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Adviser: Lynn Erbe and Allan Peterson

In this work we provide an analysis of both fractional- and integer-order boundary
value problems, certain of which contain explicit nonlocal terms. In the discrete frac-
tional case we consider several different types of boundary value problems including
the well-known right-focal problem. Attendant to our analysis of discrete fractional
boundary value problems, we also provide an analysis of the continuity properties of
solutions to discrete fractional initial value problems. Finally, we conclude by provid-

ing new techniques for analyzing integer-order nonlocal boundary value problems.
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Chapter 1

Introduction

The fractional calculus has a long and storied history within the broader mathematical
discipline of analysis. Indeed, research into this area was initiated in 1695 when
L’Hopital asked Leibniz about the meaning of a one-half derivative. While precise
mathematical investigation of this and related concepts would not be realized for
almost two centuries later, this simple question laid the initial foundation for the
area. At first, it seems, the questions regarding fractional derivatives and integrals
were largely academic, being as they were divorced effectively from any applicative
interest. Later, however, as the fractional calculus matured, it become clear that the
fractional calculus could be used effectively in a variety of modeling situations. In
fact, nowadays, various tools from the fractional calculus are even used in the study
of regularity of minimizers of functionals and of weak solutions to PDEs. Ostensibly,
Leibniz could not possibly have envisioned the very bright and important future for
the fractional calculus.

While we shall state in more detail certain of the fundamental properties of the
fractional calculus in Chapter 2, let us straightaway state the definition of the frac-

tional derivative of Riemann-Liouville type and the discrete fractional sum and dif-



ference. They are as follows.

Definition 1.1. With » > 0 and v € R, we define the v-th Riemann-Liouville
fractional derivative to be

v LAt y(s) s
Dry(t) :== /a( ds,

['(n—v) dtn t— s)rti-n

where n € N is the unique positive integer satisfyingn — 1 < v <n and t > a.

Definition 1.2. The v-th fractional sum of a function f, for v > 0, is A7V f(t) =
AV f(t;a) == ﬁ SV (t—s—1)=Lf(s), fort € {a+v,a+v+1,...} = N,p,. We
also define the v-th fractional difference for v > 0 by A”f(t) := ANAY=N f(t), where

t € Nyyp and N € Nis chosen so that 0 < N —1 < v < N.

We present these definitions now to highlight an interesting feature of the afor-
mentioned operators, a feature that will, in fact, providing the unifying theme to this
work. Indeed, note that each of the operators contains a de facto nonlocality. That
is to say, the definition of the fractional derivative is not a pointwise calculation but

rather involves values of y on the interval [a, t]. If we recall that

(1.1)

for a suitably differentiable function f, then we see at once that there is a considerable
difference between the definitions. Whereas in (1.1) the value of f’(¢y) is influenced
by the behavior of f on an arbitrarily small interval about ¢, (at least heuristically),
the fractional derivative is influenced by the behavior of f on the entire interval
[a,t]. In this way, then, fractional derivatives have a sort-of memory property that
is effectively monlocal. In part, this makes the fractional derivative very useful in

modeling situations wherein a memory-type effect is required. On the other hand,



this makes the mathematical theory of the fractional calculus, at times, far more
complex than its integer-order counterpart.
A similar effect may be seen with the discrete fractional difference. Indeed, the

integer-order fractional difference is quite straightforward, being as it is merely

Af(t):= f(t+1)— f(t). (1.2)

But from Definition 1.2 we see that in the fractional-order case we have a much
more complicated operation. Indeed, for the sake of argument, suppose that we fix

1 < v < 2. Then Definition 1.2 implies that

AVF(t) = A2AZV (1) = A2

oD DI 1)”“°’f(s>]

S=a

DI 1)”‘3’f(8)”

S=a

(1.3)

=A|A

Once again, (1.3) is monlocal in the sense that it involves the values of f not only at
t+ 1 and t as in in (1.2), but also the values of f at ¢t — 1, ¢t —2, ..., a. As in the
continuous fractional calculus and as we shall see forthwith in Chapter 3, this makes
the analysis of discrete fractional problems much more complicated than the analysis
of their integer-order counterparts. This is so much so, in fact, that well developed
theories in the discrete integer-order setting such as oscillation theory, have at present
no known counterpart in the fractional setting due to the substantial mathematical
complications encountered.

Inasmuch as the fractional calculus is concerned, there are myriad papers in the
literature dealing with the existence of one or more positive solutions to fractional-
order boundary values problems (FBVPs). The search for positive solutions holds

a special place in the theory of BVPs due to the fact that in certain applications,



only positive (or nonnegative) solutions hold any physical meaning. As such, it is
rather an industry, so to speak, in mathematics to determine conditions under which
a given boundary value problem will possess at least one positive solution. As we
proceed through the succeeding chapters of this work, we shall discuss the various
contributions that have been made recently in this general area and just how said
contributions are related to the results we present herein. Nonetheless, let us briefly
mention just a few contributions so as to preliminarily contextualize our discussion
thus far.

Insofar as the discrete fractional calculus is concerned, the main body of results
have been presented by Atici and Eloe. In particular, in a series of papers [15, 16, 17,
18, 20] Atici and Eloe have worked out some of the basic operational properties of the
discrete fractional calculus as well as applying these properties to certain boundary
value problems. A paper by Atici and Sengiil [19] is interesting for its development
of the rudiments of the discrete fractional calculus of variations and its application
to tumor growth. The treatment of discrete FBVPs has been discussed extensively
by Goodrich [41, 42, 44, 45, 46, 47, 48, 51, 54, 53, 59]. Furthermore, Holm [63] has
provided some additional operational properties, dual to the one’s given earlier by
Atici and Eloe. Other results have been given by Bastos, et al. [24, 25, 26] and Ferreira
[40], and these are interesting for their attempt to generalize the fractional calculus
away from the specific time scale Z (i.e., the difference equations case) to a completely
arbitrary time scale T; see the excellent textbook by Bohner and Peterson [29] for
an introduction to the concept of the calculus on a time scale. While this endeavor
is still in its infancy and while there seem to be some significant technical obstacles
to bringing this endeavor to any sort of meaningful fruition, it is, nonetheless, a
fascinating avenue for additional study, though one we do not address any further in

this work. Conversely, insofar as the continuous fractional calculus is concerned, there



are so many works on boundary value problems that it would be impossible to cite
even a modest fraction of the interesting and useful papers that have appeared recently
on the subject. Indeed, the subject having been around much longer than the discrete
fractional calculus, there is correspondingly a vastly greater literature available. So,
we merely mention that [1, 3, 4, 13, 21, 22, 23, 27, 28, 33, 34, 38, 43, 50, 72, 74, 75, 76,
83, 93, 94, 95, 96, 97| are representative papers in this area, and, collectively, these
cover the entire range of continuous fractional differential equations applications such
as boundary value problems, calculus of variations, and fractional partial derivatives.
In Chapters 7 and 8, which discuss results for continuous fractional boundary value
problems, we shall discuss in more detail certain recent contributions to this area.
We should also remark that the monographs by Oldham and Spanier [77], Podlubny
[78], and Schuster [79] are excellent introductions to the theory and application of the
fractional calculus; in particular, Podlubny’s monograph is especially recommended.

Thus far, then, we have seen that the fractional calculus involves, at least implic-
itly, the notion of nonlocalities. But, in fact, the concept of nonlocalities has recently
seen substantial investigation in the integer-order setting of boundary value problems.

A good model problem for this strand of research is

—y"(t) = f(t,y(t), 0 <t <1

y(0) = o(y) (1.4)

In problem (1.4), ¢(y) is a functional, which captures the nonlocal nature of the
boundary condition at ¢ = 0. In particular, in most of our work (e.g., [55, 57,
58]), following the lead of Infante, Webb, Yang, and other mathematicians who have

produced work on nonlocal BVPs (see, for example, [84, 85, 90]), we realize ¢ as a



Lebesgue-Stieltjes integral of the form

oly) = /[ |6) das), (1.5)

where the measure associated to the integrator, say u., may be signed. This leads
to the interesting and nontrivial question of whether problem (1.4) may have at least
one positive solution under such assumptions.

In fact, there has been substantial interest in such explicitly nonlocal problems
lately. Once again, we shall comment more thoroughly on these contributions later
in the work (cf., Chapters 9, 10, and 11), but let us just mention some of these briefly
now. Principally, Infante and Webb have been instrumental in providing significant
and new ideas in the study of nonlocal BVPs with linear boundary conditions — see
(84, 85, 86, 87]. A paper by Graef and Webb [60] also provides some new ideas
in this area. Papers by Kang and Wei [68] as well as by Yang [90, 91] provide
some complementary results. More generally, nonlocal and multipoint-type BVPs
have received substantial attention in the time scales setting — see, for instance,
9, 10, 11, 49, 52| and the references therein.

One can further complicate matters by supposing that ¢ is composed with another,

possibly nonlinear function, say H. In this case, problem (1.4) becomes

—y'(t) = f(ty(t), 0 <t <1

We then say that problem (1.6) is a BVP with nonlocal, nonlinear boundary condi-
tions. The inclusion of the nonlinearity as well as the nonlocality further complicates

the analysis of (1.6). Some recent works considering problems of this general sort



include [64, 65, 66, 67]. Of course, there are other ways in which to introduce the
nonlinearity of the boundary condition. For instance, one could consider the bound-

ary condition, say,

v - | " F(s,y(s)) ds. (L7)

T1
for 0 < 7 < 1 < 1. By then imposing certain restrictions on the integrand F', one
can gain sufficient control so as to deduce the existence of at least one positive solution
to the associated BVP. In any case, in this work we will only concern ourselves with
the realization of the boundary condition given in (1.6).

So, in problems (1.4) and (1.6) we have explicit nonlocalities, which is in contrast
to the implicit nonlocalities present in fractional derivatives and differences. Not dis-
similarly, though, one is confronted with the task of modifying existing techniques in
order to circumvent the difficulties caused by the presence of nonlocal terms. And,
as already mentioned, if said nonlocal terms can be nonpositive, then the existence
of positive solutions to the associated BVP is unclear, and this enhances the mathe-
matical interest of the problem.

In fact, there are a great many ways to circumvent said problems. But let us focus
on just one for now since it will feature prominently in Chapters 9, 10, and 11 in the
sequel and since it is one of the more original ideas we present herein. In the few
existing works that consider problems similar to (1.6), it seems to be a near universal

assumption that H satisfy growth conditions of the sort

my < H(y) < nay, (1.8)

for all y > 0 and some constants 0 < 11 < 19 < 400. Effectively, this means that
the graph of H is bounded between the lines, say, z = my and z = nyy. While not

horrendously restrictive, it actually turns out that this restriction can be replaced by



a restriction that need only hold at +oo. In other words, we can require of H only
an asymptotic growth condition. In particular, as will be clarified later, a condition
of the form

lim |H(y) — ky| = 0. (1.9)

Yy—r+o0

suffices; later we will generalize this condition further, but, for the moment, this
will suffice. In terms of problem (1.6), this seems to suggest something interesting.
Namely, that if the boundary condition y(0) = H(¢(y)) “looks like” y(0) = ¢(y) for
y very large (in a sense to made precise later), then the boundary value problem has
at least one positive solution. Put differently, if problem (1.6) “looks like” problem
(1.4) for y large in norm, then we can use the ideas applied to problem (1.4) to deduce
the existence of at least one positive solution to problem (1.6). We discuss this idea
much more extensively and thoroughly in Chapters 9, 10, and 11.

So, as can be seen from the preceding discussion the unifying theme of this work
is the concept of nonlocalities and their influence in the study of boundary value
problems arising in both the continuous and the discrete calculus. In the fractional
problems we study herein, the influence of the nonlocalities is more subtle, affecting
mostly the technical details of the proofs of our lemmas and theorems. Conversely,
in the problems we study wherein the boundary conditions contain explicit nonlocal
terms, the nonlocalities, unsurprisingly, have a more pervasive effect on the analysis
of the problem.

Having provided now a very general outline of the ideas we consider in this work,
we outline the specific plan of this work. As suggested above, the arc of our results
can be summarized as follows. We first familiarize the reader with the fundamen-
tal definitions in the continuous and discrete fractional calculus. This provides a

framework for the discussion that follows. Our first block of original research is then



focused on the discrete fractional calculus. Our results explicitly illustrate just how
the nonlocal aspect of the fractional difference makes analyzing discrete fractional
BVPs rather delicate. After presenting several results in this area, we make a subtle
shift by presenting a collection of results for continuous fractional BVPs. Many of the
ideas are very similar, but it is instructive to see the differences and similarities be-
tween the discrete fractional calculus and continuous fractional calculus, for, perhaps
surprisingly, the discrete fractional calculus can sometimes be far more difficult to
use than its continuous counterpart. Finally, having pivoted to the continuous case,
we conclude this work by coming full circle and presenting some results for explicit
nonlocal BVPs in the continuous case. This, then, completes the theme of nonlocal-
ity, which really is the unifying glue holding all of these seemingly disparate results

together.
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Chapter 2

Preliminaries

In this section we wish to collect certain results, which we shall use frequently in the
sequel. In particular, we collect here the definitions of the fractional operators, which
we shall use later. Moreover, we collect certain other preliminary results, such as
relevant fixed point theorems, which will be of use to us in the sequel as well. The
proofs of these various lemmas may be found, for instance, in certain of the recent

works by Atici and Eloe [15, 16, 17, 20].

Definition 2.1. We define t* := r?t(ii)u)? for any ¢ and v for which the right-hand

side is defined. We also appeal to the convention that if ¢t + 1 — v is a pole of the

Gamma function and ¢ + 1 is not a pole, then t* = 0.

Definition 2.2. The v-th fractional sum of a function f, for v > 0, is A7V f(t) =
AV f(t;a) == ﬁ SVt —s—1)=Lf(s), fort € {a+v,a+v+1,...} =Ny, We

also define the v-th fractional difference for v > 0 by A”f(¢) := ANAY=N f(t), where

t €Ny, and N € Nis chosen sothat 0 < N -1 < v < N.

Lemma 2.3. Let t and v be any numbers for which t¥ and t“=L are defined. Then

AtY = ptr=L,
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Lemma 2.4. Let 0 < N — 1 <v < N. Then A VA y(t) = y(t) + C1t*=L + Cot?=2 +

o 4 CntE=N for some C; € R, with 1 <i < N.

Lemma 2.5. Let f be a real-value function defined on N, and let pu, v > 0. Then

AL A FB)] = A W F() = AL, [A ()] -

Lemma 2.6. Let 0 < m — 1 < v < m, where m denotes a positive integer and y(t)

be defined on N,_,,, :={v—m,v —m+1,...}. Then
Ap-my(t) = Vi_y(t +v),

fort e Z_,,. Note that here we use the definition

vrn) = Y R p),

where v € R\ {...,—2,—1,0} — see [18].

Lemma 2.7. Leta € R, pe R\ {...,—2,—-1,0}, v >0, and (t —a)® : Ngy, — R.
Then:

v r 1 v .
1oAY (t—a)lt = F(#(flzr)y) (t — a)™2, fort € Noypp0; and

2. Al

a+,u(t - CL)& Lt (t - a>M_V

T(p+1-v)

’ fO’)” le Na-{—u—l—N—lM

where N € N is the unique positive integer satisfying N —1 <v < N.

Remark 2.8. We remind the reader that by the notation AY__ y(t), for instance, as
occurs in the statement of Lemma 2.6 above, the subscript v — m implies that sum
defining the fractional difference (or sum) begins at s = v —m. (cf., Definition 2.2)

Of course, the superscript v implies that the order of the fractional difference is v.
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While it is crucial to keep track of domains in the discrete fractional calculus, as will
be seen very shortly, if it is clear from the context, we shall omit the subscript from

the fractional operator.

The next set of definitions and lemmas as well as other related results and their
proofs can be found, for example, in [23, 78|. In particular, the monograph by Pod-
lubny [78] is an excellent introduction to the theory of the continuous fractional

calculus and certain of its attendant applications.

Definition 2.9. Let v > 0 with v € R. Suppose that y : [a,+00) — R. Then the

v-th Riemann-Liouville fractional integral is defined to be

Dyt = gy | =9 ds

whenever the right-hand side is defined. Similarly, with v > 0 and v € R, we define

the v-th Riemann-Liouville fractional derivative to be

Loam [ y(s)
Dly(t) = — d
I = / (t — syri—n %
where n € N is the unique positive integer satisfyingn —1 < v <n and t > a.

Remark 2.10. In the sequel, we shall suppress the explicit dependence of D’ on a. It

will be clear from the context.

Lemma 2.11. Let o € R. Then D"Dy(t) = D""*y(t), for each n € Ny, where y(t)
1s assumed to be sufficiently reqular so that both sides of the equality are well defined.

Moreover, if 3 € (—00,0] and v € [0,+00), then DYDPy(t) = D" Py(t).

Lemma 2.12. The general solution to D'y(t) =0, wheren —1 <v <n and v > 0,

is the function y(t) = c1t" =" + cot’ ™2 + - -+ + ¢, t"™", where ¢; € R for each i.
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Finally, let us also recall as a preliminary lemma Krasnosel’skii’s fixed point theo-

rem — see [2]. We shall use this classical fixed point theorem frequently in the sequel.

Lemma 2.13. Let B be a Banach space and let IC C B be a cone. Assume that €
and Q0 are bounded open sets contained in B such that 0 € Qy and Q; C Q. Assume,

further, that T = KN (ﬁg \ Ql) — K is a completely continuous operator. If either
1Tyl < [lyll for y € KN O and [Ty[| = [yl| for y € KN OQs; or
2. Tyl = llyll fory € KN OQ and || Tyl| < |lyl| for y € KN Oy,

then T has at least one fized point in N (ﬁg \ Ql).
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Chapter 3

Continuity of Solutions of Discrete
Fractional IVPs with Respect to
Derivative Order and Initial

Conditions

3.1 Introduction to the Problem

In this chapter we consider a fractional initial value problem of the sort considered in
a recent paper by Atici and Eloe [17]. In that paper, the authors demonstrated that
a v-th order discrete fractional initial value problem has a unique solution, and they
presented a variety of solution algorithms. However, [17] did not address a question
of theoretical interest — that is, whether or not solutions to such equations satisfy a
continuity condition not only with respect to initial conditions but also with respect
to the order, v, of the fractional difference. In a paper by Diethelm and Ford [34]

it was shown that in the case of continuous fractional initial value problems, the
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preceding two questions may be answered in the affirmative. In this paper, we argue
that the same sort of continuity condition holds in the case of discrete fractional
IVPs and that a number of interesting corollaries follow from this. Thus, the present
work can be considered both an extension of [17] and a complement to certain of the
results in [34]. Although this sort of result is not shocking, to be sure, given that a
discrete analogue of the well known Gronwall inequality holds (cf., the proof in the
sequel), we do believe it is nonetheless interesting since it addresses a question that
cannot arise in the integer-order setting. Moreover, as will be seen in the sequel, the

Y

proof of this result, while essentially “elementary,” is hardly trivial. Moreover, as we
indicate in the sequel (cf., Remark 3.15), it may be interesting to attempt to refine
this result in future work, and so, we believe that the result we give here may yet
generate additional, interesting mathematics.

In any case, we first wish to collect two basic lemmas that will be important to

us in the sequel and are rather specific in their use to this chapter. In particular, we

begin with the following simple result.

Lemma 3.1. Let v € R and let t, s € R such that (t — s)% is well defined. Then

Ag(t —s)t = —v(t —s— 1)L

Proof. Using Definition 2.1 and the fundamental properties of the gamma function,

we get the following.

At —s)r=(t—s—1)¢—(t—s)"
L'(t—s) t—s+1)

:F(t—s—y)_F(t—s—V+1)
(t—s—v)I'(t—s)—T({t—s+1)

t—s—v+1)

= vt —s—1)=L
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And this completes the proof. O

Secondly, we need to recall the following generalization of the Gronwall inequality
to the set Ny, :={a+v,a+v+1,...}, where v € R. A proof of this may be found

in [29], for instance.

Lemma 3.2. Let a, v € R be given. If y and f are functions that are defined on

Ny, and v > 0 is a constant such that

for allt € N, ,, then

3.2 A Continuity Result

We are now ready to prove our main theorem of this chapter. Throughout this section,
we assume that v € (0,1] and f: (N,_;y UN,_._;) x R — R is given. We consider the

nonlinear discrete fractional initial value problem

Ayt)=f(t+v—1ylt+v—1))
(3.1)

Ay (t)|,_, =y —1) =y,

where t € Ny. Observe that

A ly(t)|,_y = y(v = 1) (3.2)
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holds by a completely straightforward and elementary calculation, whose proof we
omit. Now, let 0 < g < v < 1 be given. Fix an ¢ > 0 sufficiently small so that

0 <eg<v—e<v<1and consider the problem

A z(t)=ft+v—e—Lylt+v—ec—1))

(3.3)
AV (¢ )’t o =2 —e—1) =2,
where t € Ny. Once again, it is trivial to show that
A”_g_lz(t)h:o =z(rv—e—1) (3.4)

holds.

Note that (3.3) is the problem (3.1) perturbed both in the order of the difference
(v versus v — ¢) and in the initial condition (yy versus zy). Our goal is to show that
under appropriate conditions on f, the solutions to the problems (3.1) and (3.3) are
close in some reasonable sense as ¢ — 0% and zy — yo. That is, problem (3.1) satisfies
a continuity condition with respect to v and yg. To prove this result, we shall show
that it is implied by Theorem 3.4 below. We now state and prove this theorem, but

we require first a preliminary lemma, whose proof may be found in [17].
Lemma 3.3. The solution to the problem (3.1) is given by

2(:llfl

y(t) = )

it—s—l” Ys+v—1y(s+v—1)),
s=0

fort e N,_;.
Now we state and prove Theorem 3.4.

Theorem 3.4. Consider the discrete fractional initial value problems given by (3.1)
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and (3.3). Let f(t,y), where f : (N,_1UN,_.1) x R = R, be a function such that
f(t,y) satisfies a Lipschitz condition in both t and y — that is, there exists constants

L, M > 0 such that

|f<t17yl) - f(t27y2)| S L |t1 - t2| + M |y1 - y2|a

for all yy, yo, and t1, to € N,_1 UN,_. 1. Let £ € N,_1, £ > v, be given. Put

tr=1

L(v)

, max
telv—e—1,—¢]y

Yo

v—e—1

N := max max
te[y_l’g}Ny_l

and

Qo = max f(ty),

B (t,y)E[Vfl,f]NyilU[V*E*l,é*&h\]uisilX[*ZN,ZN]
and assume that

t—v+e

t—v
—s—1)~=t g 1)t
e 2; 61, max 2; (¢ — 5 — 1)==1]

< I'(v—e¢)

o

Then if y is a solution of (3.1) and z is a solution of (3.8), it follows that for t €

[V -1 é]Nufl

t—1

2

T=r—1

MK,

y(t) ==t =)l < 6t) + Ty

o(r) (1 ¥ %)H_l ,
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where Ko := MaX(ryel—1.6y  xp—1e 1y, |(t — 7+ v — 2)“=L| and

L e L L Ut
o) =T = Te = 2| T T @ ;_V——s‘
(V-é) F<V) v—e L o v=l
+Q ()I‘(y—é—l—l)(t_s) +€F(”)5:0<t_8_1> )

Proof. By Lemma 3.1 we know that

y(t) = ]?U( Zt—s—l”1 (s+v—1y(s+v—1)) (3.5)
s=0
and that
t) = — ! t_mt 1)t 1 1)), (3.6
) = gt T — g O (s U e sl tr—en1), (40

where we can see from (3.5) that y(¢) is defined on the set N, _; := {v—1,v,v+1,...}
and from (3.6) that z(¢) is defined on theset N, . :={v—e—1,v—e,v—c+1,... }.
So, at once we encounter a difficulty not encountered in the proof of the corresponding
result in the continuous case — cf., [34]. Indeed, as y and z are defined on different
sets, a direct comparison of the sort |y(t)—z(t)| is not sensible. Therefore, we consider
a shift of z, which amounts to a right shift of length ¢ of the graph of z; this will
allow a direct comparison of the two functions.
To this end, let us put
Z(t) == 2(t — e). (3.7)

For reference in the sequel, let us note that

Z(t) = (tr_(;)_y_;_zo—l—r(yl_ 5 i(t—a—s—l)@f(s+u—e—l,z(8+u—5—1)).

= (3.8)
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Note, as (3.8) demonstrates, that we leave the summand of the right-hand side of
(3.8) above in terms of z, for this shall be useful in the sequel. Next, observe that

(3.5) and (3.8) together imply that

v(0) 201 = | -
+ﬁg(t—s—1)”‘1f(s+v—17y(8+v—1))
_F(%_g)zzz(t_g_s_l)u—e—lf(sjw—g—1,z(s+y—g—1))‘
<o - T
+ F(ly) ::;(t—s 1= f(s+v—Ly(s+v—1))

+ F(ly) :(t—s—l)”—lf(eru—e—1,2(S+V—6+1))

_r(ly) ::;(t_g—s—l)mf(s—l—y—g—1,z(s+y—5—1))

N r(lu) ::(t_g_s_1)V—6—1f(3+y—5—1,z(8+u—5—1))
_ﬁ::;(t—a—s—l)”slf(s—i-v—a—1,z(s—|—v—€—1))‘.

(3.9)

We shall now analyze each of the four pairs of terms on the right-hand side of
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(3.9). We consider first the term

(3.10)

where t € [v—1,¢&]y,_,. For the moment, we shall not rewrite (3.10) but merely notice

that

tl/—l (t _ 5)1/—5—1
T Tw—¢ °

lim
e—0t

= |y0 — 20l m,
which implies that if |yo — 29| < J, where § > 0 is fixed, then

v—1 tu—l

tu—l (t _ €>V—8—1
= |yo — 20| ) < W(S,

T Tw—¢

lim
e—0t

whence by choosing § and e sufficiently small, (3.10) can be made arbitrarily small
fort € [v—1,¢n,_,-

We next focus our attention on the third term in (3.9), which is

1
Ty 20 o -V —e—La v —e+1)
1 t—v (311)
- (t—e—s—1)"1f(s+v—e—12(s+v—ec—1))
P(V) s=0
Let us observe that (3.11) may be rewritten as
1 t—v
0 ; [(t—s—1) L —(t—e—s—1)"=] fs+v—c—1Lzs+v—e—1)).
(3.12)
Now, let N be as given in the statement of the theorem and put
Qo = max ft,y). (3.13)

 (ty)Elv—18n,  Ulv—e—Té—ely, ., x[~2N.2N]



22

Observe by the hypotheses given in the statement of the theorem that

t—v QO ' F(l/)

]- v—1
y(t)] < N+m;|(t—s— DY | f(s+v—1y(s+v—1))| < N+F(V) o0 ‘N

so that |y(t)| < 2N. A similar argument shows that |z(¢)| < 2N, too. So, from (3.12)

and (3.13), we find that

! Z[(t—s—1)Q—(t—e—s—1)@]f(s+u—5—1,2(34—1/—5—1))

s=0
1 t—v
< t—s—1)t —(t—e—s5— 1)<
= QO F(V) ; |:( S ) ( € s ) ]
1 1 t—v+1 1 t—v+1
— t—s)k t—e—s)== by L 3.1
F(V)QO [ ( S)L +l’/_5< e~ s) L (by Lemma 3.1)
1 N
Q= -2
[(v) v v—e¢
(3.14)
Let us notice, which will be important in the sequel, that
1 v (t—e)==
1 Ol — — =
et I'(v) @ v v—¢ 0
so that (3.11) tends to zero as e — 0.
We consider next the fourth term in (3.9), which is
1 t—v
) Z_;(t—s—s—1)”51f(s—|—1/—e—1,z(5—|—1/—e—1))
L, (3.15)
1
“To—9 (t—e—s—1)=Lf(s+v—c—12(s+v—c—1))).

Il
o

S

We wish to rewrite (3.15) in a way similar to the way in which (3.11) was rewritten
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above. So, using (3.13), we have

ﬁ;@—s—s—1)H_1f(3+’/_5_1’z(3+y_5_1))
1 t—v
T T B
I'(v—e¢) ; (3.16)
F(V B 5) B F(y) 1 . t—v+1
< Qo RORED, [_V_E@—E—S)L
B F(V — 5) — F(V) v—e
=@+

As above, if we focus on the right-hand side of (3.16), we note that

I'v—e¢)-T(v)
Fv)I'(v—e+1)

(t—g)ﬂ = Oa

lim Qo
e—0t

so that (3.15) tends to 0 as e — 07. This, too, will be important in the sequel.

Finally, let us consider the second term in (3.9),which is

FV)Zt—s—l” Lf(s+v —Ly(s+v —1))
13 (siu (317)
“Ey s T s —e = La(s t v —e D))

s=0
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Now, using the Lipschitz condition on f, we obtain

ﬁg(t—s—1)”1f(s+u—1,y(8+v—1))

_r(l,/) :zz(t—g—1)”_1f(s+u—5—1,z(s+u—6—1))

< r(lu) :;:)(t_s—l) HLe+ Mly(s+v—1)—z(s+v—e—1)[]  (3.18)
:grfl/) S:(t—s—l)”‘l

+FJZ) ::;(t_s—1)”_1|y(5+1/—1)—z(8—|—V—6—1)"

Notice that on the right-hand side of (3.18), we find that

lim e

I t—v
' (t—s—1)—= 1
[ R ) 20

fort € [v—1,¢n,_,

We shall now summarize our results thus far. So, combining (3.10), (3.14), (3.16),
and (3.18), we find that (3.9) may be rewritten as

[y(t) — 2(t =€)

= [y(t) — Z(1)|

- %y - (tr_@g )—> i r<1u> @l - (tv_ its (3.20)
T H(t—s—l)” Hy(s +v—1) —2(s +v—e—1)|
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Now, if we put

|t (t —e)r=-1 1 v (t—eg)==
O =I5~ To - 2| Tty T e
F(” B 5) — F(V) " v—e L — ¢ 1)~ 1 (321)
A O A R v r s=0( —s U

then we can use (3.21) together with a change of index, 7 := s+ v — 1, to rewrite the

inequality (3.20) as

§¢(t)+FJZ)Z(t—s—1)”1\y(s+y—1)—z(s+l/—5—1)\
=00+ fpy X (v =2 r) = +(r ),

(3.22)

fortev—1,¢n,_,-

Finally, we use the Gronwall inequality given in Lemma 3.2. In order to apply

Lemma 3.2 to (3.22), let us put

Ky := max (t —7+v—2)L.
(t,m)Ev—1¢N, ¢ X[v—1t=1]n,_;

Thus, (3.22) becomes

() — =t — )] < 6() + 2B 5™ iy o). (3.23)

Finally, note that we can apply the Gronwall inequality to (3.23). Doing so, we
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get that

t—1

9(8) = =(¢ = <) = o)) = Z0)| <60 + Tt 2

T=V—

1¢(7) <1 + Aéf)o)t_T_l, (3.24)

which completes the proof. O]

Remark 3.5. Let us make one observation regarding the statement of Theorem 3.4
and its proof. Notice that the number @) is necessary if and only if € # 0. Thus, in
the case where ¢ = 0, we need not worry about the number )y, and, consequently,
the hypotheses of Theorem 3.4 can be suitably relaxed. In the sequel, we shall not

differentiate between these cases, but the reader should be aware of this difference.
Now, having proved Theorem 3.4, we deduce a number of corollaries from it.

Corollary 3.6. Suppose that the hypotheses of Theorem 3.4 hold. Suppose, further,

that |yo — zo| := 0. Then given a solution y of problem (3.1) and a solution z of

problem (3.3), it follows that for each n > 0, we can choose 0, ¢ > 0 in such a way

that the bound

ly(t) — =zt —¢e)l <n (3.25)
holds for t € [v —1,&|n,_,, for & > 0 given.

