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The gut microbiome plays a crucial role in human health, and by working col-

laboratively with microbiologists, we aim to further our understanding of the human

gut and its impact on human health. Promoting a diverse microbiome is emphasized

throughout the microbiology literature, and involving a statistician in designing ex-

periments to relate gut bacteria and some measured health outcome is crucial for

ensuring valid and accurate results. By adopting new experimental design and analy-

sis methods, researchers can begin to gain a deeper understanding of how the genetics

of our food affects the composition of taxa within the gut microbiome. This disser-

tation is structured around three main objectives, demonstrating how applying new

experimental design techniques and multivariate analysis methodologies could poten-

tially benefit domain-specific researchers throughout the scientific process. This work

developed a new experimental design structure for assigning treatments to well-plates.

Multivariate analysis methods were used to analyze the data, creating new polymicro-

bial traits to introduce a community taxonomic effect into genome-wide association

models. Finally, the effects of experimental parameters on statistical optimality cri-

teria were explored. Our randomizations and experimental design structure exhibited

increased efficiency over a design that included only replicate effects. After analyzing

our taxonomic abundance data and decomposing the variability in multiple formats,



our new pseudo-multivariate phenotypes were included in our collaborators’ GWAS

models. We found that 57% of the calculated polymicrobial traits were included in the

genome-wide association study (GWAS) models. Over half of the polymicrobial traits

used as responses contained either a direct or related overlap with a univariate taxon

on the same Major Effect Loci, where some of the unique and helpful relationships

were explored more in-depth regarding taxonomic functions within the microbiome.

Lastly, we developed a function that calculates the composite optimality criteria to

compare design optimality for a multivariate linear mixed model with a covariance

structure on the random genetic effects. In the future, similar models and optimal

design functions could help researchers improve their experimental design layouts by

leveraging their knowledge of genetic relationships in our diets and the relationships

between taxa in the gut.
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Chapter 1

Introduction

1.1 Background

Interest in gut-microbiome research has been growing and evolving over the

last 15+ years with the expansion of scientific research in academia and industry.

Statistical methodology and research have facilitated this growth by creating new

methods to evaluate the relationships of the microbial responses to various aspects of

diet, genotypic, and other host characteristics. Research into new analysis methods

is ever-growing, but it seems no one has tried to evaluate the “best” way to design

microbiome studies that collect data in a lab setting with a similar type of data. For

various reasons, direct power analyses are difficult to conduct for microbiome data,

so they are not often completed before conducting experiments [30]. In recent years,

the creation of new technology for collecting omics data has made statisticians aware

of the possibility of issues with confounding variables that could create unexpected

differences in the final results[6]. Bailey (2019) also states that counter to microbiome

research, “agricultural science has a long history of rigorous experimental design,

power calculation and statistical evaluation”, which will be helpful in this dissertation

to aid in the creation of a new design for collecting data for microbiome experiments.

There has been an abundance of microbiome literature in recent years outlining
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general, basic recommendations for best processes with how to analyze microbial

data and some pinpointing basic design methods that could improve experiments

[14, 80, 91, 132, 133, 134]. Different analysis methods are compared based on how

models account for different response data types and what types of explanatory and

random effects the models consider. The data’s compositional and multivariate nature

can cause modeling issues, and often “design and planning for congruence in diet and

biological sample collection, along with a consideration of the analysis and statistical

challenges ... will facilitate high-quality research and greater confidence in reported

outcomes.” [133, 83]

UNL Food Science and Technology researchers conduct genetic experiments in-

vestigating how different foods affect the bacterial makeup of the human microbiome

composition. The idea for this dissertation was developed based on the need for new

sample randomization for an experiment utilizing well plates in the lab of Dr. An-

drew Benson. The study aimed to evaluate relationships between the gut-microbiome

microbial makeup and the genetics of a diverse population of dry bean lines. Well-

plates are used to create simulated gut microbiomes using provided stool samples from

human subjects combined with samples from a variety of different bean lines. The

work aims to develop new and novel statistical designs and analysis methodologies for

researchers in microbiology who conduct experiments dealing with quantifying how

food and diet can affect changes in the microbial diversity of the gut microbiome. The

data within this dissertation focuses on quantifying how changes in the proportion of

bacteria in a simulated human microbiome are correlated with unique attributes of

bean line genomes. It is hypothesized that changes in the bacterial makeup in the

microbiome could lead researchers to new information about how diet affects human

health through the gut. It is a general goal that “by evaluating taxa presence, ab-

sence, and abundances, one can investigate the extent of the difference between the
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compositions of communities between samples.”[132]

Currently, few standards exist for incorporating statistical design principles

into well-plate experiments since many take place on a large scale, making it more

costly and time-consuming to use randomization, blocking, or other statistical design

methodology. Occasionally there are different types of simple randomizations built

into lab experiments. However, only randomizing treatments to wells within a plate

can only account for so much extra variability. Often the randomizations included

an attempt to account for well-to-well contamination, variability between lab equip-

ment, or overall random noise. As studies become more intricate and comprehensive,

relying solely on basic randomizations is insufficient to address the diverse range of

variability, necessitating the implementation of blocking methods.

When discussing areas of possible growth in microbiology research with those

in Dr. Benson’s lab, ideas for research were developed based on the need for more

intricate experimental designs in 96-well plate lab experiments. First, design proto-

cols and standards should be created to minimize spurious variations from the data

responses collected. For this dissertation, an initial sample design was created to sat-

isfy the immediate need for a lab experiment randomization. Then, using knowledge

learned from these initial experimental runs, the optimality of different design struc-

tures was evaluated for future experiments. Also, the analysis methodology used to

relate the bean genetics to the output of bacterial abundance should aid in relating

statistical results to the outputs from a genome-wide association study. In questioning

how to integrate more randomization into microbiome research, an issue to consider

is how best to implement the selected procedure, which relates to the optimality of

experimental designs. Like a power analysis, researchers need guidance on how many

samples will yield the most precise model estimates, the best way to replicate across

different types of experimental units, what restrictions exist with the analysis of these
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methods for multiple response variables, etc. Chapter 2 describes the methods used

to create the design for our experiment conducted in 2019 and 2020. Descriptions of

the analysis procedures and methods are outlined in Chapter 3. Chapter 4 evaluates

optimal designs related to microbiome experiments across a community of multiple

bacterial taxa.

1.2 Motivation and Contribution

From a statistical point of view, there is evidence from the microbiology lit-

erature that experimental design in microbiome research is lacking and is not often

included in the experiment protocol. The motivation of this current experiment is

to account for any extra variability that is not due to the relationship between the

treatments and corresponding responses. Including experimental design in the data

collection process will assist in answering the researchers’ questions and act as a

starting point for creating the most optimal designs to quantify how specific bean

genetics are changing the makeup of the gut microbiota. Overall, researchers’ goals

are to investigate and quantify the relationships between the genetics of different bean

lines and the microbial taxa created in a simulated microbiome. However, analyses

often only consider univariate cases and do not include design effects or covariates

accounting for the experimental units where the different treatments are applied.

Statistical design theory of the most optimal designs started with applications

to agriculture and biological sciences in the 1920s, but new research has expanded

the topic around how to create the best design for optimizing a specific function of

the models’ variance matrices [78, 79]. With this focus, optimal statistical designs

can focus on specific data types and create a methodology for making the best use

of the resources to find the most precise model parameter estimates. Hopefully, with
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efficient estimates of the model variability, an ”optimal” design could lead researchers

to gain the most information from the data analysis. The theory of optimal design can

give microbiological researchers specific directions as to what types of randomization

schemas to introduce into their experiments by offering “a systematic way for finding

an optimal or highly efficient design using all current information for the problem

at hand” [13]. With the field of analysis for these types of experiments growing

so fast, the need for “randomized, controlled experimental designs is crucial,” and

microbiome research specifically would benefit from statistical methods that utilize

important genetic information in the experimental design [65].

Since the type of design described in Chapter 2 is newer in microbiome research,

the initial data can act as pilot data for research into the “best” type of design with

relative abundance microbial data measured across plates in this lab setting. In turn,

a motivation of this dissertation is to outline methods for microbiologists to create

statistically optimal designs that give the best estimation of the corresponding vari-

ances and covariances between bean lines and taxa while considering the limitations

and restrictions created within the boundaries of this type of lab setting. Data collec-

tion for these microbiome studies comes at a price both with money and time. The

current design took around 3-4 months per subject to complete, not considering the

time for analysis and interpretation of the results. So, finding the most statistically

optimal design that can reduce the number of replications within or across plates will

be beneficial. Using fewer plates could reduce the time needed in the lab while also

producing the most informative variance estimates.

Additionally, there is motivation for work in the analysis stage of these ex-

periments. Microbiome bacterial abundance data is compositional and multivariate,

meaning that the responses measured are all proportions of bacteria in the sample

that sum to 100% of the total sample. Over the last several years, there has been a
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plethora of research investigating how to account for these attributes in data analy-

sis. [80, 53, 155] In 2021, Bharti and Grimm wrote that ”analyzing microbial data

is challenging due to its large and multivariate data structure,” and it is ”difficult

to provide a best-practice pipeline for straightforward statistical analysis because it

highly depends on the core objectives of the study and the underlying hypothesis.”

[14] This presents an interesting gap of knowledge in the subject matter that this dis-

sertation will attempt to fill given information from our current experimental design,

analysis, and optimal design simulations.

Together, background from microbiome literature and discussions with subject-

matter researchers indicated gaps in knowledge in the field concerning experimental

study design and multivariate analysis to quantify the effects of treatments on the

community of bacterial taxa produced in gut samples. New technological advances

with lab equipment have allowed for better-randomized designs and systematic allo-

cation of samples to the typical 96-well plates used for the testing and analysis of the

microbiome samples. With these new procedures, improvements can be made with

how experimental design can be integrated into the study design and analysis phase

of microbiological research with bacterial abundance responses. Since developments

in the realm of experimental design are relatively new within this field, there is little

to no research on the optimal way to design these types of experiments. This is a

substantial reason why we believe this research is necessary to fill the knowledge gap

in this area.

Overall, the contribution of this dissertation is to create methodology and

recommendations assisting researchers with the design of microbiome studies that

can identify the relationships between treatments and microbial relative abundances

measured from well-plate NGS (Next Generation Sequencing) studies. This process

started with creating a basic initial design, which led to evaluating the results from
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that design and interpreting the corresponding outputs to answer the researchers’

main questions. Finally, this data was used as pilot data to explore more optimal

methods to design their studies.

1.3 Aims and Objectives

Given the background from microbiology literature and statistical methods typ-

ically used within the field, some challenges and questions of interest have been iden-

tified. We believe that addressing these questions and issues can assist researchers in

creating better and more optimal experiments. Improved experiments will facilitate

the process of identifying important relationships that exist between the genetics of

specific treatments and the microbial taxa that are created in the microbiome. This

knowledge could help identify areas of diet essential to a healthy gut.

The following research objectives will be addressed throughout the next three

chapters of this dissertation:

1. To develop a new experimental design for next-generation sequencing 96 well-

plate lab experiments, specifically dealing with the human microbiome.

2. To use multivariate analysis methods to analyze data outputted from the ex-

periment designed from objective 1.

3. To identify and explore the effects of experimental parameters on statistical

optimality criteria for analyzing data from microbiome well-plate experiments.
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Chapter 2

Experimental Design

2.1 Background

Over the past 15 years, the proliferation of high-throughput sequencing tech-

niques has opened up new avenues for researchers to explore the microbial realm,

enabling them to investigate the intricate intricacies of the microbial world in scales

and depths previously unimaginable just a decade ago. [149]. Since these types of

experiments take place in a laboratory setting, statisticians working with researchers

should try their best to incorporate design configurations that assist in explaining

as much variability as possible. The more variability in outside factors the model

can account for, the more likely it becomes to find insightful relationships between

the explanatory and response variables. To make the most informative interpreta-

tions of the data, the selection of sample size is essential because ”variability between

similar samples makes it challenging to identify weak biological signals,” thus, de-

signs ”based on statistical principles can certainly help to avoid biases and spurious

interpretations.” [14] Thus, reducing outside sources of variability with appropriate

experimental design features will help researchers better interpret the relationships

between the different bean lines and the bacterial abundance output.

As the science around microbiome research continues to grow alongside the
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technology for DNA sequencing, researchers have begun to handle big data sets, of-

ten requiring new computational tools to collect and interpret the data. However, the

“standards for data collection and analysis are still emerging in the field,” and new

methods are struggling to grow because the current methods can still yield plenty of

beneficial results [80]. These authors point out that some of “the most fundamental

issues that concern microbiome studies arise from statistical and experimental design

issues,” and researchers should “integrate new approaches that are unique to micro-

biome studies, while remembering standard practices that are broadly applicable to

all scientific studies” [80]. Thus, this chapter’s goal is to evaluate what types of exper-

imental designs currently exist in the field and find what current literature identifies

as important issues surrounding integrating experimental design into microbiological

microbiome experiments.

First, in creating the most practical and insightful design, we had discussions

with Dr. Benson and the graduate students working on the project to help set general

guidelines and ensure we understood this experiment’s constraints and what restric-

tions exist in the field. When talking to the researchers, it is essential to remember

that the design should be reasonable for the lab to complete and allow for the most

suitable statistical analysis. In the experiment, researchers should address extra vari-

ability that may be introduced into the bacterial response measurements from the

samples because of location differences within and across plates. Many aspects of

these experiments motivate a more intricate experimental design than is currently

being used. This new design should explain the extra noise and improve the ability

to find statistical and practical significance. Hopefully, reduced noise would provide a

more precise understanding of how the different bean lines affect the bacterial makeup

of all the human subjects’ samples. Based on discussions with Mallory Van Haute,

a Nebraska Food for Health Center fellow and Ph.D. graduate from the UNL Food
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Science and Technology department, microbiologists do not generally utilize experi-

mental designs with large-scale microbiome next-generation sequencing experiments.

Similarly, there are instances in the literature that calls for better randomization tech-

niques and sampling procedures to be used in this field of research. Many of these

papers deal with how to account for well-to-well contamination and location effects,

specifically within experiments that utilize 96-well plates to conduct genetic testing.

2.2 Literature Review

The review of the literature will be two-fold. First, information from biological

resources will evaluate what experimental designs have been investigated. With this,

it is essential to identify what potential issues can be solved by incorporating a more

detailed experimental design methodology in creating the lab experiment, alongside

taking note of what has been done and what has and has not worked well. Addition-

ally, the design methodology employed to formulate our ultimate design for the bean

line experiment will be elucidated, drawing upon relevant background information

from the statistical literature. This methodology revolves around creating partially

replicated (p-rep) designs augmented with an α - design for the extra replications.

2.2.1 Statistical Design in NGS Lab Experiments

The biological literature is particularly helpful in evaluating descriptions of lack-

ing experimental design and describing methods that have been integrated into cur-

rent research. This review will assist in pinpointing what researchers have been able

to help with versus what still needs to be improved. There seems to be, first and

foremost, a need for more structured experimental designs to reduce extra variability

due to human error, sample contamination between wells, or sample differences due
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to location, time, or other covariate effects. A pocket of literature also calls for more

specific ways to randomize the treatments to the wells where the microbiome sam-

ples will be created and tested. These pieces show the need for a new and succinct

method of design and randomization in sequencing experiments using well plates in

a lab setting.

As first referenced in the introduction to this chapter, Knight et al. (2018)

describes some of the best practices for experimental microbiome analyses and write

that issues of confounding within human microbiome research need to be taken into

consideration in order to be able to quantify meaningful results [80]. Confounding

factors (such as sample position within a plate) can cause bias due to temperature

gradients and specific properties of the plastic used in the plates and errors due

to how the materials are transferred into the wells. [62]. Previous research has

demonstrated that if location and position effects are not accounted for, there can be

bias in the mean square error, which will cause invalid inferences from t or F tests

(when simple analyses are used) [62]. This work from Hooton and Paetkau is based on

another study that demonstrated that even with some random assignment of replicate

wells to treatments within the plate, the replicates could help control extra position

variability [62, 141]. These two papers also began to consider that researchers in a

lab will perhaps be more willing to utilize design and randomization procedures if

computer programs create the treatment layout.

Other authors have called for the expansion of randomization and structured

design to account for well-to-well contamination that could also bias the responses

measured from the human samples. For example, Minich et al. (2019) conducted an

experiment specifically designed to “empirically characterize the frequency and nature

of well-to-well contamination using different DNA extraction and sample handling

protocols” [96]. Designed procedures looked for contamination due to automated vs.
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manual extraction measures and whether there were differences between plates tested

at two microbiome facilities. When looking for this type of contamination, plates

contained “16 unique bacterial “source” isolates at high biomass in individual wells

across plates of alternating low-biomass “sink” bacteria and no-template blank wells”

so that researchers could evaluate well-to-well transfer events. Results demonstrated

that “well-to-well contamination occurred in all six PCR replicate plates in both lab-

oratories” and “that the highest rates of contamination occurred in the immediately

proximate wells for both plate and tube extraction.” The authors then concluded that

since well-to-well contamination was largest in immediately adjacent wells, “sample

location on plates should be explicitly considered in experimental design” and “it is

important to block and/or randomize treatments across 96-well plates” to “better

ensure that well-to-well contamination adds only noise and not bias to experimental

designs” [96]. However, although the literature has advocated for design and random-

ization since the 1980s, currently standard design protocols have not been created for

microbiome research to assist with well-plate location type effects.

Roselle et al. (2016) investigated the positioning/plate effects and found that

their simple “block-randomized plate layout” as compared to a non-randomized plan

demonstrated a “significant reduction in assay error including both reduced bias and

reduced imprecision” [125]. The authors described that this design was chosen as a

development while looking for techniques that would help “optimize plate layout and

replication strategy,” which previously had focused on complete randomization and

variations of split-plot and strip-plot designs. These types of designs were discussed

as strategies that have been “widely recommended as mitigation strategies to com-

promise between complexity and effectiveness” within the experimental design [125].

Results showed that the non-random plate assignments did return positional effects,

and the randomized plates were more accurate with a negligible mean absolute rela-
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tive bias as compared to the non-randomized plates. Thus, it appears that there are

benefits to using plates as a block where treatments are randomly assigned. These

authors also compared their design to a design proposed in a 2012 briefing chapter

from the USP Pharmacopeial Convention, which described a type of split-plot design

that assigns treatments to plate rows, secondary variable levels to wells within rows

while leaving the outer wells (around the edge of the plate) completely blank [125]. In

comparison with the standard block design, they discussed that even with the benefits

of these randomizations, this type of split-plot comes “with a questionable trade-off:

increased complexity and significant loss of throughput (three treatments per plate)

balanced by only partial mitigation of positional effects.” Thus, it seems pertinent to

make sure that a final design uses an appropriate randomization and design scheme

to account for location effects and that the design remains relatively straightforward

so that biological scientists can easily implement it.

Above and beyond specific well-to-well contamination, batch effect issues exist

across different plates (and sets of plates) tested over time. Suprun and Suarez-

Farinas addressed this by attempting to control systematic batch variability with

experimental design and randomization across different microplate batch runs [145].

They created an online application that designs a microplate experiment with ran-

domization across the plates to control the batch effects. They allow researchers to

select the specific experimental design by “specifying the randomization units (RU),

the number and position of replicates, and the type of control samples” [145]. The

PlateDesigner application currently allows treatments to be randomly assigned to

wells or to be assigned to keep replicates together in rows or columns “as to ease the

technician’s labor.” Users can set specific sampling weights to ensure that particular

treatment groups appear a certain amount within each plate. The randomization

schematic can be easily outputted to a PDF or CSV file which can then be read
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into a “microplate reader software” to tell the machinery where to input each specific

sample automatically.

To the best of the authors’ knowledge, their app was ”the first and only web-

based application currently available to researchers that generates randomization

schemes for microplate experiments” [145]. The benefit of a system like this is that

the researchers who will be creating their experiments do not necessarily need a wide

breadth of coding knowledge to use the application. It provides them with an easy

way to utilize different (fairly simple) randomization schemes to create unbiased ex-

periments that can potentially assist in balancing out any confounding effects due

to location. Thus, research shows that there is currently a need for new and inno-

vative experimental design standards and easier ways to implement these methods

for research scientists to create better microplate experiments. These benefits of new

designs and simple execution could hopefully sway the research scientists into utiliz-

ing more complex designs and randomizations more often by making them simpler to

understand and easier to put into practice directly.

2.2.2 Augmented and Partially Replicated (P-Rep) Designs

In research with many levels of an explanatory variable, as in plant genetics,

there are often hundreds of genotypes to evaluate, making it challenging to have

enough replications of each treatment. Resource restrictions, such as lack of time,

money, lab space, etc., can often be the main cause of the lack of ample replication.

However, when replication is low, the variability goes up, and when variability is

large, it is more difficult to find statistically significant differences between treatment

levels. However, suppose there cannot be many replications across all treatments,

but a subset of treatments can be replicated more often. In that case, the design can

become a type of partially replicated or p-rep design. The literature reviewed below
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describes designs that can be utilized to control the extra variability as a side effect

coming from a lack of sufficient replication.

Implementation of partially replicated designs was first based on the literature

surrounding augmented designs proposed by Federer in the 1950s and 1960s. This

group of augmented designs was from Federer’s work screening sugar cane strains

used in growing pineapples [41]. This type of design was created because adapted

any standard design (hence “augmented”) to allow for more treatment replication “in

the complete block, the incomplete block, the row, the column, etc.” [42]. As Federer

points out in his 1961 paper, up to this point, there were descriptions of designs that

utilized additional treatments, but a general approach had not yet been formalized.

Examples of this approach contain blocks and two different types of treatments, one

being replicated more often. Then by randomizing both treatments and the checks

within the adjusted design block, one can get an estimate of the error variance and

can correct for block effects [42, 113]. An example layout of an incomplete block

design from Federer can be found in Figure 2.1, where the standard treatments are

represented with capital letters and the new treatments with the lower case. [42] This

is also described as an “augmented triple lattice” with nine standard treatments and

15 of the not multiple replicated treatments.

Figure 2.1: Augmented Incomplete Block Design

This design is generally very similar to the one described later utilized for our
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main bean line experiment. There are sets of incomplete blocks, and then within

each block, some bean lines will have more replications than others. Talking with the

subject-matter researchers, it is possible to obtain enough power to replicate the bean

lines multiple times across each subject, including for bean lines that are selected as

check lines. Therefore, instead of having some lines not replicated, we can set up a

design with different total replications between the check and non-check lines, with

all lines still having more than one observation. While this initial idea provides a

simple starting design, the additional background information from the researchers

clarified what attributes the design could contain.

Additionally, previous literature evaluates the benefits of augmented designs.

Federer and Raghavara (1975) evaluated optimal augmented designs. These designs

get closer to what is possible to institute in the UNL Food Science lab because it

utilizes row-column designs, which are natural to employ for the bean line experiment

because of how the 96-well plates are organized (8 rows by 12 columns of wells) [43].

However, Federer and Raghavara’s design places treatments in a row-column design

based on the ideas of a Youden design from Youden (1937), where the treatments

are arranged in rectangular rows and columns where all treatments appear in each of

the rows, at most once in a column (then in some total number of columns); Every

pair of treatments also appear together the same number of times [160]. This type

of design might be more reasonable when testing a smaller number of lines, but it is

perhaps unreasonable in this experiment to have all lines appear in each column.

Another advantageous offset of augmented designs are augmented partially repli-

cated (p-rep) designs. Smith et al. and Cullis e.t al. were some of the first papers

to formally propose this style of design, which is used frequently in plant breeding,

crop research, and genetic experiments. [138, 27]. These designs are “particularly

useful when seed is limited, the trait of interest is expensive to measure and/or where
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there are multiple phases of experimentation, as in a situation where lines are grown

in the field and then further tested in a laboratory” [64]. Cullis and Smith each eval-

uated the benefits of different styles of p-rep design in comparison to fully replicated

designs and designs with no replications [27, 138]. Smith found within multi-phase

wheat breeding trials that a p/q-rep design, which replicated a proportion (p) of the

genotypes in the field and a proportion (q) of the genotypes in the lab setting, was

able to reduce error variance in comparison to a design that did not include any

replication [138]. Benefits from the p/q rep design include that when spatial cor-

relation is present with “with a relatively large variance and a genetic variance the

same size or smaller than residual variance,” the genetic gain was larger for the p/q

design than a design where subsampling was used as pseudo-replication. Thus, if

spatial correlation is present, there are benefits to p-rep designs (depending on the

different variabilities in the experiment). One of the goals of randomizing the bean

line experiment is to account for spatial correlation across plates and between rows

and columns within plates, making this type of design more attractive as a path for

the bean line experiment.

The experiment designed within this dissertation does not have a multi-phase

aspect, as in Smith et al., so another paper (coauthored by Smith in the same year)

provides more insight into the usefulness of p-rep designs as compared to typical

field-grid plot style designs. Cullis et al.is a commonly cited paper as one of the

first pieces of literature to formally propose and evaluate the p-rep designs with

agriculture variety trials [27]. Based on the simulation, they demonstrated larger

genetic gains for p-rep designs compared to standard grid plot designs, assuming that

spatial/correlated data was present. The ability to account for spatial data is helpful

because well-to-well variability across and between plates creates correlations between

samples; thus, it is beneficial to allow for design methods that consider these extra
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spatial relationships.

While Cullis’ main topic of interest is early generation variety trials, they feature

interesting design procedures that could benefit other research areas. Again, the basic

principle is that a percentage of treatments are replicated (proportion indicated again

with a p) and the remaining treatments are unreplicated. One benefit of this design

style is flexibility because “other values of p and levels of replication may be used,

and the basic design is easily modified to suit specific requirements” and “test lines

to be replicated may be made completely at random or may be influenced by the

availability of seed or interest to the breeder” [27]. Thus, p-rep designs allow for

designs to be specialized based on individual resources or research goals.

The simulated example in this paper contained 120 possible lines with an avail-

able grid of 150 total plots laid out in a rectangle-sized 30 rows by five columns. A

pre-selected proportion of replicated lines of p = 0.25 were used, which means that 30

of the 120 lines should be replicated, and there will only be one observation for the

remaining 90 lines. Out of the 150 total plots, unreplicated lines will take 90 plots,

leaving two plots per replicated test line. Another specification made is that these

designs are resolvable by letting “all 30 replicated lines occurred once in the top half

of each design (that is, rows 1 to 15) and then again in the bottom half (rows 16 to

30).” [27] Resolvable here means that some of the groupings of the treatments in the

incomplete blocks can be combined to create a complete block of observations.

With the given optimality criteria (based on average pairwise prediction error

variance of the test line effects), simulations with both fixed and random variety effects

were conducted to look at the similarities and differences between three p-rep and

three standard grid designs. Data were analyzed with the models used to generate

the data. Comparisons found that the grid plot designs had a larger “percentage

of analyses in which the genetic variance ratio was estimated as zero” than the p-
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rep designs.[27] It is not good to have a genetic variance ratio at zero because this

restricts the data from making appropriate genetic selections; thus, the p-rep designs

were performing better. P-rep designs also performed better than the standard grid

design for the values of the realized genetic gains. While these ideas expand on the

benefits and potential of using p-rep designs to gather more useful genetic information

from a study, the ease of creating the design from this layout was lacking. Cullis and

the authors state that a subject of ongoing research was still how best to allocate the

test lines to the experimental units [27]. In 2011, Williams, Piepho, and Whitaker

focused on augmented partially replicated designs and utilized the benefits of α -

designs to produce more efficient and easily created designs [152]. The idea is that

information from Federer and Williams in the 1960s, 1970s, and early 2000s also from

Smith and Cullis provide good background about why p-rep designs are beneficial,

but they lack an easy way to pick the best augmentation and best way to construct

the design.

Williams et al. indicate that the augmented designs as described above from

Federer are good to provide the “local error control” from using some replicated

control (check) lines within the analysis to augment the unreplicated entries [152].

Authors add that the extensions from Federer et al., 1975; Federer, 2002; Williams

and John, 2003 allow for different types of row and column blocking, which again

allow for minimal replication for particular entries, but “suffers from the fact that

a considerable proportion of plots may need to be devoted to controls.”; Thus, the

new contribution from Williams is the combination of Federer’s augmented designs,

which replaced controls with other entries, and Cullis and Smith’s designs that could

be combined across different blocks (which make the designs adaptable when experi-

ments take place over different locations) [152]. Williams, Piepho, and Whitaker then

demonstrate how further adding in α-Designs from John and Williams (1995) helps
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to “produce p-rep designs where at each location there is a two-replicate resolvable

block design for a proportion of the entries and overall pairs of entries concur no

more than once” [71, 152]. These new designs generate the design for the treatments

across blocks and locations using α arrays. The replicated entries are thus spread

out among the plots and not necessarily arranged in any particular manner within or

across experimental units. Alpha-designs are flexible for these types of experiments

because “there is no limitation on block size other than the unavoidable constraint

that” the overall number of treatments divided by the block size must be an integer.

The α - designs from the John and Williams text are based on designs of the

same name from Patterson and Williams (1976a) in a paper entitled “A new class

of resolvable incomplete block designs.”[71, 111] This new design is described as an

extension of previously researched resolvable incomplete block designs and other lat-

tice designs. Their α-designs were created in order to construct “a class of resolvable

equiblock sized designs . . . with no limitation on block size other than the unavoid-

able constraint that k must be a factor of v” (where v represents the number of

treatments) and to provide a simple way to automate a computer algorithm to create

plots for agricultural trials.

The creation of an α - design begins with a generating array that is comprised

of a k x r array (called the generation array), where r is the number of replications

desired and k is the number of plots per replication that contains “elements a(p, q)

in the set if residues mod s (p = 1, ..., k; q = 1, ..., r).” Then the columns are used to

generate the following columns cyclically up until there are s total columns, where

s is the total number of blocks. To make the process clearer, here is an example

from the Williams and Patterson (1976) paper where a design is comprised of 20

treatments for four replications, each with four blocks of size five. [111] From the

generating array (discussed a bit more below), the columns of α are used to create
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s−1 columns in the intermediate array α∗ by cyclic substitution. Thus, the resulting

array has 12 columns, one for each column in the generating array and then three

additional columns per column in the generating array. Then, the first four columns

are created by cyclically repeating the zeroes from the first columns, using the values

mod 3. Columns 5-8 in α∗ come from the cyclical expansion of the second column of

α and so on. Finally, “Plan” arrays are created by adding “s to all elements in row

2 of α∗, 2s to all elements in row 3, and so on.”

Figure 2.2: α - Design Creation Example from Patterson and Williams [111]

The design now has values tied to each treatment, and columns are the blocks

for each of the three sets of replications of the treatments.

The generating array α is a particular kind of “reduced” array that has all 0s in

the first row and the first column and is isomorphic to the design. So, multiple gen-

erating arrays can be used to create different final designs. Williams and Patterson

(1976) and John and Williams (1995) go into more depth about the creation of gen-

erating arrays.[111, 71] Different computer programs and procedures within SAS and

R to create α-generating arrays and designs. With these pre-made algorithms, it is
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very simple to create these designs. The compute program used for this dissertation’s

design is described later in depth.

Currently, several works in the literature proposed ways to combine the ideas of

p-rep and α - designs together to get a design with the benefits of both. Williams et

al. proposed using and adapting the above α - designs to form the new p-α designs

that create α - designs, but then delete certain sets of rows from replicated designs

to create the final p-rep design.[152] The authors choose which elements to drop from

the final design based on which optimizes their efficiency factor based on the canonical

efficiency factor from John and Williams (1995). This type of design has the benefit of

giving a simple way to create a full design. However, it lacks a way to easily visualize

where the more and less complicated treatments show up in the design and does not

allow a simple way to choose the proportion of the treatments replicated more often

(like a more typical p-rep design).

Authors also state that an alternative way to generate an augmented p-rep

design across locations is to use an α - design for the replicated treatments at each

location and then augment them by hand alongside the replicated entries. However,

this ”näıve” approach allows ”concurrences greater than one”.[152] Given all of the

previous designs, we wanted to try and create an adaptation in which all replicated

treatment pairwise combinations and unreplicated treatments occur an equal number

of times with sets of plates as randomized blocks. With the experimental resources

from the Nebraska Food for Health Center (NFHC) lab, it could be easy to pick which

treatments will be replicated and place them in the design to ensure that treatment

pairs are equally replicated. This background gives rise to our new combination of

p-rep and α-design ideas where the randomization allows for replicated treatments,

spread around a plate in an attempt to account for location effects. Researchers

can then also superimpose unreplicated designs onto other more standard designs.
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This process allows for ”many different combinations of experimental designs and

unreplicated experiments.” [18]

Even though the final randomization for this dissertation is different from some

of the current p-rep and α-design expansions, the combination of the two allows for

better practical efficiency. Also, the designs together are more beneficial for agricul-

tural and genetic designs instead of unreplicated or simple augmented designs. In the

text, Applied Statistics in Agricultural, Biological, and Environmental Sciences, Juan

Burgueño et al. comments on handling augmented designs when all the treatments

cannot be replicated. Plant breeding is again mentioned as an associated area of re-

search where these designs are useful because ”systematic checks” should be utilized

in order ”to make better comparisons between genotypes.” [18] Augmented designs

from Federer were proposed to get better estimates of the experimental error because

they allow for random allocation of treatments, “as opposed to the standard method

in which checks were allocated systematically.” [18] Issues can also arise from not

knowing the total number of checks to select; however, there are also places within

the literature showing that this is not a very worrisome issue overall. Burgueño

references a paper in 2018 from himself in 2005 that tested data from ”different ex-

perimental designs for a uniform experiment in which only one genotype was sown

and found that the number of checks did not affect estimation of experimental error.”

[18]

2.2.3 Randomization Techniques

It would not be feasible to do all randomizations by hand when utilizing both

p-rep and α - designs, especially given the number of treatments possible within

microbiome experiments. The computer toolkit, GENDEX, has a wide variety of

modules that use information based on the setup of the treatments and experimental
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units and then output an optimal design based on the chosen randomization format.

[101] There are 16 modules available, each of which was created in combination with

published works by Dr. Nam-Ky Nguyen. Three different modules will be used to set

up the randomization of treatments across plates and subjects for the current design.

The ALPHA, IBD, and RRCD modules will be used to create different pieces of the

final design. The ALPHA module creates optimal or near-optimal α - designs as

introduced in Patterson & Williams (1976a, 1976), and it “uses a 2-stage optimiza-

tion process” where “each stage of the optimization process uses an algorithm similar

to the cyclic-coordinate exchange algorithm described in Nguyen (2002).” [111, 104]

The IBD module creates an incomplete block design given a set of treatments, blocks,

and the size of each block. Optimality criteria and the algorithm used to create the

designs come out of Nguyen (1993, 1994). [103, 102] Lastly, the RRCD module cre-

ates resolvable row-column designs based on of the algorithm and optimality criteria

proposed in Nguyen & Williams (1993). [105]

2.3 Proposed Experimental Design

This background explains why expanded experimental design is needed within

microbiome lab experiments and how statistical methodology can assign 300 bean

line treatments to the wells within plates. Mallory Van Haute, the former graduate

student who ran the experiments, provided essential descriptions of design pieces

that must considered for the design. Information directly from the those running the

experiments is pertinent in creating a design to answer the subject-matter researcher’s

most critical research questions.

Three human subjects’ stool samples are available to be added to segments of

bean line powder to create simulated microbiomes. Overall, there are twelve 96-well



25

Figure 2.3: Example of 96-Well Plate

micro-plates available to be run through the experimental procedure. The plates are

used as the medium where bacteria will grow in simulated microbiomes over time.

Enough resources are available to conduct four separate “runs” of the experiment,

which would allow for a total of 48 well-plates to be run over time. Figure 2.3 provides

an example of an individual 96-well plate, with 12 columns and eight rows of wells

where the beans and microbiome samples could possibly be assigned.

Figure 2.4: “Phylogenetic relationships between center of domestication and races” [95]

The treatments utilized in the experiment are 300 unique bean genotypes (or

“bean lines”) from the Middle America diversity panel. Within Figure 2.4, there

is a breakdown of classifications and areas of domestication of different bean lines.

The researchers are focusing on the Mesoamerican and Durango landrace bean lines,

which are derived from the Middle American diversity panel. In the final data analysis
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which will be discussed in Chapter 3, 297 different bean lines were included in the final

data sets, 197 of the Durango bean lines and 100 of the MesoAmerican bean lines.

These are also across multiple types of market classes, which are listed in Figure 2.4

as well. There were limited amounts of each bean genotype that could be created

in powder for adding to the wells, so before design procedures were finalized, the

proposed number of replications for each bean line was discussed with researchers.

After finding out how many replicates per bean line were possible to test in total, the

rest of the experimental steps were integrated into the design.

Researchers specifically wanted assistance reducing the effects of location be-

tween and within plates, so particular attention was paid to how the powders were

assigned across plates. First, the 300 bean lines are ground into powder and placed

into the well via a robotic lab machine. At this step, 12 plates can be organized as

shown in Figure 2.5, with three rows by four columns of plates. With new software

for the robot, it is possible to place any particular bean line into any specific well.

Previously there was no ability to easily randomize the bean samples into the wells,

as the placements were all done by hand.

Figure 2.5: Plate Organization for Powder Dosing

Then plates go through digestion and dialysis steps, where four plates can be

run together at a time. After digestion and dialysis, the samples proceed to the
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fermentation step, when the microbiome samples from the test subjects are added

to the wells. Twelve total plates can be run together at one time in the “swing”

machine, which applies heat to the samples to simulate the human microbiome. The

organization of the plates differed within this machine because it is tedious to get the

robotic mechanism that distributed the samples to use that 3 x 4 plate configuration

from the powder dosing step above. For the machine to run most effectively, the

design for this step has the 12 plates in a new configuration, where numbered plates

are placed next to each other in a clockwise circle pattern. After the samples have

fermented, the genome sequencing takes place (four plates at a time), and the bacterial

abundance data is outputted from each well. At this step, the experimental processes

end, and the analysis can begin (which will be discussed in more detail in Chapter

3). After the responses are collected from this first run, another selection of 12 plates

can begin through the dialysis steps. The experiment took place over several months

in 2019 and 2020, as each experiment took about three to four months to run and be

sequenced.

Initial consultation about the design procedure demonstrated concerns with the

possible spatial/location effects overall, but specifically within the fermentation step.

Across the machine, there could be differences in the bacterial outcome in the wells

based on distance from the heating element or due to other well-to-well contamination.

These issues are similar to those that were demonstrated in the literature. Now that

there is a mechanism within the UNL lab to more easily place the bean samples

into wells, more specific designs are possible that could assist in accounting for and

measuring location effects. Previously, researchers would simply add the replications

all next to each other in the wells with no randomization scheme of the treatments

or the quality control wells across the plates. Realizing this could be improved,

researchers and statisticians could work together to create better ways to organize
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samples. In addition, there were other restrictions on how many wells were available

through one run of 12 plates. It is necessary to have six wells for quality controls

and a well for a “No Treatment” control within each plate. The quality control wells

ensure that the biological processes are working correctly at each step. So, in the

powder dosing stage, within a group of four plates, there are a possible 96 ∗ 4 = 384

wells to fill total, but at least seven must be taken out per plate for quality controls.

This leaves a total of (96 − 7) ∗ 4 = 356 wells to fill. It is important to replicate

each bean line within the available wells, but it is not possible to have all bean lines

replicated more than once. Partially replicated designs appear helpful at this point

because selected proportions of treatments can be replicated different numbers of

times. Researchers suggested it is ordinarily standard to ensure that bean lines are

replicated in triplicate across a set of 12 plates in one run. This minimum is used as

a baseline for the new design as well.

Moving forward, additional descriptions and terminology should be outlined

to label the different experimental and observational units. As previously noted,

twelve plates are utilized within one “run” of the experiment. Then, these plates

are arranged within the dosing stage in three rows of four plates, as in Figure 2.5.

Each four-plate “row” will be referred to as a ”replication.” The term ”replication”

is helpful because sets of four plates are the level at which some treatments are

replicated. This terminology is beneficial in explaining the randomization process

used across the experiment.

One main difficulty in selecting an augmented p-rep design is how to perform

the augmentation, and nothing in the literature studied so far indicates any existing

standards explaining the best way to conduct this type of augmentation.[152] So, this

study was designed as a simple, direct, starting place for how to integrate more intri-

cate experimental designs into these types of lab experiments. Based on the available
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resources and the useful attributes of augmented p-rep and α - row-column designs, a

complete design was created using a combination of both. The final design created is

a combination of an incomplete block design with all 300 bean lines appearing across

each replication within a run; Then, this design is augmented with a resolvable row-

column α - design. The design contains 12 additionally replicated check treatments

within each plate to account for location effects. The word “check” will indicate which

lines are replicated in specific patterns across plates more often. Both the design and

randomization schemes will be explained in more detail, discussing both the reasoning

behind design choices and different options future studies can utilize depending on

the researcher’s overall goals.

First, for simplicity, the randomization begins with the incomplete block de-

sign (IBD) of 300 bean line treatments remains straightforward, as it is the most

straightforward part of the design. Plates can only hold up to 89 total samples with

the available resources, after accounting for quality control wells. So, to have all 300

lines replicated once, four plates will serve as a complete replicate of all 300 bean

lines. However, this set of four plates with 300 lines leaves 56 empty wells across rep

(89 open wells*4 plates)-300 treatments=56 empty wells). Another design can now

be utilized to augment the typical IBD design to look for location effects and take

advantage of these 56 remaining wells. The important part of the augmentation is to

distribute the treatments appropriately across the available space to account for loca-

tion effects. Different well locations are susceptible to different environmental factors

throughout the experimental procedures, so these extra wells should be spread in such

a way that we account for all these environments equally. For simplicity, the wells

containing the extra replications of the same treatment in the augmented design will

be referred to as check wells. These check wells act as replications of additional bean

line treatments within the (at most) 56 open wells. If all 56 available wells are filled,
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14 wells per plate would be included in the augmented design embedded within the

IBD. The following design was chosen for the layout of the check wells across plates.

The numbers within the cells (Figure 2.6) are labels for the well numbers across

all 96 wells in the plate, and the bold and highlighted wells are where the replicated

check lines would appear.

Figure 2.6: Design of Check Wells in a Plate

This setup will provide a spread of replicated wells across the whole plate and

give an idea about edge and center effects while also being an easy way for replication

of 12 additional lines. Two wells per plate are still empty (only filling up 48 of the

56 available wells across a replication), but researchers agreed that was not too much

of an issue. The same 12 bean lines were replicated as checks across each four-plate

replication. A different, independent set of 12 check lines are chosen for each of the

four plate replications across the experiment. Thus, 144 bean lines (12 different check

lines across 12 replications) are replicated more often. With the IBD, plates serve

as incomplete blocks in a replication, and a line would be replicated in 12 different

wells total: three times within a run of the experiment and across four different runs

(where a run consists of 12 well plates). So, for example, Figure 2.7 displays the

layout of plates during the powder dosing step, where crossed-out cells correspond to

sets of check wells across one experimental run.

