7 ﬁ)nn(ﬂa @)|2d$, ] - 17 27 3.
Notice

u,0) = 0 if |(u,v)] > 2n and

<2 / L1ty 0) Pl , 0) — 702, 0) [P
1951

+ 2 ) (0, 0) 2] f1(w, v) — f1(0, 0)|Pda. (2.1.46)

Since |V fi(u,v)| < C(JulP~' + [v[P~' + 1), we have
[fi(w, 0)] < C(luf” + o’ +1) (2.1.47)
and along with the fact |ul, |v] < 2n in ©Q; and |Vn,| < C/n, we obtain
| fr(w, 0) P [0a(u, v) = na(@, 0) *dz
Q

<c / (ul? + [o]? + 121V (€r, )2 (u — 1, 0 — )|2da
951

< OnQH/ (v —af* + [v — 9|*)dz. (2.1.48)
Q1
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Moreover, since |n,| < 1 and |ul, |4, |v], |0] < 2n in ©, then by (2.1.41]) we deduce

|7 (21, 0)*] f1(u, 0) = f1(d0, 0)de

Q1

<c / (= af> + o — 02) (JuP~ + o™ + [aP= + o~ + 1) da
951

< OnQH/ (Ju —a|* + v — 9|*)dz. (2.1.49)
Q1

Therefore, it follows from ([2.1.46)), (2.1.48) and (2.1.49)) that

I, < C(n)/ (|Ju — a* + |v — o*)dx,

951

where C'(n) = Cn?’=2. To estimate Iy, we note 7,(@,9) = 0 in €y. Then similar

argument as in (2.1.48)) yields

I, = |f1(u,v)|2|nn(u,v) - nn(Aaﬁ)‘2dl‘ < C(”)/ (|’LL - ﬁ’2 + |U o @’2)61‘%7
QQ QZ

where C(n) is as in (2.1.49). By reversing the roles of (u,v) and (a,?), one also

obtains I3 < C(n) [q (lu —@|* + |v — 9]*)dz. Thus it follows that

L (u,v) = f (@, 0) 15 < Cln)(llu— all3 + llo — ol3)
<

~ AN (12
C(TL) ||(u —Uu,v — U)HHl(Q)XH&(Q) ’

where C(n) = Cn?'~2, which completes the proof of the first statement of the propo-
sition.

To prove the second statement we recall Assumption , in particular, meH < 6.
Then, there exists € > 0 such that p™ < ﬁ. Let (u,v), (4,0) € V := H™¢(Q) x
Hy () such that |(u,v)|l¢,||(@,9)| < R, where R > 0, and recall the notation
m = 2+ Then,

17 (u,0) = (@, 0) 7 = Py + Py + Py (2.1.50)

where

Pj = / |f1(u7 U)nn(uvv> - fl(ﬁﬁ @)nn(ﬂ,@>|mdl’, ] = 172737
Qy
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and each ; is as defined in (2.1.44). Since |,| < 1, one has
Pl S O |f1(u,v)|m|7]n(u, U) - n’ﬂ(ﬂu @>|'ﬁ1dx
1951

+ C 0 |7]n(a7@)|m|f1<u7v) - fl(A7@)|mdx

<C [ fa(w, o), v) = na(@, )| dx + C || fi(u,0) = fi(@,0)]7 . (2.1.51)
1971
By (2.1.47) and the mean value theorem, we obtain

’fl (U, U)|m|nn(u7 U) - nn(aa @)|'fﬁdx
1971

< C/ (lulP + [o]” + 1) [Vna(&r, &)™ (u — @, v — 0)[da
1951

< 0/ (] P07 4 o] @D 1 1) (|u— ™ + [0 — 0]™)da, (2.1.52)
1971

where we have used the facts |u|, |[v] < 2n in Q; and |Vn,| < C/n.
All terms in (2.1.52)) are estimated in the same manner. By using Holder’s in-

equality, the Sobolev imbedding H'~¢(2) — LH%(Q) together with the assumption
6

pm < 5. and ||u||H1,E(Q) < R, we obtain
p=1 1
—1)m TS " P cpm Y
|| P~V — | < ( |ul? da:) ( |u — )
Q1 951 9]
—1)m - D L
<C ||u||§§173(9) lu — uHHl*é(Q) < CRV™I™ [lu — u”Hl*E(Q) : (2.1.53)
Therefore, it is easy to see that
L1 (, 0)[™ 10 (1, 0) = 1@, 0)[*da < C(R) [|(u — @0 = D) - (2.1.54)

1951

By Proposition [2.1.4, we know f : V = H'"(Q) x H™5(Q) — L™(Q) is locally
Lipschitz. Therefore, it follows from (2.1.51)) and (2.1.54)) that

Py < C(R) ||(u—a,0 = 0)|F -



40 CHAPTER 2. EXISTENCE AND UNIQUENESS

To estimate Py, we use 1, (4, 0) = 0 in Q5 and adopt the same computation in (2.1.52))-
(2.1.54)). Thus, we deduce

Py = . [f1(a, 0)[™ 110 (1, 0) = (@, 0)[™dx < C(R) ||(u — @0 = D)IF -

Likewise, Py < C(R) ||(u — @, v — 9)||%. Therefore, by (2.1.50) we have
|7, 0) = 7' (@, 0) 17 < C(R) [l(w— 0 = 0)]

where the local Lipschitz constant C'(R) is independent of n. This completes the
proof of the proposition. n

The following proposition deals with the boundary source h.

Proposition 2.1.7. Assume 1 < k < 4, ¢ > 1 and k%l < 1+42€, for some € > 0.
If h € CHR) such that |W(s)] < C(|s|* ! + 1), then h o~y is Locally Lipschitz:
H'=4(Q) — L7 ().

Proof. The proof is very similar to the proof of Proposition[2.1.4/and it is omitted. [

Remark 2.1.8. Since H*(Q) < H'~¢(), then by Proposition 2.1.7, we know h o v
is locally Lipschitz from H'(2) into L%l(f‘). In particular, if 1 < k& < 2, we can
directly verify h o v is locally Lipschitz from H'(2) into L*(T).

We note here that if 2 < k < 4, then h o~ is not locally Lipschitz continuous
from H'(Q) into L*(T"). As we have done for the interior sources, we shall construct
Lipschitz approximations for the boundary source h. Let (, € C§°(R) be a cutoff
function such that 0 < (, < 1; G,(s) = 1if |s] < n; (u(s) = 0 if |s|] > 2n; and
¢/ (s)] < C/n. Put

h™(s) = h(s)Cu(s), s€R, neN, (2.1.55)

where h satisfies Assumption [1.1.1} The following proposition summarizes some im-
portant properties of A",

Proposition 2.1.9. For each n € N, the function h"™ defined in has the
following properties:

o hory: HY(Q) — L*(T) is globally Lipschitz continuous with Lipschitz constant
depending on n.

e There exists € > 0 such that h" o~y : H'7¢(Q) — L%(F) is locally Lipschitz
continuous where the local Lipschitz constant does not depend on n.

Proof. The proof is similar to the proof of Proposition [2.1.6] and it is omitted. O
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2.1.5 Approximate solutions and passage to the limit

We complete the proof of the local existence statement in Theorem in the
following four steps.

Step 1: Approximate system. Recall that in Lemma [2.1.2] the boundary damp-
ing ¢ is assumed strongly monotone. However, in Assumption [1.1.1] we only impose
the monotonicity condition on g. To remedy this, we approximate the boundary
damping with:

f@%=%$+%& n € N. (2.1.56)

Note that, g" is strongly monotone with the constant m, = % > (), since g is monotone
increasing. Indeed, for all sy, s € R,

(9"(51) — 9" (52)) (51 — 52) = (g(51) — g(s2)) (51 — 52) + %|51 — 59? > %|81 — 5o

Corresponding to ¢", we define the operator S™ as follows: replace g with ¢"

in (2.1.7) to define the functional J" like J in (2.1.6)), and then similar to (2.1.9)),
we define the operator 8" : D(8") = D(9J") C H'(Q) — (H'(Q)) such that

dJ™(u) = {S™(u)}. Asin (2.1.10) and (2.1.11]), we have for all u € D(S™),

(8™ (u), u) :/le(u)udx—l—/rg"(’yu)’yudf‘ (2.1.57)
and
(8™(u),v) = /le(u)vdxjt/rg”(’yu)’yvdf‘ for all v € C(9). (2.1.58)

Recall H = HY(Q) x H}(Q) x L*(Q2) x L*Q), and the approximate sources
I, £, k™ which were introduced in (2.1.43) and ([2.1.55)). Now, we define the nonlin-
ear operator /" : D(&/™) C H — H by:
tr tr

Y

=| 7 (2.1.59)
An(u— R (yu)) +8"(y) — f(u0) | L
—Av+ga(2) = f5'(u,v)

SIS
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2
where D(&") = {(u,v,y,z) € (HI(Q) X H&(Q)) o Ag(u — RR™(yu)) + S™(y) —
fMu,v) € L*(Q), y € D(S"), —Av + go(2) — fo(u,v) € LA), go(2) € HHQ) N
Umw

Clearly, the space of test functions 2(Q2)* C D(&/"), and since Z(Q)* is dense
in H, for each Uy = (ug, vo,u1,v1) € H there exists a sequence of functions U} =
(uf, vp,uf, o) € 2(Q)* such that U — Up in H.

Put U = (u, v, u;,v;) and consider the approximate system:

U, +.2"U = 0 with U(0) = (ufl, vy, u?, o) € 2(Q)*. (2.1.60)

Step 2: Approximate solutions. Since g", f[', fo' and A" satisfy the assumptions
of Lemma [2.1.2 then for each n, the approximate problem has a strong
local solution U™ = (u",v™, u},v}) € WhH(0,Ty; H) such that U"(t) € D(&/™) for
t € [0,Tp]. It is important to note here that T is totally independent of n. In fact,
by , Ty does not depend on the strong monotonicity constant m, = %, and
although T, depends on the local Lipschitz constants of the mappings f' : H(Q) x
H(Q) — L™(Q), f&: H'(Q) x H} () — L7(Q) and h™ovy : H(Q) — LY(T), it is
fortunate that these Lipschitz constants are independent of n, thanks to Propositions
[2.1.6|and [2.1.9] Also, recall that Ty depends on K which itself depends on the initial
data, and since Uj — U, in H, we can choose K sufficiently large such that K is
uniform for all n. Thus, we will only emphasize the dependence of T on K.
Now, by , we know &"(t) < K?%/2 for all t € [0, Tp], which implies that,

T @)1z = lu" @)1 @ + 10" @17 @ + g (O3 + o ()3 < K2, (2.1.61)

for all t € [0,7]. In addition, by letting 0 < ¢ < «/2 in (2.1.35) and by the fact
m, ¢, 7 < 2 and the bound (2.1.61]), we deduce that,

To . Ty . To X
n||m+ n ||+ n
/ [ [y dt + / [[of [l;41 dt + / |yud |Zi1dt < C(K), (2.1.62)
0 0 0

for some constant C'(K) > 0. Since |g1(s)| < by|s|™ for |s| > 1 and g, is increasing
with ¢1(0) = 0, then |gi(s)] < bi(|s|™ + 1) for all s € R. Hence, it follows from

(2.1.62) that

To ~ ~ To
/‘/mmmWMﬁ§W/ /mwﬂ+mmm<am. (2.1.63)
0 Q 0 Q
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Similarly, one has

To TO
/ / o (o) dzdt < C(K) and / / " (vl idadt < C(K).  (2.1.64)
0 Q 0 Q

Next, we shall prove the following statement: If w € HY(Q) N L™(Q) with
yw € LTYT), then

(S8™(u}), w) :/le(u?)wdx—{—/rg"('yu?)’ywdF, a.e. [0,Tp). (2.1.65)

Indeed, by Lemma in Chapter [5 there exists a sequence {wy,} C H*(Q) such
that wy — w in HY(Q), |wi|™™ — |w|™™ in LY(Q) and |[ywg | — |yw|?T?
in L!(T"). By the Generalized Dominated Convergence Theorem, we conclude, on a
subsequence labeled the same as {wy},

wy, — w in L™(Q) and yw, — yw in LITHT). (2.1.66)

Since H2(Q) — C(Q) (in 3D), and the fact that u} € D(S™), then it follows from
(2.1.58) that,

(S w)w) = [

gl(u?)wkdx%—/g"(’yu?)’ywde. (2.1.67)
Q

T

From (2.1.63) and (2.1.64) we note that [|gi(uy)|; and |g"(vuy)|; < oo, a.e. [0, To).
Therefore, by using (2.1.66)), we can pass to the limit in as k — o0 to obtain
(2.1.65)) as claimed.

Recall that U™ = (u",v", u},v}') € D(&/™) is a strong solution of (2.1.60). If ¢
and 1 satisfy the conditions imposed on test functions in Definition then by
(2.1.63))-(2.1.65), we can test the approximate system ([2.1.60) against ¢ and 1) to
obtain

t

(W (1), $(0))a — (2, H(0))or — / (', 61 )odr + / (", )T

0
t t 1 t
+/ /gl(u?)¢dxd7+/ /g(vuf)vgbdl“ch%——/ /vu?wﬁdFdT
0 JQ 0 JU n.Jo Jr

_ /O t /Q £ 0" pdadr + /O t /F B (yu)yédTdr, (2.1.68)



44 CHAPTER 2. EXISTENCE AND UNIQUENESS

and

t

@) 600 (0o~ [ o+ [0
+ /O t /Q o (0P odadr = /0 t /Q o™ dwdr (2.1.69)

for all ¢ € [0, Tp].

Step 3: Passage to the limit. We aim to prove that there exists a subsequence
of {U"}, labeled again as {U"}, that converges to a solution of the original problem
(1.1.1)). In what follows, we focus on passing to the limit in only, since passing
to the limit in (2.1.69)) is similar and in fact it is simpler.

First, we note that shows {U"} is bounded in L*(0,7o; H). So, by
Alaoglu’s Theorem, there exists a subsequence, labeled by {U"}, such that

U" — U weakly” in L*(0,Ty; H). (2.1.70)

Also, by (2.1.61)), we know {u"} is bounded in L>(0, Ty; H'(12)), and so, {u"} is
bounded in L*(0,To; H*(2)) and for any s > 1. In addition, by (2.1.62), we know
{u?} is bounded in L™ (Q x (0,Tp)), and since m > 1, we see that {ul'} is also
bounded in L™(Q x (0,Ty)) = L™(0,Ty; L™()). We note here that for sufficiently
small € > 0, the imbedding H'(Q) — H'"¢(Q) is compact, and H'7¢(Q) — L™(Q)
(since m < 2). If s > 1 is fixed, then by Aubin’s Compactness Theorem, there exists
a subsequence such that

u” — u strongly in L*(0,Tp; H~¢(Q2)), (2.1.71)
Similarly, we deduce that there exists a subsequence such that
v™ — v strongly in L*(0, Ty; H~¢(Q)). (2.1.72)

Now, fix t € [0,Tp]. Since ¢ € C([0,t]; H'(Q)) and ¢, € L'(0,t; L*(Q2)), then by
(2.1.70)), we obtain

t ¢
lim (u",qb)l,gdxdT:/(u,gb)l’gdxdT (2.1.73)
and . .
lim (u?,qﬁt)gdxdrz/(ut,gzﬁt)gdxdr. (2.1.74)
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In addition, since § <2 < ¢+ 1 and v¢ € L9T(T x (0,¢)), then v¢ € LI(T x (0,1)),
and along with (2.1.62]), one has

1 [t 1 t ) 1 t N\ o
‘—/ /fyu?’mdFdT < — (/ \’yuﬂgildT) (/ ]’y¢\g~dt) — 0. (2.1.75)
nJo Jr n \Jo 0

Moreover, by (2.1.63)-(2.1.64)), on a subsequence,

ul) — g weakly in L™(Q x (0, 1)),
{mt> g weakdy in L™(@ x (0,1) o176

g(yu) — g* weakly in LI(T x (0,t)),

for some gi € L™(Q x (0,t)) and some g* € LT x (0,t)). Our goal is to show
that g7 = ¢1(w;) and ¢* = g(yu;). In order to do so, we consider two solutions to
the approximate problem , U™ and U’. For sake of simplifying the notation,
put @ = u™ — u/. Since U", U? € W1>(0,Ty; H) and U™(t), U’(t) € D(«/™), then
a; € Whe(0,Ty; LA(Q)) and a,(t) € H'(Q2). Moreover, by we know @, €
L™ (Q % (0,Ty)) and ya, € LT x (0,Tp)). Hence, we may consider the difference
of the approximate problems corresponding to the parameters n and j, and then use
the multiplier @; on the first equation. By performing integration by parts in the first
equation, one has the following energy identity:

5 (10 + 150 0) + [ [ 0u0) ~ o yias

¢ o t e/t 1N\ L
+//@wm—wm»mﬂw+//(ﬂw—ﬂw)m@m
o Jr o Jr\n )]

= % (Ilﬂt(0)||§+ ||ﬁ<0)llig) +/Ot/ﬂ(ff(u",v”) — fi(W V7))t dwdr

+ [ [ oG =, (21.77)
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where we have used ([2.1.65)). It follows from ([2.1.77)) that,
1 ) , t |
3 (1O 1301E0) + [ [ @) = o ddrir

+ /D t /F (9(yup) — g(yui))ydldr
< 5 (1@ B+ 1501Ea) +2 (3 +3) [ [+ 1ud?) avar
# [ [ o) = R addsar
+/0t/r |R™ (yu™) — W (yu?) ||yt |dDdr. (2.1.78)
We will show that each term on the right hand side of converges to 0 as

n,j — oo. First, since lim, 0 |lug — uoll; o = 0 and lim, o [[uf — w1, = 0, we
obtain

im || = lim_{|ug —ugf], , =
Jim Ja@O)ll = lmlug =], o =0,

Jim (@), =t [l — uf], =0. (2.1.79)

By (2.1.62)), we know fo Iyuy ]gﬁdT < C(K) for all n € N. Since ¢ > 1, it is easy
to see f(f |yup |2d7' is also uniformly bounded in n. Thus,

11\ [ :
lim (— - —,) / / (Jyup? + |yull?) dldr = 0. (2.1.80)

Next we look at the third term on the right hand side of (2.1.78). We have,

/Ot/QIfF(U”,v") — A, 07| |dedr
s/o /Q!f?(un,vn)—fl"(u,v)Hat\dde/0 /nyf(u,fu)_fl(u,v)”atuxdT
+ [ [ \to) = R oladedr
+/t/ £ (w,v) — f(u?,07)| || dwdr (2.1.81)
0 Q
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We now estimate each term on the right-hand side of (2.1.81)) as follows. Recall, by
Proposition [2.1.6] fI* : H'=¢(2) x Hy () — L™(f) is locally Lipschitz where the

local Lipschitz constant is independent of n. By using Holder’s inequality, we obtain
1

/ /’ffl(un,vn) — fi'(u,v)||t|dzdr
0 Q

_m

m—+1

t
< O ([ = ey 4107 = ol lar) ™ 0, (2182

as n — 00, where we have used the convergence ([2.1.71)-(2.1.72)) and the uniform

bound in (2.1.62) .
To handle the second term on the right-hand side of (2.1.81)), we shall show

f(u,v) — fi(u,v) in L™(Q x (0, Tp)). (2.1.83)

Indeed, by (2.1.70), we know U € L*(0,Ty; H), thus v € L*(0,Ty; H(Q2)) and
v € L*>(0,Ty; H} (). In addition, by ([2.1.43), the definition of fJ', we have

- To _
Hﬁ@w%ﬁﬂm%%mw%»:A [ st 0llne0) = 1) dode. (215

Since n,(u,v) < 1, it follows (|fi(u,v)||n.(u,v) —1))™ < 27| fi(u,v)|™. To see
| fi(u,v)|™ € LY(Q x (0,Tp)), we use the assumptions | fi(u,v)| < C(|ul? + |v|P + 1)
and pm < 6 along with the imbedding H'(Q2) < L%(Q). Indeed,

To ~ To ~ ~
/ /|f1(u,v)|mdxdt§(]/ /(|u|pm—|—|v|pm+1)dxdt
0 Q 0 Q
To

< C [ ey + ol + i)t < o

Clearly, n,(u(z),v(z)) — 1 a.e. on €. By applying the Lebesgue Dominated Con-
vergence Theorem on (2.1.84), (2.1.83) follows, as desired. Now, by using Holder’s
inequality and the limit (2.1.83]), one has

/ / |f1"(u,v) _fl(u,v)||at|d$d7'
0 JQ

< (/Ot/ﬂ|ff(u,v) —fl(u,v)|mdxd7) " (/Ot[2|at|m+1dxd7) 0,

(2.1.85)
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as n — 00, where we have used the uniform bound in (2.1.62)).
Combining (2.1.82)) and (2.1.85)) in (2.1.81)) gives us the desired result

t
lim //’fl"(u",v“)—f{(uj,vﬂ')“at\dxdrzo. (2.1.86)
Q

n,j—0o0 0

Next we show,

¢
lim / / |R™ (yu™) — B (yu?) ||yl | dTd7 = 0. (2.1.87)
r

n,j—o0 Jg

To see this, we write
/;/F!h”(vu”) — W (yu?)| |yt |dDdr
< /Ot/rmn(v“n)_hn(”“”mt'dr‘“*/ot/r|h"(W)—h(vu)llvaﬁdrdT
+/Ot/r|h(7“)_hj(w)HWthdTJr/ot/FW(W)—hj(wj)llvﬂtldFdT. (2.1.88)

By Proposition 2.1.9, h" oy : H7¢(2) — L4(T") is locally Lipschitz where the local
Lipschitz constant is independent of n. Therefore, by Holder’s inequality

/ / 1" (™) — B ()| [y dTdr

(/ /\h” yu") — b (yu) !qudT> (/ /I’Yu \q“dFdT) T

(/ ™ — )| % « > — 0, as n — o0, (2.1.89)

where we have used the convergence (2.1.71]) and the uniform bound in (2.1.62)).
Since u € L*°(0,T; H'(Q)), then similar to (2.1.83)), we may deduce that,

R™(yu) — h(yu) in LI(Q x (0, Tp)).
Again, by using the uniform bound in (2.1.62]), we obtain,

//]h” yu) — h(yu)||ya|dldr
q _1
a+1
(/ /\h” yu) ’yu)\qudT> (/ /Wu ]quFdT) — 0, (2.1.90)
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as n —> 00. By combining the estimates (2.1.88])-(2.1.90]), then follows as
claimed.

Now, by using the fact that g; and g are monotone increasing and using —
(12.1.80)),([2.1.86))-(2.1.87)), we can take limit as n, j — oo in to deduce

im [ [ o) = n(u) 0 — ey =0, (2.0.01)

n,j—o0 Jo

lim / / (g(ya) — glyud)) (e — yud)dTdr = 0. (2.1.92)

n,j—0 Jo

In addition, it follows from (2.1.62)) that, on a relabeled subsequence, u} — w,
weakly in L™ (Q x (0,Tp)). Therefore, Lemma 1.3 (p.49) [6] along with ([2.1.76]) and

(2.1.91)) assert that g7 = g1(uy); provided we show that
g1 L™ x (0,1) — L™(Q2 x (0,1))

is maximal monotone. Indeed, since g; is monotone increasing, it is easy to see ¢;
is a monotone operator. Thus, we need to verify that g; is hemi-continuous, i.e., we
have to show that

lim //gl (u+ Av) wdsz—/ /91 Jwdzxdr, (2.1.93)
A—00

for all u,v,w € L™ (Q x (0,1)).
Indeed, since g; is continuous, then g;(u + Av)w — g1(u)w point-wise as A —>
0. Moreover, since |g1(s)| < B(|s|™ + 1) for all s € R, we know if |A] < 1, then
g1 (w4 Mo)w| < B(Ju+ Mo|™ + D)|w| < C(|u]™w|+ [v]™|w| + |w|) € L*(Q x (0,t)), by
Holder’s inequality. Thus, follows from the Lebesgue Dominated Convergence
Theorem. Hence, g; is maximal monotone and we conclude that that ¢7 = g1 (u),
ie.,
g1 (ul) — g1(u;) weakly in L™(Q2 x (0,1)). (2.1.94)

In a similar way, one can show that ¢* = g(vyu,), that is
g(yul) — g(yu,) weakly in LT x (0,1)). (2.1.95)

It remains to show that

Jim_ /0 t /Q £, o) pdrdr /0 t /Q Fu(u, v)pdadr (2.1.96)
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To prove ([2.1.96)), we write
t
| [ = atoodar
0

S/Ot/ﬂf{l(u”ﬂn)fF(U,U)ﬁbd:rdT_F/ot/Qfln(u,U)fl(U,U)gbd:L’(dQT.l .