Proof. Let us begin by noting that by writing ¢ in terms of the gamma function, we
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see that
NI+ DI —g)yo — Tt —e+ DI'(¥)20
W>_‘ T — v+ 2)(r — )
N Qo |(v—e)(t+1)—vl(t—ec+1)
['(v) It —v+1)

D(t—e+1) (3.26)
Fw)I'(v—e+ 1INt —v+1) ‘

eL < T(t—s)
) 2 T s )

+ QolT'(v —¢) = T'(v)] - ’

We now argue that each term in (3.26) can be made arbitrarily small by picking 4,
¢ > 0 sufficiently small.
To this end, let ny > 0 be given. Notice that we can select N; > 0 such that

whenever 0 < £ < Ny, we find by the uniform continuity of I'(+) on [v — ¢, +00) that

ID(v —¢) - T(v)| < o < (3.27)
0 | T D (v—e+ D) (t—v+1)

forallt e [v—1,¢n, ,-

Similarly, there exists a number Ny > 0 such that for 0 < € < N, we find that

Qo @—sﬁ@+1yﬂma—s+n'

C'(v) It —v+1)
Qo 1 L(t+1)

) {|F(t+1) ~T(t+1-¢)- e oD S T—vt D) .
Mo . "o

=5ty

_ o

=

say, where this again follows from the uniform continuity of the gamma function on

the set [v — ,4+00). (Note that v — ¢ is, by construction, bounded away from 0.)
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Moreover, for some number N3 > 0, we have that whenever 0 < ¢ < N3 and

@ . max 1
8 te—Lén, , L(t—e+1)I(v)’

d:=|yo — 20| <

it follows that

1
FWI't—v+2)I'(v—e¢)

IT(t+ 1)I(v —e)yo —T'(t —e + 1)T'(v) 2

< gl T+ DT —e) =Tt — e+ DIW)| + [yo — 20| [Tt — & + DI(v)]

<yl [TE+1) =TE+1 =) [F(v =)+ [Tt —e+ D] (v —¢) - T()]]

Mo | "o
< PP
-8 * 8
<™
4
(3.29)
say.
Finally, it is clear that we can choose N4 > 0 so that
t—v
el L(t—s) 70
< — 3.30
F(U);F(t—s—Vle) 4 (3:30)

whenever 0 < € < N, because both the sum in (3.30) above and the quantity ﬁ are
bounded.

Now, put N := min { Ny, No, N3, Ny}. Then combining (3.27)—(3.30) implies that
whenever 0 < e < N,

lo(t)| < no, (3.31)

and so, for t € [v —1,¢]n,_,, ¢(t) can be made arbitrarily small.
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So, now let 7 > 0 be given. It is clear that
t—1

o 2, (00 T0)

T=V—

<N, (3.32)

max
te[yilzg]Nyfl

for some number N5 > 0. Then (3.31) and (3.32) together imply that we can choose

0 and e sufficiently small so that

(n n
£) < n . 3.33
m@2%§4¢() mm{2’m&+¢} (3.33)

So, it follows, then, from (3.31)—(3.33) that for any given n > 0, we have

ly(t) = 2(t =) <,

whenever 0 and ¢ are chosen sufficiently small, and so, the proof is complete. O

Corollary 3.7. Suppose that the hypotheses of Theorem 3.4 hold. Suppose, further,
that |yo — zo| := 6. Let & > 0 be given. Suppose that € = 0 in (3.3). Then given a
solution y of problem (3.1) and a solution z of problem (3.3), it follows that for each

n > 0, we can choose § > 0 in such a way that the bound

ly(t) —2()] <n (3.34)

holds fort € [v —1,¢&]n,_,-

Proof. Note that if e = 0, then we find from (3.22) that

Now, on the compact set [v — 1,&]n,_,, there exists a number &, € [v — 1,¢]y,_, such

v—17 v—1



30

that

max o) =8y
X _F(y) Yo 20| -

t—7—1
Put Ky := max( nep—1,y,_, xp—1t-1ly,_, <1 + J\F/[(f)o) . Then we find that

f(l)/;l MKO t—1 5(1)1;1 MKO t—7—1
t)—z(t)| < ) 1 )
=01 1550+ Ty 2 1o\ Tw)
- R (3.35)
<5 |S 4 ME K& (€—v+1) |
| (T(v))?
So, pick
0<d<— i . (3.36)
0 + MK0K1£T(£7V+1)
I(v) T'v))?
Then (3.35) and (3.36) together imply that
&7 | ME K &G (€ —v+1)
ly(t) —2(t)| <6 + <, (3.37)
I'(v) (L(v))?
and the proof is complete. O

Corollary 3.8. Suppose that the hypotheses of Theorem 3.4 hold. Furthermore, let

y(t) be a solution of (3.1) and z(t) a solution of (3.3). Then in case v =1, we get

that
ly(t) — z(t —e)| < o(t) + MK,y Z(b(T) (14 MKO)t—T—l 7
where
N R Gl
A=l =g (3.38)
(t—e)=s| |(P(1—g)=1)(t—e)= :
+Q0[t— 1_¢ +‘ T@ o) }—l—taL.

Proof. Immediate from (3.24). O
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Corollary 3.9. Suppose that the hypotheses of Theorem 3.4 hold and that v = 1.
Suppose, further, that |yo — zo| := 0. Suppose that e = 0 in (3.8). Then given a
solution y of problem (3.1) and a solution z of problem (5.3), it follows that for each

n > 0, we can choose 6 > 0 in such a way that the bound

ly(t) — =) <n (3.39)

holds for t € [v — 1,¢&]n,_, for &€ >0 given.

Proof. From (3.37), pick 0 < 0 < Then Corollary 3.7 implies the conclu-

n
1+ M KoK &

sion. O

We conclude by first giving an example of Corollary 3.7 and then making some

remarks about Theorem 3.4 and its corollaries.

99

0 Let us

Example 3.10. Suppose that we put € := 0, v := 1%, n:= 2, and £ :=
also suppose that f(t,y) :=t 4+ y. Thus, we wish to apply the result of Corollary 3.7
to the pair of FBVPs

Atiy(t) = (t B 1_10) Y (t - %> (3.40)

and

AToz(t) = (t a 1_10) v (t - %) (3-41)
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and then determine how large d := |yp — 29| may be chosen so that
ly(t) —z(t)] <2 =1 (3.42)

forallte[ L 99

—35 10}NV71’ where y and z are the solutions to problems (3.40) and

(3.41), respectively.

To this end, we can deduce the following quantities.

M:=1
1
T
1
11\
Ky = max (t - T — —) ~ 1.07 (3.43)
trel-58], X[, 10

Thus, using estimate (3.36) together with the values given by (3.43), we find that

we should take

Ui Ui
§< ~ , 3.44
() rorsie(cgp)btag- ey 5121 .
') ')

whence by putting n = 2 into (3.44), we find that
§ < 0.000391. (3.45)

Consequently, (3.45) implies that if we wish the solutions y and z to remain within

1 = 2 units of each other on the interval [—Z, 2

—L 10}NV71’ then the initial conditions g

and zy must be within no more than approximately 0.000391 units. Clearly, if we
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either shorten the interval [v — 1,&]y,_, or relax the closeness, 1, that y and z must

remain to each other, then the maximum value of ¢ will increase.

Remark 3.11. Note that Corollary 3.6 implies that given solutions to (3.1) and (3.3),
the solutions remain close (in the sense of Theorem 3.2) provided that (i) the initial
conditions are sufficiently close and (ii) the orders of the differences are sufficiently
close. So, this is a statement regarding continuity of solutions to two different IVPs
wherein both the order of difference and the initial conditions are not (necessarily)

equal.

Remark 3.12. Note that Corollary 3.7 implies that given solutions to (3.1) and (3.3)
with € = 0, the solutions remain close (in the sense of Theorem 3.2). So, this is a
statement regarding continuity of solutions to two different IVPs wherein the order

of difference is equal but the initial conditions are not (necessarily) equal.

Remark 3.13. Note that Corollary 3.8 implies that for 0 < v < 1 a v-th order initial
value problem may be approximated by a first-order initial value problem (and vice
versa) provided that v is sufficiently close to (and less than) unity and that ¢ is kept

sufficiently close to and greater than —e¢.

Remark 3.14. Note that Corollary 3.9 confirms the classical result — namely, that
solutions to a first-order discrete initial value problem are continuous with respect to

initial conditions.

Remark 3.15. In comparing our results to those that can be found in the paper by
Diethelm and Ford [34], we find that our results are somewhat weaker. For example,
we make some restrictions on the growth of f(¢,y) that Diethelm and Ford do not
make. Part of the difference is that the discrete fractional difference shifts domains,
and this causes some complications, as pointed out in the proof of Theorem 3.4.

Moreover, our proof strategy is rather different than the one employed in [34]. It may



34

be possible to provide a proof more analogous to that provided in [34], and this might

represent an interesting program for a future work.

As a means of concluding this chapter, we note that just as Diethelm and Ford
remark in [34] and just as we mentioned at the beginning of this chapter, we point
out that in this paper we have addressed a question that cannot arise in the classical
theory of difference equations. Indeed, in the latter theory, we put v = 1, and so,
there is no concern as to the continuity of solutions with respect to the order of the
difference operator. Thus, the question that has been addressed in this chapter is one
unique to the fractional difference calculus, and this makes the fractional difference
equation more interesting in this respect than the integer-order counterpart. As we
continue throughout this work, we will continue to see certain of these interesting

differences arise in the problems we study.
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Chapter 4

Sequential Properties of the
Discrete Fractional Difference

Operator

In the previous chapter, we considered a particular continuity property of the frac-
tional difference operator with respect to an initial value problem. Essentially, this
is an operational property of the fractional difference, and in the present chapter we
consider another consequence of the operational properties of the fractional difference.
Indeed, we now consider a discrete fractional boundary value problem (FBVP), for

t€2— 1 — po— pi3, b+ 2 — pig — pp — pug] , of the form

No—py —pg—psg
—AMARARY(t) = f(t+ pn + po + ps — Lyt + pn + po + pz — 1)), (4.1)
subject to the conjugate boundary conditions

y(0)=0=y(b+2), (4.2)
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where f : [1,b+ 1]y, X R — [0,+00) is a continuous function, b € N, and pq, po,
us € (0,1) satisfy both

1< g+ ps <2 (4.3)

and

1<+ po+ps < 2. (44)

The purpose of this chapter is to compare and contrast problem (4.1)—(4.2) with
the non-sequential conjugate problem studied recently by Atici and Eloe [20] and
to highlight the complications that arise in the sequential setting, particularly in the
context of proving that (4.1)—(4.2) admits at least one positive solution. We point out
that Wei, et al. [88] have addressed some of these issues in the continuous fractional
setting. Indeed, because of the sequence of differences in (4.1) and the composition
rules for fractional differences, it turns out that problem (4.1) is different than the
simpler problem —A"y(t) = —f(t+v — 1,y(t + v — 1)), where v € (1,2]. We shall
expand on these differences. Moreover, our analysis will also yield complementary

results for the delta-nabla problem

—APARNES Y (t 4 pg) = f(E+ o+ p2 +ps — Lyt + pn + po+pz — 1)), (4.5)

subject to (4.2), which has not yet been studied. In particular, our analysis will

provide the following insights.

1. We clarify the structure of sequential fractional difference equations. Due to the
lack of commutativity of the fractional difference, this represents an interesting

complication that does not arise in the integer-order setting.

2. In problem (4.5), we necessarily have a composition of two fractional differences,

which gives rise to a sequential problem. Consequently, while we believe (4.1)—
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(4.2) to be mathematically interesting for its own sake, it is the case that one
reason, among several, to be interested in problems such as (4.1)—(4.2) is due
to the fact that fractional delta-nabla problems such as (4.5) are necessarily of
this sort of sequential type. Now, it is the case that delta-nabla problems are
not of great interest on just the time scale Z. However, as clarified below, there
are now numerous attempts to extend the discrete fractional calculus to other
time scales, and so, interest in fractional delta-nabla problems may increase in

these other settings.
3. We provide some connections with the recent work [88] in the discrete setting.

Since, as mentioned earlier, we shall also obtain results for problems involving the
discrete fractional nabla operator, we remark that in the integer-order literature, the
delta-nabla boundary value problem has received considerable attention in recent
years. For example, Anderson [5] considered the problem w2V (t) + f(t,u(t)) = 0,
u(0) = 0, au(n) = w(T), on a time scale T. In case one puts T = Z, then one
obtains an integer-order delta-nabla difference equation. Kaufmann and Raffoul [69]
considered a closely related problem. Similarly, Cheung, et al. [30] considered a
delta-nabla difference equation of the form VAu(k) + f(k,u(k)) = 0 together with a
couple of a different specific nonlocal conditions. For some other works on delta-nabla
boundary value problems on various time scales, see [6, 7, 8, 12, 14, 31, 35, 61, 83]
and the references therein.

Before proceeding with our program, an operational property that we require in
order to complete our program in the sequel is the following. This result, Theorem
4.1, was recently established by Holm [63] following the program in the continuous
fractional calculus outlined by Podlubny [78]. In particular, one might wonder why

we have chosen the domains in problem (4.1)—(4.2) as we have. Indeed, the choice of
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the domain seems at odds with the choice in other recent works on discrete boundary
value problems of fractional order — cf., [20]. The statement of Theorem 4.1 shall make
clear why we have made this seemingly peculiar choice. As a careful examination of
the proofs in [63] reveal, really all of this is a consequence of the peculiar domain

requirements of the power rule in Lemma 2.7 above.

Theorem 4.1. Let f : N, — R be given and suppose that v, > 0 with N —1 <

v<Nand M —1<pu <M. Then fort € Noypr—pin—v

AL D) = AT f(t)—

S A e (¢ — g — M 4 )M e (N —1,N) (4.6)

0, v=N

In [63], Holm did not address the meaning of the term A% f(a + M — )
appearing in (4.6) above. In fact, in the context of our boundary value problem, this

term has a special relevance, which is very easy to prove. We do so below.

Proposition 4.2. Lety : Ny — R with p € (0,1]. Then we find that

ARy (1 — p) = y(0). (4.7)

Proof. To see that this is true, observe that y — 1 < 0 since p € (0, 1]. By definition,
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then, it follows that

Ay =) = | D (= = D)
1 .
= = T — )
= y(0),
as claimed. n

With these results in hand, we are now ready to analyze problem (4.1)—(4.2). We

do so in the next section.

4.1 Analysis of Problem (4.1)—(4.2)

4.1.1 Green’s Function Analysis

We now provide an analysis of problem (4.1)—(4.2). We begin by repeatedly using
Theorem 4.1 to derive a representation of a solution to (4.1)—(4.2) as the fixed point of
an appropriate operator. In the sequel, the Banach space B is the set of (continuous)
real-valued maps from [0, b+ 2]y, when equipped with the usual maximum norm, |||,
which, incidentally, is equivalent to the Banach space R*™® equipped with the same

norm. Moreover, henceforth we also put

i =y + g + i3, (4.9)
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for notational convenience. Recall, moreover, that p; +pus € (1,2) and that 1 € (1,2);
these facts will be important in the sequel. Finally, we give the following notation,

which will also be useful in the sequel.

71:{@ﬁ)emw+2mﬂqz—mb+2—mmﬂ:

0§s<t—ﬁ+1§b+2}

T ::{(t, $) € 10,642y X 2= b +2 — filn,_,
0§t—ﬁ+1§s§b+2}
Theorem 4.3. Let the operator T' : B — B be defined by

b+2—fi

(Ty)(1) == ally(D)+ S Glts)f (s+Fi—Ly(s+]i—1)), (4.10)

s=—pn+2

where a = [0,b+ 2]y, = R is defined by

t—924+ + p2tp3—1 b+ + p2tp3—1 _ uy
Ck(t) — ( H2 /113) . ( fé,l M3) (t + o — Q)Ll (411)
T (g + pi3) (b + "1 (g + ps)

and G 1 0,0+ 2]y X [~ + 2, =i + b+ 2]n,_, — R is the Green’s function for the

non-sequential conjugate problem given by

(A2 g o )il (f5) e T
~\fi— - - - ] ) 1
G(t,s) = (b= (4.12)
T )E=L(py 1 )AL
(t+ 22b+ﬁ§gﬂ ) 7 (t,s) e Ty

Then whenever y € B is a fized point of T, it follows that y is a solution of problem

(4-1)-(4-2)-

Proof. To prove this claim, we shall apply repeatedly Theorem 4.1. To this end, recall
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both that pug € (0,1) and that ps + pg € (1,2). Therefore, it follows from Lemma 2.7

and Theorem 4.1 that

APLAF2 AFSy(4) = AP {A“”“?’y(t) o y(0) (t — 1+ i)~z 1}

I (—p2)
— AM p2+p3 y(O) “1 p2—1
= A [ArT y(tﬂ—r(_u?)A [(t =14 pg) 2]

['(=p2) T(=p2 —m)
! {Z&] 2+p2tps (2 _'N2'_'M3>(

t—2+ g+ ,ug)M:| (4.13)

- A#2+#3 2 2 _ _
= AMy(t) — F(ﬁil_’ﬁ ts) (t =2+ pa + pig) ===
AHetis=le (9 o — e
a Py(<_u1)M2 /) (t =24 po + pz)=—
y(O) —po—p1—1
S ANy O TR o [ o et
I (—M2 - Ml) ( Mg)

Now, the same argument as in Proposition 4.2 shows that

A2y (2 — iy — pis) = y(0). (4.14)

On the other hand, note that (cf., Definition 2.2)

AM2+N3*1y<t) — AA“Q“‘VQy(t)

1 t—2+p2+p3
=A t— s — 1)izr2=rs, (g
t I'(2 = p2 — pa) Sz:; ( ) o)
. t—1+pz-+ps (4.15)

B (2= po — p3) ; - S)l_’”_’“y(s)

t—2+4p2+p3

! 3 (s — )iy,

_F(2—/~L2—/~L3) s—0
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So, from (4.15), it is clear that

AN2+N3*1y (2 — g — ,UB)

—H2—H3 y(s>

1
(2—M2—M3—3)1

I'(2 = po — pg) “

W

0

0
1 e
S a Ry (1= 1o — pig — 8)2212718 4 () (4.16)
s=0
1 i g
el (2 = pio — pi) =272 — (1 — pip — pig )T =122 ]
1 1o
+ 1 — 1o — o) ioH2=H3 (1)

Putting (4.14) and (4.16) into (4.13), we find that

ly(1) + (1 — p2 — p3) y(0)] (t =2+ pip + pig) 2=

AP A ARy (1) = APy(p) - S
y(0) =2
_m(t_2+u2+u3)i
oy “H2=pmml
I (—p2 — 1) = tt) |
(4.17)

where have made some routine simplifications. Now, since y(0) = 0 by boundary
condition (4.2), we find that (4.17) reduces to

am v any(n) = a7y(0) - L2 ) )

Formally inverting the problem (4.1), we find by way of (4.18) above (together
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with Lemma 2.4) that

il (=24 o+ pg) T

y(t) = —A7" | = ) y()| —ATFf(t+a—Ly(t+a—1)

fo (t+a—2) ey (41— 2)2,

(4.19)

Before continuing further, we wish to give a careful explanation for the basis
vectors (t+ i — 2)E=L and (t + i — 2)£=2 appearing in (4.19). (The reader should also
consult Holm [63] for a detailed discussion of this point.) The reason for this choice
is related to the peculiar statement of the power rule given in Lemma 2.7. Indeed,
observe that if y(¢) is given as in (4.19) above, then in order for y to be a solution to
(4.1), it must be the case that —Afy(t) = f(t + 1 — 1Lyt + a1 — 1)), for t € Ny_5.

But, in particular, this means that both
AP [(t+ 1 —2)E] =0 (4.20)

and

AP [(t+ 1 —2)E2 =0 (4.21)

must hold for each admissible t. Whether (4.20)—(4.21) hold depends upon the ap-
plicability of the power rule, namely Lemma 2.7, in this situation. Assuming that
the power rule may be applied, it is straightforward to check that each of (4.20) and
(4.21) does indeed hold.

So, let us explicitly check that the power rule can indeed be applied in this setting.
Let us first consider (4.21). In this case, a routine calculation shows that the power
rule can be applied whenever ¢ € Ny_z, which, of course, it is by assumption. So,

(4.21) is valid. On the other hand, a similar calculation shows that (4.20) holds
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provided that ¢ € N3_z. This would seem to be a problem since we really desire

(4.20) to hold at t = 2 — j1, too. However, notice that
[(t—2+ )L, =0, (4.22)

as is easily checked, and that

AF[(t+ p — 2)E]

o 2 1
Y NG —s— 1) o — )AL
A T2—7) Sz;(t s—1)"(s+p—2) (4.23)
B! t+i—2 7
AL ST s 1) (s 4 i — 2y
e X (s V-2

where to get the final equality we have used (4.22) above. So, from (4.23) we conclude
that (4.20) need only hold for t € N3_; because when t = 2— i, (4.20) holds vacuously.
In summary, both (4.20) and (4.21) hold for all ¢ € Ny_j, as desired.

Now, continuing from (4.19), it is clear that the boundary condition y(0) = 0
implies that ¢co = 0. On the other hand, the boundary condition y(b+ 2) = 0, implies

that

(b4 pg + pg)2tie=t

o ) (4.24)
— = Y (1) f (s - Ly(s+[i— 1))

s=—p+2
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From (4.24), we deduce that

(b+uz+u@”ﬂ“1
€ = ( )
(b + M) I (p2 + ,u3)
b+2—p (4'25)

1 (b+1—s)E e
+F(M)s:§;+2—(b+u) (s+p—1y(s+pun—1)).

Finally, putting the obtained values of ¢; and ¢y back into (4.19), we find that

b+2—fi

y(t) =y + S Gs)f(s+ii—Ly(s+i—-1),  (4.26)

s=—p+2

where « is as defined in (4.11) above and G(t, s) is as defined in (4.12) above. Now,
if (T'y)(¢) is defined by the right-hand side of (4.26), then it is clear that T satisfies
both the difference equation (4.1) and the boundary conditions (4.2). Therefore, the

desired claim holds, and this completes the proof. O]

Remark 4.4. Observe that if f(¢,y) has the special form f(t), that is, we consider the
linear problem, then from (4.26), it is easy to show that the solution to the boundary

value problem is

y(t) = 1_;@ Z_ G(1L,8)f (s +7i—1)| alt) + Z_ Gty s)f (s +7i—1).

On the other hand, if f(¢,y) has the form a(t)y, which also gives rise to a linear
problem,; then the analysis is rather much more delicate. In fact, there does not
appear to be any results in the discrete fractional calculus literature on such linear

problems. We leave this consideration, however, to future work.

We next state an easy proposition regarding the Green’s function, G(t, s), appear-

ing in the operator T
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Proposition 4.5. The Green’s function G(t,s) given in Theorem 4.3 satisfies:

1. G(t,s) >0 for each (t,s) € [0,0+ 2]y, X [2 — 1,0+ 2 — fin,_.;

m

2. maxieopiay, G(t,8) =G(s+p—1,8) for each s € 2 —i,b+2 — filn,_.; and

3. there exists a number vy € (0,1) such that

min G(t,s) >y max G(t,s) =7G(s+pn—1,s),
b te[o,b+2h\]0

fors €2 —j,b+2— iy, ..

Proof. A straightforward modification of the proof of [20, Theorem 3.2], keeping
track of the different domains, yields this result. For example, in case (¢,s) € Ty, it

is obvious that A;G(t,s) > 0. On the other hand, in case (t,s) € 17, we find that

AG(ts) = S I O G- ()

From (4.27) it is clear that A;G(t,s) < 0 if and only if

(t+7—2)"2(b+1—s)i=L
(L= s = D20+ i)t

<1 (4.28)

holds. But that (4.28) holds is a consequence of the fact that 2 is increasing when
p € [0,1) and decreasing when § € (—1,0], which may be easily verified by using
the definition of 2. As a consequence of the fact that G(t,s) is decreasing in t for
all (¢,s) € T and increasing in ¢ for all (¢,s) € Ty, conclusion (2) holds. Moreover,
conclusion (1) holds by combining (2) with the fact that G(0,s) = G(b+ 2,s) = 0,
for each admissible s. Finally to prove (3), we can give an argument exactly similar

to that of Atici and Eloe in [20]. Therefore, we omit this part of the proof. m
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We next require a preliminary lemma regarding the behavior of a appearing in

(4.11) above.

Lemma 4.6. Let o be defined as in (4.11). Then «(0) = a(b+ 2) = 0. Moreover,
]l € (0,1).

Proof. That a(0) = a(b + 2) = 0 is obvious. On the other hand, to show that
0 < [laf|| < 1, we argue as follows.

We first show that a(t) > 0, for all ¢t € [1,b+ 1]y. Let us first note that

(t ) + po + MS)H2+M3*1 B (b+,u2 + MS)H2+M3*1

o) = T (p2 + pis) (0+ I)ELT (g + ) S
 Ttptps—1) Th+ptp+)IE+p—1) (4.29)
LT (12 + p3) D0+ a+1)T (p2 + ps) T(2)

Ct+pe+pus—0)0b+p+1)—TEt+p—1)T b+ ps+ps+1)
FOL (2 + pa) D (0 + 7+ 1)

Therefore, a(t) > 0, for ¢ € [1,b+ 1]y, if and only if

Pt+pe+pus—1CO0+p+1)>T(t+p—1)T 0+ ps+pus+1) (4.30)

holds for all such ¢. Now, (4.30) is equivalent to

Ft+pe+ps—1)C(b+p+1)

- > 1,
Ft+p—1)T 0+ ps+ps+1)

but since

F(t+u2+u3—1)1“(b+ﬁ+1): (b+p)---(t+p—1) (4.31)
FE+p—D)T0+pe+ps+1)  (b+pe+ps) - (E+p2+ps —1) '

and the right-hand side of (4.31) is clearly greater than unity, it follows that (4.30)

holds, and so, we conclude from (4.29)—(4.31) that a(t) > 0, for t € [1,b+ 1], as
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claimed.
On the other hand, to argue that a(t) < 1, for ¢t € [0,b + 2]y,, we begin by

recasting «/(t) in an alternative form. In particular, define ug € (1,2) by

Lo = Mo + [i3. (4.32)

Then it follows that

Therefore, upon putting (4.32) and (4.33) into the definition of « given in (4.11), we
find that

t—2 szl (p o=l (¢ — ko=l
afty = L2 )T (o i =2 . (4.34)
I (o) (b + po + pa)*=—T (10)

Now, consider the quotient

(t+M0+M1—2)M

4.35
(b+M0 +M1)uo+u1—1 ( )

appearing in (4.34) above. Since

(t+ po + pu — 2)H=L b+ (t+ 1) (4.36)

(b+ pro + pu ) HoF1= (b4 o+ ) -+ (E+ po+ pun) (E+ po + pa — 1)

it is clear from (4.36) that for each fixed but arbitrary b, t, and o, (4.35) decreases
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as j1 increases. Consequently, for fixed but arbitrary b, t, and po we conclude that

alt) < (t =24+ po)= | (b4 1o)== (t + o+ — 2)H 1=
I (10) (b+ po + )™= (po) =1
(=24 o) (b o) (A g — 1)
I (1o0) (b + po + 1) T (o)
(=24 m0)" " T (b+po+ )T (t+ o) T(b+2)
- T(w)  TO+2TOT () T (b + po +2)
(=24 po)— T (t + po)
I (o) 0+ po+ 1)) (o)

From (4.37), we see that «(t) < 1 if and only if

T(t+p—1) ' (t + po)
Do) T(t)  (b+po+ 1) (T (o) ~

holds, which is equivalent to

(b+po+1)T(t+ po — 1) T(1)T (o)
[ (o) T(t) [(b+ pro + 1) T (120) T'() + T (£ + po)] —

Observe that inequality (4.39) is equivalent to

(b+ o+ 1) T (t + 1o — 1)
(b4 po+ 1) T (o) U(t) + T (¢ + po) —

We claim that (4.40) holds for each admissible triple (b, ¢, 119) € Nx [1, b+ 1]y, X

Indeed, rewriting the left-hand side of inequality (4.40) yields

(04 po+ )T (¢ + po — 1)
(b+ o+ 1) T (o) T(£) + T (¢ + pao)
C(t+po—1)
T (1t0) T(t) + i)
1

T T(po)T(®) t+pg—1"’
L (t+po—1) b+po+1

(4.37)

(4.38)

(4.39)

(4.40)

(1,2).

(4.41)



20

so that inequality (4.40) is equivalent to

I (1) I'(2) ftpm—1_
Ti+uo—1) brp+l-

(4.42)

Now, each of the addends on the left-hand side of (4.42) is nonnegative. Moreover,

we note that

I (4o) T(1)
Ttm-1 " )

for each admissible ¢ and pg since t > t + o — 1. (Note that if o = 1 we get equality

in (4.43).) But then (4.43) implies (4.42), which in turn implies that (4.38) holds.
In summary, for each admissible triple (b,t, uo), we find that «(t) < 1. In fact,

based on the discussion regarding p; given in (4.35)—(4.36), we have actually shown

that, for fixed but arbitrary b, t, and puy,

sup « (t;b, o) < 1. (4.44)
l"le(ovl)

Hence, (4.44) implies that «(t) < 1, for each fixed but arbitrary tuple (b, ¢, o, 111),
it holds that (b, tuo, p1) € N x [1,0+ 2]y x (1,2) x (0,1). As we earlier showed that

a(t) > 0 whenever t # 0, b+ 2, we conclude that
ol <1, (4.45)

as desired. And this completes the proof. O

Remark 4.7. We emphasize that Theorem 4.3 shows that problem (4.1)-(4.2) is not
the same as the conjugate problem studied in [20]. In fact, there is a de facto nonlocal
nature to problem (4.1)—(4.2) as evidenced by the explicit appearance of y(1) in the

operator T
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4.1.2 An Existence Result

As an application of the preceding analysis, we now provide a typical existence the-
orem for problem (4.1)—(4.2). While the basic argument we employ in the sequel is
by now well known, it is not entirely standard given the appearance of y(1) in the
operator T

To this end, let us next provide some standard assumptions on the nonlinearity. In
particular, for the sake of simplicity, in the sequel we assume that f(¢,y) := a(t)g(y),
where we assume that a is continuous and not zero identically on [0, b+ 2]y,. We also
assume (H1) and (H2) below. While standard assumptions, we indicate in the sequel

(cf., Remark 4.10) some potential for less standard generalizations.
H1: We find that lim, o+ # = 0.

H2: We find that lim,, . 22 = 400,

We shall also need to define a suitable cone in which to look for fixed points of T'.

In particular, we consider the cone K C B, defined by

K= {yes Y0, min y(t) 27*||y||}> (4.46)

el 5. %2],
where v* € (0, 1) is the constant v* := min ,v ¢. Note that, therefore,
the constant v* is not same as the constant v appearing in part 3 of Proposition
4.5. However, it does satisfy 0 < v* < 1, as will be demonstrated in the proof of
Lemma 4.8 below. We first show that the cone I is invariant under the operator 7.
We then argue that conditions (H1)—(H2) imply, as is well known in the integer-order

case (e.g., [39]), that problem (4.1)—(4.2) has at least one positive solution.
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Lemma 4.8. Let T be the operator defined in (4.10) and K the cone defined in (4.46).
ThenT : K — K.

Proof. Tt is obvious that given y € IC, then (Ty)(t) > 0, for each admissible ¢. On

the other hand, we observe that

min (Ty)(t)

tG[%,%b]N
b+2—i
> yoy(1)lleef] +~ Z Gs+p—1,8)f(s+p—1y(s+u—1))
. (4.47)
b+2—i
> (y(D)lefl + Z Gs+up—1,8)f(s+p—1y(s+u—1))
s=—p+2
=7 Tyll,

where the v appearing in (4.47) is the same v as in part 3 of Proposition 3.3, and, in

addition, 7o is the number satisfying

min, p 3y a(t)
Yo ‘= [‘TQH]N R (448)
with 79 € (0, 1), evidently. Recall, then, that we define v* by
7" = min{y,7}, (4.49)

where v* obviously satisfies 0 < 4* < 1. Thus, whenever y € K, it follows that

Ty € IC, and so, the desired claim follows. O

Theorem 4.9. Assume that f(t,y) := a(t)g(y) satisfies conditions (H1)-(H2). Then

problem (4.1)-(4.2) has at least one positive solution.

Proof. First of all, note that T is trivially completely continuous in this setting.
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Second of all, recall from Lemma 4.6 that a(t) < 1, for all ¢t € [0,b + 2]y,. Therefore,

we may select € > 0 so that a(t) < e < 1 holds for all admissible ¢. Given this €, we

may, by way of condition (H1), select 11 > 0 sufficiently small so that both

g(y) < my

and
br2—fi

m Y G(s+i—1s)a(s)<1—c

s=—n+2

hold for all 0 < y < ry, where ry := 7 (11). Next put
Q:={yeB : |yl <r}.

Then for y € 90 N K we find, upon combining (4.50)—(4.51), that

b+2—fi

Tyl < y(1 t) + G(t, +nu—1
| y||_y()te[(r){ﬁ>§moa() te[mg}%s}m (t,s)a(s)g (y(s+pm—1))

b+2—fi

<)+ 3 Gls+i-Ls)amys)

<ellyl+llyl-m Y, Gls+p—1,5)a(s)
s=—p+2

< llyll;

whence (4.53) implies that T is a cone contraction on 92y N K.

(4.50)

(4.51)

(4.52)

(4.53)

On the other hand, from condition (H2) we may select a number 7, > 0 such that

both

b+2—fi

7o Z YG(s+pu—1,s)a(s) >1

s=—p+2

(4.54)
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and

9(y) > n2y (4.55)

hold whenever y > ry > 0, for some sufficiently large number ry := ry (12). Now, put

,y*

v = {er, T—Q} (4.56)

Define
Qi={yeB : |yl <r}. (4.57)

Recall that for y € I, we must have y(1) > 0, and that from Lemma 3.4 we know

also that a(t) > 0, for all ¢t € [0,b+ 2]y,. Then it is now standard to show that
1Tyl > lyll, (4.58)

whenever y € 9€2; N IC, so that T is a cone expansion on 0§2, N K.

