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Chapter 1

Introduction

1.1 Brief History of Discrete Fractional Calculus

Fractional calculus is a field of applied mathematics that deals with derivatives and
integrals of arbitrary orders, and their applications appear in numerous diverse fields
including engineering, chemistry applied mathematics, economics, biology, control
theory and other fields. For example, as mathematical models describing biological
phenomena are getting more sophisticated and realistic, the attention needed from
specialists is growing at a fast pace. There are several recent areas of specialized
research in mathematical biology: Enzyme kinetics, biological tissue analysis, cancer
modeling, heart and arterial disease modeling being among the popular ones, see [23].
It is well known that there is a similarity between properties of differential calculus
involving the operator dix and the properties of discrete calculus involving A defined
by Af(x) = f(z + 1) — f(x) which is known as the forward difference operator.
Expectedly, some similar correspondence exists between the operators of continuous
fractional and discrete fractional calculus.

A recent interest in discrete fractional calculus has been shown by Atici and Eloe,



who in [10] discuss properties of the generalized falling function, a corresponding
power rule for fractional delta-operators and the commutativity of fractional sums.
They present in [11] additional rules for composing fractional sums and differences but
leave many important cases unresolved. It is very important to pay careful attention
to various function domains and to the lower limits of summation and differentiation
when doing discrete fractional calculus.

The goal of this dissertation is to further develop the theory of fractional calculus
on the natural numbers. In Chapter 2 and 3, we present the existence of a positive
solution for certain boundary value problems of order v where 3 < v < 4 using two
well-known fixed point theorems due to Krasnosel’skii and Banach. Later in the same

chapter, we present the existence of multiple positive solutions.

1.2 Gamma Function

Undoubtedly, one of the basic functions of the fractional calculus is the Euler gamma
function I'(x), which generalizes the factorial function and allows n to take on non-
integer and even complex values. This function and its properties are widely used

throughout this dissertation.

1.2.1 Definition of the Gamma Function

The gamma function I'(2) is defined by the integral

for e C\ {0,—-1,-2,---}.

In figure 1, a graph of the gamma function as a function of the real variable x is given.
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Figure 1.1: Gamma function for real values of x

1.2.2 Some properties of the Gamma Function

Some of the basic properties of the gamma function are
o I'(z) >0 for x>0
o N(z+1)=uzl(x)

e I'(n+1)=n!forneN

o F(?(——;)k):(:C+k—1)~~-(x—1):vfoerR\{—NO}andkeN

Remark 1 e The generalized falling function is defined by

T(t+1)

=)
Lt—r+1)




for any t,r € C for which the right hand-side is defined. Also, whenevert—r+1
s a nonpositive integer and the numerator is well defined we make the usual

assumption that t* = 0.

e Let f: N, — R, then the forward difference operator, A, is defined by

Af(t) = f(t+1) — f(t), teN,.

e The following identities hold whenever the generalized falling function is well

defined.

1. v2=T(r+1).

2. At = ptv=L,

gt = (t — vt

e For a discrete time scale such as N,, o(s) denotes the next point in the time

scale after s, o(s) = s+ 1.

1.3 Whole-Order Sums

We consider real-valued functions on a shift of the natural numbers

f N, > R, where N, :=a+ Ny ={a,a+1,a+2,---} (a € R fized).

We define the n'-order sum of f based at a (denoted by A" f) by

t—n

y(t) = (A H =)

S=a

(t—s—1)n=L

T f(s), teN,.

The following are some definitions and facts that are going to be used throughout

this dissertation, see [4].



1.4 Fractional-Order Sums and Differences

Definition 2 Let f : N, — R and v > 0 be given. Then the v*"*-order fractional sum

of f based at a is given by

(AV)(E) == 1 tzy(t —0(5))=Lf(s), for t € Ngy,.
I'(v)

Also, we define the trivial sum by A7°f(t) := f(t) fort € N,.

A useful formula is
ALV fla+v) = f(a),

which we will use from time to time.
With the fractional sum in hand, we introduce the fractional differences such as in

[4].

Definition 3 Let f : N, = R and v > 0 be given, and let N € N be chosen such that

N —1<v < N. Then we define the v'"-order difference of f based at a, AV f, by

(AYF)(E) = AV (1) == ANAN I F(1),  fort € Nawn—o.

1.5 The Fractional Power Rule

The next result is a fractional power rule for sums and differences. The proof for this

power rule can be found in [4].
Lemma 4 Let a € R and > 0 be given. Then
At — ) = p(t — )=,

for any t for which both sides are well defined. Furthermore, for any v > 0,



AL (t—a)t = p=2(t — a)!™, fort € Noqypy

and

AI/

a+p

(t —a)tt = p¥(t — a)k=~, fort € Nojp in—v.

We will later use the power rule to help us solve a v*-order fractional initial value

problem.

Theorem 5 Let f : N, — R and v > 0 be given with N —1 < v < N. A general

solution of the v'"-order fractional difference equation

AZ+V_NZL'(t) - O, t c Na

18 given by

Also the solution of the v*"-order fractional initial value problem

AZ+V—Ny(t> = f(t)7 le Na

Alyla+v—N)=A4;, i€{0,1,--- ,N—1}, A, eR.

s given by the variation of constant formula

y(t) = O[Z(t - G)M + A;Vf<t)7 te Na+V—N;

where a;,0 < i < N — 1, areappropriate constants.

Proof: See Appendix B.

(1.1)

(1.2)

(1.3)



Chapter 2

The Fractional Boundary Value
Problem

Given a boundary value problem, its corresponding Green’s function is mathemat-
ically vital. In this chapter, we are interested in a discrete, nonlinear fractional
boundary value problem with right focal boundary conditions. We define an operator
A in terms of a certain Green’s function in the standard way. This allows us to apply
the Krasnosel’skii and Banach fixed point theorems to obtain the existence of positive
solutions of our boundary value problem. Also, we use theorems from [8] to obtain

multiple positive solutions for the same boundary value problem.

2.1 The Boundary Value Problem

In this section we are concerned with the following fractional boundary value problem

and the existence of the related Green’s function,



(

AV yt) = flt,y(t+v—2)), te{0,---,b+3}

Alylv —4)=0, i=0,1 (2.1)

\Ajy(b—kl/) =0, 7=2,3,
where

e J<rv<H4

e beN

e f:{0,--- b+3} xR — R is continuous and nonnegative for y > 0 and f(t,0) =
0 fort € {0,--- ,b+ 3}.

When v = 4, this boundary value problem has important applications in bending
beam problems, see [21] and [22] .

Note the following domains for each function appearing in problem (2.1):
o D{A] yy; ={0,---,b+3}
e D{yt={v—4,--- ,b+v+3}
o D{Ay}={v—4,--- ,b+v+3—1i}, for each i € {0,1}
e D{Aly} ={v—4,--- \b+v+3—j}, for each j € {2,3}.

In particular, the unknown function in problem (2.1) satisfies

y:{v—4,-- - b+v+3} =R

Similar boundary value problems were studied by



e Goodrich in [3] , where the order of the fractional difference equation is v € (1, 2]
requiring only two boundary conditions and the right boundary condition is

focal.

e Holm in [4] , where the order of the fractional difference equation is v € [2, 00),
requiring N := [v] boundary conditions and a fractional (u'"-order) right
boundary condition, where u € [1,v). The fractional boundary conditions re-

quire more attention but offers great flexibility for border applications

Before deriving the Green’s function associated with (2.1), we prove the following the-
orem about the existence of the Green’s function that uses the Variation of Constants

Formula for discrete fractional initial value problems.

Definition 6 We define the Cauchy function x(t,s) of AV_,o =0 forv—4 <t <

b+v+4+3,0<s<b+3 by

x(t,s) =

Note that x(t,s) =0 for 0 <t < s+v—1. Also for each fized s, z(t, s), is the solution

of the nitial value problem

;

AV =0
r(s+v—3s)=x(s+v—2,5)=x(s+v—1,5) =0,

z(s+v,s)=1

\

on[s+v—3b+v+3.

Theorem 7 (Variation of Constants Formula) Assume that f : N, — R

and let z(t, s) be the Cauchy function for
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Lz =0, where Lx = Al_,x.

Then

1s the solution of the initial value problem

(

Lz = f(t)
Vz(v—4)=0, Ax(r—4)=0

A’z(v—4)=0, Az(v—4)=0.

\

Next, we prove the following theorem:

Theorem 8 (Green’s Function) Assume that the BVP

(

Ay_yy(t) =0
ylv—4)=Ay(r—4)=0 (2.2)

A?y(b+v)=A3y(b+v)=0

\

has only the trivial solution. For each fized s, let u(t, s) be the unique solution of the

BVP

)
AV _,u(t) =0
ulv —4,s) =Au(v —4,5) =0
Au(b+uv,s) = —A%z(b+v,s)

Adu(b+v,s) = —A3z(b+v,s)

\

where z(t, s) is the Cauchy function for AY_,u=0. If h: Ng — R then
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y(t) = i ’ G(t,s)h(s)As

1s the unique solution of the BVP

(

Ay _gy(t) = h(?)
ylv—4,5) =Ay(v —4,5) =0

Ay(b+v,s) = Ay(b+v,s) =0

\

where G(t,s) is the Green’s function for the problem

(

AZ—M/(?&) =0

ylv—4)=Ay(r—4)=0 (2.3)

A%y(b+v) = Ay(b+v) =0,

\
and is given by

u(t,s), 0<t—v+4+2<s<b+3
G(t,s) =
v(t,s), 0<s<t—v+1<b+3
where v(t, s) = u(t,s) + x(t, s).
Proof: First we show that the BVP

.

A y=0, te{0,---,b+3}

ylv —4)=0, Ay(r—4)=0 (2.4)

A?y(b+v)=0, Adyb+v)=0

\

has only the trivial solution. Consider the given BVP, we know from Theorem 5 that

the general solution of AY_,y(t) =0 is of the form
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u(t) = Atr=L + Btv=2 + C't*=3 + D=4,

From the first boundary condition, we have

ozu@—AyZE:Q@—4wi

Using
(v—4)p=L = Fé’g_;?) —0,
(v—4)=2 = Fffz__l?)—o,
o=t = S =0
woap=t = S o,

we get that C' = 0 and a similar argument shows that D = 0. Hence
u(t) = Atr=L + Bt“=2,
The last two boundary conditions lead to the following system

Bv—220b+v)=2+ A(v — 1)3(b+v)=2 =0

B(v —22(b+v)“=5 + A(v — 1)3(b+ v)=2 = 0.

In order to show that u(t) is the trivial solution, we need to show that the above

system has only the trivial solution A = B = 0. To see this we consider

(v =220 +v)=t (v —1)2(b+v)=>

(v — 2)§(b + y)ﬂ (v— 1)3(() + V)u—4
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= (=221 —-120b+ )74 b+ )t — (v —1)2(v — 22(b+ v)=3(b + v)2=2

= (=12 =2 —=3)b+ )2+ v)=2 — (v — Db+ )2 b+ v)= >0

since 3 < v < 4. Thus the BVP (2.4) has only the trivial solution. It then follows by

standard arguments that the non-homogenous BVP

(

AY_ywy(t)=nh(t), te{v—4,--- b+v+3}
Tyv—4)=A, Aylv—4)=B

A?yb+v)=C, Nyb+v)=D

\

has a unique solution. Since for each fixed s, u(t, s) satisfies a BVP of this form, we get
that u(t, s) is uniquely determined. It then follows that v(t, s) and G(t, s) are uniquely
determined. Since for each fixed s, u(t, s) is a solution of AY_,x = 0 and z(¢,s) is
a solution for ¢ > s + v — 3, we have that for each fixed s, v(t,s) = u(t, s) + z(t, s)
is also a solution of AY_,x =0 for s+v—1<t <b+ v+ 3. It follows that v(t, s)
satisfies the boundary conditions at b+ v. Now, let G(¢,s) be as in the statement of

this theorem and consider

y(t) = /OH?’G(t,s)h(s)As, te{v—4,--- ,b+v+3}

_ /0 t_y+2G(t,s)h(s)As+ /t " G(t,s)h(s)As

—v+2

_ /0 T ot $)h(s)As + /t "t $)h(s) As.

—v+2
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Note that even though v(t, s) is only defined for 0 < s <t — v+ 1, the upper limit of
integration in the first term above is okay since this delta integral does not depend

on the value of the integrand at the upper limit of integration. Hence

b+3

y(t) = /O_V [u(t,s)—f—a:(t,s)]h(s)AsqL/t u(t, s)h(s)As

—v+2

b+3 t—v+2
_ A u@guwm+l w(t, $)h(s)As.

Since z(t,t —v+2)=z(t,t—v+1)=0

b+3 t—v
y(t) = /0 u(t,s)h(s)As+/0 x(t, s)h(s)As

b+3
_ A ult, s)h(s)As + 2(t)

where, by the variation of constants formula, z is the solution of the IVP
AY_4z(t) = h(t)

2(v—4)=2(v—-3)=2(r—-2)=2r—-1)=0.

It follows that

b+3
AL w(t) = / AV ult, s)h(s)As + AL 4z(t)

= 0+ AY_z(t) = h(1).

Hence y is a solution of the non-homogenous equation. It remains to show that y

satisfies the boundary conditions. Note that

b+3
ylv —4) = /0 u(v —4,8)h(s)As+z(r —4) =0
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and

b+3
Ay(v —4) = Au(v —4,s)h(s)As + Az(v — 4) = 0.
0

Hence y satisfies the first two boundary conditions. Next, we show that the Green’s

function satisfies the last two boundary conditions. Recall that

u(t,s), 0<t—v+2<s<b+3
G(t,s) =

v(t,s), 0<s<t—v+1<b+3.

Now, consider v(t,s) = u(t, s) + x(t, s), we have

Av(b+v,s) = A*ulb+urv,s)+ A%x(b+v,s)

= 0 {from the third boundary condition onu}
and

Adv(b+rv,5) = Aulb+uv,s)+ Az2(b+uv,s)

= 0 {from the fourth boundary conditiononu}.

Then

b+3
A*y(b+v) = / A2G(b+ v, s)h(s)As
0



and

b+3

Ay(b+v) = A’G(b+ v, 8)h(s)As

0

b+3
= / A3v(b+ v, 5)h(s)As
0

= 0

16

since v(t, s) satisfies the last two boundary conditions and hence y(t) satisfies the last

two boundary conditions. Therefore, y(t) is the unique solution of the BVP

(

Ay_4y(t) = h(t)

y(v —4,s) = Ay(v —4,5) =0

A%y(b+v,s) = Ay(b+v,s) = 0.

\

2.2 The Green’s Function

In this section we derive the Green’s function associated with (2.1) by solving the

corresponding linear boundary value problem

(

AZ—ZLy(t):O? tE{O, >b+3}

Aylv—4)=0, i=0,1

ANyb+v)=0, j=23.
(

From Theorem 5 we know that for each fixed s

4

u(t, S)ZZ o (s)t=t

i=1

where a; e Rand t € {v —4,--- b+ v+ 3}.
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From the first boundary condition, we have

0=u(v—4,s) :Z ai(s) (v — 4)7

Since

(v — 4yt = F&__;) —0,
-yt == o,
(v —4)=2 = F(;(g)?’) ~0
(v — 4=t = F(F(I)?’) #0

we get that ay(s) = 0. Likewise, from the second boundary condition one can show

that as(s) = 0. So we have that

u(t, s) = ag(s)t:=2 + oy (s)tx=L.

Next, we apply the last two boundary conditions

ANub+v,s)=—-Alx(b+v,s), j=2,3

and solve for a;(s) and as(s). Notice the Cauchy function associated with (2.2) is

given by the following
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So we have the following system of equations:

(b+v—s—1)=2

a(s)(v=2)(v=3)(b+v)2+a(s)(v—1)(v—2)(b+v) =2 = — T(v—2)

a(s) (v =2) (v =3)v —4) b+ v)=+ a1(s)(v — 1) (v = 2)(v = 3) (b + v)==2 =

(b+v—s—1)4
I'(v—3)
Applying the definition of the falling function and properties of the gamma func-

tion, we obtain the following

as(8) (v — 2)2(r — 4) (b4 1) + ay(s) (v — 1)2(v — 4) (b + v)=3 =
(b+v—s—1)=3
I'(v—2)

—(v—4)

s (8)(r — 2)3(b + 5) (b + )= — au(s)( — 1)3(b + 5)(b + )=t =
(b+v—s—1)r1
(v —3) '

(b+5)

\
Adding these two equations we get that

ar(s)[(v = DAy = 4)(b+v)*=> —(v = 1)2(b + 5)(b+ v)*—)=

(b+v—s—1)=
['(v —3)

(b+v—s—1)=2

(b+5) T —2)

—(v—4)

= a1(s)(v — 120+ v)=2[(v —4)(b+4) — (v—3)(b+5)]=

(b+v—s—1)=4

(b+v—s—1)==3
I'(v—3) -

['(v—2)

(b+5) —4)
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= —ay(s)(v =120+ v)=4b+ v+ 1)=

(b+v—s—1)4

T —9) [(b+5)(v—3)—(v—4)(b—s+3)]

(b+v—s—1)22v+b+ s(v—4) —3)

e S ¥ 7 Py Ty § Y

Plugging a4 (s) into one of the equations above, we obtain

b+v—s—1=2 (b+v—s—1)=2Q2uv+b+s(v—4)—3)(b+v)=3
I'(v—2) T(v—2)(b+ v+ 1)(b+ v)==
(v —2)2(b+ v)=2

as(s) =

(b+v—s—1)¥=3 +(b+y—s—1)ﬂ(21/+b+3(1/—4)—3)(b+4)
C(v—2)(v—2)2b+rv)=2 I'(v—2)(r—220b+v+1)(b+v)=

b+v—s—1) =2 +b+s(v—4)=3)b+4)— (b+v+1)(b—s+3)]
T(v—2)(v—220b+v+1)(b+v)=

Therefore,

G:{v—4,--- ,b+v+3} x{0,--- ,b+ 3} = R given by

v(t,s), 0<s<t—v+1<b+3
G(t,s) =

u(t,s), 0<t—v+2<s<b+3

where

(b+1/—s—1)”*4[(21/+b+s(1/—4)—3)(b—|—4)—(b—s+3)(b+y+1)]ty_2

u(t, s) = T —1)(v—3)b+v)=2b+v+1)
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(b+v—s—1)=22v+b+s(v—4) —3)

TN (b + )b+ v+ 1) b=

and
( )_(b+u—s—Utﬁ@u+b+s@—4y—®@+4y—@—s+BXb+u+Uh%2
Uh e = Twv—1)(v—=3)b+v)=2b+v—+1) o
B (b+y—s—1)”*4(21/+b—|—s(1/—4)—3)ty_1+ (t—s—1)~—=L

L(v)(b+v)2=2(b+v + 1) o I'(v)

is the Green’s function for the BVP (2.2).