Since ¢ € L™(Q x (0,t)), then by replacing @; with ¢ in (2.1.82), we deduce

t
lim / / |l (u™,0") — fi'(u,v)||¢|dzdr = 0. (2.1.98)
In addition, (2.1.83)) yields
t
lim / / |f1(u,v) — fi(u,v)||é|dedT = 0. (2.1.99)

Hence, (2.1.96) is verified.

In a similar manner, one can deduce

nli_1>noo/0 /Fh"(’yu”)fycbdf‘dT:/O /Fh(fyu)fy(bdFdT. (2.1.100)

Finally, by using (2.1.70])-(2.1.75)), (2.1.94)-(2.1.96]) and (2.1.100) we can pass to
the limit in (2.1.68)) to obtain (|1.3.1]). In a similar way, we can work on ([2.1.69)) term
by term to pass to the limit and obtain (|1.3.2) .

Step 4: Completion of the proof. Since t € [0,Tp] and g, g; are monotone in-
creasing on R, then (2.1.78)) implies

1/, -
S (CIEERTIOIN
L/, N 1 1 To . :
<5 (1B + 1aO)1E0) +2 (54 2) [ [P + pudPyaras
TO . . .
[ [ = g o) fajdedr
0 Q

TO . .
+ / / W7 (™) — B (||| AT (2.1.101)
0 I
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By (2.1.79)-(2.1.80) and (2.1.86[)-(2.1.87), we know the right hand side of (2.1.101)
converges to 0 as n, 7 — 00, S0

lim ||u"(t) — uj(t)HLQ = lim [[a(t)]], o =0 uniformly in ¢ € [0, T];

n,j—>00 n,j—00
lim ||y (t) — ui(t)HQ = lim [|@(¢)||, = 0 uniformly in ¢ € [0, Tg].
n,j—00 n,j—o0

Hence

u"(t) — u(t) in H'(Q) uniformly on [0, 7p);
ul(t) — uy(t) in L*(Q) uniformly on [0, Tp]. (2.1.102)

Since u™ € Wh([0, Tol; H'(Q)) and u! € We°([0,Tp); L*(Q)), by (2.1.102), we
conclude

u € C([0,Ty]; HY(R2)) and u, € C([0, Ty); L*(2)).

Moreover, shows u"(0) — w(0) in H*(Q). Since u™(0) = u§ — wp in
H'(2), then the initial condition u(0) = wuy holds. Also, since u}'(0) — u;(0) in
L*(Q) and u?(0) = uf — wy in L*(2), we obtain u;(0) = wy. Similarly, we may
deduce v,v; satisfy the required regularity and the imposed initial conditions, as
stated in Definition [1.3.1} This completes the proof of the local existence statement

in Theorem [[.3.2]

2.2 Energy Identity

This section is devoted to derive the energy identity in Theorem . One is
tempted to test with u; and with v;, and carry out standard calculations
to obtain energy identity. However, this procedure is only formal, since u; and v, are
not regular enough and cannot be used as test functions in and . In
order to overcome this difficulty we shall use the difference quotients Dyu and Djv
and their well-known properties (see [26] and also [40} [43] for more details).

2.2.1 Properties of the difference quotient
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Let X be a Banach space. For any function v € C([0,7]; X') and h > 0, we define
the symmetric difference quotient by:

ue(t + h) — ue(t — h)

Dyu(t) = 2.2.1
hu< ) 2h ) ( )
where u.(t) denotes the extension of u(t) to R given by:
u(0) for ¢ <0,
ue(t) = < u(t) for t € (0,7), (2.2.2)

uw(T) for t > T.

The results in the following proposition have been established by Koch and Lasiecka
in [26].

Proposition 2.2.1 ([20]). Let u € C([0,T]; X) where X is a Hilbert space with inner
product (-,-)x . Then,

T
: 1 2 2
A | (u, Dpu)xdt = 5 (D)5 = [[u(0)]1%) - (2.2.3)
If, in addition, v, € C([0,T]; X), then
T
/ (ug, (Dpu)y) xdt =0, for each h > 0, (2.2.4)
0
and, as h — 0,
Dyu(t) — uy(t) weakly in X, for every t € (0,T), (2.2.5)
1 1 :
Dypu(0) — §Ut(0) and Dyu(T) — éut(T) weakly in X. (2.2.6)

The following proposition is essential for the proof of the energy identity ((1.3.4)).

Proposition 2.2.2. Let X and Y be Banach spaces. Assume u € C([0,T];Y) and
ug € LY0,T;Y) N LP(0,T; X), where 1 < p < oco. Then Dyu € LP(0,T;X) and
I Dwtll ooy < el oo, x)- Moreover, Dyu — uy in LP(0,T; X), as h — 0.
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Proof. Throughout the proof, we write u; as «’. Since u € C([0,7];Y), then by
(2.2.2) ue € C([—h,T + h];Y). Also note that,
u,(t) =u'(t) for t € (0,T) and u,(t) =0 for t € (=h,0)U (T, T +h), (2.2.7)

e

and along with the assumption v’ € L'(0,T;Y), one has v/, € L'(—h,T+h;Y). Since
ue and ul, € L*(—h, T+ h; Y'), we conclude (for instance, see Lemma 1.1, page 250 in
[48])

d(t+h)—u(t—n) 1 [
Dpu(t) = ue(t + )Qhu ( ) _ ﬁ/t . u,(s)ds, a.e. t€[0,T]. (2.2.8)

By using Jensen’s inequality, it follows that

t+h

[IDhu®)x < 2h ||Uﬁ,>(8)||§'( ds, ae. tel0,T]. (2.2.9)

By integrating both sides of (2.2.9)) over [0,T] and by using Tonelli’s Theorem, one
has

T T h
/ | Dyu(t) HP dt<—/ / ()%, dsdt — / / (s + )% dsdt
0 h‘ 0 —h
s+ 1) s = o
— u,(s+1t)|y dtds = — l|lue, (t)|| dtds. (2.2.10)
h’ —h JO 2h —h Js

We split the last integral in (2.2.10) as the sum of two integrals, and by recalling
(2.2.7)), we deduce

T T+s T+s
/HDhu ()| tgﬁ// I () |[% dtds+2h// Il (£) % dtds
0
T+s
= ()| dtds + — "()|% dsdt
i | [ s o [ o
1 0 T 1 h T
— ()| dtds + — "(t)|% dtd
<or | [ i+ g [ o ds
1 h T T
—oi [ ] wldes = [
h —h JO 0

“DhuHLP(O,T;X) < HU/HLP(O,T;X)7 (2.2.11)

Thus,
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as desired.
It remains to show: Dyu — o' in LP(0,7T; X), as h — 0.

Let € > 0 be given. By Lemma in the Appendices, Cy((0,7); X) is dense
in L?(0,7; X), and since v’ € LP(0,T; X), there exists ¢ € Cy((0,7); X) such that

[t = &l 1o0.7.x) < €/3. Note that (2.2.8) yields,

Dyu(t) —u/(t) = % /th (u,(s) —u'(t))ds, a.e. tel0,T].

In particular,

[1Dnu(t) — o' (0 < 2h HUQ(S) —u'(t)|x ds

1 t+h

<on ) (1) =0 llx + 160) =60l + l9(2) ~ ' (D ) "ds

gp—1 t+h 3p—1 +h
< [ ) = ods+ G [ 1ote) o ds

+37 () — W' ()l (2.2.12)

where we have used Jensen’s inequality. Now, integrating both sides of (2.2.12]) over
[0, 7] to obtain,

T
/ | D) = O dt < I + I + Iy (2.2.13)
0

where

3” 1
- / / uL(s) — ¢(s)|/ dsdt,
t—h
3p 1 t+h
- / / l6(s) — o(0)]1% s,
t

Iy=3"" () u'(t )HLP(OTX
Since |[u" — @l 1o (o.1.x) < €/3, then
e €
<3 —=—. 2.2.14
ST 3 ( )
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In addition, since ¢ € Cy((0,7); X), then ¢ : R — X is uniformly continuous. Thus,
there exists 6 > 0 (say 6 < T') such that ||¢(s) — o(t)]| x < whenever |s —t| < 4.
So,if 0 < h < g, then one has

3p 1 T -+ € P Ep
I (———)ddh:—. 2.2.15
2‘2h12[h sri) T3 (22.15)

As for I;, we change variables and use Tonelli’s theorem as follows:

3 )
= / / lul(s+t) — ¢(s + 1) dsdt
3p 1 T+s
- / / Il () = S(O)|I% dtds. (2.2.16)

Now, split I; into two integrals and recall (2.2.7)) to obtain (for sufficiently small h),

- ¥ 1 (/ /T+S||u O dtds+/ / 1 (1) — ()| dtds)
< / / I (t) — S| deds = 3~ / I (2) — o(0) | dt

p—1 p—1 e’ €’
=3 |l _¢||Lp orx) <3 TR (2.2.17)

Therefore, ifif 0 < h < 5, then it follows from (]2.2.14[), (]2.2.15[), q2.2.17[), and
that

3T1/P

[1Dw = ' oo i) < €

completing the proof. O]

2.2.2 Proof of the energy identity

Throughout the proof, we fix ¢ € [0, 7] and let (u,v) be a weak solution of system
(1.1.1)) in the sense of Definition . Recall the regularity of v and v, in particular,
u; € C([0,t]; L*(Q)) and uw, € L™TH(Q x (0,t)) = L™(0,¢; L™T1(Q)). We can define
the difference quotient Dyu(7) on [0,¢] as (2.2.1), i.e., Dpu(r) = 55 [te(T+h) — ue(T —
h)], where u.(7) extends u(7) from [0,¢] to R as in (2.2.2):

u(0) for 7 <0,
ue(7) =  u(r) for 7€ (0,1),
u(t) for 7 >t.
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By Proposition [2.2.2] with X = L™*1(Q) and Y = L*(9), we have

Dyu € L™(Q x (0,¢)) and Dpu — u; in L™T(Q x (0,1)). (2.2.18)
Similar argument yields,

Dyv € L'(Q x (0,t)) and Dpv — v, in L™ (Q x (0,1)). (2.2.19)

Recall the notation yu; stands for (yu);, and since u € C([0,¢]; H'(2)), then yu €
C([0,t]; L*(T)). Moreover, we know (yu); = yu;, € LI (T'x(0,t)) = LIT1(0,¢; L9TH(T)),
so (yu), € L2(T' x (0,t)) = L*(0,¢; L*(T)). So, by Proposition 2.2.2 with X = L+ (T)
and Y = L*(T"), one has

yDpu = Dy(yu) € L4 x (0,t)) and

YDpu = Dy (yu) — (yu); = yuy in LT x (0,1)). (2.2.20)
Moreover, since u € C([0,t]; H'(Q)) and v € C([0,t]; H}(Q)), then
Dyu € C([0,t]; H(Q)) and Dypv € C([0,t]; Hy(Q)). (2.2.21)
We now show
(Dpu), € L'(0,t; L*(Q)) and (Dyv), € L'(0,t; L*(Q2)). (2.2.22)

Indeed, for 0 < h < £, we note that

s lu (T +h) —w(r —h)], if h<71<t—h,
(Dpu)(1) = ¢ —gpw(T7 —h), if t—h<7T<H,
(T4 h), if 0<T <h,
and since u; € C([0,t]; L*()), we conclude (Dpu); € L'(0,¢; L*(€2)). Similarly,
(Do), € LY0,t; L*()).
Thus, (2.2.18))-(2.2.22)) show that Dju and Djv satisfy the required regularity

conditions to be suitable test functions in Definition [1.3.1} Therefore, by taking
¢ = Dypu in (1.3.1)) and ¢ = Dyv in (|1.3.2]), we obtain

t

(ug(t), Dpu(t))a — (ue(0), Dpu(0))g — /o (ug, (Dpu))odr —i—/ (u, Dpu)y odr

0
t t
+/ /gl(ut)DhdedT+/ /g('yut)thudI‘dT
0o Ja o Jr
t t
:/ /fl(UaU>DhUdZL’dT+/ /h(vu)thudFdr, (2.2.23)
0 Jo o Jr
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and

t

t
(v(t), Dpo(t))a — (v:(0), Dpv(0))q —/ (Uta<DhU)t)QdT+/ (v, Dpv)y odr
0 0
t ¢
+/ /gg(vt)thdde = / / fo(u, v) Dpvdadr. (2.2.24)
0 Jo 0 Jo
We will pass to the limit as h — 0 in (2.2.23) only, since passing to the limit in
(2.2.24) can be handled in the same way.
Since u, u; € C([0,t]; L*(Q2)), then (2.2.6) shows

1 1
Dyu(0) — §ut(0) and Dpu(t) — §ut(t) weakly in L*(€2).

It follows that

. 1
T (u(0), Dyu(0)) = 3 [ 0.
. 1
Jim (g (1), Dyu(t))a = 5 Jur(®)]l; (2.2.25)
Also, by (Z2Z)
t
/ (Ut, (DhU)t>QdT =0. (2226)
0

In addition, since u € C([0,t]; H'(£2)), then (2.2.3)) yields

t
. 1
lim | (u Dyu)s.adr = 5 (u(®)] o = u(0)]) (2.2.27)

h—0 J, 2

Since u; € L™M(Q x (0,¢)) and |gi(s)] < by|s|™ whenever |s| > 1, then clearly

g1(u) € L™( x (0,t)), where i = ™ Hence, by (2.2.18)
t ¢
lim / /gl(ut)Dhud:L‘dT = / /gl(ut)utdxdr (2.2.28)
h—0Jo Jo 0 Ja
Similarly, since g(yu;) € LI(T x (0,t)), then (2.2.20) implies

t ¢
lim / /g(yut)thudFdT:/ /g(vut)yutdxdr (2.2.29)
h—0Jo Jr o Jr
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In order to handle the interior source, we note that since u € C([0,t]; H*(2)) an
v e C([0,t]; Hj(£2)), then there exists My > 0 such that [|u(7)l4, [|v(T)|ls < Mo f
all 7 € [0,¢t]. Also, since |f1(u,v)| < C(|ulP + |[v[P + 1), then

/Wﬁ |dx<c[ywﬂf+wwW+Jstcw%»

for all T € [0,t]. Hence, fi(u,v) € L>(0,t; LP(Q)), and so, fi(u,v) € L%(Q x (0,1)).
Slnce > m, then fi(u,v) € Lm(Q (O,t)). Therefore, it follows from (2.2.18) that

t t
lim / /fl(u,v)DhudxdT:/ /fl(u,v)utdxdr. (2.2.30)
h—0Jo Ja 0o Jo

Finally, we consider the boundary source. Again, since u € C([0,t]; H'(2)) and
H'(Q) — LYT), then there exists M; > 0 such that |yu(7)]s < M, for all T € [0,].
By recalling the assumption |h(yu)| < C(|yul* + 1), then

ﬁmmwﬂﬂwxsc£0va+¢mrscwm

for all 7 € [0,¢]. Hence, h(yu) € L>®(0,¢; L*(T")), and in particular, h(yu) € L (T x
(0,¢)). Since 7 > ¢, we conclude h(yu) € Li(T' x (0,t)). Therefore, (2.2.20)) yields

t t
lim / /h(’yu)”thudFdT:/ /h(’yu)”yutdFdT. (2.2.31)
h—0Jo Jr 0 Jr

By combining (2.2.25)-(12.2.31)), we can pass to the limit as h — 0 in (2.2.23)) to
obtain

1 t t
U@l + le@Z) + [ [ swudsdr+ [ [ guyudrar
0 Q 0 r

= 0O + 1)+ [ [ At udsdr+ [ [ hupudrar. 222

Similarly, we can also pass to the limit as h — 0 in ([2.2.24) and obtain
1 t
SO+ 1) + [ [ soudear
1 t
= 503+ PO + [ [ A o)udadr (22.33)
0

By adding ([2.2.32)) to (2.2.33)), then the energy identity (|1.3.4)) follows.
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2.3 Uniqueness of Weak Solutions

The uniqueness results of Theorem and Theorem will be justified in the
following two subsections.

2.3.1 Proof of Theorem [1.3.4.

The proof of Theorem will be carried out in the following four steps.

Step 1:  Let (u,v) and (u,?) be two weak solutions on [0,7] in the sense of Defi-
nition satisfying the same initial conditions. Put y = u — @ and z = v — 0. The
energy corresponding to (y, z) is given by:

&(t) = %(Ily(t)llig @15 0 + Iy @)l + Iz0)]5) (2.3.1)

for all t € [0,7]. We aim to show that &(t) = 0, and thus y(t) = 0 and z(t) = 0 for
all ¢ € [0,77.

By the regularity imposed on weak solutions in Definition there exists a
constant R > 0 such that

(a0 5@ g 0@, 6] < R,

lae@)lly s @)l loe @)l oD, < R,

Jo ey de, o Wty de, i Pruliiidt, o il i5dt < R,
Sy ety de, 3 oty de < R

r4+1 r+1

(2.3.2)

for all t € [0,T]. Since y(0) = y(0) = 2z(0) = 2,(0) = 0, then by Definition [1.3.1} y
and z satisfy:

t

(1) () — / (vor be)adr + / (4, D)radr

+ / / g1 () — g () + / / g(yue) — glvitg) yyddTdr
0 Q

_ /0 /Q (Fu(w,v) — fi(@, ) dddr + / / (yu) = h(7@))yédTdr, (2.3.3)
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and
(Zt(t)’w(t))ﬂ—/o (Zt:¢t)9d7+/0 (Z,w)l,QdT-l-/O /Q(gg(vt)—gg(ﬁt))wdxdr
= [ [ thatwo) = ot i)y o, 2.3.4)

for all ¢ € [0, 7] and for all test functions ¢ and 1 as described in Definition [1.3.1]
Let ¢(7) = Dpy(7) in (2.3.3) and ¢ (7) = Dpz(7) in (2.3.4) for 7 € [0, t] where the

difference quotients Dyy and Dpz are defined in (2.2.1)). Using a similar argument
as in obtaining the energy identity ((1.3.4), we can pass to the limit as h — 0 and
deduce

SO0+ IR + [ [ () = n@maor
t) — Ut ) )vyedl'd
+/O /F(g(w) 9(vi) )yyedldr
= / / (fr(u,v) = fi(a,0))yedzdr + / / (h(yu) — h(y@))yydldr  (2.3.5)
0 Ja 0 Jr
and
1 t
S0+ 10+ | [ (o) = m(i)dads
= /t/g(fg(u,v) — fo(@,0))zdxdr. (2.3.6)
0
Adding and and employing the monotonicity properties of g1, go yield
E(t) < /Ot/Q(fl(u,v) — fi(t, 0))ydxdr + /Ot/Q(fg(u,v) — fo(t,0))zdxdr
h — h(yu dl'dr — — Ly ar, 3.7
+ [ [ = riywarar = [ [(atu) —gtriapmar,  2a7)

for all t € [0,T] where &(t) is defined in (2.3.1)).
We will estimate each term on the right hand side of (2.3.7).

Step 2: “Estimate for the terms due to the interior sources.”
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Ry = /Ot/Q(fl(u,v) — fi(u,0))ydxdr + /Ot/Q(fg(u,v) — fo(t,0))zpdxdr.  (2.3.8)

First we note that, if 1 < p < 3, then by Remark we know f; and fy are
both locally Lipschitz from H'(Q2) x H(€) into L?(£2). In this case, the estimate for
Ry is straightforward. By using Holder’s inequality, we have

[ [0 = . opurs
< (/Ot/9|f1(u,v) — fi(a,0)| d.’L’dT) (/ /|yt| d:EdT)
<cm ( [ o + el ) )1/2 ( A ||yt||2dr) <o [ éman (39)

Likewise, fot Jo(fo(u,v) = fo(t, 0)) zdzdr < C(R) f & (7)dr. Therefore, for 1 < p < 3,
we have the following estimate for R;:

Ry < C(R) /t &(7)dr. (2.3.10)

For the case 3 < p < 6, f; and f, are not locally Lipschitz from H'(Q) x HJ(£2)
into L*(€2), and therefore the computation in does not work. To overcome
this difficulty, we shall use a clever idea by Bociu and Lasiecka [11], 12] which involves
integration by parts. In order to do so, we require f; and f> to be C%-functions. More
precisely, we impose the following assumption: there exists F' € C3(R?) such that
fi(u,v) = 8, F(u,v), fo(u,v) = 8,F(u,v) and | DYF(u,v)| < C(Ju|P~2+|v[P~2+1) for
all & such that |« = 3. It follows from this assumption that f; € C*(R?), j = 1,2,
and

(|D? fi(u,v)| < C(lulP=2 + [o]p~2 + 1), for all |B] =2;

IV fi(u,0)] < C(lulPt + o]~ + 1) and | f;(u,v)] < C(fuf’ + |[v]P + 1);

IV fi(u,v) = Vfi(@,0)] < C(lulP~? + [alP=> + [vP=2 + [2P72 + 1) (|y| + [2]);
(s v) = fi(@,0)] < C(lufP + [afP= + [oP~t + [0~ + 1)(Jy| + [2])

(2.3.11)

where y =u — @ and z = v — 0.
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Now, we evaluate Iy in the case 3 < p < 6. By integration by parts in time and
by recalling y(0) = 0, one has

/0 / (0, 0) — (@, ) yededr = / Ly (alt), 0(8)) — fula(e), o) ly(t)de

CJ [ s t) i (%) i
= [0 - fato. o0t~ [ [ Ot () yiras

_lL[ﬁVﬁWﬂﬂ—Vﬁ@L®]<;)y&dm (2.3.12)

As (2.3.12)), we have a similar expression for [ [,[f2(u, v)— fo(@, 0)]z,dzdr. Therefore,

we deduce
Ry=Pi+Po+ P+ P+ P (2.3.13)
where,

Pr= Jolfi(u(t), v(t)) — fu(a(t), 8(t))
)

Jy(t)da
Py = [, [fo(u(t),v(t) — fa(a(t), o(t))](t)

z(t)d

fQ fo V fi(u,v) — Vfi(a,0) ( ydrdx

= [y fo V fo(u,v) — V fol1, 0)] - (Ut) 2)drdx

P5 = fﬂ f(f <Vf1<u7v> ’ <ZZ> Y+ sz(u,v) ) (zz> Z) drdz.