In summary, we may invoke Lemma 2.13 to deduce the existence of a function
Yo € KN (Q_g\ Ql) such that Tyy = vy, where 3, is a positive solution to problem
(4.1)—(4.2). And this completes the proof. O

Remark 4.10. It seems quite possible to deduce a set of corresponding existence re-
sults for problem (4.1) augmented with various sorts of nonlocal boundary conditions
replacing (4.2), as has been extensively investigated in the integer-order setting and,
more recently, by the present author in the discrete fractional setting — see [45, 47].

We leave this investigation for future work.
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4.1.3 Result for the Corresponding Delta-Nabla Problem

We conclude this section with a corollary. In particular, with the preceding analysis
in hand, it is easy to study sequential problems involving one or more nabla fractional
differences. In particular, using Lemma 2.6, we get the following corollary. Nearly
all of the proof of Corollary 4.11 follows immediately from Theorem 4.9. While there
is a modest calculation to verify the interchange of the delta and nabla differences,
since this essentially follows more or less directly from Lemma 2.6, we do not present

the proof of the following corollary.

Corollary 4.11. Consider the following sequential FBVP

—AMARNVISY (t 4 pg) = ft+p— Lyt +p—1)) (4.59)

subject to

y(0)=0=y(b+2). (4.60)

Then supposing that f(t,y) := a(t)g(y) with g(y) satisfying conditions (H1)-(H2), it

follows that problem (4.59)-(4.60) has at least one positive solution.

Naturally, it is possible to write down all manner of permutations of (4.59) and

thus all manner of existence results. But we omit the details here.

Remark 4.12. As mentioned in Section 4.1, on the time scale Z there is much less
reason to study delta-nabla problems than on a more general time scale. However,
since the fractional calculus is beginning to progress to arbitrary time scales, a result

such as Corollary 4.11 seems relevant.

Remark 4.13. As mentioned in Remark 4.10, one could write down a result dual to

Corollary 4.11 in the case where boundary condition (4.2) is replaced with some sort
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of nonlocal condition, but, once again, we leave this to future investigations.

4.2 Extensions

We now briefly comment on some possible extensions of the results given previously.
These extensions allow us to give existence theorems analogous to Theorem 4.9 for
all manner of discrete fractional sequential BVPs. In particular, let us consider the

following sequential fractional difference

AP ALY (), (4.61)

where p; € (0,1) for each j = 1, ..., n, under a couple of different additional

assumptions on the y;’s. For notational simplicity in the sequel, we define

J
A=) (4.62)
k=1
and
n—1
;= Z - (4.63)
k=n—j

As before, we continue to use the symbol g to denote the sum Z?:l 1.

Proposition 4.14. Assume that 0 < Z;:ll py < Land 1 <70 p; < 2. Then it

follows that

At APy ()

- =1 N Py —Hn—1
SPNC O | G ) Rl ol G e Y101
I (—pn) =1 r <_N;—j+1 - ,un)

Proof. We again repeatedly appeal to Lemma 2.7 and Theorem 4.1. In particular, we
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note first that

PANGIANE [AMQAHly(t)]

Ay (1 — )
' (= p2)
AH1+M2*1y (1 — iy — M2> (

r (‘M:&)

(t—1+u1)_“2_“3_1}.

:Ap‘n...A/‘3|:Aﬁ;y(t>_ (t_l_i_u)y'?l

(4.64)

t— 1+ g+ pp) 2

— Abn .. AM4 [Aﬁéy(t) _

ATy (1= )
F(—MQ - Ms)

Now, repeating this process yields by means of a straightforward induction argument

n—2 A”J 1 -7t —
sy - gty 5 [P ]
j=1 H'n Jj— 1)
(4.65)
Consequently, it follows that
A Ay 1)
_ 2 A“g —ut _
— AMn {A“:ly Z (1 — 1)) (t—1+ ﬁj)—un_jqﬂ] }
j=1 :U’n —j— 1)
B A—H—,un,l (1 - i ) B
. sz o y lu’n 1 —pn—1
= Ay (t) . (t=1+m )" (4.66)
ATy (O F) T () ~—
+ —— J . — n—j—1 t— 1 + /74» _Hn_j_l—ﬂn—l
; I (_,unfjfl) r (_anjq - Mn) ( ! )
B f— 1+ /7+_1)—#n— n—2 t— 1+ ~+) “Hn_jy1—#n—l
= oty - [ 4(0),
r (—/,Ln) ]ZI ( lj’n —j+1 lun)
as claimed, which completes the proof. O

Our next proposition provides for a more direct generalization of problem (4.1)

considered earlier.

Proposition 4.15. Suppose that 0 < ZJ l,uj <1, 1< ZJ l,uj <2, and 1 <
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2;21 pi < 2. Then we find that

(t—2+ 5=

v oyl = aiyte) - )
(=24 )= (t—2 )™
- [ Mo ) T = ]y“’)

(4.67)

Proof. In this setting, observe that (4.65) still holds. Therefore, we need only make

some minor modifications to the proof of Proposition 4.14. In particular, we find that

AP APy ()

n—

~+
= A'u’” {Aﬂn—ly

AT ( _ﬁj) (t— 1+M ) ﬁ;—j—l_ll}

Mn]l)

j=
= A¥n AFn- y(t ”ZQ (1 — )A“" [(t -1+ ﬁf)_ﬁ;jfl_l]
= Iu;_j_l) J (4.68)
_ AJ*”“n—ly (2 — ﬁ+_1) ~ —pn—24j
— Afy(t) — n o i)
n—2

AM] () T ()
~ [y j— 1) r <_ﬁr_zfj71 — Hn

)@—1+E?E””“”1.

J=1
Now notice that

A2 1y 2-7) “Hn=2

I (—pn — 1)

t—24 i)
I (—pn — 1)

(¢ =2 g )t = | JO) (469
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and that

Ay (2 i)
I (—pn)
=2+ )T

a [ (—pn)

(¢ =2+ ,)
) (4.70)

(1= 1i_y) y(0) +y(1)] .

Therefore, it follows that

(t—2+ 1 1)L"_1

L (—pin)

A APy(E) = ATy() - y(1

n—2

VRS Ry o Ve e T
j=1 [ H’n —7—1 ILLTL) ( Iu]) ( )

~t o1 - — i —2
R o . ) )
I (—pn) o [ (=pn —1) 7
(4.71)
as claimed. And this completes the proof. n

Propositions 4.14 and 4.15 again show that the sequential problems are (poten-
tially) different than the non-sequential problems and identify, in particular, the dif-
ferences. Furthermore, with Propositions 4.14 and 4.15 in hand, we can write down
a multitude of results regarding the existence of positive solutions to discrete sequen-
tial fractional BVPs. But, in particular, we would need to show that the various
coefficient functions of y(0) and y(1) appearing in Propositions 4.14 and 4.15 satisfy

inequalities similar to those of Lemma 3.3. We leave this task to future work.

Remark 4.16. It is also possible to study the problem in which, say, the right-hand

side of (4.1) is replaced with

S+ + po 4 ps — 1Lyt 4+ + po + ps — 1), y(1)), (4.72)
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since our analysis shows that problem (4.1)—(4.2) fits into this somewhat more general
framework. Nonetheless, we feel the results of this section are still relevant, partic-
ularly in the case where y(0) # 0 as, say, would occur in the setting of a nonlocal

boundary condition.
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Chapter 5

Analysis of a Right-Focal Discrete
Fractional BVP

We have previously considered certain of the operational properties of the fractional
difference and certain of the implications of these properties. We now wish to con-
sider these implications with rather increased specificity. To this end, In this chap-
ter we consider existence results for a certain two-point boundary value problem of
right-focal type for a fractional difference equation. A recent paper by Atici and
Eloe [20] produced a well-posed fractional boundary value problem (FBVP) of the
type we consider here. However, their paper considered only the case of Dirichlet or
conjugate-type boundary conditions. Given the interest in right-focal BVPs in the
classical literature, the present chapter can be considered an important extension of
and parallel to [20].

In particular, we will be interested in the nonlinear finite discrete FBVP given by

—A"y(t) = f(t+v—Ly{t+v—1))
: (5.1)

ylv —2)=0=Ay(v +b)
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where t € [0,b+ 1]y, v € (1,2], f: [v—1,v+b]n,_, x R = R, and b € Ny. Thus, we
shall offer results that complement and extend the exposition given in [20]. As means

toward accomplishing this task, we first deduce the existence of a unique solution to

the FBVP

—AVy(t) = h(t + v —1) 2

y(v —2)=0=Ay(v+ )
where v € (1,2], t € [0,0+ 1]n,, and h : [v — 1,v + b]y,_, — R, by means of an

appropriate Green’s function. We undertake this task next.

5.1 Derivation of the Green’s Function

In order to help us analyze the nonlinear problem (5.1), we now wish to derive a
Green’s function for (5.2). Of particular note, we shall observe at the end of this
section that in case v = 2, the Green’s function we obtain in Theorem 5.1 below
matches the Green’s function obtained in the case when v = 2. Before stating this
useful theorem, let us introduce the following notation, which will be important in

the sequel.
To={(t,s)elv—Lv+b+1n,_, x[0,b+1]y, : 0<s<t—v+1<b+2}

TQ = {(t,S)E [V—l,V‘i‘b‘i‘l]NV,l X [07b+1]N0 : 0§t—l/—|—1§8§b+2}

Theorem 5.1. The unique solution of the FBVP (5.2) is given by

b+1

y(t) == G(t,s)h(s +v —1),

s=0
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where G(t,s) is the Green’s function for the problem

—A"y(t) =0, y(r—2)=0= Ay(r+b), (*)

where 1 < v < 2, which is given by

(vt b—s — 12— (t—s — 1)L, (t,5) € Ty

G(t,s) =

F(V) F(b+3)tu—1
L(v+b+1)

(v+b—s—1)=2 (t,s) € Ty

Proof. Observe that by inverting the fractional difference operator coupled with an
application of Lemma 2.4, we find that a general solution of the fractional difference

equation in (5.2) is
y(t) = —A7Vh(t + v — 1) + Oy tv=L 4 Cot™=2,

whence we get that

y(t) = - (t — S — 1)Qh(5 +v— 1) + CltVfl + C2t1/72.

We now would like to determine the values of C'; and C5 so that the boundary
conditions in (*) hold. To this end, applying the boundary condition y(v — 2) = 0,

we find that
0=—A"h(t+v—1)|_ _,+Ci(v—2"2+ Co(v—2)*2 (5.3)

It is obvious that (v—2)=L = (. Similarly, it evidently holds that (v—2)*=2 = T'(v—1).
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Finally,

-2

d(t—s—1) " h(s+v—1)=0

s=0

—AVh(t+v—1)|,_, ,=—

I'(v)

by the standard convention on sums. So, in summary, we find that (5.3) implies that
Cy = 0. Similarly, we can apply the right boundary condition — namely, Ay(r+0b) = 0.

Doing so, we find that

0=Ay(r+b) ={A[-A"h(t+v—1)] }t:V—i-b +A [C’lt”_l}tzwb . (5.4)
Note that
_ Fv+b+1)
A =L =rv-1) ——= .
|: j|t:y-|—b (V ) F(b + 3) (5 5)
and, since by definition AA™ = A'"¥_ that
{A [A_Vh(t +tv— 1)] }t:V—‘,-b - [Al_yh(t v 1)]t:1/+b
1 t—v+1
= |— —5—1)=2 -1
1) > (t—s—1)2h(s+v—1)
s=0 t=v+b
1 b1
=— b—s—1)“=2h —1).
F(V_l);(y—i— s—1) (s+v—1)
(5.6)
Putting the preceding equalities together, it is a simple matter to show that
o ARGy =Dl T(b+3) an ) . X
b (GRS _F(V)F(u+b+1)§(y+ —s = =h(s —v 1),

(5.7)
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But with (5.7) in hand, we can determine y(t) exactly. In particular, we find that

1)Z<y+b—s—1)ﬁh(s—u+1)

s=0

_ Z{%(V%—b—s—l)”—z—(t—s—l)’“l} h(s+y+1)}

b tl/—l
T +3) (v+b—s—1)"2h(s—v+1),

v+b+1)

v
ol

s=t—v+1
from which it is immediately clear that we may write

b+1
y(t) = G(t,s)h(s+v—1),

s=0

where

1 —FF(E’:JE’Z'Z; (v+b—s— 1)@ —(t—s— 1)&7 (t,s) €T}
G(t,s) :=

I'(v . ’
) %(Hb—s—nd, (t,s) € Ty
is the Green’s function for (*). And this completes the proof. O

Remark 5.2. Observe that G(v — 2,s) = 0, for each s € [0,b + 1]x,.

Remark 5.3. Let us note for the reader that in case we put v = 2 in Theorem 5.1,

it follows that we get the “usual” Green’s function, just as we might hope would
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happen. Indeed, in case v = 2 we find that (in case a = 0)

s+1, 0<s<t—1<0b+2
G(t,S): )

¢, 0<t—-1<s<b+2

with G(t, s) defined on [1,b+ 3]y, % [0, b+ 1]y,, which accords with the usual results.

Remark 5.4. As is implied by the definition of the sets T} and 75 as well the form of
G(t,s) as given in Theorem 5.1, we have that the Green’s function, G(t, s), is defined
on the set [v —2,v + b+ 1]y, , X [0,b + 1]n,. Incidentally, it is easy to show that
G(t,b+2) = 0, for each admissible t. So, G could be extended to [v —2,v + b+

1N, , % [0,b 4 2]y, without difficulty, but we do not require this in the sequel.

5.2 Properties of the Green’s Function

In this section of the chapter, we wish to prove that our Green’s function G(t, s)
satisfies, with appropriate and simple modifications, the usual classical properties.
Certain of these properties will be crucial when we prove our existence theorems in
the final section of this paper. We begin by stating a lemma; its proof may be found

in [20].

Lemma 5.5. Let v be any positive real number and let a and b be two real numbers
satisfying v < a < b. Then the following hold.

(i.) xly is a decreasing function for x € (v, +00)y.

(ii.) ((Z:gf))i is a decreasing function for x € [0,a — v)y,.

We now state and prove the first of a trio of propositions regarding G(t, s).
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Proposition 5.6. The function G(t,s) defined in Theorem 5.1 satisfies G(t,s) > 0
forallt e [v—1,v+b+1]y, , and s € [0,b+ 1]y, where [v — 1L, v+b+ 1]y, , =

{v—1uv,...,v+b+1}.

Proof. To prove this proposition, we shall show directly that G(¢,s) > 0 for each
(t,s) € [v—1,v+b+1]n, , X [0,b+1]y,. For simplicity, we shall look at I'(v)G(t, ),
for I'(v) > 0 so that if I'(v)G(t, s) > 0, then at once it follows that G(¢,s) > 0, too.
First notice that for (¢,s) € Ty, we have that
L(b+ 3)te=L
'v+b+1)

FO+3)r't+HNv+b—ys)
Fv+b+1DI't—v+2)I(b—s+2)

LGt s) = (vb—s— 1)

> 0,

clearly.

On the other hand, for (t,s) € T3, we find that

L+ 3)t=t(v+b—s—1)=2
Fv+b+1)
Fo+3)lt+Hl(v+b—ys) L(t—s)
Tw+b+1)(t+2—1)T(b—s+2) D{t—s—v+1)

I()G(t,s) = —(t—s—1)L

We claim that

Fo+3)rt+HI(v+b—ys) B L(t—s)
Fv+b+1DIt+2—v)I'(b—s+2) T(t—s—v+1)

> 0.

To see that this is true, note that it suffices to show that

FO+3)It+)I'(v+b—s)I'(t—s—v+1)

Tt bt DIt +2— ) T(b—s+ 2T —5) -
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whenever (t, s) € T;. To prove this latter claim, we shall show that for each admissible

s and t, we have both that

LCb+3)(v+b—ys)
F'v+b+1DI(b—s+2) =1 (5:8)

and that
Ft+D)l(t—s—v+1)

12— (-5 (5.9)

from which the desired claim will follow at once, clearly.
To see that (5.8) holds, let sy be an arbitrary but fixed element of [0,b + 1]y,.

Then we find that

Fb+3)(v+b-—ys) _ LFb+3)(v+b—s0)

Fv+b+1DI'b—s+2) Tw+b+ 1 (b—sy+2)
(b+2)IT (v +b—so)

= 5.10
T(w+0+1)(b—sy+ 1) (5.10)
b+2)(b+1)---(b—s0+2)
b4+v)b+v—1)---(b+v—s)
But notice that ll:j:—z > 1, bf:il >1, ..., Z;SJ—O_J;E > 1 in expression (5.10) above,

with equality occurring if and only if ¥ = 2. Thus, we conclude that

L(O+3)'(v+b—s) .-
Fv+b+1D)Ib—s+2) —

which establishes (5.8).
On the other hand, to see that (5.9) holds, let s, once again, be arbitrary but fixed

such that so € [0,b+ 1]y,. Then we have that for ¢ to be admissible, t = so + k + v,



69

for some 0 < k <b—sg+ 1 with &k € Ny. But then it follows that

Frt+1DI'(t—s—v+1)
Ft+2—v)I'(t—s)
IF'(so+k+v+1) T'(k+1)
T(so+k+2) T(k+v)
(v+so+k)(v+so+k—1)---(v+k)I'(k+v) k!

= (0 + k1 1) T+ o) (5.11)
_ (wHsot k) (vEE) K
B (so+k+1)!

(sot+k+v)(sot+k—1+v) - (k+v)
B (so+k+1)(so+k)---(k+1)

Notice, however, that each of the numerator and denominator in (5.11) has excatly

sot+k+v so+k—14v
so+k+1’ so+k )

(so + 1)-terms. Moreover, if we consider the terms in paris, as in

k+v

-5 341, then we notice that each pair is greater than unity. Indeed, as 1 <v <2,

it follows at once, for example, that zgi—ii’f > 1. As this argument may be applied to

each of the (sp + 1)-terms in (5.11), it follows that

Frt+1)I't—s—v+1)

12— (-5

which establishes (5.9).

Finally, combining (5.8) and (5.9), we see at once that

T(b+3)T(t+ (v +b—s)I(t—s—v+1)
T(v+b+ DIt +2—v)0(b—s+2)0(—s)

> 1,

whenever (¢,s) € Ty, whence G(t,s) > 0 whenever (¢,s) € Ty. Together with the
first part of the proof, we find that G(t,s) > 0 forallt € [v — 1,v+ b+ 1]y,_, and

s €[0,b+ 1]y,, as claimed. O

Before proving Proposition 5.8 below, we need an easy but important preliminary
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lemma. We remark that this lemma will get used several times in later chapters — cf.,

Chapter 6 especially.

Lemma 5.7. Fiz k € N and let {mj}le, {nj}le C (0,400) such that

max m; < min n;
1<j<k 1<5<k

and that for at least one jo, 1 < jo < k, we have that mj, < nj,. Then for fized

ag € (0,1), it follows that

Mmoo Mt Mkt o)y
n+oy  np+a my mi '

Proof. Fix an index jy, where jp is one of the indices, of which there exists at least

one, for which nj, > m;,. Notice that as n;, > m;, and ay > 0, it follows that

nj, 0 > Mj, 0, whence mj nj, + nj o > mj,nj, + m;,p, so that

mj, + Qo < Mo + ap

I

Mo T,
whence
n; m. + Q
Jo . Jo > 1
nj, + Qo M,

But now the claim follows at once by repeating the above steps for each of the
remaining jo — 1 terms and observing that the product of j terms, each of which is

at least unity and at least one of which exceeds unity, is greater than unity. O]

Proposition 5.8. For G(t,s) defined in Theorem 5.1, it follows that

max G(t,s) =G(s+v—1,s),
telv—1v+b+1ln,_,
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whenever s € [0,b+ 1], .

Proof. Before beginning this proof, let us make one preliminary observation. Indeed,
note that [AG(t,s)],_,,, = G(v +b+1,8) = G(v +b,s) = 0, for each admissible s,
which is easy to verify by direct computation. Of course, this must be true by virtue
of the fact that G must satisfy the right-hand boundary condition in each of FBVPs

(5.1) and (5.2). Practically, this means that

max G(t,s) = max G(t,s),
tev—1v+b+1]y,_, telv—1,v+bln,_,

for each admissible s. Consequently, this means that in the sequel, we can effectively
ignore what happens at ¢t = v+ b+ 1 on account of the above noted relationship, and
we do just that.

Now, let us consider the difference I'(v)A,G(t, s) for (t,s) € T;. In this case, we

find that

C(v)AG(t, s)

_ A [P 3= - vo1
= A F(y_i_—b_i_l)(l/—l—b—s—l)——(t—s—l)—
_ T(b+3)(v— 1)=2 v—2 v—2
= T +bT 1) v+b—s—1)=—-v-1)(t—-—s—1)=
P43 (v -2 (v +b—s— 12— (v -1+ b+ 1)(t —s —1)»=2
N Fv+b+1)
v—1

:m[F(b—i—?))td(u—l—b—s—1)ﬂ_r(y+b+l)(t_s_1)d}‘

Note that it is clear from the above expression that in case v = 2, we find that
AG(t,s) =0, as expected. Consequently, let us assume in the sequel that 1 < v < 2.

Observe that F(y’;;bﬂrl) > 0, clearly. So, it follows that I'(v)A;G(t,s) < 0 (and thus
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that A,G(t, s) < 0, seeing as I'(v) > 0) provided that

Ph+3)t2(v+b—s—1)2<T(v+b+1)(t—s—1)22

and this is true if and only if

T(v+b+ DIt —s)T(b—5+2)
T(b+3)T(v+b—s)I(t —s— v+ 2)t=2

> 1. (5.12)

To show that (5.12) holds, let us, as in the proof of Proposition 5.6, suppose that
sp is a fixed but arbitrary element of [0,b + 1]n,. Then it follows, as before, that

t = sy + k+ v, where k € N such that 0 < k < b — sy. But we then find that

F'v+b+1DI'(t—s)I'(b—s+2)
Fb+3)(v+b—s)(t—s—v+2)tr=2
_F(l/+b—|—1)F(so—|—k—|—l/—SO)F(b—30+2)F(SO—|—k—|—1/—1/—|—3)

Fb+3)(v+b—sg)T(so+k+v—so—v+2)T(so+k+v+1)

T+ bo+1)IE+v)0(b—s0+2) (so+k+3)

T TO+3) (v+b—s0)T(k+2)T (so+k+v+1)

C Tw+b+1)I(E+v)(b—so+ 1) (so+ k+2)!

O+ (v +b—s0) (K+ DI (sg+k+v+1)

C(w+bd)(wH+b—=1)---(v+b—s0)] (b— 50+ 1) (50 + k +2)!
N+ D) (so+k+v)(so+k+v—1)--(k+v)]
(D) +b—-1) (v +b—350)  (so+k+2)(so+k+1)--(k+2)
T b+2)b+1) - (b—so+2)  (so+k+v)(so+k+v—1)--(k+v)

(5.13)

Observe that each of the numerators and denominators of each of the two fractions
in (5.13) has exactly sy + 1 factors. Moreover, observe that in the case of the first

fraction, we can consider this fraction as the product of sy + 1 factors as in ZTJFS .

”Jb“f:l Ce Z_Jr;’—o_jg. Now, put g := 2 — v and note that ag € (0,1). Also put
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nj=v+b+(1—j)for 1 <j<sy+1. Then we find that

so+1

WA b— b tb—s) _F _n
b+2)(0+1)---(b—s50+2)  ~%mnj+ag

where the finite sequence {n; }SO+1

(0, 00) and the number «y satisfy the hypotheses
of Lemma 5.7. In a completely similar way, if we put m; := k+v + (j — 1), then we

find that

(so+k+2)(so+k+1)--(k+2) ﬁmJJrao
(so+k+v)(so+k+v—1)---(k+v) e

which again is of the form in Lemma 5.7, for {m; }‘;Sl C (0,00). Consequently, with
m;, n;, and o defined as above, we note that
Fv+b+ DIt —s)I'(b—s+2)
FO+3)T(v+b—s)I(t—s—v+2)tr=2

(v+0)(v+b-1)---(v+b—s0) (so+k+2)(so+k+1)---(k+2)
b+2)(b+1)---(b—s0+2) (so+k+v)(so+k+v—1)---(k+v)

so+1 so+1
_ H nj H mj -+ (&)
. n]’ + (o)) ; mj '

j=1 j=1

(5.14)

Now, in order to apply Lemma 5.7 to (5.14) above, we must consider three cases.
First, it is possible, depending upon the choice of sy, k, and b, that there are no
repeated factors between the two products in (5.14). In this case, we see that
max; m; < min;n;, and so, by the argument in the preceding paragraph, we may
immediately apply Lemma 5.7 to deduce the bound given in (5.12).

Secondly, it is possible that some factors are repeated between the two products in
(5.14). In particular, there may be p such repeated factors, with 1 < p < sg, in each
of the numerators and denominators of each of the products in (5.14) that cancel.

This cancellation will leave sy + 1 — p factors — in particular, in this case it is easy to
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show that

Fv+b+ DIt —s)I'(b—s+2)
Lb+3)(v+b—s)(t—s— v+ 2)r==2

So+1 so+1
_ H mj + Qg
n; —|— ap (5.15)
j= 1 7=1

50+1—p 80+1 D
_ m] + g
n; + oy} i

But then Lemma 5.7 may be applied to (5.15) above to yield the bound in (5.12) in

this case, too.
Finally, if & = b — s, then it equally easy to show that product (5.13) is exactly
unity — that is,

Fv+b+ DIt —s)I'(b—s+2) _ Sﬁl n; sﬁlmj—i—ozo 1
Fb+3)T(v+b—s)I(t—s—v+2)tr=2 Ll + o m; '

j=1 j=1 J

However, this corresponds to the case A, [G (t, 59)],_, ., and we observed at the begin-

ning of this proof that A [G (¢, so)] = 0, as it must from the boundary conditions.

t=v+b
So, in summary, in each of the three cases we can safely apply Lemma 5.7 to (5.13)
to get that
Fv+b+ DIt —s)I'(b—s+2)
Cb+3)(v+b—s)(t—s—v+2)tr==2

> 1,

so that (5.12) holds. By the earlier observation, then, it follows that A,G(t,s) < 0
whenever 0 < s <t—v+1<b+1, as desired.

We next argue that AyG(t,s) >0 for 0 <t—v+1<s<b+ 1. To see that this
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is true, we simply notice that for 0 <t —v+1<s<b+1,

AG(t,s) = Ay %(u +b—s—1)=2
Db+ 3)(v—1)t=2 e
- Tw+b+1) t+b—s—1) (5.16)

CTO+3) v -1+ 1)C(v+b—s)
ST+ b+ DIt —v+3)(b—s+2)

Now, observe that each factor in (5.16) is strictly positive. Therefore, we conclude
that A;G(t,s) > 0incase 0 <t—v+1<s<b+ 1, whence G(t, s) is increasing on
that interval, too.

In summary, then, we have that G(¢, s) is increasing for t —v+1 < s < b+ 1 and

decreasing for 0 < s <t — v + 1. And from this we may conclude that

max G(t,s) =G(s+v—1,s),
telv—1v+b+1]n,_,

whenever s € [0,b+ 1]y,, as desired. O

Remark 5.9. Interestingly, we notice that in case v € (1,2), Proposition 5.8 demon-
strates that G(t, s) is not constant for ¢ > s+ v — 1. This contrasts with the classical
case, v = 2, in which the Green’s function attains its maximum at ¢ = s and then is
constant for ¢ > s. Furthermore, as v — 2 from the left, our Green’s function does

tend to the known Green’s function in case v = 2.

Before proving our final proposition, let us introduce the constants v, and ~s,
which will be important not only in the following proposition but also in the final

section of this paper.
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v—1
3(b+v) —
1 (3(b+u))”1_ b+1 (—(4 —1) Fv+b+1)
(3(b+u)>"1 4 I'(b+3) (v+b—1)=1L

4

Proposition 5.10. Assume that [H” 3(b+")} NN, # &. For G(t,s) defined in

Theorem 5.1, it follows that there exists a number v € (0,1), where

v :=min {71, 72},
with v, and 2 as above, such that

min  G(t,s) > - ma G(t.s) =~Gls+v—1,s),
te[bfTV’W] ( )_’y te[V_l’V"_b)il]Nufl ( ) K ( )

for s € 0,0+ 1]y,

Proof. Let us begin by noting that

G(t,s)
G(s+v—1,s)
=1 (t—s—1)*=1D(v+b+1)
) G0 T(o+3) (str— D)L (v b—s—1)2=2" (t,5) € Ty
v—1
=T (t,s) € Ty

which is obtained by direct calculation. Now, for s > ¢ — v + 1 and b*" <t< S(bz”),

we have that

G(t, S) - tg (I)TTV)E B (bTT,,)Vfl
G(3+y—1,s)_(3+y—1)ﬂ2((b+1)+y_1)y_1— v (5.17)

because t¢ is increasing in t for a € (0, 1).

On the other hand, the proof of Proposition 5.8 shows that G(t, s) is decreasing

in case s <t — v+ 1. Consequently, for s <t—v+1andt € [H” 3(bI ] it follows
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that
. G(t,s)
min
eI G(s+v—1,s)
B tr=1 B (t—s—1)“=T'(v+b+1)
st r =1l TO+3) (s+v—1)L(v+b—s—1)=2 = 300)
v—1 v—1
(%)* (@—S—Q*P(uﬂwl)
T (s+v—12L TOh+3)(s+r—1)rlyv+b—s—1)=2
Now, put
v—1
1 3(b+y) v=1 (%—8—1)7F(V—|—b+1)
) = iy s 4 T T+ 3) v rb—s— 12

Notice that
_ +b—s—1)~L
b— _1\1/ 2: (V
v+ § / b—s+1 ’

which is a simple consequence of Definition 2.2. Furthermore, observe that by Lemma

v—1
3(b+v) —
(T — s 1)

(v+b—s—1)=t

5.5, part (ii) we find that

is decreasing for 0 < s < @ —v+1. Consequently, these two observations together
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with an application of Lemma 5.5, part (i) imply that

a(s)
_ 1 -
3(b+v —
N 1 3(b+v) ”_(—(4)—8—1) Py +b+1)
(v -1t 4 IF'b+3)(v+b—s—1)=2
m b1 -
3(b+v —
_ 1 (3(()4—1/))11__ (%—S—l) F(V+b+1)
- v—1 )
- 3(b+v)
1 3(b+v) Vl_ b+1 < 1 _1> Pv+b+1)
(s+v—1)= 4 r'b+3) (v+b—1)=L
) v—1
_ 3(b+v) —
1 3+ )\ b+l <—4 —1> P +b+1)
4 r'b+3) (v+b—1)=L ’

where to get the first inequality we set s = 0 in the expression in the square brackets.

b+v 3(b+’/)i|
4 4 )

As a result of this analysis, we conclude that in case s <t—v+1and t € [— e

G(t,s)
G(s+v—1,s)

1 3b+v)\* b+l <W—1>Hf(u+b+1) (5.18)
: )( ) ~ T(b+3) (v+b—1)=L '

- ( 3(b+v) 4 .
Finally, then, upon combining (5.17) and (5.18), we deduce that

min  G(t,s) >~ max G(t,s) =vG(s+v —1,s),

bTTugtS 3(17:”) tE[llfl,ll+b+1}Nu_1

where we put

Y= min {71772} )
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which completes the proof. O]

Remark 5.11. Note that it is the case that 0 < v < 1 in Proposition 5.10. Indeed, it

bty Y=L
is clear that 0 < () < 1. On the other hand, to see that

(btv)r=L
v—1
_ 3(b+v) —
0 - 1 3b+v)\“ b+1 (T_1> Tw+b+l) <1
()= |\ L(b+3) (v+b— 1= |
4
we may observe that
b X p<@)p(y+b+1)r(b+1)
L'(b+3) 3(b4+u))”‘1 r (% —v+ 1) ['(v+b)

B r(@)r(uﬂwl)r(@—um)
b2 T (S 4 1) T o) (2 v 4 1)
(b+v) (%—V—i—l)

3(b+v
(b+2) (T)>

<1,

which suffices to prove the claim.

Remark 5.12. In case we put v = 2 in Proposition 5.10, we find by direct calculation
that v := min {%1, ﬁ‘;ﬁ}.

Remark 5.13. It should be noted that while the right-focal problem is simpler than
the Dirichlet problem in the case when v = 2, it is more difficult in the fractional case
(i.e., in case 1 < v < 2) as a comparison with the above proofs to the corresponding

proofs in [20] shows.
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5.3 Existence and Uniqueness Theorems

In this final section of the chapter, we wish to deduce certain representative existence
and uniqueness theorems. So, we now consider the nonlinear equation (5.1). We

notice that y solves (5.1) if and only if y is a fixed point of the operator

b+1

Ty = ZG(t,s)f(s+l/— Ly(s+v—1)),

where G is the Green’s function derived in this paper and T : B — B, where B is the
Banach space B := {y : v —2,v+b+1]y,_, >R : y(v—2)=Ay(r+b) =0}
equipped with the usual supremum norm, | - ||.