Note that if we let v = 4, then we get that the standard Green’s function for the

BVP
(
Aty =0
Aly(0) =0, i=0,1
ANyb+4)=0, j=2,3
\
is given by
(1
a@—s—wi—ﬁ+3@+UﬁL 0<s<t—3<b+3
G(t,s) =
—1 1
Ft3+—(sg )tz, 0<t—-2<s<b+3.
\

Theorem 9 Let G(t,s) be the Green’s function associated with (2.1). Then G(t, s)

satisfies the following properties: for each fized s € {0,--- b+ 3},



1. min G(t,s) > 0.

te{v—d,- brv+3}
2. max G(t,s) =G(b+v+3,s).

te{v—d, b+v+3}
3. min G(t,s) > ¢ max G(t,s),

te{a+v+1, - b+v+1} te{v—4,- b+v+3}

b—1
where 0 < 6 < 1 is a fized constant independent of s and a = ’VT-‘ :
b3 Db+ v +4) (b+v+3)2(=2b+v —11)
4. / G(t,s)As <
0 (v —=2)2I'(v —1)(b+4) (v—1)3

LFb+v+4)

T(v+1)I(b+4) L

Proof:

e Forte{v—4,--- s+ v —3} and fixed s € {0,...,b+ 3}. Consider

b+v—s—1)=22u+b+s(v—4)—3)(b+4)(v—2)

Ault, )= T(v—2)(r—220+v)=2(b+v+1)

tv=3

B (b—s+3)(b+u+1)(b+l/—s—1)ﬂ(1/—2)ty73

L(v—2)(v—2)20b+v)==2(b+v+1) o

b+v—s—1)"=2u+b+s(v—4)—-3)(v—1)
F'v—2)(v —1)20b+v)=2b+v+1)

tr=2>0

b+v—s—1)22v+b+s(v—4)—3)(b+4)

L(v—2)(v=3)b+v)=4(b+v+1) tr=3

B (b+1/—s—1)5(2V+b—|—$(V—4)_3)tV—2>
Tw—2)v—2)b+v)20b+v+1) =

(b+v—s—1)=4b+v+ 1)<b_5+3)t'/*3
Fv—2)(v—3)(b+v)=4b+v+1)

21



22

— (b+v—s—1)=Z22uv+b+s(v—4)—3)[(v—2)(b+4)tx=2 — (v — 3)t~=2]

>b4+v+1)b—s+3)(b+v—s—1)2v—2)3
—b+v—s—1)=22u+b+s(v—4)=3)t=3[(v—2)(b+4) — (v —3)(t —v+3)]

> =2)b+v+1)(b—s+3)(b+v—s—1)==2

Since (b+v — s — 1)=% and #“=3 are positive the above inequality is true

—

(20 +b+s(v—4) —3)(b+4) — (b—s+3)b+v+1)](v—2)

—2v4+b+s(v—4)-3)(v—-3)(t—v+3)>0. (2.5)

Since max{t} = s + v — 3, we have that if
(v +b+sv—4)=3)(b+4) —(b—s+3)(b+v+1)](v—2)
—2v+b+s(v—4)—=3)(v—-3)((s+v—3) —v+3) >0, then (2.5) is true.

Let h(s) = [2v+b+s(v—4)—3)(b+4)—(b—s+3)(b+v+1)|(v—2)— (2v+
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b+ s(v—4) —3)s(v — 3). Notice that

Ah(s) = (v=2)[(r—4)(b+4)+b+v+1]
— [(v=4(s+1)+2v+b+sv—4s—3|(v—3)
= (v—=2)[vb+5v—3b—15] — 2us +3v —8s — 7+ b|(v — 3)
= 1%b+ 5" — 5bv — 25v + 6b + 30 — 2v°s — 3% + 14sv + 16v
— vb—24s—21+3b
= v*b+20% — 6bv — Qv + 9b — 20°s + 1dsy — 245 + 9
= blr—3)72—2s(v—3)(v—4) +2* — W +9

> 0.

Then h(s) is an increasing function of s but

h0) = [u+b—3)(b+4)—(b+3)b+v+1)(r—2)
= b+ 8+ b +b—12—b"—bv —4b—3v — 3|(v — 2)

= (b+5)(v—-3)(v—2)>0.

Thus, h(s) > 0 and therefore A wu(t,s) > 0 on [v —4,s + v — 3] and u(t, s) is

increasing on [v —4,s + v — 2].
e Forte{s+v—1,---,b+v+2}

Note that v(t,s) = u(t,s) + x(t,s) and Av(t,s) = Au(t,s) + Ax(t,s). But

Au(t,s) > 0 and

=Dt=—s-12_ -ls+r-1-s-1*2
I'(v) N ['(v)
(v—1I'(v—-1)

= () > 0.

Ax(t,s) =
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Thus Av(t,s) > 0 and v(t, s) is increasing.

Thus, 1 and 2 follow easily.

Next, we prove 3. Let a be defined as in the statement of the theorem. Observe

that from earlier in the proof, we know that

min G(t,s) =Gla+v+1,s)
te{a+v+1,- b+v+1}
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(b+v—s—1)"22v+b+s(v—4) —3)(b+4)

T(v—2)(v =220+ v)=2(b+v+1) (a+v+1)=2

b+v—s5s—1)=4b—-s+3)(b+v+1) L
_>NV—%@—9P®+Vﬂﬁ@+u+1)W+”+1F*

(b+v—s—1)22v+b+s(v—4) —3)

T —-2)(v—12b+v)=A(b+v+1) (a+v+1)=L
(a+v — s)r=1
) v | (2.6)
0<s<a+2
(b+v—s5—1)=22u+b+s(v—4) _3)(b+4)(a+y+l)d

v —2)(v —220b+v)=2(b+v+1)

b+v—s—1)=4b—-s+3)(b+v+1) s
_.Hy_m@_gp@+yﬂj@+y+n(a+u+ngf

(b+v—s—1)=2v+b+s(v—4)—3) -
B Y O T e

a+3<s<b+3.

Moreover, we have

max G(t,s) =G(b+v+3,s)
te{v—4,-- b+v+3}
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v —s—1)2u+b+s(v—4)—3)(b+4) -
a D(v—2)(v—2)2(b+v)==4(b+v+1) (b+v+3)==

(b+v—s—1)2b—-s+3)b+v+1) o
Y O I (T S B G

C(b+v—s—1)"= Qv+ b+ s(v—4)-3)
Fv—2)(v —1)20b+v)=2(b+v+1)

b+v+3—s—1)L
I'(v) '

(b+v+3)=L+

Now, let P(s) = G(b+ v + 3,s). Our goal is to show that P(s) is increasing, to

do this we show that AP(s) > 0. We now use the formula

Alc—t)% = —v(c— o)L

(v—)b+v—5—222v+b+s(v—4) =3)(b+4)(b+ v+ 3)==2
v —2)(r—220b+v)=2(0b+v+1)

AP(s) = —

+(V—4)(b+y—s—2)ﬂ(b+y+1)(b—s+3)(b+y+3)d
Fv—2)(v—2)20b+v)=2(b+v+1)

+(b+u—s—2)ﬂ[(y—4)(b+4)+(b+u+1)](b+u+3)ﬂ
T(v—2)(v—2)2(b+ )b+ v +1)

(=D +r—s+1)=2
L)

+(V—4)(b+l/— s —2)v=2(20 + b+ s(v —4) — 3)(b+ v + 3)=L
(v —=2)v—1)20+v+1)(b+v)=

(=4 +rv—s=2)"(b+ v+ 3
(v —2)v—1)20b+v+1)(b+v)=2

(v—4)b+v—5—222v+b+s(r—4) —3)(b+4)(b+ v+ 3)~=2
Fv—2)(v —220b+v)=2b+v+1)
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Lty s =2y 4 Db s+ 3) (bt v+ 32
T(v—2)(v —22(b+ )b+ v + 1)

+(b+u—s—2)d[(y—4)(b+4)+(b+y+1)](b+u+3)d
v —2)(r—220b+v)=2(0b+v+1)

(v—4)b+v—s5s—2)"B32u+b+sv—4)—3)(b+v+3)~L
P(v=2)(v = 12(b+v+1)(b+rv)=t

(v—4)b+v—s—-2)"2b+v+3)*=L v-1)(b+v—s+1)=2

Fv—2)(v—120b+v+1)(b+v)=2 (v —1)2I'(v —2)

v=—1D)v-4)b+v—s—2)S32u+b+s(v—4)—3)(b+4)(b+ v+ 3=
v —2)(r—120+v)=2(b+v+1)

v—1w—-4)b+v—s5—220b+v+1)(b—s+3)

* T(v—2)(v — 12+ )bt v +1)

+(V—1)(b+l/—s—2)ﬂ[(y—4)(b+4)+(b+l/+1)](b+l/+3)”_2
T —2)(v — 130+ )b+ v +1)

(=1 —3)b+v+1)(b+v)=tb+v—s+1)=2
(v — 130 (v —2)(b+v + 1)(b+ )t

(v=3)Yv—4)(b+v—s—2"S2v+b+s(v—4)—3)(b+v+3)~=L
I(v—=2)(v =120+ v +1)(b+v)=

(v=4)b+v—s—2" (v =3)(b+v+3)"
T(v—=2)(v=120+v+1)(b+v)=t

Now,
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=1 —-4)b+v—s—2)"32u+b+sv—4)=3)(b+4)(b+ v+ 3“2
T —2) (v — 12+ )b+ v + 1)

(v—1w—-4)b+v—s—2)"30b+v+1)(b—s+3)(b+v+3)~2
F'v—2)v —1230b+v)=2b+v+1)

+(u— Dh+v—s—2)2(v—-4)(b+4)+(b+v+1)|(b+ v+ 3)=2
Fv—2)(v —1230b+v)=2b+v+1)

(v=1=3)b+v+1)(b+v)=4b+v—s+1)2
(v =130 = 2)(b+ v+ 1) (b +v)~*

+(V_3)(V_4)(b+y_3_2)d(2y+b+8(1/—4)—3)(b—|—1/—|-3)ﬂ
T —2)(r—120+v+1)(b+v)=

(v =+ v =5 =2y = 3)(b+ v+ 3
T(v—2)(v—120b+v+1)(b+v)—*

>0

<~

—v-1Dw—-4)b+rv—5s—2)>22v+b+s(r—4) —3)(b+4)(b+ v+ 3)~=2
(v

(

+

Dy —4)(b+v—s5—2"2(b+v+1)(b—s+3)(b+v-+3)r2
Do+v—s =22 =4)(b+4) + 0+ v+ 10+ v+3)=

+
<

Nw—DHb+v—s—2)"22u+b+s(v—4) = 3)(b+ v+ 31

+
<

—1)(
— 1)(
=1 -=3)b+v+1)(b+v)=2(b+v—s+1)~2
= 3)(
(v=3)v—4)b+v—s—2)"4b+v+3)=L

14

v

0
— (-1 —-4)b+v—s5—2)L2u+b+s(v—4)—3)(b+4)(b+ v+ 3)~=2

+v -1 —-4)b+v—-—5s—2)Sb+v+1)(b—s+3)(b+ v+ 3)~=2
+(rv—1)b—-s+3)(b+v—s—2)2[(r—4)(b+4)+ (b+v+1)](b+ v+ 3)==2
—(v—=Dw=-3)b+v+1)b+v)=2b+v—s+13b+v—s—2)>
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+(v=3)v—4)b+v—5—2)S20+b+s(v—4) = 3)(b+ v+ 3)*—L

—(v=3)v—4)(b—s+3)(b+v—s—2)5b+rv+3)=L>0.

For s € {0,--- ,b+2}, (b+v —s—2)Y=2 > 0, we have that the above inequality
is true
<~

—(w =D =4[+ b+sv—4)—3)(b+4) —
b+v+1)(b—s+3)](b+v+3)r=2
+(v—=1)0b-—s+3)(v—4)(b+4)+(b+v+1)]b+v+3)2
(=D =3)b+v+1)b+v) b+ —s+ 13+ v —3)v—4)2v+b+sv—
4)=3)b+v+3)=L—(v-3)(v—-4)0b—-s+3)(b+ v+ 3)—

>0

—

—( =D =D+ b+ s(v—4) —3)(b+4)
(b+v+3)2

—(b+v+1)(b—s+3) (b—|—5)( (b—{—y);’—4
b+v+3)3 -
+(v—=1)0b—-s+3)(v—-3)(b+ 5)W(b+ v)r=4

—(v=1D)w=3)b+rv+1)b+v)=Lb+v—s+1)2
+(v=3)v—4)[2v+b+s(v—4)—3)—(b—s+3)](b+v+3)3(b+v)=

>0

<

(=1 —4) (v —3)b+5)(s + 1)%(“ y)r=t
+(v—=1)(r=3)(b+5)(b—s+ 3)%(6—!— v)e=4

—(v =) =-3)b+rv+1)b+v)Lb+v—s+1)2
+v=3)v—-D[2v+b+s(v—4)—=3)—(b—s+3)](b+v+3)>20b+v)=

>0
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— -1 -4+ 1)b+rv+32+wv—-1)(b-s+3)(b+v+3)?2
—(v=1)0b+v—s+12+ v —-4)[2v+b+s(v—4)—3)— (b—s+3)](b+v+3)2>0
<~

—v=1Dv-4)s+1)b+r+32+r—1)(b—s+3)(b+v+3)2
—(v-1Db+rv—s+13+w—-4)(r-3)(s+2)(b+v+3)2
>0
<~

—(v=1D0+v+3)2%v—-4)(s+1)— (b—s+3)]

(v =Db+rv—s+12+w-4)(s+2)v-=3)(b+v+3)2>0

—
(v—4)b+v+3)2(r-3)(s+2)—(v—-D(s+1)]+wv-)[0b—-—s+3)(b+v+3)2—
(b+v—s+1)3>0

<~
(v=4)b+v+3)2(r—25s=5)+v—D[b—s+3)b+v+3)2—(b+v—s—+1)3>0,

which is certainly true since

b+v+3)b+v+2)b—s+3)>b+v—s+1)(b+v—s)(b+v—s—1).

Therefore, P(s) is increasing as desired. Which follows that P(0) < P(s) <
P(b+3), for all s € {0,---,b+ 3}. So, finding conditions on 0 < § < 1 such that for
all s € {0,---,b+ 3},

min G(t,s) > 6 max G(t,s)
te{a+v+1,- b+v+1} te{v—4,-- b+v+3}

is equivalent to finding conditions on ¢ such that
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Gla+v+1,s)>0G0b+rv+3,s). (2.7)

To find such a d, we consider the following two cases:

Case 1 s €{0,---,a+ 2}: In this case (2.7) becomes,

b+v—s5—1)"=2Q2uv+b+s(v—4)—3)(b+4)(a+v+1)=2
v —2)(r—220b+v)=2b+v+1)

b+v—s—1)=2b+v+1)(b—s+3)(a+v+1)=2
M= 200~ D0+ = v+ 1)

+(a+u—s)ﬂ b+v—s—1) =2 +b+s(v—4)—3)(a+v+ 1)L
I'(v) F(v—2)(v—120b+v+1)(b+v)=L
b+v—s—1)"=2Qu+b+s(v—4) —3)(b+4)(b+ v+ 3)=2

> 0( T(v—2)(v—2)2(b+v)=2(b+v+1)

(bt+v—s— D=0 +v+1)(b—s+3)(b+v+3)=2
T(v—=2)(v—2)2(b+v)=2(b+v+1)

+(b+y—s+2)ﬂ b+v—s—1)"22v+b+s(v—4)—3)(b+ v+ 3)~L

I'(v) T(v—2)(r—1)2(b+v+1)(b+rv)4

Let
Q(s)::(b+y_8 -2 2u4+b+s(v—4)=-3)(b+4)(a+v+1)==

v —2)(v—220b+v)=20b+v+1)

b+v—s—1)b+v+1)(b—s+3)(a+v+1)=2
P(v—2)(v—2)2(b+v)==2(b+v+1)

(a+v—s)=L (b+v—s—1)ﬂ(2y+b+s(y—4)—3)(a+y+1)ﬂ.