By using (2.3.11)) and Young’s inequality, we obtain

|P, + P
< C/Q(\U(t)\p_l +a®) P+ o) P 4 [0+ D(P(E) + 22(t))de,  (2.3.14)
|P3 + Py

t
SC’//(|u|p_2+|a|p_2+|v|”_2+|ﬁ|p_2+1)(y2+22)(|ﬂt|+]@t|)d7'dx. (2.3.15)
QJO
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As for P5, we integrate by parts one more time and use the assumption fi(u,v) =
OuF(u,v) and fo(u,v) = 0,F(u,v). Indeed,

Po= [ [ (0utu v+ 00wz ards
t [ [ (utwvime +0uptu, )2 e
= [ [ (Gouhtu )62+ 02 ) =) + 50, o 0) () )
= [ (30uiu®).ee)p(e) + 02 F(ult) o000 ) o
Q

+ [ S0ufalu®)v(0)(t7)da

+ /Q /Ot <%V3uf1(u,v)y2 + Vo2, F(u, v)yz) . (Ztt) drdz
+ /Q /Ot %V@vfg(u, V)2 - (:jz) drdx. (2.3.16)

By employing (2.3.11]) and Young’s inequality, we deduce
Po<C [P+ 0P + D@ + 0o
Q

t
+C//(|U|p_2+|U|p_2+1)(y2+22)(|ut|—|—|vt|)d7'dx. (2.3.17)
QJ0

It follows from ([2.3.14]), (2.3.15)), (2.3.17), and (2.3.13]) that

t
Ry < C/(\y(t)\z a0 + 0/ /(;f 22 (Jual + Jonl + ] + [in] v
Q 0 Q
t

* C/ /(|“|p_2 + AP~ + [P+ 0P ) (v 4 2%) (Jue] + Joe] + || + |04])dadT

0 9]
+ C/(\U(t)\pl +la@) P+ @) P+ @) P (ly@)F + 12(0)])?)dx. (2.3.18)

0

Now, we estimate the terms on the right-hand side of (2.3.18)) as follows.
1. Estimate for

hzémwﬁ+mm%m
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Since y, y; € C([0,T]; L*(2)) and y(0) = 0, we obtain

[wtoras= [ |[ iryar|

Likewise, [, |2(t)[?dz < 2T [ &(r)dr. Therefore,

t t
do < t/ lu(r) 12 dr < 2T/ G(rydr.  (2.3.19)
0 0

t
I < 4T/ &(1)dr. (2.3.20)
0

2. Estimate for

t
12:/ /(y2+22)(|ut\+\vt|+\ﬁtl+]ﬁt|)d:cd7.
0 Q

A typical term in I5 is estimated as follows. By using Holder’s inequality and the

imbedding H'(Q2) < L5(2), we have

t t
/ / PPlugldzdr < / PHT s
0 Q 0

t t
<c [ llialuldr <o) [ @, @32
0 0

where we have used the fact [|u(t)|, < R for all ¢ € [0, 7] (see (2.3.2))). Therefore,

I, < C(R) /té(T)dT. (2.3.22)

3. Estimate for
t
Bom [ [ Qa2 a7 ol 4620 + )l + o + [ + il
0o Ja

A typical term in I3 is estimated as follows. Recall the assumption p™H < 6

m

which implies 6%17 < m + 1. Thus, by using Holder’s inequality and (2.3.2), one has

t t
/ / P2y | dedr < / lall2 112 el o
WAY) 0 6-p

t

t
<c / Nl 2 111 g el dr < C(R) / B0 Jull,rdr. (23.23)



2.3. UNIQUENESS OF WEAK SOLUTIONS 65

Therefore,

t
Lsscﬁuaué EO) (Nl + 01+ Nl + ol ). (2320

4. Estimate for
L= [ Qu®P + a0 + @ P ™+ 100P O + 150 e

Estimating I, is quite involved. We focus on the typical term [, [u(t)[P~!|y(t)|*dz
in the following two cases for the exponent p € (3,6).

Case 1: 3 < p < 5. In this case, we have

/Q]u(t)|p_1]y(t)|2dx§/Q|y(t)|2dx+/{m_| - lu(®)|P~y(t)*de. (2.3.25)

The first term on the right-hand side of (2.3.25]) has been already estimated in (2.3.19)).
For the second term, we notice if 0 < € < 5 — p, then |u(#)[P~™* < |u(t)|*"¢, since

lu(t)| > 1. Again, by using Holder’s inequality, (2.3.2)), (1.2.1]), and (1.2.2)), it follows
that

/ M@Wﬂwm%wS/hMW*W@FMSHMmﬁW@@Wa
{ze:|u(t)|>1} Q

T+e/2
< O Ju®) 5 Iy@llz-oney
=R (ly®lo+Cly@®l3).  (23.20)

By using (2.3.19)) and ([2.3.26)), then from ([2.3.25)) it follows that
t
/ lu(t) [P~y (t)|Pde < C(R) (eg(t) + CGT/ éa(T)dT> , (2.3.27)
Q 0
in the case 3 < p < 5 and where 0 < e <5 — p.

Case 2: 5 < p < 6. In this case, the assumption me“ < 6 implies m > 5. Recall
that in Theorem [1.3.4] we required a higher regularity of initial data ug, vy, namely,
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ug,vo € L2®D(Q). By density of C’O(Q) in Lg(p D(Q), then for any e > 0, there
exists ¢ € Cy(£2) such that ||ug — qz5||3 ) < €r- =3

Now,
/Q u(t) P~ y(8)Pda < C/Q [u(t) — uol" "y (t)|*dz + C/Q o — 1" |y (1) da
+C /Q 6P|y (1) 2de. (2.3.28)
Since p < - and m > 5, then 3((” 111)) < 1. So, by using Hélder’s inequality and the
bound fo ||ut||zi} dt < R, one has

2/3 ,
) ()2

3(p—1) 2/3

P
2
2
dr ) ly@liq

(wa—wﬁ*mm%xs(éww—u®(
<C /Q/Otut(T)dT
2/3

) mp-1) ~
<C / (/ |y \deT) de| T = &(t)

< C(R)T™ &), (2.3.29)

3(p— 1)

where we have used the important fact that CESII 1.
The second term on the right hand side of (2 1) is easily estimated as follows:

/!uO APy () *de < Juo — ¢Hs<p v ly(®lls < Ceb (1), (2.3.30)

Since ¢ € Cy(R2) then |p(z)| < C(e), for all x € Q. So, by (2.3.19), the last term on
the right hand side of (2.3.28)) is estimated as follows:

/Q 6P~ |y (1) 2z < C(e) /Q ly(t)2dz < C(e, T) /0 &(r)dr. (2.3.31)

By combining (12.3.29)-(2.3.31)) then (2.3.28) yields

(p—

/Q lu(t) [P~y (t)[2de < C(R) (T%f) + e) Et) +C(e,T) /O E(r)dr,  (2.3.32)
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in the case b < p < 6.
By combining the estimates in (2.3.27)) and ([2.3.32), then for the case 3 < p < 6,

one has

m(p—1)

t
/ u() P fy(0)Pdz < O(R) (T +€) &(t) + C(e, R.T) / G(rydr, (2.3.33)
Q 0
where € > 0 such that e <5 —p, if 3 <p < 5.

The other terms in I4 can be estimated in the same way, and we have

m(p—1)

(p—1 - t -
I, < C(R) (T A T 6) E(t)+ C(e, R, T)/ E(r)dr. (2.3.34)
0

Finally, by combining the estimates (2.3.20)), (2.3.22), (2.3.24) and (2.3.34) back
into (2.3.18]), we obtain for 3 < p < 6:

Ry < C(R) (TS5 + T +¢) (1)
t
#OERT) [ G Wl + [0+ s+ 6l + D, (2335

where € > 0 is sufficiently small. According to (2.3.10)), estimate (2.3.35) also holds
for 1 < p <3, ie., (2.3.35)) holds for all 1 < p < 6.

Step 3: Estimate for

fa= [ [how) = bty v

First, we consider the subcritical case: 1 < k < 2. Although, in this case, h is
locally Lipschitz from H'(Q) into L*(T'), we cannot estimate R, by using the same
method as we have done for R;. More precisely, an estimate as in ([2.3.9) won’t work
for Ry, because the energy & does not control the boundary trace ~y;.

In order to overcome this difficulty, we shall take advantage of the boundary damp-
ing term: fot Jo(g(yue) — g(vt))yyedldr. Tt is here where the strong monotonicity
condition imposed on ¢ in Assumption [1.3.3]is critical. Namely, the assumption that:
there exists m, > 0 such that (g(s;)—g(s2))(s1—2) > my|s1—sa2|?. Now, by recalling
Yy = u — U, we have

t t
/ / (g(var) — g(vi)yyedTadr > m, / / Ivy2drdr. (2.3.36)
0 N 0 T
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To estimate Rj, we employ Holder’s inequality followed by Young’s inequality,
and the fact that h is locally Lipschitz from H'(Q) into L*(T') when 1 < k < 2 (see
Remark [2.1.8]). Thus,

Ry < (/ /|h ) 7u|d1“dr) (/ /|7yt| dFdT)
([ ||yuigd) ([ [ drdT)

t
<e / / Iy 2dTdr + C(R, € / & (ryar. (2.3.37)
0 T 0

Therefore, if we choose € < m,, then by (22.3.36|) and (2.3.37)), we obtain for 1 < k < 2:

Ry, — /0 /F(g(yut) — g(vty)) vy < C(R, e)/o é;(T)dT. (2.3.38)

Next, we consider the case 2 < k < 4. In this case, we need the extra assumption
h € C*(R) such that h”(s) < C(]s|*72 + 1), which implies:

(s)] < C(Is[* ' +1),  |h(s)] < O(Is|* + 1),
|7 (u) = ()] < C(jul" + [a]* + 1)yl (2.3.39)
[h(u) = h(@)| < C(ul*" +1al*t + Dyl

where y = u — 4.

To evaluate Rj,, integrate by parts twice with respect to time, employ ([2.3.39) and
the fact y(0) = 0, to obtain

Ru < [ ute) - hiri df\ W (yu)yue — 1 (i yydCdr
< | [1ntruo) - i + | [ [wew - wowpangarar
+% /Fh'(vu(t))( ’ + % /0 /h" yu)yue(yy)2dUdr

< Is+ I+ Ir + Iy (2.3.40)
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where,
I5 = C/F vy (8)*dT;
o= [ [t + b
b= [ [+ ) + ol
L= [ (hu®F " + hal h(oPr.
Since y(t) € H'(Q), then I; is estimated easily as follows:
I = () < O ly(0)IP, o < elu®Eq + Co ()2

< 2&(t) + C.T / t &(1)dr, (2.3.41)

where we have used ((1.2.1)), (1.2.2)) and (2.3.19).

Since ¢ > 1 and H'(Q2) — L*(T'), then I is estimated by:

t

t
Lo <C [ (ul -+ ihyldr <€ [ (e + il édr. (2342
0 0

In I; we focus on the typical term: [} [ [yul*2[yu,|[vy[>dT'dr. Notice, the as-
sumption k’% < 4 implies 14 < ¢+ 1. Therefore,

t t
//le’“‘%utllvy|2dfd7§/ Iyl |y s |yylidr
o Jr 0 A=k

t t
<C [ Wl rdesa ol dr < OR) [ prulund(ran, 2343
0 0

where we have used ([2.3.2). The other terms in I; can be estimated in the same
manner, thus

t
I7 S C(R)/ (|7ut|q+1 + |'yﬂt|q+1)éf’(7)d7, (2344)
0

Finally, we estimate Iy by focusing on the typical term: [, [yu(t)|**|yy(t)[*dT.
We consider the following two cases for the exponent k € [2,4).
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Case 1: 2 < k < 3. First, we note that

[P hytorar < [ py@par+ | ) (o) ar.
r T {zel:|yu(t)|>1}
(2.3.45)

The first term on the right-hand side of (2.3.45) has been estimated in (2.3.41]). As
for the second term, we choose 0 < € < 3—k, and so, k—1 < 2 —e¢. By using Holder’s

inequality, (1.2.1) and (1.2.2)), we obtain

/ Iva(t)[F yy(t) T < / Iva(t) P~y (£) 2T
{zel:|yu(t)|>1} r

< Jyu() |7 Iy @) 4

1+e/2

< Cllu®liig Iy -cam)
< CR)(elly®lig + Celly®l)-  (2.3.46)

Therefore, by using the estimates (2.3.46]), (2.3.41) and (2.3.19), we obtain from
[@2.3.45) that

/F Iyu ()" vy (t)[2dT < C(R) (eé’(t) + C’ET/O é:’(r)dr) (2.3.47)

for the case 2 < k < 3, and where 0 < e < 3 — k.

Case 2: 3 <k < 4. Observe that, in this case, the assumption k%l < 4 implies
q > 3. Also, recall that in Theorem [1.3.4] we required the extra assumption: yuy €
L2(k:—1)(1'\).

By density of C(T') in L**~1(T), for any € > 0, there exists 1) € C(T') such that
[Yuo — Ylak-1) < 1. Note that,

/F a(®) "y () 2T < € / Iyu(t) — ol yy(6) P

e / o — $F g (B)PdT + C / Wy, (2.3.48)
I T
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Q(qk;ll) < 1. Therefore, by using (2.3.2]), we have

t 2(k—1) 3 1
/ wu(t)—wovf1wg<t>\2drs< / / yuy(7)dr dr> ( / hy(t)\‘*dF)
T I 0 N
¢ 2(k—1) ( .
SC(/ / [y ()7 ’ '
T 0

0+ 3 atk—1) 5 (k-1) ~
dF) T ||y()|2 < C(R)T w7 &(t). (2.3.49)
The second term on the right-hand side of ([2.3.48) is estimated by:

. 4
Since k < qu—ql and g > 3, then

/ Yo — [y (D) PdD < Jyuo — ¢ty u@)]F < Celly(®)]] o < Ceé(1).
r
(2.3.50)

Finally, we estimate the last term on the right-hand side of (2.3.48|). Since ¥ €
C(I), then |[¢(z)] < C(e), for all z € I'. It follows from ([2.3.41)) that,

/F 6y (8) D < O(e) / Iy () Pdr

< C(O)E() + C(e, T) / () (2.3.51)

Now, (2.3.49)-(2-3.51) and (2.3.48) yield

/F ()] yy(8) 24D < C(R, )T 5 + & (1) + Cle, T) /0 Ay (2352)

for the case 3 < k < 4. It is easy to see that the other term in Ig has the same estimate

as (2.3.47) and ([2.3.52)). So, we may conclude that for 2 < k < 4 and sufficiently
small € > 0:

Is < C(R,&)(T"F + &)&(t) + Cle, R, T) / t &(1)dr. (2.3.53)

Combine (2.3.41)), (2.3.42), (2.3.44) and (2.3.53)) back into ([2.3.40) to obtain the

following estimate for Ry in the case 2 < k < 4:

Ry < C(R, )(T" " + &(1)

t
+C(e, R,T) / (Witlgsr + iulgsr + D)E(F)dr, (2.3.54)
0
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where € > 0 is sufficiently small.

Step 4: Completion of the proof.
By the estimates (2.3.35)), (2.3.38)), (2.3.54)) and employing the monotonicity prop-

erty of g, we obtain from ([2.3.7) that
F(t) < O(R) (T 4 TR TR 4 <) B

t
e R T) [ EEIlpr + Wl + il + 6]

+ vt ga1 + [yl g1 + 1) dr,

for all t € [0, T]. Choose € and T" small enough so that

m(p—1) r(p—1)

C(R) (T mil 4 T il _|_Tq(qu:1l> _|_€> < 1.

By applying Gronwall’s inequality with an L'-kernel, it follows that & (t) =0on|0,7].
Hence, y(t) = z(t) = 0 on [0,7]. Finally we note that, it is sufficient to consider a
small time interval [0, 7], since this process can be reiterated. The proof of Theorem

is now complete.

2.3.2 Proof of Theorem [1.3.6l

We begin by pointing out that the only difference between Theorem [1.3.6| and
Theorem is that Assumption (a) is not imposed in Theorem [1.3.6] Thus,
the proof of Theorem |[1.3.6|is essentially the same as Theorem [1.3.4] with the exception
of the estimate for Ry in (2.3.8). So, we focus on estimating R; in the case p > 3
and the interior sources fi, fo are not necessarily C?-functions. With this scenario
in place, the method of integration by parts twice fails. To handle this difficulty,
recall the additional restriction on parameters and the initial data in Theorem [1.3.6],
namely, m,r > 3p — 4, if p > 3, and g, vy € L3*~H(Q).

Now, since |V f1(u,v)] < C(Ju[P~! + |v[P~! + 1), then by the mean value theorem,

il 0) = S, )] < O™+ [P~ 4+ ol + [P~ + 1)(lyl + =) (2.355)

where y = u — @ and z = v — 0. Thus,

| [ itw0) = ta opudear < 1+ 1 (2.3.56)
0
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where

t
e / / Iyl + 12 lysldadr
0 Q

t
B=C [ [ (a1 o™ fop )l + [2Dloeldedr.
0 JQ

The estimate for I; is straightforward. Invoking Holder’s inequality yields,

t

t
L<c / Ulls + 12110) el dr < © /

0

A typical term in I, is estimated as follows:

t
/ / |yl lyel dedr
0 [9]

t t
< [ [ u=wl ulluldodr+ [ [ ulolluldedr
0 JQ 0 JQ

By Holder’s inequality,

t
/ / t — wolP [y |
0 Q

<[ ([ 1ot - uo|3<“>dx);’ (f \y(¢>|6dx)é (f |yt<7>12dx)§ .

3(p-1)

Since u, u; € C([0,T]; L*(Q2)), we can write
/ ug(s)ds dx
0

/|u(7‘)—u0|3(p_1)da7:/
Q Q
r 3(10;11)
T)/ (/ |ut(s)\m+1ds> dr.
o \Jo

3(;0 1)

Since m > 3p—4, then
it follows that

3(p=1)

< 1. Therefore, by using Holder’s inequality and

E(r)é(r )szzc/oté(T)dT. (2.3.57)

(2.3.58)

(2.3.59)

(2.3.60)

2.3.2),

/yu( PV < O(T (// (s \m“dsdx> " CRT). (23.61)
Q
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So, (2.3.61) and (2.3.59) yield
t t
| [ 1=l lllwldsar < CRT) [ ol )l dr
0 0
t
<crT) [ é)
0

NI

&(r)zdr = C(R,T) / té"(r)dr. (2.3.62)

By recalling the assumption ug € L3P~Y(Q), then the second term on the right hand
side of ([2.3.58)) is estimated by:

/ / oy lyel dedr < / o221 (g ()

<C ||uo||3(_p11)/ E(7)dr. (2.3.63)
0
Combining (2.3.62)) and ([2.3.63]) back into (2.3.58]) yields
t t
/ / [u[P 7 |yl |ye|dedT < C(R, T, Hu0|]3(p71)> / &(T)dr. (2.3.64)
0o Jo 0

The other terms in I, are estimated in the same manner, and one has

t
I < C(R, T, ||u0||3(p_1),||v0||3(p_1)> /0 &(r)dr. (2.3.65)

Hence, (2.3.57)), (2.3.65), and ([2.3.56|) yield

| [t = s opmdads
< C(RT ol ol ) [ Er1im 2366)

It is clear that [; [;,(f2(u,v) — fo(i, ©))zdadr has the same estimate as in (2.3.66).

Finally, we may use the same argument as Step 3 and Step 4 in the proof of Theorem
and complete the proof of Theorem [1.3.6]

2.4 Global Existence

This section is devoted to prove the existence of global solutions (Theorem [1.3.7)).
Here, we apply a standard continuation procedure for ODE’s to conclude that either
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the weak solution (u, v) is global or there exists 0 < T' < oo such that limsup, . Fi(t) =
+oo where Ej(t) is the modified energy defined by

—_

Br(6) = S0+ IO 0 + a1 + 1)
bR+ ORI + ok e

We aim to show that the latter cannot happen under the assumptions of Theorem
1.3.7 Indeed, this assertion is contained in the following proposition.

Proposition 2.4.1. Let (u,v) be a weak solution of on [0, Ty] as furnished by
Theorem . Assume ug, vg € LPYH(Q), if p > 5, and yug € L), if k > 3. We

have:

o Ifp <min{m,r} and k < q, then for all t € [0,Ty], (u,v) satisfies

t
E\(t) +/ (el + loellity + ywlif) dr < C(To, Ea(0)), (2.4.2)
0

where Ty > 0 is being arbitrary.

e [fp>min{m,r} or k > q, then the bound in holds for 0 <t <T’, for
some T" > 0 depending on E1(0) and Tj.

Proof. With the modified energy as given in (2.4.1)), the energy identity (|1.3.4)) yields,
¢ ¢
Eq(t) + / / (g1 (ug)us + go(ve)vy] dxdT + / /g(vut)yutdFdT
0 Jo 0o Jr
t ¢
= E£,(0) + / / Lfi(u, v)uy + folu, v)vy] dedr + / / h(yu)yu,dUdr
0o Jo 0o Jr
1

o Q(Iu(1t)|p+1 — (O + o) — [u(0)[P)da

1 k+1 k+1
— - r
g L0 = ()

_ B(0) + /0 t /Q (s 0)tg + Folu, v)y] dadr + /0 t /F h(yu)yugdDdr

t t
—i—/ /(|u!”_1uut—i— |v|p_1vvt)dxd7'+/ /|7u|k_17u7utdfd7. (2.4.3)
0 Jo 0 Jr
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To estimate the source terms on the right-hand side of (2.4.3)), we recall the assump-
tions: |h(s)] < C(|s|* + 1), |fij(u,v)] < C(|JulP + |[v]P + 1), j = 1,2. So, by employing
Holder’s and Young’s inequalities, we find

t
gq//@w+ww+mwmw
Q
<€ [ s (s + o1 + 10055 ) ar
t
1 1 1
g/wMLM+O/0w$ﬁwwLﬂmwf
0

t t
e/uwm@h+c/ \(r)dr + C.TH|9. (2.4.4)
0

t/ fi(u, v)udxdr

Similarly, we deduce

t t t
/ fa(u, v)vidzdr| < e/ Hvtﬂzﬁ dr + C. / (T)dT + CTh| 9, (2.4.5)
0 Jo 0

and

h(yu)yu| < /W%V;ﬁﬁdT /El( ydr + C.T,|T. (2.4.6)

By adopting similar estimates as in (2.4.4]), we obtain

¢ ¢
/(|u|p_1uut+|v|p_1m}t)dxd7'—|—/ /|7u|k_17u7utdfd7'

//|u|p|ut|—|—|v|p|vt|)dmd7+/ /|7u| |y |dUdT

< [ gt + Wzt + bt +0. [ Bryar (24.7)

By recalling (2.1.34)), one has

/Ot/ﬂ[gl(ut)ut + ga(ve)vy] dwdT + /Ot/rg(vut)vutdl“df

t
> Oé/o (el iy + loell 75 + Pyuelgin)dr — oTo(219] + [T). (2.4.8)
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Now, if p < min{m,r} and k < ¢, it follows from (2.4.4))-(2.4.8) and the energy
identity (2.4.3)) that, for t € [0, Ty],

t
m-+1 r+1 1
Eit) +a / Q™+ ol 5+ e
0
t
SEmwffww%+wMﬁﬂw%HM+c/& )+ Cry.e
0 0
t
< B00) 4 [ (hull + Il + brulttdir + 0. [ B + O (249
0 0

where we have used Holder’s and Young’s inequalities in the last line of (2.4.9). By
choosing 0 < € < /2, then 9) yields

t

(6] m-41 r—+1 1

Ei() + 5 / (aell7257 + o7y + Fyuel i3 dr
0

t
S Ce/ El(T)dT + E1 (0) + CTO’E. (2410)
0

In particular,

t
El(t) S CE/ E1(7'>d7' -+ El(O) + CTQ,G- (2411)
0

By Gronwall’s inequality, we conclude that
Ei(t) < (B(0) + Cpp0)eC<™ for t € [0, Ty, (2.4.12)

where Ty > 0 is arbitrary, and by combining (2.4.10) and (2.4.12]), the desired result

in (2.4.2)) follows.