Let us also make the following declarations, which will be used in the sequel.

A

NPTy b1

ES:[‘%_HH G| || +vs

Let us also introduce two conditions on the behavior of f that will be useful in
the sequel.

(C1) There exists a number r > 0 such that f(¢,y) < nr whenever 0 <y < r.

(C2) There exists a number r > 0 such that f(¢,y) > A\r whenever yr <y <r.

Remark 5.14. The technique that we use to deduce the existence of at least one
positive solution is very similar to the techniques found in the classical literature on

differential equations — see, for example, [39)].

We now can prove the following existence result.

Theorem 5.15. Suppose that there are distinct r1, ro > 0 such that condition (C1)
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holds at r = ry and condition (C2) holds at r = ry. Suppose also that f(t,y) > 0 and
continuous. Then the FBVP (5.1) has at least one positive solution, say yo, such that

llyol| lies between ry and ry.

Proof. We shall assume without loss of generality that 0 < r; < 7r5. Consider the

set IC := {y eB : y(t) >0and minte[m (o4 y(t) > 7||y||}, which is a cone with
4 4

IC C B. Observe that T' : K — IC, for we observe both that

b+1
te[l”;lr’l,lg”él“"’)](Ty)(Q b+rfll?}/(lb+u) Z G t, S S +v— 1, y(s + v — 1))
b+1
Z’VZG(S—H/— Ls)f(s+v—1y(s+v—1))
s=0

b+1

N ¥ G, tr—ly(s+v—1
’ytE[V131+b}J{r1}NV_1; (t,s)f(s+v—1y(s+v—1))

= [Ty,

and that (T'y)(t) > 0 whenever y € K, whence Ty € K, as claimed. Also, it is easy
to see that T" is a completely continuous operator.
Now, put ; := {y € £ : |ly]| <ri}. Note that for y € 04, we have that

|ly|]| = r1 so that condition (C1) holds for all y € 9. So, for y € K N0y, we find

that
b+1
Tyl = ma G(t,s)f(s+v—1Ly(s+v—1
TR S S GO i )
b+1
< ZG(S—FI/— Ls)f(s+v—1y(s+v—1))
s=0
b+1
<nri Y G(s+v—1s)
s=0

== |yl
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whence we find that ||Ty| < ||ly|| whenever y € K N 9€;. Thus we get that the
operator 1" is a cone compression on K N 0€;.

On the other hand, put s := {y € £ : ||y|| < ro}. Note that for y € 9, we
have that ||y|| = r2 so that condition (C2) holds for all y € 0. Also note that
{ {HTIJ + V} C [bJ”’ 3 b+l’ } So, for y € K N0y, we find that

(25 ) B (5] s v raesn

LM—V*‘U

> ) G(V%J+v,s)f(s+v—1,y(s+v—1>>
5:|—”T+b—u+1"|

LW—V‘FH

SRt

S:]—VT'H)—V—%I-\

=T,

whence ||Ty|| > ||y||, whenever y € K N 9. Thus we get that the operator T is
a cone expansion on K N d€s. So, it follows by Lemma 2.13 that the operator T
has a fixed point. But this means that (5.1) has a positive solution, say yo, with

r1 < [|yo|| < 72, as claimed. O

Remark 5.16. Of course, it is possible to extend Theorem 5.15. In particular, one
can provide conditions under which multiple positive solutions will exist. But as such

extensions are standard, we omit them here.

If we assume that f satisfies a Lipschitz condition, then we can get uniqueness in
addition to existence. This is the content of Theorem 5.18 below. We require first a

preliminary lemma.
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Lemma 5.17. For G(t,s) as defined in Theorem 5.1, we find that

b+1

max G(t,s) <
tev—1Lv+b+1ly,_, ;0 ( ) B

b+2)IT(b+v+2)
Fv+1DIb+2)

Proof. By invoking Theorem 5.1 together with Proposition 5.8 we find that

Fb+3)(s+v—1) =T (v+b-—s)
') I'v+b+ 1) —s+2)
b+2)ITb+2—s)(s+v—1)L
- CW)b+ 1) —s+2)

(b+2)

= ) (s+v—1)=,

G(s+v—1s) =

from which it follows that

b+1 b+1 b+ 2
max ZG(t, s) < Z (s +v—1)~1L

tel— Loy, <= —~ T'(v)

~ T e

k21
_F@>V@+ +1)
b+2)L'b+v+2)

T T+ DI(b+2)

b+2

s=0

as claimed. O

Now we prove a uniqueness theorem by using the Banach contraction theorem,

whose statement can be found, for example, in [92].

Theorem 5.18. Suppose that f(t,y) satisfies a Lipschitz condition in y with Lipschitz

constant « — that is, |f (t,y2) — f (t, 1) < alya — y1| for all (t,y1), (t,y2). Then it
follows that if

b+2)I'(b+v+2) 1

v+ 1HI'(b+2) a’
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then (5.1) has a unique solution.

Proof. Let y1, yo € B, where B is the Banach space described earlier. Then we find

that

| Tyo — Ty ||
b1

< max Z [|G(t7 s)]|

tev—1Lv+b+1ly,_, -

~]f(s—i—l/—l,yQ(S-i-I/—l))—f(5+1/—1,y1(s+1/—1))|]
b1
SQZG(3+V—1,S) lya(s +v —1) —y1(s +v —1)|
s=0
b+l

< allys —y1||ZG(s+l/— 1,s)

(b+ 20+ +92)
=" T+ 1 +2)

ly2 — v l.

(b+2)T(b+142)

DI < 1 by assumption, it follows by the Banach contraction theorem

So, as «

that (5.1) has a unique solution, as claimed. O

Example 5.19. Suppose that v := % and « = % If f(t,y) in problem (5.1) is

Lipschitz with Lipschitz constant «, then Theorem 5.18 implies that (5.1) will have
a unique solution provided that

(b+2)T (b+ 31

FO TG 1Y) < 75, (5.19)

and (5.19) can be solved numerically to get that by., ~ 5.960, where by, is the

largest value of b such that the hypotheses of Theorem 5.18 is satisfied.

Remark 5.20. The bound in Theorem 5.18 can be improved if we use a more compli-

cated bound in Lemma 5.17, which may be easily facilitated by the use of a computer.
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The bound provided by Lemma 5.17 was chosen for computational simplicity.

Remark 5.21. Using the bound given by Theorem 5.18 in case v = 2, yields a unique

solution provided that
(b+3)(b+2)?

1
< -,
a
which is not as good as the integer-order bound (cf., [70]). Once again, however,

this bound can be improved by using a more complicated estimate than was used in

Lemma 5.17.
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Chapter 6

Analysis of a Three-Point Discrete

Fractional BVP

As mentioned in Chapter 1, multipoint or, more generally, nonlocal boundary value
problems have generated considerable interest in the past 20 to 30 years among math-
ematicians interested in ordinary differential equations and their discrete analogues.
The simplest possible incarnation of this type of problem is, of course, the so-called
three-point boundary value problem. In this Chapter, we wish to illustrate the anal-
ysis of such a three-point boundary value problem in the discrete fractional setting.
As will become apparent upon reading this chapter, this provides, in some way, a
generalization of the results of Chapter 5, though the results here do not subsume
those of the last Chapter — cf., Definition 6.8 and the sequel.

Similar to the preceding chapter, we shall derive first the Green’s function for the
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three-point nonlinear discrete fractional boundary value problem (FBVP)

(

—A"y(t) = f(t+v—1Ly{t+v—1))

Qy(v—2)=0 ) (6.1)

ay(v+ K) =y(v+0b)

\

where t € [0,b]n,, v € (1,2], « € [0,1], K € [-1,b—1]z,and [ : [v—1,v+b—1]y,_, X
R — R is continuous. We then prove that this Green’s function satisfies certain
properties. Verifying that the Green’s function satisfies certain desirable properties
is one of our primary goals in this chapter, and this verification tends to be more

delicate and complicated than for continuous FBVPs.

6.1 Derivation of the Green’s Function

In this section, we deduce the Green’s function for the operator —A" together with
the boundary operators y(v —2) = 0 and ay(v+ K) = y(v+b), where 0 < o < 1 and

K € [-1,b — 1]z. For reference in the sequel, let us make the following declarations.

X —(t—s—l)’/l+t;;[(b+u—3_1)v1_&(K+V_S_1)V1]}
ga(t, s) := F(ly) :t;_ol [((b+v—s—1)""L— (K +v—s— 1)“1}]
a:(t: ) := r(lu) :_(t_s‘ D= ;Ol(b—i-u—s— 1)“]
9a(t, s) = F(ly) :t;OI (b+v—s—1)=L

(6.2)
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Theorem 6.1. Leth : [v—1,v+b— 1]y, , = R be given. The unique solution of

the problem

;

—A"y(t) =h(t+v —1)
ylr—2) =0 (6.3)

ay(v + K) =y(v +b)

\

1s the function
b

y(t) = G(t,s)h(s +v—1),

s=0
where G(t, s) is the Green’s function for the operator —AY together with the boundary

conditions in (6.3), and where

(

gi(t,s), 0<s<min{t—v, K}

gpt,s), 0<t—-v<s<K<b
G(t,s) == 7

g3(t,s), 0<K<s<t—v<bh

g4(t7 5)7 max{t - V,K} <s<b

\

with g;(t,s), 1 <i <4, are as defined in (6.2) above.

Proof. We know from previous results in this work (cf., Chapter 5) that the general

solution to the equation —A"y(t) = h(t + v — 1) is the function

y(t) = —A7Vh(t +v — 1) + O1t2=L + Coyt?=2,

where C7 and (5 are constants to be determined. Now, applying the boundary

condition y(r —2) = 0 implies at once that Cy = 0. On the other hand, applying the



89

boundary condition ay(v + K) = y(v + b) implies that

O=ay(v+ K)—y(v+0b)

:a{_Aﬂ%U”hHK+{h@+JQW4}+{Aﬂ%@Hhﬂb—Cﬂy+mEi}

(6.4)
and (6.3) implies that
Cr [—a(v+ K)*=H+ (v + )] = CiQo = —aA™"h(t)| _, o + AT,
(6.5)
where ) was defined in (6.2) above. So, from (6.5) we get that
Cy = ! zb:(b+l/—s—1)”_1h(s+l/—1)
T &
1 e (6.6)
— K+v—s—1)h —1).
F(y)QOSZ;a( +rv—s—1) (s+v—1)
So, putting (6.6) into the equation for y, we find that
1 t—v
t)=— t—s—1)1h —1
V) =~ 20 =5 = DHhls 4 v 1)
s=0
v—1 b
— b+v—s—1)""h -1 .
+F(y)90;( +v—s5—1) (s+v—1) (6.7)
tl/—l K L
- K+v—s—1)1h —1
10 ;m +v—s—1)h(s+v—1),

and this is the unique solution to problem (6.3).

Finally, define G(t, s) as in the statement of this theorem. Then it is clear from
the form of y(t) given in (6.7) as well as the definition of the ¢;’s in (6.2) that we can
write y(t) = le’:o G(t,s)h(s +v — 1), as claimed. O
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Remark 6.2. It is easy to observe that in case a = 0, not only does problem (6.1)
reduce to the usual conjugate FBVP that was considered in [20], but, moreover, the
Green’s function given by Theorem 6.1 reduces to the Green’s function derived in

[20]. Thus, our results here are, in part, a generalization of the results of [20].

6.2 Properties of the Green’s Function

We now wish to prove that the Green’s function G(t,s) in Theorem 6.1 satisfies a
variety of properties. Certain of these properties will be important in Section 6.3
when we consider existence of a solution to problem (1.1). We first prove an easy but

necessary preliminary lemma.

Lemma 6.3. Let Q be as defined in (6.2). Then for each K € [—1,b—1]z, v € (1, 2],
and b € N, we find that 2y > 0.

Proof. Recall from (6.2) that Qy = (b + v)“=L — (K + v)*=L. Clearly, this function
is decreasing in « for each fixed K, v, and b. Consequently, it suffices to show that
Qg > 0 when o = 1. To see that this is indeed true, note that ¢t£ is increasing in t,

whenever 0 < p < 1. So, as b+ v > K + v, it follows at once that
Qo|a:1 =(b+v)L— (K +v)2L >0,

which proves the claim. (Note this holds even in case v = 2.) O

Theorem 6.4. Let G(t,s) be the Green’s function given in the statement of Theorem

6.1. Then for each (t,s) € [v — 2,v + bln,_, X [0,b]n,, we find that G(t,s) > 0.

Proof. We shall show that for each i, 1 < i <4, g;(t,s) > 0 for each admissible pair

(t,s). Let us begin by showing both that g»(¢,s) > 0 and that g4(¢,s) > 0, as these
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are the easier cases. In the case of gs(t, s), observe that by the form of go, it suffices
to show that

b+v—s—1)""1L—a(K+v—s5—1)"21>0. (6.8)
Showing that (6.8) is true is equivalent to showing that

(b+v—s—1)L
alK+v—s—1)=t

> 1. (6.9)

But to see that (6.9) is true for each admissible pair (¢, s) and each o € (0, 1], observe

that t# is increasing in ¢ if u € (0, 1). It follows that

(b+v—s—1)=L - (b+v—s—1)=L
alK+v—s—1)=L =~ (K+v—s—1)x=L

> 1, (6.10)

which proves (6.9) and hence (6.8). (Note that although o # 0 in (6.9), if @ = 0, then
(6.8) is trivially true.) On the other hand, we note that by the form of g4 given in
(6.2), it is immediate that g4(¢, s) > 0 since €y > 0 by Lemma 6.3 and b+v—s—1 > 0
in this case. Thus, we conclude that both g, and g4 are positive on their respective
domains.

We next consider the function g3(¢,s). Recall from (6.2) that

1 v—1

g3(t,s) = —(t—s— 1)”_1+ ;

(b+v—s—1)2].

Evidently, to prove that g3(¢,s) > 0, we may instead just prove that I'(v)gs(¢, s) > 0.
Now, it is clear that g3 is increasing in «, for as « increases, )y clearly decreases. In

particular, then, we deduce that

=L+ v—s—1)=L

DW)gs(t ) 2 {1 = s == 00

(6.11)
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Note that (6.11) implies that g3(t,s) > 0 if and only if

=L+ v —s— 1)
(t—s—1)7=Lb+v)—L

> 1. (6.12)

To prove that (6.12) holds, recall that on the domain of g3 we have that ¢t > s +v >
K +v. So, it follows that given a fixed sy > K, we have that t = sy + v + j, for some
0 <j<b—spwith j € Nyg. But then for this fixed but arbitrary s;, we may rewrite
the left-hand side of (6.12) as

=L+ v—s—1)=L
(t—s—1)=L(b+v)=L
P+ b+v—s0)T(t—so—v+1)T(b+2)
Ft—v+2)'(b—so+ 1) T (t—s) T(b+v+1)
so+v+j+D)T(0+v—s) 0+ 1DI'(b+2)
sot+j+2)L(b—so+ 1 )T'(v+)I'(b+v+1)
_ Dt s0) (v )
(so+j+Db—s)[(b+v) - (b+v—s0)]
(b+1)---(b=so+1) (V+ij+s0) - (v+))
b+v) - (b+v—s9) (so+j+1)---(j+1)

(6.13)

_ I
=T

Now, observe that each of the fractions on the right-hand side of (6.13) has exactly
so + 1 factors in each of its numerator and denominator. Moreover, by putting «aq :=
v —1 > 0, it is easy to see that this expression satisfies the hypotheses of Lemma
5.7. (Note that some repetition of factors may occur between the two fractions on
the right-hand side of (6.13), but these may always be canceled to obtain the form

required by Lemma 5.7.) Consequently, we deduce from this lemma that

bt —s—= (b 1)--(b—so+1) (v+j+so)--wtij)
(t—s—1)=Lb+v)=t (b+v)---(b+v—s) (so+j+1)---(+1) ’

(6.14)

whence (6.12) holds. But as (6.12) holds for each admissible pair (¢, s), it follows at
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once that (6.11) holds, too, so that gs(¢,s) > 0, as claimed.
Finally, we wish to show that ¢;(¢,s) > 0 on its domain, which we recall is

0 <s <min{t — v, K}. Recall from (6.2) that

v—1

L(W)gi(t,s) = —(t —s— 1)L+ o

[(b—l—y—s—1)”_1—a(K+V—s—1)ﬂ],

(6.15)
where we shall again use the fact that ¢; is positive if and only if I'(v)g; is positive.

Let us observe at this juncture that

b+v—s—1)""2—a(K+v—s—1"1>0, (6.16)

which is an important condition. Observe that (6.16) just follows from (6.8) above.

Now, observe that g; > 0 only if

tV—l
Qo

[(b+v—s—1) L —a(K+v—s—1)"“] > (t—s— 1) (6.17)

We shall begin by demonstrating that

b+v—s—1) "L —aK+v—s—1)~
(b+v)=L — a(K + v)r=L

Fla) = (6.18)

is increasing in « for 0 < o < 1. Note that an easy calculation demonstrates that

F(a) is increasing in « if and only if

(b+v—s—1)""YK + )
(K4+v—s—1)=L(b+rv)=L

> 1. (6.19)

To see that (6.19) holds, let so be fixed but arbitrary such that sy € [0,b]y, and
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0 < sp < min{t — v, K}. So, it follows that the left-hand side of (6.19) above satisfies

(b+v—s0— 1D (K +v)=t  (b+1)---(b—so+1) (K+v) - (K+v—s)

14
14

(K+v—so—1"2(btvpt (b+v)(btv—sp) (K+1)-(K—so+1)

(6.20)
But it is easy to check that by putting ag := v — 1 > 0, we may apply Lemma 5.7 to
the right-hand side of (6.20) to conclude that (6.19) holds. Thus, F(«) is increasing
in . In particular, this implies that to prove that (6.17) is true, it suffices to check

its truth in case a = 0. In this case, we find that proving (6.17) reduces to proving

that
=t +v—s—1)=L
(b+v)r=L(t —s— 1)L

> 1 (6.21)

holds. Observe that the same proof that was used to show that (6.12) held can be
used to show that (6.21) holds, too. Thus, as (6.17) holds in case a = 0, the result
of (6.18)-(6.21) implies that (6.17) holds for each admissible a. Consequently, we
conclude that ¢;(¢,s) > 0, from which it follows that g;(¢,s) > 0 for each i, 1 <1i < 4.

Hence, G(t,s) > 0, which concludes the proof. ]

Theorem 6.5. Let G(t, s) be the Green’s function given in the statement of Theorem
6.1. In addition, suppose that for given K € [—1,b— 1]z and 1 < v < 2, we have that
« satisfies the inequality

, (b+v)=L tr=2(b+v—s—1)—=L
0<a< — 6.22
=a= (t,s)e[eru,urJrrlbl]IleilX[O,b]NO {(K +rv)=t (K +v)=i(t—s—1)=2 (6:22)

Then it follows that

max G(t,s) =G(s+v—1,s). (6.23)

(tas)e[l/717’j+b]Ny_1 X [Ovb]NO

Proof. Our strategy is to show that Ayg;(¢t,s) > 0 for each i = 2, 4, and that
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Aygi(t,s) < 0 for ¢ = 1, 3. From this the claim will follow, evidently. To this
end, we first show that the former claim holds, as this is the easier of the two cases.
For instance, when ¢ = 2, we find by direct computation that

(v —1)=2
Qo

T(v)Aga(t, s) = [(b+v—s—1)"L—a(K+v—s—1)*. (6.24)

So, it is clear from (6.23) that A.ga(t,s) > 0 if and only if

b+v—s—1)"1>a(K+v—s—1)71 (6.25)

But as this follows at once from (6.8)—(6.9) above, we have that A.ga(t,s) > 0,
as desired. On the other hand, that A;g4(t,s) > 0 is immediate considering that
Aygy(t,s) = %(b +v —s—1)¥=L So, this concludes the analysis of Ayg;(t, s) in
case ¢ Is even.

We next attend to gs(t, s), and we claim that A;gs(t,s) < 0, for each admissible
pair (¢,s). To see that this is true, note first that

(v —1)t=2

T(v)Awgs(t,s) = —(v — 1)(t —s — 1)“=2 + o

(b+v—s—1)L  (6.26)

where we have used the fact that A;(t —s —1)“=L = (v —1)(t — s — 1)*=2, which may
be easily verified by definition. So, if A;g3 is to be nonpositive, then it must be the

case that

v=2 —g—1)=L
o Ul ek ity e RO
)

(6.27)

holds. Note that (6.27) holds if and only if (b+v)*=L —a(K +v)*=L > tV;Qéi:juig)g
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is true. But this latter inequality is true only if

tr=2(b+v—s—1)=L (b+ v)r=2t
e (t—s—1)=2(K +v)>=L (K +v)=t (6.28)

is true. And from this, we see that by requiring « to satisfy, for each admissible K

and v, the inequality

0<a< min
(t,s)E[s+V,u+b]NV71 X [O,b]N0

{((b+u)”—1 20 tr—s—1)t } (6.29)

K+vye= (K+v)=(t—s—1)=2

it follows that (6.27) holds — that is, that g3(¢,s) > 0 for each admissible pair (¢, s).
Note that restriction (6.29) above is precisely restriction (6.22), which was given in
the statement of this theorem. Thus, with restriction (6.22) in place, we conclude
that gs3(¢, s) will be nonpositive on its domain, as desired.

Finally, we claim that A;g;(¢,s) < 0 on its domain. Observe that by the definition

of g1 given in (6.2), it follows that we must show that

(v —1)te=2
Qo

—~(v—1D(t—s—1)""2+ [(b+s—v—1)"t—a(K+v—s—1)] <.
(6.30)

But note that

— 1)r=2
—(V—l)(t—s—l)d—l——(y Q) [(b+s—v—1)"—a(K+v—s—1)"“
0
_ —Dtr=2(b+ s —v— 1)L
< —w-1)t—s—1p2y ¥ .
e -
(6.31)
So, it follows that if
- D=2 (b+s—v— 1)L
L) s 12y WD VEEREs oy D (6.32)

o
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then inequality (6.30) holds. But note that we can solve for « in (6.32) to get an
upper bound on «. As this calculation is exactly the same as the one given earlier
in the argument, we do not repeat it here. Instead we point out that the restriction

(6.32) implies that

(b+v)=L t=2(b+v—s— 1)L
<a< — ) 6.33
Osas (K +v)=t  (K+4v)=(t—s—1)x=2 (6.33)

Note that the right-hand side of (6.33) is precisely restriction (6.22). Thus, by assum-
ing (6.22) we also get that (6.30) holds. Consequently, the preceding analysis shows
that (6.30) holds, whence g1 (¢,s) > 0 on its domain. Thus, by the discussion in the
first paragraph of this proof, we deduce that (6.23) holds. And this completes the

proof. O

Before presenting our final theorem in this section regarding G(t, s), we need to

define the following constants for convenience. We shall use this in the sequel.

(25
Nn= (b—?— =
piv—L1
[ 3(b+v) z== v—1 v—1
| 1 (3(b+y))”_1_ (T_1> (b4 v)X=L — (K + v)“=Y
2 (3(b+u)>y; 4 (b+v -1
1
[ 3(b+v v=1 v—
_ 1 (3(b+u))”‘1_ (—(I) 1) (b+v)=
s (3(b+u)>”; 4 (b+v -1
4 L

(6.34)

Theorem 6.6. Let G(t, s) be the Green’s function given in the statement of Theorem
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6.1. Let v;, 1 <i <3, be defined as in (6.34) above. Then it follows that

min  G(t,s) > max G(t,s) =vG(s+v —1,5), 6.35

te[bte, 20t (t,5) ’y(t7s)e[u72,u+bm,,f2x[o,b]NO (t,5) = 7G( ) ( )
where

v = min {1, 73}, (6.36)

and vy satisfies the inequality 0 < v < 1.

Proof. To facilitate notation in this proof, let us put, for each 1 < i <4,

gi<t73)
g(s+v—1,s)

gi(t,s) :=
where k =2 ifi =1, 2, and k = 4 if i = 3, 4. Observe that for s > t — v + 1 and
beT” <t< %, we find that

G

>
(s+v—1)=L = (b+v)=Ll

ga(t,s) = ga(t,s) = (6.37)

whence from (6.37) it is clear that in case s >t —v+1and t € ["JfT”, W], we have

that min, (0 sein G(t,s) > nG(s+v —1,s).
tebyr 2]

On the other hand, suppose that s <t—v+1and t € [Z’TT”, S(bzl')]. Then we

consider two cases depending upon whether or not the pair (¢, s) lies in the domain
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of g1(t, s) or gs(t,s). In the latter case, we note that by definition

~(t )_ —(t—S—l)Vilﬁo n tr=t
g3t 8 (s rv—1)btr—s—1)L 0 (s+v—1)vL
- 1 [t"—l (t=s— Db+ v)e=t — a( K + v)=L
(s+v—1)L b+v—s—1)=L

S 1
B ( 3(b+v) > v=1
4
v—1

) (3(b N V))"—l ) (% - 1)7[(b+ V)=l — (K + v)e=l]
4 (b+v—1)=L

(6.38)

So, it is clear from (6.38) that in case s <t—v+1landt € [I’TT”, S(bjy)], we get that

minte[bi s(e41)) G(t,s) > 7G(s+v—1,s).
4 4

Finally, suppose that s <t —v +1,t € [bfT”, W], and that the pair (¢, s) lies
in the domain of g (¢, s). By using a similar calculation as in (6.38) together with the

definition of g (¢, s), we find that

N(t 8)— —(t—S—l)QQO
)= (s+v—-1=L[b+rv—s—1)=L —a(K+v—s— 1)
tr=1
MR =

1

> -
- (3(b+u))”‘1
4

3(b+ 1)\ (%—3—1)“[<b+yw_a(;{+y)u]
< 4 > N b+v—s—1)=Lt—aK+v—s—1)L

(6.39)

(b+v)r=t—a(K4v)r=L
(b+v—s—1)Y"L—a(K+v—s—1)

We now need to focus on the quotient =1, which appears on

the right-hand side of (6.39). We claim that this is a decreasing function of a.
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To prove this claim, let us put

(b+v)=L — a(K + v)~=L
b+rv—s—1)p=L—oK+v—s—1)=

g(a) = ( (6.40)

where for each fixed but arbitrary b, s, v, and K, we have that g : [0,1] — [0, +00).
Now, let F'(a) be defined as in (6.18) above. Note from (6.40) that g(a) = [F(a)]™".
Recall that we already proved that F(«) is increasing in «, for 0 < a < 1. So, a

-1

routine computation demonstrates that g(a) = [F(a)]! is thus decreasing in «, for

0 < a <1, as desired.

Since g is decreasing in «, we conclude that

§1<t7 8) > o Nv—1

3(b+u)>”1 (% s 1)H[(b+v)”—1— a(K + v)=]]
b+v—s—1)2L—a(K+v—s—1)L

X
N
=

v—1

Vv

1 -<3(b+y)>”1 <W—s—1) (b + v)r=L

(b+v—s—1)=L

v

! _<3<b+u>>“ (3 1) (b4 et

(b+v—1)=L

(6.41)

Thus, we see that in case, minte[bﬂ S(6421] G(t,s) > 3G(s+v —1,s).
4 4

Finally, note that since v, > 73, it follows that min {71, 72, v3} = min {71,793}

Thus, we can put v := min {~;, 73} as in (6.36), and the preceding part of the proof
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then shows that

min  G(t,s) > max G(t,s) =vG(s+v —1,5), 6.42
te[bte, 20t (t:5) ’y(t7s)e[u72,u+bm,,f2x[o,b]NO (t,5) =7G( ) ( )

and as (6.42) is (6.35), the first part of the proof is complete.

To complete the proof, it remains to show that 7, as defined in (6.36), satisfies

0 <~ < 1. Let us first observe that vy; < 1. This follows from the fact that t*=

Y=Ll is an
increasing function in ¢t whenever v € (1,2]. Indeed, observe that
A[t”_l]:(u—l)-M>O (6.43)
I'(t—v+3) ’ '

clearly. So, as I’TT” > b+ v and (Z’TT")Q, (b + v)“=L £ 0, the claim follows. In

particular, this demonstrates that

vy=min{y,73} <7 < L (6.44)

On the other hand, since it is clear that v; > 0, it remains to show that v3 > 0.

Observe that 3 is strictly positive if and only if

(30 4y - 1)

_ > 1. (6.45)
3(b+v)

(T - 1)*(@ 4oyt

But (6.45) is true if and only if

o+ <W> > 1 (6.46)
(b+v) (W —1/—|—1>

holds for each admissible b and v — that is, each b € [2,4+00)y and v € (1, 2].



102

We claim that (6.46) does hold for each admissible b and v. To see this, for each
fixed and admissible b, put
3(b+v)
(b+1) (22)

Hy(v) = - (@ — 1) : (6.47)

which is the left-hand side of inequality (6.46), and note both that
Hy(1) =1 (6.48)

and that
C+1)(3b+3) 3b+3

B2 =5 Gb+1) 3b+2

(6.49)

Clearly, Hy(2) > 1, for each admissible b. Moreover, a routine calculation shows that

, 3(b+1)
Hj(v) = (SRR (6.50)

But (6.50) demonstrates that for each admissible b, we have that Hy,(v) is strictly

increasing in v. Therefore, as H,(1) =1 and H,(2) > 1, we get at once that

Hy(v) > 1 (6.51)

for each v € (1,2] and b € [2, +00)y. But from (6.51) we deduce that (6.46) holds for
each admissible b and v.

In summary, (6.45)—(6.51) demonstrate that 3 > 0. But we then find that

v = min {y,73} > 0. (6.52)
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Putting (6.44) and (6.52) together implies that v € (0,1), as claimed. And this

completes the proof. O

Remark 6.7. Note that in case a = 0, the result of Theorem 6.6 reduces to the results

obtained in [20].

We wish to conclude this section by investigating certain of the properties of the set
of admissible values of o generated by condition (6.22) in Theorem 6.5. Interestingly,
depending upon the magnitude of «a, it may be the case that some a € [0, 1] are not

admissible. The results in the sequel provide some analysis of this problem.

Definition 6.8. Given b € N, v € (1,2], and K € [-1,b — 1]z, let A(, k) be the set

of o € [0,1] such that condition (4.15) holds — that is

)

— {a €0,1] : 0 <a < min { ((}b;;%_ll - (}t(-i(yb)j__ly(t_—s s_—l)ly)”l‘Q}} ’

where the min is taken over all pairs (¢, s) satisfying (¢, s) € [s+v,v+b]n,_, X [0, b]n,-

Then we shall call A¢, xp) C [0, 1] the a-admissible set for problem (6.1).

Before proving a couple of results regarding the Lebesgue measure of Ay, k), we

need to state and prove a preliminary lemma.

tu72

—— 15 increasing in t.

Lemma 6.9. The function f(t,s) := e

Proof. Observe that

(t+1)~=2 =2
Atf(t78) = (t—S)ﬂ - (t—S— 1)1/—2
Ft+2)It—s—v+3)—(t—v+3)(t—s)t+1)I(t—s5s—v+2)

- T(t—v+4OL(t—s+1)

(6.53)
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Now, note that the numerator of A, f(t, s) on the right-hand side of (6.53) above may
be rewritten as [(t+ 1)(t —s—v+2)— (t—v+3)(t—9)|I't+ )t —s—v+2).

But the coefficient of I'(t + 1)I'(t — s — v + 2) in this expression may be written as
t+1)t—s—v+2)—(t—v+3)(t—s)=s2—-v)+(2—-v) >0, (6.54)
clearly. But from (6.53)—(6.54) it follows at once that A;f(¢,s) > 0. Thus, f(¢t,s) is

increasing in ¢, as claimed. O

With this preliminary lemma in hand, we now prove three results regarding the
measure of the set A(, k). Henceforth, we consider the measurable space ([0, 1], B[O,l])

equipped with the usual Lebesgue measure, denoted in the sequel by m.

Theorem 6.10. Given b € N, v € (1,2], and K € [—1,b — 1]z, we find that

2
li A = — )
and that
. 1
Jim m (M) = = (6.56)

for each fized K and b.