Crossed-out set of wells in Figure 2.7 correspond to the independent sets of 12

check lines. Since this is for one run, there are three sets of 12 check lines, 36 lines

selected out of the total 300, with 12 being assigned to each “design replication” of
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Figure 2.7: Check Line Configuration within the Powder Dosing Stage

four plates. So, across all runs of the experiment, there are 12 distinct sets of colored

cells for all 144 additionally replicated lines. Within a replication in Figure 2.7, there

are 1152 total wells 96*12=1152. Colored wells represent the extra replications of

the 36 different check lines for this run. Out of the remaining non-marked cells, 900

wells (300 wells across each of the three replications) correspond to the IBD design of

the 300 bean lines for each replication. Finally, the remaining 108 wells correspond

to all the quality control, no treatment control wells, and two missing wells per plate

due to design restrictions. In the next section, it is discussed how check lines were

randomly selected, how checks were assigned to wells, and how the rest of the lines

were assigned to the remaining wells. In 2006, Cullis et al. indicated that issues

regarding distributing the test (check) lines across plots is still a topic of current

research, so our choices remain fairly simple and individualized to this research. [27]

In addition to the above, each subject’s microbiome was randomized to specific

runs of the experiment. A combined IBD design was hypothesized, where all subjects

samples would appear in each run. However, this was not possible because of the

time between the experimental test steps and the timing effect on the microbiome

samples. Dr. Benson explained that there is at least a month between each run of
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the fermentation step, and while the fecal microbiome samples are kept at a low and

consistent temperature, there can be changes in the samples over that time. For this

reason, they wanted to ensure that each subjects’ microbiome was run through the

fermentation step at one time.

Lastly, he stated that the association mapping at the end of the experiment

would be conducted by subject, assuming that any effects confounded with the subject

would influence all wells equally and all bean lines comparisons would be valid. For

this reason, the experiment only randomizes the order that the subjects are assigned

to a run. So, there will still be confounding of time and the order in which the subjects

were run. Ideally, all subjects would be tested simultaneously, thus eliminating bias.

However, this could not be accomplished in this experiment due to time constraints.

Processing all subjects in one run would require storage of subjects’ microbiome,

which is likely to increase uncontrolled variation. Other literature has shown this

inconsistency in samples over time, no matter how good the storage methods may

seem. Mallick studied how temperature directly affected variability of the subject’s

samples, stating that ”microbiome samples of any type thus benefit from storage in

a stabilization buffer, preferably with immediate homogenization” [91]. So, R was

utilized to randomize the order in which a subject’s microbiome samples would be

used within the experiment.

2.4 IBD and α Design Randomizations

To randomize treatments and other miscellaneous well types (quality control,

missing, and NTC), there needs to be a way to connect variables to wells. Three

different randomizations were produced and combined to complete a full picture of

the experimental design. Those three randomizations are 1) the IBD randomization
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of all 300 lines to wells in four-plate replication sets within each run, 2) random

selection of 12 independent sets of 12 check lines from the 300, along with randomly

assigning each set to a resolvable row-column α - design within a four-plate replication

and the 3) random assignment of the quality control, no treatment controls (NTC)

and missing wells to wells within the experiment. All wells in each run are labeled

with a number between 1 and 1152, as labelled within Figure A.1 in Appendix A.

These labels are also used to identify wells for researchers and the machinery that

distributes powder into wells.

We started the randomization by assigning the miscellaneous well types (quality

control, missing, and NTC) to the same wells within every plate, keeping consistency

across all runs. In R, nine random values between 1 and 96 were selected to represent

which wells the miscellaneous controls would appear in, and then randomly assigned

to the name of one of the types. The randomization produced the design of each plate

in Figure 2.8, where: the yellow highlighted wells represent the check lines from the

α – design, the blue wells are the six quality control wells for each plate, the orange

wells represent the one NTC well, and the two red wells correspond to the ”missing”

or empty wells.

Figure 2.8: Check, Missing and Quality Control Well Randomization

The next stage is randomizing the 300 bean lines to the uncolored wells (from

Figure A.1 in Appendix A) across plates in each replication within a one run. In

the GENDEX IBD module, there are options for number of treatments, number of

replications, how many plots exist per block, and finally, how many overall blocks
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are available. To get the entire experiment design randomization, the following in-

formation was put into the blanks. Across four runs, 300 treatments are assigned to

48 blocks (12 plates across each run). With each block, there are 75 “plots” (wells)

to be filled, given the 96 total and taking away the control and empty wells. Lastly,

there are 12 replications of each treatment throughout the entire experiment, as each

treatment is replicated once over each set of four plates. With this information, GEN-

DEX outputs 12 subsets of values (values 0-299, for each treatment) for each of the

12 four-plate reps. Since GENDEX numbers the treatments with values between 0

and 299, the specific bean line names were assigned to a corresponding number. This

procedure is so that the researchers will know which bean line to place in which well

associated with the final design randomization.

The final stage is creating the row-column design for the check lines within each

plate. Given Researchers had no specifications about any particular bean lines that

should be replicated more often, so bean lines were randomly selected to become

checks. Twelve different distinct sets of checks were chosen (without replacement)

from all 300 lines using the SAMPLE function within base R. [118] Check lines are

also associated with bean line names, which assist in tying the R selections to the

GENDEX randomizations.Then, the GENDEX randomizations for the check wells

takes place in a couple different steps. First, the ALPHA module creates an α gen-

erating design. This module needs the following variables specified: plots per block,

blocks per replication, number of replications, and number of treatments. The check

line randomizations occur across four plates, so 12 treatments (checks) are replicated

four times. Within each plate, we view the blocks and plots like rows and columns,

where blocks are the three rows where check lines appear, and then the columns

correspond to four plots per block (four columns per row). After inputting this infor-

mation, GENDEX outputs an α - design randomizing the 12 checks in four sections,
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with subgroups corresponding to the three rows and four columns within the plate.

Next, this α-design gets placed within a .txt file to be put back in the GENDEX

RRCD module. The RRCD will take the α-design generating array and create a

resolvable row-column design. The new design is in a similar form, with four groupings

corresponding to each plate and segments corresponding to each row and column

within the plates. Using the initial α - design generating array, this procedures was

repeated 12 times for each of the 12 replications of four plates. For all output from the

RRCD module, the lines are formatted with a value 0-11. These values are connected

with the checks selected from R. For example, line number 136 was selected during

the R sample step to be a check for the first run of the experiment. For the full

randomization, this check line will be assigned to a value between 0 and 11 within

the first output set from GENDEX for the α row-column design.

After completing all three randomizations, information was contained within

three separate Excel files. All contained two main columns: one indicating the bean

line name (or control group label) for the specific well where the bean line powder

should be placed, with the corresponding well value between 1 and 1152 (shown

in Figure A.1 from Appendix A). There are also indicator columns that label each

observations run, replication, and plate value. The rbind() function from base R is

used to combine the three separate randomizations. This final .csv file was provided

to the researchers, and that machinery used this information to distributed bean line

powder into all microplate wells.

2.5 Efficiency Comparisons

Chapter 3 provides an overview of the analysis methods and ANOVA tables

utilized to initiate the data analysis of our experiment. With the obtained data, we
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examined several efficiency characteristics by comparing the fitting of the analysis

with terms for design rep, plate within the design reps, and the treatments of bean

lines. All effects are considered fixed, and we compared two designs by utilizing the

specified efficiency value. The first design incorporates both terms for design replica-

tion and the plate within the design replicate, while the second design includes only

the effects of the replicates. This comparison allows us to determine the additional

information accounted for by our incomplete block design structure, which spans the

four plates in each replicate.

The efficiency value in Equation 2.1 will be used to determine if it was worth

the effort to arrange the bean lines within the four plates in each design rep in

an incomplete block format. The equation utilizes the mean square errors for the

blocking effect, MSb, and its associated degrees of freedom dfb. These values are

pulled from our plate within design rep term, which is where we assigned bean lines

in an incomplete block design structure. Terms are also included for the overall error,

with the MSE and its associated degrees of freedom dfe. The ratio in Equation 2.1

will outline a percentage for

Relative Efficiency ' dfb ∗MSb + dfe ∗MSE
dfe ∗MSE

(2.1)

In Table 2.1, there are calculated values of the efficiencies across 12 different

cases. Analysis was conducted for each subject, because our randomizations change

slightly for each subject, but overall in the same format. In addition, we compared

difference cases within each subject. The first three cases within each subject select

one of the overall taxa abundances used as responses, and focuses on the ANOVA

tables and mean square values from three of the most abundant taxa. Information

about how the data was treated and how the MANOVA analyses were conducted
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can be found in subsection 3.5.3. In summary, the error values were pulled from the

individual ANOVA tables within a MANOVA model fitting the overall 17, 15, and

9 taxa selected for each subject (respectively). The values in the PC1 rows of the

table were obtained using an ANOVA model fitted to the first principal component

analysis (PCA) score. To compute the PCA score, we applied PCA to the data of

the overall most abundant taxa (i.e., the 17, 15, and 9 taxa for each subject) and

calculated the first score as a weighted response value across the principal component

weights of the selected taxa. This version of the ANOVA across the abundance data

offers a comprehensive multivariate perspective on the impact of variability across all

selected taxa, as well as the effectiveness of our experimental design in accounting for

any additional variability across plates within replicates.

Subject Taxa Efficiency Percent

1 Prevotella9 1.116 11.562
1 Succininvibrio 1.066 6.603
1 Dialister 1.049 4.907
1 PC1 1.15 14.976
2 Bacteroides 1.268 26.772
2 Phascolarctobacterium 1.292 29.202
2 Faecalibacterium 1.33 33.046
2 PC1 1.353 35.323
3 Prevotella9 1.068 6.832
3 Megasphaera 1.124 12.426
3 Acidaminococcus 1.344 34.4
3 PC1 1.034 3.408

Average 18.29

Table 2.1: Relative Efficiency values across MANOVA models and Linear model on the first PC
score across the taxa used within the MANOVA analysis.

Incorporating the term plate(designrep) to account for incomplete block vari-

ability increased efficiency compared to considering only the three replicates of the

complete set of bean lines. On average, the relative efficiency comparing the designs

was about 18.29%. Upon examining the values, it was evident that the efficiencies

were significantly influenced by the specific subject’s information analyzed and the
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particular response within that subject. In some cases, the efficiency was as high as

35% or as low as 3.4%. This highlights the large variability in the taxonomic abun-

dances across people’s gut microbiomes and between different bacteria taxa within

the same subject’s gut. Introducing the additional incomplete block design within

each replicate appears to be worth the effort overall. In some cases, the IBD structure

was up to 35% more efficient than a design with just the replicates. Although the

efficiency gain varies depending on the subjects and taxa, in this type of research, ex-

periments are commonly conducted over multiple subjects and aim to identify trends

across many bacterial taxa. Therefore, it’s desirable to use a design that is most

efficient across all cases.

2.6 Summary and Future Work

This Chapter aimed to develop a new experimental design for NGS 96 well-

plate experiments dealing with the human microbiome. To account for the variability

across plates and due to other constraints, this new method of design and random

assignment of bean lines to wells was created and implemented in coordination with

collaborators from the Food Science department. An incomplete block design, overlaid

with a partially replicated (p-rep) α lattice design was used to randomly assign bean

line treatments to wells across sets of 96-well micro-plates. Overall, we were able

to successfully implement the design at this point in time because new technological

advancements with lab equipment made it easier to distribute the bean line powders

into specific wells. The final experiment was completed in 2019 and 2020, where

data was analyzed as the individual subject data was collected. Chapters 3 will

describe methods used to analyze and interpret the data from all three subjects and

investigate how the design choices affected the final data set. The final chapter will
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directly extend this chapter’s ideas by outlining parameters to consider when creating

the “most optimal” experimental design for evaluating the relationships between the

bean line genetics and the community taxa structure.

To assess the efficiencies of the designs from the analysis we conducted that we

describe in Chapter 3, and we compared how efficient the incomplete block design

structure across plates was in comparison to only accounting for replications across

the three design replicates (which are the batches of four plates). Relative efficiencies

were calculated across each of the three subjects, and four differing response variables,

including three of the most abundant taxa and one principal component score across

all of the most abundant taxa included in the original analyses. We found that there

was a wide variety of relative efficiency depending on subject and response, were at

most the design with accounting for plates was 35% more efficient, or as little as only

3.4 % more efficient. Due to the significant variability of taxa between and within

subjects, incorporating replicate and incomplete block designs can enhance efficiency

in some cases. Because researchers can never know which taxa will be found in a

subject’s gut or how the variability changes between subjects, it would be best to

make sure we always are able to account for this extra variability in the design. In

the future, more efficiencies could be calculated to further evaluate the relationship

between the row and column design structure of the check lines. However, this was

not completed here because the work focusing on the design in Chapters 3 and 4 only

focus on including the design replicate and plate effects. Additionally, we knew that

Dr. Van Haute would account for a row and column structure within her analyses

run on the data for the genome-wide association tests, so it was less interesting

than the particular structure between the replication and incomplete block design

randomizations.

Structured experimental design is relatively new to this particular field of mi-
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crobiology and especially new to those that work with this data in the Food Science

lab at UNL. This work directly contributes to researchers who conduct experiments

measuring bacterial abundances from simulated microbiome samples using 96-well

plates. Currently, design parameters were dictated given this specific project but are

easily adjustable to fit many other projects. All three primary objectives of this dis-

sertation aim to assist researchers in creating the best and simplest design necessary

to both assigning treatments to wells while getting the most informative statistical

information from all samples. Alongside figuring out the best design strategy, it is

important to ensure that the design is easy to utilize and put into practice by re-

searchers. The literature provided background from the microbiological sciences as to

why it is necessary to have planned and thoughtful experimental designs in order to

have “accurate and meaningful results” [80]. While not the most intricate or complex

structure, this current design pleased Dr. Benson and Dr. Van Haute and now acts as

a basis for the implementation of further research looking into other ways to improve

microbiome lab experiments.

Creating the current experiment was quite tedious, requiring multiple steps

across multiple computer programs. In the future, the creation process could be re-

worked and combined so that all three separate randomizations occur at once and

output an easily readable file with the well placements for a specific number of treat-

ments and plates. The randomization could occur in an app like the PlateDesigner

app, which puts specific parameters into a web-based platform. This method could

provide researchers with a quick and easy way to create randomizations associated

with specific types of designs. [145] Integrating the actual experimental design struc-

ture with a randomization procedure together in one program would vastly improve

the ability to implement more intricate experimental design structures. A goal of

future research could use specific programming techniques to create a web page or
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ShinyApp through R to output a final randomization for microbiologists. This app

could return a complete randomization with graphics demonstrating the placements

of treatments and well numbers and could be flexible enough to assist researchers in

selecting the optimal number of plates or treatments, given the amount of variability

in the responses.

Other future work could be tied into this last concept with the integration

of optimality into the design procedure to explore more about the plate-to-plate

variability, and if it would be more worthwhile for researchers to consider different

blocking techniques across plates or across rows and columns within a plate. Other

types of designs differing from α p-rep designs, with an incomplete block component,

could also be investigated within the search. The optimal design will be more directly

addressed in Chapter 4, and how the work may be able to tie into the procedures

to help microbiologists have the ability to create their own designs. Overall, this

design serves as a starting point to the broader discussion about how it will be best

to integrate design into microbiome experiments in 96-well plates.
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Chapter 3

Data Analysis

3.1 Introduction

Microbiology employs various approaches to analyze the relationship between

the genetic material of food consumed and the microbial community in different areas

of the human body. Many methods focus on the associations between phenotypic

outcomes and the genetic information from food. There is a wealth of literature that

summarizes current and novel techniques to analyze large genomic data sets. This

research aims to identify the genetic basis for the changes in microbial phenotypes

observed in the gut microbiome resulting from the consumption of different bean

lines. Specifically, this chapter will highlight analysis methods for the inclusion of

multivariate taxonomic information before genome-wide analyses (GWAS).

Much of the literature focuses on improving the GWAS model’s ability to handle

all facets of microbiome data. To address current challenges, improvements suggested

include adjusting models to handle issues such as large data sets, non-normal data,

multivariate responses, unbalanced data, and adding in effects for additional aspects

of experimental design [144, 154]. This list could go on, but many statistical tricks and

standards can be restructured to help deal with these issues. Properly interpreting

microbiome data sets involves not only understanding the statistical results but also
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considering their practical implications. In this chapter, we describe an analysis

methodology that addresses data structure and generates practical outcomes that are

easily interpretable by microbiologists in the field.

Researchers frequently use Genome-Wide association analyses (GWAS) to an-

alyze sequencing data from microbiome experiments to explain the relationship be-

tween genomic and phenotypic information. Analyses directly evaluate the associa-

tions between the bacterial taxa found in each sample and various fixed and random

effects in a mixed model. Effects may include variables such as batch, plate, rows/-

columns within a plate, and, most importantly, information variables containing the

SNP data of interest. Models of interest can feature many different structures, con-

sisting of frequentist or Bayesian frameworks, linear or generalized mixed models, and

varying methods for including the variables of interest in the model (univariate vs.

multivariate responses and sets of explanatory variables). Univariate methods have

previously been more common with GWAS and microbiome analyses, but multivari-

ate methods have been more of interest in recent years and will be particularly better

overall for this work [164, 70, 108].

This chapter reviews analysis methods for similarly designed experiments and

highlights the importance of using multivariate analyses to evaluate community rela-

tionships. Previous research has relied on standard univariate analysis methods, but

recent articles have demonstrated the benefits of integrating multivariate approaches

into genome-wide association analyses for microbiome research. In this chapter, we

describe the background and current methods used for genetic data analysis in this

field and explain how the taxonomic abundance from our experiment was analyzed.

We provide a detailed account of the proposed and actual analysis methodology and

demonstrate how the multivariate response variables created for the GWAS show

similar and additional information from the univariate methods. Our discussion and
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summary highlight the importance of these methods in spotlighting how the com-

munity structure of the gut microbiome is affected by the genetics of P. vulgaris.

Our work aims to demonstrate how this methodology can contribute to the field

by employing multivariate analysis techniques with the initial data before running

corresponding GWAS models, which can help emphasize the importance of the rela-

tionships between taxonomic abundances.

3.2 Outline of Analysis Goals

In studying the gut, researchers have shown that the composition of the bacterial

taxa from person to person stays relatively steady over time, but multiple health

conditions are related to changes in a stable community of bacteria within a person

[37]. Eetemadi and coauthors also note that work must still be done when describing

these conditions affecting the gut to “establish direct links between these conditions

and the composition of microbial communities in the gut [37]. In the larger body of

work, we hope to contribute to evaluating the relationship between a diet containing

P. vulgaris varieties and the gut microbiota’s resulting complete bacterial makeup.

Collectively, this new methodology for quantifying and genetic analysis of human gut

Microbiome-Active Traits (MATs) provides a new approach for mapping traits in

crop plants associated with human wellness and predisposition to particular diseases.

Our study aimed to investigate how the genetic features of bean lines impact

the human gut microbiome. Our approach involved identifying appropriate statisti-

cal techniques to analyze the association between microbiome phenotypic informa-

tion and specific bean races’ genetic diversity and population structure. To select

the most suitable technique, we considered the data collection process (as outlined

in chapters one and two) from a Food Science perspective. This process began by
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collecting specific bean line cultivars of interest from the Mesoamerican, and Du-

rango races, representing six major market classes [59]. Researchers created a new

method called the ”Automated in vitro Microbiome Screen (AiMS)” to phenotype

microbiome responses across many different genotypes/cultivars of the P. vulgaris

lines. This method was necessary due to limited resources for conducting fecal mi-

crobiome fermentations [59]. The AiMS method generated quantitative phenotypic

measurements of the abundances of different taxonomic and metabolic features of

the microbiomes. These measurements were critical for use in statistical analyses to

quantify the interactions of the P. vulgaris components with human gut microbiomes

[59]. At the core, the AiMS method creates microbial abundance values for anal-

ysis to relate beans consumption to output in the gut microbiome, which is useful

for highlighting relationships between diet and the community structure of bacteria

living in the gut.

Researchers run genome-wide association studies for individual taxa as pheno-

types for data analysis to identify Major Effect Loci (MEL). MELs are areas of genetic

variation in the P. vulgaris genome within different chromosomes with significant as-

sociations with phenotypic information (quantified as relative bacterial abundances)

using the AiMS method. This new collaborative project aimed to develop a technique

that could be incorporated as a novel approach in the GWAS models to account for

the abundance information of phenotypes across a multivariate range of abundance

values. Thus, the results would represent a “community” effect of bean lines across

multiple taxa. Looking at groupings of taxa would assist researchers in identifying

MELs that contain a gene or genes strongly affecting the bacterial communities in

the gut, potentially highlighting how the food we digest changes the makeup of the

gut microbiome.

The second research objective from section 1.3 states that in this chapter, we
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will use multivariate analysis methods to analyze data outputted from the experiment

designed from objective one. This first objective was to develop a new experimen-

tal design for next-generation sequencing 96 well-plate lab experiments, specifically

dealing with the human microbiome. Following the data collection process outlined

in chapter two, we aimed to investigate whether the natural decomposition of various

covariance and correlation matrices could facilitate our understanding of how genetic

variation across a diverse set of common bean lines is associated with the composi-

tion of microbial communities in the gut of three subjects. To achieve this goal, we

collaborated with microbiologists to develop a comprehensive analysis methodology

to enhance their understanding of the data.

To do this, we use different variability structures from MANOVA models analyz-

ing the relationship between the taxonomic abundances and the bean lines of interest,

accounting for the experimental design effects. We then use the decompositions of

the variations to create weights for the final calculation of a variable representing a

multivariate community effect to use in Dr. Van Haute’s GWAS models. Then try

and describe any patterns where the community taxa effects are significantly asso-

ciated with areas on the P. Vulgaris bean genome. Through discussing results with

the domain experts, we can highlight commonalities or unique attributes where our

multivariate traits are significant in relation to all the univariate taxonomic traits

also used in the GWAS models. Our primary objective was not to create a stan-

dalone method for the genetic-wide analysis that links the bean genetic structure to

the taxonomic abundances. Instead, we aimed to work alongside the researchers to

develop a new multivariate value that could be used with their univariate abundances

for standard GWAS models.
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3.3 Literature Review

3.3.1 Background

This review is divided into sections discussing techniques for analyzing microbio-

logical data and their relevance to creating statistically sound and innovative methods

for interpreting the data collected in Chapter 2. Statistical context is provided for ge-

neticists’ commonly used approaches, and we demonstrate how our analysis is similar

to current research while utilizing other factors from different domains (such as ani-

mal and plant breeding). One of these common approaches for analyzing microbiome

relative abundance data is based on linear mixed models, which incorporate random

effects based on the experimental design. Mixed models are a straightforward way to

integrate experimental design factors such as plate, batch, row/column, different runs,

etc., into the model. For the response variables, in practice, the focus is often placed

on univariate genome-wide association tests, using phenotypes within models one at

a time [40, 106, 165]. While univariate methods are more common, new research fo-

cuses on multivariate analyses because of the strong relationships between phenotypic

variables of interest. Multivariate mixed models and statistical dimension reduction

methods can assist in analyzing complex microbial datasets and interpreting the gut

community’s genetic composition. While the literature does contain previously uti-

lized multivariate techniques, there remains a “multitude of possible statistical choices

makes it a daunting task for an investigator not experienced with these tools to pick

a good technique to use”. [109]

3.3.2 Analysis of Taxonomic Abundance in Microbiome Experiments

In light of the collaborative goals specified in section 3.2, it is crucial to explore

prior efforts in addressing comparable research questions and identify potential adap-



48

tations or alternative approaches. Having collected relative abundance data from var-

ious subjects through our designed experiment, it is important to determine the key

considerations when dealing with similar datasets. These outputs from microbiome

experiments are most often multivariate, whether or not it is analyzed as such. Thus

multivariate tools available to scientists need to grow as the data collection methods

in the field are also increasing [124]. In combination, issues can arise from the data

non-normality (sometimes measured in counts or as relative bacterial abundance),

sparsity of the responses from too many zeroes and undersampling, and possible false

positive outcomes, which could lead to bias [91]. Mallick et al. provide information

about methods used to deal with differing types of microbiome studies, including clus-

tering analyses (and unsupervised learning techniques), analyses that could include

covariates such as nonparametric MANOVAs (PERMANOVA), and newer methods

such “edgeR, DESeq2, metagenomeSeq, limma-voom, and MaAsLin” which can in-

clude multivariate associations. These methods are all varieties of linear models or

nonparametric methodologies that can analyze microbial abundances. For those look-

ing to analyze a similar style data set, a table in the paper provides a summary of

the types of responses addressed by each model, the statistical distribution employed,

and whether the model considers multivariate responses, or random effects, among

other factors.

In the Mallick paper, there is also a discussion about how even though many re-

searchers conclude that published methods in the domain literature are multivariate,

many of the “analytical tools in microbiome epidemiology are essentially univariate”

[91]. This is worrisome because there are statistical issues with treating multivariate

data in a univariate form. One of the most significant concerns is that information

about the relationship and correlation between the responses gets lost in this pro-

cess. Other authors notice similar issues in finding multivariate models to fit the
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data. La Rosa et al. discuss that developments in analyzing metagenomic data are

developing slower than processes for collecting data [124]. Specifically, methods based

on “exploratory cluster analysis, bootstrap or resampling methods, and application

of univariate and nonparametric statistics” are being proposed, but many of them

require reduction of the data, which in turn ignore the correlations of the responses

and the multivariate structure of the data [124]. So even though many researchers

use these common methods, there is room for improvement with how the approaches

deal with the multivariate data and a need for models accounting covariates (such as

effects introduced from more intricate experimental designs). The authors propose a

parametric multivariate approach to the analysis based on the Dirichlet-Multinomial

distribution. Although this approach improves the development of advanced multi-

variate models that rely on the biological characteristics of the data, it fails to consider

any supplementary covariates, which would allow for the consideration of potential

effects resulting from experimental design.

Separate from the more generic linear models, machine learning techniques are

used for visualization and data clustering to quantify the relationships between the

genotypes and their bacterial responses. Standard methods utilized are clustering

techniques as well as principal coordinates analysis or principal component analysis

[80]. Based on the nature of these techniques, it is possible to utilize them for variable

reduction to reduce the size of either set of independent or dependent variables.

Principal component analysis, for example, can be used to reduce the size of a data set

into a few components made up of linear combinations of the larger data set, “called

principal components, along which the variation in the data is maximal: in order to

see in what ways the samples can be grouped together” [120]. Similar methods, such

as different types of canonical correlation analyses and partial least squares regression

methods, can also be used as dimension reduction methods sets of large data [94].
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Statistical hypotheses of interest can also guide the particular route for selecting

the type of analysis to look for relationships between SNPs and phenotypes. Many

summary and review papers exist, highlighting common methods and issues that

need to be resolved. Summary statistics can be calculated to summarize microbial

taxa, including alpha, beta, Shannon, Inverse Simpson, Faith’s diversity indices, and

along with the raw abundance values, can be analyzed with t-tests or non-parametric

type Kruskal Wallis or Wilcoxon rank sum tests when comparing microbiomes across

groups [154, 51]. Galloway-Pena and Hanson highlight different ways to characterize

(as in the previous diversity indices) and analyze types of genomic data from mi-

crobiome studies, including discriminant analysis, PERMANOVA, Regression meth-

ods (sparse regression, Dirichlet-multinomial regression, sparse regression, generalized

boosted linear models), correlation network models, and a variety of different machine

learning models (such as random forest or classification and regression trees) [51].

Although the existing resources are useful in the domain, there is a need for

novel statistical techniques that concentrate on hierarchical, spatial, and temporal

types of data and designs, and there remains a lack “of systematic studies aimed

at the evaluation of multiple-covariates, [and repeated-measures] methods for micro-

biome epidemiology, with no clear consensus to date” [91]. New methodologies could

be useful for researchers seeking to develop methods that more accurately address

spatial or statistical random design variability. Secondarily, much focus falls directly

on methods for genome-wide association analyses and recent research has been done

investigating more multivariate methods, including “new robust and powerful statisti-

cal methods for testing association between a microbial community/clade of multiple

taxa and an outcome of interest” [8]. In general, we acknowledge the approaches used

by statisticians and microbiologists when dealing with abundance data. However, our

analytical objectives center on an intermediate phase that follows data collection but
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precedes GWAS modeling, with the aim of producing a novel pseudo-multivariate

variable that can be employed in the traditional GWAS model.

3.3.3 GWAS and Genetic Association Methodologies

Our analysis objectives revolve around how the overall bacterial makeup in the

gut, collected with the AiMS methodology, is affected by the genetics and SNP infor-

mation from the bean lines. Specifically, we have focused on a multivariate extension

completed before the GWAS. In looking for an analysis that could be utilized to em-

phasize community structure in microbial outputs, other fields of literature shed light

on helpful modeling techniques and what information from the data will be essential

to consider. Given that this research relies on input and output data generated by

GWAS modeling, it is advantageous to provide an overview of the models’ capabilities

and their usefulness in this and other fields.

GWAS research is not only valuable for human health studies but also has

applications in a variety of fields. With these models, the aim is to find relationships

between an output of an observable characteristic of an individual (described most

often as a “phenotype”) to some genetic information from the same individual. While

these can be stand-alone analyses, they usually fit under the description of GWAS

or Genome-Wide Association analyses, which “test hundreds of thousands of genetic

variants across many genomes to find those statistically associated with a specific

trait or disease” [148]. This method has become increasingly common for identifying

noteworthy genetic variants in plants and animals. Examining these relationships

between genotypic and phenotypic traits can enhance our understanding of various

crops and types of livestock, potentially improving their yields and characteristics

[135, 84]. Tying into our work, the collaborating microbiologists are interested in

relating characteristics of the Mesoamerican and Durango bean lines to the changes
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in the taxa created by the gut microbiome. Comprehensively, this work spans health

and agriculture research fields, making it of interest to various stakeholders.

As previously mentioned, our work will be combined with a GWAS to investigate

potential correlations between bean genetics and abundance phenotypes measured

by AiMS. We chose to work on an extension of GWAS as it is a widely accepted

methodology for exploring the relationship between dietary genetic information and

changes in human health, specifically in terms of the impact on the microbiota of the

human body. Advances in DNA sequencing technology have also helped to allow this

field of research to grow as it continues to become more manageable, cheaper, and

faster over time to collect genetic information associated with humans and the human

body (along with information about what we consume) [147]. Overall, we can focus

on a description of what these methods are used for with regard to this research and

why we are not adjusting the particular processes.

Data for microbiome studies consist of genetic (SNP) information with a large

amount of chromosomal information collected from plants, animals, people, etc., of

interest and compared to a phenotypic outcome of interest, searching for significant

associations between the two [114]. Statistical methods can be broken down into three

groups to search for the association of interest. A GWAS can be conducted individ-

ually on phenotypes (results can be interpreted over all tests), more than one trait

can be converted into a “composite score” for the GWAS, or multiple phenotypes can

be combined for the GWAS [156]. Researchers also want to “characterize the rela-

tionship between microbiome features and biological, genetic, clinical or experimental

conditions” or “identify potential biological and environmental factors associated with

microbiome composition” [154]. Extensive literature exists about the specific GWAS

models because it is so common, but also since researchers are commonly dealing

with the issues of complex data, including high-dimensional, zero-inflated, composi-
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tional responses, where methods can often lack statistical power and the ability to

control for confounding variables [51]. More information about multivariate methods

commonly used for these models is presented in the next section.

Looking at GWAS models separately from models in subsection 3.3.2 is helpful

because the goal of models for the abundances is to compare the attributes of different

microbiomes depending on what types of groups or categories the person (or subject)

was exposed to, like a treatment vs. control, etc. [51]. In this current research, the

objective is to simply focus on the associations between chromosomal information

from the bean lines compared to the outcomes from the microbiome. Microbiome

literature provided a good background for knowledge to remember when utilizing

taxonomic abundances as responses. Common genome-wide association analyses to

study diseases with multiple phenotypes include “multivariate analysis of variance

(MANOVA), the principal component analysis (PCA), the generalizing estimating

equations (GEE), the trait-based association test involving the extended Simes pro-

cedure (TATES)” [156].

Because the abundances have become our traits of interest, GWAS methods

of interest instead boil down to what would be used in plant breeding and genetics.

Essentially, we could replace the AiMS-generated “Microbiome Active Traits” with

any other trait/phenotype of the bean lines, and GWAS would be similar to those

completed within agronomy and horticulture. This work is a small extension of

Dr. Van Haute’s overall work, where she collaborated with UNL agronomy and

horticulture department members to provide the necessary background for the GWAS

models, bridging the gap between plant and health studies [59]. When discussing the

benefits of GWAS, she highlighted that the studies “have developed into a powerful

tool for the investigation and identification of candidate genomic regions associated

with traits of interest, ” and while there have been over 50 publications focusing
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on GWAS with the P. vulgaris line, none included microbiome “nutrition-oriented”

traits in their study [59]. More information about Dr. Van Haute’s specific GWAS

models can be found in her dissertation and in subsection 3.5.5. Regardless of our

possible extension, univariate models would be used as the primary way for Dr. Van

Haute to look for general associations between taxa and the bean genome. However,

to expand our research on community effects, we can explore multivariate models

and consider how to incorporate community effects into phenotypic information for

GWAS across various disciplines.

3.3.4 Multivariate Methods and Analysis of Community Relationships

The literature on microbiome research emphasizes the importance of utilizing

multivariate methods to analyze taxa communities. Our collaborators aim to analyze

more than one taxa at a time, making multivariate methods in linear or generalized

linear mixed-method models relevant. Furthermore, summarizing multiple abundance

values into a single variable becomes useful when creating a new variable for GWAS to

consider community effects. Thus, I extensively reviewed the uses of multivariate and

dimension reduction methods in statistical and domain contexts, which informed the

proposed analysis methodology outlined in section 3.5.2. Using multivariate methods

is necessary to gain a deeper understanding of how different bacteria in the gut

interact with each other. In the field of medical research and healthcare, being able

to measure the diversity of gut bacteria, along with their distinct mechanisms within

the human body and the way they vary from one individual to another, could provide

valuable insights for assessing disease risk and customizing treatments [32].

Numerous methods for analyzing bacterial abundances are designed to directly

model the relationships between phenotypic output and genetic SNP information. Of-

ten, researchers use multivariate linear mixed models to evaluate community structure
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in the phenotypes while also having the ability to “control for population stratifi-

cation in genome-wide association studies”[164]. Linear mixed models, which can

be extended to include multivariate LMMs, have become increasingly popular in

GWAS due to their unique ability to account for the relatedness among individuals

while simultaneously testing for associations between genetic markers and traits [57].

Stephens, in 2013, pointed out that multivariate linear mixed models are frequently

used in genetics, but despite their increased power, interpreting these association

analyses can be challenging, and not finding significance can keep researchers from

being able to answer the question of which phenotypes are associated [142].

In addition, while a linear model like a MANOVA can provide specific outputs

regarding fixed effects, these results may not be particularly interesting. Instead, the

focus is placed on the extent of variability across response taxa while considering

design effects and bean lines of interest. GWAS models employ this thinking by

utilizing information from the random effects. Information is extracted from BLUPs

(Best Linear Unbiased Predictions) with a variance structure using a kinship matrix

between the effects of interest (the bean line genetics in this case), introduced by

Henderson[61]. Depending on the method selected (many methods exist both within

frequentist and Bayesian frameworks), BLUPS can be calculated for each genotype

from the model and are used as a response when testing each genetic SNP marker

individually as the fixed effect. Each BLUP test evaluates genetic associations and

identifies regions of the genome that display statistically significant associations with

specific traits or diseases. The summary plot (Manhattan plot) of all model p-values

across the genome reveals peaks of the most significant hits[128]. These areas indicate

to researchers which bacteria, or communities of bacteria, are highly related to the

genetic makeup of the material of interest.

With the use of SNPs in the GWAS models, the “genotypes are well-defined
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biological entities,” whereas “phenotypes are defined more subjectively and can re-

late to numerous biological processes” [106]. Efforts have been made to determine

well-defined phenotypes that are associated with specific biological functions for use

in GWAS, however, there still lacks a clear and consistent process for defining the

phenotypes[106]. However, O’Reilly describes a process for utilizing regression meth-

ods to highlight multivariate relationships across phenotypes. They observe that

“the association between linear combinations of phenotypes and the genotypes at

each SNP” could allow researchers to better identify associations that are not eas-

ily interpreted by GWAS models on a single phenotypes [106]. The issue at hand

becomes how to statistically model related multiple phenotypes to the specific geno-

typic information of interest. O’Reilly et al. introduce MultiPhen, which uses ordinal

regression to jointly model multiple phenotypes as predictors of SNP genotypes and

makes no assumptions about the phenotype distribution, accommodating both binary

and continuous measurements. The method employs a likelihood ratio test for model

fit to determine evidence of an association between the SNP and the phenotypes,

with the usual genome-wide significance level applied. Utilizing linear combinations

of phenotypic information is a point of interest moving forward, but this could also

be achieved with a variety of different dimension reduction techniques like principal

component analysis or canonical discriminant analysis.

Another benefit is that analyzing the data across multiple phenotypic responses

“can increase power not only to detect pleiotropic genetic variants but also genetic

variants that affect only one of multiple correlated phenotypes” [164]. Pleiotropy

can be defined as an outcome where a single locus affects more than one phenotypic

trait, and associations detected may not all be biologically meaningful[139, 57]. In

2014, Zhou and Stephens created more efficient and flexible algorithm extensions

for GEMMA software (Genome-Wide Efficient mixed Model Association) that are
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extensions of multivariate linear mixed models with corresponding likelihood ratio

tests for finding significant genotypic effects [164]. In addition, methods such as

GEMMAemma, an extension of GEMMA, offer improved computation speed, power,

and P-value calibration over existing methods and focus on including more than two

phenotypes [164].

In 2013, Stephens wrote about a framework for analyzing more than two re-

lated phenotypes. The goal was to “consider the problem of assessing associations

between multiple related outcome variables” and create models “based on Bayesian

model comparison and averaging for multivariate regressions” [142]. The analyses

were created to handle simple multivariate analyses with one genetic variant and “a

modest number of phenotypes (e.g., up to 10)”[142]. The analysis utilizes Bayesian

Multivariate Regression techniques to evaluate which genotype has significant effects

on the groups of phenotypes. Others have investigated utilizing dimension reduction

techniques in order to summarize multiple phenotypic data before running genome-

wide association studies. Wang et al. discuss dimension reduction as a method to

reduce the number of tests conducted, as the number can grow exponentially when

interested in more individual traits[150]. The authors refer to several studies and

note that for multivariate tests, while the number of tests decreases, there could still

be challenges in identifying the precise effect of host genetics on particular microbes

[150]. The methods used can include PCA, PCoA (principal coordinate analysis, and

MDS (multidimensional scaling), where PCoA is often used more for microbiome data

[150, 94]. However, many dimension reduction methods do not consider outside mod-

eling effects. Methods such as PCA could assist in reducing the number of taxa into

one value ”while preserving as much ‘variability’ (i.e., statistical information) as pos-

sible” such that we are finding a new summary value that is a linear function across

information about the original taxonomic abundances, ”that successively maximize
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variance and that are uncorrelated with each other” [72].

Other research areas focus on using statistical dimension reduction methods

to reduce the large amount of data produced in microbiome studies. In research

dealing with genetics from microbiome samples and a food source, such as the common

bean (P. vulgaris), models evaluate the relationship between multiple phenotypic

responses and large sets of related explanatory variables (SNPs). Liu, Barnett, and

Lin examine how different PCA models react when using large sets of phenotypic

data and when a model uses PCA to reduce the number of SNPs as explanatory

variables [87]. Conversely, reduction methods can also be utilized for the phenotypic

responses highlighted in the aforementioned papers. In genetic analyses with SNPs

and phenotypes such as this, there are differences between what can be gained from

summarizing either the explanatory or response variables based on a PCA or canonical

discriminant analysis. But, in the literature, not much has been discussed “how

the performance of PCA differs in multiple phenotype regression as compared to

multiple SNP regression,” as well as when more specific details about fine-tuning

the method and trying to compare how different unsupervised dimension reduction

methods perform [87].

The methods above give a broad overall picture of how multivariate methods

offer helpful strategies to answer researchers’ questions about the community struc-

ture of taxonomic phenotypes. These analyses can also identify relationships between

multiple taxa and the SNP genetic information from the bean genome. After acknowl-

edging these benefits with the additional information from the microbiology literature,

we can better outline the methods for an initial analysis of taxonomic abundance data

from the experiment from Chapter Two. To guide the focus of this specific project,

we can identify the most effective analysis approaches and determine what works best

at matching (or improving) the detection of significant genetic relationships from the
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univariate methods. Working alongside Dr. Benson and Dr. Van Haute, this research

aims to assist with their primary analyses, combining taxa abundance data into mul-

tivariate traits before the GWAS analyses. The details and knowledge presented from

the literature provide beneficial descriptions of how multiple phenotypic traits can be

summarized and how we can work to summarize community taxonomic relationships.

3.3.5 Additional Methods Incorporating Experimental Design

A simple first step in methodology would be to consider a multivariate linear

model technique to best integrate and test for possible effects of plates, rows, and

columns within plates and differences between subjects. There was little discussion

about integrating experimental design variability into the analysis across the litera-

ture, even though many resources called for further statistical design aspects to be

implemented. However, Mallick et al. made several different tools for analyzing abun-

dance data, where some can account for both multi-variable associations and random

effects, which could help account for the design effects [91]. Normalization and data

transformations are commonly employed in analyzing microbiome abundance data

and can be particularly useful in this context. For this reason, it will be worth-

while to investigate techniques created or proposed to combine experimental design

methods and analysis techniques within statistical modeling.

In previous studies, researchers have employed zero-inflated non-normal models

to analyze relative abundance proportions, incorporating multi-variable associations

and random effects. A paper from Chen and Li proposes a model that accounts

for repeated measures data for microbiome changes over time with subject-level

covariates[22]. While initially designed for fitting a correlation structure to repeated

measurements over time, the approach discussed here can be adapted to address other

design effects. Furthermore, the structure of repeated measures data is akin to that
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of multivariate data, in which multiple responses are recorded across different ob-

servational units. As a result, there may be some overlap between models used for

longitudinal microbiome sampling and those used for multivariate analyses.

Grantham et al. expand on the mixed effect model methodology for designed

experiments. Authors point out that “permutational multivariate analysis of variance

(PERMANOVA) with pairwise differences between samples” from McArdle and An-

derson in 2001 “is a popular tool to test whether environmental covariates are associ-

ated with” differences in the taxonomic responses [56, 93]. However, “PERMANOVA

does not yield inferences about how the environment affects individual microbes” [56].