L) D —2)(v — D2+ v+ 1)(b+ v)z="
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Next we show that Q(s) is increasing function of s on [0,b + 3].
AQ(s)

(v—=4)b+v—5s—2)"2Q2v+b+s(v—4)—3)(b+4)(a+ v+ 1)2
I'(v—2)(v—220b+v)=(b+v+1)

(b+v—s5—22v - 4)(b+4)(a+v+1)»2
D(v —2)(v =220+ v)=2(b+v + 1)

L=t v —s =2l s +3)(b+ v+ (at v+ 1)
v =2)(v =220+ v)=2(b+v+1)

(b+v—s—22b+v+1)(a+v+1)=2
(v = 2)(v = 2)(b+ v)==2(b+ v + 1)

+( Ho+v—s—2)=2u+b+sv—4)—3)(a+v+1)—=
P(v=2)r =12+ v)=2b+v+1)

_(b+u—3—2)”_4(V—4)(a+u+1)ﬂ_(1/—1)(a—|—y—s—1)d>0
Fv—2)(r—120b+v)=2b+v+1) I'(v) -

—

(=1 —-H0b+v—s—2)"22u+b+s(v—4) = 3)(b+4)(a+ v+ 1)*2
I'(v—2)(v—120+v)=4(b+v+1)

(v=1D(b+v—s5—2"2(v—4)(b+4)(a+v+1)~2
T(v—2)(v — 1306+ v + 1)(b + v)r=2

(v—1r—4)b+v—5—2S3b—-—s+3)(b+v+1)(at+v+1)¥=2
F'v—2)(r —1230b+v)=20b+v+1)

w=1b+v—s5s—2"b+v+1)(a+v+1)"2
(v —=2)(v—120+v)=4b+v+1)

+(y—3)( Nb+v—s5—2)220+b+s(v—4) —3)(a+3)(a+v+1)=2
v —2)(r—=1230b+v)=2b+v+1)
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(w=3)b+v—s—2)= (v —4)(a+3)(atv+1)2
Fv—2)v—13b+v)=4(b+v+1)

=3ttt v+ ) - Doty —s - )2
L(v—=2)(v = 120+ v)=4(b+v +1) =

<

_|_
—~
AS
|
—_
~ ~ ~— ~— ~— ~— ~—
—~ —~ —~ —~ —~ —~ —
S
+
AN
|
VA

v—4)b+v—s—2)"22v+b+s(v—4)—-3)(b+4)(a+v+1)=2

v—10b+v—s5s—-2"2(v—-4)(b+4)(a+v+1)¥=2

=+

v—4)(b+v—s—2)"2(b—s+3)(b+v+1)(a+v+1)2

+
<
|
—

-2 (b+v+1)(a+v+1)=2

v—4)b+v—s—2)22u+b+s(v—4)—3)(a+3)(a+v+1)=2

|+
—~
A <
| |
w w

b+v—s—2)—=2 4( 4)(a—|—3)(a_|_,/_‘_1)1172

1/—22 0

L
T
OJ
S
+
R

~—

T
q>

—~
S
+
X
+
—_

~—

—~
AN

|
—_
~—

—~
S
_|_
AN

|
Va)
|
—_
~—

< 1

— D —4)b+rv—s—2)22u+b+s(v—4) = 3)(b+4)(a+ v+ 1)~=2

b—s+3)(b+v—s—22(v—4)(b+4)(a+v+1)=2

-1

+
?

—1

)
)
Jv—4)b+v—s5—2)"20b—s+3)b+v+1)(a+v+1)2=2
-1
)
)
)

+
”@

+
’€

=3 —4)b+v—5s—2) 220 +b+sv—4)—3)(a+3)(a+v+1)=2

+
?

—3)b—s+3)(b+v—5—2)"(v—4)(a+3)(a+v+1)2

/‘\
Q

(
(
(
(b—s+3)b+v—s—2)20b+v+1)(a+rv+1)=2
(
(
(

- 3)b+v)=2b+v+1)(v—1(a+v—s5—1)¥2>0

/\
T

!

— D=2 +b+s(v —4) —3)(b+4)
—Db—s+3)v—-4Hb+4)+wv -1 —-4)0b-—s+3)(b+v+1)
)
)

<

+
A

- 1b—-s+3)b+v+1)

+ |
—~ —~ —~ P
S

X

-3

+

v—4)2v+b+s(v—4)—3)(a+3)
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—(v=3)b—s+3)(v—4)(a+3)

v=3)b+v)Z2b+v+1)(v—1D(a+v—s—1)=2
(b+v—s5—23(a+v+1)2

>0

(v—4)2v+b+s(v—4)—3)(b+4)

+rv-1)0b—-s+3)r-Hb+4H+ ¥ -1)r-4b-5+3)(b+v+1)
(b—s+3)(b+v+1)
(

—4)2v+b+s(v—4)=3)(a+3) = (¥ =3)(b—s+3)(v —4)(a+3)
_(V—3)(b+u)&(b—{—v+1)(1j— 1)<CL+V—S— 1);/72
(b+v—s—22(atv+1)=2

>0

v—1rv—-4)v=3)b+5)(s+1)+(b—s+3)(b+5)(r—-3)(v—1)
+(v—4)(v—-3)2v+b+s(v —4) —3)(a+ 3)
—s5+3)(v—4)(a+3)(v—3)

—(b
=30+ )+ r+ (v - D(at v —s—2)2

>0
b+v—s—1)=2(a+v+1)x=2 -

<~
=1 —Db+5)(s+1)+ (b—s+3)(b+5)v—1)+ (v —4)(2w+b+s(v—

4)—=3)(a+3)—(b—s+3)(v—4)(a+3)
_(b+u)ﬂ(b+u+1)(y—1)(a+y_5_1)§>O
(b+v—s—2)3(a+ v+ 1)=2 =

—

v—4[(2v+b+s(r—4)—3)—(b—5+3))(a+3)— (v —1)(b+5)(s+ 1)+
b+v)=2b+v+1)v—-1)(a+v—s—1)=2
b=s+3)b+5)r—1)- b+v—s—2)3(a+v+1)x=2

(
(

—

(v—=4[(s+2)(rv—=3)(a+3)—(w—-—10b+5)(s+1)]+(b—=—s+3)(b+5)(v—
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(b+v)r=2 4(b+1/+1)(1/—1)(a+1/—3—1)ﬁ>0
b+v—s—2)"2(a+v+1)r=2 -

1)—
—
(v —4)[sva — 3sa + 2av — 6a + 3sv — 9s + 6v — 18 — bsv — sbv — vb — Su+

bs +sb+b+5]+ (b—s+3)(b+5)(v—1)
_(b‘|—7/)V—4(b+I/+].><V—1)<a+y_8_1)d>O
(b+V—S—2)ﬂ(a+y+1>y—2 =z

<~
(v —4)[sva — sbv — 3sa+ sb—2sv —4s — 13+ v —6a + b+ 2av — vb| + (b— s +

3)(b+5)(v—1)
=+ N —D(atv—s - 1=
(b+v—s5—2)Y=2(a+v+1)=2 =

)

which is certainly true. Therefore Q(s) is increasing for s € {0,--- ,b+ 3}.

Now, our goal is to show that ¢ in (2.7) is less than 1. Since P(s) is increas-
ing and positive and Q(s) is increasing we have that if we choose § so that
Q(0) > 6P(a + 2) it follows that Q(s) > JP(s) for s € {0,--- ,a + 2}. Now we

show that we can choose 0 < § < 1 so that Q(0) > dP(a + 2),

b+v—1)=2[20+b-3)b+4) — (b+v+1)(b+3)](a+v+1)=2
I(v—2)(v—220b+v)=2(b+v+1)

(a+v)r=t _(b+rv -1 20 +b—3)(a+ v+ 1)L
Fv-2)v—-12 I-2)(v-120+v+1)(b+v)=

+

55 b+v—a—3) =22 +b+(a+2)(v—4)—3)(b+4)(b+v+3)=2
= Fv—2)(v —2)20b+v)=2(b+v+1)

C(btv—a=3)"b+v+ (b —a+1)(b+v+3)*2
T(v—2)(v = 2)2(b+v)=2(b+v +1)

b+v—ar=L (b+v—a—3)"=220+b+ (a+2)(v—4)—3)(b+rv+3)=L

T(v—2)(v—1)2 T(v—2)(v — 12(b+ v + 1)(b + v)==

)
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—

(b+v = 1)"=4b + 5)(v = 3)(v — 1)(a + v + 1)*=2
L(v—2)(v =130 +v)=2b+v +1)

- L (a+3)2
(v=3)b+v+1)(b+v)=2a+v+1) (atv+1)

F(v—=2)b+v+1)(b+v)=2(rv—1)3

_|_

(v=3)(a+3)b+v—1) 42w +b—3)(a+v+1)=2
I(v—2)v—130b+v+1)(b+rv)=L

(b+v—a—=3)"=4(v=3)(v—1)(b+5)(a+3)(b+v+3)*=2

=3 (v =2 = DE0+ )= + v+ 1)

(v=3)b+v—aPb+v+1)(b+v)=2(b+v—a—3)2
T(v—2)v—130+v+ )b+ vt

(w=3)b+tv—a—3(a(v—4) +4v+b—11](b+v +3)*—
(v —2)(v—1230b+v+1)(b+rv)=

)

—

(b+v =1 =4b+5)(r = 3)(v = D)(a+v+ 1)+
v—4 (a +3)*

(v—=3)b+v+1)(b+v) CEEE)

—(wv=3)a+3)b+v—1)=2v+b—3)(a+rv+1)=2

> 5((b+v —a—3)4v = 3)(v = 1)(b+5)(a+3)(b+v +3)2

+(v=3)b+v—aPb+rv+1)(b+v)=(b+v—a— 3)=2

—(v=3)b+v—a—3)"Ha(v —4) +4v+b—11](b+ v + 3)*1)

(a+v+1)=2

—

(b+v—1)=20+5)(v—3)(v—1)(a+v+ 1=+
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(a+3)2(0b+v)

=3+ v+ ) a7 1

(b+v—1)=2(a+v+1)=2

—(v=3)(a+3)(b+v—1)=22v +b—-3)(a+v+1)=2

(b+v+3)4
(b+5)2

>0((b+v—a—3)(v—3)(r—1)(b+5)(a+3) (b+v—1)=

(b+v—a)b+v)
(b+4)

+(v —3) (b+V—|—1)(b+V—1)ﬂ(b+y_a_3)ﬂ

(b+v+3)*

=80y —a = 8)taly —4) + 4w b1

(b+v— 1))

<~

(a+3)2(b+v)
b+4)(a+v+1)

(a+v+1)2=2[(b+5) (v —1)+ (b+v+1) —(a+3)(2v+b—3)]

(b+v+3)2

>0((b+v—a—3)2(v—1)(b+5)(a+3) (b+5)2

(b+v—a)b+v)
(b+4)

(b+v+3)*
(b+4)

(b+v+1) —[a(v —4) +4v + b —11]

)

—

(a+ 3)2(b+v)
(a+v+1)

(a+v+1)2=2[(b+5)2(v—1)+ (b+v+1) —(a+3)(b+4)(2v+b-3)]
>6((b+v—a—-3)=v—-1Da+3)b+v+3)2+0b+v —ab+v)(b+
v+1)—la(v—4) +4v+b—11](b+ v + 3)3])

<~

(a+v+1)2=22[(b+5)2(r—1)(a+v+1)+ (b+v+1)(a+3)2(b+v)

—(a+3)(b+4)(a+v+1)2v+b—3)]
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>5((b+v—a—3)2a+v+Dv—1(a+3)(b+v+3)i+b+v—a)b+

v)(b+v+1)—fa(lv —4) +4v +b—11](b+ v + 3)4]).

Consider the LHS

(a+v+1)22[(b+5)>2r—1)(a+v+1)+ (b+v+1)(a+3)2(b+v)

— (a+3)(b+4)(a+v+1)2v+b—3).

Since the expression
(b+5)2(v—1)(a+v+1)+(b+v+1)(a+3)2(b+v)—(a+3) (b+4) (a+v+1) (2v+b—3)

is increasing in v for 4 > v > 3 we get that

(a+v+1)222[b+52%* v —D(a+v+1)+ (b+v+1)(a+3)2(b+v)

— (a+3)b+4)(a+v+1)2v+b—3)
> (a+4)2(b+5)2%(a+4)+ (b+4)*a+ 3)2

— (a+3)(a+4)(b+4)?

= (a+4)b+4D[20b+5)(a+4)+ (b+3)(a+3)?

— (a+3)(a+4)(b+3)]

= (a+4)(b+4)[2ab+ 8b + 10a + 40 — 2ab — 6b — 6a — 18]

= (a+4)(b+4)[20+ 4a + 22].

Next, consider

(b+v—a—3)2(a+v+1)[(v—1)(a+3)(b+v+3)2+(b+v—a)2(b+v)(b+v+1)

— [a(v —4) + 4v + b — 11](b + v + 3)2]. Since the expression
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(v=1(a+3)b+v+3)2i4+b+v—ab+v)b+v+1)- [a(v—4)+4v+b—
11](b+ v + 3)%

is increasing function in v for 4 > v > 3 we get that

(b+v—a—3)"2(a+v+1)[(v—1)(a+3)(b+v+3)24+0b+v—a)b+v)(b+
+1)— [a(v —4) +4v+b—11](b+ v + 3)4
<(a+5Ba+3)b+72+(b—a+4)>20b+5)2— (b+5)(b+T7)4
=(a+5)(b+52Ba+3)(b+ T2+ (b—a+4)2— (b+7)3
=(a+5)(b+5)b+T7)2Ba—b+4)+ (b—a+4)3].
Thus
Q(0) (a+4)(b+4)[2b+ 4a + 22]

0= Pla+2) ~ @+5) b+ 520+ 72080 —brd)+(b—ardF o

Now, by our choice of a, we have
(a+4)(b+4)[2b+4a+22] < (a+5)(b+5)2[(b+T7)2(3a—b+4)+ (b—a+4)3].

Therefore, the condition on 0 < §* < 1 is

(a+4)(b+4)[2b+ 4a + 22]

0< 0" < (@+5)(b+52b+72Ba—b+4)+(b—a+d3

will satisfy
Q(s) > 6*P(s), forse{0,---,a+2}.

Case 2 s € {a+3,--+,b+ 3}: In this case (2.7) becomes,

(b+v—5—1)"220+b+s(v—4) —3)(b+4)(a+v+1)=2
(v =2)(v —22(b+v)=4b+v+1)

bt r—s—1D)"b+v+ Db -s+3)(a+v+ 1)
T(v—2)(r—220b+v)=2(b+v+1)
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(b—i—l/— S — 1>V—4(2y—|—b—|—$(y—4) —3)(CL+V—|— 1)V—1
(v —=2)(v—120+v+1)(b+v)=2

b+v—s—1)=2Qu+b+s(v—4) —3)(b+4)(b+ v+ 3)=2
Fv—2)(v—2)20b+v)=2b+v+1)

> &

(b+v—s—1)=4b+v+1)(b—s+3)(b+v+3)r=2
[ — 20— 280 + 73 v 1)

b+v—s+2)=L (b+v—s—1)=Z22v+b+s(v—4)—3)(b+v+ 3L

() T(v—2)(v — 120+ v+ 1)(b+ v)2= )

We want to find & so that
R(s) > 6P(s) for se{a+3,---,b+3}

where P(s) is as previously defined and R(s) is given by

b+v—s—1)=22v+b+s(v—4)—3)(b+4)(a+v+1)=2
v —2)(vr—220b+v)=20b+v+1)

R(s) =

b+v—s—1)=2b+v+1)(b—s+3)(a+v+1)=2
P —=2)(v—22(b+v)=4b+v+1)

(b+V— S — 1)V—4(2y+b—i—s(y_4) —3)((1—1—1/—{— 1)1/—1
Py —2)(v =120 +v+1)(b+v)= -

Since P(s) is increasing and positive we have that if we choose 0 so that
R(s) > 6P(b+ 3) it follows that R(s) > 6P(s) for s € {a +3,---,b+ 3}.