Proof. To prove (6.55), notice that when v = 1, we get that

tr=2
A = i L P T
(LK) [s+1,b+III]1N1;1x[o,b]NO [ (t—s— 1)V2] v=1

B 1_b+1/
N b+2],_,
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where we have used the fact that A is continuous in v, the result of Lemma 6.9, and
the fact that t“=2 is decreasing in t. Thus, (6.55) is proved.
On the other hand, to show that (6.56) is true, note that in case v = 2, we get

that

0< o < mi b+ 2 b+2—-—s5—-1 . s+1
a < min — = min
- - K+2 K+2 K+2

1

which proves the claim, for s € [0, b]y, so that A k) = [O, K_-I—Q}’ for each admissible

triple (2, K,b). (Note that we have again used the continuity of A, k) with respect
to v.) O

Corollary 6.11. For eache > 0 and K € [—1,b—1]z given, there is v > 1 sufficiently

close to 1 and b > 0 sufficiently large such that
m (A(y,K,b)) < E. (657)
Proof. By using (6.55) from Theorem 6.10, we write

lim lim m (A(Z,,K,b)) =0. (6.58)

b—+oov—1t

Then (6.58) proves the claim. O
In a similar way, we get the following corollary.

Corollary 6.12. If K = —1 and v = 2, then A _1p) has full measure for each
admissible b — that is

m (A(Q,—l,b)) =1. (659)

Remark 6.13. Observe that (6.57) in Corollary 6.11 implies that for b sufficiently
large, we can make the set of admissible o have arbitrarily small measure. In partic-

ular, then, for v sufficiently close to and greater than unity, we find that a may be
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significantly restricted, especially if b is very large. On the other hand, Corollary 6.12
implies that for v sufficiently close to 2 and K small, & may not be very restricted;
in particular, in case v = 2 and K = —1, Ao 1) = [0,1] for each b, and so, « is not

restricted at all.

6.3 Existence Theorems

In this section, we wish to conclude by presenting two representative existence theo-
rems. One way to deduce existence results for the general problem (6.1) is to appeal
to cone theoretic techniques. Although in light of the discussion at the end of Chapter
5 this is now rather standard, we include the relevant result for completeness. In any
case, we now consider the nonlinear equation (6.1). We notice that y solves (6.1) if

and only if y is a fixed point of the operator

b

(Ty)(t) == G(t,s)f(s+v—Ly(s+v—1)),

s=0

where GG is the Green’s function derived in this paper and T' : B — B, where B is
the Banach space consisting of all (continuous) maps from [v — 2,v + b]y,_, into R
when equipped with the usual supremum norm, || - ||.

Let us also make the following declarations, which will be used in the sequel.

1
= ZgZOG(S—f—V— 1,5)

1
L3<V+b) —V—‘rlJ
Zs=[4%uu+117G T s

Let us also introduce two conditions on the behavior of f that will be useful in

A=
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the sequel. These are standard assumptions on the growth of the nonlinearity f(¢,y).

C1: There exists a number r > 0 such that f(t,y) < nr whenever 0 <y <r.

C2: There exists a number r > 0 such that f(¢,y) > rA whenever yr < y < 7,

where v is the constant deduced in Theorem 6.6.

We now can prove the following existence result.

Theorem 6.14. Suppose that there are distinct v, ro > 0 such that condition (C1)
holds at r = ry and condition (C2) holds at r = ry. Suppose also that f(t,y) > 0 and
continuous. Then the FBVP (6.1) has at least one positive solution, say yo, such that

llyo|| lies between r1 and ry.

Proof. We shall assume without loss of generality that 0 < r; < ry. Consider the set

K= {y €B : y(t)>0and min y(t) > 7||y(t)l|} ,

te[bfT’ﬂB(bI")]

which is a cone with L C B. Observe that T' : K — K, for we observe that

min  (Ty)(t) =  min ZGt s)fs+v—1y(s+v—1))

te b;&y’3(bzl/)] b+y 3(b+u)

b
>vY Gs+v—1,9)f(s+v—1y(s+v—1))
s=0

= ma G(t,s)f(s+v—1y(s+v—1
Ve B g (t, ) f( y( )

=Tyl

whence Ty € IC, as claimed. Also, it is easy to see that T is a completely continuous

operator, for T : R¥3 — ROF3,
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Now, put ©; := {y € £ : |ly]| <ri}. Note that for y € 94, we have that
|ly|]| = r1 so that condition (C1) holds for all y € 9. So, for y € K N0y, we find
that

b

< Gs+v—198)f(s+v—1y(s+v—1))

(=

§777“1ZG(3+V—1,5)

s=0

= [lyll

whence we find that ||Ty| < ||ly|| whenever y € K N 9€Q;. Thus we get that the
operator T' is a cone compression on K M €);.
On the other hand, put Qs := {y € £ : ||y|| < ro}. Note that for y € 9Qs, we

have that ||y|| = re so that condition (C2) holds for all y € 0. Also note that

{LbHJ + V} C [b+y 3( } So, for y € K N 08y, we find that

TbeHJ ) ZG(VHJ +, s) fs+v—1ys+v—1))

L3(V+b) —I/-‘rlj

>y VGQHTlJ —|—V,s> fls+v—1y(s+v—1))

s:f”T"'b—u—l—l]

LM—V‘HJ

o (5 o)

s:]—"T‘H’—V—l—ﬂ

=T,

whence ||Ty|| > ||y||, whenever y € K N 9. Thus we get that the operator T is
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a cone expansion on K N 0. So, it follows by Lemma 2.13 that the operator T’
has a fixed point. But this means that (1.1) has a positive solution, say yo, with

r1 < [|yol| < r2, as claimed. O
We now provide a second existence theorem for problem (6.1).

Theorem 6.15. Assume that there exists a constant M > 0 such that

max F(ty)| < M

W) < = : (6.60)
(t) Elv—1w+b=1jn, _, x[~M,M] S G(s+v—1,5)

where G(t, s) is the Green’s function for problem (1.1). Then (1.1) has a solution,

say yo(t), such that lyo(t)] < M, for eacht € [v —2,v + b]y,_,.

Proof. Let T be the operator defined at the beginning of this section. Moreover, let
Bur the Banach space defined by By := {y € R®® : |ly|| < M}, where M is the

constant given in the statement of this theorem. Observe that

b
Ty < G(t, +rv—1yls+v—1
Tyl <, s DIGES)Ifs+ v = Lys +v = D)

b

< >, s (G(0)
2 5=0 G(S v L) I rel Lot (6.61)
G(s+v—1,s
ZS 0 G(s +v—1, Z )

whence from (6.61) we conclude that T : By — By. Consequently, we conclude
by the Brouwer theorem that T has a fixed point vy, with yo € Bys. In particular,
Yo is thus a solution of (6.1) satisfying |yo(t)| < M, for each t € [v — 2, v + by, _,-

Consequently, the theorem is proved. O
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Chapter 7

A Note on the Green’s Function
for a Certain Continuous

Fractional BVP

The preceding chapters have dealt exclusively with discrete fractional boundary value
problems as well as certain operational properties of the discrete fractional difference.
But, in fact, as elucidated in Chapter 1, it is the continuous fractional calculus which,
at least at present, has inspired a much greater body of literature, owing both to its
inception far before the discrete fractional calculus and to its realization as a powerful
tool in applied mathematics. Consequently, in this short chapter we wish to give a
simple but interesting result, which, in fact, provides a pleasant connection to the
preceding results in this work and, moreover, to the results yet to come.

In particular, we are concerned with a partial extension of a problem considered

in a very recent paper by Zhang [93]. Zhang considered the problem

D§u(t) + q(@) f (u, v, ... ,u("_Q)) =0,0<t<l,n—1<a<mn, (7.1)
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u(0) =u'(0) = --- = u"2(0) = u""P(1) = 0, (7.2)

where Dg, is the standard Riemann-Liouville fractional derivative of order «, ¢ may
be singular at t = 0, and f may be singular at v = 0, v’ = 0, ..., u»? = 0. As
a consequence of the viewpoint assumed by Zhang, it is never addressed whether or
not the Green’s function associated to (7.1)—(7.2) satisfies a Harnack-like inequality.
As is well-known from the existing literature, this is a crucial property when seeking
the existence of positive solutions by means of cone theory. One may consult from
among a great many papers the classic paper of Erbe and Wang [39] to see explicitly
this fact. On the other hand and perhaps surprisingly, it was first shown by Bai and
Lii [23] that the fractional analogue of the two-point conjugate BVP does not satisfy
this property.

Here we consider, for f : [0,1] x [0,400) — [0,+00) continuous, a class of

(continuous) fractional boundary value problems (FBVPs) of the form

—Dgy(t) = f(t,y(t),0<t<1l,n—1<v<n, (7.3)
yP(0)=0,0<i<n-2 (7.4)
[D§y(t)],_, =0, 1<a<n-—2, (7.5)

where 4 in boundary condition (7.4) represents the i*" (ordinary) derivative of y.
Clearly, (7.4)—(7.5) generalize the boundary conditions considered in [93]. We shall
assume throughout that n € N is given subject to the restriction n > 3. Note
that this problem is not unrelated to the so-called (k,n — k) conjugate BVPs, which
have received much attention in recent years — see, for example, the paper by Davis
and Henderson [32] and the references therein. Moreover, in the special case when

v = 4, problem (7.3) has been studied with a variety of boundary conditions and
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nonlinearities — see, for example, [60] and the references therein.

Our primary contribution in this brief chapter is that we improve certain of
Zhang’s results by showing that the Green’s function associated to (7.3)—(7.5) satis-
fies, among other properties, a Harnack-like inequality. Since by putting o = n—2 in
(7.5) above we get the boundary conditions given by (7.2), our results affirm that the
Green’s function associated to (7.1)—(7.2) does satisfy a Harnack-like inequality. Since
our purpose here is merely to illustrate this affirmation and comment on its signifi-
cance, we dispense with showing any existence-type results, which, in any case, would

be standard once the requisite Green’s function properties have been established.

7.1 Green’s Function Properties

We begin by deriving the Green’s function for the operator —D" together with the

boundary conditions given in (7.4)—(7.5).

Theorem 7.1. Let g € C([0,1]) be given. Then the unique solution to problem
—DYy(t) = g(t) together with the boundary conditions (7.4)—(7.5) is

y(t) = /0 G(t, 5)g(s) ds, (7.6)

where
P ) g<s <t <1
G(t,s) = ) (7.7)
tu—l(l_ )u—a—l
Ti)’ 0<t<s<1

1s the Green’s function for this problem.

Proof. We know from Lemma 2.12 that the general solution to our problem is

y(t) = crt" et R eat” T — D7Vg(1), (7.8)
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where we note that —r < 0. We immediately observe that boundary condition
(7.4) implies that ¢; = -+ = ¢, = 0. On the other hand, recalling (see [78]) that

D[t~ = %t”_a_l, we find that boundary condition (7.5) implies that

I'(v)

I'v—a) (D7 =

0261'

1 ' v—a—1
m/() (1—13) g(s) ds, (7.9)

where we have used Lemma 2.11. But (7.9) may be simplified to get that

1 ' v—a—1
o = 0 /0 (1—y9) g(s) ds. (7.10)

Finally putting (7.10) into (7.8) and using the fact that ¢; = 0 for each i > 2, we find

that the general solution to the problem is

tufl

W= / (1— )" g(s) ds - % / (t— sy lg(s)ds,  (T11)

from which it is easy to see that (7.6) holds with G(¢, s) defined as in (7.2). O

We now state and prove several properties of the Green’s function derived in

Theorem 7.1. For convenience in the sequel, let us put

v—1 1— v—a—1 __ _ v—1
Gi(t,s) == ) ['(v) =2 ,0<s<t<1 (7.12)

and
tufl(l _ S)ufafl

Go(t,s) := 0

L0<t<s<l. (7.13)

Theorem 7.2. Let G(t,s) be as given in the statement of Theorem 7.1. Then we

find that:

1. G(t,s) is a continuous function on the unit square [0,1] x [0, 1];
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2. G(t,s) >0 for each (t,s) € [0,1] x [0,1]; and
3. maxyep1 G(t,s) = G(1,s), for each s € [0,1].

Proof. That property (1) holds is trivial. Indeed, it is clear that each of G; and G,
are continuous on their domains and that G(s, s) = Ga(s, s), whence (1) follows.

To prove that (3) is true, we begin by noting that for each fixed admissible s,

we have % > 0, clearly. So, in particular, G is increasing with respect to t.
On the other hand, note that 22t = (”_1)”72(1_5)”;:)1_(t_s)yﬂ(”_l), Put G*(t,s) :=

% for each admissible (¢,s). Evidently, G*(t,s) > 0 on its domain if and only if
t"72(1 — s)v=>7! — (t — s)72 > 0. But that this latter inequality holds follows from

the observation that
v—2
21 — s)ranl 2 (1 - ;) > 2[(1—s) ot = (1—5)"2] >0, (7.14)

where to get the first inequality we use the fact that 0 < ¢ < 1, whereas to get the
final inequality we use the fact that v —a — 1 < v — 2, for each admissible «. Thus,
as (7.14) holds, we deduce that G*(¢,s) > 0 on its domain. In particular, then, Gy is
increasing on its domain, too. Consequently, (3) holds.

Finally, to prove that (2) holds, let us note that for each fixed and admissible s,
we have that G(0,s) = 0. So, as (3) implies that G(¢, s) is increasing in t for each s,
we find at once that G(t,s) > 0 at each admissible pair (t,s). Thus, (2) holds, and

the proof is complete. n

Theorem 7.3. Let G(t,s) be as given in the statement of Theorem 7.1. Then there

exists a constant v € (0,1) such that

min G(t,s) > v max G(t,s) = vG(1,s). (7.15)
te[%,l] te€(0,1]
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Proof. Notice that Theorem 7.2 implies that

(
G (ts), se(0l
min G(t,s) = ¢ 1(2 ) ( 2}

te[$.1]

Gz (5:9), sel31)
\

( (1)V—1(1 yroa-t (1 )V—l (7'16)
5 —S —|5—S 1
o : I(v) : ’ 5 € (O’ §i|
(l)yil(l_s)ufafl :
e s € [3.1)
Moreover, observe that
v—1 V—a— v—1
O e )
s—0+ (I —=s)r=2=1[1 —(1—s)°] (7.17)
v—1 v—2 .
L'H .. —(V — Q= 1) (%) (1 - S)V_Q_Q + (% — 5) (V — 1)
= lim )
50+ —(l=sp2v—a—-1)+(1—-s¥2(r—-1)

1\v—1

5 (1—5)”70"1—(%—8>V_1 .

A sy Ti=(1-9)7] =2 (%)V_l (v+a—1) > 0. It is also the

whence limg_,g+

case that for 0 < s < %

Finally, observe that for % < s <1, we find that

G > (l)yl. (7.19)

1—(1—s) = \2
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Now, define 7(s) : [0,1] — (0,1) by

(%)V_l(l—s)’/—a_l—<%—s>y_1
~ (I=s)=oti-(1=s)*]

=] g

N[ —=

, (7.20)

N
IN
V)
INA
[a—

where 7(0) := limg_,o+ 7(s); note that 7(0) > 0 by (7.17). Put

= min{(i[—;, (%)1} (7.21)

where, evidently, 0 < v < 1. Then from (7.16)—(7.21), we find that

min G(t,s) =7(s) max G(t,s) > vy max G(t,s) = yG(1, s),

te[%,l] te(0,1] te(0,1]
as claimed. O

Remark 7.4. Note that in great contrast to, say [23], where their 7 is a function of s
and satisfies lim, g+ y(s) = 0, in our Theorem 7.3 above we are able to take our vy to be
a strictly positive constant. We believe this to be a very important difference between
our results and other work (e.g., [23] and [89]) on (continuous) FBVPs. Moreover, as
pointed out in the introduction to this chapter, this improves and builds on certain of
the results given in [93]. Indeed, we have shown here that for the particular problem
considered here, the associated Green’s function does satisfy a typical Harnack-like

inequality, which, as noted earlier, is, in fact, somewhat unusual.

Remark 7.5. Interestingly, it can be shown that for 0 < a < 1 in (7.5), we find that
v can no longer be taken as a constant and that, moreover, lim, o+ 7(s) = 0 in this

case. We omit the details, however.



117

Chapter 8

Systems of Nonlocal BVPs for a

Continuous Fractional Operator

We continue in this chapter our transition from discrete fractional local problems
to continuous integer-order nonlocal problems. Consequently, we consider here

a system of nonlinear differential equations of fractional order having the form

DSy (t) = Mar () f (31(1), y2(t))
(8.1)

—Dg3y(t) = Aaas(t)g (y1(t), y2(t))

where t € (0,1), v1, s € (n — 1,n], and A\;, Ay > 0, subject to a couple of different

sets of boundary conditions. In particular, we first consider problem (8.1) subject to
y0)=0=y{(0),0<i<n-2 (8.2)

[Dg+n(D)]my = 0 = [Dgry2(t)],—y, 1 S <n =2, (8.3)
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where 4 in boundary condition (8.2) represents the i-th (ordinary) derivative of y.

We then consider the case in which the boundary conditions are changed to

1 (0)=0=y(0),0<i<n-2 (8.4)
[Doryi()];my = ¢1(y), L <a<n-—2, (8.5)
[Dg+y2(t)]—y = da(y), 1 <a<n—2, (8.6)

where ¢1, ¢2 : C([0,1]) — R are continuous functionals, where the notation C(]0, 1])
means the set of continuous, real-valued functions on the unit interval [0,1]; even
though (8.3) and (8.5)—(8.6) lose physical meaning when a ¢ N, they are still mathe-
matically meaningful. We also consider these boundary conditions in the special case
in which A; = Ay = 1. Note that in (8.1), (8.3), (8.5), (8.6), and, in fact throughout
this chapter, Dy, y(t) represents the Riemann-Liouville fractional derivative of order v
of the function y(t). We also assume throughout that n € N subject to the restriction
that n > 3. The main contribution of this chapter is to determine conditions under
which either problem (8.1)—(8.3) or (8.1), (8.4)—(8.6) will exhibit at least one positive
solution. In particular, we shall state conditions on A;, Ay, which are eigenvalues,
for which problem (8.1)—(8.3) has at least one positive solution; it ought to be noted
that unlike in the integer-order case, the range of admissible eigenvalues
depends on the choices of vy, 15, and «. In addition, we state conditions on ¢y,

¢9 such that problem (8.1), (8.4)—(8.6) has at least one positive solution.
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8.1 Existence of a Positive Solution: Case - 1

In this section we wish to present a general condition under which problem (8.1)-
(8.3) will exhibit at least one positive solution. We first need to fix our framework
for analyzing problem (8.1)—(8.3).

First of all, let B represent the Banach space of C([0, 1]) when equipped with the

usual supremum norm, | - ||. Then put
X :=B x B, (8.7)
where X is equipped with the norm

I (s v2) 1= llyall + Nlwell; (8.8)

for (y1,y2) € X. Observe that X is also a Banach space — see Dunninger and Wang

[36]. In addition, define the operators T7, To : X — B by

(T3 () (8) = / Gu(t,5)ar () (1 (5), 9a(5)) ds (5.9)
and
(T (51, 2)) (£) = Ay / Ga(t, 3)as(s)g (42(5). yals)) ds, (3.10)

where G4(t,s) is the Green’s function of Theorem 7.1 with v replaced by vy and,

likewise, G(t, s) is the Green’s function of Theorem 7.1 with v replaced by 5. Using
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(8.9)-(8.10), define an operator S : X — X by

(S (y1,92)) () == ((Th (y1,42)) (1), (T2 (y1, 2)) (1))

— (/\1 /01 G1(t, s)ar(s) f (yi(s), ) ds /\2/ Galt s)ax(s)g (y1(s): als)) ds ) ‘

(8.11)

We claim that whenever (y;,y2) € X is a fixed point of the operator defined in (8.11),
it follows that y; (¢) and y»(¢) solve problem (8.1)—(8.3). This is the content of Lemma

8.1, whose proof we provide next.

Lemma 8.1. A pair of functions (y1,y2) € X is a solution of problem (8.1)-(8.8) if

and only if (y1,y2) is a fized point of the operator S defined in (8.11).

Proof. The forward implication is immediate, owing to the result given in Theorem
7.1. Conversely, suppose that (y1,y2) € X is a fixed point of the operator S. Then,

in particular, we find that

H=\ / Gu(t, s)ar () (s (5), a(s)) ds. (3.12)

Observe that the right-hand side of (8.12) may be recast as

= D) (D) (@) 0], ~ 2D~ 0 (00,0200
(8.13)
so that, in fact,
n) =t % (DX an(0)f (1), 2(8))]
1 (8.14)

=MD [ar () f (52 (1), 42(2))] -
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We claim that y,(t) satisfies the differential equation (8.1) and the boundary
conditions (8.2)—(8.3). To see that the former holds, apply the differential operator
D"t to both sides of (8.14) and recall (cf., [78]) that D" [t#"'77] = 0, for 1 < j < n,
and that D' D™ = D°. Then we find that

Do n(t) = WD [T R (D a0 (0,00

— \D" (D7 [an () f (1 (t), 12(0))] (8.15)

= —Alal(t)f (yl(t)ayQ(t))7

from which we see that y;(t) satisfies the differential equation in (8.1). On the other
hand, to see that y;(t) satisfies the boundary conditions in (8.2)—(8.3), fix an i satis-
fying 0 < ¢ < n — 2 and note that

['(—a)

Dy =N\ (g — 1) (v —d) 10
P R L L

[D*ray(t) f (1(t), 12(1))] .,

— MDD as () f (1(1), (1)) -

(8.16)

Recalling that D'D~"* = D" (cf., Lemma 2.11) and that v, — 1 — ¢ > 0, we find

that

yi(0) = A {0 — D7 [ar () f (31 (t), ()] },_, = O, (8.17)

so that y; satisfies boundary condition (8.2). (Note that we have used the continuity
of a; and f here so that {D"" a1 () f (y1(t), y2(t))]},—, has value 0.) Finally, recall
that (see [78])

_ r (Vl) —a—
Dot = — 2L _prnmarl 8.18
r (l/l — O() ( )
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Then (8.18) together with an application of Lemma 2.11 implies that

Dy (t) = Mt [D* " ar (0) f (1), 92(1)]
= MDD far () f (1 (1), 92(1))]

=Mt Dy () f (1 (1), 12(8) ],y — M D [an (8)f (ya(8), y2(1)))]

(8.19)

so that, since vy, —a —1 > 0,

(D1 ()], = M1 [D* ™ ar(8) f (11 (1), y2(t)],_, — M D" [ar(8) f (91 (1), y2(1))] s
=0,

(8.20)

whence y; satisfies the boundary condition (8.3).

Now, a completely dual calculation reveals that 1y, also satisfies boundary con-
ditions (8.2)—(8.3) and the differential equation —D"?ys(t) = Aoaa(t)g (y1(t), y2(t)).
Therefore, we conclude that if (y1,y2) € X is a fixed point of the operator S, then

(y1,y2) solves the problem (8.1)—(8.3). And this completes the proof. O

As a consequence of Lemma 8.1, we shall look for fixed points of the operator S,
seeing as these fixed points coincide with solutions of problem (8.1)—(8.3). For use in
the sequel, let v, and 5 the constants given by Theorem 7.3 associated, respectively,

to the Green’s functions GG; and G,, and define ¥ by

~ = min {7y, 72}, (8.21)

and notice that ¥ € (0,1). Let us next introduce some conditions on the nonlinearities

as well as the eigenvalues. These are very similar to those presented by Henderson,
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et al. [62].
F1: There exist numbers f* and ¢g*, with f*, ¢g* € (0, 4+00), such that

i LW g g 9009 e

yity2—0t Y1 + Yo y1+y2—0t Y1 + Yo

F2: There exist numbers f** and ¢**, with f**, ¢** € (0, +00), such that

hm f(ylva) — f** and hm g(?/laZUZ) — *ok
yityz—+oo Yy + Yo Yy1t+y2—+oo Yy 4+ Yo

L1: There are numbers A; and As, where

- q-1

1
A; = max {% / NG (1, s)ai(s)f* ds|

. i (8.22)
[ VG (1,8) az(s)g™ ds }

DO | —

and

-1

% Vol a1, s)as(s)g" ds} 1},

Ay = min {% [/01 Gh(1, s)ar(s)f* ds}
(8.23)

such that Ay < A, Ay < As.

Next define the cone K by

K= {(yl,yz) €X : yi, 4220, min [y () + ()] = 7 (41, 42) H}- (8.24)

te[$.1]
We then deduce the following lemma.

Lemma 8.2. Let S be the operator defined by (8.11). Then S : K — K.
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Proof. Let (y1,y2) € X be given. It is clear from the definition of S together with the
fact that a1, as, f, and g are nonnegative that 17 (y1, y2) (t) > 0 and 15 (y1, y2) (t) > 0,
for each ¢t € [0, 1]. On the other hand, we observe that
tg[léiﬁ] (T3 (Y1, 92) () + T2 (g1, 92) (1)] = tén;ll] T (y1,92) (8) + tg[léiﬁ] T (y1,92) (¢)
> 1l T (Y1, y2) | + 72l T2 (1, 42) |
> T (v y2) |+ 1T (1, w2) [}

=Ty (y1,32) . T2 (1, 32)) |

= WS (yla?JQ) H
(8.25)

So, we conclude that S : K — K, as desired. And this completes the proof. O

We now state our existence theorem. While this theorem is similar to the existence
theorem provided in [62], it is completely new in the fractional-order case. Moreover,
later in this chapter we shall give results that more substantially generalize even the

integer-order results presented in [62].

Theorem 8.3. Suppose that conditions (F1)-(F2) and (L1) are satisfied. Then prob-

lem (8.1)—(8.3) has at least one positive solution.

Proof. We have already shown in Lemma 8.2 that S : K — K. Furthermore, a
relatively straightforward application of the Arzela-Ascoil theorem, which we omit,
reveals that S is a completely continuous operator.

Now, observe that by condition (L1) that there is € > 0 sufficiently small such
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that
1] 1
maxd 5 | [5G (1) o) (77 ) ds|
- 21 T (8.26)
1 -
5 [ YGo (1,8) as(s) (g™ —€) ds } < A, Ao
and

-1

AL A Smin{% U;Gdl,s)al(s) (F* + o) ds} ,

3|/ (1, $)ans) (6" + O ] ) }

Now, given this €, by condition (F1) it follows that there exists some number 77 > 0

(8.27)

such that

fy,2) < (fFF+¢) (n + 1), (8.28)

whenever || (y1,y2) || < ri. Similarly, by condition (F1), for the same ¢, there exists a

number r7* > 0 such that

9y, 02) < (9" +¢) (v +12), (8.29)

whenever || (y1,42) || < ri*. In particular, then, by putting r := min {r},r*}, we

find that both (8.28) and (8.29) hold whenever || (y1,y2) || < r1. So, define Q; by

Q= {ynp2) € X = [y m2) [ < (8.30)
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Then for (y1,y2) € KN 0Oy we find that

T3 ) < A0 [ Gult, (915 (n (615 s
< [ G906 7+ () + () s
< [ GO 7+ ol + el s 63D
=l 1A [ Gl (7 +2) s

< Sl wwe) |-

N —

We may deduce by an entirely dual argument that

1
I (s w2) [T = 511y, 92) - (8.32)
Thus, by putting (8.28)—(8.32) together we find that for (y,y2) € K N 9OQ; we have

1S (i, v2) | = || (T (w1, 92) » T2 (w1, 92)) | = (|11 (was w2) || 4 (T2 (y1, v2) ||
(8.33)

1 1
< Sl @uy2) T+ Sl e ye) =1 v2)

so that S is a cone compression on K N 0€);.
On the other hand, letting € be the same positive number selected at the beginning
of this proof, note that by virtue of condition (F2) we can find a number 75 > 0 such

that

fy2) > (f7 =) (y1 + y2) (8.34)

and

9 W, y2) > (97 —¢) (h1 +v2), (8.35)
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whenever y; + yo > 5. Put
o
ro := max {2r1, :} : (8.36)
8

Moreover, put

Q= {(y,92) € X = | (Y1, 92) [| <72} (8.37)

Note that if (y1,y2) € K NIy, then it follows that, for any ¢ € [%, 1},

n [y (8) +y2(0)] 2 Al (y1, 42) | = 7. (8.38)

yi(t) + ya(t) > tg[n |

In particular, (8.38) shows that whenever (y1,y2) € N0y, it holds that || (y1,v2) || >

79 so that (8.34)—(8.35) hold. Then for each (y1,y2) € K N0y we find that

T (o) (1) = Ao / Gy (1, 8) ar(s)f (41(s), (s)) dis

>\ / Gy (1,5) ar(5)f (41 (5), 3a(s)) ds

1 (8.39)
>0 [ G (L) ai(s) (17 = ) ((s) + () ds
21
>0 [ 3619 (s (7 = O ) | ds
Thus, we conclude from (8.39) that
IT: (02 > 51 0 (8.40)

whenever (y1,y2) € K N 0Q,. Similarly, we find that

1
T2 (1, w2) = S (ys 92) - (8.41)
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Consequently, (8.34)—(8.41) imply that

1S (w1, 2) | =

| (T1 (Y1, 92) s T (g w2)) || = 11T (yas ) 1|+ (172 (v, 92) |l
(8.42)

1 1
> 5“ (y1,92) || + 5” (1, v2) | = Il (1, 92) |l

whenever (y1,y2) € KN IQy. Thus, S is a cone expansion on K N 9.
In summary, each of the hypothesis of Lemma 2.13 is satisfied. Consequently, we
conclude that S has a fixed point, say (y?,49) € K. As the pair of functions y?(¢),

y9(t) is a positive solution of (1.1)—(1.3), the theorem is proved. O

We conclude this section with a remark about Theorem &.3.

Remark 8.4. Evidently, by choosing ¢ differently in (8.39), we would obtain a slightly
different form for A;. However, the form given in (8.22), which is the one induced by

the choice of ¢t = 1 in (8.39), is the optimal choice as it minimizes the value of A;.

8.2 Existence of a Positive Solution: Case - 11

We now wish to provide a set of conditions under which problem (8.1), (8.4)—(8.6)
will have at least one positive solution. In particular, we shall consider two such
cases. As remarked in Section 1, we note that although the boundary conditions in
(8.5) and (8.6) do not necessarily possess any physical meaning when o ¢ N, they are
mathematically meaningful. Moreover, in case « is an integer, then these boundary

conditions become physically meaningful.

8.2.1 Problem (8.1), (8.4)—(8.6) in the General Case

In this subsection, we consider the general problem (8.1), (8.4)—(8.6) in the sense that

A1, A9 can range over a continuum of values, which we shall specify presently. We
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shall still need conditions (F1)-(F2) in this setting. However, because the boundary
conditions are now given by (8.4)—(8.6), we shall introduce a new condition, labeled
(G1) in the sequel. Condition (G1) provides some control over the nonlocal boundary
terms, ¢, and ¢5. We state this condition now and then give a remark explicating

the form and nature of these nonlocal functionals.

G1: The functionals ¢ (y1) and ¢9 (y2) are continuous in y; and y,, nonnegative

for y1, y2 > 0, and satisfy

o1 (y1)

lim =0 (8.43)
lyl—0* [|ya |
and
im 2202 (8.44)
lyl—0t  |y2]|
respectively.
L2: There are numbers As and A4, where
1] o
Az := max 3 / %G1 (1, 8)ar(s)f™ ds|
- (8.45)

—1
1 1
5 [’VOGQ(LS)CLQ(S)Q** ds] },

» { / (1, s)ar(s)g" ds} } ,

(3.46)

-1

A, = min {p [/01 Gh(1, s)ar(s)f* ds}

1

and p € (0, 5) is given, such that A3 < A, A2 < Ay and where 7, is the

constant defined in (8.58) in the sequel.

Remark 8.5. Let us make some additional comments regarding condition (G1) above.
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First of all, we interpret these limits in the sense that (8.43) is true only if for each

1 > 0 there is 7 > 0 such that whenever 0 < [|y;|| < r, it follows that 0 < ¢”1$|1|) <.
The same may be said of condition (8.4) involving ¢,.
Second of all, let us explicitly point out that this condition is indeed satisfied by

nontrivial functionals ¢ : C([0,1]) — R. For instance, consider the functional

o1(y) == [y (to)]” (8.47)

where ¢ : C([0,1]) = R and t5 € (0,1), v > 1 are given. Let > 0 be given. Then

for nonnegative y, we find that whenever 0 < ||y|| < nﬁ, it follows that

5 -1
0< $1(y) < [yl _ ”yH'y—l < (Tlﬁ)7 =1,
Lyl = vl

so that the condition described in the preceding paragraph is satisfied — note that we

1
chose r := n>-1 > 0 here.

We present now a trio of preliminary lemmas. These shall also be of use in

Subsection 8.2.2 in the sequel.