Now, if p > min{m,r} or k > ¢, then we slightly modify estimate (2.4.4]) by using
different Holder’s conjugates. Specifically, we apply Holder’s inequality with m + 1
and m = mT“ followed by Young’s inequality to obtain

¢
< C/ /(|u|p + |[vP + 1) |wg|dxdT
0 Jao

<c / ol (el + 0l + 192177 dr

t
<€/ ||ut||zﬁd7+c/ (Il + ol + (2 (2.4.13)
0

(u, v)updxdr
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Since pim < 6 and H'(Q2) < L%(€), Then

t
//fl(u,v)utdxdT < /HutHZﬂdT—i-C’/ Hu\ —l—Hv| —|—|Q|)d7'
0o Ja

< 6/ [ dT+Ce/ E\(r)% dr + C.Tp|Q|.  (2.4.14)
0 0
Likewise, we may deduce

t
//fg(u,v)vtda:dT <
0 Jo
d

kg
/|7ut|q+1dT+C’/ (1) 2 dr + CT|T. (2.4.16)

In addition, by employing similar estimates as in (2.4.13])-(2.4.14)), we have

t t
‘/ /(|u|p1uut+|v|”1vvt)dxd7'+/ /|7u]k17u7utdFdT
0 Ja 0 Jr
t t
g/ /(]u|p\ut]+|U]p\vt])da:d7+/ /]’yu\kwut!dFdT
0 Jo 0 Jr

t
1 1 1
< / et 4 Yol + e )
0

t t _
e/ Hth:ﬂdTJrC/ (N Fdr + CTQ  (2.4.15)
0

h(VU)VUt >

"‘CE/t(El(T)ng—FEl( )2 +E1< >7q)d7' (2417)

By using (2.4.14)-(2.4.17) along with (2.4.8]), we obtain from the energy identity

2A3) that

t
m—+1 r+1 1
Eqi(t) + O‘/ (lellmiy + loell oy + Pyuelgin)dr
0

t t
< E1(0) +€/ (leaellmts + Nodllty + |Wt|gﬁ)d7+ce/ Ey(1)7dr + Oy e (2.4.18)
0 0

where o = max{p;”, ”27", k2q} > 1. Notice, the assumption p > min{m,r} or k > ¢,

implies that o > 1. By choosing 0 < € < «/2, then it follows that

t

(6] m-+1 r—+1 1

E(t) + 5/ (laellmiy + loell oy + Pyuelgin)dr
0

t
<C, / E\(7)7dr + E(0) 4 Cg, . for t € [0,Tp). (2.4.19)
0
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In particular,
t
Ei(t) < C. / Ey(7)°dr + E1(0) + Cry.. for ¢ € [0, Ty (2.4.20)
0

By using a standard comparison theorem (see [29] for instance), then (2.4.20) yields
that Ey(t) < z(t), where z(t) = [(E1(0) + Cp, )77 — Ce(0 — 1)t]_ﬁ is the solution
of the Volterra integral equation

¢
2(t) = C’e/ 2(s)%ds + Ey(0) 4+ Cr, .
0

Since o > 1, then clearly z(¢) blows up at the finite time 7} = ﬁ(El (0)+Cr, )7,

i.e., z(t) — oo, as t — T} . Note that 77 depends on the initial energy F;(0) and
the original existence time Ty. Nonetheless, if we choose T" = min{Ty, %TI}, then

Ei(t) < 2(t) < Co :=[(E1(0) + Cppe) ™7 — Colo — V)T 77, (2.4.21)

for all ¢t € [0,7"]. Finally, we may combine (2.4.19) and (2.4.21)) to obtain

t

« m T lod

Eit)+ 5 / (a8 + o754+ e < CT'CE + Ev(0) + Oy, (2.4.22)
0

for all t € [0, T"], which completes the proof of the proposition. n

2.5 Continuous Dependence on Initial Data

In this section, we provide the proof of Theorem [1.3.8, The strategy here is to adopt
the same argument as in the proof of Theorem and use the bounds of Proposition

241l

Proof. Let Uy = (ug, v, u1,v1) € X, where

3(p—1)
2

X = (Hl(@) N L@(Q)) x (H&(Q) nL (Q)) x L2(Q) x L*(Q)

such that yuy € L2*~D(T). Assume that {UF = (uf,u?,vg,v?)} is a sequence of
initial data that satisfies:

Ut — Uy in X and yull — yug in L**D(I), as n — oo. (2.5.1)
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Notice that in Remark [1.3.9] we have pointed out that if p < 5, then the space X is
identical to H = H'(Q) x H}(Q) x L*(2) x L*(Q), and if k& < 3, then the assumption
yul — yug in L**~D(T) is redundant.

Let {(u",v™)} and (u,v) be the unique weak solutions to defined on [0, Tp)
in the sense of Definition [1.3.1 corresponding to the initial data {Ug'} and {Up},
respectively. First, we show that the local existence time T can be taken independent
of n € N. To see this, we recall that the local existence time provided by Theorem
depends on the initial energy F(0). In addition, since U} — Up in X, then
ul — ug, v — vy in LPT(Q), if p > 5; and yull — vyug in L*FHT), if k > 3.
Hence, we may assume ET(0) < E;(0) + 1, for all n € N, where E;(t) is defined in

(2.4.1) and E7}(t) is defined by
1

mn n 1 n n
E(t) == E"(t) + ——(lw" O I551 + " (O l550) + 1

— ()13
where E"(t) = 5(|[u" ()]0 + 0" (Ol o + lup (5 + 07 ()[l3). Therefore, we can
choose K, as in , sufficiently large, say K? > 4F;(0) + 5, then the local
existence time Tp for the solutions {(u",v")} and (u,v) can be chosen independent
of n € N. Moreover, in view of , Ty can be taken arbitrarily large in the case
when p < min{m,r} and k < ¢q. However, in the case when p > min{m,r} or k > ¢,
we select the local existence time to be T'= T" where 1" is given in Proposition [2.4.1]
(which is also uniform in n). In either case, it follows from that there exists
R > 0 such that, for all n € N and all ¢ € [0, 77,

t m T
Ev(t) + [y luddlmty + lvelii + ywlih)dr < R, 2.5
n t n|m+1 nr+1 n .
E(t) + fy (s + lop iy + lyupli)dr < R,

where T can be arbitrarily large if p < min{m, r} and k < ¢, or T is sufficiently small
if p > min{m,r} or k > q.
Now, put y"(t) = u(t) — u"(t), 2"(t) = v(t) — v"(¢), and

éull) = %(Hy"(t)llf,n + 12" g + g O3 + 128 O)1), (2.5.3)

for t € [0,7]. We aim to show &,(t) — 0 uniformly on [0, 77, for sufficiently small
T.

~ We begin by following the proof of Theorem [1.3.4) where here u, v, u", v", y", 2",
&, replace u, v, 4, 9, y, z, & in the proof of Theorem [1.3.4t respectively. However,
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due to having non-zero initial data, y™(0) = ug — ugy and 2"(0) = vy — v{, we have to
take care of the additional terms resulting from integration by parts.

First, as in , accounting for the non-zero initial data, we obtain the energy
inequality

én(t) < &,(0) + R} + Ry, (2.5.4)
Ry = /0 /Q<f1(u,v) — fi(u",v"))y; dzdT +/o /Q(f2(uv v) = falu",v"))z dxdr

t
i= [ k) = na)parar,
0o Jr
As in Step 2 in the proof of Theorem [I.3.4] the estimate for R} when 1 < p <3
is straightforward. Indeed, following (2.3.9)-(]2.3.10]), we find

R < C(R) / "G (r)dr (2.5.5)

If 3 < p <5, we utilize Assumption and integration by parts in (2.3.12)-(2.3.13)
yields the additional terms:

Q= +

9

/Q (fy (o v0) — f1 (g 00)) ™ (0)d

/Q (Faltio, v0) — falu,utt)) 2"(0)de

which must be added to the right-hand side of (2.3.13]). Another place where we pick

up additional non-zero terms is in ([2.3.16f), namely the terms:

Q2 =

/Q (%aufl(%, 00) [y (O)? + 2, F (o, vo)y™ (0)2"(0) + %8vf2(uoavo)|2n(0)|2) da

must be added to the right-hand side of (2.3.16)).
By using (2.3.11)), we deduce

Q1+ Q2
< C’/(|u0|p_1 + Jug P+ oo P+ Jog P+ 1) ([y"(0) P 4 |2"(0) ) da. (2.5.6)
Q
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A typical term on the right-hand side of (2.5.6|) is estimated in the following manner.
By using Holder’s inequality and ([2.5.2)), we have

/Q!ug|”_1!y"(0)l2dw < HUSH’Z&}) ly" (Ol < C(R) y"(0)l[1 < C(R)E,(0). (2.5.7)

Thus,

Q1+ Q2 < C(R)&,(0). (2.5.8)

The non-zero initial data, y™(0) # 0 and 2"(0) # 0, also changes the estimates in
(2:3.19)-([2:3.20). Indeed,

[iwrar= [|io)+ [ sy
<2 [rorde+s [ | [

< (15" OlEa+t [ Iop(r)lEdr)
<C <(§n(0) + T/t (én<7>d7> | (2.5.9)

2

dx

2

dx

Also, since the integral [, [2"(t)|*dz can be estimated as in (2.5.9), we conclude

/Q (Iy" @1+ [z"(®)]*) dz < C (5%(0) + T/Ot én(f)d7> . (2.5.10)

Another place where one must exercise caution in estimating the typical term:
Jo [ (@) [P~ y™(t)|?dz.  As in the proof of Theorem [1.3.4) we consider two cases:
3<p<band b <p<6.

If 3 < p < 5, then by using (2.3.25)), (2.3.26) and (2.5.9), we obtain for 0 < € <
5—p:

/Q (O " () Pdz < 268(t) + Cle, R)E(0) + Cle, R, T) /0 Ay (25.11)

If 5 < p < 6, the non-zero initial data make the computations more involved than
2.3.28)-(2.3.32)). Recall the choice of ¢ € Cy(€2) such that ||ug — ¢||sp-1 < €r-1T
2
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where the value of € > 0 will be chosen later. Then, we have
[l ory P < o [ oo - wriy ok
Q Q

ﬁé%WPWWVM+AUO¢pWWVM+LWpWWV?))
2.5.12

As in (2.3.29)), we deduce that
(p=1)

/Q [u™(t) — ul [P~ Hy™ () Pdr < C(R)mew1 En(1). (2.5.13)

Also, by using Holder’s inequality and the embedding H*(2) — L5(f2), we obtain

/m—wﬁw<ﬂmﬂm wolfil Iy (O < b, (2.5.14)

3(p—1)

for all sufficiently large n, since uf} — ug in L (©). Moreover, from ({2.3.30), we

know

/ g — 6P|y () Pdz < Cedo(t). (2.5.15)
Q
As for the last term on the right-hand side of (2.5.12]), we refer to (2.3.31]) and (2.5.9)),

and we have

/|¢>!“|y )|*dz < C(e /Iy \da:<0()(£’()+T/ot£(¢)d¢).(2.5.16)

Thus, for the case 5 < p < 6, it follows from (2.5.13))-(2.5.16)), and (2.5.12)) that

[ ory P
Q

< COE(0) + O (T 1) dult) + O(e / G(r (2.5.17)

By combining the two cases (2.5.11)) and ({ m, we have for 3 < p < 6:

Awwwwwwm

< C(e, R)&,(0) +C(R)( T +e)(§’ (t)+C(e, R, T) /t Ey(T)dr.  (2.5.18)
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Now, by looking at (2.5.8)), (2.5.10) and (2.5.18]), we notice that the non-zero

initial data y™(0) and z"(0) also contribute the additional term C(e, R)&,,(0), which
should be added to the right-hand side of Ry, and so, for 3 < p < 6 we have:

fﬁgmgm&@+ommfﬁf+T%?+Q&@

t
+O(e.R.T) / Ea @) (Nl + 10l 41+ N s + 074y 1) 7, (25.19)
0

for all sufficiently large n, and € > 0 is sufficiently small, and according to ,
the estimate also holds for the case 1 < p < 3.

By using the similar approach (which is omitted) we can estimate R} in (2.5.4))
as well. Finally, from , we conclude

&(t) < &,(0) + R} + Ry,
< C(e, R)&,(0) + C(R) (T’%’:f) = ) T i e) &n(t)

t
+OERT) [ ) (Tl + s+ N s + 1
+ |Ut|q+1 + |u?|q+1 + 1>dT-

Again, we can choose ¢ and T small enough so that

m(p—1) r(p—1) (k—1)

C(R) (T w4+ T 4 T e +e> <1

By Gronwall’s inequality, we obtain

'
&0 < Cle RGO exp [ [ (Il + il
1 gy + 08 gy + lelgrr + [0 g1 + 1>d7}, (2.5.20)
and so, by , we have
En(t) < Cle, R, T)&,(0), (2.5.21)

for all sufficiently large n. Hence, &,(t) — 0 uniformly on [0, T]. This concludes the
proof of Theorem [1.3.8 O]
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2.6 Appendix

Proposition 2.6.1. Let X andY be Banach spaces and assume Ay : D(A;) € X —
X*, Ay : D(Ag) C Y — Y™ are single-valued mazimal monotone operators. Then,

tr
the operator A : D(A;) x D(A3) C X XY — X* x Y* defined by A< Z ) _
(Al(fl‘)

tr
15 also maximal monotone.
A2(y) )

Proof. The fact that A is monotone is trivial. In order to show that A is maximal
monotone, assume (xg,yo) € X X Y and (23, y5) € X* x Y* such that

(2 — 20, A1() — 23) + (¥ — Y0, A2(y) — y5) >0, (2.6.1)

for all (z,y) € D(A;) x D(A,).

If xg € D(A;), then by taking x = z; in and using the maximal monotonic-
ity of Ay, we obtain yy € D(As) and y§ = As2(yo), and then we can put y = o in (2.6.1))
and conclude from the maximal monotonicity of A; that xf = Aj(x¢). Similarly, if
Yo € D(As), then it follows that zq € D(A;), xf = Ai(zo) and y§ = Az(yo).

Now, if xy € D(A;) and yo & D(As), then since A; and A, are both maximal
monotone, there exist x; € D(A;), y1 € D(Az) such that (x;—x0, A1(z1)—2f) < 0and
(y1 — Yo, Aa(y1) —yg) < 0. Therefore, (x; — o, A1 (1) —28) + (11 — Yo, A2(v1) —ys) <0,

which contradicts (2.6.1)).
Therefore, we must have zq € D(A;), yo € D(Ag), with 2§ = Ai(zo) and yi =
As(yp). Thus, A is maximal monotone. O

Lemma 2.6.2. Let X be a Banach space and 1 < p < oo. Then, Cy((0,T); X) is
dense in LP(0,T; X)), where Co((0,T); X) denotes the space of continuous functions
w: (0, T) — X with compact support in (0,T).

Remark 2.6.3. The result is well-known if X = R". Although for a general Banach
space X such a result is expected, we couldn’t find a reference for it in the literature.
Thus, we provide a proof for it.

Proof. Let uw € LP(0,7;X), € > 0 be given. By the definition of LP(0,T; X), there
exists a simple function ¢ with values in X such that

/0 l6(t) — u(t)|[%, dt < . (2.6.2)
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Say ¢(t) = >_7_, ¥jXg, (t), where x; € X are distinct, each x; # 0, and E; C (0,7)
are Lebesgue measurable such that E; N Ey, = 0, for all j # k.

By a standard result in analysis, for each Ej, there exists a finite disjoint sequence
of open segments {I;;,},”, such that

m; P
€
EN| Ly < =———) for j=1,2,...n, 2.6.3
m(f U) (2n|rxjux) T et 263)

where m denotes the Lebesgue measure, and EAF is the symmetric difference of the
sets £ and F. In particular, we have

€ P .
((E A U I]k> 0 T]) (m) for ] = ].,2, .

Let us note that (EjA Ui, ch) N[0,7] = EjA(UZZl ik 0 [0,T]>. So, we may
assume, without loss of generality, that each I, C [0,77].
Now, if E, F C [0,T] are Lebesgue measurable, then

/O xs(t) — xr(t)Pdt
== E — XF pd E — XF pd E — XF pd
/E\F|x (1) — xr(8) t++/ () — xr ()] t+/m|x (1) — xa(t)|Pdt

F\E

= / xe(t)dt + / Xr(t)dt = m(EAF). (2.6.4)
E\F F\E
Therefore, by and ,
T m; N
ijlli}/o IXE; (8) = xga 1 (Ot = ;|5 m (EjAkL_Jle,k) < <%) . (2.6.5)

Since [;, C [0,T], we can select 0,5 such that 0 < §;;, < i(ijk — a;) where
L = (ajk, bjx). Choose 6 > 0 such that

1
ks _ n
8(2n)P=1 320 ([l 1% my)

Now we define the functions g;, € Cy((0,7");R) such that g;,(t) = 1 on [a;x +
26,0, — 20], gj () is linear on [a;, + &, bk + 28] U [bj, — 20,b; — d], and g;,(t) =0

5<min{5j ep:k:zl,---,mj;jzl,---,n}. (2.6.6)
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outside [a;x + 6,b;x — 6]. Let us notice that

/ Z(X[j,k (t) - gj,k’(t)) dt < / (Z(X(aj,kvaj,k+25) (t) + X(bj,k257bj,k)<t))> dt

0 k=1 0 k=1
T ™My m;

= / Z <X(aj,k,aj,k+25) (t) -+ X(bj7k_26,bj’k)<t>>dt = Z 4(5 = 4TTLJ~5. (267)
0 k=1 k=1

Finally, we define g(¢ ij Zg]k Clearly, g € Co((0,T); X). Then, (2.6.2

7=1

yields

Ju— gHLP(O,T;X) < flu— ¢||Lp(o,T;X) + [l — g”LP(O,T;X) <e+|o— g”LP(O,T;X) :
(2.6.8)

For t € (0,T), we note that

lo(t) — g(t)lx = Z(xm wjzg]k )
Jj=1 X
= Z(xijxt)—szx]j,kwszxfk szgjk )
j=1 j=1 j=1 ¥

<>l o (0 = xys 0] + ZH%HX (6 = 9ix(0)]
j=1

So, by Jensen’s inequality and (2.6.5))-(2.6.7)), we have

| ot = B it < oy Sl [ e, (0 =, O
Y ol [ (Z iy (1) — gj,k<t>|> dt
j=1 0 \k=1

< (2n)r~! Z (i) + (2n)P! Z |z || 4m;0 < 561’ + 56” = €. (2.6.9)
=1

j=1

Combining (|2 with 1) yields ||lu — g||Lp(07T;X) < 2e. O
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Chapter 3

Blow-up of Weak Solutions

This chapter is devoted to prove our blow-up results: Theorems [1.3.12] and [1.3.13]
These results are inspired by the work of [10, 20, B34] for their treatment of a single
wave equation. Although the basic calculus in the proofs draw from ideas in [2], 20, [34]
and also from the recent results in [10], our proofs had to be significantly adjusted to
accommodate the coupling in the system (|1.1.1)).

3.1 Proof of Theorem 1.3.12

Proof. Let (u,v) be a weak solution to in the sense of Definition[1.3.1] Through-
out the proof, we assume the validity of Assumptions|l.1.1land|1.3.10, p > max{m, r}
and k > ¢q. We define the life span T" of such a solution (u,v) to be the supremum of
all T* > 0 such that (u,v) is a solution to in the sense of Definition (1.3.1]) on
[0,7*]. Our goal is to show that T is necessarily finite, and obtain an upper bound
for T'.

As in [2, 10], for t € [0,T), we define:

G(t) = ~E(),
N(t) = lu(t)]2 + [o(0)2,

S(t) = /Q Fu(t), v())ds + /F H(u(t))dr.
It follows that,

G(t) = —%(Hut(t)\l; + @)l + lu@®l 0 + le@)7 ) + S0, (3.1.1)

89
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and
N'(t) = 2 /Q [u(t)us(t) + v(t)or ()] de. (3.1.2)

Moreover, by the assumptions H(s) > co|s|*1 and F(u,v) > co(Ju[P** + [v[PT!), one
has

S(t) = co(llu®)Pfy + o) 511) + calyu®) 311 (3.1.3)
Let
1 1 1 1 1 1 —1
O<a<min{ - - - i } (3.1.4)
m—+1 p+1"r+1 p+1q¢g+1 k+1 2(p+1)

In particular, o < % To simplify the notation, we introduce the following constants:

Cm L 1 y 1

Ky = 5|9 <p+’1’><m+1>co Ky = b9 (p+zf><r+1>co K3 = bs|T <k+’f)<3+1>02 ML

A 1 1 A 1 1 A

0 = =GO)»F1 71, Gy = =G(0)™+T »1, J3 = —

L= 26(0) = 26(0) =2

where A = min{c; — 2,¢3 — 2} > 0, and ||, |I'| denote the Lebesgue measures of {2

and I

Note that the energy identity (1.3.4]) is equivalent to

G(0)arTmT (3.1.5)

G(t) = G(0) + /Ot /Q[gl(ut)ut + go(vi)ve|dadT + /Ot/rg(vut)vutdl“dr

So, by Assumption and the regularity of the solution (u,v), we conclude that
G(t) is absolutely continuous and

G'(t) = /Q (91 (e (£))ue(t) + ga(vr(t))or (1) |d + / 9(yus(t))yue()dl

r
> ay Jue()lmiy + az [l + ashyu(®)i = 0, ae [0,7). (3.1.6)

m+1
Thus, G(t) is non-decreasing. Since G(0) = —E(0) > 0, then it follows that
0<G(0) < G(t)<S(t) for 0<t <T. (3.1.7)
Now, put

Y(t) = G@#)' + eN'(2). (3.1.8)
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where 0 < € < G(0). Later in the proof we further adjust the requirements on e. We
shall show that

Y'(t) = (1 — a)G(t) "G/ (t) + eN"(1), (3.1.9)
where
N () = 2( @3 + @13 ) = 2( e g + 0@ )
=2 [ (@wyu+ aloode =2 [ glyu)yudr

2/{2(f1(u,v)u+f2(u,v)v)dx+2/h(fyu)’yudf, a.e. [0,7T). (3.1.10)

r

In order to obtain (3.1.10)), we first verify u € L™ (Q x (0,¢)) for all t € [0,7).
Indeed, since both u and u; € C([0,t]; L*(2)), we can write

//]u\mﬂdxdT— s)ds + ug

m+1 t

<™ u dxd7'+/ /!uo\mﬂdm(h
0 JalJo 0 Jo

t t

<™ [tm/ // \ut(s)|m+1d$dﬂcd7+tHUOHZE]

<om (tm“ el 7ot o 0.y + |]uo\|m+1> < o0, (3.1.11)

m+1
dxdr

s)ds

m+41

for all t € [0,T"), where we have used the regularity enjoyed by u, namely, the fact
ug € L™ x (0,1)), and the assumption ug € H*(2) — L™T(Q) since m < p < 5,
as stated in Remark Hence, u € L™ (Q x (0,t)) for all t € [0,T). Likewise,
one can show that v € L™ (2% (0,¢)) for all t € [0,T). Moreover, by similar estimates
as in (3.1.11]), we deduce

1 1
Il s oy < 20 (7 Il gy oy + Huolifh ) < oo,

Thus, yu € LT x (0,t)), for all t € [0,T).
The above shows that u and v enjoy, respectively, the regularity restrictions im-
posed on the test functions ¢ and v, as stated in Definition [1.3.1] Therefore, we can
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replace ¢ by w in (1.3.1) and ¢ by v in (1.3.2), and by (3.1.2), we obtain

1, t
Iy = /wMﬁmmw+//WW+mmww—/mw%+MmMT
0

2
/ / g1(ug)u + go(vy)v)dxdr —/ / g(yug)yudl'dr

+/0 /Q(fl(u,v)u+fz(u,v)v)d:cd7+/0 /Fh(”yu)’yudl“dr, ae. [0,7). (3.1.12)

By Assumption [1.1.1} |V f;(u,v)| < C(JulP~t +|v[P~t +1), and so, by the Mean Value
Theorem, one has |f;(u,v)| < C(|ul’ + |v|P + 1), j = 1,2. Thus, by using Young’s
and Holder’s inequality, we have

/

t
dr < o/ /(\u|p+ P + 1)(Jul + [o])dzdr
0 Q

AUK%@U+E@WWM%

t
< CT/ /(\u|p+1+ lv[P)dxdt < oo, (3.1.13)
0 Q

for all ¢t € [0,T), where we have used the fact u € C([0,t]; H*(€2)), the imbedding
H'(Q) < L%(Q) and the restriction p < 5, as mentioned in Remark [1.3.14]

In addition, by using the regularity of the solution (u,v) and the assumptions on
the parameters, we infer
t
dr + /
0

/Ot t
i

for all t € [0,T). Hence, it follows from (3.1.13))-(3.1.14)), (3.1.12)), and the regularity
of (u,v) that N’(t) is absolutely continuous, and thus (4.3.7) follows.