We proceed to use an argument similar to the previous case. So

(b+v—s—1)"2Q2uv+b+s(v—4)—3)(b+4)(a+v+1)=2
F'v—2)(r—220b+v)=20b+v+1)
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b+v—s—1)=b+v+1)(b—s+3)(a+v+1)=2
I(v—2)(v—2)20b+v)=20b+v+1)

b+v—s—1) A 2v+b+sv—4)—3)(a+v+ 1)L
T(v—=2)(v =120+ v +1)(b+v)=

- 5((b+u— (b+3)— 1) 2v+b+ (b+3)(v—4) —3)(b+4)(b+ v + 3)=2
- v —2)(r—220b+v)=2(b+v+1)

b+v—0+3)—1D)=2b+v+1)b—(b+3)+3)(b+v+ 32
Fv—2)(r—220b+v)=2b+v+1)

(b+v—(b+3)+2)=L
I'(v)

(bt r—(b+3) - D=2 2u +b+ (b+3) (v —4) — 3)(b—|—y—|—3)ﬂ)
T —=2)v—12(b+v+1)(b+v)=

—

(b+v—s—1)"=22v+b+s(v—4)—3)(b+4)(a+v+1)=2
v —2)(r—220b+v)=2(b+v+1)

(b—f-V—S—l)d(b—f—l/-F1)(b—s+3)(a+y+1)ﬂ
I'v—2)(v—2)20b+v)=4b+v+1)

b+v—s—1) 2 +b+s(v—4)—3)(a+v+ 1)L
P(v—=2)(v =220 +v+1)(b+v)—

> ==l =3B+ 5 +v + 3
=T = 2) (v — 220 + )=+ v+ 1)

I ) e ) (et [ R ) [ LA e
F(v) Tw—-2)(r-120b+v+1)(b+v)=t
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(v—=1)0b+v—s—1)=2v+b+s(v—4)—3)(b+4)(a+v+1)==2
I'(v—2)(v—1230+v)=(b+v+1)
v—1b+rv—s—1)=2b+v+1)(b—s+3)(a+v+1)=2
v —2)(v—1230b+rv)=2(b+v+1)
(v=38)b+v—s—1)=22v+b+s(v—4) —3)(a+ v+ 1)
(v —2)(v—1230b+v+1)(b+v)=2
3((1/ - (v —4)=2(v —3)(b+5)2(b+ v + 3)x=2

S Y7 [P VE (= a7y
L1 (v=3)(v—4)=2(v-3)(b+5)(b+v+ B)Q)
T(v—=2)(v—120+v+1)(b+rv)=2
(2.8)
<~

(v=—1b+rv—s—1)" 220 +b+sv—4)=3)(b+4)(a+v+1)"2
(v —2)(v—1230b+v)=2(b+v+1)

(v—=1)0b+rv—s—1)=20b+v+1)(b—s+3)(a+v+1) =2
Fv—2)v —1230b+v)=2b+v+1)

_(V—S)(b—i—y—s— =22u+b+s(v—4)—3)(a+v+1)=L
T(v—=2)(v =120+ v +1)(b+v)—

> 5(('/ — DI —3)(v = 3)(b+ 5)%(b+ v + 3)“2
SRR T = )

(v =3 =3)(v—=3)(b+5)(b+v+3)~=t
P(v—2)(v =130 +v+1)(b+ )=

Next we show that R(s) is increasing on [a + 3,--- ,b+ 3]. Consider
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AR(s) =
(v—4)b+v—5s—2)"D520+b+s(v—4)—3)(b+4)(a+v+1)"—2
v —2)(r—220b+v)=2(b+v+1)

b+v—s—2"4v—-4)(b+4)(a+v+1)¥=2
L(v = 2)(v = 22+ )4+ v + 1)

+(V—4)(b—|—1/—S—Q)E(b—s+3)(b+y+ D(a+ v+ 1)2=2
(v —2)(r—220b+v)=2(b+v+1)

b+v—s—2=4b+v+1)(a+v+1)=2
Fv—2)(r—220b+v)=2b+v+1)

+(1/—4)(b—i—y—s—2)ﬂ(2l/+b+s(u—4) —3)(a+v+1)=L
F'v—2)v —1)20b+v)=2b+v+1)

otv—s—2) (v —4)(atv+ 1)
L(v—2)(v — D20 +v)=2(b+v+1) ~

—

(=1 -4Hb+v—s—2)22uv+b+s(v—4)—3)(b+4)(a+ v+ 1)
Fv—2)(v —1230b+v)=20b+v+1)

(v=1)0b+v—s—2"2(v—4)(b+4)(a+v+1)"2
Ty —=2)(v =130 +v+1)(b+v)=2

+(y—1)(y—4)(b+u—s—2) Sb—s+3)b+v+1)(at+rv+1)2
I'(v—2)(v—1230+v)=4(b+v+1)

(v =Db+v—5=-2*2b+v+1)(atv+1)2
P(v=2)(v = 1)3(b+v)=2b+v+1)

+(v—3)( Nb+v—s5—2S2v+b+s(v—4)—3)(a+3)(a+v+1)~=2
v —2)(r—120b+v)=2(b+v+1)

=3ty —s 29w (a3 (atr 12
P =2)w =12 +v)=2b+v+1) -
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<~

—v-1Dwv—-4)b+rv—5s—2)"22v+b+s(v—4) —3)(b+4)(a+ v+ 1)2
+v—=1D0b+v—-—s5s—2)"2(v—-4)(b+4)(a+v+1)=2

+v -1 —-4)b+rv—5s—2)*2b-—s+3)b+v+1)(at+v+1)2
+v—1D0b+v—-—s5s—2)2b+v+1)(a+v+1)=2
+(v=3)v—-4)(b+v—s—2)*22v+b+s(v—4) —3)(a+3)(a+v+1)2
(W =3)(b+v—s—2 v —4)(a+3)(a+v+1)w=2

>0

<~

—( =D —4)(b+v—5—2222w+b+s(v—4) —3)(b+4)(a+ v+ 1)2=2
+v—1)b—-s5+3)(b+v—s5—2=2v—-4)(b+4)(a+v+1)=2

+v -1 —-4)b+r—5s—2)*20b-—s+3)b+v+1)(at+v+1)2
+v—=1D0b-s+3)b+v—s—2)2(b+v+1)(a+v+1)=2
+v=3)v—-4)b+v—s—2)"22v+b+s(v—4) —3)(a+3)(a+v+1)2
—(w=3)b—s5+3)(b+v—s—2)"(v—4)(a+3)(atv+1)=2

>0

<~

—( =1 —D)Q2v+b+s(v—4)—3)(b+4)

F—1)b—s+3) -0+ + @ —-Dw—4)(b—s+3)(b+v+1)
Fv—1)0b—-s+3)(b+v+1)
+(v—=3)(v—4)2v+b+s(v—4) —3)(a+ 3)
—(w=3)b—s+3)(r—4)(a+3)>0

<~

—( =1 —4) (v =3)b+5)(s+ 1)+ (b—s+3)(b+5)(v —3)(v — 1)
(

+(v—4)(v—-3)2v+b+s(v—4) —3)(a+ 3)
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—(b—s5+3)(v—4)(a+3)(v—3)

>0

—
—(v=-1r—=49b+5)(s+1)+(b—s+3)(b+5)(r—1)+r—-4)2v+b+s(v—
4) = 3)(a+3)—(b—s5+3)(v—4)(a+3) >0

<~

(v—4)[(s+2) (v —3)(a+3)— (v —=1)(b+5)(s + )]+ (b—s+3)(b+5)(r—1) > 0
<~

(v —4)[sva — sbv — 3sa+ sb—2sv —4s — 13+ v — 6a + b+ 2av — vb] + (b — s +
3)(b+5)(v—1) =0,

which is certainly true since both terms are nonnegative. Therefore R(s) is
increasing for s € {a + 3, -+ ,b+ 3}. Since R(s) is an increasing we have that
if we choose 4 so that R(a + 3) > 6P (b + 3) it follows that R(s) > dP(s) for
s € {a+3,---,b+ 3}. Now we show that we can choose 0 < 0 < 1 so that
R(a+3) > 0P(b+3). Since R(a +3) > dP(b+ 3) we have from (2.8) with

replacing s by a + 3 that

(v—1b+v—a—4)=22v+b+(a+3)(v—4) —3)(b+4)(a+v+1)"=2
F'v—2)(v —130b+v)=20b+v+1)

(v—1b+rv—a—4)2b+v+1)(b—(a+3)+3)(a+v+1)~2
v —2)(v—1230b+rv)=2(b+v+1)

(v=3)b+v—a—4)=22v+b+(a+3)(v—4) —3)(a+v+1)=L
T(v—=2)(v—120+v+1)(b+r)=2

(v =DI(v =3)(v =3)(b+5)*b+v+3)=2
P(v=2)(v — 120+ w2+ v +1)

> §(



46

(=3 =3)(v=3)(b+5)(b+ v +3)~"
D(v—2)(v — 1206+ v+ 1) (b + )=t

Combining the first two terms and simplifying the first term on the left hand

side we get that the above inequality is true

—

(v—=1)0b+v—a—4)"2(a+4)(b+5)(v—3)(a+v+1)==2
Fv—2)(v —1230b+v)=20b+v+1)

(v=3)(b+v—a—445(v - 3) + a(v — 4) + b](a + v + 1)~
(v —2)(v—120+v+1)(b+r)=2

5§ DL = 3)(r = 3)(b+ 5720 +v + 3=
T M= 10+ )=+ v +1)

(v=3)(v =44y = 3)(b+5)(b+ v +3)*=!
P(v—=2)(v—120+v+1)(b+v)=2

L(v—2)(v = 120+ v+ 1)(b+v)~=*

+WV—®@—i%w+u+U@+yﬂj>

—

(v=1)(b+v—a—4)=4a+4)(b+5)(v —3)(a+v+1)=2
—(v=3)(b+v —a—4)=[5(v = 3) +a(v — 4) +bl(a+v + 1)

> 5((v — DI — 3)(v — 3)(b + 5)2(b + v + 3=

— T(w=3)(r=3)(r=3)(b+5)(b+v+3)"+T(v—2)(v—1)3(b+v+1)(b+v)=)
<
v—1b+v—a—42a+4)(b+5)(a+v+1)"=2

—(b+v—a—4)5(v—-3)+alv—4) +b(a+v+1)2
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> 0((v =)D =3)(b+5)2(b+ v +3)2-T(v—3)(v—3)(b+5)(b+v +3)“~L +
F(v—=2)(v—120b+v+1)(b+v)2)

<~
(b+v—a—2)4(a+v+1)2[(a+4)(v—1)(b+5)— (a+3)[5(v —3) +a(v—4) +b]
> 0((v =1 (v —=3)(b+5)2(b+v+3)22-T(v—3)(v—3)(b+5)(b+v +3)“=L+
L(v—2)(v—12%0b+v+1)(b+v)=2)

<~
(b4+v—a—4)4(a+v+1)22[(a+4)(v—1)(b+5) — (a+3)[5(v —3) +a(v —4) +b]
> 0((v—1)T (v =3)(b+5)2(b+v+3)"2—T(v—3) (v —3)(b+5)2(b+v+3)“ 2+
(v —2)(v— Db+ v+ 1)(b+ v)=d)

—

(b+v—a—4)2(a+v+1)=2[(a+4)(v—1)(b+5) — (a+3)[5(v—3) +a(v—4)+]

> 5((1) +v+3)=22[(v -1 (v —=3)(b+5)2-T(v—3)(v —=3)(b+5)* + (v —
(v —1)20b+v+1)(b+rv)=d).
Consider the LHS

(b+v—a—4)"(a+v+1)=2[(a+4)(v—1)(b+5)— (a+3)(5(r—3)+a(v—4)+D)].

Since the expression (a + 4)(v — 1)(b+5) — (a+ 3)(5(v — 3) + a(v — 4) + b) is
increasing in v and 3 < v < 4 we get that
(b+v—a—4)=4a+v+1)2=2[(a+4) (v —1)(b+5) — (a+3)(5(r—3)+a(v—4)+b)]
>(b—a—1)"Ya+D[2a+4)(b+5)— (a+3)(b—a)]

= (b—a—1)=L(a + 4)[ab+ 13a + a® + 5b + 40].

Next consider
(b+v+3)=2T(v—-3)[(v—-1)(b+572(vr—=3)(b+5)?+T(v—2)(v—1)>=%b+
v+1)(b+v)
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<(b+7)20b+5)3(b+4) +6(b+5)
=30b+5)[(b+7)2b+4) +2].
(b—a—1)=(a+4)[ab+ 13a + a® + 5b + 40]

6= 2 306+ 5)(b+ 720+ 4) + 2] =3

Now by our choice of a, we get
(b—a—1)"2(a+4)[ab+ 13a + a® + 5b +40] < 3(b+ 5)[(b+ 7)2(b+ 4) + 2.
Therefore, the condition on 0 < § < 1 is

(b—a—1)"(a+4)[ab+ 13a + a* + 5b + 40]

R 3 +5)[(0+T7)2(b+4)+2]

will satisfy

R(s) > 6P(s), for se€{a+3,---,b+3}.

Thus, combining both cases above ,we shown that any choice of 0 < § < 1

satisfying

d <min{M, N}

where

(a+ 4)[ab+ 13a + a® + 5b + 40]
3(b—a)(b+5)[(b+T7)2(b+4)+ 2|

(a+4)(b+4)[2b+ 4a + 22]
(a+5)(b+5)2[(b+T7)2(3a—b+4)+ (b—a+4)3




the Green’s function G(t, s) will satisfy

min G(t,s) >0 max G(t,s).

te{a+v+1,- b+v+1} ’ te{v—4,-- b+v+3}

Next we prove 4. Consider

b+3 t—v+2 b+3
/ G(t,s)As = / v(t, s As—i—/ u(t, s)As
0

t—v+2

t— 1/+2 b+3
= / u(t, s) + x(t, s)]As+/ u(t, s)As

0 t—v+2

b+3 t—v+2
= / u(t, s As—i—/ x(t, s)As
0 0

b+3 t—v
= / u(t, s As—i—/ x(t, s)As.
0 0

o

Note that
t—v t—v t — _ 1 v—1
/ x(t,s)As = / #As
0 0 ['(v)
_ (t — S)Z|s:t7u
vI'(v) 's=0
L V¥ n t¥ B t¢ B
- T(w+1) T(w+1) T(v+1)
Also

/0+3u(t,s)As _ ﬁl(t)/+3(V—3)(b—|—5)(3+1)(b+y—5—1)”4As

0

b+3
+ 52(15)/0 u+b+sv—4)—3)(b+v—s—1)2As,
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where

Note that

tr=2
Bu(t) = (v—22'(v—=2)(b+v+1)(b+rv)=2
Pa(t) = i

/0 (b+v—s5—1)4(v—3)(b+5)(s+1))]As

—[(s+ 1)(b+5)](b+ v — s)=2=}

T =T -2)b+v+ 1)+t

=b+3 _ b+5)0b+v— S)d|s:b+3

(v—2) 5=0
v—3 vy (=32 (b4v)2
—b+5)[b+4)(v—3)"=—(b+v)=—+ =) _ —
—@+5mb+@r@_zy_@+yy3_(U+2@;;V‘]
(b+v)=2b+v+1)

—(b+5)[b+4H)I'(v—2) — ]

(v —2)
(b+ )= +v+1)

(b+5)[ =

— (b+4)I (v —2)].

]

20
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Next we look at

b+3
/ (b+v—s— 112420 + b+ s(v — 4) — 3)As
0

w+b+s(v—4)=3)(b+v—s)¥=2 _, ., M3y —4)(b4+v—s—1)=2
o Y = (CITIENN
_ —(Vis)[F(y—Z)(b+5)(u—3)—(b+2y—3)(b+y)”‘3

(v—4)(v—-3=2 (v—-4)(b+v)==2
e e
_ _ﬁ[r(y_g)(u_:a)(b%)—(b+2y—3)(b+y)v3
B (y—4)(b+3)(b+y)ﬂ]

(v—2)

2(b+ v)=2(vb+v? — 2v — 3b — 3)

= —T'(v—2)(b+5)+ (v —2)2

Hence

(b+5)b+v+1)(b+ u)d]
(v =2)

(vb+v? —2v —3b—3)(b+ V)@]

(v —2)2 '

/Ob+3 u(t, S)AS = Bl(t)[—(b—l—5)r<y _ 2)(b—|—4) +

+ BOIT -2+ 5) +
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Therefore

tu—2[<b +5)(b+ v+ 1) (b4 )=

b+3 B =)
/0 Gltis = (v =220 (v —2)(b+ v+ 1)(b+ )=

— (b+5)2C(v — 2)]

204+t —w=30-3) L o gy
(v —2)2

(v =120 (v — 2)(b+ v + 1) (b + v)v=2

tl/—l[

>

F(v+1) -1

t=2(b+v)=2(b+5)(b+v+1)(v—1) t
(v=1P3T(v—-1)b+v+1)(b+v)=L T(r+1)

B tv722(yb+ v — 2 —3b— 3)(t—v+2)(b+ V)uf?, .
(v —1)3T(v — )b+ v+ 1) (b + v)=2

tV—QF(l/ —Db+5)[(t—v+2)(rv—3)—(rv—1)(b+4)]
(I/ — 1)§F(lj — 1)(b + v+ 1)(b + V)V*4 .

Since the third term is 0 for ¢ = {v — 4,v — 3,v — 2} and it is less than zero for

v—1<t<b+v+ 3 we get that

b+3 Clt.s)As = =20+ v)“=3(b+5)(b+v+1)(v—1) w

i S =Dl Db+ TTern

=20 (v — D) (b+5)[t—v+2)(v—3) — (v —1)(b+4)]
(l/ — I)QF(V — 1)(b +v+ 1)(b+ V)ﬂ .



It follows that

b+3G(t 9As < (b+5)b+v+3)2v—-1)(b+v+1)(b+v)=

5)
0 - (v —1)30(v — 1)(b+ v + 1) (b + v)2=2
(b+5)(b+v+3)=2(-2b+v—11)T'(v—1)

23

B VRS 5 (7 UPYG § Y[ P
N Ib+v+4)

v+ 1)I'(b+4)

Frb+v+2)(r-1)

B I'(b+v+4) T+ 4) +T(v—1)(-2b+v —11)]
B D(v—1)(v—1)30(b+v+2)
N Fo+v+4)

v+ 1)I'(b+4)
B I'b+v+4) F'b+v+4)(—2b+v—11)
(v —22I(v - 1I(b+4) (v—=12T(b+v+2)
N Lo+v+4) 1

T(v+1)0(b+4)
B Fb+v+4) (b+v+3)2(=20+v —11)
(=22 (v - 1DI(b+4) (v—1)2

Fo+v+4)
v+ 1)I'(b+4)

This completes the proof of Theorem 9.

Theorem 10 (Comparison Theorem) Assume that u and v satisfy

u(v —4)

v

v(v —4)

Au(v —4)

v

Av(v —4)
A*u(b+v) > A’v(b+v)

Alu(b+v)

v

Avu(b+v).
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In addition, suppose that Lu(t) > Lu(t) fort € {0,---,b+ 3}, where Ly := Al_,y.
Then

u(t) >wv(t), for te{v—4,---,b+v+3}.

Proof: Put w(t) = u(t) — v(t) and let h(t) be defined by h(t + v — 2) = Lw(t) =
Lu(t)— Lv(t) > 0,t € {0,--- ,b+3}. Then it follows that w is a solution of the BVP

Lw(t) = h(t+v—2)

wv—4) = Cpi=ulv—4)—v(v—4) >0,
Aw(y —4) = Cyi=Au(v—4) — Av(v —4) > 0,
A*w(b+v) = Cs:=A*u(b+v)— A%(b+v) >0,

Adwb+v) = Cpi=ANub+v)— Avb+v)<0.
Then w(t) is given by the formula
b+3
w(t) —¢(t)+/ G(t,s)h(s)As, te{v—4,--- ,b+v+ 3},
0
where ¢ is the solution of the BVP

Lé = 0
¢(V—4) = Cl, A¢<V—4):CQ,

A2¢(b + V) = Cg, A3¢(b + V) = C4
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and G(t,s) is the Green’s function for the BVP (2.3). Moreover, Theorem 9 shows

that G(¢,s) > 0 on its domain. So as h(t) > 0, it follows that
b+3
W) =0+ [ GRS 20, e {y—d bt
0
provided
o(t) >0, on {v—4,--- b+rv+3}

To see this, first note that

O(t) = at’=t + aot’=2 4 agt’=> + a,t*=2.