Lemma 8.6. A pair of functions (y1,y2) € X x X is a solution of (8.1), (8.4)-(8.6)

if and only if (y1,y2) s a fized point of the operator U : X — X defined by

(U (y1,2)) (t) = (ﬁl(t)cbl (y1)+A1/0 Gi(t, s)ar(s)f (y1(s), a2(s)) ds,

) (8.48)
Ba(t) o (y2)+>\2/0 Ga(t, s)az(s)g (y1(s), y2(s)) ds),
where By, B2 = [0,1] — [0,1] are defined by
Bu(t) = Ll =a) o (8.49)

I (1)
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and
r (V2 — C()

T 0] ey (8.50)

52(15) =

Proof. To prove this lemma, we can essentially repeat the proof of Lemma 8.1 given

earlier together with a minor modification of the proof of Theorem 7.1 presented

earlier. Indeed, define Uy, Uy : X — B by, say,

Uy (41,92) (1) := Br(t) (y1)+A1/0 Gu(t, s)ar(s)f (y1(s), y2(s)) ds  (8.51)

and

Ua (y1,92) (t) := Ba(t)d2 (y2) +/\2/0 Go(t, 8)az(s)g (y1(s), y2(s)) ds. (8.52)

A verification very similar to the proof of Lemma 8.1 reveals that

(U (rw)) (0) =0, (8.53)

for each 0 <7 <n — 2 and each j =1, 2, and that

o+ (Ui (1, 92)],—y = &5 (y5) (8.54)

for each j = 1, 2. Moreover, we find that, for each j = 1, 2, the operator U; (y1, y2) (%)
satisfies the j-th equation in (8.1). Therefore, it follows that if (y;,y2) € X is a fixed
point of the operator U defined in (8.48), then the pair of functions y;(t), y(t) is
a solution of the boundary value problem (8.1), (8.4)-(8.6). And this completes the

proof. O]

Lemma 8.7. Let 51(t) and Po(t) be defined as in (8.49) and (8.50) above. Then
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each of B1(t) and Ba(t) is strictly increasing in t and satisfy $1(0) = 52(0) = 0 and
p1(1), B2(1) € (0,1). Moreover, there exist constants Mg, and Mg, satisfying Ma,,
Mg, € (0,1) such that minte[%J] pi(t) > Mg, ||p1]| and minte[%’l] Ba(t) > Mg, || Ba]|-

Proof. 1t is obvious that £;(0) = (2(0) = 0. Moreover, since vy, vy > 1, it is also

obvious that both 5, and [, are strictly increasing for ¢ € [0, 1]. Moreover, recall that

T'(vi—a)
N

1, Vo > 3. Then as both 1 —a > 1 and 1y, — a > 1, it follows 0 < < 1,
for each ¢+ = 1, 2. Finally, from the preceding properties, the final statement in the

lemma is obviously true. And this completes the proof. O

Remark 8.8. Let us note at this juncture that

1 v1—1
Mgl = Mgl (Vl) = (5) (855)
and that
1 vo—1
MﬁQ = Mﬁz (VQ) = (5) > (856)

1
which may be easily verified by simply observing, for instance, that Mg, = %

In light of Lemma 8.7, let us define a new cone K; by

te[3.1]

Ky = {(ylayZ) €eX : y, 2 >0, rnlin [11(t) + y2(t)] > vl (y1,92) H}, (8.57)

where

Yo = min {:}7’ M/Blv Mﬁz} : (858)
It is obvious that 7o € (0, 1).

Lemma 8.9. Let U be the operator defined in (8.48). Then U : K1 — K.



133

Proof. Let Uy and U, be defined as in (8.51) and (8.52), respectively, above. Then
whenever (y,y2) € Ky, it is clear that U (y1,v9) (t), Us (y1,y2) (t) > 0, for each
t € [0,1]. On the other hand, in light of Lemma 8.7 and the definition of 7y provided

n (8.58), we find that

min [Uy (y1,y2) (t) + Uz (y1, y2) (1)]

te[3.1]
> tér[léiﬁ] Bit)é1 (y1) +tg[1}ri] /\1/ Gi(t, s)ai(s)f (y1(s),ya(s)) ds

i 50162 ) + i / Galt, 5)a(5)g (11 (5), 1)) ds

te[$.1] tel3

> My, max 1 (60n (1) + 9 max / Ga(t, $)ar(s)f (5(5). ya(s)) ds

t€[0,1] te[0,1] 0

+ Mg, max f5(t)¢2 (y2) + 72 max )\2/0 Ga(t, s)az(s)g (y1(s),y2(s)) ds  (8.59)

te[0,1]

> 30 max {m Do)+ 0 [ Galt)an(5)f (005 (5 ds]

te(0,1]

¢ max {m Dou )+ % [ Galt )oals)g (10 (5)32(5) ds]

te[0,1]
= %lIU1 (y1,92) || + 71Uz (y1, v2) ||
= ’YOH (Ul (Z/1>y2) , Uy (ylayQ)) H

= fYOHU(yhyQ) H7

whence

min [Uy (y1,92) (t) + Uz (y1,92) ()] = 0l (Ur (Y1, 92) , U (y1,92)) ], (8.60)

te[$.1]

as desired. Thus, we conclude that U : K; — K, as claimed. And this completes

the proof. O
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We are now ready to state and prove our first existence theorem for problem (8.1),

(8.4)(8.6).

Theorem 8.10. Suppose that conditions (F1)-(F2), (G1), and (L2) hold. Then

problem (8.1), (8.4)-(8.6) has at least one positive solution.

Proof. Lemma 8.9 shows that U : K; — K. Moreover, due to the continuity of [,
B2, ¢1, and ¢9, it is clear that both U; and U, are completely continuous operators
by a standard application of the Arzela-Ascoli theorem, which we omit.

Let p be the given number satisfying 0 < p < %, as in the statement of condition
(L2) above. Now, just as in the proof of Theorem 8.3, there is by condition (L2) a

number £ > 0 such that

T 4 -1
A3 1= max {1 [ Y0G1 (1, 8) ai(s) (f —€) ds|

2 /s
1 - 1 T (8.61)
5 [ YGs (1,8) as(s) (¢ —¢) ds } <AL\
and
1 ~1
A1, A2 < min {p [/ Gi(1,s)ar(s) (f* +¢) ds] )
" (8.62)

p Uol Ga(1, 8)as(s) (g* +¢) ds] h }

Given this e, just as before, conditions (8.28) and (8.29) remain true whenever
| (y1,92) || < 71, exactly as in the proof of Theorem 8.1. In this case, however,
we need to use condition (G1) as well to further refine the choice of . In partic-

ular, by condition (G1) it follows that there is a number, say, r{** > 0 such that

Fokk

o (y1) < nl|ya]| whenever 0 < |lyi|| < ri**. In particular and without loss of gener-
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ality, let us suppose that 0 < n; < % — p. (Note that by the choice of p, we clearly
have that 2+ —p > 0.) Now, put 71 := min {ry,7;**}. Then we find for all (y1,y5) € X

satisfying 0 < || (y1,y2) || < 71 both that

[y, y2) < (f+¢€) (y1 + 1)

(8.63)
9 W1,v2) < (9" +¢) (1 +y2)
and that
o< (3-2) lul (5.64)

So, define Q; by Q1 = {(v1,42) € X : || (y1,y2) || <71}. Observe that for any
(y1,y2) € K we have that ||y1|, [|v2]l < || (y1,y2) ||. We then find for (y1,42) € K1N Oy

that

HUI (1/173/2) H

<o)+ 0 [ G ((s) () ds
< (5 2) Il v [ Gal1.8)an(6)f ({51 e s

< (% —p) e +A1 [ Gr(Ls)an(s) (7 + ) (n(s) + (o) ds (865

<) 1 [(5-2) + 0 [ Gt sanls) (7 =) ds

<l 1| (3-2) +4]

< Sl y2) |,

N | —

whence ||U3 (y1,92) || < 3|l (y1,v2) || A similar analysis shows that ||Us (y1,y0) || <

21l (y1,42) || Consequently, we conclude that whenever (yi,y2) € K1 N 9€y, it follows
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that

1U (g1, 92) | < [l (g1 2) (8.66)

so that U is a cone compression on C; N 0€2;.
Conversely, let € be the same number selected at the beginning of this proof. As

before, condition (F2) implies the existence of a number r} such that

f,y2) = (F =€) (y1 + 1) (8.67)

and

9 (Y1, 92) 2 (¢ =€) (1 + v2) (8.68)

whenever y; + yo > r3. In addition, recall that by condition (G1) it follows that ¢,

and ¢, are assumed to be nonnegative for (y1,y2) € ;. Finally, if we put

r9 := max {27’1, T—Q} , (8.69)
7o

similar to (8.36) earlier, then it follows that a condition like (8.38) holds whenever

(y1,y2) € K1 N Oy, where we put

Q= {(y1,02) €X = [ (y1,42) | <2} (8.70)

Thus, for each (y1,y2) € K1 N 0y, it follows that

Us (g1, 3) (1) > A, / Gr(L, 8)ar () f (1 (s), vals)) ds

>0 [ G191 = O ) [ s (871

2

> | (y1, v2) ||,

DO | —
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where we have used the nonnegativity of ¢; to get the first inequality in (8.71).
Consequently, (8.71) implies that ||Uy (y1,92) || > %H (y1,v2) || whenever (yq,1y2) €
K1 MOy A similar calculation reveals that |Us (y1,y2) || > 3 (y1,92) || whenever

(y1,y2) € K1 NOQ,. Thus, we conclude that

1T (y1,92) | = [ (y1, 92) ] (8.72)

whenever (y;,y2) € Ky N 0.
Finally, combining (8.66) and (8.72) and applying Lemma 2.13, we find that there
exists a fixed point (y?,49) € X of the operator U. As the pair of functions y(t),

y9(t) is a solution of problem (8.1), (8.4)—(8.6), the proof is complete. O

Remark 8.11. Observe that the eigenvalue problem considered by Theorem 8.10 could
not be handled (even in the integer-order case) by the results of Henderson, et al.
[62]. Thus, Theorem 8.10 is an essential generalization of problem (8.1) not only in

the fractional-order case but also in the integer-order case.

8.2.2 Problem (8.1), (8.4)—(8.6) in Case A\ = Ay =1

In contrast to the previous subsection, we now specialize to the case in which A\ =
Ay = 1. In this case, problem (8.1), (8.4)—(8.6) is no longer an eigenvalue problem.
Consequently, we shall no longer have any need to invoke condition (L2). Further-
more, we shall alter conditions (F1)—(F2) since their imposition was a consequence
of condition (L2). In particular, then, we begin by introducing the following new
conditions. Note that we retain condition (G1) as before, and so, we shall not list it

separately below.
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F3: We find that

lim —f (1, 92) =0and lim gAY, 42) (v1,92) = 0.
y1+y2—0t Y1 + Yo y1+y2—0t Y1 + Yo
F4: We find that
lim —f (y1,92) = +ooand  lim g\, Y2) (1, 9) = +00
y1ty2—+oo Yy + Yo yityz—+oo Y1 + Yo

We present now two preliminary lemmas. First, let us make a remark.

Remark 8.12. In the sequel, we shall represent by U the operator U with \; = Ay = 1.
In addition, we shall represent by U{ and U} the operators U; and Us, respectively,

Lemma 8.13. A pair of functions (y1,y2) € X x X is a solution of (8.1), (8.4)-(8.6),
in case \y = Ay = 1, if and only if (y1,y2) is a fived point of the operator U' defined

by

(U (y1,42)) (1) == (ﬁl(t)¢l (v1) +/ Gi(t,s)ai(s)f (y1(s),y2(s)) ds,
’ (8.73)

Ba(t)p2 (3/2)+/0 Go(t, s)aa(s)g (y1(s), y2(s)) d5>,

where By, By = [0,1] — [0,1] are defined by (8.49) and (8.50), respectively.

Proof. The proof of this lemma is essentially the same as the proof of Lemma 8.6.

Consequently, we omit it. O

Lemma 8.14. Let U! be the operator defined in (8.73). Then U : K1 — K;.
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Proof. Let U and UZ be defined as in Remark 8.12 above. Then whenever (y;,y2) €
K1, it is clear that U} (y1,y2) (t), Uy (y1,92) (t) > 0, for each ¢ € [0, 1].

On the other hand, in light of Lemma 8.7 and the definition of vy provided in
(8.48), we find that

tél[lllli] (U} (y1,92) (8) + Uy (y1,92) (2)]

te[0,1] te(0,1]

> My, max fy(6)¢1 (31) + 7 max / Gr(t, $)ar(s) ] (41 (5), yals)) ds

+ My, max Ba(t)s (y2) + v max / Ga(t, $)a(s)g (1 (s), ya(s)) ds

€01 tefo,1] (8.74)
> 70 nax {51(75)% (y1) +/01 Gu(t, s)ai(s)f (y1(s), ya(s)) dé}
+ %0 max {52(75)@52 (92) +/0le(75>$)@2(8)9 (y1(s), 2(s)) dS}
=lU" (g1, 92) .
whence
tér[lllIi] (U} (g1, 92) (8) + Uz (y1,92) (1)) = %l (U) (01, 92) Uy (w1, 92)) I, (8.75)

as desired. Thus, we conclude that U' : K; — K, as claimed. And this completes

the proof. O

We now present another existence theorem for problem (8.1), (8.4)—(8.6), this one

in the special case when A\ = Ay = 1.

Theorem 8.15. Suppose that conditions (F3)-(F4) and (G1) hold. Then problem

(8.1), (8.4)—(8.6), in the case where \y = Ay = 1, has at least one positive solution.

Proof. Lemma 8.14 shows that U' : K; — K;. Moreover, due to the continuity of

B1, B2, ¢1, and ¢o, it is clear that both Ul and Uj are completely continuous operators
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by a standard application of the Arzela-Ascoli theorem, which we again omit.

On the other hand, choose a number 7; > 0 such that

1

0<m [1 + /01 G1(1, 8)ai(s) ds| < 5 (8.76)

Due condition (F3), note that there is a number 77 > 0 such that f(y1,y2) <

m [y1 + y2] whenever 0 < || (y1,92) || < r}. In addition, letting 7; be the same number,
by condition (G1) it follows that there is a number r}* > 0 such that ¢1 (y1) < mi||ly1|
whenever 0 < [jy1]| < r*. Now, take r; := min {r],ri*}. Observe that whenever
0 < || (y1,y2) || < r1, it follows that |lyi|| < r1 < r*. In particular, then, for all

(y1,y2) € X satisfying 0 < || (y1,y2) || < r1, we find both that

f(y,y2) < mlyr + yo (8.77)
and that
o1 (y1) < mllyall < mll (1, 92) |- (8.78)
So, put Q1 :={(y1,92) € X : || (y1,92) || <r1}. Then from (8.76)—(8.78), we find
whenever (y1,y2) € K1 N0 that
1
10} (g1, v2) | < 181l (w1) +t€m[g>1<]/ Gi(t,s)ai(s)f (y1(s),y2(s)) ds
Al Jo
1
e / G(L, s)ar () 1 (5) + 9()] dis
0
1
<mull ) |+ 1l (o9 | / mGi(1, 5)ar(s) ds (8.79)
0
1
<o) |- m [1 + [ @ sa) ds]
0

1
< 5“ (y1,92) |,
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whence [|U} (y1,92) | < 31l (41,92) ||. Similarly, it can be shown that

1
U3 (y1,92) || < §|| (v, v2) I, (8.80)

whenever (y1,y2) € Ky N 0. Therefore, from (8.79)—(8.80) we conclude that when-

ever (y1,y2) € K1 N0y, it follows that

U (1, m2) | < | (1, 92) 1] (8.81)

Conversely, recall that by assumption (G1), we have that ¢1 (y1), ¢2 (y2) > 0, for
each (y1,y2) € K1 (because y;, yo > 0 whenever (y;,y2) € K1). In addition, choose a

number 7y > 0 such that

! 3 1
772/ 7G1 <Z73> ai(s) ds > 5 (8.82)

2

Then condition (F4) implies the existence of a number 75 > 0 such that whenever

| (y1,y2) || = 75, we find that

fiy2) = ma [y +yal .- (8.83)
Now, put
o i= max {27“1, 7“_2} ) (8.84)
70

and define the set Qs by Qs := {(y1,92) € X : || (y1,%2) || < ro}. Then from (8.82)-
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(8.84), it follows that

0 ) (3) 2 [ 60 (3es) a1 (o) uto) s
> [ 6 (§5) s e s
2/ G G ) s)n2 [y1(s) + va(s)] ds (8.85)

3
> ) 70 [ 06 (35 o) s

1
Z 5” (ylayZ) Ha

whenever (y1,y2) € K1 N Q. Thus, we conclude that for any (y1,y2) € K1 NIy

1
IF (s 92) | = Sl (s 92) |- (8.86)

A completely similar calculation shows that

> Y I, (3.87)

U3 )1 > 5

whenever (y1,42) € K1 N 9Qs. Thus, combining (8.86)—(8.87) implies that

1T s y2) = 1 (s w2) I, (8.83)

whenever (y1,y2) € K1 N 0.
Finally, combining (8.81) and (8.88) and applying Lemma 2.13, we find that there
exists a fixed point (y?,49) € X of the operator U'. As the pair of functions 3?(¢),

y9(t) is a solution of problem (8.1), (8.4)—(8.6), the proof is complete. O

Let us conclude this section with a final remark.
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Remark 8.16. To the best of the author’s knowledge, Theorems 8.10 and 8.15 provides
new results not only for the fractional-order problem (8.1), (8.4)—(8.6), but also for

the corresponding integer-order problem —i.e., in case vy = vy with vy, 1, € N.

8.3 Numerical Examples

We now present two numerical examples illustrating, respectively, Theorem 8.3 and

Theorem 8.15.

Example 8.17. Consider the problem, for t € (0,1),

D32y () = 12562 (1 (1) + pa (1)) (20000 — 00 )

2+('A/2(t))2+1 (889)
D3 ya(t) = 5756 (3 (t) + (1)) (30000 — o)
subject to the boundary conditions
5’(0)=0=14,"(0), 0 <i <4 (8.90)
and
Dg? [y (8)],—y = 0= Dg? [ya(t)],—; - (8.91)

Obviously, problem (8.89)—(8.91) fits the framework of problem (8.1)—(8.3) with v, :=
5.2, vy :=5.95, a = 1.5, \; = 12.5, and Ay = 5.75. (Note that n = 6, therefore, in

this case.) In addition, we have set

19990
J Wi y2) = (y1 +y (20000——), 8.92
(Y1, 92) == (1 +2) e (8.92)
29995
= 30000 — ———— 8.93
9 (y1,92) (y1+y2)( y%+y§+1)’ (8.93)
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a(t) :=e (8.94)

and

as(t) == e " (8.95)

Note that f, g : [0,4+00) x [0,4+00) — [0,400) and are continuous. The functions
a1(t) and as(t) are obviously nonnegative.
We now check that each of the conditions of Theorem 8.3 holds. In particular,

observe that

19990
TR ACTUI) S (20000-— _ . ) —10  (8.96)
yi+y2—0t Y1 + Yo y1+y2—0T (1 (1) + (y2(t))” + 1
and that
29995
m W08 (30000—- . _ > =5 (8.97)
yit+y2—0t Y1 + Yo y1+y2—07F (y1 ()" + (y2(t))” + 1

Thus, put
fri=10 (8.98)
and
g = 5. (8.99)
On the other hand, observe that
19990
fm L0 (20000-— ~ 5 ) — 20000 (8.100)
e e () + (D) + 1
and that
20995
TN ACITLE) (30000-— 5 5 ) — 30000. (8.101)
yityeotoo Yy +Yp  yrtyz—doo (11(1)" + (92(¢)” + 1
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Thus, put

£ 2= 20000 (8.102)

and

g** := 30000. (8.103)

In summary, (8.96)—(8.103) show that conditions (F1) and (F2) hold, as desired.
On the other hand, to calculate the admissible range of the eigenvalues Ay, A\q, as

given by condition (L1), observe by numerical approximation we find that

Ay =~ 5.451 (8.104)
and that
Ay = 38.717. (8.105)
Thus, for any A;, Ay satisfying
5.451 < A1, Ao < 38.717 (8.106)

condition (L1) will be satisfied. Since it is clear from (8.89) that

AL, As € [5.451,38.717], (8.107)

we find that condition (L1) is satisfied.
Thus, we see that each of conditions (F1)—-(F2) and (L1) is satisfied. Consequently,
(8.92)—(8.107) imply by Theorem 8.3 that problem (8.89)-(8.91) has at least one

positive solution.
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Example 8.18. Consider the problem, for t € (0,1),

—DiPy(t) = e [yt + y3]

, (8.108)
—D5ya(t) = e [y} + y3]
subject to the boundary conditions
1(0) =0=y8"(0),0<i<6 (8.109)
and
6
D32 [y ()], = (w1 (5)] (8.110)

[SIIo

D32 [y (1)), = 12 (3)]
Obviously, problem (8.108)—(8.110) fits the framework of boundary value problem
(8.1), (8.4)—(8.6). In particular, boundary condition (5.22) represents a nonlocal
condition. Note that in this case we have selected vy := 7.52, v, := 7.31, and

o = 2.25; it is also the case that n = 8 here. Furthermore, we have that

f s, y2) =i + 43, (8.111)
9 (y1,92) = yi + 5, (8.112)
a(t) == e, (8.113)
as(t) == e (8.114)

o1 (y1) = [yl (%)F (8.115)
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and

N

¢2 (y2) == {yz G” . (8.116)

We check that conditions (F3)—(F4) and (G1) hold. In particular, observe that

2 2
lim Y1 T Y

=0, (8.117)
y1+y2—0T Y1 + Yo
3 2
im A% g (8.118)
y1+y2—0T Y1 + Yo
2 2
lim AT (8.119)
y1+y2—+00 Y1 + Yo
3 2
im A% o (8.120)

y1+y2—+o00 Yy + Yo

so that conditions (F3)—(F4) are seen to hold. On the other hand, note that

1)16 6
0< lim D1 _ gy Mg m 9l 1a]|® =0 (8.121)
lys =0+ ||y1]| lysl—0+ ||| lyl=0*+ [[yall  lwall—0*

and, similarly, that

3115 3
0< G2p) oy, L@ el lyal2 = 0
T wall—ot [yal| ly2l=0+  ||y2l] T llwellsot [|y2l]  lly2ll—ot ’

(8.122)

whence by (8.121) and (8.122), respectively, we find that condition (G1) holds, too.
Thus, conditions (F3)—(F4) and (G1) hold. Therefore, by (8.121)—(8.122) together
with Theorem 8.15 we conclude that problem (8.108)—(8.110) has at least one positive

solution, as desired.

Remark 8.19. As implied elsewhere, to the best of the author’s knowledge, the prob-
lems in Examples 8.17 and 8.18 cannot be handled by other results presently in the

literature. In particular, these examples show how our results here extend those
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presented in [23, 62, 80, 93], for example.

Remark 8.20. Observe that the orders of the fractional derivatives, namely vy, 1s,
and «, affect the admissible range of eigenvalues both in (8.22)—(8.23) and in (8.45)—
(8.46). Thus, in the problems considered here, we really have three extra
parameters affecting the problem than in the corresponding integer-order

problem.

Remark 8.21. It should be noted that in approximating the admissible range of eigen-

values in (8.107), we used the fact, which was established in Chapter 7, that

)

We conclude with two remarks regarding classes of functions satisfying conditions
(F1)—(F2).
Remark 8.22. One fairly broad class of (nontrivial) functions satisfying conditions
(F1)-(F2) are given by
f(x) == Ce 9™V - H(x),

where g : R%? — [0,+00), f : R? — [0, +00), C; > 0 is a constant, H : R? — R

is the vector field defined by

where e; is the i-th standard basis vector in R", and by M we mean the closure of
the interior of the positive cone in R™. Obviously the class of functions L (y;,y2) =

ayy + ays trivially satisfies (F1)—(F2), for a > 0.

Remark 8.23. Another class of (nontrivial) functions satisfying conditions (F1)-(F2)
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18

B
= A+ —7i—— 8.123
Fag) =) (A ) (8.123)
for appropriately chosen constants A, C' € [0,+00) and B € R subject to the stipu-
lation that f : [0,400) X [0, +00) — [0, +00) is continuous. Obviously the choice of

function in Example 8.17 fits the framework of (8.123).
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Chapter 9

A Scalar ODE with Nonlocal and

Nonlinear Boundary Conditions

In this and the concluding two chapters, we now arrive at the end of the arc described
in Chapter 1. Recall that in the preceding chapters of this work, we first considered
discrete fractional problems, which are de facto nonlocal, and then continuous frac-
tional problems with both de facto and explicit nonlocalities, namely Chapters 7 and
8, respectively. We now conclude this arc by deducing some results in the case of
integer-order differential equations with explicit nonlocal boundary terms.

We consider first and in this chapter the problem

y” - _)‘f(tmy(t))? te (07 1)

y(0) = H (¢(y) + oy (o)) (9.1)

where &y € R satisfies 0 < &y < 1 and is fixed and ¢; > 0 is a constant to be specified

later; it is worth noting that in one of our results in the sequel, we shall allow ¢y = 0.
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We also assume here that f : [0,1] x R — [0, +00) is a continuous function. We
endeavor to show that problem (9.1) has at least one positive solution under relatively
mild hypotheses, which we shall introduce at the beginning of subsubsection 9.2.1.1
in the sequel. Let us point out that in the context of problem (9.1) and, in fact,
throughout this work, the functional ¢ represents a linear functional, which has the

very general form

bly) = /[ 1) dat),

where the integral is interpreted in the Lebesgue-Stieltjes sense, and « is a function of
bounded variation on [0, 1]. In this way, there exists a unique Borel measure, say fiq,
with the property that p,((—o00,t]) = «a(t), for each t € R; we assume here, without
loss of generality, that a € NBV(R). As will be explained later in this section, an
important assumption in this work is that p, may be a signed measure. Consequently,
¢(y) may be negative for some nonnegative y € C([0, 1]).

The novelty of our approach here is twofold. Firstly, we introduce a perturbation
term — namely oy (§9) — in the boundary condition at ¢ = 0 appearing in (1.1) above.
The effect of this perturbation is that for y satisfying the condition minepy(t) >

Yolly||, for some E € (0,1) and ~, € (0, 1), we find that

g0y (§0) = €00l (9.2)

provided that & € E. In particular, since in the sequel we shall be able to assume
that ¢(y) > 0 (cf., Section 9.2), we see that (9.2) implies that the magnitude of the
argument of H can be bounded below explicitly in terms of [|y||. This is an essential
idea in the sequel, and one that does not seem to have ever been attempted previously
for this sort of problem.

Secondly, the substantial upshot of this preceding observation is that inasmuch as
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H is concerned, other than continuity, we need only require that

lim |H(z) — 2| =0 (9.3)

zZ—00
holds, or, much more generally that

=) — roz| _ (9.4)

holds for some ko > 0. (Note that (9.3) implies (9.4) but not conversely.) Observe
that such a condition is meaningful only because (9.2) gives us explicit control over
the magnitude of the argument of H in terms of ||y||, which we can control by means
of a cone theoretic argument.

In any case, heuristically, certain of our principal result asserts that if H(z) is
asymptotically linear, that is, satisfies limit condition (9.4), and certain other mild
hypotheses are satisfied by f and ¢, then problem (9.1) has at least one positive
solution. As will be elucidated in the sequel, this shall provide several substantial
generalizations and improvements over existing works on problems of this sort.

Indeed, these two simple yet mathematically significant modifications allow us
to assume that u, is signed and that H need not satisfy uniform linear growth —
results which do not seem to have previously appeared in the literature for both
problem (9.1) as well as many broadly related problems. Moreover, as will also be
clarified momentarily, this also provides a clear, straightforward, and computationally
feasible connection between the linear and nonlinear boundary condition theory. As
an additional and complementary result, we also show that the imposition of the dual

conditions

H H
im 23 o and 1w 2B - o (9.5)

z—0t 2 z—00 2
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is also sufficient, when coupled with additional mild conditions on f and ¢, to get
the existence of at least one positive solution. This likewise provides generalizations
and improvements over existing works for this type of problem. In fact, we also show

that we can further weaken (9.5) to the condition

H
lim sup (2) < p, (9.6)

z—0t z

for some p € [O, i) for some constant £; € (0,1) to be specified later; importantly,
we show that this is sufficient even in the case where ¢ = 0 in (9.1) — i.e., the
perturbation free problem. We shall expand on these alternative conditions further
in the sequel.

In [53] we have attempted to provide, in various contexts, explicit connections
to the linear boundary condition theory as well as removing certain of the limiting
assumptions imposed in [64, 65, 66, 67, 68, 90, 91]. Here we continue this task, and

we achieve the following improvements over [64, 65, 66, 67, 68, 90, 91| and others.

1. Firstly, many previous works on nonlinear boundary conditions either use upper
and lower solution techniques or assume that the equivalent of our function H
is monotone — see, for example, [37, 62, 73, 81]. In our work we do not make
any such assumptions. Moreover, since the use of upper and lower solution
techniques do not necessarily yield the existence of a positive solution, this is
an added contribution of our work as well. In fact, since we also allow H to be
potentially only eventually positive and pu, to be a signed measure, we allow for

considerable flexibility and generality not found in the previous works.

Furthermore, while it should be pointed out that many other works deal with

slightly different boundary conditions, we believe that our methods extend nat-
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urally to these other settings. Thus, we feel it to be no great loss that we have
elected to study this problem with the simpler, Dirichlet-type boundary condi-
tions given in (9.1) above. And we believe that it should be possible in future

works to extend our techniques to the other settings previously studied.

. Secondly, we should remark on the connection between the results herein and
the results that we have given recently in [53]. In fact, it must be noted that the
results given in this paper neither subsume those in [53] nor vice versa. Indeed,
in [53], we focused on the multipoint case with H only eventually positive. Due
to this specialization, we were able to obtain somewhat more general results
in that particular special setting than we do here. Indeed, due to the presence
of the perturbation term, ey (&), which appears in (9.1), in certain cases our
results here are not quite as general as those presented in [53]. On the other
hand, in cases where a fixed boundary condition can subsume the extra term
0y (§0), then our results here are considerably stronger and more general than
those appearing in either [53] or any other works known to the author, and
this is due to the asymptotic conditions (9.3) and (9.4), which have apparently
never appeared before for this type of problem. The examples at the end of this

chapter will illustrate these facts.

. Thirdly, in nearly all works on this type of problem (cf., [64, 65, 66, 67, 68]), it
seems to be assumed that H satisfies a linear bound of the sort az < H(z) < 5z
for 0 < a < G, for all z > 0. We show that this condition is essentially
unnecessary. In fact, for example, our theory allows for functions of the form
H(z) = /%, for z > 0, which cannot possibly be treated by the methods in, say,
(64, 65, 66, 67, 68]. We consider this insight to be an important contribution of

this work. Furthermore, as already pointed out, while Yang [90, 91] introduced
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a similar condition, we achieve here some substantial generalizations since the

techniques there fail if the Stieltjes measured is signed.

. Fourthly, we even show that if H satisfies instead superlinear growth at both
z = 0 and z = 400, then it is unnecessary to assume any growth condition at
all on g(y) at +oo. This, too, provides significant improvement over existing
works. Moreover, evidently, such functions cannot be incorporated into the
theory developed in previous papers, for such H will not satisfy the condition
H(z) < Bz for some 8 > 0 and for all z > 0 (or even all z > 0 sufficiently
large). Similar to the preceding point, we also consider this observation to be
an interesting insight, which apparently does not appear in most of the existing

and recent literature on this type of problem.

. Fifthly, and perhaps most importantly, we allow for the Borel measure, y,,
associated to the integrator o to be signed. In this way, we make an explicit,
very generally applicable connection between the nonlinear boundary condition
setting and the linear theory developed by Infante, Webb, and others. In fact,
as alluded to earlier, one of our principal contributions is to show that if H(z)
is essentially asymptotically linear, then this is sufficient, when combined with
our other, relatively mild hypotheses, to deduce the existence of at least one
positive solution to problem (9.1). The examples, which end this chapter, will
clarify this connection further, but for simple illustration, if H(z) := z (1 + e™*),
then it is trivial to argue that condition (9.3) is satisfied by this function H.

Thus, if the boundary condition at ¢ = 0 appearing in (9.1) is

y(0) = (¢(y) + oy (&) (1 + e ?We0v(&)) (9.7)
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and if f, H, and ¢ satisfy the other conditions we shall introduce, then it will
follow that problem (9.1) has at least one positive solution. Moreover, if ¢(y)
happens to decompose to the form ¢(y) = ¥(y) — ey (§), where 1) can be
realized as another Lebesgue-Stieltjes integral, then (9.7) can be recast in the

form

y(0) = v(y) (1+e W), (9.8)

which indicates explicitly the asymptotic linearity to which we have referred.

9.1 Preliminaries

We begin this section by observing that the operator T : C([0,1]) — C([0, 1]) defined
by
1
(Ty)(t) == (1 = t)H (¢(y) + €0y (o)) + /\/0 G(t,s)f(s,y(s)) ds (9.9)

may be studied as a means of deducing the existence of positive solutions to (9.1).
Indeed, it is the case that a fixed point of T is simultaneously a solution to (9.1). Note
that the function G : [0, 1] x [0,1] — R appearing in (9.9) is the Green’s function

associated to the two-point conjugate problem — that is,

t(l—s), 0<t<s<l1
G(t,s) == : (9.10)

s(1—t), 0<s<t<l1

as is well known — see, for example, [71]. Let E € (0,1) be measurable and arbitrary
but fixed. Typically, E will have the form F := [a,b] for 0 < a < b < 1. In fact, we

make the following remark.