Now, note that (3.1.1) yields

dr

/Q(gl(ut)u + go(ve)v)dx /Fg(vut)vudF

dr < 00, (3.1.14)

/F h(~u)yudl

@ o + o0 = —llu@)lls + llo(@)ll3) + 25 (1) — 2G(2). (3.1.15)

So, by (3.1.9), (3.1.10), (3.1.15) and the assumptions u fi(u, v)+v fa(u,v) > c1 F(u,v),
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h(s)s > csH(s), we deduce
V(1) 2 (1~ )G G0 + eI + ()3 + 4G
+ 2¢(cp — 2) / F(u(t),v(t))dx + 2¢(c3 — 2) / H(yu(t))dl
Q r
Y / o (e () ult)d — 2 / go(vn(8) o) dar — 2 / g(yu(®)yu(t)dr.  (3.1.16)
Q Q r
We begin by estimating the last three terms on the right hand side of (3.1.16)). First,

by using the assumption g;(s)s < by|s|™"!, Holder’s inequality, the fact p > m, and
the inequality (3.1.3]), we have

[ atutenutias] <o [ @l ds < b fulo)] ol

< ba | QT ()], s () [y < KSEF Jua(t)[In (3.1.17)
where K is defined in (3.1.5)). Observe, the definition of o implies q - m_+1 +a <0.
Therefore, by using (3.1.6)-(3.1.7)), Young s inequality, and recalling the definition of

01,09, 03 in (3.1.5)), we obtain from (3.1.17]) that
| [tz < Kls<t>#-ﬁs<t>#+l ()
Q
< G (5,S() + Co K (1)
< HG(H)FT RIS + O K mf?f 0 G (DG
< §1G(0)FTTS() + Cs, Ko™ a7 G (1) Gt

)
)Gty

CGO)FTmI T, (3.1.18)

)"
By repeating the estimates (3.1.17)-(3.1.18)), replacing u(t) by v(¢) and m by r, we
deduce

‘/927)1}

< 6GO)T TS + O, ay ' G ()G G0)FT— =T (3.1.19)

Likewise, by replacing u(t) by yu(t), Q by T', p by k, m by ¢ in (3.1.17)-(3.1.18]), we
obtain

| [strut)yvutar

< 5G(0)FTTTS(8) + C5 K3 ' a3 'G/(HG(H) " “G(0)FT- a1, (3.1.20)
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Now, since 0 < o < %, we may choose 0 < € < 1 small enough such that

m—+1

L:=1—a—2¢ <051K1 m al_lG(O)Tif#HJra

r4+1 gq+1
+ C5 Ky ay GO 7Tt 4 O K a;la(O)%ﬂ—qﬁﬂ) >0.  (3.1.21)

In addition, since A = min{c; — 2, ¢3 — 2}, then

(cr —2) /Q F(u(t),v(t))dx + (c3 — Q)AH(vu(t))dF > A\S(t). (3.1.22)

Hence, by inserting (3.1.18)-(3.1.20) into (3.1.16) and using (3.1.21)), (3.1.22)) and
(3.1.5), we conclude

Y/(t) > LG(t) ™G/ (t) + de([[un (D)3 + |oe(t)[2) + 4eG(2) + AeS (1)
> de( I3 + ll®) 3 + G (1)) + AeS D). (3.1.23)

In particular, the inequality (3.1.23|) shows that Y'(¢) is increasing on [0,7"), with

Y(t)=G#)""*+eN'(t) > G(0)' ™ + eN'(0). (3.1.24)
If N’(0) > 0, then no further condition on € is needed. However, if N’(0) < 0, then
we further adjust € so that 0 < e < —C;(]?[),E;)a. In any case, one has
Y(t) > %G(O)l‘a >0 for t €[0,7). (3.1.25)
Finally, we show that
Y'(t) > Ce' oY (#)" for t € [0,7), (3.1.26)

where

1
1<7’}:m<2,0':1— >0,

(1-2a)(p+1)

and C' > 0 is a generic constant independent of €. Notice that o > 0 follows from the
assumption o < 283;;).

Now, if N'(t) <0 for some ¢ € [0,T"), then for such value of ¢t we have

Y () = [G(t)"* +eN'(1)]" < G(t) (3.1.27)
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and in this case, (3.1.23]) and (3.1.27]) yield
Y'(t) > 4eG(t) > 4" T7G(t) > 4t oY (¢)".

Hence, ({3.1.26]) holds for all ¢ € [0,T) for which N’(¢t) < 0. However, if t € [0,T) is
such that N’(¢) > 0, then showing the validity of (3.1.26)) requires a little more effort.
First, we note that Y (t) = G(¢t)'™* + eN'(t) < G(t)'"*+ N'(t), and so

Y ()" < 27 G(t) + N'(t)). (3.1.28)

We estimate N'(t)" as follows. By using Holder’s and Young’s inequality and noting
that 1 < n < 2, we obtain from (3.1.2)) that

Nty < 27 (@)l Nl + ol ol )
< O (a3 a2 + eI o1, )
< (@I + NI + I + Io@IET ). (3.1.20)
Since n = ﬁ and o > 0, it is easy to see that

2n 1= 2
2-np+1)  (1-2a)(p+1)

Therefore, by (3.1.3)), (3.1.30)), (3.1.7), and by recalling ¢ < G(0), we have

—1=-0<0. (3.1.30)

Ju(e) 155 = (I < ot

p+1
< CS(H)Ewtrm LS(t) < CG(0)7S(t) < Ce 7 S(t). (3.1.31)
Similarly,
lo(t)]|22] < Ce?S(t). (3.1.32)

By (3.1.29) and (3.1.31))-(3.1.32)) and noting €~ > 1, we obtain

Nt < O @)} + @) 3 + € 5())
< Ce (Jlu®)l + @)} + (). (3.1.33)
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Finally, the estimates (3.1.23]), (3.1.33)) and (3.1.28) allow us to conclude that

Y'(t) = CelG(t) + [lu()]l5 + lloa(®)]l5 + ()] = Ce[G(t) + 7 N'(1)"]
> Ce'7[G(t) + N'(1)"] > Cet oy ()"

for all values of ¢t € [0,7") for which N'(¢) > 0. Hence, (3.1.26]) is valid. By simple
calculations, it follows from ([3.1.25)-(3.1.26|) that 7" is necessarily finite and

T < Ce Y (0) Ta < CeHDG(0)™. (3.1.34)

As a result,
Y(t)=Gt) "+ eN'(t) w00 as t—T. (3.1.35)

It remains to show [[u(t)[|, o+ |lv(t)]], o — 0o ast — T'. Indeed, by the definition
of Y(t) and the first inequality in (3.1.33]), one has

Y ()" <27 HG(t) + €"N'(t)"]
<21 [G() + €O (lus ()5 + [l ()15 + €75 ()] - (3.1.36)
By recalling (3.1.1), and by further adjusting € so that —3 + €’C' < 0, then (3.1.36)

implies
Y ()" < 27 S(t) + Ce7S(2)). (3.1.37)

However, by using the assumptions on the sources and employing Holder’s inequality,
we have

S(t) :/QF(u(t),v(t))dx+/FH(7u(t))dF

< [ utt) fuCwte). v0) +o(6) ottty o(e)] do+ = [ u(e)u(tyir

€1 Jo ¢ Jr
< C (I3 + @55 + u)li)
k
< O (I®IFE + @IS + @58 ) (3.1.38)

where we have used the fact p < 5 and £ < 3, as mentioned in Remark [1.3.14]
Consequently, by combining (3.1.37)) and (3.1.38) one has

Y()r<c (HU(t)HIf,B1 +llo@ITg + ||U(t)||’f§> :

and along with (3.1.35)), we conclude [[u(t)[|, o + [[v(t)]l, — o0 as ¢t — T—. This
completes the proof of Theorem [1.3.12] O]
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3.2 Proof of Theorem 1.3.13

The proof of Theorem [1.3.13|goes along the same lines as the proof of Theorem [1.3.12;
except for the estimate of the last term on the right hand side of (3.1.16)). Here, we
shall utilize the following trace and interpolation theorems:

e Trace theorem (see [I] for instance):

1
[vulg1 <C ”uHWs,qul(Q)v where s > PR (3.2.1)

e Interpolation theorem (see [52]):
W=0(Q) = [H(Q), LPT(Q)]s, (3.2.2)

where 7 = 2(p L) 6 € [0,1], and as usual |-, -]y denotes the interpolation

1-0)(p+1)+26°
bracket.

We select 6 such that

1 1
1-0= > for some < p <1 3.2.3
Blg+1)  q+1 qg+1 p ( )
Additionally, we require that
2 1
r = (p+1) >q+1. (3.2.4)

(1-0)(p+1)+20 ~

Note p > ¢ since by assumption p > 2¢ — 1 = ¢+ (¢ — 1) > ¢. So, inserting (3.2.3))
into (3.2.4) yields the following restriction on f:

8> Jp;_lq) > 0. (3.2.5)

p—1 1
2p—q) = g+

However, since ¢ > 1, and by assumption, p > 2q—1, it follows that 1 >
Thus, it is enough to impose the following restriction on f:

p-1
2(p —q)

Now, we turn our attention to the proof of Theorem [1.3.13]

<B<1. (3.2.6)
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Proof. Under the above restrictions on the parameters, we first show that
(p+1)8

28
Yulgrr < Cilllulliy + ull, 5" ), (3.2.7)

for some ( satisfying (3.2.6)), where C is a generic constant.
In order to prove (3.2.7), we use (3.2.1)-(3.2.4) and Young’s inequality to obtain

h%HSCMW%WQSCMMWW < Cllullyg llully

p+1
26%(q+1)—28

28%(¢+1)-28
—CHWM”HMﬁM”<@NW”WWHﬁHW”) (3:2.8)

By comparing and - it suffice to show that there exists [ satisfying
3.2.6)) such that (25 BQ(qJ{)l()q +21ﬁ) = (p;;ll’g We note that the latter is equivalent to 2(p +
1)B* —2(qg+1)8 — (p — 1) = 0. By the assumption 2q < p + 1, the positive root of

the above quadratic equation satisfies:

2(¢+ 1)+ V4(g+ 1) +8@-—U<:@+3%+ (3p+1)2

= =1. 3.2.9
p 4p+1) 4(p+1) ( )
Additionally, we must show that
2 1 4 1)248(p?—1 —1
(+1)+VAHa+1)>+8(p° —1) _ p (3:2.10)

Alp+1) “2p-q)
as required by (3.2.6)). Indeed, by routine calculations, it is easy to see that (3.2.10)

is equivalent to
(p—Dp+1>%p—2¢+1)>0. (3.2.11)
Obviously, (3.2.11)) is valid since p > 1 and p > 2¢ — 1. Hence, verified.

Now, we turn our attention to estimating the last term on the rlght hand side of

(3.1.16)). First, we note that (3.1.15]) yields
2
lu(®)|? o < 25(0). (3:2.12)
By Holder’s inequality and the estimates (3.2.7)), (3.2.12)) and ([3.1.3]), we obtain

| [ atru@)ra(or| < b [ pu®llu®lrdr < @l e

(p+1)8

S%QOMWWHMﬁI)WﬁMH

B

s%a(wiawi+gﬁwwﬁQwmel

B
< K4S (1) [yug(8)]0,, (3.2.13)
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8 - _ .
where K4 = b3C - max{2a+1 cO 71}, In addition to the restriction on «v in (3.1.4]), we
further require a < qu—f, SO q+1 L+ o < 0. Thus, by using (3.1.6)-(3.1.7) and Young’s
inequality, we can continue the estimate in (3.2.13)) as follows.

‘/ 7Ut

B=1 1
dr‘ < Ky S() 1 S ()7 [yug () [g44

Yu(t
L + q+1
att )+ Cs, Ky " |yug(t )|q+1

el )‘%su) 4 0541(;%1 GGG
< 8,G(0)F S(1) + Cp K, T a3 G (1)G(1) G (0) (3.2.14)

where 0, = %G(O);Tf.
Now, instead of estimate (3.1.20]) we use (3.2.14)), and instead of (3.1.21]) in The-
orem [1.3.12] we choose 0 < € < 1 small enough so that

m+1

P I el = B s Y
L= 1—04—26(051 ™oa; G(O)p+1 ot 4+ O K, ay G(O)p-H T

q+1

45K, a;lG(O)%m) > 0.

After replacing L with L; in (3.1.23]), the rest of the proof continues exactly as in the
proof of Theorem [1.3.12 [
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Chapter 4

Decay of Energy

The main goal of the present chapter is to establish global existence of potential
well solutions, uniform decay rates of energy, and blow up of solutions with non-
negative initial energy. Our strategy for the blow up results in this proof follows
the general framework of [3] and [I3]. However, our proofs had to be significantly
adjusted to accommodate the coupling in the system and the new case p >
max{m,r,2q — 1}. For the decay of energy, we follow the roadmap paper by Lasiecka
and Tataru [30] and its refined versions in [3], 13} [33] [49] which involve comparing the
energy of the system to a suitable ordinary differential equation.

4.1 Global Solutions

This section is devoted to the proof of Theorem |1.3.18|

Proof. The argument will be carried out in two steps.

Step 1. We first show the invariance of W, under the dynamics, i.e., (u(t),v(t)) €
W for all t € [0,7"), where [0,7") is the maximal interval of existence.

Notice the energy identity is equivalent to

E(t) + /Ot /Q[gl(ut)ut + go(ve)vy]dadr + /Ot/rg(’yut)fyutdFdT =FE(0). (4.1.1)

Since g1, g and g are all monotone increasing, then it follows from the regularity of
the solutions (u,v) that

E'(t) = — /Q[gl(ut)ut + ga(ve)vy]d — /Fg(yut)vutdf <0. (4.1.2)

101
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Thus,
J(u(t),v(t)) < E(t) < E(0) <d, forall tel0,T). (4.1.3)

)
It follows that (u(t),v(t)) € W for all t € [0,T)).

To show that (u(t),v(t)) € Wy on [0,T), we proceed by contradiction. Assume
that there exists ¢, € (0,7) such that (u(t1),v(t1)) € Wh. Since W = W, U W, and
Wi N W, = (), then it must be the case that (u(t1),v(t1)) € Wh.

Let us show now that the function t — [, F'(u(t),v(t))dz is continuous on [0, 7).
Indeed, since |V f;(u,v)] < C(ulP~t + |v[P~! + 1), it follows that | f;(u,v)| < C(|ul? +
|v|P +1), j = 1,2. By recalling that F' is homogeneous of order p+ 1, one has f;(u,v)
are homogeneous of order p, 7 = 1, 2. Therefore,

|f5(w, )] < C(juf” + [of"), j=1,2. (4.1.4)
Fix an arbitrary to € [0,7). By the Mean Value Theorem and (4.1.4)), we have

| IP®),0(0) = Plat),v(ta)ldz
<c / (eI + W@ + fulto) I + (ko)) (Ju(t) = ulto)| + [v(t) = v(to)] ) da
< C(Iu)lly, + @I, + luto) 15, + (o)1, )

(1) = uto)lls + lot) = vto)ll ). (4.15)

Since p < 5, we know & p < 6, so by the imbedding H*(Q2) — L%(Q2) and the regularity
of the weak solution ( )€ C([0,T); HY(Q2) x HL(S)), we obtain from (4.1.5) that

lim / |F(u — F(u(ty),v(to))|dx =0,
t—to
that is, [, F(u(t),v(t))dz is continuous on [0, 7).

Likewise, the function ¢ — [ H(yu(t))dI is also continuous on [0, T). Therefore,
since (u(0),v(0)) € Wy and (u(t1),v(t1)) € Wy, then it follows from the definition of
W, and W, that there exists s € (0,¢;) such that

lu()2g + 0(8)]20 = (0 + 1) /

[ Fluts). o) + (1) /F H(vu(s))dl. (4.1.6)

As a result, we may define t* as the supremum of all s € (0,¢;) satisfying (4.1.6]).
Clearly, t* € (0,t,), t* satisfies (4.1.6)), and (u(t),v(t)) € Wy for all t € (t*,t4].
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We have two cases to consider:

Case 1: (u(t*),v(t*)) # (0,0). In this case, since t* satisfies (4.1.6)), we see that

(u(t*),v(t*)) € N, the Nehari manifold given in (1.3.12)). Thus, by Lemma [1.3.17} it
follows that J(u(t*),v(t*)) > d. Since E(t) > J(u(t),v(t)) for all £ € [0,T"), one has

E(t*) > d, which contradicts (4.1.3)).

Case 2: (u(t*),v(t*)) = (0,0). Since (u(t),v(t)) € Wy for all t € (t*,1;], then by
(1.3.7) and the definition of W, we obtain

[u®)lli o + 0@ o < CUu@F + @5 + e
< C(lu®Tg + lv@®ITG + lu®)yg), forall € (¢, t].
Therefore,
I (u(t), w5 < CUI (), vO)ET + [[(u(®), o@EDIKT), forall ¢ € (¢, ],
which yields,
1< Ol (), v@)E + I (u(®), v@)[5 ), forall € (¢, t].

It follows that ||(u(t),v(t))|lx > s1, for all ¢ € (t*,¢;], where s; > 0 is the unique
positive solution of the equation C'(sP~! + s*71) = 1, where p, k > 1. Employing the
continuity of the weak solution (u(t),v(t)), we obtain that

[(u(t™), o)l x = 51 >0,
which contradicts the assumption (u(t*),v(t*)) = (0,0). Hence, (u(t),v(t)) € W, for
allt € [0,7).

Step 2. We show the weak solution (u(t),v(t)) is global solution. By (4.1.3), we
know J(u(t),v(t)) < d for all t € [0,T), that is,
1
SOl o+ 100120 = | Flue).o0)de — [ Heu@)r <d. on 0.7).
(4.1.7)
Since (u(t),v(t)) € Wy for all t € [0,T), one has

lu()Il; o + 0@} 2c(/QFW(t),v(t))dx+/FH(W(t))dF>, on [0,7),
(4.1.8)
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where ¢ = min{p + 1,k + 1} > 2. Combining (4.1.7) and (4.1.8) yields
2d
/F(u(t),v(t))dx—i—/H(’yu(t))dF <o for all ¢t €[0,7). (4.1.9)
Q r -

By using the energy identity (4.1.1)) and (4.1.9)), we deduce

/ / g1 (ug)ug + go(vy)ve]dzdr —i—/ / g(yu)yudldr

— B(0) + /QF(U() o(t) dx+/Hw ))dr

2d c
<al—i—c_2 —dc_2, for all ¢t € [0,7). (4.1.10)

By virtue of the monotonicity of ¢g;, go and g, inequality follows. Conse-
quently, by a standard continuation argument we conclude that the weak solution
(u(t),v(t)) is indeed a global solutions and it can be extended to [0, 00).

It remains to show inequality (1.3.17). Obviously E(t) < &(t) since F(u,v) and
H(s) are non-negative functions. On the other hand, by and the definition of
E(t), one has

B0 2 50l + @l + (5 - +) (ROl + 100l = (1-2) 0

Thus, the proof of Theorem [1.3.18|is now complete. O]

4.2 Uniform Decay Rates of Energy

In this section we study the uniform decay rate of the energy for the global solution
furnished by Theorem [1.3.18] More precisely, we shall prove Theorem [1.3.19]

Recall that the depth of the potential well d is defined in (1.3.13). The following
lemma will be needed in the sequel.

Lemma 4.2.1. Under the assumptions of Lemma the depth of the potential
well d coincides with the mountain pass level. Specifically,

d= inf sup J(A . 4.2.1
(u,0)eX\{(0,0)} ,\>Ig (Alw, v)) ( )
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Proof. Recall X = H'(Q) x H}(Q). Let (u,v) € X\{(0,0)} be fixed. By recalling
Assumption [1.3.15] it follows that,

1
T\, 0) = ¥l o + ol ) =371 [ Fluoide =34 [ HGudr, (422

for A > 0. Then,

d

IO ) = Al o + ol 0) = (r+ D2 [ Pluv)de

— (k + 1)AF! /F H(”yu)dl“]. (4.2.3)

Hence, the only critical point in (0, 00) for the mapping A — J(A(u,v)) is Ag which
satisfies the equation:

(ulliq -+ lolie) = G+ 10X [

F(u,v)dr + (k+ 1A / H(yu)dl.  (4.2.4)

Moreover, it is easy to see that

sup J (A (u,v)) = J(Ao(u,v)). (4.2.5)

A>0
By the definition of A" and noting (4.2.4)), we conclude that \g(u,v) € N. As a result,

J(Ao(u,v)) > inf J(y,2z)=d. (4.2.6)
(y,2)EN

By combining (4.2.5) and (4.2.6)), one has

inf sup J(A(u,v)) > d. 4.2.7
(u,0)E€X\{(0,0)} ,\213 (Aw,v) ( )

On the other hand, for each fixed (y, z) € N, we find that (using (1.3.12) and (4.2.4))
the only critical point in (0, 00) of the mapping A — J(A(y, 2)) is A\g = 1. Therefore,

supysg J (A(y, 2)) = J(y, 2) for each (y,2) € N. Hence

inf sup J(A(u,v)) < inf supJ(A(y,z)) = inf J(y,z)=d. 4.2.8
(u,v)€X\{(0,0)} ,\218 (Alw,)) (yﬂz)GN,\z]i:)) Ay 2)) (y,2)eN :2) ( )

Combining (4.2.7)) and (4.2.8) gives the desired result (4.2.1]). O
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Now we introduce several functions. Let ¢;, ¢ : [0,00) — [0,00) be continuous,
increasing, concave functions, vanishing at the origin, and such that

o5 ()5) = lgs(s) + s for s <1, j=1,2 (42.9)
and
©(g(s)s) > |g(s)|* for |s| < 1. (4.2.10)
We also define the function @ : [0, 00) — [0,00) by
D(s) == p1(s) + wa(s) + ¢(s) +s, s>0. (4.2.11)
We note here that the concave functions ¢y, p5 and ¢ mentioned in —

can always be constructed. To see this, recall the damping ¢;, g» and g are monotone
increasing functions passing through the origin. If g;, go and g are bounded above
and below by linear or superlinear functions near the origin, i.e., for all |s| < 1,

cls|™ < gi(s)] < cals™, esls|” < |ga(s)| < cals|”, csls]? < |g(s)] < cgls]?, (4.2.12)
where m, r, ¢ > 1 and ¢; >0, j =1,...,6, then we can select

2 _ 2 _ 2
o1(s) = ¢ ™1+ cg)sﬁ, wa(s) =c3 " (1 + ci)sril, Y =cy ““cgsﬁ. (4.2.13)

It is straightforward to see the functions in (4.2.13)) verify (4.2.9))-(4.2.10). To see

this, consider ¢; for example:

2 __2
1(g1(s)s) = e T (L4 )1 (5)9) 77 > e T (Lt ) (enls|" )7
= (14 c3)s* > 5% + (ca|s|™)? > s* + |gi(s)]?, forall |s| < 1.
In particular, we note that, if g, go and ¢ are all linearly bounded near the origin,
then (4.2.13)) shows @1, @2 and ¢ are all linear functions.