C
From the first boundary condition on ¢, we get that as = 1“(—13) From the second
]/ JR—
C. Ci(v—4
boundary condition on ¢, we get a3 = 2 — 1(v ) . Now we use the last

rv—-2) T(v-2)

two boundary conditions on ¢ to find ay; and a;. Using the boundary conditions at

b+ v we get the following system

Ch = ar(v = Db+ )=+ aglv — 220+ 1) + (

Cl(V — 4)2(5 —+ V)V;G
['(v —3)

02 Cl(U—4)
Tv—2) T(v-2) > (v -

3)2(b + v)v=5 +

Ci = ar(v — 1)*(b+ )"~ + as(v — 2)3(b + v)*=> + (
Ci(v —4)3(b +v)="

I'(v—3) '
Multiplying the first equation by (v — 3) and the second equation by —(b+ 4) we get

(v = 3)Cs — (b+ 4)C; + <F(V0i 7 - ?1((:__24))) (v — 32+ 4)(b + )25 — (v —

3)(v — 8)2(b+ 1)) + Nfi b0 (=3 420+ =

02 Cl<l/—4)
T(v—2) T(v-2) ) v =

3)3(b + v)v=5 +
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as[(v —2)2(v — 3)(b+ v)“=2 — (b + 4) (v — 2)3(b + v)“=2]

_—
(v =3)Cs = (b+4)Cs+ (F(VCi 2) CFl((VV—_;))

(v—3)(b+6)]+ G }?32£b;)r V)d[(u —6)(b+4)— (v—=3)(b+7)] = as(v —2)2(b+

V)=2[(v —3)(b+5) — (b+4)(v—4)]

) (b+v)=S(v —3)2[(v —=5)(b+4) —

—

(v—=3)Cs — (b+4)Cy — (F(Vci %)~ ?((:__24))) (b+v)=(v—3)22(b+ v +1))

Ci(v — 4)*(b+v)*=" _ 2 v-5
— T _3) Bb+v+1))=ax(v—22b+v)50b+v+1)

S
(v—3)Cs — (b+4)Cy _ g ( Cy Cl(u—4)) (v —3)2(b+v)=8
(v —=22(b+v)=2(b+v+1) rv—2) Tw-2)) (v—220b+v)=2

3G 4P +r)= .
T(v—3)(v—220b+ve=s 2
—_—
(v —3)C5 — (b+4)CyT'(b+ 6) _9 ( Cy Cl(u—4)) (v —4)
(v—=2)2T(0b+v+2) Fv—2) Tw-2)) (r-2)b+6)

301(1/ — 4)2 .
T —3)(v—22bt72
Next we find a;.
I Cs as(v — 2)3(b + v)r=2
| = _

(v =120 +v)=2  (r—120b+v)=2

_ ( ¢ G- 4>) (v=32(0b+v)>  Ci(v—4)>2(b+v)S
F'v—=2) Tw-2)) (wv-120+v)= Tw-3)(v—120b+r)=

—

o Cs as(v — 3)

(v—120b+v)= (-1)(b+4)

Cy Ci(v —4) (v —3)2% Ci(v —4)2
- (F<v -2) T(r-2) ) (v—120b+52 T(v-3)(v-120b+6)3
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—
CsI'(b+4) (v —=3)[(v —3)C5 — (b+4)C4]T(b + 6)

T DTl rr+l) (-1t 4w —22D0(b+v+2)

2<V — 3)2 02 Cl(V — 4)
USRI (r(y 2 T(w-2) )
X 3(V — 3)(V — 4)201 _ < 02 B Cl(V — 4)) (l/ — 3)2
IF'v=3)v—1)b+4)(v—2)2(b+ 7)2 F'v—2) Tw-=2)) (v—120b+5)2
B Ci(v—4)2
T'(v—3)(v—1)2(0b+6)3
CsT (b + 4) (v =3)C5 — (b+4)C4I'(b+ 6)

ap = —

(v—12I'(b+v+1) (v—=120b+4)T(b+v+2)

(=32 C  Civ—4) 2 1
=N (F(u—?) F(u—2))((b+4)(b+6) (b+5)2)

Cl(V — 4)2 3 1
T -3 -12 ((b+4)(b+ 2 (b+ 6)3)'
Hence

B(t) = a1t + agt’2 + ast’=> 4 aut*=2



where ay, as, a3 and a4 are given above.

- (v —4)° 3(v —4)* v—2
¢“>“63Qy—m(y 2)(b+ 6) my—a@—ayw+7y>t

B (v —3)%(r —4) 2 1
Ol((u—n?r( 2)(( 00106 <b+5>) '

(4)2 3 !
T O e 1 \ e £ ) @+6P)

tl/3 tl/4
1/—2) F —3)

T
(-

+ (y—1n&ia <b+®b+6 bi@)#F0
(5
(5

tV 2 t;.?)
b+6 2)+r@—20

b+4 (v —3)I'(b+6) )Vl
12 b+r+1) =120+ aT0h+0+2)

(v 3) (b + 6)te=2
+(%@—mww+y+m

b+ 6)tr=L (b+4)T(b+ 6)t2=2

’FCQQV—UW@+V+2’Xy—mww+y+m)‘

Next, we show that ¢(t) >0

First we show that the terms involving C; are nonnegative:
o ( L(b+6)tv—L (b+4)T(b + 6)t2=2
4
(

V12T (b+v+2) (v—22T(b+v+2)

B CyT(b+ 6)tv=2

(v =13r(b+v+2)
CiI'(b+ 6)t=2

= w—18T(b+v+2)

(v=3)t—v+2)—(r—1)(b+4)]

(v—=3)(b+5)—(b+4)(v—1)>0.

Now we show that the coefficient of C'3 is nonnegative:
b+ 4)te=L (v —3)I(b+6)tv=L (v —3)L(b+ 6)t==2
(u—l)zl“(b+1/+1) (v—=120b+4)T(b+v+2) (v=2)2I"(b+ v +2)

o8
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B F(b+4)(b+4)(4—y)tﬂ+ (v — 3)D(b + 6)1r=2 -
- (V_ 1)2F(b+l/+2) (V—2)2F(b+y+2) = Y

Next we show that the coefficient of C is nonnegative:
2(v — 3)2=L 2(v — 4)t=2

(v =12 (v =2)(b+4)(b+6) (r—2)(b+6)'(r—2)

(v —3)2— =3
TS E w2152 T(r-2)

B 2(v — 4)tr=2
OB ey s L AU AU )

(v — 3=t =3
1) —2)b+5E Tw-2)
But (v =3)t—v+2)—(vr—1)(b+4) <(r—3)(b+5)— (v—1)(b+4) <0. Hence

2(v — 4)t=2
(]/ — 1)ZF(V _ 2)(b+4)(b—|— 6) [(V - 3)(t — v+ 2) - (b+4)(V — 1)]

(v —3)4"— =3
C(v—1)20(v - 2)(b+ 5)2 t T(v—2) > 0.

Finally, we show that the coefficient of C; is nonnegative:

Av— 2 (3P - At 3 — 4=
)

3)
(v—2T(v—2)(b+6) (v—12T(—2)(b+6)2 I(v—23)(v—2)20b+7)2

tr=4

_(V—4)td+ (v —4)2 ( 3. 1 >t”_1—|——
I'v—2) Tw-=-3)r—-120+4)0b+6)\(b+7) (b+5) I'(v—3)

B (v — 1512/1“_(1/4)—275;)(2[) + 6)2[2(1/ — D0 +5) = (v =3)(t —v+2)]

(v —4)1=3 )
B (y — Q)ZF(V — 3)(b + 7)2[3(V_5)(t_V+3)+(V_2)(b+7)*]+
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tV—4

I'(v—3)

+

Note that
2v=1)(b+5)—(v=3)(t—v+2) > 2(v—1)(b+5)— (v—=3)(b+5) = (b+5)(v+1) >0

and

3v—=>5)t—v+3)+w—-2)b+T7)2% > 3(v—5)(b+6)+ (v —2)(b+T7)2
= (b+6)(10r —29 + b(r —2)) > 0.
Thus

(v —4)%r=2
(v—12I'(v—=2)(b+6

)2[2@ —1)b+5)—(v=3)(t—v+2)]

(v —4)t=3 )
B (y — Q)ZF(V _ 3)(b + 7)2[3(7/_5)(t_V+3)+(V_2)(b+7)*H‘

2(v —4)%
T(v—=3)(v—120b+T7)32

v—1

tl/—4

+—F(y Y > 0. Hence ¢(t) > 0 and therefore

u(t) >v(t), for te{v—4,--- b+v+3}

2.3 Positive Solutions of a Nonlinear Boundary

Value Problem

In this section, we use the properties of the Green’s function corresponding to the

nonlinear boundary value problem (2.1). Recall that the problem is
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(

AV _y(t) = ft,yt+v—2)), te{0,---,b+3}

Aylv —4)=0, i=0,1

ANylb+v)=0, j=2,3
\

where
e J<rv<H4
e bec N

e f:{0,---,b+ 3} x R — R is continuous and nonnegative for y > 0 and

f(t,0)=0forte{0,---,b+ 3}.

Define the Banach space (B, || - ||) by

;

y:{v—4,---,b+v+3} =R

B:=dAyw—4)=0, i=0,1

Nylb+v)=0, j=2,3

together with the norm

lolls = llslli= _ max_Jott)

Define the completely continuous operator A : B — B by

Ay(t) =) G(t,9)f(s,y(s +v—2)), te{v—4-- bt+v+3}

s=0

According to the work that has been done in [4] and Theorem 5, we conclude that

every fixed point of the operator A is a solution of (2.1). In the following we will
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apply Krasnosel’skiis’s theorem to establish the existence of fixed points for A, and

hence of positive solutions of (2.1).

2.3.1 Krasnosel’skiis’s Theorem

The following theorem is attributed to the Soviet mathematician Mark Krasnosel’skiis
(1920-1997), who worked primarily in nonlinear functional analysis in the Ukraine

and Russia.

Theorem 11 Let B be a Banach space, K C B be a cone and let 2y and 25 be open
sets contained in B such that 0 € Qy and Q; C Qy. Suppose that A: KN(Q\Q) — K
is a completely continuous operator. Then A has at least one fived point in KN(:\ Q)

iof either one of the following hold:
o [[Ayll < |lyll fory € KN and [|Ayl| = [lyl| for y € K N D,

o [[Ayl[ = [lyl| fory € KNOQ and |[Ay[| < |[lyl| for y € K N OQy.

To apply Krasnosel’skiis’s Theorem to (2.1), we define

[t

n = (iG(b—i—V—i—B,s))

s=0

W= (i G(b—i—l/—I—S,s))

s=a+3
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Also, we make the following assumptions on the nonlinearity f.

Assume

(Hy) There exists an R; > 0 such that for each 0 <y < R; and ¢t € {0,--- ,b+ 3},
[t y) <nRy.

(Hy) There exists an Ry > 0 such that for each 6 Ry <y < Ryand t € {a+3,---,b+3},
f(ty) = phy.

(Hg) Either R; < (5R2 or /,LRQ < an.

Note that n < g and 0 < § < 1 (where § is the constant found in Theorem 9).
With this in mind, we make assumption (H3) to avoid the case where assumptions

(H,) and (H2) contradict each other.

Theorem 12 Assume that (Hy), (Hy) and (Hs) hold. Then the BVP (2.1) has at

least one positive solution y, with min{ Ry, Ro} < ||y1]| < max{R;, R2}.

Proof: Assume f satisfies assumptions (H;), (Hs) and (Hs). Define the cone

K CB by

;

yeB:yt)>0 on {vr—4,--- ,b+v+3}

K := ¢ and

min ) >§ .
\te{a+y+17...7b+y+1}y( ) — HyH

First we show that A maps K into K. Sincey € K, t € {v—4,--- ,b+v+3}, G(t, s)

is nonnegative everywhere and f is nonnegative for y > 0, we have



ZGts (s,y(s+v—2)) >0, te{rv—4

Furthermore,

min Ay(t)

te{a+v+1,- b+v+1}

te{a+v+1,- b+v+1}
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b+ v+ 3}

_ bji( min G(m) Fs.(s +v—2)

v

te{v—4,-- ,b+v+3}
s=0

b+3

= 0 max ZGts (s,y(s +v—2))

te{v—d, biv+3} £

= O[]l Ayl

Thus, A maps K into K.

Now, define the open subsets Qg == {y € B : ||y|| < R}.

Observe that

§ (5 max Gt S)) f(s,y(s +v —2))

y € 00, = |ly|| = Ry and z € 0Qgr, = ||2|| = Ro.

where Ry and Ry are defined in (H;) and (Hs).

According to (Hj), we have two cases to consider:

Case 1 Ry < 0Rs:

If Ry < dRs, we may apply Krasnosel’skiis’s Theorem to show the existence of

a positive solution to BVP (2.1):

e Suppose that y € K N INg,. Then
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b+3

|Ay|| = max ZGts (s,y(s +v —2))

te{v—4,- b+1/+3}

b+3

= S Glo+v+3,9)f(s,y(s+v—2))

s=0

b+3
< nR (Z Gb+v+ 3,3))

s=0
= Rl

= llyll-

e Suppose that y € K N 0NQg,. Then

b+3

A = G(t, -2
14yl te{u—?la§+u+3}z $)f(s,y(s +v =2))
b+3
= ) Gb+v+3,9)f(s,y(s+v—2)
s=0
b+3
> Y Gb+v+3,9)f(s,y(s+v—2)).
s=a—+3

Now, since y € K N 0€)g,, we have that

min t) > d|lyll,
tG{a+y+1’...’b+V+1}y( ) — ||y||

and hence

ORy <y(t) < Ry, for te{a+v+1,--- b+v+1}.
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Therefore, assumption (Hs) implies that

ft—v+2,y(t) > puRy ,fortefa+v+1,---  b+v+1}

— f(s,y(s+v—2)) > pRy, for s € {a+3,---,b+ 3}.

Hence

b+3
1Ayl = tE{I/*Bl“aerqu?)} ; Gt 8)f (s y(s +v =2))
b+3
= ZG(b+V+3,s)f(s,y(s+V— 2))
s=0
b+3
> Z Gb+v+3,8)f(s,y(s+v—2))
s=a+3
b+3
> pRy Y Gb+v+3,s)
s=a+3
= Rs
=yl

Since we have proved that

e ||Ay|| < ||y||, for all y € K N ONg,,

o [|Ayll > |[yl], for all y € K N IQ,.

Krasnosel’skiis’s Theorem part 1 with Q; := Qp, and s := Qp, implies that A
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has a fixed point y; € K N (Qg, \ Qr,). It follows that y; is a solution to the

Case 2 uRy; <nR;:

If uRy < nRy, we apply Krasnosel’skiis’s Theorem part 2 to show the existence

of a positive solution to the BVP (2.1):

e Suppose y € K N 0Og,. Then

b+3
Il = R 2, O vl =2)
b+3
= > G+v+3.5)f(s,y(s+v—2))
s=0
b+3
< pRY Gb+v+3,s), by (H)
s=0
= |lyll-

e Suppose that y € K N INQg,. Then

min ) > 6 7
te{atv+1,- b+v+1} y< ) = HyH

and hence
dRy <y(t) < Ry,for te{a+v+1,--- ,b+v+1}.

Therefore, assumption (Hs) implies that
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ft—v+2,y(t) > pRy ,forte{a+v+1,--- ,b+v+1}

= f(s,y(s+v —2)) > pRy, for se€{a+3,---,b+ 3}

Hence,

b+3
1Ayl = te{ufé{f-l-a,}biwﬁ} ; Gt 5)f (s, (s +v =2)
b+3
= ZG(b+V+3,s)f(s,y(s+y— 2))
s=0
b+3
> Z Gb+v+3,8)f(s,y(s+v—2))
s=a+3
b+3
> pRy Y Gb+v+3,s)
s=a-+3
— R,
= |lyll-

Since we have proved that

e ||Ay|| > ||y||, for all y € K N ONg,,
o [|Ayl| <|lyl], for all y € K N OQ,.
Krasnosel’skiis’s Theorem part 2 with Q; := Qp, and €y := Qp, implies that A

has a fixed point y; € K N (Qg, \ Qr,). It follows that y; is a solution to the

Since Ry and R, from assumptions (H;) and (Hj) are positive, we see that in
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either case, y; is a nontrivial solution to the BVP (2.1) with

min{Rl,Rg} S ||y1H S max{Rl,Rg}.

2.3.2 Banach’s Theorem

The Banach fixed-point Theorem (also known as the contraction mapping theorem)
is an important tool in the theory of metric spaces; it guarantees the existence and
uniqueness of fixed points of certain self-maps of metric spaces, and provides a con-
structive method to find those fixed points. The theorem is named after Stefan

Banach (1892-1945), and was first stated by him in 1922.

Theorem 13 Let (X, d) be a complete metric space and suppose f : X — X is a

contraction mapping, where 0 < L < 1 is a constant such that

|f(z) = f(y)| < Llx —y|, for all x,y € X.

Then
e f has a unique fized point y € X.

e lim f"(z)=y, forallz e X.

n—oo
Ln
1-L

o d(f"(x),y) < d(z, f(x)), for allx € X andn € N.

Here we use the notation f"(x) = (fofo---of)(z) n times.
Since (B, || - ||) is a complete metric space (with d(y1,y2) := ||v1 — y2||), we may

apply the Banach Contraction Theorem to prove the existence of a unique solution

to the BVP (2.1), provided the nonlinearity f satisfies a uniform Lipschitz condition.