After reviewing the methodology used for multivariate models with covariates, the

author proposed their new method, “microbiome mixed model (MIMIX),” a Bayesian-

based model using Bayesian factor analysis to “capture complex dependence patterns

among microbial taxa” [56]. According to Grantham, the impetus for the design

arose when attempting to fit data from a randomized complete block design across

multiple locations. Although not identical to the design presented in chapter 2, the

principles underlying it could be extended to accommodate the distinctive features of

this design. When using a Bayesian model structure, it is important to consider the

amount of statistical expertise and background knowledge about expected responses

and variability that the researcher should have to interpret the results. Although

more complex models may better fit the data, they may not always be the most

practical methods for subject matter researchers to use.
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3.4 Data Collection, Descriptive Statistics, and Sources of

Variation

The collected data were organized, cleaned, and structured for statistical anal-

ysis in Excel by Dr. Van Haute. Data sets for each subject contain variables from

the design and background descriptive variables with details about the specific bean

lines and some subject information. Variables included are listed in Table 3.1, sepa-

rated between the variables that specifically pertain to the design and extra variables

that are more descriptive and do not necessarily need to be used within the analysis.

Once the data was received for each subject, the replication, row, and column vari-

ables (italicized in Table 3.1 were added to indicate each observation’s replicate batch,

row, and column value within a plate. The row and column variables were added to

evaluate the levels of extra ”noise” and variability in bacterial abundances based on

well distribution. The replication label corresponds to each set of four plates run

through various stages of the experimental protocol together. As discussed in Chap-

ter 2, each replicate was designed as an incomplete block design, with one complete

replicate of all 300 bean lines and four additional replications for 12 randomly selected

”check” lines. The response variables included were the initial taxonomic abundances

at the genus level.

The design was organized so that each subject’s microbiome samples were put

through the experimental protocol one at a time. Data for all subjects were received

over two and a half years. Additionally, due to a lack of information to get the

appropriate genetic output, three of the 300 total bean lines were left out of the

randomization (BelMiNeb1, BelMiNeb2, and Indeterminate Jamaican Red lines). Lab

researchers mentioned that some information could be recovered for these lines in the

future, but there will now only be 297 bean lines for all analyses. Statistically, more
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Explanatory Variables
Design Related Descriptive
Subject Bean Race
Bean Line Market Class
Check Line (indicator) Seed Color
Plate Bean Release Year
Well Subj. Gender
Replication Subj. Country Origin
Row* Bean Weight
Column*
*Within Plate

Table 3.1: Variables Within the Subject One Data Set

attention could be paid to the information about these lines since they were not

missing at random, but since the lines are missing entirely, it could be viewed like

these lines were not in the experiment at all. Also, some individual wells from other

lines were “missing at random” due to more typical errors in the lab data collection.

These wells could have been missing due to a lack of material to test at the end of

the experiment or if the sample did not have any measurable bacterial taxa. One

last note is that two of the completely missing lines were designated as check lines

in some of the randomizations, each from a separate set of four plates. However, the

statistical modeling will make corrections in the analysis to balance all the missing

data in the associated variability estimates.

For each subject’s data, the explanatory variables remained the same, and the

output columns representing abundances for bacterial taxa measured on the samples

from the simulated microbiome changed from subject to subject. There are over 50

columns per subject containing the relative abundance proportion of different strains

of bacteria in each sample. Given the list of all bacteria compiled, researchers evalu-

ated the sequenced data and selected a simplified number of top and most essential

taxa to assess for potential use within individual univariate GWAS tests. For each
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subject (1, 2, and 3), 36, 34, and 22 (respectively) of the top taxa were selected to

be evaluated in further analyses.

Starting with a simple multivariate model, using more than 20 responses seemed

unnecessary when analyzing the relationships between the experimental design vari-

ables and the relative abundance responses. So, it was important to see what taxa

accounted for most of the abundance across each of the individual well samples and

which would provide the most informative gut microbiota representation. This state-

ment is related to the previous discussion, which highlighted the need for a variable

reduction technique to more effectively comprehend and consider the relationships

between the taxa. From the columns with less than 50% zeroes, I have included a

table including the mean, max, and median relative abundances, ordered from largest

to smallest median value and including only the top 22 responses (since only 22 were

included in the subject 3 information). The summary values fit what we would expect

to see with relative abundances and indicate that the responses will be small propor-

tions with the potential for right-skewness. This outcome aligns with the literature’s

focus on non-parametric and non-normal methods for data analysis.

Subject 1 Mean Median Minimum Maximum Subject 2 Mean Median Minimum Maximum Subject 3 Mean Median Minimum Maximum
Prevotella9 0.4459 0.4511 0.0084 0.6412 Bacteroides 0.2398 0.2236 0.1049 0.4976 Prevotella9 0.4755 0.4714 0.1428 0.7039
Succinivibrio 0.0639 0.0581 0.0207 0.4988 Phascolarctobacterium 0.2219 0.2046 0.0093 0.5258 Megasphaera 0.1113 0.1117 0.0092 0.2215
Dialister 0.0627 0.0623 0.0079 0.1358 Faecalibacterium 0.1134 0.1166 0.0039 0.2698 Acidaminococcus 0.0917 0.0929 0.0022 0.1851
Enterobacteriaceae 0.0618 0.0611 0.0096 0.1579 Clostridiumsensustricto1 0.0862 0.0582 0 0.4988 EscherichiaShigella 0.0837 0.0818 0.0285 0.2513
Bacteroides 0.0367 0.0361 0.002 0.0673 Sutterella 0.053 0.0471 0.0182 0.2761 Bacteroides 0.0826 0.0797 0.0286 0.1884
Coprococcus3 0.0356 0.0367 0.001 0.0759 Bifidobacterium 0.0375 0.0413 0 0.2533 Clostridium sensu stricto 1 0.0399 0.037 0.0011 0.1993
Anaerostipes 0.0328 0.0322 0.0025 0.1106 Coprococcus3 0.035 0.0401 0.0003 0.0898 Phascolarctobacterium 0.0211 0.0188 0 0.273
Sutterella 0.0314 0.0311 0.0024 0.0571 Dorea 0.0296 0.0359 0 0.0751 Sutterella 0.0179 0.0158 0.0065 0.0503
Prevotellaceae 0.0219 0.0218 0.0007 0.0459 Alistipes 0.0251 0.0242 0.0044 0.0496 Megamonas 0.0152 0.0158 0.0018 0.0385
Coprococcus1 0.0206 0.0203 0.0004 0.0465 Roseburia 0.0193 0.0188 0 0.0748 Prevotella7 0.0133 0.0129 0 0.0378
Bifidobacterium 0.0191 0.016 0.0006 0.2913 LachnospiraceaeUCG004 0.017 0.0176 0 0.0513 Bifidobacterium 0.0072 0.006 0.0003 0.1801
Lachnospiraceae NA 0.0176 0.0168 0.0022 0.1754 Blautia 0.0167 0.0198 0 0.0452 Parabacteroides 0.0051 0.0049 0.0008 0.0129
Dorea 0.0168 0.0168 0.0004 0.0373 Parabacteroides 0.0098 0.009 0.0038 0.0213 Dorea 0.0031 0.0028 0 0.0153
Blautia 0.016 0.0158 0 0.0418 Eubacteriumhallii 0.0097 0.0079 0 0.038 Paraprevotella 0.0028 0.0028 0 0.0096
Roseburia 0.0159 0.016 0 0.0279 Coprococcus1 0.0077 0.0072 0 0.0321 Blautia 0.0028 0.0025 0 0.0205
Fournierella 0.0091 0.0083 0 0.0262 Parasutterella 0.007 0.0068 0.0015 0.015 Coprococcus3 0.0027 0.0014 0 0.0438
Faecalibacterium 0.0082 0.0057 0 0.0767 Agathobacter 0.0069 0.0067 0 0.0187 Enterococcus 0.0022 0.0022 0 0.009
LachnospiraceaeUCG004 0.0078 0.0078 0 0.017 Anaerostipes 0.0052 0.0043 0 0.0306 Butyricicoccus 0.0022 0.0024 0 0.0071
Clostridiumsensustricto1 0.0077 0.0046 0 0.2699 ChristensenellaceaeR7group 0.0051 0.0049 0.0017 0.0147 Allisonella 0.0018 0.0017 0 0.0063
Agathobacter 0.0054 0.0053 0 0.0137 Odoribacter 0.004 0.0039 0.0008 0.0106 Coprococcus1 0.0017 0.0013 0 0.0586
Lachnospira 0.0046 0.0043 0 0.0143 RuminococcaceaeUCG002 0.004 0.0036 0.0006 0.0267 Lachnospiraceae UCG-004 0.0017 0.0011 0 0.0341
Prevotella2 0.0046 0.0043 0.0007 0.0153 PrevotellaceaeUCG001 0.004 0.0035 0 0.016 Faecalibacterium 0.0016 0.0013 0 0.1326

Table 3.2: Top Twenty-Two Taxa by Mean and Median Abundance

When a specific design is utilized in an experiment, it is important to ensure

that all sources of variation are accounted for as incorporated in the design. Given

the specific assignment of treatments, it is crucial to incorporate relevant features in
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the initial analysis to accurately account for their potential effect. Since plates are

incomplete blocks for the treatments (bean lines), we can account for the plate-to-

plate variability. The check replicates are also aligned within the rows and columns

within a plate; thus, it is possible to account for within-plate variation. Writing

out tables with the sources of variation is a good way to note all the aspects of the

experimental design that can be included in the statistical model. In a perfect world,

subjects could be all run through the experiment simultaneously, and differences

between subjects could be evaluated within the analysis. We could include a subject

term and any appropriate interactions across subjects in the sources of variation. This

design layout would be the same as our final design, except a different subject would

be randomly assigned to each replication of four plates within an experimental run.

However, since running the samples from multiple subjects at one time is impossible

(due to the time each subject’s samples are viable), the sources of variation can be

evaluated for an individual subject.

Without the subject effect, we can easily see in Table 3.3 what occurs for one

experiment run across three replications of four plates. Included in the design are

three replicates, with four plates each, used to calculate the degrees of freedom for

the first two rows in Table 3.3. A total of 300 bean lines are included, and the line

error is calculated by taking the degrees of freedom available for bean lines across

the two replicates and accounting for the effect of the plate. There are 12 different

check lines within each plate, which differ for every replicate, leaving 144 degrees of

freedom to account for any check line effect. Variation among wells within a plate

is described using 12 checks in a row/column α - design (with three rows and four

columns), producing the lines for rows and columns under wells. Plate error is the

leftover degrees of freedom remaining for wells after accounting for the rows and

columns for the check design.
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Source Df Calculation Description
Rep 2 3− 1
Plate(rep) 9 3 ∗ (4− 1)

Lines 299 300− 1
(Lines X Rep) -
Plates(Rep)

589 (299 ∗ 2)− 9 Line Error

Wells(Checks) 144 12 ∗ 4 ∗ 3 12 checks, across 12
plates

Row(plate) 24 (3− 1) ∗ 4 ∗ 3 Row trends in plates
Col(plate) 36 (4− 1) ∗ 4 ∗ 3 Col trends in plates
Plate error 84 144− (24 + 36)

TOTAL 1043 1044− 1

Table 3.3: Sources of Variability for Experimental Design of One Subject

However, moving forward, check effects have been removed from the final MANOVA

model for analysis to create the multivariate traits. Initial data exploration revealed

non-practically significant differences between rows and columns and the check lines.

While researchers were curious about any within-plate differences that could be char-

acterized in the analysis, of particular interest to them with this extension to their

primary analyses. In Dr. Van Haute’s GWAS models, they account for overall row and

column effects within a plate, so for the adjusted goals of our analysis, the MANOVA

model was simplified to the sources of variation in Table 3.4.

Source Df Calculation Description
Rep 2 3− 1

Plate(rep) 9 3 ∗ (4− 1)

Lines L L = Lines− 1
Will change depend-
ing on how many lines
are included

Error E
E = 1043− (2 +
9 + L)

Combined Lines and
Well Check Effects

TOTAL 1043 1044− 1

Table 3.4: Reduced Sources of Variability for Experimental Design of One Subject
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3.5 Analysis Methodology

3.5.1 Overview

Given our proposed data structure and goals, it is necessary that the analy-

sis highlight community taxa effects on the response abundances. The final model

summarized in this chapter accounts for design effects and bean line variation across

multiple bacterial taxa to parse out variability between them. This methodology

outlines the process of taking covariance outputs from a MANOVA to create pseudo-

multivariate phenotypic values accounting for taxonomic relationships. These new

responses are called Polymicrobial Traits, a term coined by Dr. Van Haute for her

specific research vocabulary. Polymicrobial traits are new responses for GWAS models

now accounting for multiple of the most abundant taxa simultaneously, to be added

to the standard added to univariate taxa phenotypes. Community structure within

the gut can then be evaluated via taxa associations and their relationships across the

bean lines by utilizing these new traits.

New values for every observation are created as weighted combinations of the

abundances across a reduced list of selected taxa. Weights will be calculated using

loading vectors from a principle component analysis on variability matrices outputted

from a MANOVA model. Ultimately, results from univariate GWAS models analyz-

ing microbiome phenotypes from individual relative abundances for specific taxa of

interest will be compared to output from the polymicrobial traits. Similarities and

differences between the results will inform researchers about if this new method can

assist in informing scientists about which bean lines affect changes in the gut micro-

biome. Also, we will be able to verify if the method can identify the same important

chromosomal areas as the individual phenotypic models.
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3.5.2 Proposed Analysis Methodology

As observed from a general review of the literature, a lot of research on GWAS

methodology focuses on exploring the connections between genetic information and

observable characteristics. However, this study concentrates on a pre-processing anal-

ysis approach that generates valuable and easy-to-interpret ”pseudo” phenotypic vari-

ables for GWAS models. For this project, researchers focus on the association between

the bacteria output in the gut and the SNP region on the chromosome, where the

outcomes are related to the genetic material associated with the P. vulgaris genome.

The taxa traits from the AiMS phenotyping will be multivariate as they contain

information across a community of bacteria from each of the subjects’ microbiome

samples. When designing the experiment and proposed analysis with Drs. VanHaute

and Benson, we knew there were attributes that we could address with statistical

methodology.

While the responses are expressed as proportions, we investigate treating a

transformed version of the abundances as normally distributed for simplicity. To

better capture the community effects, multiple taxa should be considered simultane-

ously. Using a MANOVA model will enable the evaluation of the variability between

taxa in relation to the bean lines. We would include terms to account for plate and

batch effects in the analyses, separated into analyses for each of the three subjects to

match how UNL microbiologists perform their analyses. After accounting for design

effects, each model’s covariance output could be used to highlight relationships be-

tween taxa. Finally, principal component analysis (PCA) and canonical discriminant

analysis (CDA) can be used with the covariance outputs to summarize the commu-

nity relationship into component vectors of ”pseudo” phenotypic summaries weighted

across multiple taxa. PCA is an unsupervised technique used to identify the under-
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lying structure in a data set by transforming the data into a new coordinate system

that explain the maximum amount of variance in the data. PCA aims to simplify

the data while retaining as much information as possible. CDA, on the other hand,

is a supervised technique used to identify the directions in a data set that best dis-

criminates between two or more classes. CDA is used to find a linear combination

of features that maximizes the separation between classes. The result is a new set of

features that can be used for classification. In summary, PCA is used for exploring

the data structure, while CDA is used for classifying the data based on the class

labels. The final ”pseudo” phenotypic summaries will be used responses alongside

univariate taxa to be run through Dr. Van Haute’s GWAS procedures.

This work will compare the results of the GWAS outcomes from our multivari-

ate responses to those from individual univariate taxa. The comparisons will help

us determine whether community variables identify the same or different significant

SNP areas as the univariate models. Confirming similar results in SNP areas would

demonstrate that our new models can effectively capture relevant information com-

pared to standard statistical techniques. The results will be discussed to identify the

valuable knowledge that statisticians and microbiologists can gain from these new

models and how they can be used in practice moving forward. Overall, this study

aims to provide a novel approach to analyzing complex data sets, and its findings

are expected to advance our understanding of the genetic basis of complex microbial

communities.

3.5.3 Data Cleaning and Multivariate Analyses

The process begins by selecting the most prevalent taxa accounting for a major-

ity of the abundance across each subject’s microbiome samples. These values will be

utilized to evaluate the variability between the subset of taxa and how it is affected
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by the experimental design and bean line effects in a multivariate analysis of variance

(MANOVA) model. To select the most prevalent taxa, the raw abundances of all taxa

were summed for each observation across varying groupings of taxa columns. Taxa

were ranked from most to least average relative abundance, and groups of columns

were selected by adding in the most abundant taxa one at a time. Final subsets were

selected based on which groups of taxa accounted (across all observations) for at least

90% of the overall abundance. On average, around 92% of the overall abundance was

accounted for with the top 17 most abundant genera for subject one, 15 for subject

two, and nine for subject three.

Faecalibacterium was required to be chosen for every subject, as domain experts

were particularly interested in this taxon. Subject three is the only exception to the

selection process, as Faecalibacterium did not fit the initial inclusion criteria. This

means that it was included in the final taxa set even though it had a smaller overall

average abundance versus other taxa that were not included. The final sets of all

selected taxa are listed in Table 3.5. These sets of taxa are used as response matrices

in a MANOVA to evaluate the variability between the taxa and how the taxonomic

outcomes are affected by the plate, digestion batch (same as replicate), and bean line

effects.

After selecting the response taxa, but before fitting the model, raw abundances

were transformed using a centered log-ratio (CLR) transformation, a common trans-

formation with microbiome abundance data and compositional data [53]. This data

is compositional because, across each sample, the abundances for all combined taxa

should sum would to one. All taxa found when sequencing represents the entire sam-

ple microbiome output from each well in the plate. The univariate GWAS analyses

completed for Dr. Van Haute’s dissertation utilized a simpler log2 transformation

for the abundances, with a cutoff of 0.0015. However, the CLR transformation was
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Taxa Selected for Modeling by Subject
Subject 1 (S770) Zeroes Subject 2 (S776) Zeroes Subject 3 (S768) Zeroes
Bifidobacterium 0 Bacteroides 0 Prevotella9 0
Bacteroides 0 Phascolarctobacterium 0 Megasphaera 0
Prevotella9 0 Faecalibacterium 0 Acidaminococcus 0
Prevotellaceae 0 Clostridium sensu stricto 1 5 EscherichiaShigella 0
Anaerostipes 0 Sutterella 0 Bacteroides 0
Blautia 2 Bifidobacterium 6 Clostridium sensu stricto 1 0
Coprococcus1 0 Coprococcus3 0 Phascolarctobacterium 1
Coprococcus3 0 Dorea 1 Sutterella 0
Dorea 0 Alistipes 0 Faecalibacterium 73
Roseburia 3 Roseburia 2
Lachnospiraceae NA 0 LachnospiraceaeUCG004 1
Faecalibacterium 4 Blautia 19
Fournierella 5 Parabacteroides 0
Dialister 0 Eubacteriumhallii 66
Succinivibrio 0 Coprococcus1 4
Sutterella 0
Enterobacteriaceae 0
Total N 1003 1016 990

Table 3.5: All Taxa used in MANOVA with Number of Transformed Zeroes

used for this analysis to get close to normality since it was highlighted as an appro-

priate transformation across the literature. Aitchison introduced the method in 1982

[1]. For the transformation, instead of taking the ln of only the abundance value,

the CLR uses the formula in Equation 3.1 where a is a given abundance value for a

specific taxon, and g(a) represents the geometric mean of a, which are all of the taxa

abundance values for a given observation in the data set.

aCLR = ln[
ai
g(a)

] = ln(ai)− ln(g(a)), i = 1, 2, ...m (3.1)

To account for zero values in the data, which cannot be used with the CLR

transform, we replaced all responses containing zero abundance values with a value

of 10e−8. These replacements allowed us to include all observations in the analysis

without losing valuable information. Table 3.5 contains columns containing the total

number of zero observations adjusted before the CLR transformation. Next, we used

the transformed abundances as the response matrix in a MANOVA to evaluate their
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relationship with fixed effects of the bean line, digestion batch, and the plate within

each of the three digestion batches. As described in Chapter 2, digestion batches

consist of four plates that undergo the same digestion, dialysis, and fermentation

steps to mimic the passage of food components through the gastrointestinal tract

[59].

Analyses for all subjects were fit using the PROC GLM procedure within SAS

9.4 [146]. A general sketch outline of the model effects is outlined in Equation 3.2

with the skeleton ANOVA in Table 3.6.

CLR Abundance = Design Rep+ Plate(Design Rep) +Bean Line+ Error

Yn x p = Xn x 307β307 x p + En x p

Y ∼ MVN(Xβ,Σ), E ∼ N(0,Σ)

(3.2)

This model evaluates the relationship between the taxa resulting from changes

across the bean lines while accounting for variability due to the major experimental

design factors. To examine this relationship, we output the hypothesis and error

sums of squares and cross-products (SSCP) matrices from the MANOVA, H3, and

E in Table 3.6. Specifically, these are the hypothesis SSCP matrices for the over-

all bean line effect and the error SSCP describing the variance in the abundances

after accounting for the fixed effects. In addition, a Canonical Discriminant Analy-

sis (CDA) is outputted from the analysis [159, 67]. The process for using the raw

and standardized coefficients from the CDA is described in the following section. In

summary, the CDA results will be used alongside the principal component vectors

to create scores for additional polymicrobial traits calculated using the appropriate

transformations of the H3 and E hypothesis and error matrices as described in the
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following paragraph.

MANOVA Skeleton Sources of Variation
Source df SSCP

Design Rep 2 H1 = Y ′A1Y
Plate(Design Rep) 9 H2 = Y ′A2Y

Bean Line 296 H3 = Y ′A3Y
Error (n− 1)− 307 E = Y ′[I −X(X ′X)−X]Y
Total n− 1 T = Y ′Y

Table 3.6: Skeleton Sources of Variation across all Subject MANOVAs

After analysis, hypothesis and error covariance matrices were calculated by di-

viding the SSCP matrices by their corresponding degrees of freedom. Correlation

matrices were calculated directly from the corresponding covariances. The covariance

from the hypothesis SSCP is interpreted as an estimate of both genotypic variabilities

across the bean lines and additional error. An additional “genetic” covariance was

derived as a multivariate analogy to the univariate broad-sense genetic variance to

obtain a more targeted estimate of the genotypic variability. This new matrix was

computed by substituting the observed genotype hypothesis covariance for the bean

line expected mean squares and solving for the genetic covariance matrix. This cal-

culation can be seen in Equation 3.5, where the error covariance is subtracted from

the bean line hypothesis covariance and divided by a constant value (Constant+)

calculated from the Expected Mean Square for Bean Lines. Observing the variability

in this way is similar to assessing the partitioning of variability for univariate sums of

squares. A general calculation overview for the covariances and correlations can be

seen in Equations 3.3 to 3.7. Within the equations, n represents the sample size for

each subject’s data set, and p is the number of taxa included in the response matrix.

The number of taxa in each subject can be found above, and the sample sizes for

subjects 1, 2, and 3 are 1003, 1016, and 990, respectively.
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Hypothesis Covariance = Slinespxp =
1

296
H3 (3.3)

Error Covariance = SErrorpxp =
1

(n− 1)− 307
E (3.4)

SGpxp =
SLines − SError
Constant+

−→ GenCov =
HypCov − ErrorCov

Constant∗
(3.5)

Hypothesis Correlation =
√
diag(H3)

−1
∗H3 ∗

√
diag(H3)

−1
(3.6)

Genetic Correlation =
√
diag(GenCov)

−1
∗GenCov ∗

√
diag(GenCov)

−1
(3.7)

The following section outlines the utilization of covariance and correlation ma-

trices to generate score values, which in turn determine polymicrobial trait responses.

These responses are employed to evaluate community structure based on taxa rela-

tionships, taking into account variation among the bean lines.

3.5.4 Loadings, Scores, and Polymicrobial Traits

Next, we utilized the MANOVA model outputs as the inputs for both CDA

and PCA analyses. The loadings calculated from the models will become weights on

the transformed taxa abundances to produce the polymicrobial traits. The weights

are calculated using statistical information from both PCA and CDA analyses, which

identify the key taxa responsible for the most separation in the bean lines. PCA differs

from CDA in that PCA “unless specifically manipulated to do so, does not partition

the data matrix to take account of any experimental design structure,” whereas it

“maximizes the proportion of the total variance of the data set expressed by successive

principal components” [92]. Canonical coefficients within the discriminant vectors

work similarly to the PCA loadings. Canonical Discriminant Analysis derives the

linear combinations (i.e., canonical functions) of the variables that discriminate the
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best (i.e., maximize the variation) among the groups [159]. In this case, our variables

are the taxa, where we are maximizing the variation among the include bean line

groups. PROC GLM in SAS directly calculates the different weights using the error

and hypothesis SSCP matrices from the model to maximize the vector a in Equation

3.8. Each value in a represents the vector of CDA coefficients to be used further

as weights for the “scores”, which become our polymicrobial traits. Two types of

discriminant vectors are outputted from the MANOVAs, with raw and standardized

coefficients.

max
a

a′H3a

a′Ea
, a −→ Loadings (3.8)

There are multiple analyses for the PCA models with various input matrices.

The princomp and eigen functions in R were used to conduct principal component

analyses (PCA) with the hypothesis and genetic covariance/correlation matrices as

inputs [118]. Analyses are computed directly with each hypothesis covariance and

correlation matrix using the covmat command in the princomp function. Direct

eigendecomposition using the eigen function found the principle component loadings

for the genetic covariance and correlation matrices. The loadings from all models

(PCA and CDA) were used as weights in linear combinations of taxa abundances,

creating the corresponding scores for each observation. Larger weights demonstrate

that the corresponding taxon accounts for the majority of the variability of the input

matrix. Therefore, the final scores give a value heavily weighted by taxa that account

for the most variability in the data while still including smaller weights across all

taxa.

Scores were calculated by multiplying the loadings vector by the centered (or

centered and scaled) CLR relative abundance values, as in Equation 3.9 below, where
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W is a matrix containing all PC loadings. This calculation is repeated for each of the

separate PCA models for the differing covariance and correlation matrices. Centered

CLR abundances (Y ∗ = Yi − Yi) were used to calculate scores for the covariances,

and the centered and scaled CLR abundances (Y ∗ = Y ∗ ∗
√
diag(Σ)

−1
) were used for

the correlations (where Σ is the input matrix from the corresponding PCA). Since

canonical discriminant loadings come directly out of the MANOVA, only the scores

need to be calculated, and centered data was used for these values.

PCA Scoren x p = Y ∗′n x p ∗ Wp x p −→ Polymicrobial Traits (3.9)

Both PCA and CDA result in a total of p loading and score vectors. The first

vector in each is the linear combination of taxa that accounts for the most variability

overall in the input data. Individually, this variability gets smaller from the 1st to

the pth loading, cumulatively increasing until the loadings account for 100% of the

variability. Therefore, including all loadings (which would be the same as using all p

taxa) is unnecessary. Instead, only the top four components from each method were

used to calculate the individual polymicrobial traits.

Twenty-Four new columns of traits with values for each observation were added

to each subject’s data set. Sixteen columns are contributed from the PCA models and

eight from the CDAs. For the PCAs, four columns come from each of the four types

of input matrices: hypothesis covariance, hypothesis correlation, genetic covariance,

and genetic correlation, creating the 16 columns. The eight CDA components make

up four PM traits calculated with raw and standardized coefficients from the top four

canonical discriminants. All of the types of traits were provided to the researchers for

further testing, but further work could be done to assess if each method is necessary for

inclusion in the GWAS. Similar GWAS peaks attributed to several trait varieties may
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indicate redundant information about the bean line’s variability. In such instances, it

may be unnecessary to include all the values in the analysis. Further descriptions of

the usefulness of all methods will be provided in the following results and discussion

sections.

Overall, we described the final polymicrobial traits to the domain experts as

values calculated as weighted sums of the abundances of selected taxa, with weights

that optimize the trait’s capacity to account for variation across the taxa. Dr. Van

Haute emphasized that the polymicrobial traits are values that can “account for sev-

eral of the most abundant genera after in vitro fermentation” at once, and there exist

different styles of trait depending on how “variation” was defined” [59]. For clar-

ity in the results, we labeled the six types of polymicrobial traits from each method

in the following way: hypothesis covariance (HypCov), hypothesis correlation (Hyp-

Corr), genetic covariance (GenCov), genetic correlation (GenCorr), raw CDA, and

standardized CDA. Additionally, the results indicate which component or discrimi-

nant vector (1 - 4) was used to calculate the trait values. For readers from a domain

perspective, we provided the following explanation for the process of why the methods

were separated as they were:

To provide domain-specific readers with a better understanding of the method-

ology, we assisted Dr. Van Haute in creating the following explanation for why the

methods were separated in the way that they were:

For the “hypothesis methods,” variation was covariation across the

genera due to both genetic and unexplained causes, also described as resid-

ual error. The variation for the ”genetic methods” was covariation across

genera due only to the genetic causes. For both methods, ”covariation” was

based on a covariance matrix (i.e., HypCov, GenCov) of transformed taxa
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abundances or a correlation matrix (i.e., HypCorr, GenCorr) of standard-

ized transformed taxa abundances to account for differences in variances

of the genera. For the canonical discriminant analysis (CDA) method, the

weights were chosen to maximize the genetic and error covariation relative

to error covariation [59].

3.5.5 Genome Wide Association Studies (GWAS)

Genetic Wide Association analyses were used to find areas on the bean genome

where variation in the P. vulgaris lines have statistically significant effects on changes

in the different categories of selected traits. After each subject’s polymicrobial traits

(represented with “PM traits” for simplicity) were created, the values became re-

sponses alongside univariate taxa using the same GWAS processes. The GWAS

models were run by Dr. Andrew Benson’s lab, and the modeling process was fully

described within Dr. Van Haute’s Ph.D. Dissertation [59]. However, this section will

summarize what was conducted related to the PM traits.

The PM traits are included as one of six categories of responses for the GWAS

models. Other groups utilized as responses included α-diversity, ASV (Amplicon

Sequence Variance values or 100% OTUs), genus and family level abundance values,

and short-chain fatty acid information[59]. The number of traits selected for GWAS

modeling was reduced based on a broad-sense heritability minimum value cutoff of

0.1. Broad sense heritability (H2) was calculated by dividing the variance explained

by the P. vulgaris genotypes by the variance explained by all other random effects,

which can assist in evaluating “the extent to which the phenotype can be predicted

by identified variants”[59, 115]. A summary of the number of trait values utilized in

GWAS can be found in Table 3.7.

For each subject, 36, 34, and 22 of the top individual taxa genera were chosen
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Number of Traits Per Subject

Subject 1: S770 2: S776 3: S768

Category of Trait Top # H2 > 0.1 Top # H2 > 0.1 Top # H2 > 0.1

Univariate Genera 36 23 34 17 22 13
Polymicrobial Traits 24 18 24 11 24 12

Table 3.7: Univariate and Multivariate Microbiome Traits. Total number
of microbiome traits resulting from the subject’s microbiome. Heritability columns
(H2 > 0.1) indicate which final traits were used in the genetic association analysis.

as possible univariate traits, and 24 total polymicrobial traits exist for each subject.

Table 3.8 lists heritability values for each PM trait. Out of a possible 72 PM trait

variables across subjects, 41 were selected for final modeling. Values marked with an

asterisk (*) in Table 3.8 indicate traits that had heritabilities larger than the cutoff

for all subjects. All three subjects had traits that were included in the final models.

Researchers ran the selected PM traits through the procedures for genome-wide

association analyses. Full descriptions of the GWAS procedures can be found in Dr.

Van Haute’s dissertation in section 3.11. However, the following information provides

a general summary of the methodology, which is necessary for the remaining results

and for the background of how useful researchers found the use of the PM traits. First,

BLUPs (Best Linear Unbiased Predictors) are calculated for each P. vulgaris genotype

using “using the first three PCs of the SNP data as fixed effects” as well as random

effects from the experimental design (bean genotype, digestion batch, plate, and row

and column within a plate)[59]. The kinship matrix for the genotypes was utilized in

their mixed models in the covariance effects for the random bean genotypes, similar

to what will be expanded on in our chapter four. Separate GWAS models were run

separately for the BLUPs calculated from each phenotypic trait using a FarmCPU

algorithm (“iterated Fixed and Random Model Circulating Probability Unification

algorithm using”) using the first three principal components of 132,314 SNPs and the

centered kinship matrix [59].
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Heritability Values for Polymicrobial Scores
Trait Group Vector Sub 3 (S768) Sub 1 (S770) Sub 2 (S776)

1* 0.189 0.311 0.175
Genetic Correlation 2 0.05 0.112 0.035

3 0.063 0.136 0.13
4 0.08 0.037 0.058
1* 0.133 0.38 0.319

Genetic Covariance 2 0.069 0.14 0.03
3 0.024 0.082 0.103
4 0.094 0.079 0.054
1* 0.103 0.313 0.073

Hypothesis Correlation 2 0.147 0.09 0.19
3 0.008 0.137 0.101
4 0.078 0.113 0.084
1 0.125 0.354 0.214

Hypothesis Covariance 2 0.101 0.089 0.097
3 0.022 0.071 0.096
4 0.05 0.164 0.036
1* 0.432 0.504 0.679

Raw CDA 2* 0.31 0.48 0.296
3* 0.222 0.403 0.243
4 0.076 0.176 0.139
1 0.144 0.492 0.008

Standardized CDA 2 0.112 0.347 0.084
3 0.083 0.317 0.092
4 0.115 0.23 0.07

Table 3.8: Heritability of Microbiome Polymicrobial Phenotypic Traits resulting from
the AiMS platform and broad sense heritability values of each trait from the three
donor microbiomes. * Trait is identified in all three microbiomes with H2 > 0.1

There are several outputs from the GWAS models, but the specific results of

interest are in sections of significant major effect loci (MEL) regions on the chro-

mosome. This strategy for analyzing the traits by subject was developed to deal

with the many phenotypes being analyzed. With the MEL areas, researchers can

visualize “significant associations arising from multiple traits from multiple subjects

across the P. vulgaris genome” and highlight narrow regions on the genome affected

by particular sets of traits (including those from univariate or multivariate methods
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[59]. Linkage Disequilibrium (LD), calculated (as R2), helps determine the related-

ness of nearby SNPs and is used to determine the strength of LD surrounding bins

with high pleiotropy (the ability of a gene to affect multiple traits) to define major

effect loci (MEL). MEL regions were defined as selected regions where R2 ≥ 0.75.

Specifically, researchers looked for traits associated with significant SNPs within the

MEL, where the focus was on finding MEL regions where there were “the most signif-

icant marker-trait associations” [59]. Because of the large number of included SNPs,

to find MEL regions of interest, researchers binned together sections of the genome

to observe “significant associations of the traits with SNPs that are immediately ad-

jacent to one another” [59]. In the end, seven major effect loci (MEL) areas were

selected, including significant associations of 10 or more traits on each. Results of

interest will highlight areas where the polymicrobial traits were significant and how

their significance overlaps with similar or different individual traits from the GWAS

models.

3.6 Results and Discussion

3.6.1 MANOVA, PCA, and CDA

We used individual MANOVA models to analyze the selected subsets of taxa

for each subject and obtain polymicrobial traits. The final sets of taxa utilized for

each subject can be found in Table 3.5. The main outputs of interest were the

SSCP matrices of hypothesis and genetic variance, which were utilized to generate the

corresponding covariance and correlation matrices. These matrices, in turn, served as

inputs for principal component analyses. Discriminant vectors come out of the CDA

analysis from PROC GLM with the canonical option in the MANOVA statement. The

cumulative proportion of variance in the data explained by the first four components
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or vectors from all PCA and CDA models was outputted and compared. For subjects

1, 2, and 3 (labeled S770, S776, and S768, respectively), the first four canonical

discriminant vectors accounted for cumulative proportions of 54.59, 55.36, and 66.70

percent of the variability in the responses (respectively). The canonical discriminants

explain roughly the same amount of variation across subjects. Table 3.9 contains

the individual cumulative proportions values in each of the first four components

for the PCA models. A fair amount of variability is accounted for across the first

four components. For each subject, there were a total of 17, 15, and 9 components

overall. Given that the analysis included almost half of the possible components, it

is reasonable that subject three exhibits a large proportion of variance accounted for

in the fourth component.

Cumulative Proportion of Variance

Method Subject PC1 PC2 PC3 PC4
1 0.41 0.64 0.76 0.83

HCOV 2 0.56 0.72 0.83 0.88
3 0.86 0.94 0.96 0.98
1 0.41 0.6 0.68 0.75

HCORR 2 0.44 0.65 0.74 0.81
3 0.49 0.74 0.84 0.9
1 0.53 0.67 0.74 0.81

GENCOV 2 0.58 0.71 0.81 0.9
3 0.57 0.79 0.82 0.88
1 0.56 0.71 0.8 0.85

GENCORR 2 0.61 0.76 0.87 0.93
3 0.59 0.83 0.9 0.95

Table 3.9: Cumulative Proportion of Variability accounted for by the PCA models
across different covariance and correlation matrices

After obtaining the loadings and discriminant vectors, we proceeded to assess the

relationships between specific components across multiple methods. Observing the

magnitudes and directions of the vectors is important as the values serve as weights in
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creating final polymicrobial traits for the genome-wide association analyses. Simpli-

fied biplots were used as graphical representations of the loading/discriminant vectors

from the PCA and CDA models. Each vector is represented by an arrow pointing

toward the maximum variation for that specific component or discriminant, and the

arrow’s length represents the variation’s magnitude. The positively correlated vari-

ables are placed close to each other on the plot, while those negatively correlated are

placed far apart. Visualizing the relationships between different component vectors

generated from the analyses through such plots is a useful tool for exploring and

interpreting multivariate data.

To visually compare the weight and effect of each taxon on the corresponding

polymicrobial trait, variations of biplots were evaluated for each model. Each plot’s

x and y axes represent combinations of varying component vectors from one of the

PCA or CDA analyses. For example, when comparing PC 1 vs. 2 for the Hypothesis

Covariance matrix in Figure 3.1, there are strong loadings in the direction of Eubac-

terium halli (shortened to Eubact) for the PC1 loading, drawing the vector out to the

left. However, there are smaller loadings for this taxon for PC2, as evidenced by the

arrow staying flat around zero in the y-axis direction. For PC2, the loading value for

Eubacterium halli is -0.04, relatively close to zero compared to the directions of the

other taxa along the y-axis. In comparison, PC1 has a larger loading value of -0.79.

In the comparison of PC1 versus PC2 for subject 2 using the hypothesis covariance

matrix, we have identified several taxa that are heavily weighted, as well as groups of

taxa that share similar relationships. We can further evaluate other associations by

plotting all the different combinations of PCs across various methods. Based on these

plots, we found that there may be particularly interesting regions where one or two

specific taxa heavily influenced the polymicrobial traits, as opposed to communities

of taxa with more evenly distributed weight across their responses. Domain experts



83

expressed interest in having the ability to highlight what types of relationships were

occurring across subjects and then how these relationships tied into which methods

created significant associations with the bean genome.

Figure 3.1: Subject 2 Biplot for PC1 vs. PC2 from PCA on the Hypothesis Covariance, where PC1
and PC2 account for 72% of the cumulative variability, from Table 3.9

Dr. Van Haute noted the following plots, which demonstrate other interesting

relationships in the PC loadings. For Subject 3, when comparing loadings for PC1

vs. PC4, there is a strong influence of the Faecalibacterium, as seen in Figure 3.2.

For the remaining taxa, there are smaller weights, but compared to PC 4, we can

see some groupings together with positive and negative components along the y-axis.

In the positive direction, there is a combination of Bacteroides, Sutterella, and Aci-

daminococcus. The negative weights consist of Clostridium, Phascolarctobacterium,

and a more spread-out group of Prevotella9, Escherichia, and Megasphaera. Gaike et

al. found that compared to healthy non-diabetics, there was an increased abundance

of Megasphaera, Escherichia, and Acidaminococcus and decreased abundance of Sut-

terella in people with diabetes on antidiabetic treatments[50]. Separately, genera

like Prevotella9, Escherichia, and Megasphaera could be of interest because elevated

levels of proteobacteria (like Escherichia/Shigella) is regarded as a potential feature
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of imbalance of organisms in the gut, related to inflammation and cancer, whereas

taxa such as Prevotella9 and Megasphaera are generally regarded as beneficial genera

[162, 137].

Figure 3.2: Subject 3 Biplot for PC1 vs. PC4 from PCA on the Genetic Covariance, where PC1
accounted for 57% of the variability and PC4 accounts for an additional 6% of the cumulative
variability, from Table 3.9

There can also be component vectors of interest with substantial or closer to

equally weighted values for taxa “communities”, as in Figure 3.3. Component 2

seems primarily driven by values from Prevotella9, Megasphaera, and Escherichia,

while component 4 has larger weights for Escherichia and Sutterella. There could

also be cases where no individual taxa seem to drive the vector, and all values across

taxa are fairly small.

Since it was not feasible to plot and visualize all comparisons in the two-

dimensional space, Figure B.1, Figure B.2, and Figure B.3 list out the loadings for

all subject and method combinations. The values in the tables demonstrate the same

relationships as in the selected biplots, where we can observe whether components

are highly affected by one or two major taxa (as in Figure 3.1 and Figure 3.2). To

summarize how the taxa are associated, we reviewed loadings and selected values with

Dr. Van Haute that represented the more heavily weighted taxa for the polymicrobial



85

Figure 3.3: Subject 3 Biplot for PC2 vs. PC4 from PCA on the Genetic Correlation, where PC2
accounted for 24% of the variability and PC4 accounts for an additional 5% of the cumulative
variability, from Table 3.9

trait values. Across the three figures, different values are highlighted in red and blue.

PCA loadings <−0.4 were shaded blue, and >0.4 were shaded red. CDA loadings

<−2.5 were shaded in blue, and >2.5 were shaded in red. The cutoff values were

selected by observation based on the range of values observed in the vectors within

the PCA or CDA output. After evaluating the weights for the corresponding cutoffs,

the taxa names noted as the heavily weighted values were placed into Table B.1 and

Table B.2 within Appendix B. Dr. Van Haute utilized these tables after GWAS to

evaluate which taxa possibly overlapped with any significant univariate taxa.

For each area along the genome identified as important by Dr. Van Haute (de-

scribed as major effect loci), these taxa may or may not be related to other univariate

taxa identified as significant across the chromosome positions. Thus, it is not helpful

to identify the effects of the terms within Table B.1 and Table B.2 because from

this information alone, we cannot see where the traits overlap with the univariate

information. The following section will describe this information below by describing

tables B.3 through B.9. For each of the polymicrobial traits identified as significant

from Table B.3 through Table B.9, we will identify if the trait of interest contains
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univariate taxa that were also identified as significant.