However, if the damping are bounded by sublinear functions near the origin,
namely, for all |s| < 1,

als|™ < [gi(s)] < eals™, eals|™ < ga(s)] < cals|™, cs]s|” < lg(s)] < esls|”,

(4.2.14)
where 0 < 0;, 6,0 <1 and c; >0, 7 =1,...,6, then instead we can select
- 20 -2 205 2
pr(s) =c; " (L c3)sTHT, pa(s) = 3 T (L4 ch)s™IT, =g T egs T
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In sum, by (4.2.13)) and (4.2.15)), there exist constants C;, C2, C5 > 0 such that
(4.2.16)

p1(s) = C15™, pa(s) = Cas™, ¢(s) = C3s7,

where
2 20, 2 204 2 20
= = = 4.2.17
ATt T P T i Y e T T g1 e ( )
depending on the growth rates of g;, go and g near the origin, which are specified in

and (1219,

Now, we define

1 11
j = max{z—l, 2—2, ;} . (4218)

It is important to note that j > 1 if at least one of g1, go and g are not linearly

bounded near the origin, and in this case we put

1
= . 4.2.1
B 10 (4.2.19)

For the sake of simplifying the notations, we define

t t
D(t) 5:/ /[gl(ut>ut+92(Ut>vt]dxd7_+/ /9(7Ut>7utdlﬂd7'
0o Ja o Jr
We note here that D(¢) > 0, by the monotonicity of ¢;, go and g, and the energy

identity (4.1.1)) can be written as
E(t) + D(t) = E(0). (4.2.20)

For the remainder of the proof of Theorem [1.3.19, we define

1 1 c
Ty = 1, —. —.8 _ 4.2.21
0 ma"{’mrw (—2)} (4.2:21)

where ¢q is the constant in the Poincaré-Wirtinger type of inequality ((1.2.3]), and

c=min{p+ 1,k +1} > 2.
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4.2.1 Perturbed stabilization estimate

Proposition 4.2.2. In addition to Assumptions|1.1.1] and[1.3.15, assume that 1 <
p<5 1<k<3 u € L"), vg € L"™™Q), yup € LHT), (uo,vo) € Wi,
and E(0) < d. We further assume that u € L®(R*; Lz D(Q)) if m > 5, v €
L®(RT: L2=0(Q)) if r > 5, and yu € L®(RT; L2e=)(T)) if ¢ > 3, where (u,v) is
the global solution of furnished by Theorem . Then

A

E@»scfmnmn+l<wmm§waﬁmﬂ, (1.2.22)

for all T > Ty, where Ty is defined in (4.2.21), ® is given in (4.2.11]), and C>0is

independent of T

Proof. Let T > Ty be fixed. We begin by verifying u € L™ (Q x (0,T)) for all
T € [0,00). Since both u and u; € C([0,T]; L*(Q)), we can write

i)

< 2T el o oy + T lluollidy) < oo,

m+1

w (7)dT + ug dxdt

where we have used the regularity enjoyed by u, namely, u; € L™(Q2 x (0,T)), and
the assumption vy € L™ (Q). Note, if m < 5, then ug € L™"(Q) is not an extra
assumption since ug € H*(Q) — L5(Q).

Similarly, we can show v € L™(Q x (0,T)) and yu € LT x (0,7)). It
follows that u and v enjoy, respectively, the regularity restrictions imposed on the
test function ¢ and 1), as stated in Definition [[.3.1} Consequently, we can replace ¢

by w in (1.3.1) and ¥ by v in (1.3.2)), and then the sum of two equations gives
’ g S 2
[ vants| = [l i+ oo+ ol o)

/ / g () + go(v)v)dadt + / / g(vu)yudlat
_ /0 /Q i (, 0) -+ Fo(u, v)0]dadt + /O /F h(yu)yudldt.  (4.2.23)
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After a rearrangement of (4.2.23)) and employing the identity ([1.3.6)), we obtain

zliﬂnﬁ:géﬂmﬁg+ww9m—Lémm+mwm4:
—AaA@MMMHMMMMﬁ_A3A¢w¢Wﬂﬁ
-I—(p+1)/0T/QF(u,v)dxdt+(k‘+1)/OT/FH(7u)dI’dt. (4.2.24)

By recalling ((1.3.7]), one has
T
/ E(t)dt </ (||ut|]§ + Hth?)dt + [/ (um%—vw)dm}
Q

[/ /|91 ug)u + go(ve)v |dl‘dt+/ /|g Yy 7u|dth]

e / (a2 4+ o7+l (4.2.25)
0

Now we start with estimating each term on the right-hand side of (4.2.25]).

T
{/ (ugu + vtv)dm} .
Q 0
Notice

| eyt + wtro®)a] < el o)l + ) o)1,
1

1. Estimate for

5mww@+wmm%w%wﬁ+mwmbs%£m,fmmltza

where ¢ > 0 is the constant in the Poincaré-Wirtinger type of inequality (|1.2.3)).

Thus, by (1.3.17)) and (4.2.20)), it follows that
T
\L/mm+wmmh‘g%@uv+gm»g%(
Q

c
c—2

) (B(T) + E(0)

g%((j>@ﬂﬂ+D@D. (4.2.26)

c—2
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2. Estimate for .
/ (allZE -+ Jol2E + Pyl
0

Since p < 5, then by the Sobolev Imbedding Theorem, H!=°(Q) — LP1(Q), for
sufficiently small § > 0, and by using a standard interpolation, we obtain

1-6 é
[llyr < Cllull sy < Cllully g [[ull;-

p+1
Applying Young’s inequality yields

21=8)(p+1)

lelpf} < C ullflg™ " )3 < e IIUI|12 e+ G HUHE (4.2.27)
for all g > 0, and where we have required o <5 . By (|1 and , one has
lul2 o < 26(1) < <02_C2) B(t) < (02_62) E(0). (4.2.28)
Since p > 1 and § < pil, then % > 2, and thus combining (4.2.27) and
implies
lully iy < «C(E(0)) [[ully o + Ceo llulls - (4.2.29)
For each € > 0, if we choose ¢y = m, then gives
lullyy < €llullf g + Cle, E(0)) [full; - (4.2.30)
Replacing u by v in (4.2.27))-(4.2.30)) yields
lollyiy < ellollf o + Cle, E0)) [lo]l5- (4.2.31)

Also, since k < 3, then by the Sobolev Imbedding Theorem [yuli+1 < C [|ull 1-s0)
for sufficiently small 6 > 0. By employing similar estimates as in (4.2.27))-(4.2. 30)
we deduce

rulity < ellullf g+ Cle, E(0)) [lull;. (4.2.32)
A combination of the estimates (4.2.30)-(4.2.32)) yields

T
1 1
/ Ul + ol + praf e
0

346/0 &)t + Cle, E(O))/O (lull? + [[o]2)dt. (4.2.33)



4.2. UNIFORM DECAY RATES OF ENERGY 111

3. Estimate for .
2 2
/0 (el + enl2) .

We introduce the sets:

A:={(z,t) € A x (0,T) : Jug(z,t)| < 1}
B :={(z,t) € 2 x (0,T) : |u(z,t)| > 1}.

By Assumption [1.1.1, we know g;(s)s > aq|s|™™ > a4|s|* for |s| > 1. Therefore,
applying (4.2.9)) and the fact ¢; is concave and increasing implies,

T
/ Hut]|§dt:/|ut|2dxdt+/ |ug|*dadt
0 A B

S/@l(gl(ut)ut)dxdt—i—/gl(ut)utdxdt
A B

T T
< TIQ¢y </ /gl(ut)utdxdt> +/ /gl(ut)utdxdt, (4.2.34)
o Jo o Ja

where we have used Jensen’s inequality and our choice of T, namely T|Q2] > 1.
Likewise, one has

T T T
/ o2 dt < TIQJps ( / / gg(vt)vtdxdt> + / / p(v)udzdt.  (4.2.35)
0 0 Q 0 Q

4. Estimate for

T T
/ / g1 ()t + go(ve)o|dadt + / / l9(yus)yuldTdt.
0 Q 0 T

Case 1: m,r <5 and q < 3.
We will concentrate on evaluating fOT Jo, 191 (ue)u|dzdt. Notice

T
/ / g1 )l ddt — / g1 )l dedt + / g1 (g | e
0 Q A B

T 3 1
< (/ \|u|y§dt) (/ ]gl(ut)|2dxdt> +/ (g1 ()l dacdlt
0 A B

T
< 6/ éa(t)dt—i—C'e/ |g1(ut)|2dxdt+/ |g1 (u)uldzdt (4.2.36)
0 A B
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where we have used Holder’s and Young’s inequalities. By (4.2.9)), Jensen’s inequality
and the fact T|Q| > 1, we have

/A g1 () [Pt < /A o (g1 (s )ddt < TIopy ( /O ' /Q gl(ut)utdxdt>. (4.2.37)

Next, we estimate the last term on the right-hand side of (4.2.36)). Since m < 5, then
by Assumption [1.1.1, we know |g1(s)] < by|s|™ < by|s|]® for |s| > 1. Therefore, by
Holder’s inequality, we deduce

/B|g1(ut)u\da:dt§ </B ]u\%xdt)é (/B |g1(ut)|gdxdt>g
([ HuHSdt)é ([ intwlontu s
< b (/OT ||u||gdze>é (/B |g1(ut)||ut|dxdt)2. (4.2.38)

By recalling inequality (1.3.16)) which states &(t) < d (j), for all £ > 0, we have

[ [e

T T T T
/ Jul|g dt < C’/ ullf o dt < C/ E(t)dt < 0/ &(t)dt. (4.2.39)
0 0 0 0
Combining (4.2.38)) and (4.2.39) yields

[ ntguiasar <0 ([ s0a)" ([ [ o)

T T
< e/ E(t)dt + 6’6/ /gl(ut)utdxdt (4.2.40)
0 o Jao

5
6

where we have used Young’s inequality.

By applying the estimates (4.2.37]) and (4.2.40)), we obtain from (4.2.36)) that

T T
/ / |91 (ue)uldzdt < 2e / &(t)dt
0 Q 0

T T
+ C.T|Q¢y (/ /gl(ut)utdxdt) + C’E/ /gl(ut)utdxdt, if m <5.
0 Q 0 Q
(4.2.41)
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Similarly,

T T
/ /Igz(vt)vldxdt < 26/ &(t)dt
0 Q 0

T T
+ C.T |2 (/ /92(vt)vtdxdt> + C'g/ /gg(vt)vtdxdt, if r<5. (4.2.42)
o Ja 0o Ja

Likewise, since T'|I'| > 1, we similarly derive

T T
/ /lg(’yut)fyu]dfdt < 26/ E(t)dt
0 r 0

T T
+ C.T|T|p </ /g(”yut)’yutdl“dt) + C’e/ /g(’yut)’yutdth, if ¢ <3. (4.2.43)
o Jr o Jr

Case 2: max{m,r} > 5 or g > 3.

In this case, we impose the additional assumption u € L®(R*: L3m=D(Q)) if
m > 5, ve L®RY; L:-D(Q)) if r > 5, and yu € L®(RY; L2@~(D)) if ¢ > 3.

We evaluate the last term on the right-hand side of for the case m > 5.
By Holder’s inequality, we have

m 1

m+1 m-1 +1
/ |1 (ug)u|dzdt < {/ |gl(ut)|7:da:dt] {/ |u|m+1dxdt} : (4.2.44)
B B B

Since |g1(s)| < by|s|™ for all |s| > 1, one has

/|gl<ut)|m$1dmt:/ |gl<ut)||gl(ut)|%dxdtgblm/ g1 () ||ue|ddt.  (4.2.45)
B B B

We evaluate the last term in (4.2.44)) using Holder’s inequality:

T T
/ " ddt < / / ol dadt < / el Nelly
B 0o Ja 0 i

T
< C fJuf™! ] /0 ()t (4.2.46)

Loo(R+;L3(m=D(q
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Now, combining (4.2.44)-(4.2.46)) yields

/ |g1 (g )u|dxdt
B

T m+1
S 0 ) ([ imtwliuasar)

<ellu HLOO R T / E(t)dt + C. / /91 ug)updxdt (4.2.47)

where we have used Young’s inequality.
By (4.2.36)), (4.2.37) and (4.2.47)), one has

/ / |g1 (ug)uldzdt < e (1 + Hu||Loo S TRt / E(t

+ C.T|Q|¢1 (/ /gl(ut)utdxdt) —1—06/ /gl(ut)utd:cdt, if m>5. (4.2.48)
0o Ja 0o Jo

Similarly, we can deduce

T
/ / g2 v )oldedt < e (1+ o7 T ))/0 &t
+ C.T|Q 2 </ /gg(vt)vtdxdt> +C. /g2 v )vydxdt, if r>5; (4.2.49)
0 Jo 0o Ja

and

T

/ Jloturuddndt < e (14l e oey) [ 6O

+ C.T|T|¢ (/ /g(vut)vutdfdt) —I—CE/ /g(vut)vutdfdt, if ¢ > 3. (4.2.50)
o Jr o Jr

Now, if we combine the estimates (4.2.25]), (4.2.26), (4.2.33))-(4.2.35)), (4.2.41)-
(4.2.43), (4.2.48)-(4.2.50)), then by selecting e sufficiently small and since T' > T > 1,
we conclude

5 [ €0t < (55) B+ D@ + e EO) [ (ulf + lola
+T-C(e, 19, [T])®(D(T)). (4.2.51)
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Since &(t) > E(t) for all t > 0 and E(t) is non-increasing, one has

/ t)dt > /OTE (t)dt > TE(T). (4.2.52)

Appealing to the fact T' > Ty > 8¢y (cC ), then (]4 2. 51[) and (]4 2. 52[) yield

() < o0 (55 ) D)+ CleBO) [l + oy
+T-C(e, 19, [T))®(D(T)). (4.2.53)

Since T' > 1, dividing both sides of (4.2.53)) by T yields

LB < e (55) D)+ CleBO) [ (lull + ol
Cle, 19|, TS (D(T)). (4.2.54)

Finally, if we put C' := 4[c (=5) + C(e, ||, 1)) + C(e, E(0))], then (4.2.54) shows

E(T)<C {‘P(D(T)H/O (lu(@)ll; + IIU(t)Hg)dt] (4.2.55)
‘TI‘,SC() (072 .

for all T > Ty = max{1, %' =<}

4.2.2 Explicit approximation of the “good” part W, of the
potential well

In order to estimate the lower order terms fOT(||u(t)||§ + [lo(t)|2)dt in (4.2.22),
we shall construct an explicit subset W; C W, which approximates the “good” part

of the well W,. By the definition of J(u,v) in (1.3.8)) and the bounds in (1.3.7)), it
follows that

1 1
J(u,0) > S (lull g + 10117 o) = Mllullyy + 0} + hulidy).

By recalling the constants defined in ((1.3.19)), we have

1 k
J(w,v) = S(lulli o + vl ) = MR (Julli g + [Vl q) = MR flulli g

l\DI»—

1
> Ml )% = MBy (|, 0) |5 = MRy [|(u, 0[5 (4.2.56)
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where X = H'(Q) x H} ().
By recalling the function G(s) defined in ([1.3.18)), namely

1
G(s) := 552 — MR sP™ — M Rys*t,
then inequality (4.2.56)) is equivalent to
J(u,v) 2 G([|(u, v) | x)- (4.2.57)

Since p, k > 1, then
G'(s)=s(1—MRi(p+1)s"" — MRy(k + 1)s* ")
has only one positive zero at, say at sy > 0, where s, satisfies:
MRy (p+1)sh™ + MRy(k + 1)sh! = 1. (4.2.58)
It is easy to verify that sup e o) G(s) = G(so) > 0. Thus, we can define the following

set as in ((1.3.20)):

Wi = {(u,v) € X : ||[(u,v)|| 5 < S0, J(u,v) < G(50)}-
It is important to note W, is not a trivial set. In fact, for any (u,v) € X, there exists
a scalar € > 0 such that ¢(u,v) € W,. Moreover, we have the following result.
Proposition 4.2.3. Wl is a subset of W;.

Proof. We first show G(sg) < d. Fix (u,v) € X \ {(0,0)}, then (4.2.57) yields
J(Aw,v)) > G(A|[(u,v)|ly) for all A > 0. It follows that

sup J(A(u,v)) > G(so).

A>0
Therefore, by Lemma 4.2.1] one has

d= inf sup J(A(u,v)) > G(sg).
(W) eX\((0.0)} A5p (Alw,v)) 2 G(s0)

Moreover, for all ||(u,v)||y < so, by employing and (1.3.19), we argue
(p+1) /Q F(u,v)dx + (k+1) /1“ H (yu)dl
< (p+ DMRy(Jullyy) + 0IF6) + (k+ 1) MRy [|ull i)

I ) [0+ VMR, 0) 5 + G+ MR [, )15

(u,
<l v) 1% [(p +D)MRysh ™+ (k+ 1)MR23’5‘1]
(

IN

2 2 2
1w, )l = llulliq + llvllig
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where we have used (4.2.58). Therefore, by the definition of W, it follows that
W, C W;. Il

For each fixed sufficiently small § > 0, we can define a closed subset of W, as in

[321), namely,
Wi = {(u,0) € X : [[(uw,0)lx < 50—, J(w,v) < Gls0 — 6)},

and we show W? is invariant under the dynamics.

Proposition 4.2.4. Assume § > 0 is sufficiently small and E(0) < G(so — 9). If
(u,v) is the global solution of furnished by Theorem and (ug,vo) € WY,

then (u(t),v(t)) € WY for all t > 0.

Proof. By the fact J(u(t),v(t)) < E(t) < E(0) and by assumption E(0) < G(s¢ —6),
we obtain J(u(t), v(t)) < G(so—6) forallt > 0. To show ||(u(t),v(t))| x < so—0 for all
t > 0, we argue by contradiction. Since ||(uo, vo)||x < so—0 and (u,v) € C(RT; X), we
can assume in contrary that there exists ¢t; > 0 such that ||(u(t1), v(t1))]|x = so—d+e€
for some € € (0,9). Therefore, by we obtain that J((u(t1),v(t1))) > G(so —
d+¢€) > G(sp—0) since G(t) is strictly increasing on (0, sg). However, this contradicts
the fact that J(u(t),v(t)) < G(sg — ) for all ¢t > 0. O

4.2.3 Absorption of the lower order terms

Proposition 4.2.5. In addition to Assumptions |1.1.1 and [1.5.15, further assume
(ug,v0) € WY and E(0) < G(so—0) for some d > 0. Ifl <p<5andl <k <3, then

the global solution (u,v) of the system furnished by Theorem satisfies
the inequality

/0 (lu@®)3 + lv(®)5)dt < Cr@(D(T)) (4.2.59)

for all T > Ty, where Ty is specified in (4.2.21)).

Proof. We follow the standard compactness-uniqueness approach and argue by con-
tradiction.

Step 1: Limit problem from the contradiction hypothesis. Let us fix
T > Tjy. Suppose there is a sequence of initial data

{ug, vg, uf, o} € WY x (L())?
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such that the corresponding weak solutions (u™,v™) verify

im — ‘P(E)n(T)) — =0, (4.2.60)
o Jo (e @15 + [l (®)13)dt

where

T T
D, (T) = / / (o (W)l + go(ol Yol dadt + / / gyt

By the energy estimate (1.3.16]), we have fOT(Hu”(t)Hg + v (®)]3)dt < 2Td (%)
for all n € N. Therefore, it follows from (4.2.60]) that

lim @(D, (T)) = 0. (4.2.61)

By recalling (4.2.34))-(4.2.35) and (4.2.61)), one has

T
timn [ a3+ o 3)az =0, (42:62)
0

By Assumption we know ay|s|™ ™! < gy(s)s < by|s|™T! for all |s| > 1, and so

m—+41

m+1 m+1 ]
lgi(8)] 7 < by s < by —gi(s)s,  forall |s| > 1. (4.2.63)
ay

In addition, since g; is increasing and vanishing at the origin, we know
lg1(s)| < by,  forall |s|<1. (4.2.64)
If we define the sets

A, ={(x,t) € QA x (0,7T) : |uf(x,t)] <1}
B, :={(z,t) € 2 x (0,T) : |u}(x,t)| > 1}, (4.2.65)

then (4.2.63]) and (4.2.64]) imply
T
| [ oty oo = [ lostu " o [ Jontai) "
0 Q An Bn

m+1

m+1 m+1 ] T
<o T+ 0 /0 /Q g )urdede,  (4.2.66)
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Since fo Jo g (u)updrdt — 0, as n — oo, (implied by (4.2.61)), then (4.2.66) shows

T
sup/ /|gl(u?)|wdﬁdt < 00. (4.2.67)
Q

neN Jo

Note (4.2.62)) implies, on a subsequence, uj" — 0 a.e. in Q x (0,7"). Thus, g;(u}) = 0
a.e. in Q x (0,7). Consequently, by (4.2.67) and the fact ™ > 1, we conclude,

gi(ul) = 0 weakly in L% g (Q x (0,7)). (4.2.68)

Similarly, by following (4.2.63)-(4.2.67)) step by step, we may deduce

T 1
sup/ /|g(7uf)|(1;dfdt < 00. (4.2.69)
r

neN Jo

Notice (4.2.61]) shows fOT Jo g(yui)yupdldt — 0 as n — oco. So on a subsequence
g(yul)yul — 0 ae. in I' x (0,7, and since g is increasing and vanishing at the
origin, we see g(yuy) — 0 a.e. in I" x (0,7"). Therefore, by (4.2.69), it follows that

g(yuy) — 0 weakly in L% (F x (0,7)). (4.2.70)

Now, notice ([1.3.16]) implies that the sequence of quadratic energy &, (t) := %(Hu”HfQ%—

(|3 atlu? 13+ [v]3) is uniformly bounded on [0, T]. Therefore, {u™, v™, ul,v1'} is a
bounded sequence in (0, T; H'(Q) x H}(Q)x L*(Q) x L*(€)). So, on a subsequence,
we have

u" — u weakly” in L>(0,T; H'(Q2)),
V" — v weakly” in L°(0,T; Hy(S2)). (4.2.71)

We note here that for any 0 < ¢ < 1, the imbedding H'(Q) < H'™¢(Q) is compact,
and H'™¢(Q) < L?*(Q). Thus, by Aubin’s Compactness Theorem, for any o > 1,
there exists a subsequence such that

u" — u strongly in L*(0,T; H'™¢(9)),

V"™ — v strongly in L*(0,T; Hy~“(2)). (4.2.72)

In addition, for any fixed 1 < s < 6, we know H'7¢(Q) — L*(Q) for sufficiently small
€ > 0. Hence, it follows from (4.2.72]) that

u" — u and v" — v strongly in L*(Q2 x (0,7)), (4.2.73)
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for any 1 < s < 6. Similarly, by (4.2.72)), one also has
yu" — yu strongly in L*°(T" x (0,7)), (4.2.74)
for any sg < 4. Consequently, on a subsequence,

u" — u and v" — v ae. in Q x (0,7),
yu" = yu a.e. in ' x (0,7). (4.2.75)

Now let t € (0,T) be fixed. If ¢ € C(Q x (0,1)), then by (4.1.4), we have

i (" 0")ol < C([u"P + ") in Qx(0,2), j=1,2. (4.2.76)

Since p < 5, using (4.2.73)), (4.2.75))-(4.2.76]) and the Generalized Dominated Conver-
gence Theorem, we arrive at

I (", " - - = 1,2. 4.2,
nl_g)lo/o /Qf](u , ) pdxdT /O/Qf](u,v)¢dxd7, j=12 (4.2.77)

Similarly, applying (4.2.74)-(4.2.75)), the assumption k& < 4 and |h(s)| < C|s|*, we

may deduce
¢ ¢
lim / /h(vu”M(bdFdT:/ /h(vu)vgbdFdT. (4.2.78)
n=eeJo Jr 0 Jr

If we select a test function ¢ € C(Q X (0 t)) N C([0,t]; H'(Q)) such that ¢(t) =
#(0) =0 and ¢; € L*(Q2 x (0,t)), then gives

/t[ (uy', ¢)a + (U, P10 dT+/ /g1 ul ¢dmdr+/ / g(yul)yodldr
//flu v qbd:vd7'+// (yu")ypdldr. (4.2.79)

By employing (4.2.62), (4.2.68)), (4.2.70), (4.2.71), (4.2.77)-(4.2.78)), we can pass to
the limit in (4.2.79) to obtain

/0 (0, 6)y adr = /O t /Q fi(u, v)pdrdr + /0 t /F h(yu)yddldr. (4.2.80)
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Now we fix ¢ € H'(Q)NC(Q) and substitute ¢(z, 7) := 7(t — 7)d(z) into (4.2.80).
Differentiating the result twice with respect to t yields

0.0 = [ A o®)id+ [ ou@nddr. @2

If we select a sequence b € H'(Q) N C(Q) such that ¢, — u(t) in HY(Q), for a
fixed ¢, then ¢, — u(t) in L5(Q). Now, since |f(u,v)| < C(JulP + |v|P) with p < 5,

|h(s)| < C|s|* with k < 3, then by Holder’s inequality, we can pass to the limit as
n — oo in (4.2.81)) (where ¢ is replaced by ¢, ), to obtain

)l = [ S oo+ [ hu(o)u(or. (428

In addition, by repeating (4.2.79)-(4.2.82)) for ([1.3.2]), we can derive

o7 = /sz(U(t),v(t))v(t)dﬂf- (4.2.83)
Adding and gives
lu(®)10 + @)1 g Z/Q(fl(U(t),v(t))U(t) + fa(u(t), v(t))v(t))dx

+/h(7u(t))7u(t)df, for any t € (0,7). (4.2.84)

Next, we show (u(t),v(t)) € W? a.e. on [0,T]. Indeed, by (4.2.71)-(4.2.72) and
referring to Proposition 2.9 in [39], we obtain, on a subsequence

u"(t) — u(t) weakly in H'(Q) a.e. t € [0,T];
v"™(t) — v(t) weakly in Hy(Q) ae. t €[0,T]. (4.2.85)

It follows that

lu(®)], o < liminf [ (5)], and o)), o < lminf[[o"(B)],q.  (4.2:86)

for a.e. t € [0,T]. Since the initial data {u?,v?} € W? and E(0) < G(sog — 6), then
Proposition [4.2.4] shows the corresponding global solutions {u"(t),v"(t)} € WY for
all t > 0. Then, by the definition of W? one knows ||(u™(t), v™( N < so— 96, and
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J(u™(t),v"(t)) < G(so—0) for all £ > 0. Thus, implies ||(u(t), v(t))||x < so—9
a.e. on [0,T]. In order to show J(u(t),v(t)) < G(sy — 0) a.e. on [0,T], we note that
G(so —0) = J(u"(t),v"(t))
1 n n n n n
= 5@+ 10Ol ) ~ [ Pro),e@)ds = [ How o). (@257

Since the imbedding H'(2) — H'™¢(Q) is compact and p < 5, k < 3, we obtain from

[@2.89) that
u"(t) — u(t), v"(t) — v(t) strongly in LP**(Q), a.e. on [0,T]
yu"(t) — yu(t) strongly in L*™(T), a.e. on [0,T]. (4.2.88)

By (1.3.7)), (4.2.88)) and the Generalized Dominated Convergence Theorem, one has,
on a subsequence

lim [ F(un(t), v (1))de = / Fu(t), o(t))dz, a.c. on [0,T],

7}13)10 H(yu"(t))dl' = /H(vu(t))df, a.e. on [0,7]. (4.2.89)

Applying (4.2.86)) and (4.2.89)), we can take the limit inferior on both side of the
inequality (4.2.87)) to obtain

G(so—0) > J(u(t),v(t)), a.e. on [0,T].