Remark 9.1. In the sequel, we shall assume that E is fixed but otherwise arbitrary,
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provided that it has the form FE := [a,b], for 0 < a < b < 1, so that, trivially,

E e (0,1).

With this it is then well-known that there is a constant v := y(E) such that

. - _ |
min G(t, 5) > 7 max G(t,s) =G(s, ), (9.11)

for each s € [0,1]. Note that v € (0,1). Inequality (9.11) will be important in the

sequel.

9.2 Main Results and Numerical Examples

9.2.1 Existence Theorems for H(z) Nonnegative
9.2.1.1 Asymptotically Sublinear Growth

Let us begin by stating the hypotheses which we shall impose on problem (9.1).

H1: Let H : R — R be a real-valued, continuous function. Moreover, H

0, +00) = [0, +00) — i.e., H is nonnegative when restricted to [0, +00).

H2: The functional ¢(y) appearing in (9.1) is linear and, in particular, has the form

oy) = /[ (@) dao) (9.12)

where « : [0,1] — R satisfies a € BV ([0, 1]).

H3: There is a constant ; > 0 such that the functional ¢ in (9.12) satisfies the
inequality

6(y)] < ellyll (9.13)
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for all y € C([0, 1]).

There is k¢ > 0 such that

|H(2) = roz| _

lim =0 (9.14)

z—+00 ’Z‘
holds.

Assume that the nonlinearity f(t,y) splits in the sense that f(t,y) = a(t)g(y),
for continuous functions a : [0,1] — [0,400) and ¢ : R — [0, +00) such
that a is not identically zero on any subinterval [0, 1].

We find that lim, , . g(y) = +o0.

We find that lim,, ;o 22 = 0.

The constants g, €1, and kg satisfy

0§60+€1<1a11d0§l£0(€0+€1)<1. (915)

Both
/ (1 —1t)da(t) >0 (9.16)
[0,1]

and

/ G(t,s) da(t) >0 (9.17)
[0,1]

hold, where the latter holds for each s € [0, 1].

Let us make some brief remarks regarding certain of the preceding conditions.

Remark 9.2. Regarding conditions (H2)-(H3), we point out that a wide variety of

functions satisfy these conditions. Indeed, consider the following collection of func-
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tionals.
$a(y) =Y awy (&) (9.18)

Since each of (9.18);—(9.18)3 is linear, each satisfies (H2). On the other hand, so long
as m(F') < g1, where m is the Lebesgue measure, then (9.18); satisfies (H3). Provided
that Y, a;| < e, then (9.18), satisfies (H3). Finally, provided that Vjy 1)(c), which
is the total variation of a over [0,1], satisfies Vjp1j(a) < &1, then functional (9.18)3

satisfies condition (H3).

Remark 9.3. Regarding condition (H4), this is the asymptotic condition, which is key

to our arguments in the sequel. Note that if it holds that

lim |H(z) — koz| =0, (9.19)

zZ—+o00

then condition (H4) holds, too. On the other hand, there are cases where (9.19) may
fail but condition (H4) nonetheless holds. In any case, some examples of functions

which satisfy condition (H4) include the following.

H(z):=ln|lz+1|+ 2

H(z) =214+ (1-¢7)20<¢g<1 (9.20)
H(z) := 3/z cos (%—H)

Indeed, it is straightforward to verify that each of (9.20),-(9.20), satisfies condition

(9.14) in case ko = 1. On the other hand, the function (9.20)3 satisfies condition
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(9.14) in case ko = 0. Incidentally, note that (9.20)3 fails condition (9.19) but it does
satisfy condition (H4). Finally, note that, depending upon the values of g, €1, Ko,

and k1, the condition that 0 < kg (g9 +¢1) < 1 holds in (9.15) may be superfluous.

Remark 9.4. Observe that we do not require any growth conditions on H except
asymptotically as given in (9.14) above. This is in contrast to, say, Infante [64] as
well as Infante and Pietramala [65, 66, 67], wherein it is assumed that there are
constants, say a, € [0,400) with a < §, such that az < H(z) < z, for all z > 0.
The paper by Kang and Wei [68] also contains such a condition locally, though they
compensate for this by assuming very strong and complicated growth conditions on
the equivalent of the nonlinearity f(y). We are able to remove this condition since
we are only concerned in the behavior of H at +o0o. For instance, in Example 9.24
in the sequel we give an example of a function H(z) that violates the preceding
condition, and so, does not fit into the theory given in those papers. However, it
can be handled by our results. So, one consequence of our results here is that it is
unnecessary to assume that H is sublinear at z = 0 as others do. Rather, we only
really need sublinearity at +oo, and we consider this observation to be an important

contribution of this work.

Remark 9.5. Regarding condition (H5), we note that we make this assumption only
for simplicity in the sequel. It is clear from other works in the literature how this

condition may be successfully removed.

Let B represent the Banach space C([0,1]) when equipped with the usual supre-

mum norm, || - || ;== - ||cc. Let 7o be the constant defined by

Yo := min {V,Itré%l(l - t)} : (9.21)
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where 7o € (0,1) and ~ is the constant from (9.11) above. Then the cone, K, we shall

use in the sequel is then defined by

= {y B y> 0. ming(t) > ol o) > o}, (9.22)

which was first introduced by Infante and Webb [84]. Incidentally, note that K is not
the trivial subspace of B, for if we put a(t) := 1 — ¢, then we observe that a € K.
Finally, we shall always assume in the sequel that {, € E with E fixed as in Remark
9.1. With these observations hand, we now state and prove two straightforward

preliminary lemmas.

Lemma 9.6. For each y € K, we find that

o(y) + €0y (o) = c0v0llyll- (9.23)

holds.

Proof. Since y € K, it follows both that ¢(y) > 0 and that y > 0. Moreover, by
assumption, we have that { € F, with F fixed as above. Therefore, from these facts

we deduce that

P(y) + €0y (€o0) > €0y (§0) > €0 Igélbigl y(t) > eonollyll, (9.24)

as claimed. O]
Lemma 9.7. Let T be the operator defined in (9.9). Then it follows that T : K — K.

Proof. First of all, since H(z) > 0 for all z > 0, it is obvious that for each y € K we
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find that (T'y) (t) > 0, for ¢t € [0, 1]. In addition, for each y € K, we observe that

min (Ty) (t) > min(1 — t)H (¢(y) + coy (&)

tek tek

+min)\/0 G(t,s)a(s)g(y(s)) ds

tek

t€(0,1]

> voH (¢p(y) + oy (&) + Yo max >\/ G(t,s)

> %0l Tyll;

where vq is defined as above. Finally, observe that

¢ (Ty)
_4mu_mﬂaw+%mw>mw

A G s ds do(t
T Au/ £, 5)a(s)g(y(s)) ds da(t)
ZH@@wa@M/ (1— 1) da(t)

[0,1]

+)\/[01]/ (t, s)a(s)g(y(s)) ds da(t)

:Hw@mww@m/ (1 - 1) dot)

[0,1]

A /0 1 [ | o) da@)} a(s)g(y(s)) ds

(y(s)) ds

(9.25)

(9.26)

where the inequality follows from assumption (H9). Consequently, from (9.26) we

deduce that ¢ (Ty) > 0, whenever y € K. Thus, T(K) C K, and the proof is

complete.

[]

Using Lemmas 9.6 and 9.7 in tandem, we get our first existence result, which

shows that for all A > 0 sufficiently large problem (1.1) has at least one positive

solution subject to the previously discussed hypotheses.
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Theorem 9.8. Let conditions (H1)-(H9) hold. Then problem (1.1) has at least one

positive solution for all X\ > 0 sufficiently large.

Proof. We have already argued in Lemma 9.7 that 7' : K — K. Furthermore, recall-
ing that H is continuous, it is standard to prove that 7' is a completely continuous
operator; so, we omit the proof of this fact.

Now, letting ty € E be fixed but arbitrary, from condition (H6) we have that

9(y) = [ /E G (to, s) a(s) ds} B (9.27)

whenever y > ry. Let Qn C B denote the open, bounded, convex set 2r :=
Y0 Y0

{y eB : |y < %} Note that for y € £ N O
Y0
i > =r. .
miny(t) = ollyl =7 (9.28)

Then as H is nonnegative, we deduce for each y € K N 92 that
70

(Ty) (to) = A / G (ty, 5) a(s)g (y(s)) ds > A (9.20)

E

so that

1Tyl > A (9.30)

Hence by selecting A := A (ry, F) sufficiently large, we get that 7" is a cone expansion
on KN .
Y0
On the other hand, since kg (g9 +£1) < 1, we may select e, > 0 sufficiently small

so that kg (g9 + €1) + €2 < 1. Then condition (H7) implies that there is 1, > 0 such
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that g(y) < my, where 1, satisfies

" /0 G(s, 9)als) ds < 2, (9.31)

whenever y > ry, with ro := 19 (X, 71, €9, Ko, F).
Moreover, now select another number, say €3 > 0, such that kg (g9 + 1) +e2+e3 <
1, which is possible since kg (g9 + €1) + €2 < 1. Then by condition (H4) we find that

there is 75 := r} (3) such that

|H (¢ (y) + 20y () — Ko (¢ (y) + 0y ()] < esllyll, (9.32)

whenever

¢ (y) + ey (§o) = 75 (9.33)

Note that to get (9.32) we have used the fact that

|0 (y) + €0y (&)l = ¢ () + €0y (So)

(9.34)
< ellyll + eollyll = (20 + 1) llyll < [lyll-
By Lemma 9.6 we have that

¢ (y) + oy (&) = c0v0llyll- (9.35)

Consequently, we deduce that whenever

3

> 9.36
vl = 2 (9:36)

holds, it follows that (9.32) holds.
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Now, because g(y) is unbounded at +oc0, it is straightforward to argue that there

must be a number r3* > 0 such that g(y) < g (r3*), for each y € [0,75*]. Moreover,

we may assume without loss of generality, that 73* satisfies

27 5
ryt > max{—,rg, -2 1.
Yo €07

where

k% kok *
Ty =Ty (7’1,7”2,7’2,80,61782,83,’}/0,HO,)\,E).

Then letting y € K N 04,5+, we thus estimate

1Tyl < H (6 (y) + oy (&) + A / Gls, 8)a(s)g (y(s)) ds
< [H (¢ (y) + coy (&) — ko (@ (y) + oy (£0))|
T ko0 (6 () + oy (€0)) + A / G(s, $)a(s)g (u(s)) ds

< esllyll + o6 () + oy ()] + A / G(s, )a(s)g ((s)) ds
< eallyll + w0 [ (4) + oy (€0)] + A / G(s,s)a(s)g (ry") ds
< eallyll + o [eallyll + eollyl] + A / G(s,s)a(s)pry” ds

< esllyll + Ko (g0 + 1) |yl + 2|yl

< (ko (20 + 1) + &2+ £3)

Observe that since we have assumed that

0<ko(eo+e1)+ea+es<l,

(9.37)

(9.38)

(9.39)

(9.40)
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it follows from (9.39) that

1Tyl < llyll, (9.41)

for each y € KN 9Q,5+, whence T is a cone compression on KM 982«
Finally, we may invoke Lemma 2.13 to deduce the existence of a function yy
satisfying
Yo € KN (ﬁr;* \Q%) (9.42)

such that Tyg = yo. In fact, it holds that
1 o
0<— <yl £r3y* < +o0.
7o

Consequently, the function yq is a positive solution of problem (9.1), and so, the proof

is complete. O

Remark 9.9. Although not explicitly mentioned in the preceding proof, the range of

admissible eigenvalues is, in fact, explicitly computable. Indeed, if we set

)\0 =

%inf {:B €[0,400) : g(y) > {[EG (to, s) a(s) ds] : for all y € [z, +oo)} :

(9.43)

then the interval [\, +00) is the range of admissible eigenvalues for problem (9.1).

Note that (9.43) is computable since each of a, g, G, and =y is known a priori.

Now, since we are assuming in the preceding work that H(z) > 0 for all z > 0, we
can modify conditions (H6)—(H7) rather easily. Indeed, if we are willing to assume
that g is sublinear at 0, then we may remove the assumption that g is unbounded at

+o00. In fact, in this setting we may also assume that A\ = 1. In this way, then, we
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show that problem (9.1) with A = 1 and a standard assumption of the sublinearity of
g at both 0 and 400 also suffices to deduce the existence of a positive solution. Since
the proof of this result proceeds essentially the same as the preceding result, we only

outline the differences.

Theorem 9.10. Assume that conditions (H1)-(H5) and (H7)-(H9) hold. In addi-

tion, assume that

im 99 o (9.44)
y—0t Y

holds. Then in case A =1 problem (9.1) has at least one positive solution.

Proof. As before, we have that T" : K — K. Moreover, T is a completely continuous

operator. Now, select the number n; > 0 such that
771/ %G (to,s)a(s) ds > 1, (9.45)
E

where ¢ is any point satisfying ¢ty € . Then owing to the sublinearity condition given
in (9.44), we find that there exists a number 7, > 0 such that whenever 0 < y < 74,

it follows that g (y) > my. Let y € KN 9Q,,. Then we find that

(Ty) (to) > / G (o, 5) a(s)g (y(s)) ds
>, /E G (to, 5) a(s)olly]] ds (9.46)

> [lyll,

whence [|[Ty|| > ||ly||, for each y € KL N 0%Q,.,.
On the other hand, given condition (H7) there exist two possibilities: either g is
bounded at +oo or it is not. Let us assume first that the former case holds. Then

we may find a number 7, > 0 sufficiently large such that g(y) < ro, for all y > 0. In
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fact, without loss of generality, we may assume that ry is chosen such that

)

<
aly) < fol G(s,s)a(s) ds

(9.47)

holds. Next, and as in the proof of Theorem 9.8, we may choose numbers &5, €3 > 0
such that kg (g9 +€1) + €2 + €3 < 1 holds. Then condition (H4) implies that there is

r5 > 0 such that

|H (¢ (y) + 0y (§0)) — Ko (¢ (y) + o0y ()] < esllyll, (9.48)

holds provided that

¢ (y) +eoy (&) dt =73 (9.49)

But just as in the proof of Theorem 9.8, by selecting

*

2
> T2 9.50
ol = 2= (9.50)
we find that (9.48) holds. So, put
ry¥ i= max {27‘1, T—Q, 2} : (9.51)
€07 €2

Observe that r3* := r3* (ry,re, 15, €0, €1, €2, €3, Y0, Ko, £). Consequently, for each y €
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IC M OS2+, it follows that

1Tyl < H (6 () + oy (60)) + / G(s, s)als)g (y(s)) ds

< [H (¢ (y) + oy () — o (¢ (y) + 0y (€0))]

+ Ko (¢ (y) + oy (&o)) + 72

(9.52)

< (ko (20 + 1) + 22+ £3) [yl

where, as in the proof of Theorem 9.8, we assume, without loss of generality, that
r3* > 1. We have also used the fact in (9.52) that ro < eor3* = &5]]y||. Consequently,
from (9.52), we deduce that ||Ty[| < ||y[|, whenever y; € K N 9€,:-. On the other
hand, if g is unbounded at 400, then we may give a proof identical to that given in
the proof of Theorem 9.8. So, in either case, we conclude that T is a cone compression
on KN OQys-.

We now invoke Theorem 2.13 as in the previous proof. Consequently, problem

(9.1) has at least one positive solution, and the proof is complete. O

Finally, we evidently get the following corollary, which is perhaps of some inde-
pendent interest and is, to the best of the author’s knowledge, a new result. Note

that in the statement of Corollary 9.11 below, we use the standard notation

1
][G ) dt i e /G () dt, (9.53)

where GG is measurable and m is the usual Lebesgue measure.

Corollary 9.11. Let F' C [0,1] be a measurable set with F not m-null. Suppose that

either conditions (H1)-(H9) hold or conditions (H1)-(H5), (H7)-(H9), and (9.44)
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hold. Then the boundary value problem

Y = <Mt y(t). t € (0,1)
y(0) = H (¢<y> +eof 4o czs) (9.54)

y(1) =0

has at least one positive solution for all X\ > 0 sufficiently large under the former set

of assumptions and for A = 1 under the latter set of assumptions.

Proof. Pick Fy measurable such that £ DO Fy with F' O F, and Fy not m-null. Then

since, in addition, y € K, it holds that

][ y(s) ds > ][ y(s) ds > ][ Tollyll ds = zovollyll (9.55)
F Fy Fo

But from (9.55) it is evident that we may use in an obvious way the proof techniques
previously introduced. Therefore, we omit the remainder of the proof of this result.

]

Incidentally, since, assuming that F{ is not a null set,

50/ y(s) ds > m (Fy) eoollyll > 0,
Fy

we may replace in (9.54) the term eof, y(s) ds with the term gy [, y(s) ds.

9.2.1.2 Asymptotically Superlinear Growth

In this subsection, we show that provided we are willing to slightly modify certain of

the growth assumptions on the nonlinearity g, then, in fact, it is not even necessary
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to assume that H is asymptotically sublinear at oo. In particular, we introduce the

following new conditions.

H10: It holds that

im 23 o (9.56)

z——+00 z

Furthermore, it holds that

H
lim ﬁ =0. (9.57)
z—0t z
H11: We find that
im 4Y _ (9.58)
y—0t+ Yy

We first state two remarks. We then state and prove our next existence theorem.

Remark 9.12. Observe that condition (H10) allows for a substantial range of nonlin-
earities not previously allowed in any existing work on problem (9.1) or even many
related problems with signed measures, at least to the best of the author’s knowledge.
For example, the function

H(z) := 2 (9.59)

satisfies (9.56)—(9.57). Similarly, for ¢ > 1, the function

H(2) = 27 cos (ﬁ) (9.60)

satisfies (9.56)—(9.57). Finally, and more generally, for » > 1 and any function ¢ :

R — [0, +00) satisfying sup,¢(g 4o0) ((2) < 400, the function
H(z) = 2"((2) (9.61)

satisfies (9.56)—(9.57).
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Now, none of these functions can be incorporated into the results presented in sub-
subsection 9.2.1.1. Furthermore, none of these can be incorporated into any previous
results such as [64, 65, 66, 67, 68] due to the fact that each of these functions grows
superlinearly (or even superquadratically, etc.) at 400, and so, there is no 8 > 0 such
that H(z) < fz, for all z > 0 or even merely for all z > 0 sufficiently large. These
cannot be incorporated into even the results of [90, 91] since the results therein do
not apply to problem (9.1). Thus, our results in this subsection together with those
in the preceding subsection definitively show that by requiring asymptotic conditions,
we discover that many previous restrictions on the nonlinear boundary terms inas-
much as their uniform linear growth and which appear in almost every recent work
on nonlocal BVPs with nonlinear BCs are concerned are completely unnecessary. As

previously mentioned, we consider this to be an interesting insight.

Remark 9.13. Let P(z) : R — R be any polynomial satisfying deg(P) > 2. Assume
that P has positive leading coefficient and that, in addition, if (, is a real zero of P,
then (y < 0 — i.e., all real zeros of P lie in the left half-plane. Then it follows easily
that

im T8 o (9.62)

z—+00 A

so that condition (9.56)—(9.57) is satisfied. In particular, our theory here allows for

all manner of polynomials which are superlinear at +oc.

Theorem 9.14. Assume that conditions (H1)-(H3), (H5), and (H9)-(H11) hold. In
addition, suppose that 0 < eg+ 1 < 1. Then in case A = 1, problem (9.1) has at

least one positive solution.

Proof. As before the operator T' is completely continuous and satisfies T'(K) C K.

Moreover, a fixed point of T is a positive solution of problem (9.1).
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Now, by condition (H11) we have that there is r; > 0 such that whenever 0 < y <

ry it follows that

9(y) < my,

where the number 7; is chosen so that

1
1
771/ G(s,s)a(s) ds = =
0 2
holds. In addition, since by condition (H10) we have that lim, o+ @
estimate
1
H (¢ (y) +eoy (&) < B} (@ (y) +eoy (£0))
whenever

¢ (y) + coy (&) < €2,

for 5 > 0 chosen sufficiently small. Since we estimate

¢ (y) + 2oy (&) < exllyll + collyll = (g0 + 1) [lyll,

(9.63)

(9.64)

= 0, we

(9.65)

(9.66)

(9.67)

we deduce that (9.63) and (9.65) simultaneously hold provided that we require

. €2
0<|ly| < Ty
o < min { =}

Moreover, the estimate in (9.67) reveals that, in fact,

Eo+ €1
2

H (6 (y) + 200 (60) < 5 (6 (0) + 20w (€0)) < 2Tl < Sl

(9.68)

(9.69)
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provided that ||y|| < ==2-. Put r} := lmin{ =2 7“1} and define

eo+e1 2 eoter’

Oy ={yeB : |yl <ri}.
Then for y € K N 9Q,x, we estimate

Wmﬁﬂwwﬂww@D+AG@$ww@@)@

< H (6 (y) + 2oy (&) +m /0 G(s, 5)a(s)y(s) ds

< H(6() +20u (€0) + 5l (8.70)

e
_2y 23/

Iyl

Consequently, (9.70) proves that the operator 7" is a cone compression on K M 0,
On the other hand, let ty € E be any fixed but arbitrary point. Then condition

(H10) implies that

H (¢ (y) + g0y (&0)) = 13 (¢ (y) + 20y (€0)) » (9.71)

where we put
= —1t0 (c070) " (9.72)

provided that
¢ (y) +coy (§0) > 73, (9.73)

for some number 75 > 0 sufficiently large. From previous estimates (cf., Lemma 9.6)

we find that

¢ (y) + oy (€0) > covollyl| (9.74)



so that, much as before, inequality (9.71) holds provided that

*
79

€07

lyll =

Now, put

7,,*
Ty’ = max{QrT, 2 } .
€07

Then for y € K N 9Qyy« we find that

(Ty) (to) = (1 —to) H (¢ (y) + €0y (&0))

(1 —to)m3 (¢ (y) + oy (o))

v

v

(1 —to) 13 (2070lyll)

= [lyll,

Furthermore, we note that in (9.77) we have used the fact that

/0 G (to, 5) a(s)g (y(s)) ds > 0.

In any case, (9.77) implies that for each y € K N 09,5

1Tyl = Ilyll,

whence T' is a cone expansion on KN 9,5+
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(9.75)

(9.76)

(9.77)

(9.78)

(9.79)

Consequently, we may now invoke Theorem 2.13 to deduce the existence of a fixed

point of 7', which is simultaneously a positive solution of problem (9.1). And this

completes the proof of the theorem.

O

Remark 9.15. Observe that in Theorem 9.14 we do not require any particular growth
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assumption on ¢(y) at +oco. While (9.58) implies that g is superlinear at y = 0, it
may be that g is either sublinear or superlinear at +o00. This is a consequence of the
superlinearity of the nonlinear boundary function, H(z), at +00, and we believe this

to be another interesting insight that our results here yield.

Remark 9.16. We believe it possible to prove an analogue of Theorem 9.14 in the
case where we assume only condition (9.57) but impose the condition % — +00 as

y — 400 in addition to (9.58). We do not explicitly write down this result, however.

Let us conclude this subsection by showing that, in fact, the weaker condition,
which we label as condition (H10a) below, can be used, provided that we also assume

the superlinearity of g at +oo, which we label as condition (H11a) below.

H10a: There exists a constant p > 0 satisfying

1
0<p< — (9.80)
€1
such that
H
lim sup ) <p (9.81)
z—07F z

holds. Here the number ¢; is from condition (H3).

H11la: It holds that

lim =% = +o0. (9.82)
y—+oo Y

In fact, we shall show that if we impose condition (H10a) instead, then we may take
g0 = 0; that is, no perturbation term is required in (9.1). Of course, in addition,

condition (H10a) is weaker since once may consider, for instance, the continuous
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function H : [0, +00) — [0, +00) defined by
H(z):= : (9.83)

Indeed, it is easy to see that

H
lim sup (2)

z—0t z

=1, (9.84)

whereas lim,_,o+ @ does not exist. Moreover, with regard to condition (H10a), we do
not require any additional hypotheses on @ at z = +oo. Finally, condition (H10a)
makes a clearer connection with the results produced by Yang — especially, [90]. While,
as previously indicated, the results in [90] regard a somewhat different problem than
problem (9.1), Yang’s works seem to be the only other ones which employ asymptotic
conditions that are related to the ones we employ herein. Therefore, we feel it to be

of interest to demonstrate as clear a connection as possible with the results presented

therein.

Theorem 9.17. Assume that (H1)-(H5), (H9), (H10a), (H11), and (H11a) hold. In
addition, suppose that g = 0. Then in case X = 1, problem (9.1) has at least one

positive solution.

Proof. Let p < é be given. Then we may select & € N sufficiently large such that

0< <2k_1<1 (9.85)
=P 2k€1 &1 ’

holds. Select the number 7; > 0 such that

771/0 G(s, s)a(s) §2—1k (9.86)
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holds. Then condition (H11) implies the existence of a number r; > 0 such that

9(y) <my (9.87)

provided that 0 < y < r;. Furthermore, due to condition (H10a), we may select £ > 0

such that

H(y) < (p—¢)y, (9.88)

holds for all y € [0, r}], with € chosen in such a way that

0< < 21 (9.89)
P c 2k€1 ’
holds. Importantly, note that since, by assumption, we have that
2k 1
< 9.90
P 2’“81 ’ ( )
it follows that any e satisfying
0<e<p (9.91)

is admissible; in particular, € may be chosen to be arbitrarily close to 0. By condition

(H3), it thus follows that

¢(y) < ellyll- (9.92)

In particular, then, for each y € K satisfying

0 <|ly|l < min{ry, 7}, (9.93)

it follows that

o(y) < erlly| < ermin{r,ri} <ery <. (9.94)
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Thus, combining (9.85)—(9.94), we conclude that if we put 7{* := $min {ry,r{} and

put
Q= {y €K« Iyl <77}, (9.95)

then it follows that
H(o(y)) < (p—e)o(y), (9.96)

for each y € KN 9Q,»«. Putting each of the preceding estimates together, we deduce

that

1Tyl < H(()) + / G(s,8)a(s)g(y(s)) ds
< (p—&)dy) +m / G(s, s)a(s)y(s) ds

1
< (p=e)allyll + Iyl
2k —1
2k€1
< 2k — 1

(9.97)
<

1
~ellyll + 1l

1
Iyl + Szl

= [lyll

whence ||Ty|| < ||y||, for each y € K N O+

On the other hand, by condition (H11a) we may find a number 75 > 0 such that

9(y) > my, (9.98)

whenever y > ro and where 7, satisfies

UZ/EVSG(&S)@(S) ds > 1. (9.99)

Clearly, since y € K, we find that H(¢(y)) > 0, for each y € K. Therefore, upon
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setting

Ty = max {27’{*, E} (9.100)

Yo

and observing that for y € K N 02, it holds that

] > >
miny(t) = olly[| = 72, (9.101)
we deduce that
min(Ty)(¢) 2 n:|yll / %G (s, s)a(s) ds > |yl|, (9.102)
E

for each y € KN JQ,s, whence ||Ty[| > [ly||.
Consequently, we may now invoke Lemma 2.13 to deduce that there is yy € K and
satisfying

0 <r™ < lyoll <73 (9.103)

such that Tyg = yo. Thus, problem (9.1) has at least one positive solution, as

claimed. []

Remark 9.18. To summarize, the result of Theorem 9.17 shows that if we impose the

condition

H
0 < limsup (2) <p, (9.104)

z—0t z

for some finite constant p > 0 satisfying p € [O, é) together with the superlinearity

of g at 0 and at 400, then the unperturbed problem

y' =—fty®), t€(0,1)

y(0) = H(¢(y)) (9.105)
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has at least one positive solution.

Remark 9.19. It is worth noting that this condition — namely, (H10a) — is, at least
ostensibly, slightly less general than the related condition given by Yang [90]. Indeed,
the analogue of certain of Yang’s results in [90], it would seem at least, would be to

require p to satisfy the inequality

1
0<p< : (9.106)
f[0,1](1 —t) da(t)
Noting that
/ (1= 1) da(t) = (1 — ) < a1 — #] = 2. (9.107)
[0,1]
we see that (9.106) would imply that p satisfy
pe 0, p0], (9.108)
with
1
po = —. (9.109)
€1

Remark 9.20. We perhaps ought to remark that we were not able to produce a result
analogous to Theorem 9.17 in the case of sublinear growth at +o00 — i.e., a condition
such as

H
— (9.110)

z—r+00 z

Indeed, it seems that imposing (9.110) and then attempting an argument analogous
to those given in Yang [90, 91] runs into considerable trouble due to the fact that
lo May be a signed measure in our setting. In particular, the trouble thus encoun-
tered seems to be a consequence of the fact that if u, is a signed measure, then

the order relationship 0 < f < g does not necessarily imply the order relationship
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f[O,I] fda(t) < f[O,l] g da(t) even if it is known a priori that each of these integrals is
nonnegative. This is why we used condition (H4) in the preceding subsection rather
than a condition such as (9.110) even though this necessitates the inclusion of the
perturbation term goy (&) in the argument of H in problem (9.1). In any case, this

would be an interesting avenue for future investigation.

9.2.2 Existence Theorem for H(z) Eventually Positive

In the previous subsection we assumed that the function H(z), which captures the
nonlinearity of the boundary condition at ¢ = 0, is nonnegative for all z > 0. It is
possible to relax this condition somewhat if we utilize a slightly different approach
in our proofs. In this subsection we indicate briefly in what way this may be accom-
plished. In particular, we shall no longer assume that H is nonnegative for all z > 0
but rather that H is only eventually positive in the following sense, which we label

as condition (H12).

H12: Let H : R — R be a real-valued, continuous function. Moreover, there exists

a real number (o > 0 such that H(z) > 0 for all z > (.

Now, in this setting we will again require the parameter A, which is not necessarily
unity. Indeed, the essential idea in the following, which, incidentally, we also utilized
in [53], is to choose a number p > 0 in such a way that the set K\ €, contains y
with the property that min,g y(¢) is sufficiently large so as to guarantee that H is
nonnegative on IC\ Q,. In fact, we can only achieve this because the result of Lemma
9.6 gives control of the argument of H in terms of ||y||. We begin with the following

result.

Lemma 9.21. Assume that conditions (H1)-(H5) and (H12) hold. Then it follows
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that T : K \ Qgﬁo — K.
€070

Proof. Let y € K\ Q ¢ . Since y € K, we estimate

€070

o _G

winy(0) =l 2 700 L = & ©.111)
Recall that & € E. Consequently, we estimate
o(y) + €0y (§o) > €0y (§o) > €0 - g—z = (o- (9.112)
Thus, we conclude that for y € K\ QE(%O, we have
H (6(y) + oy (&) > 0. (9.113)

From (9.113), therefore, it follows that (T'y) () > 0 whenever y € KX N Q ¢ and

€070

t € [0,1]. Moreover, observe that

win (Ty) (t) > min(1 — O/H (6(y) + 2oy (€0)) + 70 / Gls, s)a()g(y(s)) ds

teE tekE (9114)
=l Tyll,
just as in the proof of Lemma 9.7. Finally, we note that
0T = H (o) + (&) [ (1-1) da(t)
0,1
1
[ [ Gttt ds dat)
(0,17 70 (9.115)

= H () + 20y (&) / (1 - t) dat)

[0,1]

[ [ [ Gt da(0)] a(s)g(u(s) s > 0,



184

holds, for each y € K\ Q ¢ . Therefore, we conclude that T'(K) C K, as desired.

€070

And this completes the proof. O

We argue next that problem (9.1) has at least one positive solution under these

new hypotheses.

Theorem 9.22. Assume that conditions (H1)-(H9) and (H12) hold. Then for all

A > 0 sufficiently large, problem (9.1) has at least one positive solution.

Proof. We have already argued that 7' : K\ Q ¢, — K. Moreover, as before, we

€070

have that 7" is a completely continuous operator.