70

Theorem 14 The nonlinear boundary value problem (2.1) has a unique solution pro-

vided there exists a 0 < v < n such that f satisfies the uniform Lipschitz condition

’f(tayl) - f(t7y2)‘ < 7‘y1 - yQ‘

b+3 -1
forallt € {0,--- b+ 3}, y1,y2 € R and n := (ZG(b+V+3,3)> is the fized

s=0
constant involving the Green’s function.

Proof: Assume that there exists a 0 < v < n such that f satisfies the uniform

Lipschitz condition above. Then given any 1,42 € R, we may estimate

Ay (8) = Aya(t)] = 1) Gt,s)f(s,01(s +v—=2)) = D G(t,8)f(s,92(s + v —2))|

= 1D Gt.s)(f(s,3(s + v —2) = f(s,92(5 + v —2))]

b+3
< Y G f (s, (s +v—2) = f(5,92(5 + v —2))]
s=0
b+3
< Y Gh+v+39) (s +v—2) — (s +v—2)
s=0
b+3
< D GO+v+3shlly — el
s=0
b+3
= Ay — w2l Y Go+v+3,9)
s=0

7
- _||y1—92H7
n
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fort e {v —4,--- b+ v+ 3}. Hence
v
|Ayr — Ayal| < ;H% — 4al|-

Then A is a contraction mapping with Lipschitz constant T e [0,1). Banach’s Con-
n

traction Mapping Theorem implies A has a unique fixed point y; € B, and y; is the

unique solution to the BVP (2.1). Furthermore, we obtain this unique solution by

calculating for any y € B the function

lim A™y.

n—oo

Moreover, for any chosen initial function y € B, Banach’s Theorem part (3) allows us

to calculate the error of estimation at any step n € N using the formula

n

,y
nn_,yn

[|A™y — 1] < Ay — y]|.

Remark 15 We claim that

where

[ - gfF@+V—$@+u+3yw+®@u+b+qy_®_3)

(v—=3)IT0b—-s+4)(b+5)

=0

as F'b+v—s+3)

<DL —s+4)

sS=



To see this consider

1
Ui

b+3

> Go+v+3,s)

s=0

S bty — s — 1)+ b+ sy —4) — 3)(b+4)(b+ v + 3)2=2
Z( )—( ( ) —3)(b+4)( )

T(v—2)(v — 2)22(b+ )" A(b+ v+ 1)

s=0

(b+v—s—124b—s+3)(b+v+1)(b+v+3)+2
D(v —2)(v —2)=2(b +v)=2(b+ v +1)

b+v—s—1)"=22v+b+s(v—4) —3)(b+v+3)=L
(v —2)(v—1)=20b+v)=b+v+1)

(b+v—s+2)=1
I'(v)

§(b+v—s—1)”‘4(2u+b+s(u—4)—3)(b+4)(b+u+3)”‘2

v —2)(v—2)2=2b+v)=L(b+v+1)

I'b+v—s)'(b+v+4)
T(b—s+4)T(b+6)

2v+b+s(v—4)—-3)(b+4)

Fb+v+1)
S T(b+5)

=0 T(v—2)T(v—1)(b+v+1)

IF'b+v—s+3)
['(b—s+4)
Z (v—1I'(v—-1)

b+3

1 Lb+v—s)b+v+32b+4)2v+b+ s(v—4) —3)
F(l/—l)z

2 T(v—2)(b—s+4)(b+5)

b+3

1 I'b+v—s+3)
F(V—l);(l/—l)f‘(b—s%—él)'

72
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Example 16 Consider the following boundary value problem

(

AT y=@wt+n—-2)(t+1)2 te{0,---,15}
y(m —4) = Ay(r — 4) =0, (2.9)

A?y(12+ 1) = A3y(12 + ) = 0.

\

Here, we have the nonlinear problem (2.1) with

v=m, f(t,y) = y*(t + 1),

b=12,a=6

and
D{y} = {r—4,-- ,m +15}.

Let us apply Krasnosel’skiis’s Theorem to show that (2.9) has at least one positive
solution. To do this, we must find constants Ry, Ry > 0 such that the assumptions
(H1), (Hs) and (H3) are satisfied. first, we calculate the following three constants from

Theorem 9:

(a+4)(b+4)[2b+ 4a + 22]
(a+5)(b+5)2[(b+T7)2(3a—b+4)+ (b—a+4)3]

15 -1
n = (ZG(b—I—V—f—?), s)) ~ 0.000705.

s=0

~ 0.0009041.

15 -1
po= (Z G(b+v+3, s)> ~ 0.00196.

s=9



e We want to find Ry > 0 such that

o
IA

— 0 (t+1)** <nR,

IN

«—0 < R*6*<nR,

R < 1

= To)? ~ (0.000002753.

<~ 0

IN

Then (Hy) holds with Ry := 0.000002753.

o We want to find Ry such that

flt,y) > wpRy, for 0Ry<y<Ryand te{a+3,-

f(t,y) <nRy, for 0<y<R, and tec{0,---

74

.15}

b+ 3}

f(t,y) > wpRy, for 0Ry<y<Ryand te{9,---,15}

= (t+1)%* > uR,.

Hence if we choose Ry so that

(6R210)* > Ry,

then

(t+ 1)*y* > puRs,

and hence we can take Ry = 23.981. Then (Hs) holds with Ry := 23.981.

e (Hj;) also holds, since Ry ~ 0.000002753 < 0.02168 ~ J Rs.

Therefore, Krasnosel’skiis’s Theorem implies that (2.9) has a positive solution y; on

{m—4,--- 7+ 15}. Furthermore,
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Ry < lyi]| £ Re.

Example 17 Consider the fractional boundary value problem

- B y(t+m—2)
Aﬂ'fﬁly - (t + 12)3 ) t € {07 715}
y(m —4) = Ay(r — 4) =0, (2.10)
A?y(12+71) = A¥y(12 +7) = 0.

\

The BVP (2.10) is of the form (2.9), where

_ Yy
(t+12)3°

b=12,a=6

v=m, f(t,y) =

In this, problem , we apply Banach Theorem to show that (2.10) has a unique solution

on{m —4,--- 7w+ 15}. Note that fort € {0,--- ,15} and y1,y2 € R,

n Y2
t — f(t = 5 — -
1
- m|yl_y2|
1
< @|y1_y2|
. -
= 1798 Y1 — Y2l
S Lipschit tant 1 1 Si
o our Lapschitz constant 1s v = ——. Since
b 7T 178

1
0 <7y =-—==~0.0005787 < n =~ 0.000705

Banach’s Theorem implies the ezistence of a unique solution of (2.10) on

(r—4,-- ,7+15}.
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2.4 Multiple Positive Solutions of a Nonlinear
Boundary Value Problem

In this section, we give some results about the existence of two positive solutions of
a nonlinear boundary value problem. We shall first state the following theorems that
can be found in [8] on fixed point index and multiple fixed points. Recall that the

operator A and the cone K are defined as in Section 2.3.

Theorem 18 Let K be a retract of the real Banach space B. Then, for every
relatively bounded open subset Q0 of K and every completely continuous operator
A Q — K which has no fized points on OF), there exists an integer i(A, €, K)

satisfying:
o Normality: i(A,Q, K) =1 if Ay = yo € Q for any y € Q.

o Additiity: i(A,Q,K) = (A, Q, K) 4+ i(A,Qq, K) whenever 1 and Qy are

disjoint open subsets of 0 such that A has no fived points on 0\ (Q; U Q).

e Homotopy invariance: i(H(t,-),Q, K) is independent of t whenever
H :[0,1] x Q = K is completely continuous and H(t,y) = y for any (t,y) €
[0, 1] x 0f2.

e Permanence: i(A,Q, K)=i(A,QNY) if Y is a retract of K and A(Q) C Y.

i(A,Q, K) is called the fized point index of A on Q0 with respect to K and is uniquely

defined.

Theorem 19 Let B be a Banach space and K C B be a cone. For p > 0 assume that
A: K, = K is compact such that Ay # y for every y € 0K, :=={y € K : ||y|| = p}.
Then



7

o If||Ayl| > ||yll, for every y € 0K,, i(A, K,, K) = 0.

o If||Ay|| < ||yl|, for every y € 0K, i(A, K,, K)=1.

Theorem 20 Let Q,,$Q,, and €., be three open sets in the Banach space B such
that 0 € Q,,,Q, C Q. and Q,, C Q. Let A KN (Qrs\ Qry) — K be a completely

continuous operator. Suppose that
o [[Ayll = [lyl], for every y € K NOQ,,;
o ||Ayl| < |ly|| and Ay # y, for every y € K NOQ,,;
o [|[Ayll = [lyll, for every y € K N OKQ,, .

Then A has at least two fized points in K N (Qrg\ Qry).

With the assumptions on the nonlinearity f in Section 2.3 , we assume the following

f(t,y) f(t,y)

(Hy) lim min = lim min =222 = 0o (sub-superlinear).
y—0t te{v—4,-- b+v+3} Yy y—oo te{v—4,--- b+v+3} Y
t t

(Hs) lim max fty) = lim max J(ty) = 0 (super-sublinear).
y—0+ te{v—4,- b+v+3} Yy y—oo te{v—4,-- b+v+3} Yy

With the above assumptions on f we prove the following theorems.

Theorem 21 Assume that (Hy) and (Hy) hold. Then the BVP (2.1) has at least two

positive solutions y; and yo with 0 < ||y1]] < Ry < ||ya]].

b+3
Proof: Choose M > 0 such that 6 M Z G(b+v+3,s) > 1. By the first part of (H,),

s=a+3
we can choose r > 0 such that r < Ry and f(t,y) > My fort € {v—4,--- ,b+v+3}
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and 0 < y < r. Then if y € K N 9JS2,., we have

b+3

1Ayl] = max > G(t,9)f(s,y(s +v—2))

te{v—4,- b+v+3} 0
S=!

b+3
= Y Gb+v+3.9)f(s,y(s+v—2)
s=0
b+3
ZG(b+u+3,s)My(s+1/—2)
s=0

b+3
Ms Y Gb+v+3,5)lyll

s=a+3

b+3

= Mollyll Y- Glb+v+3.9)

s=a-+3

v

v

v

[yl

Then
i(A,Q.,K)=0

by Theorem 19. By the second part of (Hy), there exists p > 0 such that f(¢,y) > My
p

for y > p. So choose R > max{R;, 5

}, where Ry is the constant guaranteed by (H;).
Then for y € K N 0Qg, we have

min t) >0 >O0R > p.
te{a+v+1,- b+v+1} y( ) — ||y|| - =P



and

Ayl

Hence

For y € K N0Qg,, we

[ Ayl

v

A%

v

v
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b+3

max ZGts (s,y(s+v—2))

te{v—4,-- b+u+3}

b+3
ZG’(b—I—V—i—S,s)f(s,y(s—l—l/— 2))
s=0

b+3

Z Gb+v+3,s)f(s,y(s +v—2))
s=a+3

b+3

Z Gb+v+3,s)My(s+v—2)
s=a+3

b+3
Ms Y Gb+v+3,5)|lyll
s=a+3

[yl

i(A, Qp, K) = 0.

have

IN

IN

b+3

max ZGts (s,y(s+v—2))

te{v—4, bv+3} £

b+3
ZG(b+u+3,s)f(s,y(s+V—2))
s=0
b+3
Ny Gb+v+3.s)y(s+v—2), by (H)
s=0
b+3
nZG(b+ v+3,5)Ry
s=0
b+3

Ny Gb+v+35)yll

s=0
[yl
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Hence by Theorem 19, we have

i(A, Qp,, K) = 1.

Since Ay # y for every y € K N0Qg, Theorem 20 (with 71,79 and r3 replaced by r, Ry
and R respectively) implies that there exist a fixed point y; € Qr \ Qg, and another
fixed point yo € Qp, \ Q.. It follows that the BVP (2.1) has at least two positive

solutions y; and ys with [|y1]| < Ry < ||yall-

Theorem 22 Assume that (Hy) and (Hs) hold. Then the BVP (2.1) has at least two

positive solutions yy and yo with 0 < ||y1]| < Re < ||y2||.

Proof: Using both parts of (Hs) and the continuity of f(¢,y) with respect to y, we
have for any € > 0 there exists M > 0 such that f(t,y) < M + ey, for every y > 0

andte{v—4,--- ,b+v+3}. Forye K

b+3
Ay|| = —2
1Ayl te{y_g?%ﬂ%};G(t,S)f(S,y(S+V ))
b+3
= Y Go+v+3,9)f(s,y(s+v—2)
s=0
b+3

IN

ZG(b+u+3,s)(M+ey(s+V—2)).

s=0
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ML
1 <L L} (where Ry is the constant guaranteed in
—€

(Hs)) large enough and € > 0 small enough, we obtain

Then, if we choose R > max{Ra,

b+3
ZG(b—i—y—i—B,s)(i\/[—l—ey(s—i—y—Q))
s=0

b+3

ZG(b—l—V—i—S,s)(M—i-eR)

s=0

= LM+ eLR

IA

< R=yll

b+3
with y € K N0Qp, where L = G(b+ v +3,s). Thus

s=0

i(A,Qp, K) = 1.

1
Again by the first part of (Hs), if 0 < e < 7 is given, then we can choose r > 0 such

that
ft,y) <ey, forevery 0<y<r.

So, if we further assume 0 < r < Ry and y € K N 0f),, then

b+3

A = -2
1Ayl te{y_g§>g+y+3};G(t,S)f(s,y(s+V ))
b+3
= ZG(b+y+3,s)f(s,y(s+z/—2))
s=0
b+3
< S G4y B s v -2)
s=0
< Ler
< |yl
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Hence
i(A, Q. K)=1.

On the other hand, for y € K N 0Qg,, we have

' t) > d|lyl| = R,
t€{a+zx4¥rll}.1.1yb+l,+1}y< ) — Hy“ 2
Then
b+3
il = te{uEﬁﬁw?’};G(t’S)ﬂs’y(s +v—2)
b+3
— ZG(b+V+3,s)f(s,y(3+y_ 2))
s=0
b+3
> Z Gb+v+3,3)f(s,y(s +v—2))
s=a+3
b+3
> > Gb+v+3s)uR
s=a+3
= |lyll.
Thus

i(A,Qg,, K) =0.

Hence Theorem 20 implies that there exist a fixed point y; € Qg \ Qg, and another
fixed point yo € Qp, \ Q. It follows that the BVP (2.1) has at least two positive

solutions y; and yo with 0 < ||y1|| < Ra < [|yz]]-
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2.5 Liapunov Inequality

Theorem 23 (Liapunov Inequality) If

b+v+3 (y_ 1)3
/V_4 lq(t)|At < b+v+322b+ 11 —v)+ (v — 13’ (2.11)

then the BVP

(

Ay y+qt)yt+v—4)=0

yv—4)=Ay(vr—4)=0 (2.12)

A’y(b+v) = Ady(b+v)=0

\

has only the trivial solution.

Proof: Assume that the inequality (2.11) holds but the BVP (2.12) has a nontrivial

solution. Then y(t) is a nontrivial solution of the BVP

Ay = —q)ylt+v—4), te{0,---,b+7}
yv—4) = Ay(v-4)=0

A*y(b+v) = Ayb+v)=0.
Since y(t) is a solution of the above BVP

y(t) = / G(t, 5)[—q(s)y(s + v — 4)]As
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where G(t, s) is the Green’s function for the BVP (2.3). Pick ¢ty € {v—4,--- ,b+v+3}

such that
ly(to)] = max{|y(t)| : v —4 <t < b+ v+ 3}.

consider

Il = ly(to)] = | / Glton s)[—q(s)y(s + v — ) As]

b+3
< G(to, s)la(s)lly(s +v —4)|As
0

b+3
< / Glto, 8)la(s)||y]| As
0

IN

b+3
/ G(b+ v+ 3, 9)]a(s)lyl| As.
0

If q(t) =0on {v—4,--- ,b+v+3}, then by Theorem 8 the BVP (2.12) has only the
trivial solution. So assume that ¢(t) Z 0 on {v —4,--- b+ v + 3}. In the proof of
Theorem 9 we proved that P(s) := G(b+ v+ 3, s) is increasing with maximum value

J = P(b+3). Since G(t,s) < G(b+ v+ 3,b+ 3) and ¢(t) # 0, we have that

b+3
Il = () < Iyl / Tlg(s)|As (2.13)
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where by Theorem 9,

J = Pb+3)=G0b+v+3,0+3)
b+v—(b+3)—1)=22v+b+ (b+3)(v —4) — 3)(b+4)(b+ v + 3)*=2
(v=22T'(v—-2)(b+v+1)(b+ )4

(b+v—(b+3)—1)=2b—(b+3)+3)(b+v+1)(b+v+3)2
(v—=22I'(v—2)(b+v+1)(b+ )=
(b+v—(b+3)—1)“=22v+b+ (b+3)(v —4) — 3)(b+ v + 3)*—L
(v — )ZF(V—2)<b+I/+1)(b+V)V 4
(b+v—(b+3)+2)—=

b
a I'(v)
D =3)(r=3)0+52b+v+3)*2 T-3)(r-3)0+5*b+v+3)~—2
(=22 (v —-2)(bH+rH+ )b +Fr)=t (v =120 (v —2)(b+ v+ 1) (b+ )=t
+ 1
 (v- )(b+4)(b+u+3)2_(u—3)(b+5)(b+u+3)2+1
B (v—1)3 (v—1)3
_ (b+u+3)3(2b+11—y)+1: (v—12+b+v+3)232b+11 —v)
(v—1)3 (v—1)3 :

Dividing both sides of (2.13) by ||y||, we get the inequality

1% 2 — UV vV — 3 b+3
1<<<b+ Lo L )/ 4(s)|As.