Hence (u(t),v(t)) € W? € Wy a.e. on [0,T]. Therefore, by the definition of W and
(4.2.84)), necessarily we have (u(t),v(t)) = (0,0) a.e. on [0,T]. Therefore, (4.2.73)

implies

u"— 0 and o" — 0 strongly in L°(2 x (0,7)), for any s < 6. (4.2.90)

Step 2: Re-normalize the sequence {u™,v"}. We define

T 3
N, - ( / (| + ||v”||§>dt)

By (4.2.90)), one has v" — 0 and v" — 0 in L*(Q x (0,7)), and so, N,, — 0 as
n — oo. If we set

n n

U 4 wn v
= — and 2" :=—
Y N, N’
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then clearly

T
ny2 ny2
|+ g = 1. (1201)
By the contradiction hypothesis (4.2.60)), namely

o 2D(1))

n—00 NTQL

— 0, (4.2.92)

and along with (4.2.34)-(4.2.35]), we obtain

T onn2 2
Jo (g llz + llorlly)dt

5 N2 )
which is equivalent to
T 2 2
tim [ (I + 1713 =0 (1.2.03)
We next show
91](\;“‘” — 0 strongly in L™ (2 x (0,7)). (4.2.94)

Recall the definition of the sets A, and B, in (4.2.65)). Since N, — 0 as n — oo,
we can let n be sufficiently large such that N,, < 1, then by using (4.2.9), (4.2.63)),
Holder’s and Jensen’s inequalities, we deduce

+1 +1 m+1
m

dxdt
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where we have used T > Ty > £ and (4.2.92). Thus our desired result (4.2.94

12
follows.
Likewise, we can prove
% — 0 strongly in L%I(F x (0,7)). (4.2.95)

Let E, be the total energy corresponding to the solution (u",v™). So (|1.3.17))

shows E,(t) > 0 for all t > 0. Also by (4.2.22) and (4.2.91)-(4.2.92)), we obtain
En(T) En(T)

T < C', which implies {=%==} is uniformly bounded. The energy identity

4.2.20) shows E,(T) +D,(T) = E,(0), and thus E]’\‘,—(QO)} is also uniformly bounded.

Moreover, since E!(t) < 0 for all ¢ > 0, one has {E]\;(Qt)} is uniformly bounded on

n

[0, 77, and along with the energy inequality (1.3.17)), we conclude that the sequence
{o“’n(t)

1 n 2 n 2 n 2 n 2
vz = U o + 127150 + w1z + 1= ||2)}

lim,, o0

is uniformly bounded on [0,7]. Therefore, {y", 2™, y;', 2"} is a bounded sequence in
L>=(0,T; HY(Q) x HY(Q) x L*(Q2) x L*(2)). Therefore, on a subsequence,

y" — y weakly* in L>(0,T; H'(Q)),
2" — z weakly” in L°(0,T; Hy(€2)). (4.2.96)

As in (4.2.72)-(4.2.75), we may deduce that, on subsequences

y" — y and 2" — z strongly in L°(Q2 x (0,7)), (4.2.97)

for any s < 6, and

vy" — yy strongly in L*°(I" x (0,7)), (4.2.98)
for any sg < 4. Note (4.2.91)) and (4.2.97)) show that
T T
B [+ = [l el =1 (4299)
0 0

However, by Holder’s inequality,

T T % T 5
/ / | P dadt < ( / / |y”]5dxdt) < / / |u"|4(”_1)d:z:dt>
0 Q 0 Q 0 Q

— HyHLS(Qx(QT)) -0=0 (4.2.100)

4
5
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where we have used (4.2.97)), (4.2.90) and the fact 2(p — 1) < 5.
Similarly,

T T
lim/ /\Z"Hv”|p1d:vdt:0 and lim/ /]fyy"nyu"|k1dth:O. (4.2.101)
0 JQ e Jo o Jr

n—oo

Since | f;(u™, v™)] < C(Ju™P + [v™P), j = 1,2, it follows that,

¢

Iy
for any t € (0,T), ¢ € C( x (0,)), and where we have used (4.2.100)-(4.2.101)).
Likewise,

fj(un7 Un)

t
o| dwdr < c/ /(]y””unlp_l |0 PV dadr — 0, (4.2.102)
0 Q

7“ ‘dFdT < C/ /]’yy ||y F=LdTdr — 0. (4.2.103)

Dividing both sides of (4.2.79) by N, yields

/t[ (' Pe)a + (v 1er+/ /gl(i bdadr +// (yuz) 90U sardr
[ [ [0

where ¢ € C(Qx (0,t)) N C([0,¢]; H'(Q)) such that ¢(t) = #(0) = 0 and ¢, €
L*(Q x (0,1)).

By using (1.2.93), (4.2.94)-(#.2.95), (£.2.96), and (£.2.102)-(#.2.103), we can pass
to the limit in (4.2.104) to find

(4.2.104)

t
/ (4", &)1 adr = 0, for all £ € (0,T). (4.2.105)
0

Now, fix an arbitrary ¢ € H'(Q) N C(Q) and substitute ¢(z,7) = 7(t — 7)¢(z) into
(4.2.105)). Differentiating the result twice yields

(y(t), d)r.a =0, for all t e (0,T), (4.2.106)
which implies y(t) = 0 in H'(Q) for all ¢ € (0,7). Similarly, we can show z(t) = 0 in

H}(Q) for all t € (0,T). However, this contradicts the fact (4.2.99). Hence, the proof
of Proposition is complete. O
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Remark 4.2.6. We can iterate the estimate (4.2.59) on time intervals [mT', (m + 1)T7,
m =20,1,2, ..., and obtain

(m+1)T
/ (lu(®) 12 + o)D)t < Cr®(D(T)), m =0,1,2, .. (4.2.107)

mT

It is important to note, by the contradiction hypothesis made in the proof of Propo-

sition [4.2.5, the constant Cr in (4.2.107) does not depend on m.

4.2.4 Proof of Theorem [1.3.19

We are now ready to prove Theorem [1.3.19; the uniform decay rates of energy.

Proof. Combining Propositions 14.2.2| and |4.2.5| yields E(T) < C(1+Cp)®(D(T)) for
all T > Ty. If we set &y = C(1 + Cr)®, where Cr is as given in (4.2.59), then the

energy identity (4.2.20f) shows that
E(T) < &r(D(T)) = @2(E£(0) — E(T)),

which implies
E(T) + @7 (E(T)) < E(0).
By iterating the estimate on intervals [mT, (m + 1)T], m = 0,1,2, ..., we have
E((m+1)T) + &' (E((m+ 1)T)) < E(mT), m=0,1,2,...
Therefore, by Lemma 3.3 in [30], one has
E(mT) < S(m) for all m=0,1,2, .. (4.2.108)

where S is the solution the ODE:

S+ [ —(I+®:)7'(S) =0, S(0)=E(0), (4.2.109)
where I denotes the identity mapping. However, we note that

IT—(T+®) " =T+ ) o (I+07") " = (T+ ;)" =&z o (T+ 07"
=0 o (Prodt + ) =0 odro (I +0p) = (1 + &)
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It follows that the ODE (4.2.109)) can be reduced to:
S+ (I+d7)'(S)=0, S(0)=E(0), (4.2.110)

where has a unique solutions defined on [0,00). Since ®r is increasing
passing through the origin, we have (I + ®7)~! is also increasing and vanishing at
zero. So if we write in the form S’ = —(I + ®7)7!(S), then it follows that
S(t) is decreasing and S(t) — 0 as t — oc.

For any t > T, there exists m € N such that t = mT + 0 with 0 < § < T, and

som=%—2%>1L1_1 By (£2.108) and the fact E(t) and S(t) are decreasing, we
obtain

E(t)=EmT+6) < E(mT)<S(m)<S (% - 1) , forany ¢t > 7. (4.2.111)

If g1, g, g are linearly bounded near the origin, then shows that 1, @a,
¢ are linear, and it follows that @ is linear, which implies (I + ®7)~! is also linear.
Therefore, the ODE (4.2.110) is of the form S + wyS = 0, S(0) = E(0) (for some
positive constant wg), whose solution is given by: S(t) = E(0)e *°*. Thus, from
(4.2.111)) we know

B(t) < BO)e (7)) = (e B(0))e 7

for t > T. Consequently, if we set w := %2 and choose C sufficiently large, then we

T
conclude
E(t) < CE(0)e ™, t >0,

which provides the exponential decay estimate .

If at least one of g1, go and g are not linearly bounded near the origin, then we can
show the decay of E(t) is algebraic. Indeed, by we may choose ¢1(s) = Cys™,
pa(s) = Ca8™, p(s) = C3s*, where 0 < 21, 29,2 < 1 are given in . Also recall
that j := max{%, L 1} > 1, as defined in . Now, we study the function

217 297 2

(I +®7)~'. Notice, if y = (I + ®7)7*(s) for s > 0, then y > 0. In addition,

s=(I+®r)y=y+CL+Cr)(i(y) + 2(y) + () +y)
< Clo1(y) + oay) + (y) +y) < Cy™ntzez22 - forall 0 <y < 1.

It follows that there exists Cy > 0 such that y > Cyps? for all 0 <y < 1, i.e.,

(I +®7)*(s) > Cys’ provided 0 < (I + &7) '(s) < 1. (4.2.112)
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Recall we have pointed out that S(t) is decreasing to zero as t — oo, so (I +
Or)~1(S(t)) is also decreasing to zero as t — co. Hence, there exists ty > 0 such that

(I +®7)71(S(t)) <1, whenever ¢ > ty. Therefore, implies
S'(t) = —(I + 1) H(S(t)) < —CoS(t) if t > ty.
So, S(t) < S(t) for all ¢ > t, where S is the solution of the ODE
S'(t) = —CoS(t), S(to) = S(to). (4.2.113)
Since the solution of is
S(t) = [Co(j — 1)(t —to) + S(te) 9] 77 for all ¢ > to,
and along with , it follows that

E(t) < s(%—1) gé’(%—1) = {C’O(j—l) (%_1_%) —l—S(tO)lj]_j_l

for all t > T'(ty + 1). Since S(to) depends on the initial energy E(0), there exists a
positive constant C'(E(0)) depending on E(0) such that

E(t) < C(BE(0))(1+¢t) 77, forall t>0,
where j > 1. Thus, the proof of Theorem [1.3.19|is complete. O]

4.3 Blow-up of Potential Well Solutions

This section is devoted to prove the blow up result: Theorem [1.3.20, We begin by
showing W, is invariant under the dynamics of (1.1.1)). More precisely, we have the
following lemma.

Lemma 4.3.1. In addition to Assumptions |1.1.1] and |1.5.15, further assume that
(ug,v9) € Wa and E(0) < d. If1 <p <5 and 1 < k < 3, then the weak solution
(u(t),v(t)) € Wa for allt € [0,T), and

p+1 k+1

T 4.3.1
p—l’k—l}d’ forall t €[0,T), (4.3.1)

2 2 .
Ol g + o0l g > 2min {

where [0,T') is the mazimal interval of existence.
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Proof. Since E(0) < d, we have shown in the proof of Theorem|[1.3.1§|that (u(t), v(t)) €
W for all t € [0,T). To show that (u(t),v(t)) € W for all t € [0,T'), we proceed by
contradiction. Assume there exists t; € (0,7) such that (u(t1),v(t1)) € Wha, then it
must be (u(ty),v(t;)) € Wy. Recall that the weak solution (u,v) € C([0,T); H' () x
H;(Q)), and in the proof of Theorem we have shown the continuity of the
function

tis (p—l—l)/QF(u(t),v(t))dtJr(k:+1)/FH(7u(t))dF.

Since (u(0),v(0)) € Wh and (u(t1),v(t1)) € Wi, it follows that there exists s € (0, t4]
such that

()2 g + 0(8)]2 = (0 + 1) / Fu(s), o(s))dz + (k + 1) / H(yu(s))dT. (43.2)

Now we define ¢* as the infinimum of all s € (0,#] satisfying (£.3.2). By continuity,
one has t* € (0,¢] satisfying (4.3.2), and (u(t),v(t)) € W; for all ¢ € [0,¢*). Thus,
we have two cases to consider.

Case 1: (u(t*),v(t*)) # (0,0). Since ¢* satisfies (4.3.2), it follows (u(t*),v(t*)) €
N, and by Lemma 2.1.1], we know J(u(t*),v(t*)) > d. Thus E(t*) > d, contradicting
E(t) < E(0) < d for all t € [0, 7).

Case 2: (u(t*),v(t*)) = (0,0). Since (u(t),v(t)) € Wy for all ¢ € [0,t*), by utiliz-
ing a similar argument as in the proof of Theorem . we obtain ||(u(t),v(t))||x >
sy, for all t € [0,t*), where s; > 0. By the contlnulty of the weak solution (u(t),v(t)),
we obtain that || (u(t*), v(t*))||x > s1 > 0, contradicting the assumption (u(t*),v(t*)) =
(0,0). Tt follows that (u(t),v(t)) € Wy for all t € [0,T).

It remains to show inequality . Let (u,v) € W, be fixed. By recalling
in Lemma which states that the only critical point in (0,00) for the function
A= J(A(u,v)) is Ag > 0, where ) satisfies the equation

(lalli o + [0l ) = 0+ D [ Pluo)ds+ (b + 03 [ Hwdr. (433

Since (u,v) € Wh, then Ay < 1. In addition, we recall the function A — J(A(u,v))
attains its absolute maximum over the positive axis at its critical point A = Ag. Thus,
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by Lemma and (4.3.3)), it follows that
d < sup J(A(u,v)) = J(Ao(u,v))
A>0

1
= (lulia -+ ol ) =7 | Plaods =2 [ HGur
<2 | Sl g+ ol2 ) —mind —— Lz, + 1ol2,)
= 0 2 1,92 1,9 p+17k+1 1,Q 1,0

p—1 k-1
} (al o+ o1 ).

1
= —\jmaxq ——, ——
p+1 k+1

2

Since A\g < 1, one has

2 2 2d . [p+1 k+1 . [p+1 E+1
o+ ol > g min § 250 S > 2min § 20 2

completing the proof of Lemma [4.3.1] O
Now, we prove Theorem [1.3.20; the blow up of potential well solutions.

Proof. In order to show the maximal existence time 7T is finite, we argue by con-
tradiction. Assume the weak solution (u(t),v(t)) can be extended to [0,00), then
Lemma says (u(t),v(t)) € Wy for all t € [0,00). Moreover, by the assumption
0 < E(0) < pd, the energy E(t) remains nonnegative:

0 < E(t) < E(0) < pd for all t € [0, 00). (4.3.4)

To see this, assume that E(ty) < 0 for some ¢y € (0,00). Then, Theorems|1.3.12[ and
[[.3.13] assert that
lu@ll 0 + lv@)]ly,q = oo,

as t — T, for some 0 < T < oo, i.e., the weak solution (u(t),v(¢)) must blow up in
finite time, which contradicts our assumption.
Now, define

N(t) = [lu@®)l; + lv@®)]]3
S(t) == /Q F(u(t), v(t))dz + /F H(yu(t))dl > 0.

Since uy, v; € C ([0, 00); L()), it follows that

N'(t) =2 /Q [u(t)u(t) + v(t)vy(t)]da. (4.3.5)
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Recall in the proof of Proposition [4.2.2] we have verified u and v enjoy, respectively,
the regularity restrictions imposed on the test function ¢ and v, as stated in Definition

1.3.1} Consequently, we can replace ¢ by w in ((1.3.1)) and ¢ by v in , and sum

the two equations to obtain:

1 t
3V = [ oot [ [ Gl +Padr = [ ol + 1ol gl
0

/ / g1(ug)u + go(vy)v)dxdr —/ / g(yup)yudl'dr
+(p+ 1)/ /F(u,v)dmdr + (k+ 1)/ /H(’yu)dFdT, a.e. [0,00), (4.3.6)
0 Jo 0 Jr
where we have used (|1.3.6]). Since p < 5 and k < 3, then by Assumption one can

check that the RHS of (4.3.6)) is absolutely continuous, and thus we can differentiate
both sides of (4.3.6)) to obtain

N0 = (el + Tee)2) — (T a + o g )
- [ @rtw)u+ glwerds — [ gtruoyuar
—l—(p—i—l)/F(uv)da:—l— (k+1 /nyudl1 a.e. [0,00). (4.3.7)

The assumption |g1(s)| < by|s|™ for all s € R implies

| atuttyutyas

<b1/ |y ()™ | (t)|dx

< Cul®) gy ()l
< Cllul®)llpyy lu® g (4.3.8)

where we have used Holder’s inequality and the assumption p > m. In addition, the
assumption F(u,v) > ag(|ulP™ + |v[PT!) for some ag > 0 yields

w55 + o)l < —/ ))dx < a—OS( ). (4.3.9)
It follows from (4.3.8)-(4.3.9)) that

/Q g1 (w(O)u(t)dz| < OSOF ([, < eSOFT + Cllu®t, (43.10)

m+1
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where we have used Young’s inequality.
Since p > r, we may similarly deduce

/Qgg(vt(t))v(t)d:v < eS(t)r + C, o8- F (4.3.11)

r+1-°

In order to estimate | [, g(yu(t))yu(t)dI'|, depending on different assumptions on
parameters, there are two cases to consider: either £ > q or p > 2q — 1.

Case 1: k > q. In this case, the estimate is straightforward. Asin (4.3.8), we have

/F g (yue(t))yu(t)dz

Since H(s) is homogeneous of order k 4+ 1 and H(s) > 0 for all s € R, then H(s) >
min{H (1), H(—1)}|s|*™, where H(1), H(—1) > 0. Thus,

/ Iyu(t)|*dl < C / H(yu(t))dl < CS(t). (4.3.13)
r r
It follows from (4.3.12)-(4.3.13)), Young’s inequality, and the assumption k > g that

/F gy () yu(t)dz

Case 2: p > 2q — 1. We shall employ a useful inequality which was shown in the
proof of Theorem [1.3.13| namely,

< Clyult)ranyue(t)l g (4.3.12)

< CS()FT ()], < €S+ Clym@IL].  (4.3.14)

27[31 <p+11)6
s <€ (I + ). (4.3.15)
where Zf’pilq) <pf <l
In addition, since (u(t),v(t)) € Ws for all t > 0, one has
||u(t)\|fQ + Hv(t)||fQ <max{p+ 1,k + 1}5(t), for all ¢ > 0. (4.3.16)

Now we apply (4.3.15)) and the assumption |g(s)| < bs|s|? to obtain

| [ atu@na(odr| < b [ pu@luordr < bl .

2 (p+1)B

<c (nuuf}; Tl ) (b)),

_B_
< CS()T [yug(t) gy < eSO + Celyu(lghy. (4:3.17)
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where we have used (4.3.16), (4.3.9) and Young’s inequality.
Combining (A.3.7), (&.3.10)-(&.3.11), ([@-3.14) and ([I.3.17) yields
1

m—+1 r
S V() + Ce (e lImiy + ey + Iy (®)]E5)

> (el + o l3) = (Nl g + IO
¢ <S(t)7§T+1l +S()F + S(t)jo)

+(p+1) /Q F(u,v)dr + (k+1) /F H(yu)dl', a.e. t €[0,00), (4.3.18)

where

P Lo if k> g,
8, if p>2g—1.

Since [ < 1, it follows jp < 1.
Rearranging the terms in the definition (1.3.5)) of the total energy FE(t) gives

= (I 0+ IOl 0) = (a3 + OIZ) =2 | Platt),v(o)do

—2 / H(yu(t))dl — 2E(t). (4.3.19)

It follows from (4.3.18)-(4.3.19) that

1 m T
SV + Ce (lu®Ili + o1 + @)

> (p— 1)/9F(u(t),v(t))dx+ (h — 1)/FH(7u(t))dF
_9B(t) — ¢ (S(t)%l S+ S(t)ﬂ'O) . ace. t€0,00). (4.3.20)

Since (u(t),v(t)) € Wy for all t € [0, 00), then by Lemma 4.3.1] we deduce

v-1) / Fu(t), v(t))dz + (k — 1) / H (yu(t))dT

>2mm{p;l,ﬂ}-mm{]il E}d:de, (4.3.21)
p
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for all t € [0, 00), where p < 1 is defined in ([1.3.25)).
Note (4.3.4) implies there exists 6 > 0 such that

0< E(t) <E0)<(1-0)pd for all t e [0,00). (4.3.22)

Combining (4.3.20))-(4.3.22)) yields

QN" Ce ([l @) llm s + Ml 1753 + we®)]i5)

> 5[(p 1) [ Flut), o)) da + (k —1) /F H(w(t))dr} +2(1 = )pd
_2E(t) — ¢ (S(t)?%f +S(t)rT + S(t)j())

> 3[(0=1) [ Pl oo+ (6 =1) [ Hu(o)ar]

£y +S(t)f0), ae. t € [0,00). (4.3.23)

@\

Now, we consider two cases: S(t) > 1 and S(t) <1

If S(t) > 1, then since p > max{m,r} and jo < 1, one has S(t)rz%l1 + S(t)%i +
S(t)o < 35(t). In this case, we choose 0 < € < ¢dmin{p—1,k—1}, and thus,
and the definition of S(¢) imply

(t) + Ce ([lue(t) ﬁiH||vt(t)lliﬁ+th(t)lgi})
/Q )dz + (k —1/H’yu )dr]—3eS()
[(p )/ F(u(t), v(t))de + (k — 1) /H yu()dr| > opd,  (4.3.24)

for a.e. t € [0,00), where the inequality (4.3.21]) has been used.
If S(t) <1, then S(t);%rl + S(t)%l + S(t)’0 < 3. In this case, we choose 0 < € <
%5,0d. Thus, it follows from (4.3.23)) and (4.3.21)) that

1

SN0+ Ce (a3 + oI+ hu®)])

> 5[(p —1) /Q F(u(t), v(t))dz + (k — 1)/FH(7u(t))dr} 3¢
> 20pd — 3e > dpd, a.e. t € [0,00). (4.3.25)
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Therefore, if we choose € < %(5 min{p — 1,k — 1,2pd}, then it follows from (4.3.24)-
[@3.25) that

N"(8) +2C (Jue() Iy + oI + vue(®)fh) > 26pd, ace. t € [0,00).
(4.3.26)

Integrating (4.3.26)) yields
t
N'(t) = N'(0) + 2Ce/0 (lee(m) iy + e ()7 + Pyue(r)l5i7)dr = (20pd)t,
(4.3.27)
for all t € [0, 00).
By the restrictions on damping in ((1.3.24]), one has

t
[ U + )2+ bl o

<C (/ / g1 (ug)uy + go2(vy)vy)dwdr —I—/ / g(yuy vutdFdr)

E(t)) < Cpd < Cd, for all t € [0,00), (4.3.28)
where we have used the energy identity (4.1.1] m and the energy estimate (4.3.4)).