3.6.2 Polymicrobial Traits Heritability and Genome Wide Association

Studies (GWAS)

After the PM traits were calculated using information from subsection 3.5.4

provided to researchers, Dr. Van Haute calculated the trait’s heritability values and

plotted a heat map that can be used to demonstrate some initial relationships between

the traits across subjects and methods.

Figure 3.4: Heatmap of heritability values of microbiome features with values greater than 0.3 in at
least one microbiome. Subjects 1, 2, and 3 are labelled as S770, S776, and S768 respectively.

Figure 3.4 includes the heritability values larger than 0.3 from Table 3.8, along

with those from univariate traits. Coloring across the heat map indicates the mag-

nitude of the heritability values according to the scale on the right. For Subject 1

(S770), the polymicrobial traits towards the bottom (in the red box on the right)

match others with larger values in the yellow and orange colors. We can also note



87

that the first raw coefficient from the CDA for Subject 2 (S776) had a large heri-

tability compared to some of the other groups, with a value of 0.68 highlighted in

red. One of the Faecalibacterium groupings towards the top also had a fairly large

heritability. While it was not one of the larger weighted taxa, it is interesting to note

that for the Raw CDA coefficients, the first component had a negative loading for

Faecalibacterium, different from all the other taxa. This could perhaps be a potential

relationship to the individual Faecalibacterium univariate outcome.

As seen in Table 3.8, previously in subsection 3.5.5, only 13 total traits out of

226 were shared across all three microbiomes (minimum H2 of 0.1). The microbiome

features included the univariate terms of Shannon Diversity, ASV6 Faecalibacterium,

ASV23 Coprococcus, Coprococcus1, Faecalibacterium, Ruminococcaceae family and

butyrate, and the following PM traits: Genetic Correlation PC1, Genetic Covariance

PC1, Hypothesis Covariance PC1, Raw CDA PC1/PC2/PC3. For the univariate

traits, ASV stands for Amplicon sequencing variants (ASVs) which have been pro-

posed as an alternative to operational taxonomic units (OTUs) [130]. The much

smaller number of traits with larger heritabilities across all subjects demonstrate

that “the individuality of the microbiomes have a major influence on AiMS traits

defined from each microbiome,” and there is a large amount of variability in the

magnitude of H2 for the same trait across microbiomes [59]. Only a few of the 13

traits significant traits across the microbiomes had associations with the same MEL.

Still, there were important instances of other overlapping trait GWAS peaks within

the same MEL, specifically including overlap from individual genera corresponding

to those taxa contributing heavily to the variation of the PM traits [59].

All detailed GWAS results can be found in Dr. Van Haute’s dissertation, with

in-depth details about univariate traits with significant associations across the seven

identified Major Effect Loci (MEL). This work focuses on outcomes for evaluating
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how beneficial the polynomial traits are to the researchers. We want to address how

researchers can explain the impact of community taxonomic effects and the chromo-

somal regions on the bean genome where they produce significant relationships. In

each MEL (major effect loci), there are areas where significant associations exist for

both the individual taxa and PM traits. Combined with the microbiological focus

on the relationships between the individual traits and the bean genetic information,

we aimed to show whether the PM traits would demonstrate similar relationships as

the univariate. The overlap, or lack of overlap, between the traits can provide infor-

mation about whether the PM traits are picking up signals not accounted for in the

univariate GWAS analyses. In the appendices, for each MEL, Tables B.3 through B.9

summarize the significant associations for univariate and polynomial traits for each

of the three subjects. For the PM traits, next to the significant method’s name (such

as hyp.cov.comp1), there is a list of the taxa determined to be heavily weighted from

the loadings in calculating the traits.

According to Table 3.7, 41 of the 72 polymicrobial traits (57%) met the heri-

tability cutoff of 0.1 and were included in the GWAS modeling. Of these 41 traits,

18, 11, and 12 were significant within each subject, respectively. This means that

75%, 45.8%, and 50% of the total possible polymicrobial traits (24 per subject) were

included in the GWAS models for the three subjects, respectively. In Tables B.3

through B.9, symbols have been added to the names of the polymicrobial traits to

identify several different category labels. If the trait name has a “+”, one of the

largely weighted taxa used to create the polymicrobial trait overlaps directly with

a matching univariate trait within the same position or overall on the same MEL.

Traits with a “∼” contain largely weighted taxa related to one of the univariate traits

on the same MEL. For example, the trait hypcovComp1 on MEL A was identified as

significant on position 41,155,494. It has a large weight for Eubacteriumhallii. There
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are also significant univariate traits of ASV 95Eubacterium in the same position and

ASV 58Eubacteriumon the same MEL. While not the same taxa, they could be iden-

tified as related, so it was marked. Lastly, if the trait had no overlapping taxa with

univariate effects, it was marked with a “−”. Traits that were labeled with N/As

were not given a symbol. These traits did not have any taxa weights from the tables

in Figure B.1, Figure B.2, and Figure B.3 that were outside the cutoffs identified as

“large” weights. Among these polymicrobial traits, some display a more balanced

distribution of weights across all included taxa, while others simply did not have any

taxa that were more largely weighted compared to other related taxa.

We examined all significant traits within each MEL and noted any matches

between those traits and a univariate taxon in the same subject’s information. Of the

41 polymicrobial traits used as responses in the GWAS models, 29.27% contained at

least one taxa overlapping with a univariate taxon on the same position. 19.51% of

the traits had at least one of their taxa directly overlapping with a univariate taxon

not in the same position but within the same MEL. Next, 4.88% of the points were

marked with the “∼” and had a related taxon identified as significant in another

position within the same MEL. Combining these proportions, over half of the traits

(about 54%) contained either a direct or related overlap with a univariate taxa on the

same MEL. Only 12.2% (5 out of 41) of the significant polymicrobial traits did not

have any of their largely weighted taxa overlapping with the univariate taxa. Lastly,

34.15% of the significant traits had the “N/A” specification. Due to a large number of

weighted taxa, checking for overlapping information became tedious for these groups.

Therefore, the values pertaining to overlapping information were not included in the

specific counts mentioned above. Instead, our breakdown focuses on identifying the

cases in which the largely weighted taxa overlapped. However, we could say that

about 34% of the significant polymicrobial traits were found to indicate areas in
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which the genome exhibited a statistically significant association with a more diverse

community of taxa, which were identified as highly abundant in the microbiome of

each subject.

Significant associations were found between the SNPs and PM traits “that did

not have specific taxa driving the variation, indicating that polymicrobial traits can

capture variation in microbial interactions that cannot be identified solely by the

abundances of individual taxa” [59]. Specifically, the associations where the final PM

trait is driven by multiple microbes together (as seen in the loadings and some of the

biplots in previous sections) illustrate “how variation in P. Vulgaris lines can affect

the overall topology of microbial communities” [59]. Additionally, across all micro-

biomes, an interesting relationship was identified between traits and a specific SNP

location within MEL C. The significant traits included 30 taxa (including Bacteroides,

Prevotella, and several butyrate-producing Lachnospiraceae and Ruminococcaceae,

including Faecalibacterium), two short-chain fatty acids, and two of our polymicro-

bial traits. It was noted that “the apparent high pleiotropy of this locus (controlling

multiple traits from multiple microbiomes) provided strong evidence that genuine

variation at this locus indeed has a major effect on the microbiome”[59]. The two sig-

nificant PM traits were created from the second loading of the hypothesis correlation

matrix and the first loading from the genetic covariance matrix. A biplot comparing

these two sets of loadings can be found in Figure 3.5, and their individual loading

values can be found in Figure B.2 in the Appendix.

Subject 2 (S776) on MEL C shows overlapping associations between individual

and polymicrobial traits, as indicated by hits from HypCorrPC2 (a trait heavily in-

fluenced by Faecalibacterium, Coprococcus3, and LachnospiraceaeUCG004) as well

as from the individual taxonomic traits of Faecalibacterium and Lachnospiraceae.

The association of various microbiome features from different subjects with the same
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Figure 3.5: Biplot Comparing Significant polymicrobial trait loadings on MEL C

SNPs or MEL in the P. vulgaris genome strengthens the evidence for causality in

the regions affecting the microbiome, which supports the utility of the PM traits

[59]. These significant associations helped to identify genes related to glycyrrhiz-

inate biosynthesis, where glycyrrhizin has been shown to have “anti-cancer, anti-

inflammatory, anti-oxidative and antimicrobial” in some studies [59]. The PM traits

on this MEL were driven mainly by some of the taxa directly related to these fea-

tures, such as Lachnospiraceae, Faecalibacterium, and Clostridium. Lachnospiraceae

and Faecalibacterium are bacteria that can produce butyrate in the gut, “a microbial

metabolite with known health benefits in reducing susceptibility to colon cancer, gut

immune homeostasis and gut barrier integrity” [59]. Overall, these methods can help

identify important candidate genomic regions. Significant associations on each MEL

with multiple microbiome features from each of the three subjects further support

the conclusion that these MELs define areas with the most significant overall effect

on the human gut microbiome.
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3.7 Conclusions, Contributions, and Future Work

3.7.1 Summary

In this work, we assisted microbiologists in investigating the relationship be-

tween the consumption of different varieties of P. Vulgaris beans and the composition

of bacterial communities in the human gut microbiome. The study aims to develop a

methodology for quantifying and genetically analyzing human gut Microbiome-Active

Traits (MATs) to map traits in crop plants associated with human wellness and dis-

ease predisposition. Our final results have outlined how we answered our goals from

section 3.2, of investigating whether the natural decomposition of various covariance

and correlation matrices could facilitate understanding how genetic variation across a

diverse set of common bean lines is associated with the composition of microbial com-

munities in the gut. Multivariate analysis methods analyzed the data outputted from

the experiment designed from objective one. We then created sets of polymicrobial

traits as multivariate community traits used alongside the univariate abundances in

standard GWAS models. With the microbiologists, we identified areas on the P. Vul-

garis bean genome, where our polymicrobial traits had significant associations, and

discussed potential areas where the overlap was or was not associated with similar

univariate traits.

Chapter 1 outlined the experimental design, and our goal was to identify appro-

priate statistical techniques to analyze the association between microbiome multivari-

ate phenotypic information and specific bean races’ genetic diversity and population

structure. The study used multivariate analysis methods to investigate how genetic

variation across a diverse set of common bean lines is associated with the composition

of microbial communities in the gut of three subjects by analyzing data outputted

from the simulated microbiomes. Our primary objective was to determine if utilizing
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PCA and CDA methods on variations of covariance and correlation matrices would

aid in determining the relatedness of the taxonomic abundances measured from sim-

ulated microbiome samples. Ultimately, we aim to show our results from this new

technique could be incorporated into genome-wide association studies to account for

the abundance information of phenotypes across a multivariate range of abundance

values and highlight how the food we consume affects the gut microbiome’s composi-

tion.

We developed polymicrobial traits that were incorporated as a novel approach

in the genome-wide association studies accounting for the abundance information of

phenotypes across a multivariate range of abundance values, potentially highlighting

how the food we digest changes the makeup of the gut microbiome. To highlight com-

munity relationships, researchers wanted to establish how these new “traits” could

“quantify interactions of P. vulgaris components with human gut microbiomes,” and

“provide an entirely new approach for mapping traits in crop plants that are asso-

ciated with human wellness and predisposition to disease” [59]. The development

of what we now refer to as “polymicrobial traits” acted as one of the several ap-

proaches to finding microbiome features for phenotypic traits in the GWAS models.

Calculating these traits begins with modeling a multivariate response comprising a

combination of the most abundant taxa across the well-plate samples. These traits

were created by estimating variance components from a MANOVA model evaluating

the relationship between the taxonomic abundance for the most abundant genera in

each subject’s data set. Because the types of taxa present in each subject were quite

different, and future analyses would be done by subject, the multivariate set of taxa

for the models was chosen separately for each subject. A variety of Sums of Square

and Cross Products matrices were utilized from the MANOVA since the community

structure may be described via taxa associations due to variation among the bean
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lines. Once the response set was chosen, the data were analyzed to evaluate the vari-

ance across taxa explained by the difference between bean lines and an estimate of

the genetic variance after accounting for the bean line covariance.

Dimension reduction analyses (PCA/CDA) from the MANOVA were used to

create weighted linear combinations of the community of taxa selected within each

microbiome. From the PCA and CDA results, biplots were produced, demonstrating

a variety of community relationships within each subject. Discussions with Dr. Andy

Benson and Dr. Mallory Van Haute provided background about the relationships

among the taxa loadings. The biplots gave an initial picture of which taxa would

provide more weight to the final calculations of each PM trait. Dr. Van Haute then

used the biplot discussions and the loadings directly to highlight specific taxa driving

the values of the PM traits. Lastly, in the GWAS results, we looked for areas on the

genome with overlapping significant univariate and PM traits.

3.7.2 Polymicrobial Traits and overlap with Univariate GWAS

This new method sheds light on the significant associations between polymicro-

bial traits and variations in the P. Vulgaris genome, providing valuable insights for

researchers. PM traits included in the GWAS models (with H2 > 0.1) have asso-

ciations between four and nine chromosomes and significant associations across the

selected seven Major Effect Loci (MEL) areas on the chromosome. Out of 72 traits,

41 met the heritability cutoff and were used in the GWAS modeling. Of these, 18, 11,

and 12 were significant in each subject, respectively. Symbols were added to the trait

names to identify different categories, such as overlapping with univariate traits. Of

the significant polymicrobial traits, 54% had an overlap with univariate taxa on the

same MEL, while 12.2% did not overlap at all. About 34% of the significant polymi-

crobial traits were found to indicate areas in which the genome exhibited a statistically
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significant association with a more diverse community of taxa. In general, we found

that the vast majority of cases (36 out of 41) showed either a community-type effect

or an overlap with univariate taxa that were also significant within the same MEL.

This suggests that the polymicrobial traits we analyzed were able to detect the same

associations as the univariate approach. However, we did observe five cases in which

the polymicrobial traits did not overlap with any significant univariate taxa. It is

possible that these cases picked up on a significant association that the univariate

traits were not able to identify. For these polymicrobial traits, we recommend fur-

ther investigation of the taxonomic relationships involved and a review of previous

literature to determine if there is evidence for non-overlapping significant effects.

Results demonstrate that PM trait responses have several significant associa-

tions with different SNP markers across the chromosome. These associations reveal

a correlation between the genetic makeup of beans and the bacterial taxa found in

the microbiome samples of each subject, suggesting that bean consumption impacts

the community composition of the gut microbiome. The analysis methods outlined

in this chapter aided in describing how the combinations of bacterial taxa into one

“phenotypic” summary can provide new information about how a taxonomic com-

munity structure relates to the P. Vulgaris genetic information. Then, together with

both individual and combination phenotypic information, the results provide “tremen-

dous implications for future application of this approach in genetic analysis in crop

plants”, including other types of species and genetic panels of bean lines, to more

“comprehensively understand how genetic variation in the species affects the human

gut microbiome” [59]. Our collaboration enabled researchers to demonstrate how data

science can be utilized to measure intricate combinations of individual and group mi-

crobial organisms, which helps reflect the metabolic and ecological characteristics of

microbiomes in response to changes in microbiome-active components found in crop



96

plants [59].

Adding the polymicrobial traits can help researchers in microbiology summarize

how changes in diet play a role in changing the collective features of bacteria within the

gut microbiome. In Dr. Van Haute’s research, many of the traits selected for GWAS

had one or more significant associations with locations across the bean genome. They

found evidence that the “general construction of the bean genetics works together to

affect variation in the feature results (including the PM traits), which in turn affects

different health outcomes in individuals” [59]. Dr. Van Haute states this reflects many

other studies that use microbiome features as phenotypic traits in a Genome-Wide

Association study. In the gut, many taxa act together to affect different outcomes in

the human body. Some are more beneficial microbes to human health performance,

and others can produce undesirable health outcomes. The PCA and CDA loadings

can demonstrate how the variability across the taxa shows when single taxa are more

prevalent in the microbiome versus where the loadings are more evenly weighted across

a smaller subset of taxa. Additionally, across subjects, we observed only a very small

proportion of traits that had a large enough heritability to be included in GWAS for

all three microbiomes, underscoring that the distinctiveness of microbiomes has an

impact on the bacterial outcomes in the gut.

This study employs univariate and multivariate analyses of bacterial taxa to of-

fer a more nuanced understanding of community diversity in the gut microbiome. The

findings also underscore the importance of examining the interactions among differ-

ent microbes, as these relationships can significantly influence community structure.

Thus, the study highlights the need to shift from an exclusive focus on individual

microbes to a more holistic approach considering polymicrobial traits. Significant

findings containing the PM traits weighted by subjects of the overall taxa high-

light the potential impact of variation in P. vulgaris beans on the overall microbe
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community. The result of this current work helps to illustrate why univariate and

multivariate analyses of the microbiome taxa can work together to create a more com-

prehensive description of the taxonomic variability in the subjects’ gut measurements.

Moreover, the significant associations of polymicrobial traits not driven by a single

microbe illustrate how variation in diet can affect the overall topology of microbial

communities.

3.7.3 Contributions

This work is a collaboration between statisticians and microbiologists, focusing

on the design and analysis work presented in Chapters 2 and 3. Within each subject,

the gut microbiome comprises an entire community of bacterial taxa, consisting of

many individual taxa, and plays a pivotal role in overall human health. By consid-

ering these communities’ statistical interdependence and correlation, researchers aim

to measure the relatedness of bean genetics with the bacteria. Identifying ways to

expand and diversify the gut bacterial community is crucial since more diverse mi-

crobiomes are associated with healthier individuals, while less diverse communities

can be linked to health issues such as diabetes and obesity [90]. In addition to health

outcomes, plant breeders can benefit from this research to develop bean lines that

may potentially diversify the positively influential taxa in the gut.

The statistical methods presented in this chapter have been utilized across dis-

ciplines for many years. However, the benefits of this specific utilization are unique

to this type of data and subject matter. The practical significance of this work stems

from the collaborative efforts of a multidisciplinary team comprising microbiologists,

food scientists, agronomists, plant breeders, and statisticians. Alone, this analysis

of the taxonomic abundance data from the simulated microbiomes would yield little

intriguing information. However, with background knowledge about the bean lines
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of interest and results from combining these more basic statistical measures with the

genome-wide association analyses, we can make broader interpretations of the re-

lationships between bean genetics and the gut microbiome. Overall, this work can

contribute to the establishment of “new methodology and approaches that enable

studying MATs [microbiome active traits] as complex traits of crop plants”, which

can also lay the groundwork to allow food scientists to incorporate “human health-

associated traits (MATs) into crop improvement programs” [59].

We highlighted two types of significant relationships for the polymicrobial traits

utilized in the GWAS models. First, there were places where the polymicrobial traits

appeared as a significant term on a section of the chromosome overlapping with a

univariate trait that was a highly weighted value on the PM trait. Secondly, sig-

nificant PM traits are not featured alongside any of the heavily weighted univariate

taxa. Appearances of significant PM traits highlight two practically significant pieces

of information for domain researchers. First, it emphasizes “the importance of using

both individual taxonomic abundances as well as group measures of microbiome fea-

tures to assess phenotypic variation in the microbiome”[59]. Secondly, associations

not heavily weighted by one microbe “illustrate how variation in beans can affect the

overall topology of microbial communities” [59].

Within the field, statistical advances can “provide insight to plant breeders on

how MATs can be incorporated into cultivar improvement programs to breed for

higher quality cultivars that have specific effects on the gut microbiome, ultimately

changing the paradigm of current breeding programs” and in the future, ongoing

advancements can facilitate the identification and creation of fresh approaches aimed

at managing diseases by manipulating the microbiome [59]. In other work studying

the effects of microbiome-active traits in Sorghum plants, researchers highlight that

analyses of these traits can establish their effects on the gut microbiome and “pave
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the way for use of seed traits with major effects on beneficial gut microbes as traits

for crop improvement strategies that can have profound outcomes with respect to

human health” [157].

Based on work from previous literature and discussions of contributions with

collaborators, this work has provided a beneficial method for researchers that has yet

to be utilized for similar microbiome experiments. The benefits are also practically

relevant given the assistance the polymicrobial traits provide in combination with

researchers’ newer applications (AiMS phenotyping and MATs (Microbiome Active

Traits)). The PM traits can combine with the experimental design from Chapter 2 to

reduce and account for spurious variabilities. By incorporating design effects into the

analysis and evaluating taxonomic community effects, it is possible to accurately iden-

tify the specific impact of dietary changes on gut microbiota and better understand

their potential implications for human health. The ability to have pseudo-multivariate

GWAS traits (as the polymicrobial traits) demonstrates how multivariate methodol-

ogy shows similar trends to the univariate cases while emphasizing relationships that

the univariate methods could not identify as significant. By using the pseudo-genetic

variability matrices (the gencov and gen corr matrices), it is possible to take into

account the genetic variability prior to carrying out the GWAS modeling procedures.

Overall, to the knowledge of Dr. Van Haute and others assisting in her research,

GWAS of the “human gut microbiome phenotypes have not ever been used to study

effects on the gut microbiome as a “trait” of food crop plants,” and so it has not been

completed with these types of polymicrobial traits [59].
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3.8 Limitations and Future Work

In order to provide microbiologists with a model that is both statistically ac-

curate and easy to use, certain modeling and analytical decisions were made. These

decisions may require further exploration to gain a deeper understanding of how our

analyses can be improved as a method to create multivariate phenotypic traits. How-

ever, these choices were made deliberately to serve the focus of the current work.

There may be opportunities moving forward with this research to modify certain

aspects of this work to observe potential improvements or adjustments.

First, an arbitrary cutoff of taxa was selected for inclusion in the multivariate

analysis for each subject. Based on conversations with Dr. Van Haute and Dr.

Benson, there was already a reduced number of total taxa identified as possible traits

of interest for the GWAS models. After that, we further set a cutoff of around an

average 90% abundance for the taxa to be included in the final set matrix of responses

for the MANOVA. Further research could be done to develop a cutoff for how many

or which taxa should be utilized as the “community” of interest to analyze. Here,

our focus was on the most abundant genera, but are there other taxa groupings that

would be interesting to include in analyses to provide information about other gut

microbiotic relationships? Is there a boundary at which there are too many taxa, and

how many taxa will make the process of including the polymicrobial traits worth the

effort? We could also investigate how variability related to different bean lines and

taxa abundances alter the hypothesis and genetic covariance matrices.

The effect of adjusting zero values from the initial data set could also be eval-

uated for the data collection and transformation procedures. With some of the final

taxa, no zeroes appeared, while a few taxa ended up 20 or more observations with

zeros. In the univariate methods, a cutoff of 0.0015 was included. With this method,
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values of 10E-8 were included, which could be driving some of the loadings toward

the values with more zeroes. Adjusting the zero values to 10E-8 could be helpful to

identify the effect sparse taxa of interest have on the community structure, or it could

be skewing the results towards taxa that may not be valuable to the overall inter-

pretation. To address this issue and enable researchers to prioritize taxa where this

method would be most significant, the selection process for taxa in the final statistical

analyses can be modified.

Also, with the multivariate models, there has been a discussion about the im-

plications of different MANOVA modeling techniques. First, due to the nature of the

current project, MANOVA models fit in PROC GLM dropped some design pieces

included initially in Chapter 2 and included an overall simplified analysis focusing

on the design batch, plate, and bean line group. To include additional variables of

interest, MANOVA models could be extended to account for more attributes, in-

cluding non-normality and adding fixed effects for rows and columns within plates.

Secondly, there may be unaccounted implications of utilizing the MANOVA format

of a PROC GLM model with an ANOVA format for the statistical modeling versus

a stacked mixed model version of the multivariate format. Using a REML structure

to estimate variability could lead to improvements in MANOVAs and PCA models,

potentially enhancing the ability of these models to highlight community relation-

ships among response taxa. One method attempted after the fact was to run models

with the “stacked” multivariate abundances as a trick to fit the multivariate model

using PROC GLIMMIX in SAS. A drawback to this is that computation time and

convergence become issues to the modeling process as there is an increase in the num-

ber of taxa and parameters included in the model. It is possible that more accurate

assessments of variability exist, which could aid in the determination of the “most op-

timal” principal component analysis by examining the connections between bacterial
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abundances.

Selection of the variance methodology to use occurs after the MANOVA fitting.

After accounting for different effects and variability within the MANOVA model, all

outputs were used to estimate relationships between taxa. Methods utilized include

the hypothesis covariance and correlation (for the bean line effect), a pseudo-estimate

of the genetic covariance and correlation matrices, alongside two sets of coefficients

from canonical discriminant analyses. Within each type of covariance matrix, scores

were calculated and used as the polymicrobial trait for GWAS modeling. Since this

work was exploratory, all polymicrobial traits were evaluated for use in the final

GWAS models. However, more focus in the future could be devoted to assessing the

best format across all methods utilized (PCA vs. CDA, covariances vs. correlations).

Some of the PCA and CDA components gave similar results, but with more subjects’

data or other taxa included, one may be better at identifying significant genetic

relationships over the other. Research could evaluate the differences in how the taxa

weighting changes between the methods and which are most consistent overall in

highlighting scientifically relevant community effects.

Investigation of the differences in analyses across subjects could add another

dimension, both statistically and practically, to the overall MANOVA models. Adding

additional subjects to the study would provide a more comprehensive understanding

of the various microbiomes, potentially leading to a more diverse interpretation of

GWAS results that could more practically benefit researchers in the long run. The

difficulty of having a subject effect within the analysis is that the community of taxa

found in the sequenced genetic output differs widely from one person to another.

Based on diet, lifestyle, and background (among other factors), the bacteria in a

person’s gut changes, and one set of taxa found in a subject could potentially not

match someone else. A mismatch of bacteria found in the gut could mean that there
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would be a reduction in the number of taxa included in the final response matrix for

the MANOVA model. Microbiologists and statisticians would have to work together

to determine how the interpretations would change for the results from a GWAS

model containing polymicrobial traits calculated across different subjects.

The initial expansion of this work continues in the next chapter, looking at the

combination of the design and analysis from Chapters 2 and 3. This work represents

an important advancement in integrating experimental design and abundance analysis

for studying microbiome activity traits. With more investigation into experimental

design configurations, we can find the “best” estimation of variability within the

MANOVA to use in the PCA to help find the most informative polymicrobial trait

values. These processes have the potential to pave the way toward determining the

most suitable design for simulating microbiome samples across well plates to generate

highly informative estimates of the taxa’s variability linked to the disparities observed

between the studied bean lines (or other plant species). The new or more “optimal”

designs could lead microbiologists to more informed decisions about where significant

associations exist between the bean genome and the communities of bacterial taxa.

In turn, these decisions could aid plant breeders in developing bean lines that could

benefit gut health.
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Chapter 4

Exploration of Optimal Design Strategies in Microbiome

Experiments

4.1 Introduction

4.1.1 Background

Chapters 2 and 3 establish the need for updated statistical experimental design

and analysis procedures in research examining the correlation between bean genomics

and bacterial abundance in gut microbiome communities. We aim to assist researchers

studying the subject matter in answering how bean genetics impact the gut microbiota

community. This type of community structure can be described via taxa association

due to variation among the bean lines. The overarching question becomes: how

can researchers design their study to optimize the variability due to the taxa, bean

lines, and random noise? Adapting the form of the experimental design could help

investigate how the design can best account for the relationships between bean lines

and what types of structures appear between all the different taxa. Accounting for

various aspects of the data in the design can control extra variation in the experiment

to reduce variability affecting the taxa associations. Then, the final analysis would be

able to produce the best estimates of the bean line effects across the taxa abundances.
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This chapter will look at how adjusting parameters in the design affect the outcomes in

a multivariate analysis of the taxa. By obtaining more precise estimates of variabilities

from a multivariate mixed model, as demonstrated in Chapter 2, we could improve

our ability to quantify the association between changes in the bean genome and gut

bacteria.

The statistical methodology of optimal design helps researchers systematically

identify the combination of input variables to yield the best possible analysis outcomes

while considering any constraints or limitations they may face with their available

resources. An optimal design algorithm shares similarities with power analyses in that

it aims to determine the optimal sample size by manipulating various design aspects

to optimize a specific criterion function. Typically, this criterion function involves

transformations of one or more information matrices. The remainder of this chapter

details the key parameters that will be adapted and why given the experimental

boundaries from Chapter 2. In this chapter, we discuss the algorithm and optimal

design procedures used to evaluate the impact of new design structures and changes

in variability across the taxa analyzed.

4.1.2 Motivation

This chapter addresses the third objective of this dissertation (from section 1.3):

to identify and explore the effects of experimental parameters on statistical optimal-

ity criteria for analyzing data from microbiome well-plate experiments. Although

the preceding discussions have focused primarily on applied statistical concepts in

microbiology, this chapter aims to enhance researchers’ experimental design skills by

incorporating fundamental principles from statistical methodology. By combining

these sources of information, novel methods can be developed to improve collabora-

tion in studying the impact of plant consumption on diet and gut health. Examples in
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this chapter primarily draw upon microbiome data, but the methodologies presented

can be applied to other fields, including plant or animal breeding, which may also

require multivariate models and design optimization techniques.

Objectives one and two highlighted simple and more direct methods of ex-

perimental design with Dr. Van Haute’s specific aims and goals. Although more

straightforward, the methods serve as a valuable starting point for understanding

the essential information required for designing and analyzing an experiment. While

considering the statistical advantages or disadvantages of a specific design, it is impor-

tant to consider the ease with which researchers can implement an adaptable design

structure. Montgomery wrote that some of the more desired properties to evaluate

an experimental design are simplicity, cost-effectiveness, unbiasedness, and precision

[97]. We would like this experiment and analysis to be a simple and cost-effective

way to incorporate community effects of taxa prior to a GWAS analysis.

One way to enhance the properties of our design is by creating a more gen-

eralizable approach that allows for adjustments to be made to the analyses used to

generate polymicrobial traits. Statistically, we explore how changes in our data and

model can impact the optimality of the design. These adaptations are related to

multivariate response models with multiple taxa, the number of bean line replica-

tions, variability structures, and the inclusion of genetically correlated effects. An

experimental design that considers the correlations between bean lines due to their

population structure can assist researchers in comprehending the effect of the cho-

sen bean lines on variability outcomes from the chosen analysis. Equally important

in this context is the ability to analyze the data in a multivariate fashion, which

gives rise to an optimal design algorithm structure for a multivariate mixed model

with variances estimated using REML (restricted maximum likelihood estimation)

procedures. This unique exploration of optimal experimental design for multivariate



107

mixed models with a specific covariance structure, particularly in the context of ge-

netic relationship matrices, constitutes a valuable contribution to both microbiology

and statistical literature. Much of the information within the microbiology literature

simply highlights the need for new adaptations of statistical design but does not com-

pare or evaluate optimality criteria. While there have been numerous investigations

into the optimal design characteristics of univariate models, relatively little attention

has been given to the optimal design structures for multivariate models, and even less

so for incorporating covariance structure [79].

After initially selecting an experimental design and analysis in the previous

chapters, we now assess what improvements can be made to the design to more effi-

ciently evaluate the relationships between the taxa abundances and bean lines. The

format of the fixed and random design matrices can be altered to achieve a design

with a maximized optimality criterion. We create an algorithm that uses different

varieties of input data and design formations to estimate a criterion value to compare

design structures. The algorithm uses variability-based criteria influenced by changes

in the number of replications across plates and groups of bean lines. By adjusting

the replications across bean lines within and across plates, researchers can observe

how optimality responds to the different variability and interrelatedness of the bean

lines and taxa covariance matrices. Based on initial evaluations of how changes in

the data and design affect the selected optimality criteria, statisticians could make

recommendations about what microbiologists should consider when designing their

experiments and considering different taxa for analysis. As we have stated previously,

this work stems from the growing necessity of collaborative work between statisticians

and domain researchers. The motivation behind this work stems from the recognition

of the importance of incorporating a more comprehensive statistical approach in ex-

perimental design selection for fields such as microbiology. Establishing principles for
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optimal design in microbiological data analysis may enable a shift in focus towards

expanding this work, developing and comparing design strategies based on their ca-

pacity to enhance comprehension of the community structure of taxa in relation to

genetic changes in the food consumed within the gut. Given the advances in technol-

ogy and the increasing availability of resources for researchers, there is a need for an

updated and broader approach to experimental design that can better accommodate

the complex nature of modern experiments.

4.2 Literature review

4.2.1 Overview

Casler used an analogy to convey the importance of creating effective experi-

ments, likening it to the process of using a cookbook to find new recipes that fulfill

one’s needs while also returning to their tried-and-true favorites [21]. In fields such

as microbiology, where the effectiveness of certain designs is not routinely evaluated

and where conventional design and analysis approaches are prevalent, we can leverage

techniques from other domains to enhance subject-specific methodologies. To create

experimental designs that are effective, it is crucial to adhere to the principles of ran-

domization, replication, and blocking. These principles are necessary for ensuring the

reliability and accuracy of the experiment’s results. Replication allows for estimating

experimental error variance and ensures an appropriate number of replicates are used,

resulting in precise inferences [98]. To improve our microbiome experiment, we could

establish a more comprehensive replication structure within and across the 96-well

plates and also collaborate with researchers more openly to customize designs to suit

their data analysis needs. The review outlines statistical methodologies for creat-

ing optimal experimental designs and provides a backdrop for what has been done in
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literature across statistics, plant and animal science, microbiology, and genetics. Sim-

ulations later in this chapter utilize design principles from multivariate models based

on work completed by Kmail examining design effects on causal models [78, 79]. We

will examine relevant literature that describes the selection of various metrics and

techniques employed in the methods outlined in section 4.3 and subsection 4.4.2 and

how this can help microbiologists design better experiments.

4.2.2 Background of Optimal Experimental Designs

Optimal design’s influence extends to many areas of experimental design, and

its’ ideas have “become well established in the statistical literature as a fundamental

tool for comparing designs” [140]. An extended look at the study of optimal design

goes back to Kiefer in 1959 with a focus on response surfaces, but some research roots

span back to 1918 for one-factor polynomial models [4]. In 1926, Fisher outlined the

three critical components of experimental design: replication, randomization, and

blocking, and introduced terms such as factors, interaction, and confounded for fac-

torial experiments [116]. Those such as Atkinson, Box, Hotelling, Smith, Williams,

Cullis, Yates, Fedorov etc., all contributed to the field and laid the groundwork for

research like this to positively adapt the experimental design to answer today’s com-

plex research questions [5, 16, 63, 138, 9, 153, 158, 44]. The search for the best design

often centers on finding a configuration that is “optimal” under a pre-specified linear

model, chosen to closely align with the expected analysis [20]. To guide our search

and comparison of designs, we will build upon the analysis completed in Chapter 3,

incorporating adaptations that aim to enhance the methodological features for future

use.

Optimal design of experiments as a sub-field within statistics involves the devel-

opment of theory and methodology for constructing designs in various scenarios [12].
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To plan an experiment and determine sample size, researchers with basic statistical

knowledge may use standard and familiar techniques to calculate the appropriate

number of replicate experimental/observational units using power analyses. The field

of optimal experimental design goes beyond determining the number of replicates and

sample size for statistical significance; it encompasses a range of sophisticated tech-

niques that aim to maximize the efficiency and precision of various metrics derived

from different statistical model parameters. The progress of statistical technology has

broadened the impact of optimal design theory, prompting a renewed research focus

on designs based on various criteria, often functions of a model’s covariance matri-

ces [78]. Federov described the two primary areas of experimental design as those

“designs of extremal experiments and design of experiments for an elucidation of the

mechanism of a phenomenon” [45]. Examples show that the first area focuses on when

there is interest in assessing changes in optimality criteria based on changes in exper-

imental conditions and factor levels. The second area focuses more on the domain

experts interpreting a mathematical model to describe the factors being investigated.

R. A. Fisher was an early expert in and proponent of randomized designs in

agricultural research, and he wrote that “if the design of an experiment is faulty,

any method of interpretation which makes it out to be decisive must be faulty too”

[48]. Thus, to acquire new knowledge and achieve meaningful results, it is crucial to

employ a sound and suitable experimental design. The experiment conducted with

Van Haute and Benson resembles the layout of an experimental design used in field

trials. The wells in a plate can be compared to the plots in a field, and the bean line

”treatments” are randomly assigned to different “plots”. To account for all variability

within and across well-plates, we consider them as experimental units, similar to how

plots within a field are considered in agriculture.

To determine the optimal design, a set of potential designs must be identified
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and evaluated using relevant criteria within the statistical model of interest to com-

pare and select the most effective design. By utilizing this planning approach, the

optimal experimental design adapts its structure and size to the specific analysis be-

ing performed, which may vary based on the statistical model utilized [119]. From

the analysis in Chapter 2, we focus on a multivariate linear mixed model where we

account for relatedness between taxa, bean lines, and plates as fixed and random

effects. In the next section, background about different strategies for finding an opti-

mal design is provided based on a multivariate framework as an extension of a more

basic univariate framework. Section 4.2.3.2 will describe the literature pertaining

to the methods utilized for searches conducted to compare experimental designs for

adaptations of the design structure from chapter 2.

4.2.3 Optimal Design Methodologies

4.2.3.1 Multivariate Analysis Optimal Design Structure

Estimating community effects with the polymicrobial traits from Chapter 3

would require a search of different design effects on a multivariate model. In light of

the previous chapter, it is crucial to shift our attention to multivariate models, given

their effectiveness in estimating variability matrices for dimension reduction tech-

niques, as demonstrated by our MANOVA. While the most straightforward approach

for analyzing an optimal design involves univariate models, it is important to explore

more sophisticated options to ensure robust results. Much of the current literature

focused on univariate effects, creating a basis for expanding literature about multi-

variate models. This section will highlight areas of univariate and multivariate uses of

optimal design and what ideas spawned the ideas for the optimal design simulations

in this chapter.
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Referring back to subsection 4.1.2, Montgomery described the following im-

portant aspects of an effective design: simplicity, cost-effectiveness, unbiasedness,

and precision [97]. The increasing use of experimental design can be attributed to

the absence of theoretical findings on the optimal design of blocked and split-plot

experiments, leading to the popularity of computerized design algorithms and the

development of algorithms for constructing optimal blocked designs [79]. The tech-

niques discussed in this chapter for determining an optimal design mainly focus on

evaluating the model’s precision, as this directly impacts the variability considered

in statistical analyses. Our objective becomes obtaining a design allowing for precise

parameter estimates, “leading to more precise inferential statistics,” also avoiding

systematic error or bias [78, 79].

This work draws significant inspiration from Dr. Zaher Kmail’s dissertation (Op-

timal Design for a Causal Structure) and publication (D-Optimal Design for a Causal

Structure for Completely Randomized and Random Blocked Experiments). Both were

crucial resources, as Kmail’s structure for fitting causal inference models outlined the

techniques used here to create a multivariate REML model investigation of optimality

with varying taxonomic data and well-plate designs. Much of Kmail’s work is based

on research pertaining to the optimal design of blocked and split-plot designs from

those such as Goos, Mylona, Vandebroek, Gilmour, and Jones. These works have in-

troduced differing statistical model procedures, optimal design algorithms, optimality

criteria, etc., all for univariate models [100, 99, 74, 28, 55]. This work aims to continue

Kmail’s expansion of these works in the multivariate field for use with microbiological

data.

In 2019, Rodriquez-Diaz and Leon wrote about expanding univariate optimal

design techniques to multivariate to account for multiple covariance structures. They

aimed to show that specific structures can be added to the multivariate covariances
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when considering cases when data is measured on the same experimental units over

time (for instance) [123]. This work is similar to what we would like to show, however,

the paper focused on analytical properties of the information matrices with the co-

variance matrices for only fixed effects in a bivariate model, using data examples with

data related to processes of non-linear bacterial growth[123]. This work demonstrates

the infancy of work on optimal experimental design for multivariate models, espe-

cially when considering unique covariance structures. Additional research is needed

to address the computational complexity of optimal designs that incorporate compa-

rable extended covariance effects, especially when dealing with intricate covariance

structures[123]. Theoretical extensions into multivariate generalized mixed models

have been investigated as well, deriving analytic solutions for A- and D-optimal de-

signs with gamma-distributed outcomes [66].

Optimal design issues focusing on multi-response mixed effects models have re-

ceived minimal attention in the literature [86]. Thus, if we could explore the behavior

of simulation analyses in the optimal design of multi-response mixed models concern-

ing microbiome data, we could contribute to statistics and the field of microbiology.

This work aims to address the knowledge gap and bridge the divide between optimal

statistical design and microbiological experimental design research by developing and

examining effective strategies.

4.2.3.2 Optimality Criteria and Search Algorithms

Several optimality criteria exist to evaluate the impact of experimental design

variations on specific statistical models of interest. Many criteria focus on the infor-

mation matrices from fixed and random effects. Many useful optimality criteria in

plant and animal studies are A and D optimality. A-optimality “seeks to minimize

the average variance of elementary treatment contrasts,” and D-optimality maximizes
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the determinant of the information matrix [127, 20]. Although an issue with “highly

D-efficient designs is that, generally, they do not involve sufficient replicates to allow

for pure-error estimates” [99]. For the design of split-plot experiments, Sambo et

al. mention that “the I-optimality criterion, which minimizes the average prediction

variance, seems to be as appropriate as the D-optimality criterion and in some cases

even more appropriate, for generating split-plot response surface designs” because the

typical aim is making predictions [127, 75].

To explore and better highlight the differences between optimality criteria can

demonstrate some examples of using a design matrix X on a simple univariate exam-

ple. For a model

y = Xβ + ε (4.1)

where y is a vector of response values, X is our design matrix containing information

about how the treatment values are arranged in a completely randomized design, β is

the parameter coefficient estimates, and ε is the experimental error term. The least

squares estimates for the parameter matrix β and the covariance matrix are outlined

in Equations 4.2 and 4.3, and the information matrix M is found in Equation 4.4.

β̂ = (X ′X)−1X ′y (4.2)

V ar(β̂) = (X ′X)−1σε
2 (4.3)

M = σε
−2X ′X (4.4)

The following are summaries of different varieties of optimaltiy criteria high-

lighed by Kmail in 2019 [78]. A D-optimal design will minimize the criteria |(X ′X)−1|,

equivalent to finding the maximum of |X ′X|. E optimal designs minimize the worst

possible variance of any contrast min
x

[max(λi)]. This criterion can be thought of
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as the largest possible variance of any contrast based on the least-squares estimator

[38]. A-optimality finds the minimum average variance of the parameter estimates β̂

equivalent to min
x

[tr(X ′X)−1] [24].