Hence

b+v+43 (V . 1>§
/H la(t)|At > ((b U 3)22b L - )+ (v — 1)3)

which contradicts (2.11).
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Chapter 3

The Conjugate Boundary Value
Problem

In this chapter we consider a fourth order boundary value problem with (2,2) conju-

gate boundary conditions.

3.1 The Boundary Value Problem

In this section we are concerned with the nonlinear fractional boundary value problem

¢

AV _y(t) = f(t,y(t+v—2)), te{0,---,b+1}

Aiy(v —4) =0, i=0,1 (3.1)

Aylb+v)=0, j=0,1,
\

where
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e 3<rv<4
e bec N

o f:{0,---,b+ 1} x R — R is continuous and nonnegative for y > 0 and

f(t,0)=0forte{0,---,b+1}.
Note the following domains for each function appearing in problem (3.1):
o D{AY 4y} ={0,---,b+1}
e D{y}={v—4,--- b+v+1}
o D{Ay}={v—4,--- ,b+v+1—1i}, for each i € {0,1}
o D{ANy} ={v—4,--- ,b+v+1—j}, for each j € {0,1}.

In particular, the unknown function in problem (3.1) satisfies

y:{v—4,-- -, b+v+1} =R
Using Theorem 5 and methods in Chapter 2, we prove the following theorem.

Theorem 24 (Green’s Function) For each fized s, let u(t,s) be the unique solution

of the BVP

(

AY_u(t) =0

u(lv—4,s) =Au(v —4,5) =0 (52)

ulb+v,s)=—x(b+v,s)

Au(b+v,s) = —Ax(b+v,s)

\
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where x(t, s) is the Cauchy function for AY_,u = 0.
If h : Ng — R, then

1s the unique solution of the BVP

AY_y(t) = h(t), tef0,--- b+1}

ylv—4,s) =Ay(v —4,5) =0

y(b+v,5) = Ay(b+v,5) = 0

where G(t, s) is the Green’s function for the problem

(

Ay _y(t) =0
ylv —4) = Ay(v —4) = (3.3)

yb+v)=Aylb+v)=0

and is given by

v(t,s), 0<s<t—v+1<b+1
G(t,s) =
u(t,s), 0<t—v+2<s<b+1

where v(t,s) = u(t,s) + x(t, s).

Proof: Similar to the proof of Theorem 8. See Appendix A.



89
3.2 The Derivation of Green’s Function

Following the same method as in Chapter 2, we derive the Green’s function for the

BVP

7

Azlif4y(t):07 tE{O, 7b+1}

Alylv—4)=0, i=0,1

Aylb+v)=0, j=0,1.
\
The Green’s function for the homogeneous problem corresponding to (3.1) (see ap-

pendix A) is given by the following

v(t,s), 0<s<t—v+1<b+1
G(t,s) = (3.4)

u(t,s), 0<t—v+2<s<b+1

where

(b+v—s—1)=2w-10b+3)(s+1),,

) = T B e DO b

(b+v—s—1)=202v+b+s(v—2)— 1)#/71
PG+ v+ )b+ )2 o

and
ot 5) = (b+v—s5s—1)=2uv—-1)(b+3)(s+ 1)#/_2
’ T(W)(b+ v+ 1)(b+ )2
(b+rv—s— D=22u +b+s(v—2) — 1)tﬂ . (t — o(s))r=L
L'(v)(b+v+1)(b+ v)=2 T(v)
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Note that if v = 4, then we get that the standard Green’s function for the BVP

is given by

(

2(b +5)2 6(b+ 5)2 6

G(t,s) =

(b—s+32(s+1), (b=s+32b+25+7) ,

2(b + 5)2 6(b + 5) !

\

b—s+32%s+1), (-=s5+3>0+25+7) §+(t—s—1)§

0<s+3<t<b+4,

0<t<s+2<b+3.

Theorem 25 Let G(t,s) be the Green’s function for (3.3). Then G(t,s) satisfies the

following properties: for each fized s € {0,--- b+ 1},

1. G(t,s) >0 forte {v—4,--- ,b+v+1}.

b (b +v +2)
. < .
& A (ﬂnﬁAS—P@+1ﬁw+Q)

Proof: Similar to the proof of Theorem 9. See Appendix A.
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Theorem 26 (Comparison Theorem) Assume that u and v satisfy

uv—4) = viv—4), Aulv—4)> Av(v—4),

ulb+v) > vb+v), Aulb+v)>Avb+v).

In addition, suppose that Lu(t) > Lv(t) fort € {0,--- ,b+ 1}, where Ly := Al_,y.

Then

u(t) >w(t), for te{v—4,---,b+v—1}

Proof: Similar to the proof of Theorem 10. See appendix A

3.3 Existence of a Unique Solution of a Nonlinear
Boundary Value Problem

In this section we use the Contraction Mapping Theorem to establish the existence

of a unique solution of the BVP

(

AZ_4y:f(t,y(t+V—2>), t€{077b+1}

ylv—4)=A, Ay(lv—4)=B (3.5)

yb+v)=C, Aylb+v)=D.

\

Theorem 27 Assume f:{0,--- ,b+1} xR — R is continuous and satisfy a uniform

Lipschitz condition with respect to the second variable on {0,--- b+ 1} x R with
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Lipschitz constant K. If

oMb+ v+ 2) < LF 1;5(“2), (3.6)

then the BVP (3.6) has a unique solution.
Proof: Let B be the Banach space of continuous functions on {0,--- b+ 1} with the

norm
lyll == maa{ly(®)] : t € {v — 4, b+ v +1}.
Note that y is a solution of the BVP (3.6) iff y is a solution of the integral equation
b+1
y(t) = z(t) +/ G(t,s)f(s,y(s+v—2)As, te{v—4,---  b+v+1},
0
where z s the solution of the BVP

(

AV ,z2=0
Vz2(v—4)=A4, Az(v—4)=B

2(b+v)=C, Az(b+v)=D

\

and the G(t, s) is the Green’s function given for the BVP (3.3).
Define T : B — B by

Ty(t) = 2(t) + /0 : G(t,s)f(s,y(s +v —2))As,

fort € {v —4,--- b+ v+ 1}. Hence the BVP (3.6) has a unique solution iff the

operator T' has a unique fixed point.
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We will use the Contraction Mapping Theorem to show that T has a unique fixed

point in B. Let y1,y> € B and consider

Tya(t) — Ty(t)]

where

IN

IN

IN

VAN

b+1
2(t) + / G(t, ) F (5, 5(s + v — 2))As

b+1

z(t) — G(t,s)f(s,y2(s+ v —2))As|

0

b1
|/0 G(t,s)f(s,y1(s+v —2))As

b1
/0 G(t,s)f(s,y2(s +v —2))|As

b+1

Gl (s s +v=2) = fls,pa(s +v = 2))|As

b+1
/ G(t,s)K|y1(s +v —2) —ya(s + v — 2)|As
0

b+1
K/ G(t, ) As|[y1 — el
0

KL||yl —y2||,

2'(b+ v +2)

L= s re+r

fort € {v —4,--- b+ v+ 1}, where for the last inequality we used Theorem 25. It

follows that

[ Ty1 — Tya|| < KL||y1 — w2l

where from (3.7) we have KL < 1. Hence T is a contraction mapping on B, and by

the Contraction Mapping Theorem we get the desired conclusion.
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Example 28 Consider the fractional boundary value problem

.

. yt+T—-2)
ATy = NEETIE te{0,---,8}
y(m—4) = Ay(m —4) =0, (3.7)
\y(7+7r) =Ay(7T+m)=0.

The BVP (3.8) is of the form (3.6), where

Y

v=m, f(t>y):m;

b="7

In this, problem , we apply Theorem 27 to show that for K sufficiently small (3.8) has

a unique solution on {m —4,--- ;m+8}. Note that fort € {0,---,8} and y;,y2 € R,

U1 Y2
t — f(t = -
‘f( 7y1) f( 792)’ (et+35)2 (et+35>2
1
= m@l—yﬂ
1

362
1

= T%h/l - y2|-

|y1 —y2|

So our Lipschitz constant is K = Since

1
1296

1 ['(7 4+ 1)I'(9)
0< K =——~0.00071 < 0.000853 = — 2~ \7)
= 1296 2I'(9 + )

Theorem 27 implies the existence of a unique solution of (3.8) on {m —4,--- 7+ 8}.
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Appendix A

Proofs

A.1 Existence of The Green’s Function

A.1.1 Proof of Theorem 24

first we show that the BVP

(

Ay _gy(t) = h(t)

ylv—4)=A, Ay(v—4)=B

yb+v)=C, Aylb+v)=D

\

has a unique solution. To show this BVP has a unique solution, it suffices to show

that

7

Ay ,y=0

yv—4)=Ay(r—4)=0 (A1)

ky(b—i—u) =Aylb+v)=0
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has only the trivial solution. Consider the given BVP, we know from Theorem 5 that

the general solution of AY_,y(t) = 0 is of the form

u(t) = at’=t + ot?=2 + azt’=3 + atv=2

where a; e Rand t € {v —4,--- b+ v+ 1}.

From the first boundary condition, we have

0=u(v—4)= Zai(u — 4=,

Using
=)
=)
o=t = S =0
(v—4)= = F<;<I)3) # 0,

we get that a4 = 0. Similarly, one can show that a3 = 0 from the second boundary

condition. Hence

u(t) = at’=L + qpt?’=2,

The last two boundary conditions lead to the following system

a1(b+v)=L + ay(b+ v)e=2 =0

ar(v—1)(b+v) =2+ as(v — 2)(b+v)=2 = 0.
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In order to show that u(t) is the trivial solution, we need to show that the above

system has only the trivial solution a; = as = 0. To see this we consider

(b+v)=L (b+ v)==2
(v—1)0b+v)=2 (v—2)(b+rv)=3

= (v—=2)b+v) b+ v)=2 — (v —1)(b+v)=2(b+ v)=2
= (w=2b+3)2((b+v)=2)— (v —1)(b+3)*((b+ v)=2)?
= (b+3)((b+u)@)2[(u—2)(b+2)—(y—l)(b+3)]

= (b+3)((b+v)=22[—(v+b+1)] #0,

since 3 < v < 4. Thus the BVP (3.4) has only the trivial solution. It then follows by

standard arguments that the non-homogenous BVP

;

AY_yy(t)=nh(t), te{v—4,--- b+v+1}

ywv—4)=A, Ay(v—4)=B

yb+v)=C, Aylb+v)=D

\

has unique solution. Since for each fixed s, u(t, s) satisfies a BVP of this form, we
get that u(t, s) is uniquely determined. It follows that v(¢, s) and G(, s) are uniquely
determined. Since for each fixed s, u(t, s) is a solution of AY_,x = 0 and x(t,s) is
a solution for ¢ > s 4+ v — 3, we have that for each fixed s, v(t,s) = u(t,s) + z(t, s)
is also a solution of AV ,z =0fors+v—1<t<b+ v+ 1. It follows that v(t, s)

satisfies the boundary conditions at b+ v.
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Now, let G(t,s) be as in the statement of this theorem and consider

b+1
y(t) = G(t,s)h(s)As, te{v—4,--- b+v+1}
0

_ /0 T Gt h(s)As 4 /t " G ) h(s)As

—v+2

_ /0 T ot $)h(s)As + /t "t $)h(s)As.

—v+2

Note that even though v(t, s) is only defined for 0 < s <t — v+ 1, the upper limit of
integration in the first term is okay since the delta integral does not depend on the

value of the integrand at the upper limit of integration. Hence

t—v+2 b+1
y(t) = /0 [u(t, s) + x(t, 3)]h(s)As+/t u(t, s)h(s)As

—v+2

_ /0 "t $)h(s)As + /0 T h(s)As.

Since z(t,t —v+2)=z(t,t—v+1)=0

y(t) = /0 u(t, $)h(s)As + /0 o (t $)h(s)As

= /0+1 u(t, s)h(s)As + q(t)

where, by the variation of constants formula, ¢ is the solution of the IVP
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Ay_4q(t) = h(t)
qv—4)=qv—=3)=q(v—-2)=q(r —1)=0.

It follows that

b+1
Aveayt) = | Auqults)h(s)As + A qa(t)

= 0+ A7_4q(t) = h(t).

Hence y is a solution of the non-homogenous equation. It remains to show that y

satisfies the boundary conditions. Note that

ylv —4) = /0+1u(u—4,s)h(s)As—l—q(1/—4):0

and

b+l
Ay(v —4) = Au(v —4,s)h(s)As + Aq(v —4) = 0.
0

Hence y satisfies the first two boundary conditions. Next, we show that the Green’s

function satisfies the last two boundary conditions. Recall that

u(t,s), 0<t—v+2<s<b+1
G(t,s) =

v(t,s), 0<s<t—v+1<b+1.
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Now, consider v(t,s) = u(t, s) + z(t, s), we have

vib+rv,s) = ulb+v,s)+z(b+v,s)

= 0 {from the third boundary condition on u}

and
Av(b+v,s) = Aulb+v,s)+ Az(b+v,s)
= 0 {from the fourth boundary conditionon u}.
Then
b+l
yb+v) = / G(b+v,s)h(s)As
0
b+1
= v(b+ v, s)h(s)As
0
=0
and

Ay(b+v) = /Ob+1 AG(b+ v, s)h(s)As

since v(t, s) satisfies the last two boundary conditions and hence y(t) satisfies the last

two boundary conditions. Therefore, y(t) is the unique solution of the BVP
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(
A7 _gy(t) = h(?)
y(y—475) :Ay(y—4,8) =0
y(b+v,s) = Ay(b+wv,s) =0.
\

The Derivation of Green’s Function

Following the same method as in Chapter 2, we derive the Green’s function for the

BVP

(

Since for each fixed s, u(t, s) solves the fractional difference equation A} _

have that

fort € {v —4

Alliflly(t):()v te{oa 7b+1}
Alylv—4)=0, i=0,1
Aylb+v)=0, j=0,1.

(

Ju =0 we

b+ v+ 1}

From the first boundary condition, we have

0=

y—43

S
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Since

oyt = S
(v -4y = Fg_‘l?—o,
o=t = S =0
w-ap=t = S s,

we get that ay = 0. Similarly, one can show that a3 = 0 from the second boundary

condition. So we have that
u(t, s) = ay(s)t=L + ap(s)t2=2.

Next, we apply the last two boundary conditions and the fact that the Cauchy function

is given by

(= o(s)"

x(t,s) = ) ,

to obtain the following system of equations

(b+v—s—1)L
L)

as(s)(v — 2)(b + v)=2 + ay(s) (v — 1) (b + v)=2 = —

as(s)(b+ y)ﬂ + ay(s)(b+ I/)”_l _

(b+v—s—1)=2
INCZN)

Multiplying the first equation by (v —2) and the second equation by —(b+ 3) and

adding these two equations we get

(b+3)(b+v—s—1)=2
T(v—1) B

ar(s)[(v = 2)(b + v)=t = (b+3)(v — 1)(b+ 1) =

(v—=2)b+v—s—1)1L
I'(v)

—
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a1 (8)[(v=2)(b+2)(b+1)=2 — (b+3)(v—1)(b+v)*=2] = (b—|—3)(brj(tyu_—1§ —1)r=2 -
(v—2)(b+v—s—1)—

I(v)

—

a1 (8)(b+ )=2(v = 2)(b+2) — (b+3)(r—1)] = .

(v—2)b—s+1)(b+v—s—1)=2
['(v)

b+3)(b+v—s—1)x=2
['(v—1) B

—
(b+v—s—1)¥=2
I'(v)

—ay(s)(b+v)=2b+v+1) = (0+3)(v—1) — (b—s+1)(v—2)]

—

—ay(s)(b+ ) 2(b+v+1) = (b+v—s—1)r=2

2u+b+s(v—2)—1)

I'(v)
_
R o | R R U )
B Fw)(b+v+1)(b+rv)=2 ’
So
—a(s)(p 4wyt - G U
as(s) = I'(v)
(b+v)r=2
_
(b+v—s—1)=22v+b+s(v—2)—1)(b+2)(b+v)=2 - (b+v—s—1pL
as(s) = FW)b+v+1)(b+r)=2 L'(v)
i (b+ v)r=2
_
(s) = b+v—s—1)=2Qu+b+s(v—2)—1)b+2) — (b+v+1)(b+v—s—1)=L
e IFw)(b+v+1)(b+v)==2
_
OQ(S):(b+y—s—1)d[(2y+b+s(y—2)—1)(b+2)—(b—l—y—kl)(b—s—kl)]'

T(w)(b+v+ 1)(b+v)=2
Therefore,
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b+v—s—1)=22u+b+s(v—2)—1)
Fw)b+v+1)(b+v)=2

tr=L +

u(t,s) = —

b+v—s—1)=2[2v+b+s(v—2)—1)b+2) — (b+v+1)(b—s+1)]

T(w)(b+ v+ 1)(b+ v)=2 =2

and v(t, s) = u(t, s) + x(t, s).

A.2.1 Proof of Theorem 25

Proof: First we prove 1.

e fort=v—-4

Glv—4,s) =u(v—4,s) =0.

e Fort=v—3

G(v—3,s) =u(v—3,s) =0.

e Forte{v—2,--- s+ v—2}, we have

G(t,s) =u(t,s)
b+v—5s—1)=2[2v+b+s(v—2)—1)(b+2)— (b—s+1)(b+ v+ 1)]tr=2

Fw)(b+v+1)(b+v)=2

_(b+V—s— =220 + b+ s(v—2) — 1)ir=L -
T(v)(b+v+1)(b+v)=2 =

—

(b+v—s—1)=22[2v+b+s(v—2)—1)b+2)— (b—s+1)(b+v+1)tr2

—(b+v—s—1)=Z22v+b+s(v—2)—1)t==L>0
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<~

(v +b+s(v—2)—1)(b+2)—(b—s+1)(b+v+1)=2
—Q2u+b+s(v—2)— 1)L >0

<~

(v +b+s(v—2)—1)(b+2)— (b—s+1)(b+v+1)]tr=2
—2v+b+s(v—2)—1)(t—v+2)t*=2>0

<~
CQuv+b+s(v=2)—D[0+2)—(t—v+2)]—-0b—-—s+1)(b+v+1)>0
<~

Qu4b+sw—2)—D)b—t+v)—(b—s+1)(b+v+1)>0

—

2v+b+s(v—2)—1)(b—s+2)—(b—s+1)(b+v+1) > 0, which is true since

the first term is greater than the second term.