A combination of (4.3.27)) and (4.3.28) yields

N'(t) > (26pd)t + N'(0) — C(e)d, for all t € [0, 00). (4.3.29)
Integrating yields
N(t) > (0pd)t* + [N'(0) — C(e)d]t + N(0), for all ¢ € [0, 00). (4.3.30)

It is important to note here (4.3.30) asserts N(t) has a quadratic growth rate as
t — o0.
On the other hand, we can estimate N(t) directly as follows. Note,

t
ww@a/m+/mmm
Q 0
t
<2 ||u0H§ + 2t (/ / |ut(7)|2dxd7'>
0 Q
o 2
< 2 luo|? + Ct' T (/ /|ut(7)]m+1da:dr)
0 Q

< 2 ||uoll3 + Cdmeitmit, forall t € [0, 00)

2

dx
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where we have used . Likewise,
[o(®)]|2 < 2]|vo||? + Cdrt7T, for all ¢ € [0, 00).
It follows that
N () < 2(JJuo|l? + lvoll?) + C(dmiitmit + driit=i1), for all ¢ € [0,00). (4.3.31)

Since ;2 < 2 and ;25 < 2, then (4.3.31) contradicts the quadratic growth of N (t), as
t — oo. Therefore, we conclude that weak solution (u(t), v(t)) cannot be extended to
[0,00), and thus it must be the case that there exists to € (0, 00) such that E(tg) < 0.
Hence, the proof of Theorem is complete. O



Chapter 5

Convex Integrals on Sobolev
Spaces

5.1 Approximation Results

In order to prove Theorems [1.3.22] and [1.3.23] we shall need several approximation
lemmas. Throughout, Cy(£2) denotes the space of continuous functions with compact
support in 2.

Lemma 5.1.1. If u € D(J), then there exists a sequence v, € H*(Q) such that
0 = w in HY(Q), jo(vn) = jo(w) in L'(2) and js(yvn) — ji(yu) in L}(T).

Proof. We consider the functional ¢ : L*(€2) — [0, +o0] defined by

o(v) :/Q(%|Vv|2—|—j0(v)) dx+/rj1(7v)d1“, (5.1.1)

if v e HY(Q), jo(v) € L'(Q), ji(yv) € L}T); otherwise ¢(v) = 4o00. Clearly, the
functional ¢ is convex and lower semicontinuous. By Corollary 13 in [I5, p 115] it
follows that, dp : L*(2) — L*(Q) is given by

dp(v) ={w € L*(Q) : w + Av € 9jy(v) a.e. in Q}

with its domain

D(0p) = {v e H*(Q) : —% € 0j1(v) a.e. on T'}.

137
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Next, fix u € D(J) C H'(Q) and put:

-1
Uy = <I + %&p) u. (5.1.2)

Since ¢ is maximal monotone then (I + +dyp) : D(dp) C L*(2) — L*(Q) is one-to-
one, onto, and v, — u in L*(2). Also notice that, v, € D(9¢) C H?*(Q).
Let us first show that,

lim (v,) = (u). (5.1.3)

n—oo

To see this, note that (5.1.2) implies t0¢(v,) = u — v,. So, by the definition of
subdifferential, we have

100000 ey = (2(en), 0000 ) = @)= ) < o) = (0.

Consequently ¢(v,) < ¢(u). Since ¢ is lower semicontinuous and v,, — u in L*(Q),

we have liminf,, ., ©(v,) > ¢(u), and so ([5.1.3) holds.
Our next step is to show that

v, — u strongly in H'(€2). (5.1.4)
Indeed,

1 1 1
—/ |V(vn—u)|2dx:—/ |an|2dx+—/ |Vu|2dx—/an~Vuda:
2 Jo 2 Ja 2 Ja Q

= (o) = ) = [ oton)dz = [ ilyun)ar
+ /Qjo(u)dx + /Fjl(’yu)dF — /Q V(v, —u)-Vudz. (5.1.5)

The fact that u € D(J) (whence ¢(u) < 400), the definition of ¢ (5.1.1), and the
convergence result 1} imply that {||Vu,|| LQ(Q)} is bounded. Also, since v,, is

bounded in L?(Q2), we infer that {v,} is bounded in H'() and so, on a subsequence
labeled by {v,}, we have

v, — u weakly in H'(Q). (5.1.6)

Now, since the embedding H'(Q) — H'™¢() is compact for 0 < ¢ < 1, then on a
subsequence, v, — u strongly in H'=¢(Q) (for sufficiently small € > 0) and therefore
yv, — yu in L*(T).
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By extracting a subsequence, still labeled by {v,}, one has v, — u a.e. in Q and
YU, — yu a.e. on I'. Then, Fatou’s lemma gives us

lim inf (/ jo(vn)dx+/j1('yvn)df‘) > /jo(u)dx+/j1(7u)d1". (5.1.7)
oo Q r Q r
Combining (5.1.7)), (5.1.3) and (5.1.6)), then from ([5.1.5)) we obtain

liminf/ |V (v, — u)|*dx <0.
Q

n—oo

Therefore, on a subsequence one has

lim / |V (v, —u)|*dx = 0. (5.1.8)
Q

n—o0

Since v, — u in L*(Q), then (5.1.4) follows. Moreover, by using (5.1.3)), (5.1.6) and
L), then (B.15) yiclds

nlgg(} (/Qjo(vn)d:v—l—/rjl(vvn)dl“) :/Qjo(u)da:jt/rjl('yu)dl“. (5.1.9)

However, by Fatou’s lemma,

n—oo n—oo

liminf/jo(vn)de/jo(u)d:v and liminf/jl(vvn)dFZ/jl(vu)dF. (5.1.10)
Q Q r r
Hence, it follows from (5.1.9)-(5.1.10)) (by extracting a further subsequence) that

i [ ju(on)ds = [ o(uw)de and tw [ iGendr = [ giur,
Q Q N N

n—oo n—oo
which completes the proof of Lemma [5.1.1 n

Lemma 5.1.2. Let K C R? be a convex closed set containing the origin. Then

2

{(u,v) € [Co(Q)NWH2(Q)]" : (u(z),v(z)) € K, forallz e Q}

1s dense in

{(u,v) € LY(Q) x L*(Q) : (u(x),v(z)) € K, a.e. v € Q}.
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Proof. Let u, v € L'(Q) such that (u(z),v(z)) € K for a.e. x € Q. Since C3(Q) is
dense in L'(Q), there exist @, 0 € C§(€) such that

Let P : R? - K C R? be the projection onto the convex closed set K. Put
(u(x),v(x)) = P(u(x),v(x)) for all x € Q. Since P is a (non-strict) contraction on
R2, then for any x,, x5 € €2, we have

(1), 0(21)) = (A(22), 0(x2))] < [(a(21), 0(21)) — (A(22), 0(22))]
|

where in the last inequality we used the fact @, v € C}(Q2). Therefore,
|i(z1) — w(z2)| < Clzy — 22| and |0(xy) — 0(z2)| < Cloy — xo| for any xq,z9 € Q.

That is, @ and v are both Lipschitz continuous on 2, which is equivalent to 1,
v € WhH>*(Q). Moreover, since K contains the origin, one has P(0,0) = (0,0),
and therefore 4 and v both have compact supports in 2. Also note,

|(u(),v(z)) = ((z), 0(2))| < |(u(z),v(x)) — (W(z),0(2))| ae x €L,
and so, ([5.1.11)) yields
lu =@l 1 q) < 2€ and [Jv — [ 11q) < 2e,
which completes the proof. O

Proposition 5.1.3. Let j : R — [0,00) be a convezr function with j(0) = 0. If
u e LYQ), then

/j*(u)d;z: ~ up {/(uv — j(v))dz s v € Cy(Q) N WLOO(Q)} |
0 Q
Proof. Since u € L*(Q2) and j** = j on R, then by identity (1) in [14] we obtain

/Qj*(u)dx ~ up {/ﬂ(uv i) v € L"O(Q)} | (5.1.12)

So, if we put

0 = sup {/Q('zw —j())dz v e Cy(Q) N Wl’OO(Q)} ;
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then 6 < [, j*(u)dz.
Let € > 0 be given. Then, from (5.1.12)) there exists vy € L*(£2), such that

/Q(uvo ~ i(vo))dz > /j*(u)dx— ‘ (5.1.13)

Q

Now, put

hr) = 3(r) i [r] < flvol| poo o) (5.1.14)
+oo if |r[ > [Jvoll o () o

and consider the set K = {(r,p) € R? : p > h(r)}. Note, K is the epigraph of
h, and since h is convex, lower semicontinuous and h(0) = 0, then K is convex,
closed and contains the origin. Since (vg(x),h(vg(x))) € K for all z € Q, we may
apply Lemma to (vo, h(vg)) € LY () x L1(Q) to obtain sequences {v, }, {a,} C
Co(Q) N We°(Q) such that,

Up = V0, Qn — h(vg) in LY(Q), (5.1.15)

and a,, > h(v,) in 2. It follows that, [|vnl o) < lvollpe(q)- In addition,
a, — j(vg) in LY(Q) and a,, > j(vy,) in Q.

After extracting a subsequence, we have v, — vy. a.e. ) and, since j is contin-
uous, one obtains j(v,) — j(vg), a.e. Q. By the Generalized Lebesgue Dominated
Convergence Theorem, we infer j(v,) = j(vo) in L'(Q). Since [, (uv, —j(v,))dax < 6,
we can pass to the limit by the Lebesgue Dominated Convergence Theorem to obtain

Jo(uvg — j(vg))dx < 6. Tt follows from (5.1.13)) that [, j*(u)dz —e < 6 < [, j*(u)dx,
and therefore, [, j*(u)dz = 0. O

Similar to Proposition [5.1.3| we can deduce the following result.

Proposition 5.1.4. Let j : R — [0,00) be a convezr function with j(0) = 0. If
u e LY(T), then

/Fj*(u)dl“ — sup {/F(uv —j(w))dl v e WLOO(P)} .

5.2 Proof of Theorem 1.3.22

We carry out the proof in three steps.
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Step 1: Since jy and j; are continuous on R, then if p > 0 is given, then there
exists > 0 such that jo(s),j1(s) < 7, whenever |s| < p. Thus, if v € C*(Q) with
[v]lc@) < p, then jo(v(z)) < nforallz € Qand ji(v(z)) < nforallz € I'. Therefore,
by Fenchel’s inequality

(T,0) < J*(T) + J(v) = J*(T) + / jo(v)da + / ja(yo)dr
< JYT) +n(|] + |T']) < oo, (5.2.1)

for all v € C*(Q2) with [vllc@) < p. By Hahn-Banach theorem, we can extend T' to be

a bounded linear functional on C(Q), and since C*(Q) is dense in C(€2), the extension

is unique, which we still denote it by T". That is, T' € (C(£2))’, and so, T'is a signed
Radon measure on 2. Then we have the following Radon-Nikodym decomposition of
T:

T =T,dQ+ To,, (5.2.2)
where T, € L'(Q) and T is singular with respect to df2, the Lebesgue measure on
Q.

Now, let dI' denote the Lebesgue measure on (I', Lr) where Lr is the class of
Lebesgue measurable subset of I'.. We extend dI' to the interior of 2 by defining the
measure dI' on (2, Lg) via

dl'(A) = dT'(ANT),
for A € Lg. Notice, dI is a well-defined measure since one can show that ANT" € Lr
for all A € L. Subsequently, we decompose Tg, ; with respect to dI':

Tos = Trqdl + Ty, (5.2.3)

where Tt € Ll(df) and T, is singular with respect to both dT’ and d. It follows

from (p.2.2)-(5.2.3) that,
T = T,dQ + Tp odl’ + T. (5.2.4)

Clearly, Ty, € LY(T'). Thus, for all v € C(Q), we have

(T,v) = / T,vdx + / Tp,a?}df‘ + (Ts,v)
Q 9

:/Tavdx+/Tp7a7UdF+<Ts,v). (5.2.5)
Q r
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Step 2: Let v € H?(Q), then Fenchel’s inequality yields:

{Ta(x)v(x) — jolv(@)) < ji(Tu(z)) ae. z € Q,

Tr o (2)y0(2) — j1(yv(2)) < i (Tra(z)) ae. x €T. (5.2.6)

Integrate the two inequalities in ([5.2.6]) over 2 and I, respectively, and add the results
to obtain:

(T, v) — / Jo(v)dx — /jl('yv)df‘ < /jg(Ta)d:U + /jf(Tp,a)dF + (Ts,v), (5.2.7)
0 r Q r
where we have used (/5.2.5)).

Now, notice Lemma [5.1.1| implies
JHT) = sup{(T,v) — J(v) 1 v € D(J)}
= sup {(T, v) — /Qjo('u)d:c - /Fjl(fyv)df v € H2(Q)}. (5.2.8)
Therefore, if we set
A= [T+ [ 5T,
B = sup{(T,,v) : v € H*(Q)},

then (5.2.7) and (5.2.8) yield J*(T) < A + B.

Step 3: Since T, € L*(Q2), then by Proposition there exists a sequence v} €
Co(Q2) N Wheo(Q) such that

/(Tav? — jJo(v}))dx 1 / Jo(To)dz, as n — oo. (5.2.9)
Q Q

Also, since Tr, € LY(T'), then by Proposition there exists a sequence vy €
Whoo(T) such that

/ (Tr o — 1 (o2))dT 1 / J1(Tpa)dT, as n — oc. (5.2.10)
T T

Since each v} has compact support, let K, := supp v" C Q. Put «,, = ||v}]| o)
and 3, = sup{jo(s) : |s| < a,}. Since T, € L'(Q), then for each n, there exists a
open set F, with smooth boundary such that, K,, C E,, C E, C  and

1
/ (an|Tal + Bn) dz < —. (5.2.11)
O\En, n
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Now, for each n, we can construct a function vy € C(2) N H(Q2) as follows:

vfon I,
o 0 on E,\K,,
57) & in Q\E,,
vy on I

where " € C2(Q\E,) N C(Q\E,) N HY(Q\E,) is the unique solution of the Dirichlét
problem:

A" =0 in Q\E,,
=0 on 0F,,
= e Wh(T') onT.

Notice the regularity of £" follows from Theorem 6.1 (p.55) and Corollary 7.1 (p.361)
in [19]. By the maximal principle, we know |£"(z)| < oy, = ||vg | o) for all z € Q\E,,.
Therefore,

[Ty~ topde ~ [ (Tt = go(er)is
Q Q
1
< / (| To| + Bo) d < *. (5.2.12)
O\E, n
By combining (5.2.9)-(5.2.12)) together with the fact yv} = v, we have
[ @ = s+ [ Trareg — iiGegar
Q r
T/jS(Ta)dx_F/jik(TF’a)dF = A as n — o0. (5.2.13)
Q r

Let us also remark here that while each v§ belongs to H*((2), the result in (5.2.13
does not require the H' norm to be bounded in n, so the blow up of &, in H*(Q) as
n — oo is irrelevant.

Recall B = sup{(T,v) : v € H*(2)}, so there exists a sequence v} € H?(Q) such
that

(Ts,vy) T B as n — oo (5.2.14)

Since the measure T is singular with respect to both dQ) and dI, there exists a
measurable set S C Q such that Q\S is null for T and S is null for both d and dI'.
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So for any § > 0, there exists U relatively open in Q such that S C U with

/dx <6 and /df :/ dl’ < 6. (5.2.15)
U U rnU

We may extend U to U, such that U, is open and bounded in R, U C U,,; and
UNQ = Ug NE

Given the preceding general observation we can claim that there exist open sets
{Vk} and {Uy} such that V; and U, both having smooth boundaries and satisfy
Vi C Vi C Uy C Ueqy with

1 1 1
/ dr < —, / dl' < — and / Ty < —. (5.2.16)
Uezt\Vk k Fm(Uezt\Vk) k: Um(Uezt\Vk) k

Now fix n; one may extend v} € C(Q) N HY(Q) and v} € H?() to functions
on R? ie., there exist 0 € Cy(R?*) N HY(R?) and o} € Co(R?) N H*(R?) such that
U lg = vy and U |g = v}

For each k, we construct a function w} € Co(R?) N H'(R?):

@ in R3\U,.
@y =4 G in U\, (5.2.17)
7 in Vi,
where (' € C?(Up\Vi) NC(Up\Vi) N HY(U\V4) is the unique solution of the Dirichlét
problem:

AGr =0 in Up\Vi,
Cp =05 on Uy,
p =107 on dV.

Again, notice the regularity of ¢}’ follows from Theorem 6.1 (p.55) and Corollary 7.1
(p.361) in [19]. B
Define w} = }|g, then w} € C(Q) N H*(Q). By Fenchel’s inequality and (5.2.5)

we obtain
JHT) = (T, wi) = J(wy)
:/Tawﬂd:v%—/Tp,avadF—{—<Ts,w2)—/jo(w,’j)d:v—/jl(va)dF. (5.2.18)
Q r Q r

By (5.2.17)) and the maximum principle, one has [[wi| o) < max{|[05|[ogs) , 107 | o(rs) }
for all k; and by (5.2.16) w} — v} |T,|—a.e. on Q as k — oo, we infer limy, oo (Ty, wi) =
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(T, v}). Also, by (5.2.16) we know w} — v} a.e. in U and yw}! — yvf a.e. on I'NU
as k — 0o, thus the Lebesgue dominated convergence theorem implies

lim [ Tywpdx = lim | Towgdr + /

lim Trﬂf)/deF:/ Tpvavvfdlﬂ—i—/ Tt oyvsdl,
k—oo Jp U \U

Tavgd:v:/Tadex+/ T, vydz,
U Q\U

and

lim jo(wZ)de/jo(Uf)d$+/ Jo(vy)dz,
Q U Q\U

k—o0

lim jl(vwﬁ)dfz/ jl('VUZ)dF+/ Ji(yvz)drL.
k—co Jp rnu r\U

Therefore, taking the limit as £ — oo in yields
PT) = [ (T = e+ [ (T = (00 + (T )
; / (T — Tyt — jo(o}) + o)) da
[ Tt = Tegeg = o)+ (o)

By (5.2.15)), if we let 6 — 0, then the last two integrals on the right-hand side of
the above inequality both converge to zero, hence one has

JHT) > / (Tt — jo(ol))dz + / (Toaro} — ju(yol))dT + (T, o).
Q T

Finally, we let n — oo and use ((5.2.13)—(5.2.14) to obtain J*(T") > A + B.

Recall that in Step 2 we have shown that J*(T') < A+ B, so J*(T) = A+ B.
Since J*(T') < oo and A > —o0, we know that B < oo, and, being a supremum of a
linear functional, must be zero. That is, B = 0 and T, = 0. It follows that J*(T) = A
and by we obtain ([1.3.30]). This completes the proof of Theorem [1.3.12]

5.3 Proof of Theorem 1.3.23

First, we assume 7' € 0.J(u). Then, Fenchel’s equality and the fact that u € D(9.J) C
D(J) yield that J*(T) = (T,u) — J(u) < 4o00. Then, by Theorem [1.3.12) T" is a
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signed Radon measure on €2 and there exist 7, € L'(Q) and Ty, € L'(T") such that

(1.3.30) holds.
Since u € D(J), by Lemma there exists a sequence v, € H?(2) such that

v, — u in H'(2) and a.e. in Q, yv, — yu a.e. on I, jo(v,) — jo(u) in L}(Q2) and
a.e. in Q, j1(yv,) = ji(yu) in LY(T) and a.e. on T
Fenchel’s inequality gives

Jo(15) + jo(vn) — Tov, > 0 ace. in €,
jT(TF,a) +j1(77]n) — TF,a’YUn >0 a.e onl.

Since T' € (H*(2))', by (1.3.30]) we have

n—o0 n—o0

(T, u) = lim (T,v,) = lim (/ T,v,dx + /Tp,avvndf‘) )
Q r

Therefore, Fatou’s lemma yields

3T + o) = T+ [ G (Tea) + () = Thayu)ar

r

< lim inf (/ (Jo(To) + jo(vn) — Tov,)dx + /(jf(Tp,a) + j1(yon) — Tp,a’yvn)df)
0 r

n—oo

- / (o (T) + jo(w))da + / (i (Tra) + ju(yu))dT — (T, u)
— J(T) + J(u) — (T,u) = 0 (5.3.1)

where we have used Theorem [1.3.12 and Fenchel’s equality, since T € 9.J (u).
On the other hand, Fenchel’s inequality implies

Jo(Ta) + jo(u) = Tou > 0 ae. in €,
Ji(Tre) + j1(yu) = Treyu >0 ae. on I

In order for ([5.3.1)) to hold, we must have
Jo(T) + jo(u) = Tyu ace. in Q and j7(Tra) + ji(yu) = Troyu ae. on I

So, T,u € LY(Q) and Tr ,yu € LY(T). Also (5.3.1)) becomes equality, and thus (|1.3.33)
holds. Moreover, since D(jo) and D(j1) = R, the converse of Fenchel’s equality

theorem holds and we infer ([1.3.31]).
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Conversely, assume T' € (H'(Q))' such that there exist T, € L'(Q), Tr, € LY(T)
satisfying ((1.3.30)) and (1.3.31). First, we claim that

(T, v) = / Tovdr + /Tpﬁa’yvdf for all v € H'(Q) N L>(%). (5.3.2)
Q r

In fact, if v € H'(Q) N L>(£2), then there exists v, € C(Q) such that v, — v in
H'(Q) and a.e. in Q with |v,| < M in Q for some M > 0. By (1.3.30) and Lebesgue

dominated convergence theorem, we obtain ([5.3.2]).
Since u € HY(Q), if we set

n ifu>n
up, =< u ifjul<n
—n ifu<—n

then u,, € H(Q) N L>=(22). So by (5.3.2)), one has
(T, up) :/Taunda:—i—/Tp,ﬂundF. (5.3.3)
Q r

Since jo and j; are convex functions, then it follows from (|1.3.31]) that, for all
ve HY(Q),
Ta(x)(u(z) — v(x)) = jo(u(x)) — jo(v(x)) ae. in L,
Tr.a(z)(yu(z) —yo(2)) 2 ji(yu(x)) — ji(yv(z)) ae. on T (53
If v =0, then T,(z)u(z) > jo(u(z)) > 0 a.e. in Q and Tt ,(x)yu(x) > ji(yu(z)) >0
a.e. on I'. Since u,(x) and u(z) have the same sign a.e. in , we obtain T, (x)u,(z) >
0 a.e. in . Similarly, one has Tt ,(z)yu,(x) > 0 a.e. on I,

Since u,, — u in H'(Q) and a.e. in Q with yu, — yu a.e. on I, then by ({5.3.3))
and Fatou’s lemma one has

(T,uy = lim (T, u,) = lim (/ Taundx—i-/Tp,a’yundF)
Q r

n—o0 n—oo

2hrninf/Tundxjthmmf/Tp,a'yundF E/Taudij/Tna’yudF,
Q r

n—oo n—o0
and along with (1.3.30)) and (5.3.4) we obtain for all v € H*(Q),

(T, u —v) 2/Ta(u—v)dxjt/Tp’a(’yu—’yv)dF
Q r

> / (o) — jo(v))da + / (n(yu) — ja(y0))dT

T
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By Lemma we conclude that, for all v € D(J)

(Tou—v) > / Go(w) — jo(w))da + / () — ja(y0))dT = () — J(v).

Thus, T' € dJ(u), completing the proof of Theorem |1.3.13]
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