In recent years, research from combinations of Mylona, Gilmour, Jones, and

Goos focus on evaluations of optimal designs with blocking and split plot components,

with varying composite optimality criteria evaluating both fixed and random effect

variance estimation [99, 100, 127, 75, 54]. In particular, a composite D-optimality

criterion is proposed that prioritizes accurate estimation of the fixed treatment ef-

fects and the pure-error estimation of the variance components. Kmail discusses these

works and their introduction of a composite optimality criteria, placing weights on

both the fixed and random effect information matrices [79, 78, 100]. The new criteria

is Φ = α
q
log|M | + 1−α

2
log|N |. Within the equation, α is a value between 0 and 1,

weighting the “importance” of information from the fixed or random effects, and p is

the number of (qualitative or quantitative) fixed effect parameters. For the fixed ran-

dom effects, the value of M and N represent the fixed and random effect information

matrices (respectively) from the REML estimation equations [78, 100]. Lastly, instead

of another variable term on the weight of the random effect matrices, from Mylona et

al. in 2014, a 2 was included because the model used was Y = Xβ + Zγ + ε where 2

represents the variance components σγ
2 and σε

2 [100].

These modeling techniques are based on the univariate model, whereas, Kmail

extended these ideas to causal models with multiple dependent endogenous vari-

ables, acting more similarly to a multivariate linear mixed model structure. Thus, he

adapted this criterion into Equation 4.5[78].

Φ =
1− α
p+ q

log|M(δ̂)|+ α

h
log|M(σ̂)| (4.5)
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Now, M(δ̂) is the information for a combination of exogenous and endogenous

parameters, M(σ̂) is an information matrix for random effect parameters, p + q is

the summation of fixed effects for the exogenous and endogenous parameters (with

p independent and q dependent variables), with h added into account for the total

number of variance components. Between the two criteria, the α weight is flipped, now

with the α weight on the variance components, and more interest was on adjusting

how much focus was placed on the included variance components. In this work,

we employed the adapted version of composite optimality criteria as the primary

methodology for determining the optimal design.

Next, we must consider prevalent search algorithms utilized to select a method

for creating and comparing experimental designs. Given an exhaustive search of all

possible structures for a design assigning treatments would require testing, possibly

over millions or billions of entries. Kmail provides a detailed overview of different

strategies for selecting a design and algorithmically evaluating a chosen criterion by

iteratively modifying the design to identify the most optimal structure for both the

fixed and random effects of interest [78]. Designs considered were Kiefer round-off

procedure, the Fedorov algorithm, the Wynn-Mitchell algorithm, the Van Schalkwyk

algorithm, the Mitchell algorithm, the modified Fedorov algorithm, and the combined

Fedorov-Wynn-Mitchell algorithm [78]. However, Cook and Nachtsheim summarized

and compared methods, and when efficient designs were of interest, they recommended

the modified Fedorov algorithm[25]. Our objective was not to develop a novel algo-

rithmic framework; given the available options and concerns related to computation

time, we became interested in more simple and more versatile designs. It was also

noted that Cook and Nachtsheim only described the relative performance of the seven

algorithms in comparisons and did not make any conclusions on an algorithm’s ability

to find an optimal design [25].
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Though many univariate optimal design algorithms have been developed for

univariate mixed models, research is limited on optimal multivariate design [79]. Fol-

lowing the methodology from Kmail, the Modified Federov Algorithm from Cook and

Nachtsheim was first investigated. The Modified Federov Algorithm, also known as

the Simultaneous Switching algorithm, begins by using an initial design with the same

structure and size as the boundaries of the available resources. To assess and compare

the optimality of each design, the algorithm iteratively compares the initial design

matrices with a secondary design matrix option, with one candidate point exchanged

for one corresponding row. Then, the design associated with the better value is kept,

and a new candidate point is exchanged into the updated design structure. As the

optimality improves to a small change, delta, the design matrix matching the smallest

optimality value will be saved as the best design.

Literature into univariate extensions of optimal design search algorithmic pro-

cedures for multivariate problems is limited. Even in univariate cases, it is noted that

with specific algorithms and computing power, even more sophisticated approaches

may be unable to find globally optimal designs [69]. When extending to multivariate

cases for this style of microbiome data, the number of observational units in the design

increases, larger than many of the studies described in this section and later sections

on research for models in agricultural studies. Cook and Nachtsheim outline in their

work that for large N “little is gained with the use of an exchange algorithm” [25].

Some have looked at extending these more typical “exchange-point” methods for a

larger data set, however, when dealing with extremely large problems, even the use

of exchange algorithms can become impractical due to the high computational costs

involved [126]. A current challenge in optimal design for larger data sets is the lack

of computational optimization methods that can efficiently generate targeted sample

sets in a time frame comparable to that of a randomized sampling strategy while
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incorporating relevant design criteria [34]. Many exchange algorithms begin by se-

lecting a random design to start the exchange of points. For this work, the algorithm

described in section 4.4.2 will utilize a random search methodology to structure the

exploration into features design optimality.

4.2.4 Related Applications of Statistical Experimental Design

4.2.4.1 Statistical Methods Accounting for Genetic Effects

The typical multivariate methodology described above may not account for the

correlation and relationship between our bean line treatments. From our collabora-

tors, we know kinship information exists for the bean lines, and this genetic infor-

mation can often be used as additional information in statistical models. We can

utilize specific variation estimation techniques to consider these kinship covariances.

Our optimal design simulations drew upon a couple of works that provided context

for the incorporated relatedness between genetic effects. Over the past two decades,

there has been a growing interest in experiment design models that incorporate kin-

ship matrices as correlated random effects, including research on partially replicated

(p-rep) designs that account for experiments conducted across different environments

[117].

This research approach aims to estimate the variability of covariances among

bean lines, experimental errors, and genetic factors in the data rather than focusing

on treatment means or differences. These variabilities are useful in the same way

as those estimated from MANOVA when analyzing the polymicrobial traits. Our

approach to incorporating genetic information into the optimal design framework

is based on techniques outlined in Variance Components by Searle, Casella, and

McCulloch [131]. Although the text is older, it is a valuable resource for future
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research. Zhou and Stephens’ 2012 paper discusses this text as a foundation for

analyzing efficient genome-wide mixed model techniques, as discussed in Chapter 3

[164, 163]. The methodology is widely employed in genetics research, such as for

improving the power of GWAS models to assess phenotypic traits in a randomized

complete block design using multivariate linear mixed models, predicting microbial

temporal dynamics by modeling variability over time, and designing experiments

in plant and animal breeding based on available pedigree information [136, 23, 29].

Related works in plant science have presented methods with the same univariate-

based LMM methodology aimed at optimal design for arranging genotypes within

and across fields based on their kinship information [46].

These resources exemplify how to set up and estimate covariance components

in a stacked multivariate model, accounting for correlations between different random

factors. Geneticists can integrate population kinship or pedigree covariance compo-

nents as estimates of these relationships between the genetic effects of interest [131].

The FarmCPU model used by Van Haute fits the total genetic effects as random

with included variance and covariance structure identified by the kinship relationship

[59, 85]. When analyzing the common bean and gut microbiome data, considering

the population-based genetics of the bean lines revealed significant relationships be-

tween the landrace and market class of the beans and the active microbiome traits

[59]. This finding demonstrates that genetic relationships in the bean lines drive the

gut microbiome’s bacterial abundance. Inherent connections between the bean lines

must be considered in future optimal design and statistical analyses.

Furthermore, for the proposed simulation-based research methodology in sec-

tion 4.4, we utilize pieces from the following model from Searle et al. [131]. Searle

et al. provide an example of the benefit of adding in the genetic structure when

analyzing piglets’ weight and body length measurements, using a correlation struc-
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ture on the random effect to account for relationships between the two related traits.

From a univariate perspective, with data from our microbiological background, we

can imagine that one bean line is being measured with two taxa being outputted in

the final microbiome sample. Additionally, relatedness between multiple bean lines

will be included, but a simple example is used to start.

For the variables, yi represents the two related response measurements, with

the overall mean effects µi multiplied by an intercept vector of ones. The α terms

represent the effect of genetic relationships between the two variables, with a design

matrix for the random effects Z, where Z1 = {d1ni
}ai=1.

y1 = µ11N + Z1α1 + e1 (4.6)

y2 = µ21N + Z2α2 + e2 (4.7)

In the piglet example, this could be a sow effect, for a microbiome example, it

is the bean line kinship effect. This model can then be vectorized and rewritten in

the following matrix form.

y1

y2

 =

1N 0

0 1N


µ1

µ2

 +

Z1 0

0 Z1


α1

α2

 +

e1

e2

 (4.8)

−→ y = Xβ + Zu+ e (4.9)

Each corresponding vector or matrix is tied to its similar piece in the matrix-

style linear model, which could be fit with typical linear mixed model methodology

[131, 143]. The corresponding variances can be estimated with G and R matrices for

the random effect and error variabilities, in Searle, the random effects are associated
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with a letter D rather than G. The residual estimates for the error will be estimated

in the typical manner where...

var(e) = R =

σ2
e1

IN τeIN

τeIN σ2
e2

IN

 =

σ2
e1

τe

τe σ2
e2

⊗ IN (4.10)

Now a represents the number of included random effects in Z, and τα =

cov(α1i, α2i) the covariance that exists between related measurements from the same

sow in the piglet example, or the bean lines population covariances from our taxa

abundance example. However, instead of utilizing the same basic structure for the

model random effects, there is the addition after the arrow of an A kinship relatedness

matrix in Equation 4.12.

var(u) = D =

σ2
α1

Ia ταIa

ταIa σ2
α2

Ia

 =

σ2
α1

τα

τα σ2
α2

⊗ Ia (4.11)

−→

σ2
α1

A ταA

ταA σ2
α2

A

 =

σ2
α1

τα

τα σ2
α2

⊗A (4.12)

Searle introduced this method as a methodological way to utilize genetic co-

variances “which must be taken into account in estimating the variance component

of σ2
α1

” [131]. The A matrix is a matrix measuring genetic relatedness, and in this

case, it is treated as a random effect coming from an overall population [131, 60].

Incorporating the A matrix is an effective approach to account for the population

structure of relationships among the bean lines used in the optimal design modeling

algorithm. To obtain more precise variance estimates in the final analysis, we plan
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to incorporate a multivariate model structure that evaluates community effects for

the taxa, taking into account the genetic community relationships within the bean

lines as an additional measure of the effects of genetic variability. Searle provides

REML modeling formulas for the multivariate model, closely aligning with Kmail’s

approach. These formulas will be the foundation for developing the optimal design

simulation strategy described in section 4.3.

In designing our analysis, we drew upon literature that referenced Searle and

explored the development of efficient or optimal designs for plant and animal genetics.

Related results from Cullis, Smith, Piepho, Williams, and others establish methods

not currently used in microbiological research [27, 138, 113, 112]. However, our work

could bridge the gap and extend more statistical thinking about improved designs

into microbiome studies. In 2020, Piepho, Vo-Thanh, and Tobias wrote about the

processes of generating experimental designs for genetically related treatments, em-

phasizing agricultural sciences research. The authors note that in the agricultural

sciences, classical designs are commonly used, relying on established search methods

and statistical software programs to identify appropriate designs, typically based on

univariate linear models with blocking and treatment fixed effects, assuming indepen-

dent errors with constant errors variance [112].

As genetic testing provides kinship information, plant, and animal breeders are

increasingly interested in incorporating it into their breeding programs, leading more

researchers to explore the use of linear models, including their correlated treatment

effects, in their experiments [112]. This is especially true when the statistical meth-

ods of interest revolve around genome-wide association analyses focused on best linear

unbiased prediction (GBLUPs). Piepho et al. [112] utilizes SAS PROC OPTEX, a

SAS procedure specifically designed for creating experimental designs and random-

izations, to establish a design generation schema with correlated treatment effects.
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To augment their findings, the authors present examples from Bueno Filho’s research,

which provide additional resources for this work [112, 28].

Bueno Filho and Gilmour offer valuable insights into the impact of genetic

relatedness on experimental design, including potential outputs from simulations that

can facilitate the comparison of designs. Their work specifically focused on the design

and modeling of animal breeding trials, which was a notable contribution to the field,

given the limited research on the application of optimal design for breeding and

selection at the time of their publication in 2003 [28]. To find efficient methods for

selection and breeding, authors modeled genetic breeding values and random effects

and included relationship matrices with LMM methodology estimated with REML,

similar again to work from Harvile, Searle, and Patterson and Thompson [28, 58, 131,

110]. The modeling techniques and accompanying data offer a distinct perspective

on potential comparisons between optimality criteria, particularly as we modify and

assess various variability scenarios in our simulations.

This work deals with univariate LMMs, but extensions later will be made to

utilize these ideas with a multivariate mixed model structure. The authors use sum-

maries of the established genetic and error variances in terms of heritability, also used

in Van Haute’s work, to select traits for inclusion in the GWAS models.

y = Xβ + Zτ + ε, (4.13)

where E(y) = µ, V (β) = B, V (ε) = R, V (τ) = G, (4.14)

R = σ2I, B = (σ2
β)I (4.15)

G = (σ2
τ )A =

σ2

γ
A (4.16)

In the model above, yn x 1 is a vector of responses, Xn x b is the design matrix for

the fixed block effects, βb x 1 is a vector of unknown block means, Zn x t is the matrix



124

for block assignments of treatments, τt x 1 is the vector of unknown treatment effects

(uncorrelated with β), and εn x 1 is the vector of random errors. Lastly, γ = (σ2)
(σ2
τ )

,

where A is a pedigree matrix for the correlations between the genetic treatment

random effects. With this model, we can define heritability based on estimates of

genetic effects τ as h2 = (στ )2

(στ 2+σ2)
[28]. These values will serve as a valuable measure

for comparing designs, especially for researchers interested in the genetic effects of

treatments. By employing a multivariate extension of the univariate models presented

in this study, we will investigate how modifications to the variability matrices impact

optimal outcomes, thereby enabling us to make comparisons between designs.

After estimating the optimality of their models with various experimental design

structures for six treatments in four blocks of 3, they compared optimality criteria ver-

sus different inputs of γ values. Filho and Gilmour compare design optimality criteria

values for design structures both known to be optimal and subpar for experiments

with unrelated treatments [28]. Through an analysis of design optimality, Filho and

Gilmour made the following observation: for a given pedigree structure, the designs

that were known to be optimal for fixed treatment structures and criteria such as

A-optimality tended to perform better than suboptimal designs for unrelated treat-

ments regardless of heritability; This trend was observed across different values of γ,

illustrating its consistency [28]. These outputs allowed authors to make statements

about how optimality is affected by the various relationships between the genetic

and error variances. For example, they found that for large responses and smaller

heritability, “the relative importance of the information on the individual phenotype

starts to be smaller” [28]. The authors emphasized the significance of including the

genetic relatedness matrix when searching for optimal blocking structures in these

cases applicable for selection purposes in plant and animal breeding [28]. These find-

ings could be useful when expanding the multivariate mixed model in our work to
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include the genetic relationship matrix between the bean lines as treatments across

plates.

Similarly, Paget et al. observed how p-rep designs, like those explored in Chap-

ter 2, could allocate replicates in potato breeding experimental designs [107]. Heri-

tabilities were also utilized within their modeling for design comparisons, and results

indicate, based on empirical trials and simulation, that p-rep trials increased genetic

gain for yield and overall selection efficiency, and additional advantages are brought

by extending experiments across sites [107]. Other work expanding that of Bueno

Filho and Gilmour continues to use both broad and narrow sense heritability to

evaluate the genetic information within the design of experiments in fieldwork with

correlated treatments [20] Related work more recently has found that it is generally

better to avoid replicating genotypes within and across trials and instead include as

many genotypes as possible in the overall design [121].

4.2.4.2 Applied Multivariate PCA Considerations

Having combined multivariate linear model theory with a principal component

aspect in our previous analysis, we can explore different uses of PCA models for

evaluating design, power, and replicability. Research in this subject area has eval-

uated sample size replication, focusing on estimating power to assess relationships

between PCA scores derived from phenotypic data analyses and SNPs [76]. Some

include a specific PCA model for the genetic variability, called a principal compo-

nent of heritability[11]. Traditional analysis techniques like Principal Coordinates

Analysis (PCoA) or PCA alone are inadequate for handling the unique properties of

microbiome data, such as sparsity and heterogeneity[26].

Joint analysis of multiple phenotypes in genetic association studies has gained

interest due to the demonstrated power gain, and PCA has been widely used for
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dimension reduction in this type of analysis, as it can identify significant top SNPs

missed by individual phenotype association tests, as shown in previous studies [88,

89, 3]. Specifically, Liu and Lin have proposed PC-based association tests for multiple

phenotype studies using summary statistics from GWASs [88]. Although PCA is com-

monly used in GWAS, there is limited theoretical analysis on when it is advantageous

or disadvantageous to use in analysis, particularly in multiple phenotype settings ver-

sus multiple SNP settings, and inappropriately using PCA in such situations could

lead to a potential power loss [87].

Liu et al. presented an interesting summary and evaluation of the growing

interest among researchers in exploring the potential for increased power in detect-

ing genetic associations with a SNP through combining multiple phenotypes, which

aligns with our interest in multivariate modeling techniques [87]. The authors focus

on a regression setting based on hypothesis testing scenarios. While they do not use

the same statistical techniques, they also showed that “correlation structures either

among a group of SNPs or among multiple phenotypes play an important role in

the performance of each test”[87]. Although it may not be feasible to incorporate at

present into the optimal design outlined in subsection 4.4.2, it is worth noting that in

multiple phenotype association studies, higher-order PCs with small eigenvalues are

generally favored, while in the SNP-set setting, lower-order PCs with large eigenval-

ues are preferred concerning power [87]. The connection between this research and

our optimal design objectives lies in our belief that the relationships between multiple

phenotypes and their corresponding genetic factors will impact the variability pro-

duced by statistical analyses. There is continuing interest in the scenario where the

association between multiple phenotypes and SNP explanatory variables is sought,

but Lin and Liu’s modeling is not readily adaptable for this purpose, necessitating

further research to enable the simultaneous analysis of multiple phenotypes and SNP
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sets [87]. Hence, there is a pressing need in the field to operate within the realm of

multivariate phenotypic analyses involving a significant amount of exploratory data,

similar to a large number of bean lines in our design.

4.2.4.3 Microbiological Studies

The use of microplates is essential for conducting biomedical experiments, how-

ever, the resulting data and quality metric values can be significantly influenced by

the specific placement of the samples within the plate [122]. Although several plate

layout editors are available, including Brunn, Labfolder, PlateDesigner, and Pla-

teEditor, none can generate effective layouts, despite some creating randomized ones

[2, 82, 31, 145]. Rodriguez et al. found that a common data design and collection

approach is manually assigning treatments to wells and performing multiple techni-

cal and biological replicates. However, these procedures are often associated with

higher costs and longer experiments and can lead to a trade-off between the number

of samples analyzed and the number of replicates per sample. [122]. If a study’s

underlying design is flawed due to experimental design problems, such as insufficient

statistical power or failure to account for confounding variables, any attempts to

test the robustness of a result will also be flawed, posing a risk to replicability [129].

Overall, investigations of the microbiology literature demonstrated that studies about

optimizing experimental design for data analysis of microbiome abundance data are

rare.

While research in the microbiome has not focused on optimal experimental de-

signs, many within the last several years have begun highlighting current work and

best practices for considering the integration of experimental design into microbiome

research studies. Numerous collaborative reviews have been published that identify

the prevailing methodologies employed in microbiome research and suggest ways to
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adapt these approaches for future studies [129, 47, 14, 133, 91, 81, 30, 26, 68]. Despite

the potential benefits of using more basic power analyses to assess sample size calcu-

lations for replication in -omics research, their utilization remains limited, partly due

to the complexity of multivariate data, which poses challenges when implementing

such analyses [133, 47]. Outlining values for optimal design or power analyses can

be difficult as small variability estimates between similar biological replicates pose

a challenge in identifying weak biological signals, especially with small or unknown

effect sizes; Small sample sizes may not accurately represent population-based out-

comes, thus selecting appropriate sample sizes based on statistical principles is crucial

to avoid biases and misinterpretations [14]. To obtain more robust evidence of an ef-

fect and determine the optimal amount of a dietary component, Jarett et al. suggest

testing multiple levels of the factor of interest with an adequate number of animals,

as this approach can produce more convincing results [68]. The concepts discussed

in the microbiological literature underscore the importance of updated experimental

design standards and procedures. Subject matter scientists would welcome incor-

porating measures that account for variability and genetic effects to develop more

effective designs.

Furthermore, researchers have examined univariate and multivariate analyses

to assess the selection accuracy and estimate genetic parameters in common bean.

These studies have demonstrated the effectiveness of using several designs of genetic

correlations and heritabilities. Although using multiple traits has been commonly

employed in animal and forestry crop breeding, this approach has been relatively

lacking in annual crops such as common bean [7]. Background information about

this work is noteworthy, as it sheds light on the analysis methods employed and the

similarities between the data type used and genetic information on the common bean.

When evaluating multiple versus one trait analyses, authors noted that when response
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traits have smaller genetic correlations, univariate and multivariate analyses yielded

comparable results of parameter estimates and predictive accuracy [7]. It is worth

emphasizing that adjusting the correlation and relatedness of taxa and bean lines can

be altered using optimal design simulation strategies, underscoring the importance

of such processes. This work is also notable because they utilized the REML-BLUP

analysis framework similar to our extension of Kmail’s work and background from

Searle and Henderson [131, 60, 78]. A plausible hypothesis is that increasing the num-

ber of highly correlated traits may result in greater statistical and practical benefits

from adjusting the overall design.

4.3 Application of Multivariate Optimal Design

4.3.1 Overview

Our third primary objective, as outlined in section 1.3, is to evaluate how vary-

ing data and experimental parameters impact the optimal statistical design criteria

for comparing data and models to analyze microbiome well-plate experiments. To ac-

complish this, we can consider several factors, including aspects of the experimental

design, data variability, and optimality criteria, and use them as parameters for evalu-

ation in an algorithmic optimal design procedure. By modifying these parameters, we

aim to evaluate the advantages of adjusting the experimental design and structure for

this type of analysis. Furthermore, this study establishes a foundation for comparing

the optimality of different designs that consider both fixed and random parameters

and account for the genetic relationships between treatments and correlations among

multivariate responses.

Due to time constraints, we could not evaluate all possible parameter combina-

tions in this work. However, several design elements were modified and compared to
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measure optimality. For instance, our initial experiment involved 12 plates for each of

the three subjects, but the number of plates could vary across designs. Additionally,

we could modify the arrangement of bean lines within and across plate plates or deter-

mine the optimal number of bean lines to test. Although we arranged the bean lines

in an incomplete block structure across plates, we could explore whether a complete

block design would be more optimal. The optimal design may also change based on

the taxa composition in the response matrix and how many taxa are included in the

final multivariate response matrix. With the statistical model, the idea is to find the

best configuration of the design matrix X based on a specific optimal design criterion,

which can often be calculated by “minimizing a function of the variance-covariance

matrix of the least – squares estimator” [79]. We will examine the information ma-

trices related to fixed and random effects, providing flexibility in the algorithm based

on the researchers’ interests. Before finalizing a proposed methodology, the following

sections will outline how we set up the statistical methods to conduct simulations

estimating optimality criteria and which parameters became a focus for this work.

4.3.2 REML Expansion for Multivariate Models

Following Kmail [78, 79], who utilized notation similar to that of Durbin [36]

and Searle [131], we outline the modeling structure for the optimal design of a similar

set-up as what was designed in Chapter 2. The analysis structure focuses on a REML

univariate structure for stacked multivariate data. The analysis will be simplified to

account for the fixed effects of all plates across the experiment, with random effects for

bean lines, more similar to what was conducted in Dr. Van Haute’s GWAS analyses

from Chapter 2.

Zaher begins with the following equations for a multivariate mixed modeling
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format.

YB + Xγ = ZU + E (4.17)

where all notation is similar to all linear mixed modeling format, except for the

addition of the B matrix, which can be adapted for contrasts on the endogenous

variables in a causal structure, and γ is used as a parameter for the exogenous, fixed,

effects. Yn x t contains our transformed abundance estimates, with n observations

across t taxa. Then Xn x p is the design matrix for the fixed effects of p plates, while

γp x t could contain the parameter estimates for the plate effects. Zn x u and Uu x t

are the design matrix and parameter estimates for any random effects included, in

our case, u = 1...bl where bl will be the number of bean lines included in the design.

En x t contains all random error effects across all observations and taxa.

If we set B = I and γ = −β, our model will begin to resemble a more typical

mixed model format, and we can adapt the equations for a multivariate mixed model-

ing format. By using the rules of transposing matrices, we can reformat the equation

in the following manner.

YI−Xβ = ZU + E (4.18)

−→ I′Y′ − β′X′ = U′Z′ + E′ (4.19)

−→ IY′I− Iβ′X′ = IU′Z′ + E′ (4.20)

Then, to obtain the multivariate model for REML mixed model variance esti-

mation, we used vector notation and Kronecker products to stack the multiple taxa

variables into a univariate format.

V ec(IY ′I)− V ec(Iβ′X ′) = V ec(IU ′Z ′) + V ec(E ′) (4.21)
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Then, using V ec(ABC) = (C ′ ⊗A)V ec(B), we can say that Equation 4.21 can

become Equation 4.22.

−→ (I ⊗ I)V ec(Y ′)− (X ⊗ I)V ec(β′) = (Z ⊗ I)V ec(U ′) + V ec(E ′) (4.22)

V ec(Y′) = V ec(β′X′) + V ec(U ′Z ′) + V ec(E ′) (4.23)

Next, assuming V ec(AB) = (A ⊗ I)V ec(B) = (B′ ⊗ I)V ec(A), we can adapt Equa-

tion 4.23 into Equation 4.24.

V ec(Y′) = (X ⊗ I)V ec(β′) + (Z ⊗ I)V ec(U ′) + V ec(E ′) (4.24)

Equation 4.25 contains descriptions outlining how each part of the stacked model

will follow into a univariate structure.

V ec(Y′)︸ ︷︷ ︸
ỹ∗

= X ⊗ I︸ ︷︷ ︸
x̃∗

V ec(β′)︸ ︷︷ ︸
β̃∗

+Z ⊗ I︸ ︷︷ ︸
Z̃∗

V ec(U ′)︸ ︷︷ ︸
ũ∗

+V ec(E ′)︸ ︷︷ ︸
ε̃∗

(4.25)

Which can be rewritten as our final model outline in Equation 4.26.

ỹ∗ = X̃∗β̃∗ + Z̃∗ũ∗ + ε̃∗ (4.26)

Then if we let V ar[V ec(U ′)] = A⊗Σu and V ar[V ec(E ′)] = I⊗Σ, the remaining

pieces of the model can be addressed. In these variances, A represents our kinship

relationship matrix for the bean lines included in our random effects. This is directly

tied to what was outlined in the literature from Searle [131]. The multivariate residual

format also follows from the format of Kmail and Searle as well.
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Therefore,

ũ
ε̃

 ∼ N


0

0

 ,
A⊗ Σu 0

0 I ⊗ Σ


 = N


0

0

 ,
G̃∗ 0

0 R̃∗


 (4.27)

Where G̃∗ = A⊗ Σu, R̃
∗ = I ⊗ Σ, Σu =



σ2
u11

σu12 ...
...

σu12 σ2
u22

...
...

... ...
. . . σu1t

σ2
u1t

... ... σ2
utt


,

and Σ =



σ2
11 σ12 ... σ1t

σ12 σ2
22 ...

...

... ...
. . . σ1t

σ2
1t ... ... σ2

tt


.

Following information from Kmail Chapter 4 discussion, the full model was cre-

ated with the equations for the P and V matrices and the information matrices for the

fixed and random components. In work for evaluating the causal structure, the model

has information for a B matrix, which adds contrasts for evaluating relationships in

the endogenous variables. In this case, that could be added to our Y response matrix.

However, after cutting that out, what results are above, and all of the equations are

simplified with B as the identity matrix.

Following the REML structure for a univariate model, ỹ∗ = X̃∗β̃∗ + Z̃∗ũ∗ + ε̃∗,

we needed to set the remaining model structure to obtain both estimates of the fixed

and random information matrices M(δ̂) and M(σ̂) as described in Equation 4.5. For

the fixed effects, M(δ̂) for our model takes the standard format of,

M(δ̂) = X̃∗
′
Ṽ∗
−1

X̃∗ (4.28)
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where Ṽ∗ = V ar(ỹ∗) = V ar(Z̃∗G̃∗Z̃∗ + R̃∗).

Again, following the typical univariate mixed model methods protocol, similar

to Stroup, Searle et al., and Kmail [143, 131, 78], we also know that the information

for the random effects can be calculated with Equation 4.29. In this format, d and r

correspond to the different random effects and residual variance effects to be estimated

in the model. These will be tied directly back to the size of our Σu and Σ matrices

from Equation 4.27. For a three taxa example, the matrix M(σ̂) will be 12 rows and

12 columns for each of the six variances and six covariance values to be estimated on

the upper (or lower) diagonal of the symmetric matrices.

M(σ̂) =
1

var(σ̂)
=

=
1

2

{ tmr(P̃
∗Z̃∗ ∂G̃

∗

∂θdi
Z̃∗
′
P̃∗Z̃∗ ∂G̃

∗

∂θd′
i

Z̃∗
′
)

vd

}
i,i′=1

{ t
m
r(P̃∗Z̃∗ ∂G̃

∗

∂θdi
Z̃∗
′
P̃∗ ∂R̃

∗

∂θrj
)
vd, vr

}
i=1, j=1

{ t
m
r(P̃∗ ∂R̃

∗

∂θrj
P̃∗Z̃∗ ∂G̃

∗

∂θdi
Z̃∗
′
)
vr, vd

}
j=1, i=1

{ t
m
r(P̃∗ ∂R̃

∗

∂θrj
P̃∗ ∂R̃

∗

∂θr
j
′

vr

}
j,j′=1


(4.29)

where P̃∗ = ˜V∗−1 − ˜V∗−1X̃∗M(δ̂)−1X̃∗
′ ˜V∗−1, Ṽ∗ = V ar(Z̃∗G̃∗Z̃∗ + R̃∗), Z̃∗ =

Zn x b ⊗ Ib, G̃∗ = Ab x b ⊗ Σu, and r̃∗ = I ⊗ Σ.

Next, we need to specify the derivative functions for G̃∗ and R̃∗. To accomplish

this, we will adopt the approach used in Section 4.4 of Kmail’s dissertation, which

provides examples for the format of the derivatives [78]. The genetic covariance matrix

will be incorporated into the derivative functions, and the size of the derivatives will

depend on the number of taxa included. To illustrate the process, we will consider

the case where there are two responses, as demonstrated in both Kmail and Searle’s

work[78, 131].

If we let G̃∗ = A⊗Σu = A⊗

σ2
u11

σu12

σu12 σ2
u22

 and R̃∗ = I ⊗Σ = I ⊗

σ1
2 σ12

σ12 σ2
2


then, the equations below outline the necessary derivatives across the G̃∗ and R̃∗
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matrices.

∂G̃∗

∂σu11
2

= A ⊗

1 0

0 0

 , ∂G̃∗

∂σu22
2
= A ⊗

0 0

0 1

 , ∂G̃∗

∂σu12

= A ⊗

0 1

1 0

 (4.30)

∂R̃∗

∂σ1
2

= I ⊗

1 0

0 0

 , ∂R̃∗

∂σ2
2

= I ⊗

0 0

0 1

 , ∂R̃∗

∂σ12

= I ⊗

0 1

1 0

 (4.31)

4.4 Proposed Exploratory Optimal Design Methodology

4.4.1 Variables of Interest

The equations are presented as each component is necessary to compute the

composite optimality criteria, which was chosen to compare various input data of

interest and changes in the design matrices. From Equation 4.5, we adapt Kmail’s

expansion of Mylona, Goos, and Jones’ composite optimality criterion for simulations

to evaluate optimality across both the fixed and random effects [78, 100]. For every

new design iterated through in the simulation, the following criteria will be calculated

and used as a measure of comparison.

Φ =
1− α
p ∗ t

log|M(δ̂)|+ α

t ∗ (t+ 1)
log|M(σ̂)| (4.32)

Within Equation 4.32, p ∗ t finds how many fixed effects parameters there are,

including values for p plates across t taxa. Then, t ∗ (t + 1) calculates how many

random effects should be estimated within Σ and Σu. For example, for three taxa

cases, the weight on the random effects will be α
3(4)

= α
12

, where 12 comes from the

estimates of σu11, σu22, σu33, σu12, σu13, σu23, σ11, σ22, σ33, σ12, σ13, and σ23. The matri-

ces are symmetric, so not all of the variabilities will be specifically estimated. To
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evaluate the impact of changes in the number of bean line replications in the plates

and variability in taxonomic data on statistical design optimality, we conducted a

random search simulation-based study. This approach enabled us to assess the effect

of varying parameter changes on the overall optimality criterion and examine how

optimality changed due to deviations in experimental design matrices and variations

across taxa and bean lines.

Overall, to begin the modeling and set the format of the simulation, we need to

set values for the following:

• X and Z: These matrices hold information about how many plates are being

utilized and how many bean lines exist per plate. Currently, 12 plates are

utilized in all simulations (the same as in the study from Chapter 2), and we

allow for 87 available wells per plate, again the same as what was allowed in

our experiment.

• A: This is for our genetic relationship matrix. We had access to the entire A

matrix with covariance relationship parameters between all 297 bean lines from

Dr. Van Haute. For this chapter, we have focused on smaller examples with

only 50 bean lines.

• Σu: This matrix contains information about variability across the taxa included

as responses in the model as related to the random effects. In this model, those

will be the bean lines of interest. This matrix is used to calculate G̃∗ = A⊗Σu

where, V ar[V ec(U ′)] = A⊗Σu, which can be used to find the genetic covariance

matrix among the lines due to the covariances of the taxa. This structure is

similar to a repeated measures experiment where V ar(ε) = Rσ2, where R is a

matrix containing the covariance structure between time points. In this case, our

A matrix acts like a covariance structure associated with the random effects.
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In this case, from A and Σu, the value σ2
uijA gives an approximate genetic

covariance matrix of the lines for the first taxa, using estimates of the variances

or covariances based on the values of i and j. We will focus on adaptations of

this matrix and making changes in Σu to evaluate changes in replications and

optimality.

• Σ: information about the residual variability across the taxa from, R̃∗ = I ⊗Σ,

where V ar[V ec(E ′)] = I ⊗ Σ

4.4.1.1 Genetic Relationship A Matrix

As stated in the second bullet point, the A matrix was fully provided to us for all

297 bean lines. The A matrix used in our calculation of G̃∗ = A⊗Σu has the properties

of a covariance matrix between the bean lines, similar to a covariance structure used in

a repeated measures model where the covariances and correlations between time point

are included. In our modeling structure, we know that inherently there is a population

structure and a covariance structure between the bean lines included in the design.

Because there are relationships between the bean lines, we decided it was important to

include the structure within our model and our optimal design simulation structure.

The A matrix is symmetric and contains 297 rows and 297 columns, where the values

inside are estimates of the covariance between each combination of the 297 bean

lines. The A matrix was calculated based on the MAD-P, middle American diversity

panel of bean cultivars cultivated from the P. Vulgaris common bean. The kinship

matrix was calculated in TASSEL v5.2.69 from the genotype data to account for

population structure in downstream analyses [59]. TASSEL stands for Trait analysis

by association, evolution, and linkage used to evaluate trait associations [17]. In

total, our A matrix includes 199 Durango lines, as well as 100 Mesoamerican gene
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Figure 4.1: Correlation values between first fifty selected bean lines from the Genetic
Relationship A Matrix

lines. The kinship matrix was calculated from SNP marker data (∼ 132k positions).

Collaborators provided a paper from Endelman and Jannink with specific descriptions

of how the values within the A matrix were calculated with provided SNP markers

[39].

To reduce the experiment’s size and runtime, simulations were conducted using

only 50 taxa. For many runs, the first 50 bean lines listed in the A matrix were used

as a mix of Mesoamerican and Durango bean lines. An adapted set of 50 bean lines

was selected for additional runs, whereas only 50 Mesoamerican lines were selected.

The Mesoamerican and Durango lines will be referred to as our Standard A, and the

only Mesoamerican lines are labeled as New A. To visualize the relationships across

these two sets of genetic covariance matrices, heat maps of the correlation values
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Figure 4.2: Correlation values between first fifty selected Mesoamerican bean lines
from the Genetic Relationship A Matrix

have been plotted below. From the first 50 overall bean lines, in Figure 4.1, there is a

variety of positive and negative correlations between the Mesoamerican and Durango

bean lines. With just the Mesoamerican lines, there are mostly positively correlated

bean lines within Figure 4.2.

4.4.1.2 Variability Estimates

The setup of X and Z, as well as the changes in the Z matrix over the simu-

lations, will be described in detail in subsection 4.4.2. For the last two bullet points,

both matrices comprise the variabilities and covariances for the bean lines and resid-

uals across the taxa. There are multiple estimates of variabilities for different combi-

nations of bean lines and subjects analyzed in Chapter 3. These estimates were used
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to establish boundaries for pilot examples in this chapter. Researchers could obtain

pilot information on the Σ and Σu matrices to evaluate potential design optimality

and variability changes, especially for taxa of interest.

First, for Σ, it may be more challenging to outline exact values of interest. We

wanted to see how adaptations of the Σu matrix changed the optimality and replica-

tions in the design. For all simulations, three basic Σ matrices were utilized for the

simulations not based on real pilot data. These three matrices were denoted in the

code in Appendix C as

RU.1 =

1︷ ︸︸ ︷
3 0 0

0 3 0

0 0 3

, RU.2 =

2︷ ︸︸ ︷
0.001 0 0

0 0.001 0

0 0 0.001

, RU.3 =

3︷ ︸︸ ︷
3 0 0

0 0.001 0

0 0 0.001

;

RU.1 represents all large variabilities, RU.2 represents all small variabilities, and

RU.3 is a mix of large and two small variabilities. Burgueño et al. compared a range

of covariance structures for the genetic effect variability matrices in plant breeding

models, incorporating both marker and pedigree information in similar multivariate

models. Their findings confirm the superiority of models that utilize both marker and

pedigree information over those that rely solely on pedigree information [19]. They

highlighted that using both diagonal forms of the covariance matrices for random

effects of genetic effects and a diagonal residual structure would be the same as a

univariate case for them of single-environment models, and for this work, it would be

like fitting individual taxa models [19]. In the future, we could compare cases with

all diagonal effects to those cases where we allow for more complicated covariance

structures. However, at this time, it was of interest to investigate differences in cor-

related taxa across the random effects while assuming diagonal, independent taxa in
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the residual effects of Σ.

Paired with are a variety of Σu matrices. First, types of compound symmetric

structures on the Σu test matrices were used, where values for variability and one

correlation were selected to fill in the following outline.

Σu =


σ1

2 σ1σ2ρ σ1σ3ρ

. σ2
2 σ2σ3ρ

. . σ3
2

 (4.33)

To construct the CS Σu matrices, we employed three variance types that corre-

sponded to the variations present in Σ: one with exclusively large variabilities, another

with only small variabilities, and a third containing a mixture of one large and two

small variances. Then, we paired each with three different correlation structures with

varying positive correlations. Specifically, all large, all small, and all mixed variability

values were combined with a large correlation value of 0.9, a medium correlation value

of 0.5, and a small correlation value of 0.1 were used to create the first group of Σu

values. From these combinations, nine different structures of this type of covariance

matrices were used in combination with each of the three Σ (RU) matrices for 27

combinations based on the CS style Σu matrices. The nine styles of these matrices

can be seen in the Figure 4.3 below.

To introduce more flexibility in the covariance matrix, we adopted an unstruc-

tured style covariance matrix that allows for different correlations between the three

taxa, as seen below in Equation 4.34.

Σu =


σ1

2 σ1σ2ρ12 σ1σ3ρ13

. σ2
2 σ2σ3ρ23

. . σ3
2

 (4.34)
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Figure 4.3: Nine Matrices Utilized as CS-Style Σu matrices

We utilized a set of sixteen distinct variance matrices as Σu in conjunction with the

three Σ matrices specified earlier. These variance matrices follow the same pattern

as before, featuring large and small variances. Additionally, two mixed cases are

included: one with one large and two small variabilities and another with one small

and two large variabilities. We also explored multiple types of correlations, with large

(0.9), medium (0.5), and small (0.1) values. We combined each of the four variance

cases with four different correlation types: (1) one large, one medium, one small,

(2) one large and two small, (3) one large and two medium, and (4) two large and

one small. By doing so, we created sixteen new correlation matrices for optimality

simulation. The final matrices for these cases can be found in Figure 4.4 below.
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Figure 4.4: Additional Variability Cases for Σu with Differing Correlations

To integrate the findings of Chapter 3, we included pilot data from nine addi-

tional cases using estimated matrices. Three of the most abundant taxa - Bacteroides,
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Sutterella, and Bifidobacterium - appeared across all three subjects. To obtain pilot

estimates for three additional Σu and Σ cases, we ran another MANOVA model us-

ing PROC GLM for each subject, focusing only on these three taxa, with the fixed

effect of the plate and the random effect of bean line. From the resulting output, we

obtained three versions of the Σu and Σ covariance matrices. We further decomposed

these matrices into their respective variability and correlation components to com-

pare them with the examples generated in our study. The variability, correlations,

and final matrices of the pilot data can be found below in Figure 4.5. These matrices

are closest to what one might expect to see from the real transformed abundances

for the same taxa across subjects, and from these examples as well we can begin to

investigate any additional relationships due to negative correlations.

Figure 4.5: Pilot Variability Cases for Σu with Differing Correlations from Bacteroides, Sutterella,
and Bifidobacterium across our three subjects
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Our plan was to add more categorical group labels to the plots in order to fur-

ther categorize the data. Our intention was to use labels in a similar way as we did

with the CS and UN structures. However, due to the complexity of these matrices,

the summary labels are not as informative as simply examining the results across

the different matrix pairings. In some summary graphics, the Σu1 and Σu3 matrices

have smaller variances with one larger one, so they will be given a label of “Mixed

SSM”. Σu2 has two slightly larger variabilities, and one that is greater than one, so

this group will be labelled “Mixed MML.” We did the same thing in terms of the

correlation values for the Σu matrices, but they are just labelled with the values of

all the correlation values. In matrix form, the final matrices utilized for the 9 pilot

combinations are listed below, matching the final values on the right in the figure 4.5

above. A label 2.1, for example, would correspond to a case with Σu matrix 2 and Σ

matrix 1.