Forte {s+v—1,--- ,b+ v+ 1}, we have

G(t,s) =v(t,s) =
b+v—s—1)=22[2v+b+s(v—2)—1)b+2)—(b—s+1)(b+v+1)tr==2
Fw)b+v+1)(b+ v)=2

b+v—s—1)=22u+b+s(v—2)— 1)L (t—s—1)~
B T(w)(b+v+1)(b+ v)=2 YD) =0

<~
b+v—s—1)=2[2v+b+s(v—2)—1)b+2)— (b—s+1)(b+v+1)tr=2
Fw)(b+v+1)(b+v)==2

(b+v—s5—1)"220+b+s(v—2)— 1)L
C(w)(b+v+1)(b+v)=2

(b4+v+1)(b+v)=2(t —s — 1)1
T(v)(b+ v+ 1)(b+ v)=2 >0
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—

(b+v—s—1)=2[2v+b+s(v—2)—1)b+2)— (b—s+1)(b+v+1)tr2

—(b+v—s—1)22v+b+s(v—2)—1)xL
+b+rv+1)b+v)=2t—-—s—1)=L>0
=

(b+v—s—1)=2=2[2v+b+s(v—2)—1D)(b+2)—(b—s+1)(b+v+1)—

Qu+b+sv—2)—1)(t—v+2)

+b+rv+1)b+v)=2t—-s—1)=L>0
<~

b+v—s—1)2[2+b+sw—2)—1)b—t+v)—(b—s+1)(b+v+1)]
(b+v+1)(b+v)=2(t—s— 1)L -
=2 >

+

“—
(b+v—s—1)=2[2v+b+s(r—2)—1)(b—(b+v—1)+v)—(b—s+1)(b+v+1)]

+(b+V—i—1)(b+y)ﬂ((5+y)_S_l)ﬂ
(b+v—1)=2

>0
—

b+v—s—1)=2[2v+b+s(v—2)—1)—(b—s+1)(b+v+1)]
(b+v+1)(b+v)=2(y — 1)L
(b+v—1)2=2

>0
<

b+v—s—1)=2[2v+b+s(v—2)—1)—(b—s+1)(b+v+1)]
(b+v+1)(b+v)==20(v)
b+v—1)=2

>0
—

b+v—s—1)=2[2v+b+s(v—2)—1)—(b—s+1)(b+v+1)]

N (b+v+1)(b+ v)<=20(v)T(b + 2) >0
(b+v)

since the first and the third term are positive and greater than the second term.



Thus G(t,s) > 0fort e {v —4,--- ,b+v+1}.

Next we prove 2. Consider

b1
/ G(t,s)As =
0

t—v+2 b+1

v(t, S)As—i-/ u(t, s)As
t—v+2
b+l

[u(t,s) + x(t, s)|As + / u(t, s)As

t—v+42
b+1 t—v+2
u(t, s)As —i—/ x
(t,5)

t—v+2

0

(t,s)As
t—v
As —i—/ x(t, s)As.
0

b+1

I
S— S— >— S—

+ ao(t) Qu+b+sv—2)—1)(b+v—s—1)2As,

Note that
t—v t—v v—1
(t—s—1)—=
x(t,s)As = / ——As
[ et o T
_ (t — 5)Z|s:t71/
vI'(v) 's=0
- Y A B 1w B
-~ T'(w+1) Tw+1) T(w+1)
Also
b+1 b1
/‘ ML@AS::aﬂﬂ/‘(y—D@+3X&+D®+u—3—1Y2As
" Ob+1
/

where

t) = i~
S ¥ T N | =
tv=1
ap(t) =

Fw)b+v+1)(b+v)=2
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Note that

/0 ) (b+v—s5—12(r—1)(b+3)(s+1))]As

= —[s+DO+3))0+v— 3)ﬂ|§zg+1 — (b+3)(b+v— 3)Z|s:b+1

b+ 2 - L (vt _,,W - (bt”)"]
b+ 3)(b+ 2T () — (b=t — O 1)(z;+ e

(b+v)=Lb+v+1)

= —(b+3)[D+2)T(v) -

(b+v)=tb+v+1)

]

= (b+3)] — (b+2)T()).

Next we look at

b+-1
/ (b+V—S—1)V—2(2V+b+5(1/—2)_1>A8
0

_ _(Gvabtsw=2) - Dbt+v- )X i Py —2)(b+ v — s — 1)L s
- (v—1) =0 +/0 oD A
- _(Uil)[r(’/)b+3)(’/—1)—(b+2y—1)(b+y)’/—1+(V_Q)IE’/—U

_ (V—Q)(bJrl/)ﬂ]
— —(Vi1)[F(u)(v—1)(b+3)—(b+2y_1)<b+y)yl_ (V—2)(b+y1)(b+y)”1
(b+ v)=L(20b + 202 — 2 — 2)

V2

]

= —I()(b+3)+

Hence

b+1 y o
/0 u(t,s)As = Ozl(t)[(b+3)(—1“(u)(b+2)+(b+ +1]>/(b+ ) |

(2vb + 2v% — 2b — 2)(b + V)g]
2 .

VES

+ ap(t)[-T(¥)(b+3) +
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Therefore

(b+3)(b+v+1)(b+v)—

- . ~ (b+ 37T ()
/o Glh)8s = T(v)(b+v+1)(b+v)=2

(brvp=@b+at—2-2) L 4. )

T(w)(b+v+1)(b+v)=2

tg[

tK

o+

t*=2(b+ v)*=2(b+3)(b+v+1)(v — 1)
Fv+1)(v—1)b+v+1)(b+v)=2

t=2(2ub + 2% — 20 — 2)(t — v + 2)(b + v)“2
T+ —-1)0+v+1)(0+r)=2

2 -+ 1)0+3)(t—v+2—0b—2) t“

oD -Dotr+Db+v=Z Tu+l)

b+3)b+v+1)=2[(v—-1)b+rv+1)b0+v)=L+ ¥ -1DI(r+1)

IN

(v =D+ 1)(b+ v+ 1)(b + v)r=2

LFb+v+2)
T Ttz

T(b+v+2)(v—1)

+T(v+1)(v—1)

_ L' +2) L To+vey)
R Py +1)v-1) T(v+1)0(b+2)
20(b + v + 2)

T+ 1)I(b+2)
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A.2.2 Proof of Theorem 26
Put w(t) = u(t)—v(t) and let h(t) be defined by h(t+v—2) = Lw(t) = Lu(t)—Lv(t) >

0,t€{0,---,b+ 1}. Then it follows that w is a solution of the BVP

Lw(t) = h(t+v—2)
wiv—4) = Cr:=ulv—4)—v(v—4) =0,
Aw(v—4) = Cy:=Au(v—4)—Av(r—4) >0,
wb+v) = C3:=ulb+v)—vb+v)>0,

Awb+v) = Cyp:=Aulb+v)—Av(b+v) <O0.
Then w(t) is given by the formula
b+1
w(t) = 6t) + / G(t, s)h(s)As, te{v—4,-- btv—1}.
0
where ¢ is the solution of the BVP

Lo = 0
ov—4) = 0, Ap(v—4)=0Cy,

pb+v) = Cs, Ap(b+v)=Cy

and G(t,s) is the Green’s function for the BVP (3.3). Moreover, Theorem 25 shows

that G(t,s) > 0 on its domain. So as h(t) > 0, it follows that

w(t) :¢(t)+/0b+lG(t,s)h(s)As >0, te{fv—4,--- b+v—1},
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provided

To see this, first note that

O(t) = art’=2 4 aot’=2 4 agt’=3 4 a,t*=2.

From the first boundary condition on ¢, we get that ay = 0. From the second

&
I(v—2)
conditions on ¢ to find ay and a;. Using the boundary conditions at b+ v we get the

boundary condition on ¢, we get az = Now we use the last two boundary

following system

C
Cs=ar(b+v)"=t+ ay(b+ v)=2 + (F(l/ i 2)> (b+ v)=3

Cr= ol = Db+ =2+ = 200+ =2+ () (0= 9o+

Multiplying the first equation by (v — 1) and the second equation by —(b+2), we get
the following
ar[(v —1)(b+v)=2— (v —-2)b+2)(b+v)=3] = (v —1)C5 — (b+2)Cy
T ¢ ) v—1) b+ )= — (v —3)(b+2)(b+v)=

a[(v —1D)b+v)=2—w—-2)b+2)(b+v)=2] = (v—-1)C5 — (b+2)Cy
Cs vy — — (v —
(g ) O+ =0 = D0+ ) = (- 30+ )
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as(b+ v+ 1)(b+ )3 = (v —1)C5 — (b+2)Cy
- (F@Ci ) (b+v)=42(b+ v + 1)
&

as(b+v+1)(b+5)2b+v)==(v—-1)Cs— (b+2)Cy

02 v—>5 v
- (m_z)) (b+5)(b+ 1)=52(b + v + 1)

—

a9 —

(1/ - 1)03 — (b + 2)04 CQ 2
(b+v+1)(b+520b+v)=> (r(y—z)) (b+4)

Next we find ay:

Cs  apb+v)=2 (r( Cy ) (b+ v)=3

a; =

(b+v)=L  (b+v)=L v—2)) (b+ v)=L
—

G0+ 2) as Cy 1
‘“_r(b+u+1)_(b+2)_<r(y—2))(b+3)2
—

_GsT(b+2) (v =1)C5 = (b+2)CyT(b +4)
T Tl T(b+v+2)(b+2)
+( 1/—2> (b+4) b+2)_(b+3)2]

—

_OsT(0+2)  [(v—1)C5— (b+2)CyJT'(b+4)

T+l T(h+v+2)(b+2)
Oy 1

+(r<y—2)> (EE

Hence

o(t) = art’=t + agt’=2 + azt’=> + a "2,
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where ay, as, a3 and a4 are given above. Furthermore,

o) = o

212 =3
b+42my—m @+®r@—2y+my—m)

(
(b+2) (v—1)T(b+4) o1 (w=1T(b+ 4)tx=2
* [(Fb+u+1 r@+y+axb+m>t ST Thro12) ]
L c {F(b—l—élt” L (0+2)r (b+4)t”‘2}
T+ v +2) T(b+v+2)

Hence to complete the proof we just need to show that the coefficients of C'; and
(3 are nonnegative and the coefficient of Cy is nonpositive on {v —4,--- b+ v —1}.

First we show that the coefficient of C is nonpositive:

TO+4)e=t  (b+2)T(b+4)=2

r'b+v+2) I'b+v+2)
_ Po+4e=2 , B
B F(b+u+2)[(t +2) - (b+2)
['(b+ 4)tv==2
< m[(b-i- 1)—-(b+2)]<o0.

Next we show that the coefficient of ('3 is nonnegative:

Lb+2)te=t  (v—1DLb+4)t=L (v — DI+ 4)te=2
Co+v+1) (0+2T(b+v+2) T(b+v+2)

CTh+2)tt (v —1)I(b+ 42
TThtrr+l) b+ 2Thtr+2)

(b+2) — (t—v+2)]

D(b+2)t= (v = 1I(b+4)t2=
“I'(b+rv+1) i b+2)T'(b+v+2)

(b+2) — (b+1)] > 0.

Finally we show that the coefficient of C5 is nonnegative:



114

tr=1 or=2 tv=3

br4(v—2 (Gialw_2) Tw_2

tr=3

— (b+4>gr<l/_2)[(t—I/—|—3)2_2(t—V+3)(b—|—3)_|_(b_|_4)2]

tl/—3
= b+ —2)

[(0+2)2—2(b+3)2 + (b+4)?

tv=3

= T D) [—(b+2)(b+5)+ (b+4)% > 0.

Therefore,

u(t) >o(t), for te{v—4,--- ,b+v—1}
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Definitions and Theorems
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We provide some definitions and theorems that have been used in this dissertation

without motivation or proof.

Theorem 29 Let f : N, = R andv > 0 be given, with N—1 < v < N. The following

two definitions for the fractional difference AL f(t) : Noyn—, — R are equivalent:

ALF(t) = ANA; I f (1),

t+v
1

T(—v) Z<t —o(s)™f(s), N—1<v<N

S=a

Agf(t) =
ANF(t), v=N.

Definition 30 Let f: N, — R and v > 0 be given. Then

o the v'"-order fractional sum of f is given by

AT = Fog S = o)=L ). 1€ N,

(B.1)
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o the v''-order fractional difference of f is given by

t+v
1

Ty = o)), v EN, teNuney,

S=a

ALf(t) =
ANFf(t), v=NeN, teNy,n_,.

Lemma 31 Let f: N, — R be given. For any k € Ny and pp >0 with M —1 < p <
M, we have

AFATEF(E) = ASrf(t),  for t €Ny, (B.3)

AFARF(E) = AFrf@),  for t € Nopar . (B.4)

Theorem 32 Let f: N, — R be given, and suppose v, > 0 with N —1 < v < N.
Then

AZ—HLAa_Mf(t) = AZ_’uf(t), fOT le Na-i—u-‘rN—y-

Theorem 33 Let f : N, — R be given and suppose k € Ny and v > 0. Then for

t € Ny,

Al f(a
Fl/—k—l—j+1)

AVARf(t) = A7V f (1)

(t i a)V*k‘i’j.

“MF
i

Moreover, if p >0 with M —1 < pu < M, then fort € Noyar— o,
A v AL =

at+M—p

M1 (M=) M

T(v—M+j+1)

APV () — t—a+ M + p)==2t,

J=0
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Here we give a proof of Theorem 5 that was stated in Chapter 1. Recall the following

theorem

Theorem 34 let f: N, - R and v > 0 be given with N —1 < v < N. Consider the

vt -order fractional difference equation

AZ+V7Ny(t) = f(t)7 le Na (BE))

and the corresponding v'"-order fractional initial value problem

AZ—I—V—N = f(t>7 te Na

(B.6)
Ayla+v—N)=4;,, i€{0,---,N—-1}, A eR
The general solution to (B.6) is
N—1 .
y(t) = it —a)™=N L ATV F(t), t€{Ng_n}, (B.7)
i=0

where a;, 0 < i < N — 1, are real constants.

Proof: Let f and v be given as in the statement of the theorem. For arbitrary but

fixed constants ;,0 <i < N —1€ R, definey : N,.,_ny — R by

i

y(t) = D aalt — a)™==5 + ATV f(1).

Here, we extend the usual domain of the fractional sum A7” f from N, ., to the largest
set Ngy,—n by including the N zeros of A” f discussed in [4] Section 1.1.3. We will

show that any function y of the above form is a solution to (B.6) and that every
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solution to (B.6) must be of this form. Observe that for ¢t € {N,},

?

Avny(t) = Ari,_y[) ailt — a)™ =+ AT f(2)]

i

I
o

N-1

- Z alAZ—i—zx N(t - a)H_y = + Aa—l—u NA_Vf<t>‘

At this point, we would like to apply power rule from Section 1.5 within the summation
and Theorem 31 on the second term, but neither may be applied directly due to the
incorrect lower limit on the operator A? .. However, in this case, we obtain the
correct lower limit by throwing away the zero terms involved. Writing each term out

by definition, we have

t+v

Aot = a2 = F(iy) > (t—o(s) (s — ayN

t+v

1 —v—1 i+v—N
=) > (t—a(s) s —a)tr

s=a+v—N+1i
= AV, Nvt—a)®  for i€{0,---,N—1}

and

t+v
M n T = Foy 2 (o)A
s=a+v—N
e

= Ty 2 (o)A )

s=a-+v

= Z-H/ ;Vf(t)
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Therefore, applying the power rule and Theorem 31, we have

N-1
Av, ny(t) = VAT (e G)M +ALLA ()
=0
N-—1 .
F(Z+V_N+1) i— N _
= ~ t—a) =N + AV f(t

I
~
—

~
\._/

Next, we show that every solution of (B.6) has the correct form. Suppose that

2 : Ngip—n — R is a solution to (B.6). Then we apply Theorem 32 to directly solve
(B.6) for z:

AZ+V—NZ(t) = f(t)’ fOT‘ le Na

— AJVAL, _n2(t) =AY, for t€Ngpyon

A— — N%%(t) — atv—
— a+v 2(t) ZF(V—N+Z’+1)

(t—a) =" = AV f(t)

—a) =4 AV f(1).

Since z has the same form as (B.3), we have shown that

N-1

y(t) = > it —a) =L AVF(E), t € Nopyn

1=0

is the general solution of (B.6).
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Appendix C

Future Work

The domain N, that we considered in the earlier chapters is an example of a time
scale (nonempty closed subset of the reals).
We could consider the same type of problems where our functions are defined on

a time scale. In particular the g-time scale

@ ={1,q,¢*>,¢>,---}, where ¢ > 1 is fixed.

which has important applications in quantum theory and asymptotic methods.
Further work that can be developed is to consider the periodic boundary value

problem

Ay _yy(t) = f(t)

y(w —4) =y(b+v)
Ay(v —4) = Ay(b +v)
A2y(v — 4) = Ady(b +v)

Ady(v —4) = Ady(b+v).
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for 3 < v < 4. Also, we may be able to prove some properties about the Green’s func-
tion corresponding to the above BVP that lead to the existence of multiple positive
solutions. We would also like to work with some initial value problems of v*"-order

(with 3 < v < 4) and use Laplace Transformation to solve these types of IVPs.
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