Σu1 =
[

0.078 0.014 −0.109
0.014 0.022 −0.037
−0.109 −0.037 0.189

]
, Σu2 =

[
0.183 0.14 −0.423
0.14 0.156 −0.37
−0.423 −0.37 1.085

]
, Σu3 =

[
0.059 0.044 −0.111
0.044 0.078 −0.124
−0.111 −0.124 0.294

]
;

Σ1 =
[

0.052 0.01 −0.074
0.01 0.017 −0.027
−0.074 −0.027 0.13

]
, Σ2 =

[
0.128 0.111 −0.321
0.111 0.139 −0.317
−0.321 −0.317 0.894

]
, Σ3 =

[
0.045 0.038 −0.088
0.038 0.074 −0.11
−0.088 −0.11 0.242

]
;

4.4.2 Setting Up Iterative Algorithm

We used R to code our optimal design simulations, relying on several pack-

ages such as pracma, dplyr, data.table, Matrix, spam, and sparseinv [118, 15, 151,

33, 10, 49, 161]. An example of the optimal design simulation code is provided in

Appendix C. While R was utilized to run the simulation program, UNL’s Holland

Computing Center’s High-Performance Computing (HPC) clusters. To evaluate the

criterion Φ from Equation 4.32, we followed the equations in subsection 4.3.2 and set

up all relevant pieces of the model. Our simulation function is designed to provide a

comprehensive modeling framework for calculating design optimality criterion values
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and keeping track of how these values change as the formation of the Z matrix is

altered. The objective of the code is to establish all pieces of the univariate form of a

multivariate mixed model and compute our modified variant of Kmail’s updated com-

posite criterion (Equation 4.32) that can be tailored to strike a balance of optimality

between fixed and random effects. To explore the range of α values, we selected a

variety of weight values for the fixed and random effects, ranging from 0.1 to 0.9

(specifically α = 0.1, 0.25, 0.5, 0.75, and 0.9). Mylona, Goos, and Jones previously

used α = 1
2
, which balanced the two objectives of the composite criterion [100].

We created a function titled OptDesignThreeTaxa in R, which fits is capable of

fitting various parameter values. The function takes in matrix values of Sigma = Σu,

RU = Σ, and our genetic relationship matrix A. Additionally, it is set up to require

values for the number of bean lines, the α weights, the number of plates, the number

of wells utilized per plate, and how many Z matrices to iterate through for the

search procedure. Our searches all utilize 5000 random generations of the Z matrix.

Initial code testing used 2500 replicates and 10,000 random Z matrices. The Crane

high-performance clusters within the Holland Computing Center provided resources

for running 2500 replicates relatively quickly, so we wanted to run more replicates.

However, when we attempted to run 10,000 replicates, the program did not complete

within the allotted time on Crane. We reduced the number of replicates to 5,000 and

observed a final run time of approximately 3-5 days. The actual time varied based

on the number of nodes and computing power specified in the SLURM file, either on

our specific resources or the general batch node for all HCC users. We found that

the optimality values showed minimal variability across all replicates, indicating that

5,000 replicates were sufficient for all simulations. Despite this, we anticipate that

we can increase the number of replicates in future runs with changes in the coding

structure and better resource allocation. This would help us determine with greater
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certainty whether our sampled Z matrices approach an optimal Φ value.

These values are all set up in a generic framework, where R will build out the

X and Z matrices based on what inputs are put into the function. Before running

the function, a user is required to set up what particular A relationship matrix will

be used. Again, as stated above, we use two cases, one with the first 50 bean lines

overall and one with a selected case of the first fifty Mesoamerican bean lines. The

A matrix format also tells the function how many bean line treatments will be used

within the design. Before running the function, all possible ΣU and Σ matrices are

included in the code. From this list, an individual combination of Σ and ΣU is

selected for use within the function. Since these values are the only ones that change

throughout most of the code, we have included only one example in Appendix C. The

one thing overall that is not easily adaptable is how many taxa can be included with

this specific function. All code formulations for the derivative functions of ∂G̃∗

∂σuij
and

∂R̃∗

∂σij
are specifically created for three taxa within this function.

Inside the function, descriptions for R of how the program needs to classify

all the individual values and matrices are set up at the beginning, and then two for-

loops are utilized within the function to literature between the values of α weights and

between random formations of our Z design matrix. We begin by setting a start time

to see how long each simulation runs and establish all values that do not change as

the Z matrix changes. This reduces run time as R will not need to recalculate certain

values across the iterations. Values that do not change as we iterate through different

designs include the A matrix, the number of taxa, the number of fixed and random

effects (utilized within the Φ function), the number of plates, and any formulas used

within our modeling structure dealing with our X matrix. We also set up the matrices

of 0s and 1s necessary later within our calculations of the derivative matrices ∂G̃∗

∂σuij

and ∂R̃∗

∂σij
.
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Our outer loop runs through five iterations of the simulation for each level of

α. As the values of α change, the weights on the fixed and random portions of Φ

are calculated and remain the same for each value of alpha. Next, the inner loop

iterates through values of Z. Random rows of Z are filled with values of 1 in columns

corresponding to individual bean lines. For instance, our Z matrices result in a 1044 x

50 matrix, where each well is filled with a random selection of the 50 bean lines. Next,

all values necessary to compute the information matrices are determined, including

Z, Z̃∗, G, R, V , V −1, M(δ), and M(δ)−1, where M(δ) represents the information

for the fixed effects. These values are used to evaluate the Kronecker products for

the corresponding Σu and Σ values. Then, P and all matrix pieces for the M(σ)

matrix are calculated. To obtain the M(σ) matrix for three taxa, a 12 x 12 matrix

is generated, and a small loop is utilized to calculate the values on the diagonal and

lower diagonal of the matrix. As the matrix is symmetric, these values are used to

complete the full M(σ) matrix. The computation time required for these calculations

is extensive, particularly for larger matrices. In the case of three taxa, running the

code can take between two to five days, depending on the capacity of UNL’s Holland

Computing Center (HCC). However, as more taxa are included, the matrices increase

in size, making the current computational approach impractical to run within the

7-day time limit on HCC’s CRANE server.

Once we have the M(σ) matrix, we can compute the information criteria labeled

InfMat in the code. To finish the calculation of Φ from Equation 4.32, we take the

logarithm of the determinants of both information matrices and multiply the values

by the corresponding weights. The resulting values for the optimality criterion and

each fixed and random component are stored in a matrix as we iterate through each Z

matrix format. If the Modified Federov Switching algorithm is included in the code, it

is necessary to check and compare the criteria values as we loop through the different
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Z values. This structure remains in the code, and the most optimal Z matrix and

optimal criteria values are stored during the simulation. Although keeping every Z

matrix is impractical, a summary of each matrix is retained. We summarize each

Z matrix into the column sums for how many replications of each bean line appear

within the matrix. After each run of the full simulation, the TotalReps.ALL.Zs matrix

contains 50 rows by 5000 columns of how many times each bean line was replicated in

all Z variations. We use this matrix to explore how the optimality may change based

on the variability of the number of replicates across all the bean lines. In addition,

we will use this information in our results to explore the variability and spread in the

bean line replicates to examine if they differ between the “best” and “worst” designs

based on the optimality criteria. Although not evaluated currently, we determined

the number of replicates for each bean line across the 12 plates within the experiment

for the Z matrix with the largest optimality criterion. This feature adds flexibility to

the code, enabling it to evaluate where the lines are allocated within a plate. In the

future, these results could be used to adapt the X matrix as well for the fixed effects

of plates if researchers would be interested in looking at adapting the fixed effects as

well.

The function generates several significant data sets saved in .csv format. Five

files are created for each corresponding α level containing the criterion values for each

of the 5000 Z matrices. Next, for each level of α, a data set is outputted containing the

summary of how many times each bean line was replicated across all 5000 simulated

Z matrices. Lastly, the function in R directly outputs the time taken to run and

the largest optimality criterion value by α. Additionally, optimal Z matrices and the

total reps by plates for each optimal Z matrix are outputted, although they were not

used in the analysis. [18]
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4.4.2.1 Outputs

The following information was outputted and calculated into a final data set for

graphics and summaries of the simulation runs produced thus far. We have results

for every level of α tested (0.1, 0.25, 0.5, 0.75, 0.9). Then, we have indicator variables

labeling what variance and correlation combination was utilized for Σu and Σ for each

set of the simulation results. A variable labeled “Group” also identifies which version

of the A matrix was used for the calculations. Then, summaries are evaluated across

the 5000 replicated Z matrices, including the minimum, upper and lower quartile,

mean and median, and maximum Φ composite optimality criteria values. In addition

to these statistical summaries, we calculated the variance in the number of replications

for the most and least optimal design of Z, determined by which designs created the

maximum and minimum Φ outputted across all 5000 calculated optimality criteria.

These variances were also used to find coefficients of variation ( σ
mu

) for designs with

the largest and smallest Φ values. For this calculation, the σ is the square root of the

variance of the number of replications for each bean line in the selected design by each

value of α, and µ is the average number of replications across all the bean lines. This

gives an idea of the spread of the available replications across the bean lines. For the

case where we use 50 bean lines, there are more places possible to replicate each bean

line. However, in cases included in the results where 297 bean lines are included, the

number of total replications across each bean line is much more restrictive.

Lastly, similar to Bueno Filho and Gilmour [28], we wanted to compare the

optimality values across quantitative summaries of the combinations of Σ and Σu.

Heritability is defined as h2 = σ2
u

σ2
u+σ2 for univariate modeling components. In a

multivariate setting, we aim to compare similar summaries of the Σ and Σu matrices

across variance and covariance components to analyze the relationships between taxa.
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To do this, from every combination of Σ and Σu we calculated and focused on variables

titled, h2, det2, and eigen.ratio, from the formulas in Equation 4.35 to Equation 4.37.

h2 =
tr(Σu)

tr(Σu) + tr(Σ)
; (4.35)

det2 =
|Σu|

|Σu|+ |Σ|
; (4.36)

Eigen.Ratio =
λ1Σu

λ1Σu
+ λ1Σ

; (4.37)

Additionally, equations like g = γ = tr(Σ)
tr(Σu)

; and a form of this γ equation with the

determinants, det1 = |Σ|
|Σu| ;, could also be used to compare optimal designs.

Ge et al. utilized Equation 4.35 as the heritability of a multidimensional trait,

so we have used a similar notation for the calculations of both h2 and γ [52]. We

use these two values as a multivariate extension to how designs were compared by

Bueno Filho and Gilmour [28]. Det1 is also a determinant expansion of the g value,

which only includes the trace. Next, to compare the overall values of the Σ and Σu

matrices, we calculated the determinants of the individual matrices and compared

them using similar ratios as the heritability calculations. Lastly, some authors have

utilized the largest eigenvalues from the genetic matrices of interest in univariate or

multivariate model frameworks [73, 35, 7, 77, 52]. We have also utilized another ratio

similar to the heritability but using the largest eigenvalue, λ1, calculated from Σ and

Σu. Regarding the results, it was found that the relationships in γ and det1 did not

yield any significant findings beyond what was observed for the other three ratios.

Therefore, these cases were not further analyzed in this study.
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4.5 Results

We present our results in separate summary graphics, highlighting the opti-

mality criterion and variability in the number of replications for each group’s most

and least optimal designs. This approach will enable us to effectively compare and

contrast the performance of different designs across multiple groups. Additionally,

we observe how the optimality and replicate variability changes for summary com-

bination values of Σu and Σ, including values from the summaries h2, g, det1, det2,

and the eigen.ratio. By providing these summaries, we can gain insights into the

types of information that domain researchers should consider when using a similarly

structured optimality search. This information will be valuable not only for designing

studies of this nature, but also for informing future adaptations of such designs.

4.5.1 CS Variance Structures

First, Figure 4.6 evaluates how the maximum Φ values changed across different

levels of α weights on the x-axis. The plot is divided into panels, each corresponding

to a different Σu matrix used in the first 27 sets of variability matrices. The legend on

the bottom indicates that the shapes of the points correspond to which of the three

Σ residual variances was used, and the color matches with what size correlation was

used between all three taxa. The points are labeled with values for which values of

ΣU and Σ were combined. In our table within Figure 4.3, values are numbered by

Σu and Σ. For example, the point labelled 7.1, is the seventh Σu style, with a mixed

variance (one large and two small) and all large correlations, with the first residual

diagonal matrix with all large values.

In the points, we noted where points were overlapping and where there were

areas where some designs within similar variance structures began to separate, with
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Figure 4.6: Maximum Φ values across CS Σu Structures. Points are labeled by numeric descriptions
of which Σu and Σ matrix combination were utilized for the simulation. For example, if a point is
labeled 7.1, this is the seventh Σu matrix and the first Σ residual matrix

which designs were optimal. Across all three panels of Σu varieties, the small vari-

ability cases tend to have more optimal designs than those with the mixed and large

cases. Within the large panel of cases on the right, there is a smaller gap of differences

in optimality criteria across α weights. Also, within these cases, the circle points at

the bottom of the pane for the large residual values show more separation in optimal

design for the mixed and small Σu values, where the points all seem to overlap. The

separation shows that the largely correlated taxa begin to have the ability to produce

a more optimal design.

These same separations show up in the other Σu cases, and the gap between

large, medium, and small correlations between taxa become more pronounced as we

put more weights on the random effects. Gaps between small and medium correlation

values of 0.1 and 0.5 remain smaller. As the researchers become more interested

in weighting their design optimality on the random bean line effects with highly

correlated taxa, we are beginning to see trends that show that the style of design plays
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a larger role based on the variances and correlations of the taxa and residuals. We

have observed expected trends in the variabilities, with certain groups demonstrating

greater optimality. Notably, we have observed larger differences in Φ magnitudes

within the Σu variability options across the residual variabilities, as opposed to the

relatively smaller differences observed within the same Σ values across the panes.

Next, we can see how these differences in optimality correlated to differences in

the variability of number of replications across the bean lines. The idea here is to

understand how the balance of lines across wells is related to optimality.

For each of the optimal designs, we calculated the variance of the number of

replications for each of the 50 bean lines in the final design. A plot was originally

created looking at the changes in the variability are observed across levels of α weights

for each of the three types of Σu matrices. There were not many overall trends easily

evaluated across the changes in the combinations of the variabilities and correlation

values. There may be a bit more clustering of the variability for the smaller α weights,

but overall, these changes not too noticeable in passing glances on the graphic. This

plot was not included, but then we focused on three specific α weights.

To better observe the points, we could focus on what happens with the 0.1, 0.5,

and 0.9 levels of α, with the values in the middle and at the extremes, in Figure 4.7.

With this closer look, we can see individual α level plots trends across the three types

of Σu matrices. Across the panels in the rows for L correlation cases, for α values 0.1

and 0.5, as the optimality criteria values increase, there are increases in the amount

of variability in the replication variance. There is a much greater increase with the

large 0.9 α weight. However, for the small and mixed variability cases in the top

two rows, there is not much change in the variability for the 0.1 and 0.5 α cases,

but more drastic declines in variability for the 0.9 weights. Overall, the variabilities

begin to decrease in the places with large Φ values for optimal designs. There also



155

does not appear to be one matching structure of what happens between the same

variability cases for differing correlations. We are still seeing the trend of the larger

correlated taxa having higher optimality values, but it does not often translate to

other relationships of the variance in the replications. With small and mixed residual

variabilities we are seeing more balanced designs than with the larger cases.

Figure 4.7: Maximum Variability vs. Maximum Φ Values across α = 0.1, 0.5, 0.9. Plot panels have
the values of α in the columns, and varieties of Σu in the rows. Shapes of the points are the Σ
matrix variety, and colored based on the correlations.

While the figures offer visualizations of how variability in the number of replica-

tions affects different variance structures, we can also gain insights by examining the

differences between the most and least optimal designs. These designs are from the Z

matrices with the largest (most optimal) and smallest (least optimal) values of Φ. By

doing so, we can identify the factors that contribute to the optimal performance of

certain designs, and if there are changes between the designs that the optimal criteria

values determine are the most and least optimal. Since variance is not a unit-less

value, we utilize the coefficient of variation as a standardized value to compare vari-

abilities. CV values were calculated for the most and least optimal designs, and then
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the difference was taken between the least optimal design’s coefficient of variation

and the most optimal design.

In plots for the difference in coefficient of variation, a horizontal line is added at

a zero value for the difference. When the difference is zero, the coefficients of variation

are close to the same, and the variability between the most and least optimal designs

are similar with respect to their overall number of replications across the bean lines.

When taking the difference in the coefficient of variation values across the designs,

we can see how much change there is in the most and least optimal designs, the more

positive the value, the more variability exists in the least optimal design.

Originally trends were outlined across all levels of α, however, the overall impli-

cations of these findings for determining an optimal design are not straightforward.

Even so, our graphics for the CS matrices can begin to reveal distinct changes in

optimality and design structure across different combinations of Σu and Σ matrices.

By considering these variations, we can gain a more comprehensive understanding of

the factors that contribute to the effectiveness of certain design choices. Rather than

observing trends across all α levels, we focused on selected cases.

In this last, Figure 4.8, only the α values 0.1, 0.5, and 0.9 are plotted to look

closer at any trends in the change of CV. Similarly cases across all levels of α, the

coefficient of variation values for smaller weights are closely clustered together, while

the spread between points becomes more pronounced for weights of 0.9 α. This

trend highlights the increased variability in performance among designs with higher

weights, underscoring the importance of carefully selecting the optimal weight for the

given scenario. Researchers can adjust the value of α to prioritize either the fixed

or random effects, depending on their specific design or model of interest. Our plots

demonstrate that this flexibility can impact the overall optimal design, particularly

in terms of how the replicates are distributed across treatments.
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Figure 4.8: CV Most - Least Optimal Design vs. MaximumΦ Values across α = 0.1, 0.5, 0.9. Plot
panels have the values of α in the columns, and varieties of Σu in the rows. Shapes of the points are
the Σ matrix variety, and colored based on the correlations.

4.5.2 Unstructured Variance Structures

Moving forward, we examine scenarios where the correlations between the three

taxa within the Σu matrices vary. By analyzing the same graphics and values as

in the CS structures, we can assess how distinct correlations among taxa responses

may impact the optimality criteria values and the variability of replications across all

relevant cases. For all cases with the UN structures, there were some combinations of

the Σ and Σu matrices that had noninvertible information matrices for the fixed or

random effects, either that were not positive definite, or they created extreme values

where R could not take the log of the determinant and NAs were produced. Several

different functions in R were tested to produce the inverse, however, errors were not

able to be fixed in these particular cases. The missing cases for all UN results will

be 22.1, 22.2, 22.3, 23.2, 24.2, 24.3, and 25.2. All 22 cases for Σu contained the large

variabilities, 23.2 is a case where both Σ and Σu have the smallest variabilities. These
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are cases where perhaps the variances were too extreme given the other data. The Σu

matrices for cases 22 through 25 also all include two large correlations and one small.

This could also be lending to the extreme nature of the cases producing nonpositive

definite matrices.

Figure 4.9: Maximum Φ values across UN Σu Structures. Panels represent the different varieties of
Σu, points are colored by the correlation structure, and the shape of the points

When examining the changes in optimality criteria values across the selected UN

cases for varying α weights, we observe that Φ values exhibit much steeper changes

for small variance values of Σu than for larger variance values, within Figure 4.9. This

suggests that the performance of the selected designs is more sensitive to changes in

the composite weights when the variance values in Σu are low. Points are unlabelled

in these cases, as the plot would get too busy. Many of the points are close enough in

Φ where they overlap, but those points that stick out are those of the large, medium,

and small correlation cases (in orange) and the 1 large and 2 medium cases in the

maroon color. Regarding the shape of the points and the Σ matrix values, we observe

that smaller variance values yield the most optimal designs, similar to the mixed

case. The circle points associated with large Σ variances are once again found at the
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lower end. Moreover, we notice that the rate of change in optimality across the Σu

variabilities remains consistent when the variances are small.

Figure 4.10: Maximum Variability vs. Maximum Φ Values across all α. Plot panels have the values
of α in the columns and varieties of Unstructured Σu in the rows. Shapes of the points are the Σ
matrix variety and are colored based on the correlations.

Again, in plots Figure 4.10 and Figure 4.11 values are plotted between the Φ

values and the replication variability for all and select α weights. In comparison to

the CS cases previously, there are even fewer trends in these points. However, there

are still very flat relationships between the criteria and the replication variance for

the smaller levels of α. But, then the increases for the 0.75 and 0.9 α weights are less

pronounced. No particular cases overall are sticking out as more or less variable.

For the particular cases in Figure 4.11, there are some slightly increasing points,

as Φ goes up, so is the amount of variability, with the largest points being for the

small variabilities in maroon with the 1 large and 2 medium correlations. Circle

points for the large residual variabilities have closer variabilities with more or equal

fixed effect weights, whereas, with the 0.9 weights, those cases are more spread out.

But, the relationships are not consistent with how the variances change as the types

of correlation change. The LMS correlation type tends to have larger variabilities,
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but also, for the α 0.9 weight column of plots, the 1L2S grouping also tends to have

large replication variability as well. Again, these are not the most interesting notes

to make, as we are not seeing consistent patterns in these particular hypothetical

examples.

In standardizing the variabilities and observing changes in the coefficients of

variation between the most and least optimal designs, there is again a tendency

towards closer CV values between the most and least optimal designs for the weights

more on the fixed effects. For the larger weights, there is more of a gap in what the

variabilities are in the designs with the largest and smallest Φ values. An additional

figure was created to narrow in on only three values of α, but not many new insights

can be gained from focusing on these particular cases.

Figure 4.11: CV Most - Least Optimal Design vs. Maximum Φ Criteria Across UN Structures. Plot
panels have the values of α in the columns and varieties of Unstructured Σu in the rows. Shapes of
the points are the Σ matrix variety and color based on the correlations.

4.5.3 Pilot Data

The pilot data contains values from nine simulations across three Σu and Σ

matrices created based on the data from Chapter 3 from taxa Bacteroides, Sutterella,
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and Bifidobacterium. These cases estimated from the three subjects utilized in Chap-

ter 3 will allow us to observe what might be recommendations for researchers talking

to a statistician about their real data before setting up a similar experiment. First,

we have cases like the ones above where we use a reduced plotting format because now

there are three cases of each Σu and Σ matrices, but there is a less direct structure

to the format of the matrices.

Figure 4.12: Maximum Φ values across pilot Σu Structures. Points are labeled by combinations of
Σu and Σ, with shapes based on the residual pilot matrix and colors based on the correlation of the
Σu matrix.

Points are labeled within Figure 4.12 and other pilot plots according to the

numbering on the matrices from Figure 4.5 and the following matrices, where for

example, a value of 3.2 would be from the third pilot Σu matrix and the second

Σ matrix. These matrices are outlined in subsubsection 4.4.1.2 Again, the pattern

in optimality values was closer for the simulations that were weighted more on the

fixed effects, and there were larger gaps in Φ for the 0.9 weight. Across all α values,

the 1.1 case with the Σu matrix =
[

0.078 0.014 −0.109
0.014 0.022 −0.037
−0.109 −0.037 0.189

]
, with taxa correlated with

the values of 0.33, -0.90, and -0.58, and the triangle case of the residual variability,

which overall has the smaller of the variance estimates out of the three groupings.
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Since this is the case of the pilot data that ties to the first Σu matrix and the first

residual matrix, this pilot information goes back to the subject one grouping. Across

all points, the triangle residual points with the mixed variance 0.052, 0.017, and 0.130

cases (from the first pilot residual matrix) have the largest optimality, followed by

the circle variance cases (from subject’s threes residual pilot matrix).

The cases with the square Σ points tend to have lower optimality. The square

case for Σ had the largest of the three variabilities, so it makes sense that these cases

fall more toward the bottom, within Figure 4.12. Finally, points of the same shape

within the α values are often ordered from largest to smallest optimality as maroon,

green, to blue from larger to smaller Φ values. The maroon points have smaller

correlated values, followed by the green, than the blue. This demonstrates that values

with higher correlation generally achieve less optimal designs compared to their less

correlated counterparts. However, this relationship is more intricate than what we

observed in the CS matrices, where cases featuring predominantly large correlations

exhibited greater optimality. In the CS matrices, correlations were identical; however,

the maroon cases in Figure 4.12, which exhibit the larger Φ values, display the widest

differences in correlation values, potentially influencing changes in optimality. As the

correlation values get closer together in magnitude, the optimality decreases, which

is similar to trends we saw for the UN style cases. Overall, we observe that intricate

interactions between taxa correlations and variances can impact optimality, and these

pilot cases demonstrate trends that more closely resemble those found in actual data.

Instead of visualizing the replication variabilities, Figure 4.13 displays the co-

efficients of variation (CV) for the design with the highest Φ value in each case. By

examining the CV values, we can identify trends and draw more meaningful conclu-

sions than by considering variances alone. Notably, the CV values tend to be higher

for the 0.1, 0.25, and 0.5 cases and then decrease and become more variable for the
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0.75 and 0.9 weights. As some of the cases have increased optimality across α, the

replicate variability decreases, and the more optimal designs have more consistent

numbers of replicates across the 50 bean lines.

Figure 4.13: Coefficient of Variation vs. Maximum Φ Values across all α for most optimal designs.
Plot panels have the values of α in the columns. Shapes of the points are the Σ matrix variety and
are colored based on the correlations.

As was done for the CS and UN cases, Figure 4.14 illustrates the difference in

coefficients of variation for the number of bean line replications between the least

and most optimal designs from the 5000 simulated Z matrices. This plot shows a

more pronounced pattern than the differences in CV values observed for the CS and

UN cases. As we shift our attention towards the fixed effect information matrices,

the variability among the replicates of bean lines decreases between designs with

the highest and lowest Φ values. However, when researchers prioritize the optimality

criteria of the random effects, they would observe more significant differences between

the types of designs that yield optimal values for the Φ criteria. The largest differences

between the least and most optimal designs are for the correlation case with the values

of 0.33, -0.9, and -0.58 with the maroon coloring, followed by the green cases and the

blue ones last. The maroon case has smaller correlation values, including the 0.33
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and -0.58 values, so wider differences between bean line replications for the most and

least optimal designs occur for cases with smaller correlated values vs. those with

two or more correlations closer to 1 (or negative 1).

Figure 4.14: CV Most - Least Optimal Design vs. Maximum Φ Criteria Across CS Structures. Plot
panels have the values of α in the columns. Shapes of the points are the Σ matrix variety and are
colored based on the correlations of the pilot Σu matrices.

4.5.4 Optimality Across Variation Ratios of Interest

Rather than dividing the variabilities and correlations of the compound sym-

metric, unstructured, and pilot-style Σu and Σ matrices into segments, we can ex-

amine how our formulas outlined in subsubsection 4.4.2.1, summarizing the Σu and

Σ matrices, affect optimality differences. Summaries were based on the values from

Equation 4.35 to Equation 4.37. Although the plots may depict numerous potential

relationships, analyzing the trends across all variations of Σ and Σu, featuring distinct

variances and correlations, will be more accessible using these ratios. This is because

the amalgamation of all versions from above provides a clearer understanding of the

behavior of the relevant values of interest, namely h2, det2, and eigen.ratio. While

possible to display many different combinations of values, we found that not all were
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visually interesting to compare. As such, we focused on all data overall for some

cases, and for others, only pilot data covariance matrices may offer more noteworthy

cases.

Over the larger set of combinations we used for our simulations, there are some

interesting trends to note. All of these cases will be the ones from the sections

above that used the same first 50 bean lines from the A genetic relationship matrix.

Initially, by examining the ratios of h, det2, and the eigenratio against the maximum

optimality criteria Φ values for all cases, we can identify certain relationships. To

explore these relationships in greater detail, we will use additional graphics with a

more targeted focus. Some plots may not indicate as many groupings in both the

Σ and Σu matrices because the purpose of incorporating values like heritability is to

provide a comprehensive summary of the variability in both matrices.

Figure 4.15: Heritability (equation 4.35) Summaries vs. Maximum Optimality Criteria Φ. Plots are
paneled across values of α weights, with point shapes for the version of Σu and colored based on
correlation.

Across the values of heritability in Figure 4.15, there are some groupings of

points where, as the values of heritability increase, the design optimality values do

as well. The residual matrix format, which was excluded from this plot’s graphical
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summaries, contributes to the separation between the points in different groups. The

clustering of points at the bottom of the plot (with optimality values in the range of

five) signifies that as the heritabilities increase, the optimality values decrease more

sharply across the range of α values. This phenomenon is predominantly noticed in

regions where the group’s residual variability is defined by large variance values. In

these cases, the variation in the points across their ΣU categories leads to a reduction

in the Φ value, with the highest Φ being associated with smaller Σu variances that

decrease towards higher variabilities around the circular points on the heritability

values of 0.5. Although the overlapping points make it challenging to interpret, the

standout color of some points indicates that for the 0.5 heritability points with high

Σ and Σu variances, groups with lower correlation values exhibit smaller Φ values,

whereas groups with higher correlation values, such as the pink points for the LMS

correlation group, display larger optimality criteria values. By generating multiple Σ

and Σu matrices at different levels of heritability, researchers can gain insights into

how the design optimality may vary when adapting models to account for diverse

taxa and their varying relationships, as well as different levels of unaccounted residual

variability in the model.

It is less interesting to identify the residual Σ relationships for the pilot cases,

but these points can be seen in the middle of the optimality values with the boxed

shape points, with x’s through the box and the filled-in square. When α is weighted at

0.1, the cases are all quite similar to each other. However, as the Φ criteria emphasizes

the importance of the random effects, the differences between the most optimal design

values become more dissimilar. More focused cases using the heritability values will

be presented to highlight pilot cases for specific levels of α.

There are similar relationships when the whole determinant of the Σ and Σu

matrices are considered instead of simply the trace of the values, which is the basis of
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Figure 4.16: Det2 (equation 4.36) Ratio Summaries vs. Maximum Optimality Criteria Φ. Plots are
paneled across values of α weights, with point shapes for the version of Σu and colored based on
correlation.

the heritability calculations, in Figure 4.16. Because typical heritability calculations

focus on the variance terms, the determinant ratio allows researchers to summarize the

overall magnitudes of the taxa variance matrices. In our cases, the Φ values exhibit

no change and maintain a constant level with lower criteria weights. However, the

general pattern suggests that as the determinant ratio rises, the Φ value decreases,

and by analyzing the color and shape of the points, researchers can identify the

additional input components that contribute to this decline. In the pilot cases, the

trends indicate that as the determinant ratio rises, so does the level of optimality.

The box points, positioned between the 7.5 and 10 values of Φ, reveal that the points

with identical shapes and colors have increasing determinant ratios, depending on

which of the three residual matrices was employed in the simulation. The optimality

criteria for the three points differed, with the second Σ matrix producing the smallest

values, followed by the third and the first matrix having the largest. The second

Σ matrix had larger variances and more correlated taxa compared to the other two.

The third matrix had medium correlations and variances, while the first one had even
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smaller variabilities and correlations. Therefore, it appears that in the pilot cases,

the relationship between the determinant and Φ values increased due to a decrease

in variability and correlations.

The eigenvalue ratio (Equation 4.37) values consider a slightly different compar-

ison of the two variance matrices, and we can see different relationships within some

of the data groupings in our simulations. Researchers who perform an analysis akin

to that of Chapter 3, which centers on polymicrobial traits and the eigen analysis of

variability matrices, may find these values valuable and may wish to base their design

structure on the most optimal design for their pilot data of interest. Again, there

are separate trends in our made-up examples versus our pilot examples. Across all

variations of the variability summaries, many of our pilot data examples will provide

a helpful real-life mirror for what a researcher may bring into a statistician when

trying to design their experiments.

Figure 4.17: Eigen ratio (equation 4.37) Summaries vs. Maximum Optimality Criteria Φ. Plots are
paneled across values of α weights, with point shapes for the version of Σu and colored based on
correlation.

The plot in Figure 4.17 reveals that several cases are closely clustered together,

and across different groups of cases, it is evident that as the eigenvalue ratios increase,
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so do the corresponding Φ values. There are smaller clusters, such as the ones at the

bottom from the large residual variance values. In this cluster, the optimality criteria

for the 0.5, 0.75, and 0.9 weights exhibit a decline as the eigenvalue ratio increases.

However, within the circle of points having large Σu variability, the Φ values begin to

increase once again. The circle points for the large Σu variability group in the middle

of the Φ values (with the pilot information) are a small group of cases with the mixed

Σ case with one large and two small variances. The values of Φ for these cases are

generally in the middle range. When the correlations within a group change, those

with predominantly large correlations or correlations with larger differing magnitudes

tend to yield larger optimality criteria compared to scenarios where the correlations

are mostly small or a mix of small and medium values (in both cases with positive and

negative correlations). For instance, as depicted in Figure 4.16, cases exhibiting all

large correlations, as well as those with a mix of large, medium, and small correlations,

generally display similar and higher optimality values.

Aside from examining the correlation between changes in the optimal criteria

Φ values, we can also focus on how the alterations in optimality lead to changes in

the structure of the Z design. To accomplish this, the plot will showcase how the

variability of bean line replications changes based on variations in the ratio values.

We will concentrate on the pilot cases to illustrate how statisticians can generate

and present this information to researchers who want to determine more optimal

replication structures for their 50 bean lines. As the variables are more interpretable

versions of the variance of the number of replications across bean lines, we focus on

plots with coefficient of variability values, and how ratios affect differences in the

coefficients of variation between the least and most optimal designs. Colors for the

new plots tie into the same correlation colors for the pilot cases as in the previous

graphics, but the shapes have changed so that we can tie each case to its corresponding
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pilot Σu case in Figure 4.5.

First, in Figure 4.18, Figure 4.19, and Figure 4.20, there are the plots looking

at the coefficient of variation values for the pilot data cases vs. ratio values of h, g,

det2, det1, and eigenratio. Within the plots, shapes of the values match which pilot

version of the Σu matrix was used from Figure 4.5.

Figure 4.18: Heritability Summaries vs. Most Optimal CV. Plots are paneled across values of α
weights, with point shapes for the version of Σu and colored based on correlation.

For the heritability, determinant2, and eigenvalue ratios, based on the way the

ratios are taken, with the Σu values in the numerator of the ratio, these trends are the

same in that as the ratio value goes up, the variation in the number of replications

across the bean lines are going up as well. When the variation in the Σu matrix

surpasses the overall variability and magnitude of the eigenvalues, the optimal design

necessitates greater variation and spread in the number of replications across the

bean lines. The most optimal designs would involve bean lines with varying levels

of replication, corresponding to a larger coefficient of variation in the number of

replicates.

However, again across figures 4.18, 4.19, and 4.20, at the smaller α levels, there

are fewer changes in how the designs are structured across the corresponding x-axis

value. The steeper descents across h, det2, and the eigenratio occur for the 0.75
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Figure 4.19: Det2 Ratio Summaries vs. Most Optimal CV. Plots are paneled across values of α
weights, with point shapes for the version of Σu and colored based on correlation.

Figure 4.20: Eigenvalue Ratio Summaries vs. Most Optimal CV. Plots are paneled across values of
α weights, with point shapes for the version of Σu and colored based on correlation.

and 0.9 α weights. Similarly, for these three ratios, the relationships among the CV

outcomes exhibit similarity across cases. This suggests that evaluating all the ratios

may not be necessary to compare differences in designs. Instead, researchers can

choose a specific format based on their requirements and the factors they wish to

assess when evaluating their designs.

Then, after looking at the variabilities on their own, the differences in the least

and most optimal coefficient of variation values are plotted in figures 4.21 through

4.23. These plots highlight the impact of prioritizing optimality in the random effects

calculation over the fixed effects. Notably, there is little change in the variability of
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the Z design matrices that our simulation identifies as the least and most optimal

when there is more weight on the fixed effects. For the equally weighted cases, there

is more variance with larger CV values for the less optimal design. The difference

values are all much more separated out above 0 for the 0.75 and 0.9 cases, but the

trends remain similar for the heritability, det2, and eigenvalue groups.

Upon examining the individual cases based on the colors, shapes, and labels of

the points, several patterns emerged. However, not all of these patterns are consistent

across each ratio or even across the various values of α. The first and third varieties

of the residual matrix (points labeled p.1 and p.3) with the purple triangles tend

to be closer together, with larger values of h, det2, and the eigenvalue ratios, with

the smaller differences in CV between the least and most optimal design. These are

the cases, in purple, with the more largely correlated taxa in Σu and the triangles,

corresponding to the variabilities of 0.183, 0.156, and 1.085, which are the largest of

the variances out of the three pilot Σu matrices. The cases towards the other ends

of the patterns tend to be the p.2 residual matrix, which has the largest residual

variabilities out of the three options. The larger of the two p.2 cases is often the

maroon case from Σu correlations with the smaller overall values, which edges out in

most of the plots the orange case for the more mixed correlation values of 0.65, -0.84

and -0.82.
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Figure 4.21: Heritability Summaries vs. Difference in CV. Plots are paneled across values of α
weights, with point shapes for the version of Σu and colored based on correlation.

Figure 4.22: Det2 Ratio Summaries vs. Difference in CV (Least-Most Optimal). Plots are paneled
across values of α weights, with point shapes for the version of Σu and colored based on correlation.

Figure 4.23: Eigenvalue Ratio Summaries vs. Difference in CV (Least-Most Optimal). Plots are
paneled across values of α weights, with point shapes for the version of Σu and colored based on
correlation.
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4.5.5 Variance Structures Compared Across Two Genetic Relationship

Matrices

For some cases, simulations were altered to look at a selection of bean lines con-

taining only the first 50 Mesoamerican bean lines. These cases will be compared to

those containing the first 50 overall lines, which were made up of a mix of Mesoamer-

ican and Durango bean lines. Cases were not initially run for the CS variance cases

but were adapted for the UN and pilot cases. For this section, we will show general re-

sults in changes in optimality for the unstructured cases but will focus on the changes

from the pilot variance matrices. These provide a more representative picture of what

would happen if researchers changed the bean lines selected for the experiment and

then used pilot cases to see how the adaptations would change the optimality of their

designs.

The plot in Figure 4.24 shows the relationship between the differences in the

maximum optimality criteria Φ values across values of α for the unstructured Σu

matrices with the standard three residual variance matrices. Points around zero would

have designs that were equal in the optimality criteria produced between the two A

matrices, and positive values show designs that were more optimal with the standard

A genetic relationship matrix with a mix of both Mesoamerican and Durango lines.

The mix of lines had a mix of correlation values, with small and large values. However,

from Figure 4.2, we know that when the bean lines only contained Mesoamerican

lines, as in the new A format, the lines were all a lot more highly correlated with each

other. Note that there may be some trends that are missing, as for both styles of the

A matrix the same cases were missing due to not being able to invert the random

effects information matrices of interest.
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Figure 4.24: Difference in Maximum Φ Value, Standard - New A groups, across α weights for the
UN cases. Plots are paneled across types of Σu matrices, with point shapes for the version of Σ and
colored based on correlation.

Across the values of α, there are changing relationships between which com-

binations have increasing or decreasing differences between the optimality for the

two genetic relationship matrices. Also, across the panels, the Σu matrices greatly

affect how the groups respond optimally to the change in the two A matrices. For

Σu matrices containing all, or primarily small, variance components, there are many

more cases where the large residual variability cases increase in optimality as more

weight is put on the random effects. For these cases, the standard A matrix creates

larger Φ values by a difference of between 0.2 and 0.4. The relationship flattens more

when more large variability is introduced, and for all cases when all large variances

are utilized for Σu, the trend goes towards the new A becoming more optimal as we

put more weight on the random effects. For the large Σu case, with all correlations

and a weight of 0.9, the new A was more optimal by about 0.065 units on average.

These values are still very close to zero, so as the relationship goes more toward all

Mesoamerican lines having larger optimality, the two cases are still fairly close on

average. Additionally, the points having the increasing relationship tend to be the

maroon, blue, and green circle points, with the larger correlations from the large
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residual variance group. Orange points, with a mix of a large, medium, and small

correlation, always trend down toward the new A having larger Φ values.

In most cases, combining the Mesoamerican and Durango lines leads to the

creation of more optimal designs. However, in some scenarios with smaller residual

matrices (square points), the new A matrix may produce slightly more optimal de-

signs, although the difference in optimality is often negligible. Increasing the α values

places more emphasis on the information matrix containing the A matrix. As a re-

sult, these relationships suggest that as the optimality focuses more on the bean lines

themselves, the Φ values will be relatively similar, regardless of whether the bean

lines have a mixture of correlations or are predominantly correlated with each other.

These findings also imply that a highly correlated A matrix with all Mesoamerican

lines can lead to less optimal designs, particularly when equal or less weight is given to

the random effects. Therefore, when using lines with this structure, greater attention

should be paid to the design process to increase the likelihood of producing optimal

designs.

The same comparison, but for the pilot structures, is similar to that for the

decreasing trends across the UN cases. In Figure 4.25, all three panels across varieties

of Σu are showing decreasing trends, whereas we put more weight on the random

effects, the designs are more closely related to one another.
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Figure 4.25: Difference in Maximum Φ Value, Standard - New A groups, across α weights for the
nine pilot cases. Plots are paneled across types of Σu matrices, with point shapes for the version of
Σ and colored based on correlation.

For the 0.1, 0.25, and 0.5 α weights, the standard A matrix produces a more op-

timal design versus the new A matrix for the remaining two cases. The Mesoamerican

A produces the largest difference in optimality for the first Σu matrix with the red

point for the first residual matrix. This case specifically is that of the first subject, as

it is matrix one and one. From Figure 4.5, this grouping of the first of each style of the

matrix has large, medium, and small correlations, with the smallest residual variance

values of the three pilot Σ matrices. This grouping closely resembles a similar case

to the orange square points in the UN plot above. Therefore, we can observe similar

trends across both real-life and hypothetical examples, despite the pilot group having

negative correlations for two out of the three values.

Figure 4.26 shows how close many of the cases Φ values are and where some of

the larger differences occur across the 9 groupings of Σu and Σ matrices. The three

types of Σu matrices are up and down across the rows and the columns represent the

three Σ structures. The point labels take the optimality for the triangle standard A

points from the mix of Mesoamerican and Durango bean lines and subtract the Φ
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from the circle point from the all Mesoamerican bean line matrix.

Figure 4.26: Maximum Φ Values, standard - new A groups, across α weights for the nine pilot
cases. Plots are paneled in rows across types of Σu matrices and columns across the Σ structures.
Point shapes and colors identify which A matrix was used. Labels on the points are the size of the
difference between the optimality for the Standard - New A.

We can again see all the same relationships as in the previous plot but with

more visualization of the sizes of each of the differences between Φ. There are some

slight differences between groupings, but overall, trends across our pilot examples did

not change much versus their closely related cases in the unstructured simulations.

It seems that the type of A matrix and the bean lines employed will have a more

significant impact on the optimality for extreme cases (like those additional cases

in the UN structure) rather than on cases with relatively similar characteristics, as

evidenced by the lack of variations across our nine similar pilot cases.

For the Pilot examples below, many of the cases are labeled based on their com-

bination of the pilot Σu and Σ matrices. As a note, here are the matrices utilized for

the 9 pilot combinations. A label 2.1, for example, would correspond to a case with

Σu matrix 2 and Σ matrix 1.

Σu1 =
[

0.078 0.014 −0.109
0.014 0.022 −0.037
−0.109 −0.037 0.189

]
, Σu2 =

[
0.183 0.14 −0.423
0.14 0.156 −0.37
−0.423 −0.37 1.085

]
, Σu3 =

[
0.059 0.044 −0.111
0.044 0.078 −0.124
−0.111 −0.124 0.294

]
;
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Σ1 =
[

0.052 0.01 −0.074
0.01 0.017 −0.027
−0.074 −0.027 0.13

]
, Σ2 =

[
0.128 0.111 −0.321
0.111 0.139 −0.317
−0.321 −0.317 0.894

]
, Σ3 =

[
0.045 0.038 −0.088
0.038 0.074 −0.11
−0.088 −0.11 0.242

]
;

Then figures 4.27 through 4.29 show the different ratios between the Σu and Σ

matrices on the x-axes versus the Φ values for the optimal designs in the pilot cases,

where the shape of the points now represent the style of A matrix used within the

simulation. Across the panels are the varying α weights, and as the values increase, the

all Mesoamerican Amatrix becomes more optimal, and the gaps between Φ increase as

we have seen before. Overall, these graphics are demonstrating very similar results to

what we have seen before in other sections for the “standard” A matrix and reiterate

what we know about the differences in A matrices from the overall plots earlier in

this section. The pilot cases again do not show much variation across how the change

in A affects overall optimality.

Figure 4.27: Heritability Summaries vs. Most Optimal Φ. Plots are paneled across values of α
weights, with point shapes for the version of A and colored based on correlation.



180

Figure 4.28: Det2 Ratio Summaries vs. Most Optimal Φ. Plots are paneled across values of α
weights, with point shapes for the version of A and colored based on correlation.

Figure 4.29: Eigenvalue Ratio Summaries vs. Most Optimal Φ. Plots are paneled across values of α
weights, with point shapes for the version of A and colored based on correlation.

Figures 4.30 through 4.32 illustrate how the replication variability across the 50

bean lines changes based on which lines are included in the design structure. The

graphics display the Σu and Σ ratios against the coefficient of variation for each of

the designs, with colors representing the correlations. The circle points represent the

Mesoamerican-only A groups, while the triangle points indicate the A matrix cases

across a mixture of Mesoamerican and Durango bean lines. When following the points

along the x-axis, cases from the same variability groups have identical ratio values.
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The different A points are positioned either above or below each other, depending on

which group had a higher coefficient of variation value.

In all plotted ratio values, the new A cases with all Mesoamerican lines exhibit

higher coefficient of variation values in most scenarios. The optimal designs seem to

be those with greater replication variances among the bean lines in groups with all

Mesoamerican lines, even when the last set of plots indicates that highly correlated

lines do not always result in optimality values that differ from those with mixed lines.

The trends in the coefficient of variation (CV) values for all Mesoamerican bean lines,

represented by circle points, are generally consistent with the triangle points, but they

exhibit a less pronounced ascent or descent across the x-axis ratio values. For the

size of the gap between the two A matrix cases, points are closer together with more

weight on the fixed effects, which again mirrors what we had seen before for the Φ

values.

Figure 4.30: Heritability Summaries vs. Most Optimal CV. Plots are paneled across values of α
weights, with point shapes for the version of A and colored based on correlation.
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Figure 4.31: Det2 Ratio Summaries vs. Most Optimal CV. Plots are paneled across values of α
weights, with point shapes for the version of A and colored based on correlation.

Figure 4.32: Eigenvalue Ratio Summaries vs. Most Optimal CV. Plots are paneled across values of
α weights, with point shapes for the version of A and colored based on correlation.

Then plots in figures 4.33 through 4.35 demonstrate how the different A matrices

alter the difference in how the coefficient of variation values change between the least

and most optimal design. The difference in CV values is plotted on the y-axis. Then

we can observe if the gap between the least and most optimal designs changes between

the A bean lines from the mix of Mesoamerican and Durango lines in the standard A

matrix vs. from the only Mesoamerican lines in the new A matrix.
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Figure 4.33: Heritability Summaries vs. Difference in CV. Plots are paneled across values of α
weights, with point shapes for the versions of A and colored based on correlation.

The relationship changed from the plots of the CV values, where now the tri-

angle points for the standard bean lines are larger than for the new A matrix. This

demonstrates that the disparity in coefficients of variation for the least versus most

optimal designs is larger for the mixed bean line version of A, where the least optimal

designs tend to be more variable with larger CVs. The circle points fall more closely

to the line around zero, where there is not much change between the variability in

the two designs with the smallest and largest values of Φ. Points that fall below zero

indicate that the most optimal designs with the largest Φ value had a larger coefficient

of variation versus the least optimal design. Many of these negative differences are

still fairly small, so the designs with circle points are relatively close to each other.

Additionally, as the values of the α weights increase, all designs across the new and

standard versions of A are raising above the line where the most and least optimal de-

signs have the same CV value. This demonstrates that there are larger gaps between

the “best” and “worst” designs based on Φ the more weight is put on estimating the

random effects across the information matrices.
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Figure 4.34: Det2 Ratio Summaries vs. Difference in CV (Least-Most Optimal). Plots are paneled
across values of α weights, with point shapes for the versions of A and colored based on correlation.

Figure 4.35: Eigenvalue Ratio Summaries vs. Difference in CV (Least-Most Optimal). Plots are
paneled across values of α weights, with point shapes for the versions of A and colored based on
correlation.

4.5.6 Simulated Comparisons with Z Matrices from Real Experiment

After analyzing the bean line cases across various hypothetical and pilot struc-

tures, we hypothesized whether these findings would remain consistent when using

the entire A matrix in an expanded experiment of the same size as that conducted

for the three subjects in Chapters 2 and 3. In these instances, the optimality of the

experimental design developed in Chapter 2 for each subject could be compared to
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that of the best design resulting from the 5000 simulated Z matrices. To create these

cases, the code used for all other simulations was adjusted to include the entire A

matrix and all 297 bean lines spread out among 12 plates with 87 open wells per

plate. Now on average, bean lines could have 3.52 replicates per plate. In our exper-

iment from Chapter 2, all bean lines were replicated at least three times, with the

selected “check” lines replicated at most seven times. These were the lines that were

replicated once in each of the three design reps and then once again in each plate

within one particular design rep.

The X and Z matrices for each subject’s final design was generated in R using

the data from the output data set used for data analysis in Chapter 3. Instead of

simulating Z matrices, this was used as the Z matrix in our function. The optimality

of this Z matrix was computed for each subject at each level of α. To compare

optimality values from our real Z matrices to randomly generated cases, we ran new

simulation codes to determine the most optimal Z matrix as we did previously for

the pilot cases. We employed the same methodology as before, but this time with

the entire A matrix. Plots 4.36, 4.37, and 4.37 provide a comparison of the difference

in Φ values between the best design obtained from the simulated Z cases and the

optimality derived by using the Z matrix for each of the three subjects, across each

of the nine pilot variance combinations. The specific combinations tied to each subject

can be seen below.

Subject 1 −→ Σu1 =
[

0.078 0.014 −0.109
0.014 0.022 −0.037
−0.109 −0.037 0.189

]
, Σ1 =

[
0.052 0.01 −0.074
0.01 0.017 −0.027
−0.074 −0.027 0.13

]
;

Subject 2 −→ Σu2 =
[

0.183 0.14 −0.423
0.14 0.156 −0.37
−0.423 −0.37 1.085

]
,Σ2 =

[
0.128 0.111 −0.321
0.111 0.139 −0.317
−0.321 −0.317 0.894

]
;

Subject 3 −→ Σu3 =
[

0.059 0.044 −0.111
0.044 0.078 −0.124
−0.111 −0.124 0.294

]
,Σ3 =

[
0.045 0.038 −0.088
0.038 0.074 −0.11
−0.088 −0.11 0.242

]
;
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Figure 4.36: ΦOpt−ΦActual difference in optimality for optimal designs from simulated pilot examples
with all 297 bean lines compared with the Z design matrix from Subject 1’s experiment. All points
are labeled with their Σu.Σ values for the variance groups, where Subject 1’s estimated variability
pilot case is labeled as 1.1. Shapes correspond to Σ variability and colored based on correlations.

Figure 4.37: ΦOpt−ΦActual difference in optimality for optimal designs from simulated pilot examples
with all 297 bean lines compared with the Z design matrix from Subject 2’s experiment. All points
are labeled with their Σu.Σ values for the variance groups, where Subject 2’s estimated variability
pilot case is labeled as 2.2. Shapes correspond to Σ variability and colored based on correlations.
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Figure 4.38: ΦOpt−ΦActual difference in optimality for optimal designs from simulated pilot examples
with all 297 bean lines compared with the Z design matrix from Subject 3’s experiment. All points
are labeled with their Σu.Σ values for the variance groups, where Subject 3’s estimated variability
pilot case is labeled as 3.3. Shapes correspond to Σ variability and colored based on correlations.

Each plot corresponds to a different subject’s Z matrix. Upon examining the

relationships in the three plots, we observe increasing trends for all subjects across

the range of alpha weights. As the α weight increases, the cases become more similar

in how different the randomly selected designs are from the ones used for subjects

1, 2, and three in our experiments. All three of the different plots use the same

y-axis boundaries, and comparing the three plots, the design from subject 1 was

in the middle range of the values for how different the designs were in optimality.

Then, subject 2 had the smallest differences between optimality values, even having

a few cases where our design was more optimal than the best matrix out of the

randomly generated cases. Lastly, the third subject’s Z design was the one with the

most different values in optimality, where the Φ values were larger for the randomly

generated best design.

This ordering matches with the overall average number of replicates in each of

the three experimental designs, where subject 3’s design had the smallest number of

average replications per bean line, with 3.33 wells per bean line on average, followed by
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subject 1 with 3.38, and subject 2 with 3.42. For the randomly generated cases, they

have 3.52 replications per bean line on average, equal to taking the number of wells

and dividing by the number of bean lines, taking Total Lines
Number of Bean Lines

= 1044
297

= 3.52.

Based on plots 4.36, 4.37, and 4.38 it appears that the designs become more similar

to the best randomly selected Zs when the number of replications on average per

bean line was the largest for subject 2 (in Figure 4.37), where subject 2’s design had

3.42 replicates per bean line on average. Thus, the simulated best cases have slightly

larger Φ values, it appears that more balanced cases across the replications of the best

lines are potentially better designs. Throughout all the plots, the trends in how the

various combinations of Σ and Σu respond to design changes remain consistent. The

maroon square cases, representing the smallest correlations with the larger residual

variabilities, are located towards the top and are the combinations that differ the

most between the two design types. Conversely, many of the cases with the second

Σu structures, represented by the blue triangles for the mixed residuals with smaller

variabilities, lead to closer optimality values between the best selected random design

and the subject’s structure 1, 2, or 3.

Lastly, there is more of a spread in the differences between the designs when

more weight is put on the fixed effects. This makes sense compared to only our ran-

domly generated cases because now, the subjects’ designs have different X matrices.

This is not due to our randomization, but rather because in the real-life experiments,

not every one of the 87 wells was measured due to missing observations. So, when we

focus on the fixed effects, there are differences with the randomly generated design

maximum. We opted to use the real-life Z matrix derived from the data analysis

to assess the optimality of our design, given the actual variability observed in these

types of experiments. From the originally created designs, all wells possible were not

filled as there were three of the 300 initial lines removed. So, from the initial designs
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provided to the researchers, there were already differences between how many wells

were filled in the design, thus, using the Z matrices from our final data sets across

the three subjects gives us an appropriate representation of what our designs are as

utilized in our experiments. As we will address in the discussion of limitations and

future work, numerous other types of comparisons could be conducted between actual

real-world design examples and the experimental design selected as the best outcome

from random or other search algorithms.

Ultimately, if we would like to assess how structure in the Σu matrices affects the

design optimality, we would want to try provide intuition behind these relationships.

In this case, we are seeing that the cases with the first Σu structure has the largest

optimality values, followed by case 3, than 1. These are the same relationships we

were seeing when only 50 of the bean lines were used. Looking at the final matrices, we

could compare their forms. Below is a repeat of a previous graphic with the formations

across all pilot cases. In Figure 4.39, we see that the case one of Σu in the top set

of tables, has the smallest variabilities, with the largest spread in correlation values,

across 0.33, -0.9, and -0.58. Then, the case that provides the smallest optimality

values, case 2, has the largest and most similar correlation values, 0.83, -0.95, and -

0.9, along with the largest variability values. Together these combinatiosn of variance

and correlations are still contributing the magnitude of the optimality values, similar

to what we had seen in previous pilot and UN cases.
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Figure 4.39: Pilot Variability Cases for Σu with Differing Correlations from Bacteroides, Sutterella,
and Bifidobacterium across our three subjects

Finally, we computed the variability and average replication per bean line for

our real cases, allowing us to compare each subject’s design using a coefficient of

variation value. The combinations 1.1, 2.2, and 3.3 of Σu and Σ in the pilot cases

corresponded to the variability estimated from the associated multivariate models fit

with the three selected taxa (Bacteroides, Sutterella, and Bifidobacterium) for each

subject (for example, case 1.1 corresponds to the variability from subject 1, 2.2, for

subject 2). Both the replication variance and coefficient of variation values were

larger than those from the real experiments at the bottom in yellow. Once again,

it appears that the randomly generated designs identified as optimal have greater

variability in the number of replicates per bean line than those utilized in our data

analysis. This is understandable, considering that in Chapter 2, we intentionally

incorporated approximate balance within each line of our designs. Moving forward,

it would be valuable to investigate these patterns further to determine whether the



191

approach adopted in Chapter 2 was essential or if a less balanced design, with varying

degrees of replication across lines, would be more suitable.

Figure 4.40: Replication variability compared between nine pilot examples compared to real Z
matrices used in experiments in Chapters 2 and 3. Points are labeled with their Σu.Σ values for the
variance groups, with shapes corresponding to whether the Z matrices were real or simulated and
colored based on correlations and real Z combinations.

Figure 4.41: Coefficient of variation between nine pilot examples compared to real Z matrices used in
experiments in Chapters 2 and 3. Points are labeled with their Σu.Σ values for the variance groups,
with shapes corresponding to whether the Z matrices were real or simulated and colored based on
correlations and real Z combinations.
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4.6 Conclusions

4.6.1 Summary and Discussion

Throughout this chapter, the presented examples have laid the groundwork for

the versatility and adaptability of the simulations developed to explore the application

of experimental optimal design methodology in genetic microbiome experiments. This

objective aimed to identify and explore the impact of various experimental parameters

on statistical optimality criteria when analyzing data from microbiome well-plate

experiments. The literature reveals a knowledge gap in optimal experiment design for

multivariate mixed models incorporating genetic effects, particularly in microbiology

and studying bacterial community changes in the human gut. This gap is evident

in both statistics and microbiology, suggesting a need for further research to bridge

this gap and provide a more comprehensive understanding of the experimental design

strategies for multivariate mixed models in microbiological research.

The results presented in this chapter highlight the significant impact of variabil-

ity inputs, such as Σ, Σu, and A, along with the framework of the Z matrices, on the

composite optimality criteria Φ. Understanding how these factors interplay can pro-

vide crucial insights for researchers who want to optimize their experimental designs.

Additionally, the values of α as weights on the optimality criteria can directly affect

the optimization process, particularly concerning fixed or random effects of interest

to the researchers. Thus, considering the effects of both the variability inputs and

α values can provide a more comprehensive understanding of the factors influencing

the effectiveness of experimental design choices.

The simulation results, which included combinations of Σu, Σ, A, and Z, re-

vealed numerous relationships between these values and the ultimate optimality of Φ.

The analysis of the covariance structures revealed that the experimental designs for
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cases with small Σ variability tend to be more optimal compared to those with mixed

and large variance. Furthermore, it was observed that when the three taxa were all

highly positively correlated could yield more optimal designs within the groupings

of varying Σ variance structures. We saw across all examples, the differing correla-

tion and variability structures of Σu affected the Φ values. Looking ahead, it would

be worthwhile to consult with microbiologists and investigate the feasibility of gath-

ering information about an individual’s dietary and lifestyle habits to predict the

correlation patterns of their gut bacteria. If such an approach were viable, it could

potentially inform a selective subject recruitment strategy to optimize experimental

design. The changes in optimality criteria values across the selected unstructured Σu

cases for varying α weights indicate that Φ values exhibit much steeper changes for

small variance values of Σu than for larger variances. Results demonstrated that the

performance of the selected designs is more sensitive to changes in the composite Φ

criterion weights when the variance values in Σu are low. In general, there were no

consistent patterns in the results for these cases, and the relationships between the

criteria and the replication variance are inconsistent with how the variances change as

the types of correlation change. However, there is a tendency toward closer coefficient

of variation values between the most and least optimal designs for the weights more

on the fixed effects. In the UN cases, we observed that discerning optimality and

replication variability changes were more challenging for cases with similar overall

characteristics, such as varying correlations and mixed variabilities.

Our pilot data included combinations from three taxa (Bacteroides, Sutterella,

and Bifidobacterium) Σu and Σ matrices created based on the data from our real

experiment. Pilot data can assist researchers in determining optimal protocols and

procedures when establishing a comparable experiment. By prioritizing the opti-

mality criteria of the random effects, researchers can more clearly distinguish be-
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tween the types of designs that produce optimal values for the Φ criteria, revealing

larger differences between them. Again, wider gaps in Φ were observed for larger

α weights. Regardless of the weights, residual Σ variability continues to play a role

in which cases produce the most optimal designs. Although challenging to manage,

researchers should take steps to mitigate extraneous noise in the data and account for

variables that contribute significantly to variability in the statistical model of interest.

This thought also highlights the benefit of integrating a selective subject recruitment

strategy to pick subjects that may provide for a more optimal design and helpful

information for analysis. In instances with identical Σ matrices, the correlation type

and Σu variability consistently maintained a similar ordering. When the Φ values

increase for some cases across α, the replicate variability decreases, and the more

optimal designs have more consistent numbers of replicates across the 50 bean lines.

Our recommendations for researchers to achieve the most optimal design should pri-

marily emphasize the importance of reducing residual variability and that it is crucial

to consider the taxa being included and how their variability is affected by the bean

lines. Additionally, we found that the most significant differences between optimal

and suboptimal designs were in cases where there was a large variation in the number

of replications across bean lines.

Although these recommendations are not novel and mainly focus on reducing

overall variability, which is already a goal of researchers using various methods such

as adjusting lab structure, experimental design, and selecting appropriate analytical

tools, they remain valuable insights despite being based on general cases. To try

and make more guided recommendations, we used various ratios to summarize the

matrices and evaluate their impact on design optimality. Bueno Filho and Gilmour

emphasized that incorporating information on relatives could enhance analysis, re-

sulting in several proposed extension models; However, no research has yet been
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conducted to investigate the impact of genetic relatedness on the efficacy of block de-

signs in different treatments [28].In the future, we could look into if there are better

A matrix structures that facilitate more optimal designs.

We examined the impact of multivariate genetic extensions on the relationships

between Σu and Σ on the optimality and composition of the most effective Z design

matrices, drawing on our findings and relevant literature. We found that as heritabil-

ity and determinant ratios increase, there were mixed relationships in the variability

matrices that caused Φ to increase or decrease. Pilot cases across tended to have

increased Φ values as the ratios increased. For example, though, within cases with

a particular Σ and Σu, variability tends to decrease in optimality as heritability and

det2 ratios increase in value. For the comparisons across all of the Σ and Σu cases for

the eigenvalue ratios, some relationships tend to be much flatter and then increase for

most cases in the larger α weights. This is an important contradiction to note based

on using a function of Fisher information as our optimality criterion. This criterion

seems to not recognize the importance of a large genetic variation relative to the

overall error variance. Thus, this might lead us to try different optimality criteria in

the future, like the function of heritability we used in Equation 4.35. Then we could

find designs that lead to the largest values of heritability, where the genetic variation

accounts for a large proportion of the overall variation.

For the pilot cases, we examined how the ratios affect the structure of the

design by comparing the variation in the number of replications across bean lines.

There was little change in the variability of the design matrices when there was

more weight on the fixed effects. However, for α weights of 0.75 and 0.9 (with more

weight on the random effects), as the ratios of heritability, det2, and the eigenvalue

ratio increase, the coefficients of variation also increase in the optimal designs. As

a researcher becomes more interested in cases where Σu variability explains a larger
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proportion of the overall variation, it becomes necessary to increase the variability

in the number of replications across bean lines to achieve an optimal experimental

design. In conclusion, we observed that when comparing designs with the smallest

and largest values of Φ, the similarity between the designs was higher for smaller α

weights, when researchers would be more concerned with the fixed effects, and for

larger values of heritability, det2, and eigenvalue ratios. For researchers, designs with

larger values of these metrics may be more relevant, and thus the selection of the

optimal design may have fewer implications.

Overall, this section provides insight into the potential impact of the choice

of covariance matrix ratio on the design matrices’ variability and the experiment’s

overall effectiveness. However, more research is needed to determine the optimal ratio

of covariance matrices for a given experimental design. These explorations provide

insights into how the design optimality may vary when adapting models to account

for diverse taxa and their varying relationships and different levels of unaccounted

residual variability in the model.

Comparisons were also made to evaluate how different genetic relationship ma-

trices (A) impact the optimality of experimental designs. Specifically, the simulations

compare using an A that mixes Mesoamerican and Durango bean lines with a new

A that contains only Mesoamerican bean lines. The results suggest that, in general,

the mixed A leads to more optimal designs, but the difference in optimality is often

negligible. However, the new A may produce less optimal designs in extreme cases

with highly correlated Mesoamerican bean lines. The simulations also demonstrate

that as more weight is placed on estimating random effects, the optimality of the two

As becomes more closely related. Additionally, the simulations show that designs

with greater replication variances among the bean lines generally lead to more opti-

mal designs, even when using the new Mesoamerican-only A. Overall, the findings
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suggest that the choice of A and the characteristics of the bean lines used can impact

the optimality of experimental designs, and greater attention should be paid to the

design process to increase the likelihood of producing optimal designs. In the future,

we could attempt a similar strategy with A matrices as with Σu where a variety of dif-

ferent covariance structures are used for A and the resulting changes in the optimality

criteria are observed.

Lastly, we compared the optimality of an experimental design developed in

Chapter 2 with the best design resulting from simulated Z matrices. The expansion

to use the entire A matrix and all 297 bean lines allowed us to compare the optimality

of our design to what was selected from the simulations. As the value of α increased,

there was a rising trend for all subjects, with the randomly generated optimal de-

sign exhibiting optimality values that progressively approached those of our design.

Across α, designs became more similar to the best randomly generated Z when the

number of replications on average per bean line was the largest. The trends in how

the various combinations of Σ and Σu respond to design changes remained consistent.

The randomly generated designs identified as optimal have greater variability in the

number of replicates per bean line than those utilized in the data analysis. In conclu-

sion, the experiment showed that the optimality of the experimental design developed

in Chapter 2 was not too much different relative to the best design resulting from

the simulated Z matrices. The results also suggest that the number of replications

on average per bean line and the combination of Σ and Σu impact the design opti-

mality. The study provides insight into the design of experiments and highlights the

importance of considering various factors when designing experiments.
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4.6.2 Contributions

As no significant research has been conducted in the realm of optimal experi-

mental design within microbiology, this work provides a comprehensive overview of

the potential for enhancing statistical modeling by improving how researchers plan

and design their microbiome plates. Overall, this work has provided insight into the

factors that contribute to the effectiveness of certain design choices and can inform

future adaptations of similar designs. However, the implications of these findings

for determining an optimal design are not straightforward. Considering these varia-

tions can provide a more comprehensive understanding of the factors contributing to

specific design choices’ effectiveness.

To ensure reliable and accurate research outcomes, it is important to establish

an optimal experimental design structure with the flexibility to optimize a criterion

of interest for researchers while observing changes in the genetic covariance param-

eters across different taxa and bean lines. This work proposes such a design, which

could significantly improve measurements and enhance the quality of research. The

study reviews optimal design changes based on Σu and Σ matrices directly linked to

calculating polymicrobial traits from Chapter 3 analyses. In the future, while using

these models for analysis, researchers could find the design that best maximizes the

variability available in the G̃∗ = A ⊗ Σu. Then the entire G̃∗ matrix containing the

genetic covariances could be used in a PCA to calculate polymicrobial traits. By opti-

mizing the experimental design based on these matrices, researchers can obtain better

variability estimates and identify polymicrobial traits that provide more information

about the community relationships in the gut. This, in turn, could help identify

significant GWAS peaks and inform us about genetic traits associated with the taxa

community relationships in bean lines. Working collaboratively with researchers, we
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could focus on finding the most optimal Z designs, where optimality is maximized for

typical cases of variability, and better explain the statistical relationships between a

person’s diet and the community of bacteria in the gut.

4.7 Future Work

4.7.1 Parameter Adaptations in the Optimal Design Algorithm

While the compound symmetric, unstructured, and pilot variability matrices

were valuable starting points, researchers may encounter many other combinations of

Σ, Σu, and A matrices in their experiments. To provide a more comprehensive rep-

resentation of the information that researchers might observe, it would be valuable

to generate additional combinations of these matrices based on prior knowledge, as

was initially demonstrated in the pilot cases. Our main question of interest is, as

the combinations of Σ, Σu, and A change, how do the adaptations affect overall op-

timal design criteria? This approach could also involve creating variability estimates

that are more applicable to researchers in the field, which would foster greater col-

laboration between statisticians, microbiologists, and plant breeders. Microbiologists

can contribute their knowledge about bacterial taxa in the gut, while plant breeders

can provide information about typical structures of the A matrix. Together, these

collaborations can lead to more effective experimental designs that better reflect the

complexity of real-world data. By establishing a statistical foundation for exploring

optimal design for multivariate linear mixed models with genetic associations in the

random effects, this work lays the groundwork for future research in this area.

In addition to adjustments to the variability matrices used in the simulation,

incorporating more structure into the simulation could enhance the calculation of

optimality for predetermined structures of the X and Z design matrices for the fixed
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and random effects. For instance, researchers could explore whether a complete or

incomplete block design would be more optimal and whether there are important

effects to be accounted for across plate rows and columns. This could be achieved by

adapting the code to allow for the optimality to be calculated for different statistical

models. The models could account for different fixed or random effects of plates and

different groups of plates as batches. The effect of these changes on the optimality

of different designs could then be measured. Boundaries could also be set within

the R code to generate specific formats for the design matrices. For instance, in

our simulations, the Z matrix required a bean line to be present in every well while

allowing any number of replications, including zero, for each bean line. However, it

can be modified such that at least one instance of each bean line is required or a

specific number of replicates is mandated for a particular bean line.

In addition to the optimality criteria, supplementary calculations can be per-

formed within the design process to facilitate design comparisons. For instance, from

a statistical perspective, researchers may seek designs that minimize the standard er-

rors of genetic covariance parameters across bean lines. These values can be computed

using the information matrix for random effects, M(σ2), obtained from our simula-

tions. During design iterations, we can calculate
√
diag(M(σ2)−1) for each Z matrix

to determine the standard errors of the variance components. When discussing with

researchers, this enables us to compare standard errors among designs with similar

optimality Φ values. We incorporated this value into some of our simulations. How-

ever, it was unclear which of the six random variance components to compare and

in what context. For example, when considering scenarios using pilot data matrices

and all 297 bean lines, the average difference between the random variance compo-

nent estimates (σu11, σu22, σu33) for the most optimal design of Z (with the largest

Φ value) was smaller than those from the least optimal design (with the smallest Φ
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value) by -0.000141513 units. As this value is negative, the variance estimates are, on

average, larger for designs with the smallest Φ value. We observed minimal changes in

standard errors across many cases. This is generally consistent with our expectations,

as our responses are centered log-ratio (CLR) transformations of abundance values.

These values are small and therefore associated with small errors.

Expanding the simulation in these ways would provide researchers with a more

comprehensive understanding of the factors that contribute to the effectiveness of

certain design choices and could inform future adaptations of similar designs. Simi-

lar explorations have been common in different domains, including plant and animal

breeding for univariate cases. However, the expansions across multivariate relation-

ships are much newer, especially in microbiology. Even though new, this work is

pertinent to assisting microbiologists in researching relationships across the effect of

diet on the community effects of bacteria in the gut.

4.7.2 Changes to the Optimal Design Algorithm

The R function was developed to perform all required matrix algebra for a

multivariate mixed model with three response variables, including a fixed plate effect

and incorporating genetic relationships between random effects. Collaborating with

researchers who have diverse R coding (or other platforms) expertise and styles could

facilitate adapting the code to accommodate additional taxa. Due to technological

limitations, we were unable to evaluate more than three taxa across all desired cases

in a reasonable time frame, but working with others can aid in scaling the function

to handle more complex experimental designs. The size of the matrices necessary to

multiply and invert in the code expands greatly as more multivariate taxa are added,

so research could be done to evaluate better methods for including more responses.

For example, in Chapter 3, for subject 1, 17 taxa were included to calculate the
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polymicrobial traits. With the function and code from this work, that would exceed

the seven days allotted computation time allowed on Crane and would take over two

weeks to run with 5,000 replications. An adaptation to assist with running larger

taxa cases could be running more code chucks

The current version of the function only allows researchers to iterate over differ-

ent values of α and randomly generated Z matrices. However, in practice, researchers

may only be interested in one specific value of α while wanting to adjust the inclusion

of different styles of X and Z design matrices. To address this, the code could be

modified after the adjustments are made to reduce computation time when dealing

with more than three taxa. After optimizing the code, the focus could shift to im-

plementing other search algorithms, as discussed in the literature review. Although

random search is a common starting point for many algorithms, an iterative method

could be introduced to make incremental adjustments to the X or Z matrices while

storing changes to the optimality Φ values throughout the simulation. Upon com-

pletion of the simulation, the researcher would be provided with the final optimality

values, as well as the corresponding design matrices for the optimal design.
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Chapter 5

Summary, Conclusions, Future Work

5.1 Summary and Conclusions

The gut microbiome plays a crucial role in human health, and by working col-

laboratively with microbiologists, we hope to further our understanding of the gut

microbiome and its impact on human health. To promote a diverse microbiome, it

is essential to identify ways to expand and diversify the community of gut bacteria.

Many authors in the microbiological literature reviewed in this work underscore the

importance of collaborative efforts that prioritize best practices for statistical design

and analysis in microbiome studies. To ensure the validity and accuracy of the re-

sults, involving a statistician in the entire process, starting from experimental design

and layout to statistical analysis and interpretation, is crucial [129]. We collaborated

with Dr. Mallory Van Haute and Dr. Andrew Benson in their work investigating

the link between the genetic features of bean lines and the human gut microbiome.

By doing so, we acquired a deeper understanding of microbiologists’ unique require-

ments when devising experiments and scrutinizing data to emphasize the multivariate

community influences spanning various taxa. Chapter 2 of this dissertation presents

an experimental design tailored for Dr. Van Haute. In Chapter 3, we examined our

analytical approaches and collaboratively pinpointed associations between taxonomic



204

abundance data and particular regions within the P. vulgaris bean genome. Finally,

in Chapter 4, we developed a simulation method for calculating a composite optimal-

ity criterion for multivariate linear mixed models with a covariance structure on the

genetic random effects. We used this method to observe trends in how changes in the

bean line and bacterial taxa information affect the optimal experimental design.

Through each chapter in this work, we aimed to address each of the following

three objectives:

1. To develop a new experimental design for next-generation sequencing 96 well-

plate lab experiments, specifically dealing with the human microbiome.

2. To use multivariate analysis methods to analyze data outputted from the ex-

periment designed from objective 1.

3. To identify and explore the effects of experimental parameters on statistical

optimality criteria for analyzing data from microbiome well-plate experiments.

We collaborated with Dr. Van Haute to devise a new experimental design ap-

proach for arranging bean lines across well plates, taking into account the resources

typically employed in microbiome research. We did not utilize novel statistical tech-

niques but rather particular experimental design strategies not commonly utilized

within microbiology research using well plates. We created an incomplete block de-

sign overlaid with a partially replicated (p-rep) α lattice design to randomly assign

bean line treatments to wells across sets of 96-well micro-plates. The statistical pro-

gram, GENDEX, was used to create the randomizations utilizing univariate optimal

design methodology to assign treatments to wells within and across plates. At the

time, this process aimed to assist researchers in creating the best and simplest design

for assigning treatments while obtaining the most informative statistical information
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from all samples. Moreover, this chapter emphasizes the significance of integrating

the incomplete block design structure into experiments as a means of addressing the

substantial variability observed in taxonomic abundances within individuals’ gut mi-

crobiomes and among distinct bacterial taxa within the same subject’s gut. We found

that incorporating the IBD structure was up to 35% more efficient than using a de-

sign with just the replicates. However, the efficiency gain varied depending on the

subjects and taxa. We summarize that because the relative efficiency is quite large in

some cases, there is a benefit to using more intricate design structures, as researchers

cannot know which taxa will be found in a subject’s gut or how the variability changes

between subjects.

While working with Dr. Van Haute on the design process, we gained insight

into the specific needs of microbiologists when designing and analyzing experiments

focusing on the relationships between treatments and bacterial taxa. We utilized mul-

tivariate statistical methods to analyze the data generated from the design in Chapter

1 and create new polymicrobial traits. These traits act as multivariate phenotypes,

accounting for abundance information across bacterial taxa in the simulated micro-

biome samples. This helped Dr. Van Haute outline where community effects were

associated with areas in the P. Vulgaris common bean genome in her GWAS models.

We outputted different variance decompositions from out MANOVA models to use

as covariance matrices in principal component and canonical discriminant analyses.

We utilized these methods to explore the relationship between genetic variation in

a range of common bean lines and the composition of gut microbial communities in

three subjects. Dimension reduction analyses were used to create weighted combi-

nations of the community of taxa within each microbiome. Biplots were produced,

demonstrating a variety of community relationships within each subject, and specific

taxa driving the values of the PM traits were highlighted.



206

Forty-one of our total 72 polymicrobial traits had large enough heritability to be

included within the GWAS models. All included polymicrobial traits had significant

associations across each of the selected seven Major Effect Loci (MEL) areas on the

chromosome. Individually, each of the 41 traits had significant associations with be-

tween four and nine chromosomes. Overall, out of 72 calculated polymicrobial traits,

57% met the heritability cutoff and were included in the genome-wide association

study (GWAS) modeling. Of the 41 traits included, 18, 11, and 12 were significant

within each subject, respectively. Significant associations were observed between each

MEL and one or more polymicrobial traits, particularly those representing the first

PC. This trend makes sense as with PCA we expect the first PC to account for the

most variation. We found numerous overlapping associations within a given micro-

biome, where the same SNP was significantly associated with a polymicrobial trait

as well as the individual taxa that were the main drivers of that polymicrobial trait.

For instance, overlapping associations of individual and polymicrobial traits

from S776 to MEL-C demonstrated hits of HypCorrPC2 (Faecalibacterium, Copro-

coccus3, LachnospiraceaeUCG004) as well as the individual taxonomic traits of Fae-

calibacterium and Lachnospiraceae. These findings, together with other types of

microbiome traits that were significantly associated with the same SNPs or MEL

from multiple microbiomes, provide further evidence of causality in regions of the

common bean genome that appear to impact the microbiome. Symbols were added

to the trait names to indicate different category labels, including whether a trait had

overlapping taxa with univariate traits. Of the significant polymicrobial traits used in

the GWAS models, 54% had either a direct or related overlap with a univariate taxon

on the same multivariate effect locus (MEL). Only 12.2% of significant polymicrobial

traits did not have any largely weighted taxa overlapping with univariate taxa. Fi-

nally, about 34% of the significant polymicrobial traits were found to indicate areas in
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which the genome exhibited a statistically significant association with a more diverse

community of taxa, which were identified as highly abundant in the microbiome of

each subject.

Specifically, we also highlighted a result from Dr. Van Haute that had par-

ticular applicability within the relationships between gut taxa and human health.

An interesting relationship was identified between traits and a specific SNP location

within MEL C. The high pleiotropy of this locus provided strong evidence that gen-

uine variation at this locus has a major effect on the microbiome [59]. The study

identified genes related to glycyrrhizinate biosynthesis that were related to significant

PM traits, mainly driven by Lachnospiraceae, Faecalibacterium, and Clostridium,

which can produce butyrate, a microbial metabolite with known health benefits [59].

In Chapter 3, we highlighted a biplot (Figure 3.5) comparing these traits in the Gen-

Cov PC1 loadings versus the HypCorr PC2 loadings. In their loadings, we can see

high values for this taxa, with additional weights across the remaining taxa. Thus we

have some specific and overarching evidence that these multivariate methods can help

identify important candidate genomic regions and support the conclusion that these

MELs define areas with the most significant effects on the human gut microbiome.

The findings underscore the importance of examining the interactions among different

microbes, as these relationships can significantly influence community structure.

Thus, the study highlights the need to shift from an exclusive focus on individual

microbes to a more holistic approach considering polymicrobial traits. The polymi-

crobial traits provided a beneficial method for researchers, reducing and accounting

for spurious variabilities and assisting with identifying the effects of dietary changes

on the gut microbiota. By decomposing various correlation and covariance matrices

from the bean line and genetic effects and weighting the abundances across the taxa

that explain the most variation in the selected structures, we were able to create many
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options for the pseudo-multivariate community-type traits. Across all options, over

50% of the selected traits showed significant associations across multiple areas of the

P. Vulgaris bean genome. This research has the potential to advance strategies for

investigating microbiome active traits as complex traits of crop plants, thus providing

a foundation for food scientists to integrate health-related traits into crop enhance-

ment programs. Furthermore, this work may serve as a catalyst for statisticians to

devise innovative methods for accommodating community effects without the need to

modify or adapt conventional GWAS techniques.

Our final objective was to investigate how experimental parameters affect the

statistical optimality criteria used to analyze data from microbiome well-plate experi-

ments. We developed a function that calculates the composite optimality of fixed and

random effects for a multivariate mixed model. This function emphasizes relation-

ships between values of Φ, Σu, Σ, the genetic relationship matrix A, and the random

effect design matrix Z. The objective of Chapter 4 is to develop a simulation with

the capabilities to compare design optimality for varying input values pertinent in

the field of microbiology and genetics. Overall, we would like to balance statistical

accuracy and ease of use for domain specific researchers. To achieve this, we employed

the multivariate mixed model framework originally proposed by Kmail, and extended

the model by incorporating the genetic relationship matrix A into the random effect

variability structure.

The work represents an important advancement in integrating experimental

design and abundance analysis for studying microbiome activity traits. In these

methods, there is potential for determining the most suitable design for simulating

microbiome samples across wellplates to generate highly informative estimates of the

taxa’s variability linked to the variability between bean lines based on their genetic

population structure. We worked to adapt our model to meet the needs of researchers
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like Dr. Van Haute, who aim to investigate the variability of multiple responses (i.e.,

taxa) resulting from genetic changes from foods (like beans) in the diet. Specifically,

we have optimized the model’s design structure to accurately reflect the covariance

between the population structure of the bean lines in A. This modification allows for

a more precise analysis of the genetic effects and their impact on the different taxa,

thereby enhancing the model’s overall effectiveness.

The model is built around a stacked form of a multivariate model, using REML

estimation procedures to find the information matrices for the fixed and random

effects. Genetic information is frequently considered a random effect; therefore, in

this model, we refine this aspect in comparison to the analysis of abundance carried

out in Chapter 3, which facilitated the calculation of polymicrobial characteristics.

In utilizing the Φ optimality criteria split between the fixed and random effects, we

offer flexibility to researchers who would like to make sure they are finding a design

to emphasize their interest in the variability of the bean line treatments. Researchers

using our methodology to find their design matrices would then have more optimal

designs to perhaps use this multivariate mixed model to create new versions of the

polymicrobial traits, only specifically using the G̃∗ = A⊗Σu matrix instead of having

to decompose multiple matrices to calculate a genetic effect matrix as we did in

Chapter 3 with the GenCov and GenCorr formats.

After creating the multivariate mixed model framework within our simulations,

we compared Φ optimality values and variability in the number of replications con-

tained in Z for different variabilities and A matrix structures. For these selected

combinations of matrices, we also framed the results in terms of different variance

ratios that may be of interest to subject matter researchers. For example, heritabil-

ity was defined as a value that compared variability in the Σu matrix to the overall

variability for the added effects of Σ and Σu. The Σu matrix represents the contri-
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bution of random effects in explaining the variation in taxa, specifically how changes

in bean lines’ random effects account for the observed variability. Similar to what

was done by Bueno Filho and Gilmour, we know that researchers may be interested

in optimal designs for traits that have large heritability. Additionally, we created a

ratio of interest for the largest eigenvalue in the Σu matrix divided by the sum of the

largest eigenvalues from Σ and Σu. Eigenvalues would be of interest as well for the

creation of polymicrobial traits, as we used PCA to observe the variability around

similar matrices in Chapter 3. Lastly, The Z matrix structures were also compared

for the most optimal design out of 5000 randomly selected Z matrices versus the

design structures implemented for subjects 1, 2, and three created in Chapter Two.

For researchers, designs with larger values of these metrics may be more relevant, and

thus the selection of the optimal design may have fewer implications.

In the hypothetical cases of variability, we found more distinct trends in the

gaps between optimality criteria for the more extreme combinations across the CS

and UN structures. Smaller residual variability leads to more optimal designs but

with smaller differences as more weight is put on the random bean line effects in

the designs. When using specific pilot structures, we were able to see trends across

negative correlations between the taxa, with the more highly negatively correlated

taxa often having slightly less optimal designs, especially when combined with larger

residual variabilities as well. The pilot cases also had larger disparities between

correlations between the three taxa, with the cases with large correlations of 0.83,

-0.95, and -0.9 having less optimal designs than cases with correlations of 0.33, -0.9,

and 0.58.

Researchers may not care necessarily about the optimality values specifically

but rather what are commonalities in the designs that are produced that are more

optimal. For all cases, we then compared the variability in the number of replicates
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across bean lines for what designs were created as most optimal. The pilot cases

provided the most information about how the optimality changes and what are the

most optimal designs. For the coefficients of variation across the pilot cases, we found

that for the optimality more weighted on the fixed effects, there are larger disparities

in the variability in the number of replications produced within the design with the

larger values of Φ, versus when more weights are on the fixed effects. Also, as α

increases, the gaps are increased between what are identified as the best and worst

designs. Furthermore, the choice of covariance matrix ratio and genetic relationship

matrices (A) can impact the optimality of experimental designs. Our analysis shows

that when the values of our most informative ratios - namely, heritability, det2, and

eigenvalue ratio - increase, the best design found from a random sample of 5000 designs

leads to more optimal designs in our pilot cases. However, for other variability cases,

we observe decreasing trends. For example, in cases with large residual variation,

as Σu changed from small to large variability, the optimality decreased. This trend

makes sense because heritability will get larger as the values in the Σu matrix get

larger, and optimality values decrease as there is more variability in the Σ and Σu

matrices. Differences were again smaller for the smaller α weights, with more gaps

between cases when more weight was put on the random effects.

In the pilot cases where the A matrix contained 50 bean lines, we observed

that for larger α weights, there was a steeper increase in Φ values and variability

in the number of replications as the ratios of heritability, det2, and the eigenvalues

increased. When we plotted the same comparisons for cases with all 297 bean lines,

we observed the same relationship for Φ, i.e., as the ratios increased, so did the

optimality. In contrast to the 50-line case, we did not observe the same trend in

replication variability for the nine simulations run with all 297 bean lines. Instead, as

the ratio values increased, the coefficient of variation for the number of replications
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for each bean line decreased. For clarity, we have added plots for the 297 line cases

in 5.1, 5.2, and 5.3 for heritability, det2, and the eigenvalue ratio, to demonstrate the

decreasing trends. To compare, we can return to Figure 4.18, and see the increasing

trend in CV across heritability for the 50-line case.

In selecting an optimal design for cases with 50 lines, it appears that as Φ

increases, there is a wider gap in the number of replications across bean lines. We

hypothesize that this could be because, with fewer lines relative to the number of wells,

there are more opportunities across the wells to replicate the different lines. Thus,

perhaps the information within the A matrix for the genetic relationships between

the bean lines may lead the optimal design to replicate certain bean lines more than

others. However, for cases with all the lines, there can be fewer replications on

average for cases with many more bean lines. The more optimal designs may have

less variability between the number of replications so that more lines can be replicated.

In the future, we could investigate if there are commonalities between which lines are

selected more or less often to be replicated.

Figure 5.1: Maximum CV vs. Heritability across Pilot Σu Structures using all 297 bean lines. Panels
represent the different values of α, points are colored by the correlation structure, and the shape of
the points correspond to the variety of Σu
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Figure 5.2: Maximum CV vs. Det2 ratio across Pilot Σu Structures using all 297 bean lines. Panels
represent the different values of α, points are colored by the correlation structure, and the shape of
the points corresponds to the variety of Σu

Figure 5.3: Maximum CV vs. Eigenvalue ratio across Pilot Σu Structures using all 297 bean lines.
Panels represent the different values of α, points are colored by the correlation structure, and the
shape of the points corresponds to the variety of Σu

When comparing simulations with the two different types of genetic relationship

matrices, we found that the results suggest that, in general, the mixed A leads to

more optimal designs, but the difference in optimality is often negligible. However,

the new A may produce less optimal designs in extreme cases with highly correlated

Mesoamerican bean lines. Thus, researchers may want to discuss with a statistician
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the bean lines or treatments of interest that are being added to the design, as their

effects on the optimality could change the final type of design. We found that the

optimal designs for the more correlated bean lines lead to a larger amount of variability

for the number of replications across the 50 bean lines as compared to the set of the

mixed Mesoamerican and Durango bean lines.

Lastly, the optimality of the experimental design developed in Chapter 2 was

compared to the best designs resulting from 5000 simulated Z matrices. Often the

difference in optimality was very small, but the magnitude and which design was more

optimal changed depending on the design of which subject was utilized. The random

search produced slightly more optimal designs, with more variability in the replica-

tions of the bean lines included within the Z matrix. As highlighted in the Chapter 4

results, our design filled every well, and bean lines typically received anywhere from

3 to 7 replications at the end of the study after data was collected. The Z matrices

from the simulation allow bean lines to have no replication and put no max on the

number of replicates possible. Thus, even though the random search is finding more

optimal designs, it might not be the most practical of designs. However, this type

of structure may be useful for observing in the future if there is ever a commonality

with which bean lines receive the smallest number of replications.

The designs we’ve presented have the potential to help us better understand

the structure of taxa communities, allowing for the designs used within this field to

find the best design for a multivariate mixed model considering the genetic popu-

lation structure of treatments and the covariance structure among the taxa. While

we need to conduct further research to fully comprehend how to enhance our analy-

ses, the choices we made were intentional and aligned with the goals of this current

exploratory work. Our work contributes to the field of microbiology by shedding

light on the factors that influence the effectiveness of experimental design choices,
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especially when studying bacterial community changes in the human gut. We still

have much to do to identify common trends and collaborate with microbiology re-

searchers to adapt this methodology to their needs. Through our optimal design

function, we investigated the application of optimal design methodology in genetic

microbiome experiments, thereby addressing a knowledge gap regarding the optimal

design of experiments for multivariate mixed models that incorporate genetic popula-

tion structure. The modeling techniques used throughout Chapter 4 can be tied back

to finding the best design to estimate variability matrices to calculate polymicrobial

traits. Our findings demonstrate the impact of input variability and the framework

of the Z matrices on the composite optimality criteria Φ. By observing changes in

these factors, researchers can optimize their experimental designs to obtain better

variability estimates, find better polymicrobial trait estimates, and gain deeper in-

sights into the relationships within the gut community. In summary, our research

provides a foundation for researchers to optimize their experimental designs based on

the discussed factors, ultimately improving the quality of their research.

5.2 Future Work

Much of what should be addressed in future work pertaining to the specific top-

ics in Chapters 2, 3, and 4 are addressed in sections 2.6, 3.8, and 4.7. The following

two subsections delve into potential future endeavors that may yield significant con-

tributions to the fields of quantitative genetics and microbiology. This exploration

aims to provide researchers with valuable insights and guidance for advancing their

respective areas of study.



216

5.2.1 Adapting the Optimal Design Methodology for use by Domain Re-

searchers

To maximize the usefulness of the method to stakeholders with similar types

of data, it is important to maintain the current direction of the work and adapt it

accordingly. To ensure that our work is aligned with the goals of researchers, we

need to take into account the questions that microbiologists are asking and how our

findings can best support their research objectives. For example, researchers may be

interested in creating a design focusing on evaluating how the genetic variation across

bean lines affect the community structure of the taxa in the gut. This outcome could

be directly related to the calculations of the polymicrobial traits from Chapter 3.

Researchers may also ask questions similar to those in a power analysis, such as how

many replications are best across and within plates. Given our current objectives, we

could investigate further what structure in the A matrix has effect on the optimality

criteria, and on the structure of the most optimal designs. In the future to answer

both of these types of questions, we can further adapt what we calculate in our

simulation to evaluate different types of optimality criteria.

For the calculations of polymicrobial traits, we could adapt our optimal de-

sign function to pick a design based on optimization of the variability within the

G̃∗ = A ⊗ Σu matrix. If values like heritability are of particular interest, so we

could focus our simulation on maximizing heritability = Σ̂u
Σ̂+Σ̂u

where the variability

matrices will be estimated from the model within the function. For each, we would

add in full calculations of these values into the optimal design function, and for each

different structure of the X and Z design matrices, the new values of the variances

and heritability could be calculated. Then, we could make note of which note has

the most informative variability estimates, or largest heritability values. As we saw
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in Chapter 3, only the trait values with the largest heritabilities were included in the

GWAS models. Thus, to provide the best PM traits for GWAS, we would want to

make sure there is large enough heritability values. As a whole, to really drive the

contribution of this work, the future work on the simulation will focus in on the direct

needs of researchers who would like to further how to integrate better designs into

their experiments.

5.2.2 Design and Analysis Protocols, Optimal Design Web Application

Overarchingly, in addition to the methodology presented in this dissertation,

a significant contribution in the future would be the development of a set of stan-

dardized protocols for designing and analyzing microbiome data. This would be an

overall incorporation of all the future work information. These protocols could serve

as a guide for researchers, providing step-by-step instructions and recommendations

for setting up an experiment, from the randomization of treatments to the analysis

and interpretation of results. Since the concepts presented in this dissertation are

relatively new to the field, researchers would benefit from a comprehensive resource

that includes detailed descriptions of the experimental design and analysis methods

proposed in Chapters 2 and 3.

The protocols could also address potential challenges that may arise during the

experiment and provide solutions for dealing with them. Ultimately, these proto-

cols would help ensure the reproducibility and accuracy of experimental results and

facilitate the advancement of knowledge in this area of research. Again, the work

could be a culmination of work from many different types of scientists who contribute

to similar projects in genetics, microbiology, plant breeding, etc. Furthermore, by

building upon the investigative findings of Chapter 4, we can conduct more precise

comparisons between designs, enabling us to draw broader conclusions about their
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optimality. We could expand on some more of the univariate optimal designs of inter-

est and see how they perform across different combinations of the Σu and Σ matrices

in ratios such as the heritability so the results would be applicable to those across the

fields in genetic sciences.

Improving the linkage between the design of the experiments and the methods of

analysis used can yield dual benefits. First, advanced experimental design techniques

may be easier to implement if researchers better understand how the design is closely

related to the analysis. This is the tie-in between the expansion of the information

in Chapters 3 and 4. We wanted to focus on a more flexible statistical analysis

model in Chapter 4, closer to what researchers might want to include in Chapter 3

for calculations of the polymicrobial traits. The REML multivariate expansion needs

to be adjusted to account for more taxa and more flexible capabilities to change the

variables included in the model, however, we have laid the groundwork to demonstrate

the usefulness of being able to compare design through an optimal experimental design

framework. Often the design can be used to specifically define what analysis should

be used, and when a researcher cannot utilize a standard set of statistical analyses,

it “becomes tempting to employ progressively complex data-transformation, data

subsetting, or analytical approaches, in the hope that one or more will identify an

effect” [6]. Utilizing methods that are overly complex could potentially be helpful in

the short term, but in the long run, could cause more harm than good in the attempt

to find results that accurately represent what occurred in the experiment.

Eventually, efforts could set up a protocol and procedural framework similar to

the PlateDesigner web application that Suprun and Suarez-Farinas proposed in 2018

[145] and other web-based well-plate experimental design applications described in the

review of the literature. To the best of their knowledge, the developers specified that

PlateDesigner is the first and only web-based application available to researchers that
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can generate randomization schemes for microplate experiments. So, an expansion on

their proposals and establish something similar but for the design set up in Chapter 2

of this dissertation. Given that the function for the optimal design is currently imple-

mented in R and can be executed on high-powered computing clusters, it is possible

to create an application such as an R shiny webpage. This would allow researchers

with an interest in comparing different experimental designs to easily compare opti-

mal design criteria given their particular pilot data of interest. The function can be

customized with a specific statistical model of interest. Researchers can then input

their preferred levels of variability and design matrix constraints, allowing them to

obtain an optimality value for a specific design or conduct simulations across multiple

matrices to identify the most optimal design.
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Appendix A

Figure A.1: Full Randomization Summary with Labelled Wells
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Appendix B

Figure B.1: Subject 1 (S770) Polymicrobial Trait Loadings
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Figure B.2: Subject 2 (S776) Polymicrobial Trait Loadings
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Figure B.3: Subject 3 (S768) Polymicrobial Trait Loadings



224

Table B.1: Taxa with Largest Weights from Polymicrobial trait loadings. (Cutoff values: PCA loadings < −0.4 and
> 0.4; N/A was assigned to PCs of polymicrobial trait methods that had loadings all smaller than the cutoffs.

Polymicrobial
Trait Method

PC Subject 3: S768 Subject 1: S770 Subject 2: S776

Genetic
Correlation

PC1 Acidaminococcus, Faecalibacterium n/a n/a

PC2
Prevotella9, Megasphaera,

Escherichia/Shigella
Bifidobacterium,

Roseburia
Dorea,

LachnospiraceaeUCG004

PC3 Prevotella9
Prevotellaceae,

Lachnospiraceae NA
Bifidobacterium, Roseburia

PC4 Escherichia/Shigella, Sutterella Blautia, Roseburia
Bifidobacterium, Blautia,

Coprococcus1

Genetic
Covariance

PC1 Faecalibacterium Faecalibacterium
Clostridium sensu stricto,

Eubacterium hallii

PC2
Phascolarctobacterium,
Clostridiumsensustricto,

Escherichia/Shigella

Succinivibrio,
Faecalibacterium

Faecalibacterium, Blautia

PC3
Phascolarctobacterium,
Clostridiumsensustricto

Blautia,
Faecalibacterium

Clostridium sensu stricto,
Eubacterium hallii

PC4 Escherichia/Shigella, Sutterella
Enterobacteriaceae,

Prevotellaceae, Blautia
Roseburia, Coprococcus1

Hypothesis
Correlation

PC1 Bacteroides, Faecalibacterium n/a n/a

PC2
Prevotella9, Megasphaera,

Phascolarctobacterium,
Clostridiumsensustricto

Bifidobacterium,
Roseburia

Faecalibacterium,
Coprococcus3,

LachnospiraceaeUCG004
PC3 Megasphaera, Sutterella Lachnospiraceae NA Roseburia, Coprococcus1

PC4
Clostridiumsensustricto,

Escherichia/Shigella,
Phascolarctobacterium

Prevotellaceae, Dorea,
Faecalibacterium

Bifidobacterium
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Table B.1: Taxa with Largest Weights from Polymicrobial trait loadings. (Cutoff values: PCA loadings < −0.4 and
> 0.4; N/A was assigned to PCs of polymicrobial trait methods that had loadings all smaller than the cutoffs.

Polymicrobial
Trait Method

PC Subject 3: S768 Subject 1: S770 Subject 2: S776

Hypothesis
Covariance

PC1 Faecalibacterium Faecalibacterium Eubacteriumhallii

PC2
Phascolarctobacterium,
Clostridiumsensustricto

Roseburia, Fournierella,
Faecalibacterium

Faecalibacterium, Clostridium
sensu stricto

PC3
Phascolarctobacterium,
Clostridiumsensustricto

Blautia,
Faecalibacterium

Clostridium sensu stricto,
Blautia, Eubacterium hallii

PC4 Bacteroides, Megasphaera Enterobacteriaceae Bifidobacterium, Blautia
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Table B.2: Taxa with Largest Weights from Polymicrobial trait loadings. (Cutoff values: CDA loadings < −2.5 and
> 2.5. N/A was assigned to CDs of polymicrobial trait methods that had loadings all smaller than the cutoffs.

Polymicro-
bial Trait
Method

CD Subject 3: S768 Subject 1: S770 Subject 2: S776

Raw CDA

RawCD1
Prevotella9 Succinivibrio n/a

RawCD2

Prevotella9, Acidaminococcus,
Escherichia/Shigella,

Phascolarctobacterium,
Clostridiumsensustricto,

Faecalibacterium

Prevotella9, Succinivibrio, Coprococcus1, Bifidobacterium,
Lachnospiraceae NA

Bacteroides, Sutterella,
Coprococcus3, Alistipes,

Roseburia, Parabacteroides,
Coprococcus1

RawCD3
Prevotella9, Prevotella9, Sutterella, Prevotellaceae, Lachnospiraceae NA

Bacteroides, Faecalibacterium,
Alistipes, Roseburia,

RawCD4
Prevotella9, Acidaminococcus,

Bacteroides, Clostridiumsensustricto

Succinivibrio, Dialister, Enterobacteriaceae, Bacteroides,
Coprococcus3, Anaerostipes, Sutterella, Prevotellaceae,

Coprococcus1, Bifidobacterium, Lachnospiraceae NA, Dorea,
Blautia, Roseburia, Fournierella, Faecalibacterium

Faecalibacterium, Clostridium
sensu stricto, Sutterella,
Coprococcus3, Dorea,

Alistipes,

Stan-
dardized
CDA

StdCD1 n/a n/a Eubacteriumhallii

StdCD2
Escherichia/Shigella,

Faecalibacterium
n/a

Clostridium sensu stricto,
Sutterella, Alistipes, Blautia,

Parabacteroides,
Eubacteriumhallii

StdCD3 n/a n/a
Bacteroides, Faecalibacterium,

Clostridium sensu stricto,
Blautia, Eubacteriumhallii

StdCD4 Faecalibacterium
Succinivibrio, Enterobacteriaceae, Bifidobacterium,

Lachnospiraceae NA, Blautia, Roseburia, Fournierella,
Faecalibacterium

Faecalibacterium, Clostridium
sensu stricto, Sutterella,
Dorea, Alistipes, Blautia,

Eubacteriumhallii
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Table B.6: Significant Associations within MEL D

Chr6 – MEL D (Pv06 7,267 - 2,570,337 bp)

Position Subject 3: S768 Subject 1: S770 Subject 2: S776 # Sig

17,140 - Acetate - 1

145,568 - ASV160 Lachnospiraceae - 1

206,596 - Shannon - 1

583,639 -
hyp.cov.Comp.4−

(Enterobacteriaceae)
- 1

587,596 - Ruminococcaceae - 1

818,805 - - - 1

852,965 - -
Ruminococ-

caceaeUCG002
1

916,250 - Succinivibrionaceae - 1

1,101,942
- -

ASV49 Lachnospiraceae
1

1,145,031
- - ASV255 Bacteroides 1

1,317,217
-

ASV6 Faecalibacterium
-

2
Erysipelotrichaceae

1,318,580
- - Butyricicoccus 1

1,319,423

hyp.cov.Comp.2−

(Phascolarctobacterium,
Clostridiumsensustricto)

- - 1

1,319,499
- -

ASV256 Ruminococcaceae
1

1,329,862
- ASV52 Agathobacter - 1
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Table B.6: Significant Associations within MEL D

Chr6 – MEL D (Pv06 7,267 - 2,570,337 bp)

Position Subject 3: S768 Subject 1: S770 Subject 2: S776 # Sig

1,531,686

gen.cov.V 1+ (Faecalibacterium) ASV44 Blautia Agathobacter

17

hyp.corr.Comp.1+ (Bacteroides,
Faecalibacterium)

ASV72 Eubacterium Faecalibacterium

hyp.cov.Comp.1+

(Faecalibacterium)
Faecalibacterium

std.can.SCan2+ (Escherichia,
Faecalibacterium)

gen.corr.V1 (n/a)

std.can.SCan4+

(Faecalibacterium)
gen.cov.V 1+ (Faecalibacterium)

hyp.corr.Comp.1 (n/a)
hyp.cov.Comp.1+ (Faecalibacterium)

std.can.SCan1 (n/a)
std.can.SCan3 (n/a)

std.can.SCan4+ (Succinivibrio,
Enterobacteriaceae,

Bifidobacterium,
Lachnospiraceae NA, Blautia,

Roseburia, Fournierella,
Faecalibacterium)

1,661,151
ASV220 Prevotella - - 1

1,709,844
- -

hyp.corr.Comp.2+

(Faecalibacterium,
Coprococcus3,

Lachnospiraceae-
UCG004)

1
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Table B.6: Significant Associations within MEL D

Chr6 – MEL D (Pv06 7,267 - 2,570,337 bp)

Position Subject 3: S768 Subject 1: S770 Subject 2: S776 # Sig

1,822,853
- Anaerostipes - 1

1,824,924
- ASV78 Desulfovibrio - 1

1,832,386
Coprococcus1 - - 1

1,912,742

gen.corr.V 1+

(Acidaminococcus,
Faecalibacterium)

- - 1

1,986,819
Faecalibacterium - observed ASVs 2

1,997,097
ASV6 Faecalibacterium - - 1

2,391,824

Parabacteroides
- -

3ASV19 Parabacteroides
Tannerellaceae

2,480,413 Ruminococcaceae

ASV7 Coprococcus

5
ASV142 Succinivibrio

Coprococcus3
Fournierella
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Table B.7: Significant Associations within MEL E

Chr7 – MEL E (Pv07 9,511,250 - 10,149,594 bp)

Position Subject 3: S768 Subject 1: S770 Subject 2: S776 # Signif

9,621,160 - - ASV8 Escherichia 1

9,628,646
Faecalibacterium

ASV104 Ruminococcaeae
-

3RuminococcaceaeUCG005

9,640,574 - - ASV58 Eubacterium 1

9,640,692 -

Butyrate

-
8

ASV6 Faecalibacterium
Faecalibacterium

gen.cov.V 1+ (Faecalibacterium)
std.can.SCan2 (n/a)
std.can.SCan3 (n/a)
std.can.SCan4+

(Succinivibrio,Enterobacter.,
Bifidobact., Lachnospiraceae NA,
Blautia,Roseburia, Fournierella,

Faecali.)
Ruminococcaceae

9,656,023

Acidaminococcus ASV2 Bacteroides ASV9 Parasutterella

9
ASV29 Acidaminococcus ASV72 Eubacterium ASV70 Lachnospiraceae

Enterobacteriaceae Parasutterella
raw.can.RCan1 (n/a)

9,656,074 - Agathobacter - 1

9,661,392 -
hyp.corr.Comp.4+

(Prevotellaceae, Dorea,
Faecalibacterium)

- 1

9,825,333 - Acetate - 1

9,900,516 -
HypCorrPC3−

(Lachnospiraceae NA)
- 1
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Table B.8: Significant Associations within MEL F

Chr7 – MEL F (Pv07 16,443,493 - 22,231,725)

Position Subject 3: S768 Subject 1: S770 Subject 2: S776 # Signif

9,621,160 - - ASV8 Escherichia 1

9,628,646
Faecalibact.

ASV104 Ruminococcaeae
-

3RuminococcaceaeUCG005

9,640,574 - - ASV58 Eubacterium 1

9,640,692 -

Butyrate

-
8

ASV6 Faecalibact.
Faecalibact.

gen.cov.V 1+ (Faecalibacterium)
std.can.SCan2 (n/a)
std.can.SCan3 (n/a)

std.can.SCan4+ (Succinivibrio,
Enterobacteriaceae,

Bifidobacterium,
Lachnospiraceae NA,
Blautia, Roseburia,

Fournierella, Faecalibact.)
Ruminococcaceae

9,656,023

Acidaminococcus ASV2 Bacteroides ASV9 Parasutterella

9
ASV29

Acidaminococcus
ASV72 Eubacterium ASV70 Lachnospiraceae

Enterobacteriaceae Parasutterella
raw.can.RCan1 (n/a)

9,656,074 - Agathobacter - 1

9,661,392 -
hyp.corr.Comp.4+

(Prevotellaceae,
Dorea, Faecalibact.)

- 1

9,825,333 - Acetate - 1
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Table B.8: Significant Associations within MEL F

Chr7 – MEL F (Pv07 16,443,493 - 22,231,725)

Position Subject 3: S768 Subject 1: S770 Subject 2: S776 # Signif

9,900,516 -
HypCorrPC3−

(Lachnospiraceae NA)
- 1
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Table B.9: Significant Associations within MEL G

Chr8 – MEL G (Pv08 3,658,283 – 4,029,365 bp)

Position Subject 3: S768 Subject 1: S770 Subject 2: S776 # Signif

3,777,523 Megasphaera - - 1

3,792,888

Acidaminococcus

ASV13
Bacteroides

-
15

Bacteroides
Prevotella9

ASV2 Bacteroides
ASV4 Prevotella

ASV29
Acidaminococcus

ASV50 Bacteroides
pielou e
Shannon
Simpson

raw.can.RCan1+

(Prevotella9)
Acidaminococcaceae

Bacteroidaceae
Prevotellaceae

3,838,416 - -
ASV81

Fusicatenibacter
1
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Appendix C

Three Taxa Example Simulation Code

load_pkg <- rlang::quos(pracma , dplyr , data.table , Matrix , spam , sparseinv)

invisible(lapply(lapply(load_pkg , rlang::quo_name),

library , character.only = TRUE))

#### Data

my_data <- read.delim("/work/eskridge/kkarnik/KinshipClean.txt", row.names = 1)

cov <- as.matrix(my_data)

A = as.matrix(cov[1:50 , 1:50])

bl = nrow(A)

# #########################################

# #########################################

Opt_Design_ThreeTaxa <- function(sigma , RU , bl, A, alpha_options ,

plates , ObsPerPlate , randomZs ){# Set Up beginning values for loops , alpha , etc.

start_time <- Sys.time()

# Set Up beginning values for loops , alpha , etc.

val = 1;

alpha_total <- length(alpha_options)

A = as.matrix(A)

CanZ <- diag(bl)

numtaxa = nrow(RU)

I.taxa = diag(numtaxa)

rand_eff = numtaxa*(numtaxa +1);
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## Setting up places to store outputs

leng <- randomZs*length(alpha_options)

TotalReps.ALL.Zs <- as.data.frame(matrix(data = NA,

nrow = bl , ncol = leng , byrow = FALSE))

values <- vector(length = leng)

all.values <- matrix(data = NA, nrow = leng ,

ncol = 3, byrow = FALSE)

variances <- matrix(data=NA, nrow=leng ,

ncol = numtaxa*12+12, byrow=FALSE)

## 12 parameters from NRAN matrix (6 for sigma u var and covar ,

##and 6 from sigma),

## then ## numtaxa*12 for plate variances for fixed effects

Z_list <- list()

MaxAlpha <- matrix(data=NA , nrow = length(alpha_options), ncol=1,byrow=TRUE)

## Plate information , NOW standard with 12 plates

plates = plates

fixed = plates * numtaxa

ident <- diag(plates)

replicates <- as.vector(rep(1, ObsPerPlate ))

X = kronecker(ident , replicates)

Xstar = kronecker(X, I.taxa)

XstarP=t(Xstar)

nobs <- plates*ObsPerPlate

diag.nobs <- Matrix(diag(nobs))

# ###################################################

## Setting up Derivatives

dG1dSu1 <- matrix(NA ,3 ,3); dG1dSu12 <- matrix(NA ,3,3); dG1dSu13 <- matrix(NA ,3,3);

dG1dSu2 <- matrix(NA ,3 ,3); dG1dSu23 <- matrix(NA ,3,3);

dG1dSu3 <- matrix(NA ,3 ,3);

dG1dSu1[lower.tri(dG1dSu1 , diag=TRUE)] <- c(1,rep (0 ,5))

dG1dSu12[lower.tri(dG1dSu12 , diag=TRUE)] <- c(rep(0,1),1,rep (0,4))

dG1dSu13[lower.tri(dG1dSu13 , diag=TRUE)] <- c(rep(0,2),1,rep (0,3))

dG1dSu2[lower.tri(dG1dSu2 ,diag=TRUE)] <- c(rep(0,3),1,rep (0 ,2))

dG1dSu23[lower.tri(dG1dSu23 ,diag=TRUE)] <- c(rep(0,4),1,rep (0 ,1))
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dG1dSu3[lower.tri(dG1dSu3 ,diag=TRUE)] <- c(rep(0,5),1)

makeSymm <- function(m) {

m[upper.tri(m)] <- t(m)[upper.tri(m)]

return(m)

}

makeSymm2 <- function(m) {

m[lower.tri(m)] <- t(m)[lower.tri(m)]

return(m)

}

list.of.deriv <- list(dG1dSu1 ,dG1dSu12 ,dG1dSu13 ,

dG1dSu2 ,dG1dSu23 ,

dG1dSu3)

dG.dSu <- lapply(list.of.deriv , makeSymm)

#Loop 1, Changed from Plates to alpha

for (i in 1:alpha_total){

# i = 1

print(i)

D = -10; D1 = 0; D2 = -2; diff = 10;

alpha <- alpha_options[i]

infmat.fixed <- (1-alpha)/fixed

infmat.random <- alpha/rand_eff

for (j in 1: randomZs ){

print(j)

set.seed(NULL)

Z <- Matrix(0, nobs , bl, sparse = TRUE)

Z[cbind (1:nobs , sample(ncol(Z), nobs , TRUE ))] <- 1

Zstar = kronecker(Z, I.taxa)

ZstarP=t(Zstar)
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G = kronecker(A, sigma)

R = kronecker(diag.nobs , RU)

v = Zstar%*%G%*%ZstarP + R

#vinv = inv(v)

#vinv = solve(v)

vinv = chol2inv(chol(v))

M=XstarP%*%vinv%*%Xstar;

InfMatFixed = M;

if (det(M) == 0){

Minv = matrix(0, fixed , fixed)}else{

#Minv = inv(M)

#Minv = solve(M)

Minv = chol2inv(chol(as.matrix(M)))

}

# ###################################

dD1dSu1 = kronecker(A, dG.dSu [[1]]);

dD1dSu12 = kronecker(A, dG.dSu [[2]]);

dD1dSu13 = kronecker(A, dG.dSu [[3]]);

dD1dSu2 = kronecker(A, dG.dSu [[4]]);

dD1dSu23 = kronecker(A, dG.dSu [[5]]);

dD1dSu3 = kronecker(A, dG.dSu [[6]]);

# #############################

dR1dS1 = kronecker(diag.nobs , dG.dSu [[1]]);

dR1dS12 = kronecker(diag.nobs , dG.dSu [[2]]);

dR1dS13 = kronecker(diag.nobs , dG.dSu [[3]]);

dR1dS2 = kronecker(diag.nobs , dG.dSu [[4]]);

dR1dS23 = kronecker(diag.nobs , dG.dSu [[5]]);

dR1dS3 = kronecker(diag.nobs , dG.dSu [[6]]);
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# ################################################

vinv.Xstar <- vinv%*%Xstar

XstarP.vinv <- XstarP%*%vinv

P = vinv -(vinv.Xstar%*%(Minv%*%XstarP.vinv))

P.Z <- P%*%Zstar

# ################################################

P.Z.D1.1.ZP <- P.Z%*%(dD1dSu1%*%ZstarP );

P.Z.D1.2.ZP <- P.Z%*%(dD1dSu2%*%ZstarP );

P.Z.D1.12.ZP <- P.Z%*%(dD1dSu12%*%ZstarP );

P.Z.D1.23.ZP <- P.Z%*%(dD1dSu23%*%ZstarP );

P.Z.D1.13.ZP <- P.Z%*%(dD1dSu13%*%ZstarP );

P.Z.D1.3.ZP <- P.Z%*%(dD1dSu3%*%ZstarP );

# ################################################

PR1.1 <- P%*%dR1dS1; PR1.12 <- P%*%dR1dS12; PR1 .13 <- P%*%dR1dS13;

PR1.2 <- P%*%dR1dS2; PR1.23 <- P%*%dR1dS23;

PR1.3 <- P%*%dR1dS3;

list.values <- list(P.Z.D1.1.ZP, P.Z.D1.12.ZP, P.Z.D1.13.ZP ,

P.Z.D1.2.ZP, P.Z.D1.23.ZP,

P.Z.D1.3.ZP,

PR1.1, PR1.12, PR1.13,

PR1.2, PR1.23,

PR1 .3)

NRAN <- matrix(NA, 12, 12)

r.c <- 1

for (l in 1: length(list.values )){

for (m in r.c:length(list.values )){

mat.l <- list.values [[l]]

mat.m <- list.values [[m]]

nran.l.m <- crossprod(mat.l, mat.m)

diagonal <- diag(nran.l.m)

NRAN[l,m] <- 0.5*sum(diagonal)

}
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r.c <- r.c+1

}

NRAN <- makeSymm2(NRAN)

H1=det(InfMatFixed );

H2=det(NRAN);

FixedOptCrit=log(H1);

RandOptCrit=log(H2);

if(H2 <0){H2 = 10e-8}

InfMat= infmat.fixed*log(H1) + infmat.random*log(H2);

# Standard errors calculated using fisher info , for fixed and random effects

FixedEffects.SE <- sqrt(diag(solve(InfMatFixed )))

RandomEffects.SE <- sqrt(diag(solve(NRAN )))

all.values[val ,] <- c(InfMat , FixedOptCrit , RandOptCrit)

variances[val ,] <- c(FixedEffects.SE , RandomEffects.SE)

## Total reps and how many reps for all Z matrices along the way

TotalReps.ALL.Zs[,val] <- as.data.frame(colSums(Z));

if (InfMat > D){

DM <- Z

D <- InfMat

}

end_time <- Sys.time()

totaltime <- as.numeric(end_time - start_time , units="hours")

print(totaltime)

# Z=DM;

diff=D-D1;

D1=D;

values[val] <- D1
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val = val+1

} #end random Z reps

# if (D1 > D2){

#

# zfinalx <- Z

# finalx <- X

# D2 <- D1

# }

zfinalx <- DM

Z_list[[i]] <- zfinalx

MaxAlpha[i,] <- D1

# end i loop

}

TotalReps.ALL.Zs <<- TotalReps.ALL.Zs

#D2_1 <<- D2;

Z <<- zfinalx;

Full.Opt.ZList <<- Z_list

Alpha_Opt_Values <<- MaxAlpha

dataframeZ <- as.data.frame(as.matrix(Z))

dataframeZ$PlateGroups <- as.factor(rep(1:12, each =87))

ByPlate <- dataframeZ %>% group_by(PlateGroups)

Split <- group_split(ByPlate)

plate1 <- Split [[1]][ , -51];

plate2 <- Split [[2]][ , -51];

plate3 <- Split [[3]][ , -51];

plate4 <- Split [[4]][ , -51];

plate5 <- Split [[5]][ , -51];

plate6 <- Split [[6]][ , -51];

plate7 <- Split [[7]][ , -51];

plate8 <- Split [[8]][ , -51];

plate9 <- Split [[9]][ , -51];

plate10 <- Split [[10]][ , -51];



244

plate11 <- Split [[11]][ , -51];

plate12 <- Split [[12]][ , -51];

TotalReps <- as.data.frame(colSums(Z));

TotalReps$Plate1Reps <- colSums(plate1 );

TotalReps$Plate2Reps <- colSums(plate2 );

TotalReps$Plate3Reps <- colSums(plate3 );

TotalReps$Plate4Reps <- colSums(plate4 );

TotalReps$Plate5Reps <-colSums(plate5 );

TotalReps$Plate6Reps <- colSums(plate6 );

TotalReps$Plate7Reps <-colSums(plate7 );

TotalReps$Plate8Reps <- colSums(plate8 );

TotalReps$Plate9Reps <-colSums(plate9 );

TotalReps$Plate10Reps <- colSums(plate10 );

TotalReps$Plate11Reps <-colSums(plate11 );

TotalReps$Plate12Reps <- colSums(plate12 );

TotalReps <<- TotalReps

# X <<- finalx;

FinalAllCriteria <- as.data.frame(all.values)

FinalValues <- as.data.frame(values)

FinalAllVariances <- as.data.frame(variances)

HowManyLevelsofD <<- levels(as.factor(FinalValues$values ))

FinalValues$DiffChanges <- FinalValues %>%

mutate(diff = values - lag(values , default = first(values )))

FinalValues <<- FinalValues

FinalAllCriteria <<- FinalAllCriteria

FinalAllVariances <<- FinalAllVariances

end_time <- Sys.time()

time = end_time -start_time
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finaltime <<- time

return(list(Alpha_Opt_Values , finaltime ))

# end of the function

}

# ##################################

## Variabilty estimates

# ##################################

sigma.1 = as.matrix(rbind(c(3,2.7 ,2.7) ,c(2.7 ,3 ,2.7) ,c(2.7 ,2.7 ,3)))

sigma.2 = as.matrix(rbind(c(3,1.5 ,1.5) ,c(1.5 ,3 ,1.5) ,c( 1.5 ,1.5 ,3)))

sigma.3 = as.matrix(rbind(c(3,0.3 ,0.3) ,c(0.3 ,3 ,0.3) ,c( 0.3 ,0.3 ,3)))

sigma.4 = as.matrix(rbind(c(0.001 ,0.0009 ,0.0009) ,

c( 0.0009 ,0.001 ,0.0009) ,c(0.0009 ,0.0009 ,0.001)))

sigma.5 = as.matrix(rbind(c(0.001 ,0.0005 ,0.0005) ,

c(0.0005 ,0.001 ,0.0005) ,c(0.0005 ,0.0005 ,0.001)))

sigma.6 = as.matrix(rbind(c(0.001 ,0.0001 ,0.0001) ,

c(0.0001 ,0.001 ,0.0001) ,c(0.0001 ,0.0001 ,0.001)))

sigma.7 = as.matrix(rbind(c(3 ,0.0493 ,

0.0493) , c(0.0493 ,0.001 ,0.0009) ,

c(0.0493 ,0.0009 ,0.001)))

sigma.8 = as.matrix(rbind(c(3 ,0.0274 ,0.0274) ,

c(0.0274 ,0.001 ,0.0005) ,

c(0.0274 ,0.0005 ,0.001)))

sigma.9 = as.matrix(rbind(c(3 ,0.0055 ,0.0055) ,

c(0.0055 ,0.001 ,0.0001) , c(0.0055 ,0.0001 ,0.001)))

sigma .10 = as.matrix(rbind(c(3 ,2.7,1.5),

c(2.7,3,0.3),c(1.5 ,0.3 ,3)))

sigma .11 = as.matrix(rbind(c(0.001 ,0.0009 ,0.0005) ,

c(0.0009 ,0.001 ,0.0001) , c(0.0005 ,0.0001 ,0.001)))

sigma .12 = as.matrix(rbind(c(3 ,0.0493 ,0.0274) ,

c(0.0493 ,0.001 ,0.0001) , c(0.0274 ,0.0001 ,0.001)))

sigma .13 = as.matrix(rbind(c(0.001 ,0.0493 ,0.0274) ,

c(0.0493 ,3 ,0.3) , c(0.0274 ,0.3 ,3)))

sigma .14 = as.matrix(rbind(c(3 ,2.7,0.3),

c(2.7,3,0.3), c(0.3 ,0.3 ,3)))

sigma .15 = as.matrix(rbind(c(0.001 ,0.0009 ,0.0001) ,

c(0.0009 ,0.001 ,0.0001) , c(0.0001 ,0.0001 ,0.001)))
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sigma .16 = as.matrix(rbind(c(3 ,0.0493 ,0.0055) ,

c(0.0493 ,0.001 ,0.0001) , c(0.0055 ,0.0001 ,0.001)))

sigma .17 = as.matrix(rbind(c(0.001 ,0.0493 ,0.0055) ,

c(0.0493 ,3 ,0.3) , c(0.0055 ,0.3 ,3)))

sigma .18 = as.matrix(rbind(c(3 ,2.7,1.5),

c(2.7,3,1.5), c(1.5 ,1.5 ,3)))

sigma .19 = as.matrix(rbind(c(0.001 ,0.0009 ,0.0005) ,

c(0.0009 ,0.001 ,0.0005) , c(0.0005 ,0.0005 ,0.001)))

sigma .20 = as.matrix(rbind(c(3 ,0.0493 ,0.0274) ,

c(0.0493 ,0.001 ,0.0005) , c(0.0274 ,0.0005 ,0.001)))

sigma .21 = as.matrix(rbind(c(0.001 ,0.0493 ,0.0274) ,

c(0.0493 ,3 ,1.5) , c(0.0274 ,1.5 ,3)))

sigma .22 = as.matrix(rbind(c(3 ,2.7,2.7),

c(2.7,3,0.3), c(2.7 ,0.3 ,3)))

sigma .23 = as.matrix(rbind(c(0.001 ,0.0009 ,0.0009) ,

c(0.0009 ,0.001 ,0.0001) , c(0.0009 ,0.0001 ,0.001)))

sigma .24 = as.matrix(rbind(c(3 ,0.0493 ,0.0493) ,

c(0.0493 ,0.001 ,0.0001) , c(0.0493 ,0.0001 ,0.001)))

sigma .25 = as.matrix(rbind(c(0.001 ,0.0493 ,0.0493) , c(0.0493 ,3 ,0.3) , c(0.0493 ,0.3 ,3)))

RU.1 = as.matrix(rbind(c(3,0,0), c(0,3,0), c(0,0,3)))

RU.2 = as.matrix(rbind(c(0.001,0,0) , c(0,0.001,0), c(0 ,0 ,0.001)))

RU.3 =as.matrix(rbind(c(3,0,0), c(0,0.001,0) , c(0 ,0 ,0.001)))

sigma <- list(sigma.1, sigma.2, sigma.3, sigma.4,

sigma.5, sigma.6, sigma.7, sigma.8,

sigma.9, sigma .10, sigma.11, sigma.12,

sigma.13, sigma .14, sigma.15, sigma .16,

sigma.17, sigma .18, sigma.19, sigma .20,

sigma.21, sigma .22, sigma.23, sigma .24,

sigma .25)

RU <- list(RU.1, RU.2, RU.3)

sigma = sigma [[16]]

RU = RU [[2]]

# ################################################################

alpha_options <- c(0.1 ,0.25 ,0.5 ,0.75 ,0.9)
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randomZs <- 5000

plates <- 12

Design_Out <- Opt_Design_ThreeTaxa(sigma , RU=RU, bl, A,

alpha_options , plates , ObsPerPlate = 87, randomZs = randomZs)

Design_Out

# ############################################################

### Summaries of All Values

Alpha_0.1_optimalityvalues <- FinalAllCriteria [1: randomZs ,]

Alpha_0.25_optimalityvalues <- FinalAllCriteria [( randomZs +1):( randomZs*2),]

Alpha_0.5_optimalityvalues <- FinalAllCriteria [( randomZs*2+1):( randomZs*3),]

Alpha_0.75_optimalityvalues <- FinalAllCriteria [( randomZs*3+1):( randomZs*4),]

Alpha_0.9_optimalityvalues <- FinalAllCriteria [( randomZs*4+1):( randomZs*5),]

summary(Alpha_0.1_optimalityvalues$V1)

summary(Alpha_0.25_optimalityvalues$V1)

summary(Alpha_0.5_optimalityvalues$V1)

summary(Alpha_0.75_optimalityvalues$V1)

summary(Alpha_0.9_optimalityvalues$V1)

# ##################################################################

dataframeZ.Alpha_0.1 <- as.data.frame(as.matrix(Full.Opt.ZList [[1]]))

dataframeZ.Alpha_0.25 <- as.data.frame(as.matrix(Full.Opt.ZList [[2]]))

dataframeZ.Alpha_0.5 <- as.data.frame(as.matrix(Full.Opt.ZList [[3]]))

dataframeZ.Alpha_0.75 <- as.data.frame(as.matrix(Full.Opt.ZList [[4]]))

dataframeZ.Alpha_0.9 <- as.data.frame(as.matrix(Full.Opt.ZList [[5]]))

# Looking for where changes happened in the optimality values

# FinalValues$test <- FinalValues %>%

# mutate(diff = values - lag(values , default = first(values )))

# all.values --> FinalAllCriteria -->

## overall criteria , fixed log determ , random log determ

write.csv(FinalAllCriteria)
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write.csv(FinalAllVariances)

write.csv(FinalValues)

write.csv(dataframeZ.Alpha_0.1)

write.csv(dataframeZ.Alpha_0.25)

write.csv(dataframeZ.Alpha_0.5)

write.csv(dataframeZ.Alpha_0.75)

write.csv(dataframeZ.Alpha_0.9)

# TotalReps

write.csv(TotalReps)

write.csv(TotalReps.ALL.Zs)

# #######################################################################
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