So, we first observe that from condition (H6), there is r; > 0 and 7, > 0 such that

g(y) > m for all y > ry where 7, satisfies
771/ G (to,s)a(s) ds =1, (9.116)
E
where £, is some (arbitrary but fixed) point in E. Put

r] = max {7“1, i} . (9.117)

€070

Observe that for y € K\ 1, it follows that
. Co
miny(t) = llyll = Z- (9.118)

tel

Accordingly, for such y, we have that

H (¢ (y) + oy (&) > 0. (9.119)
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Consequently, we estimate

(Ty) (to) > )\/EG(tO, s)a(s)g(y(s)) ds > . (9.120)
for each y € K\ Q,+. Clearly, then, by selecting A > 0 sufficiently large, we get that
1Tyl = llyll, (9.121)
for each y € K\ Q,.
On the other hand, let ny > 0 be a number such that

1
772/ G(s,s)a(s) ds < %2, (9.122)
0

where g9 > 0 is, as before, selected appropriately so that kg (€9 + 1) + &2 < 1. Then
from condition (H7), we find that there is a number ro > 0 such that g(y) < oy
whenever y > ry. Now, as in the proof of Theorem 9.8, we may eventually select a

number 73* satisfying

ry" > max {27“{,7“2, i} . (9.123)
€07

Then, once again as in the proof of Theorem 9.8, we conclude that for y € XN IR,
we have that

1Tyl < llyll (9.124)

Consequently, we may invoke Lemma 2.13 to deduce the existence of a function
yo € KN (g \ Q) (9.125)

such that Tyy = yo. Since this function is a positive solution of problem (9.1), the
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proof is complete. O

As before, we may give the following corollary, whose proof we omit. Note that,

as before, it is also possible to replace §,y(s) ds with [, y(s) ds

Corollary 9.23. Let F' C [0,1] be measurable. Suppose that conditions (H1)-(H9)
and (H12) hold. Then the boundary value problem

y'==Af(ty(t), t€(0,1)

y(0) = ( ) + Fy ) (9.126)

has at least one positive solution for all A > 0 sufficiently large.

Proof. Omitted. O

9.2.3 Numerical Examples

We conclude this section and this chapter by providing three numerical examples,
which shall explicate our results. In particular, these results show explicitly how our
results here greatly extend and generalize existing results on nonlocal boundary value
problems. Moreover, we indicate in what ways all known results are not applicable

to the following problems, as least to the best of the author’s knowledge.

Example 9.24. Consider the boundary value problem

y'(t) = =A(2t +1)In(y

0(0) = [0t + 353 (

(1) +1)
23) ' + 1 — e W)~ 159(%)> |:¢(y) + %y (%)} (9.127)



where 0 < g < 1 is fixed and ¢(y) is the linear functional defined by

o(y) = éy (%) - %y (2%) — %y <%> + /[H . y(s) ds.

20010
Observe that if we define the integrator « : R — R by

(

0, t<?
1 2 9
& 5 St <y
1 9
10° 20 <t< %
o= ,
1 1 11
%" 3 St<y
1 11 7
t— 3 % <t< 10
l) t> L
€ = 10
then a € NBV(R) and, in particular, we can write
¢@%=/ y(s) da(s),
[0,1]
where
((—o0,]) 62 ((—00,1]) 0o ((—00,]) 15« t])
al{—00, == o0, BT oo, T an —00,
K : 15" 203
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(9.128)

(9.129)

(9.130)

(9.131)

is the signed Borel measure associated to the integrator «(t). Furthermore, by com-

paring (9.127) to (9.1), we see that here we have put

(9.132)
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and

g0 1= —. (9.133)

Finally, let us set E := [1, 3] € (0,1) here, which, it is seen, is a valid choice in this
setting.

Now, let us first observe that

H(z) =2+ (1—e7)z (9.134)

satisfies condition (H4) with ko = 1. Indeed, we estimate

|27 — ze~?|

14 (1 —e %) 2) —
lim (A=) =2 — lim [z —eF[ =0, (9.135)

Z—00 z Z—00 z 2Z—00

On the other hand, routine numerical calculations reveal both that
/ 1 —t da(t) =~ 0.0946 > 0 (9.136)
[0,1]

and that

G(t,s) da(t) >0 (9.137)
[0,1]

hold, where the latter holds for each s € [0, 1], whence condition (H9) holds. Condi-

tion (H1) is obviously satisfied. Finally, condition (H3) is satisfied, for

() t(3) - 2r(2) oo

20°10

(9.138)
<1HH+1HH+1HH+3HH—1HH
= I T I 5 I 5 191 = STy

So, in particular, we can take

£ 1= —. (9.139)
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Thus, we evidently have gy + &1 € [0, 1) here. Since g = 1, condition (H8) holds.
Since it is easy to see that conditions (H5)—(H7) are satisfied, we conclude that

each of conditions (H1)-(H9) is satisfied. Therefore, we may apply the result of

Theorem 9.8 to deduce that problem (9.127) has at least one positive solution for all

A > 0 sufficiently large. In fact, by (9.43), we compute

[ G(%,s) (25 +1) dsr,

oo

1
Ao = Tinf{xe [0,400) : In(y+1) >
4

(9.140)

for all y € [z, —|—oo)} ~ 824.509

so that, more precisely, for each \ satisfying
824.509 < A\ < +00, (9.141)

we find that problem (9.127) has at least one positive solution. Finally, if we put
1 /2 1 1
— ZulZ) - =y = d 9.142
V) =gy (5) 507 <2> +/Bé’170] y(s) ds, (9.142)

then let us point out that we can recast (9.127) in the form

y'(t) = —=X2t+ 1) In(y(t) + 1)

y(0) = ()" + (1 — e W) y(y) (9.143)

by using the definition of ¢ given in (9.128). Thus, problem (9.143) has at least one

positive solution, too.
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Example 9.25. Consider the boundary value problem

y'(t) = —(cost)V/y(t)

y(0) = (cb(y) + %y (%)) cos <¢(y) - %131 o 1) (9.144)

where ¢(y) is the linear functional defined by

o =550 (3) + 15 (55) - 350 () + /[ IVCIEENCTD

Here we may define the integrator a : R — R by

7

0, t<s3
b bsi<d
1 Ioged
alt): =4 ° 2 > (9.146)
% PSt<q
— 1 w<t<}
EE
Then o« € NBV(R),
o) = [ o) das), (9.147)
[0,1]
and
t|) := 1 1) t 1 1) t 1) t
/La<(—OO, ]) _% 1(( o, ])+E 2%((_007 ]) YS 3((_007 ])

. <(—oo,t] - (1_70275%5) (9.148)
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is the signed Borel measure associated to the integrator o. Finally, note that here we

have selected

1
£ = — (9.149)
3
and
o (9.150)
0" 30 '

Finally, as in Example 9.24, it is permissible here to select F := [}L, ﬂ € (0,1).

Now, in this example we have

H(2) = = cos (Z i 1). (9.151)

The function H satisfies condition (H4) with ko = 1, for we estimate

zcos (=) — 2 1
lim | () 4 = lim cos< ) — 1’ = 0. (9.152)
On the other hand, it is easy to argue that
/ 1 —t da(t) = 0.041 > 0, (9.153)
[0,1]
whereas
G(t,s) da(t) > 0, (9.154)

[0,1]

for each s € [0, 1]. Thus condition (H9) is satisfied. Furthermore, we estimate

1 1 N 1 7 1 3 +/ (s) d

——y (= —yl—=]—=yl= s) ds
30°\3) " 107\20) " 257\5) " Jiz 4"

o7
300

(9.155)

1 1 1 1
< ol + s lull + s llyll + s llyll = sl

- 30
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so that condition (H3) is satisfied with

67
= — 1
€1 300 (9.156)

Therefore, combining (9.149) and (9.156), we see that g9 + &1 € [0,1). Furthermore,
since ko = 1 here, it also follows that rg (g9 +£1) < 1 holds, too. Finally, it is easy
to show that g(y) := ¢y satisfies conditions (H7) and (9.44).

In summary, then, each of the hypotheses of Theorem 9.10 holds. Therefore,
we conclude that problem (9.144) has at least one positive solution. Finally, as in

Example 9.24, by putting

o) = 150 (35) ~ v (2) + fo o) as (9.157)

we may conclude that, in fact, the problem

[ 2O o] o

(50 () = 9 (2) + Jiz sy ls) ds] + 1

has at least one positive solution.
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Example 9.26. Consider the boundary value problem

y'(t) = —t*[y()] siny(t)

) O R e )

y(1) =

(9.159)

Here, in (9.159), the linear functional ¢(y) is defined by

o= (3) - 150 (55) -0 () * [, e @)

20’10

and, evidently, we have here that
H(z):= 2" + 2° + 322 (9.161)

Note, that for simplicity, we have selected ¢(y) here to be the same functional as in

Example 9.24. Obviously, if we put

o= (3) g (3) [, L 00 (9.162)

then we may recast the boundary value problem (9.159) as

y'(t) = —t*[y(t)]’ siny(t)

y(0) = W] + )] + 3l (y))* (9.163)
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where

() () fygon] o
() an(2)f, wa]

20710

+3

Now, since the functional ¢ here is the same as in Example 9.24, we need not
recheck that conditions (H2)-(H4) and (H9) hold. Moreover, since €y and ¢; are the
same here as in Example 9.24, condition (H8) obviously holds, too. So, we check

instead that conditions (H10) and (H11) hold. That these do hold follows from the

following simple observations.

. 25+ 23+ 322 0
z—0t z a
5 3 3 2
T M T (9.165)
z—+00 VA
lim ¥ siny =0
z—0t Yy

Therefore, from (9.165) we deduce that conditions (H10)—(H11) hold.
In summary, then, each of the hypotheses of Theorem 9.14 hold. Consequently,
we deduce that problem (9.159) or, equivalently, problem (9.163) has at least one

positive solution. And this completes the example.

Let us conclude with some remarks.

Remark 9.27. Note that, to the best of the author’s knowledge, none of these examples
can be treated by any of the results in the existing literature. Indeed, regarding

Examples 9.24 and 9.25, none of the results in [37, 62, 64, 65, 73, 81] can be easily
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modified to apply to either of these examples. Specifically, the results of [64, 65,
66, 67, 68, 90] cannot be easily modified since the measure pu, is signed in each
example; the results of [65, 66, 68] cannot be easily modified since the function H in
Example 9.24 does not satisfy linear growth at z = 0; the results of [66, 68] cannot
be easily modified since in Example 9.24 we are only assuming a growth condition on
the nonlinearity g(y) at +o0o. Finally, while Yang [90, 91] employs some asymptotic
conditions, the results there do not apply to our problem, not least of which because
of the fact that u, is signed here.

Similarly, regarding Example 9.26, none of the results in [37, 62, 64, 65, 73, 81,
90, 91] can be applied to this problem. In this case, the fact that H(z) is superlinear
at +oo prevents any straightforward modification of the results in [64, 65, 66, 67, 68]
because there is no number 5 > 0 such that H(z) < fz, for all z > 0 or, even less
strictly, eventually. Moreover, we require no growth condition on g at +oo whatsoever.
This also completely eliminates the same works from straightforward modifications.
Of course, that p, is signed removes other works from consideration, too.

Succinctly, we believe that these three examples illustrate that our techniques
here recover considerably more generality and flexibility than currently exists. Fur-
thermore, they provide useful insight into certain of the growth conditions required
for existence and the superfluousness of certain of these in previous works in the

literature.

Remark 9.28. Notice that for the function H given in Example 9.24 we compute

H(2)=qz" ' 4+1—e "+ 2e " (9.166)
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Since ¢ — 1 < 0, it follows that

lim H(z) = +o0. (9.167)

z—07t

Consequently, this type of function cannot be incorporated into the theories discussed
in the papers by Infante [64] or by Infante and Pietramala [65, 66, 67]. Indeed, their
theory requires the existence of a § > 0 such that H(z) < fz, for all z > 0. But
clearly no such 3 exists since (9.167) holds. Nonetheless, our results here are able
to handle this case. We consider this to be an important observation regarding the

generality of our results as compared to others.

Remark 9.29. As intimated in Section 1, our results here leave some room for future
work and improvement due to the presence of the term gy (&) in (9.1). While the
preceding examples have demonstrated that, in general, this is no great loss, it would
be better to recover, if possible, the case where 9 may be set equal to zero. This
would yield a more general result for BVPs with nonlinear boundary conditions with
asymptotic growth conditions. In the case of Theorems 9.17, we were able to recover
this more general setting by modifying some techniques due to Yang [90, 91]. However,
as mentioned earlier (cf., Remark 9.20), in the sublinear growth setting it does not
seem that the techniques of [90, 91] can be easily modified. And this leaves some
possibility for additional investigation.

Another possible improvement concerns the nonlinear function H(z) itself. In
particular, by the way we have set up problem (9.1), all of the nonlocality ¢(y) must
necessarily occur at each occurrence in the boundary condition at ¢ = 0 — that is, we
have the composition H o ¢ as the boundary condition at ¢ = 0. It would be more
general if only some of the terms in ¢ need appear in any particular part of H, as this

would allow for an even more general and flexible boundary condition at t = 0 — for
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instance, if in (9.160) the four addends, which comprise ¢(y), were allowed to occur
in the boundary condition at ¢ = 0 in (9.159) in mixed combinations rather than all
together. In any case, we leave these questions for possible future work on these sorts

of problems.
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Chapter 10

A System of BVPs with Nonlocal,
Nonlinear Boundary Conditions

with Superlinear Growth

In the preceding chapter we considered some results for scalar valued nonlocal, non-
linear boundary value problems. Now, we wish to consider, in this the penultimate
chapter as well as in the final chapter of this work, the vectorial setting. That is to
say, we shall now focus on the setting of a system of ordinary differential equations
together with a specified collection of nonlocal, nonlinear boundary conditions. In
particular, as in the preceding chapter, this shall yield some relatively substantial gen-
eralizations over the existing literature by, also as in the preceding chapter, making
some relatively simple mathematical modifications to the techniques used to deduce
existence of solution.

Specifically, here we consider as our model problem the nonlinear system of bound-
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ary value problems

2"(t) = —ax(t)gr(2(), y(1)), t € (0,1)
y'(t) = —aa(t)g2(x(t), y (1)), t € (0,1)

z(0) =0 = y(0) (10.1)
2(1) = Hy (d1(x) + bz () , ga(y) + €2y (1))
y(1) = Hy (¢1(x) + ez (£5) » d2(y) + €5y (£5))

where g}, €2 > 0 are constants, which shall be specified later, &, &2 € (0,1) are fixed,
¢1, ¢2 : C([0,1]) — R are linear functionals, which capture the nonlocal nature of
the boundary conditions, and H;, Hy : R? — R are continuous functions, which
capture the nonlinear nature of the boundary conditions. We also assume that the
nonlinearities g1, go : [0, 4+00) X [0,400) — [0,+00) are continuous functions. The
nonlocal terms here are quite general since they are realized as Lebesgue-Stieltjes

integrals — that is,

bi(z) = /[ | #0) dou(t) and o) = /[ 10 dos(t) (10.2)

with aq, as € BV/([0,1]). Since it may be assumed without loss that, in fact, oy,
ay € NBV(|0,1]), we get that associated to each of oy, oy there exists a unique Borel
measure, say [l, and f,,, respectively. In our context, importantly, these measures
may be signed.

Here we study the existence of at least one positive solution to problem (10.1).
To accomplish this task, we use the perturbation terms in (10.1) — namely, e}z (&}),
g3y (&), ebx (€2), and 23y (£2) — as well as a new condition on the nonlinear functions

H, and H,. These novelties reveal, in a way that shall be delineated momentarily,
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that many of the restrictions previous authors have imposed on the various terms
appearing in other problems similar to (10.1) are, in fact, unnecessary in our setting.
Our principal condition on these functions is to require that, for each i = 1, 2,

) H; (21, 22)

+hm+ T
z Z29—>+00 7 (3
1 2 Zl + 22

holds for some p°, ¢° € (0, 1] with at least one of p$® and ¢5°, for each i = 1,2, able
to be taken equal to unity. In particular (cf., Remark 10.2), condition (10.3) implies
that each of H; and H, may enjoy asymptotically superlinear growth in at least one
of the two coordinate directions (cf., Remark 10.3). We will even give an existence

result associated to the somewhat more relaxed condition

Hi )
lim sup Hi(1,2) < pi, (10.4)
21+20—07F 21 + 22

for each 7 = 1,2, with p; a positive constant to be selected later; importantly, the
result associated to condition (10.4) will even be applicable in the unperturbed case
—i.e., g = €2 = 0. It should be pointed out that, in fact, Yang [90, 91] introduced an
asymptotic condition similar to (10.4), though in the context of a slightly different
problem. Regardless, Yang imposes a number of other hypotheses — such as com-
plicated conditions on the equivalent of our nonlinearities g; and gy as well as the
assumption that the equivalent of p,, and p,, be positive — with which we completely
dispense here.

To summarize, we provide here the following generalizations over preceding works.

1. We allow for each of p,, and p,, to be signed measures rather than merely

positive. This is an improvement over the preceding works, as intimated above.

2. We do not assume a uniform linear growth condition on either H; or Hy. We
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instead assume either the asymptotic condition given in (10.3) together with an
assumption that these functions possess superlinear growth as z; + 2o — 0 or
condition (10.4). In particular, this shows that superlinear growth at (00, +-00)
is allowable. More generally, one need not assume a uniform linear growth
condition as seems to appear in nearly all works on this sorts of problems —
cf., [64, 65, 66, 67] — since in our setting there may be no 5 > 0 such that

H; (z1,29) < B (21 + 22), for all z;, z0 > 0.

. Specifically regarding Yang’s works [90, 91], we point out that our results here
even provide some interesting generalizations of the methods contained therein.
In particular, while the results of [90, 91] concern different problems than (10.1),
those works do appear to be among the only ones to consider an asymptotic
condition with respect to the nonlinear boundary functions, at least to the
best of the author’s knowledge. A close examination of the proofs in those
works, however, reveals that they use in a very explicit way the positivity of the
respective Stieljtes measures. Lacking this positivity, as we do here, we must
search for alternative approaches. Consequently, we feel that our results here

represent an interesting advancement over those presented in [90, 91].

. We believe that our techniques even allow H to be only eventually positive,
though we do not prove such a theorem here — see [53] for an exemplar of this

extension in a context somewhat different from this one.

. We show that the assumption of asymptotic superlinearity of the functions H;
and Hj allows for neither g; nor g» to have any particular type of growth (e.g.,
sub- or superlinearity) as ||(x,y)|| — +oo. In particular, this means that ¢; and
g2 can have completely different limiting behavior. For example, g; could be

sublinear as [|(z,y)|| — 400, whilst g is superlinear as ||(x,y)|| — +o0o. While
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Yang also allowed for mixed asymptotic behavior of the nonlinearities in [90],
a cursory examination of that paper indicates that a number of complicated
conditions are required to deduce that result. By contrast, our conditions are

quite simple and relatively easy to check computationally.

10.1 Main Result and Numerical Example

We begin by listing the various structural conditions we impose on the constituent

parts

Hi1:

H2:

H3:

H4:

of problem (10.1). These conditions are the following.

For each 7, let H; : R? — [0,400) be a real-valued, continuous function.
Moreover, H; : [0,+00) X [0, +00) — [0, +00) — i.e., H; is nonnegative when

restricted to [0, 400) x [0, +00).

For each 7, the functional ¢;(y) appearing in (10.1) is linear and, in particular,

has the realization
6= [ ole) dasfe), (10.5)
[0,1]
where o; : [0,1] — R satisfies a; € BV([0, 1]).

For each i, there is a constant % € [0, 5) such that the functional ¢; in (10.1)

satisfies the inequality

[6i()] < eillyl (10.6)
for all y € C([0,1]).
For each i, there are p° € (0, 1] and ¢° € (0, 1], where for each i at least one
of p° and ¢® is equal to unity, such that

. H’L (Zlv 22)
lim =
z21+z90—+00 le _|_ 2:22



H5:

H6:

HT:

holds. Furthermore, for each 7 it holds that

Hi )
im Hilnz)
214+29—01 21 + z9
We find that
lim n(z,y) =0and lim 92(%, ) =0.
2142920t X + Yy 2142920t X + Yy

The constants &), €2, €], and 7 satisfy

1
0§6é+83+5§+6%<§.

For each i, each of

/ t das(t) > 0
[0,1]

and

G(t,s) day(t) > 0
[0,1]

holds, where the latter holds for each s € [0, 1].

203

(10.8)

(10.9)

(10.10)

(10.11)

(10.12)

Let us make some brief remarks regarding certain of the preceding conditions.

Remark 10.1. As in Chapter 9, regarding conditions (H2)—(H3), we point out that a

wide variety of functions satisfy these conditions, such as the following.

Gi(y) == /F y(t) dt

(10.13)
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Remark 10.2. Regarding condition (H4) and specifically (10.7) therein, this is the
asymptotic superlinear condition which, in part, distinguishes our methods here from
others. On the other hand, (10.7) appearing in condition (H4) implies that H is also
superlinear as (z,y) — (07,07). Some functions, H : [0, +00) x [0, +00) — [0, +00),
satisfying condition (H4), then, are the following. (In each case, p°® = ¢° = 1, for

each i.)

H (z1,22) == 2" + 25%, 11,19 > 1

1
H (21, 2) = (21 + 2) cos (—), r>1
1
atat (10.14)

(Zl+22)2, 0§Zl+22§1
H (21, 29) =

e#itz—l 214+ 29 > 1

It is easy to check that each of (10.14);—(10.14)3 satisfies each part of condition (H4).

Furthermore, we should mention that each of the functions above cannot be in-
corporated into the theory of either [65] or [68] due to the superlinear growth at
(400, 400). In fact, such nonlinear boundary functions could not be incorporated
into any of the results given in [64, 66, 67, 68] for that matter. So, condition (H4)
allows for a vastly different variety of nonlinear boundary functions than other recent
works on these sorts of problems. Moreover, as shall be explicated in the proof of
Theorem 10.5, which is our first existence result, this asymptotic superlinear growth
condition also allows for the mixed growth of the nonlinearities ¢g; and ¢, as men-

tioned in earlier.

Remark 10.3. Also regarding condition (H4), we point out that this condition allows
for H; to have different types of growth in the different coordinate directions. For

example, consider the continuous function H : [0, 400) X [0, +00) — [0, +00) defined
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by
(21+22)2(Z%+\/Z_2), 0<2z+2<1
H(Zl,ZQ) = . (1015)
Z% + \/2_2, 21+ 22 > 1

In the z;-coordinate direction, we find that H grows superlinearly as z; + 2o — +00.
On the other hand, in the zy-coordinate direction, we find that H grows sublinearly
as 21 + 29 — +o00. Finally, it holds that

H H
lim —<Zl722) =0 and lim —(21’22)

% = +oo. (10.16)
21+20—0t 21 + 29 21+z2—+00 27 + Zy

Remark 10.4. As remarked in earlier, we believe that the conditions imposed on H;
by condition (H4) may be changed in a manner similar to the argument presented in

[53]. But we leave such investigations for future work.

Now, let vy be the constant defined by

Yo = min {'y, rtrélbgt} , (10.17)

where v € (0,1). Then the cone, K, we shall use in the sequel is then defined by

K= {(w) X ¢ ay >0, mine(t) + ()] > 20l (x, )], 61(x), Bo(y) > o},
(10.18)
which is a simple modification of a cone first introduced by Infante and Webb [84].
Let us point out at this juncture that I does not contain only the neutral element of
X. Indeed, if we put, say, B,(t) := (¢,0), B5(t) := (0,t), and B4(t) :== (B, + B) (t) =
(t,t), then it is easy to see that B, B,, B3 € K so that K contains infinitely many

nontrivial elements of X.
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In any case, with these preliminary observations, we now state and prove our
main result. We note, however, that in the statement of this theorem we assume that
P = p3® = 1. In other words, it is the numbers ¢7°, ¢5° that can be potentially less

than unity. We do this only for definiteness and ease of exposition in the sequel.

Theorem 10.5. Assume that &, £¢ € E, where E is a fized set satisfying E € (0,1)
as in Section 2. Then there exists a number 6 € (0,1) such that if both ¢°, ¢5° €

(1—6,1] and (H1)-(H7) hold, then problem (1.1) has at least one positive solution.

Proof. To begin, we consider the operator S : X — X defined by

where, for each ¢ = 1,2, we have that T; : X — B is defined by

Ty (z,y) = tH; (¢1 (x) + ez (&) . b2 (y) + 25y (&)

) (10.20)
—I—/O G(t,s)ai(s)g; (z(s),y(s)) ds.

We shall first argue that S : K — K. To this end, it is obvious that for (z,y) € K,
it follows that T;(z,y)(t) > 0, for each t € [0,1] and ¢ = 1,2. We also note from the
definition of vy in (10.17) that

ItléiélTi (z,y) > voH, (¢1 (z) + g (56) 02 (y) + €5y (53))

—i—fymax/o G(t,s)ai(s)g; (z(s),y(s)) ds (10.21)

te[0,1]

> Y| T; (z,y) ||-



We conclude that

min [(T1 (z, y)) (t) + (T2 (z,9)) (t)] = 705 (z,9) ||

telk

Finally, we observe that

O (T1 (x,y)) = Hy (¢ () + g5z (&) » 02 () + ey (&) / t doy (t)

[0,1]

+ﬁwéw@mmm®mm@mw

ZHM@@Hf&@&¢Mw+%M%D/ ¢ deu (1)

[0,1]
+ATAMQnQMﬁﬁm@m@@w@>w

= 0,
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(10.22)

(10.23)

where the final inequality follows from assumption (H7). In a similar way, it follows

that ¢o (Tx(z,y)) > 0. Thus, S : K — K, as claimed. Let us also point out at this

juncture that, by a standard argument involving the Arzela-Ascoli theorem (recall

here that H; is assumed to be continuous, for each ¢ = 1, 2), we find that the operator

S is completely continuous; we omit the details of this argument, however.

Now, by condition (H5) we find that there is a number r; > 0 such that

gi(z.y) <milx +y)

whenever ||(z,y)| < r, and where 7, > 0 satisfies

) max {/01 (s, 5)ar(s) ds,/ol G(s, 5)as(s) ds} < i

(10.24)

(10.25)

In addition, condition (H4) — i.e., equation (10.8) — implies the existence of a number
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r{ > 0 such that, for each i = 1,2,

H; (o1 (2) + gz (&), 02 () + €5y (&) < m2 (é1 () + gz (&) + ¢2 (v) + €5y (&)

(10.26)
whenever
01(x) + e (&) + d2(y) + 5y (&) <1, (10.27)
and where 7, > 0 is defined by
1
M2 (10.28)

~ Smax {eb,ed,et,e3}
Notice that

o1 () + oz (&) + 62 () +eqy (&) < erllell + eXllyll + eollz ]l + <5l

< [max {5%,5%} + max {5(1)75(2)}] [ (z, y)|]

< 2max {eg, 5, €1, €1} [[ (2, y)].
(10.29)
So, in particular, if (z,y) € K satisfies
(vl < N (10.30)
Y 2max {e}, e2,€2, &2}’ '
then it follows that (10.28) holds.
So, set
*ok . TT
= . 10.31
i) o3y
Put

Qe o= A{(2,9) € X = (@, 9)l| <777} (10.32)
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Then for each (z,y) € K N 0Q,+, we have that

T3 (2, y)
< Hy (1 (2) + gz (&) b2 () + 55y (o)) +/0 G(s, 5)ar(s)g1(x(s), y(s)) ds

<2 (61 (2) + oz (&) + 02 (y) + ety (&) +m / G(s;s)ar(s)(x(s) +y(s)) ds

0

1
< 72 (¢1 (z) + ez (fé) + ¢2 (y) + 5y (5(1))) + ZH(%Q)H
1 1
1
= 2@yl
(10.33)
Thus, we conclude that
1
T2 (2, )l < Sl )l (10.34)

for each (z,y) € KN O+, A similar argument holds for the operator T,. Conse-

quently, we deduce that

15, )l < [z, y)ll, (10.35)

for each (z,y) € KN 9Ly
On the other hand, let us assume without loss of generality that p® =1 for each
i so that ¢ € (0, 1], for each i. Then condition (H4) — i.e., equation (10.7) — implies

the existence of a number 75 := 75 (n3) > 0 such that

Hy (¢1 () + €52 (&) > 02 (v) + 25y (&)

) (10.36)
> s ([616) + b (€0)] + a0+ < (€))7

whenever

o1 () + oz (&) + b2 (y) + 5y (&) > 75 (10.37)
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for some number r;. Note that by picking r; sufficiently large, the same type of
estimate likewise holds for Hy; we assume henceforth that this is so. Here, in (10.36),

we choose 13 to be the number

1
- -1 2 210
toyo min {&f, €3, €5 }

N3 (10.38)

where tg € E is fixed but arbitrary; since £ € (0, 1), it holds that tq # 0, and so,
ns > 0. Importantly, 13 depends neither on ¢7° nor on ¢°. Now, notice that for

(z,y) € K since ¢1(x), ¢o(y) > 0 and & € E, we may estimate
o1 () + 2oz (§9) + b2 () + 23y (&) = min {eg, 55} [2 (&) +v (&)]
> min {eg, 0 } min(z(t) + y(t)] (10.39)
Z o min {6[1)7 63} H (.I, y)H
Consequently, if (x,y) satisfies

*
Ty

Yo min {&}, 2}’

1z, y)ll = (10.40)

then (10.36) holds.
We next interrupt to prove an easy lemma. Suppose that x, y > 0 with z, y < M

for some M > 1 and finite. Let ¢ satisfy 0 < ¢ < 1. Choose the constant ¢ such that

¢:=min {1, M} ; (10.41)

note that —1 < ¢ — 1 < 0. Obviously, ¢ € (0,1] since M > 1 and ¢ — 1 < 0. Then it
follows that

x4+ y? > clr+y), (10.42)
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for all (x,y) € [0, M] x [0, M]. Indeed, we merely notice that, for (z,y) € [0, M] x
[0, M]
cx <x (10.43)

and

cy <y, (10.44)

since y — 39! is decreasing for y > 0, whereupon adding (10.43)—(10.44) we estimate

cr +cy <z +yl, (10.45)

which evidently proves inequality (10.42).

Now continuing with the proof, let us put

,',,*
5= 1,2r%* 2 10.46
Ty max{ y 4Ty 770min{5é,5(2)}}’ ( )
which is independent of each of ¢i° and ¢5°. Define (2., by
Qg = {(z,y) € X = [[(@,y)]| <73} (10.47)

Using estimate (10.42), then, and the fact that

/0 G (to, s) a1(s)gi(x(s),y(s)) ds > 0, (10.48)
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we deduce that for each (z,y) € K N 0Q,;-

(Th(z,y)) (to) = toH: (¢ (2) + e (&) 1 b2 (y) + ey (&)
v G (1o, 5) ax(9)n(a(5),u(s) ds
> toH, (61 () + bz (€) ) 6o () + €2y (&1))
> tony ([61(2) + <o (68)] + [oa(0) + <3 ()]
> tam [che () + (9 [y ()]
> tos [eh (65) + <8 [y (€))7
> tomymin {3 [ (6] + [ (60)]

]
> ton3 min {8(1)763} C1 [l' (5(1)) +y ( (1))]

(10.49)

> t0773 min {6(1)7 83} 7001”(‘%7 y)”

> all (@, y)ll;

where we have used the lemma of the previous paragraph to get the third-to-last
inequality, and so, here ¢; := min {1, (ré‘*)qfo_l}. We have also used both the fact
that €2 € [0,1) and that ¢° € (0,1] so that (2) > &2. In summary, it follows that

1T (z, y)l| = ell(z, y)l]- (10.50)

Likewise, for each (z,y) € K N 9Q,;« we deduce that for ¢, := min {1, (rg*)qgofl}

T2z, )| = call (2, y)l| (10.51)

We now conclude the argument by considering cases. If ¢° = ¢5° = 1, then from

(10.41), it is obvious that ¢; = ¢ = 1. In this case we deduce from (10.50)—(10.51)
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that

15 ()l = 2l (@, y)l| > Iz, y)l; (10.52)

for each (z,y) € KN 0Q,z-. On the other hand, in case 0 < max {¢7°,¢5°} < 1, then
¢ = (F) T and ¢y = (139)% (10.53)
In order that ¢; + ¢o > 1 be satisfied, at a minimum we must have that
i
min {21*%’" 2T } > i, (10.54)

Evidently, since r5* is finite and (1 — ¢°) ™" — +00 as ¢2° — 17, there exists a § > 0
sufficiently small such that for each ¢{°, ¢5° € (1 — 9, 1] we have that (10.54) holds.
In this case, we again deduce that (10.52) holds with, say, the factor 2 replaced by 1.
Importantly, we point out that r3* does not depend on ¢* for either i. Consequently,
we may, in inequality (10.54) above, freely increase ¢°, for each i, without changing
the previously selected and fixed value of r3*.

Finally, putting the preceding paragraphs together, we make two conclusions.
Firstly, if ¢7° = ¢5° = 1, then by Lemma 2.13 and inequality (10.52) we deduce the
existence of a function (zg,yo) € K such that S (xg, yo) = (x0, yo), where x4(t), yo(t)
forms a positive solution of problem (10.1). Secondly, if ¢5°, ¢5° < 1, then there exists
a 0 > 0 sufficiently small such that if ¢{°, ¢5° € (1 — ¢, 1], then problem (10.1) still
has at least one positive solution. And as these cases are exhaustive this completes

the proof. O

We now prove a second result that demonstrates an alternative approach to prob-

lem (10.1). In particular, we begin by introducing the following condition.
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HB8: For each ¢ = 1,2, there is a constant p; > 0 such that

Hi ’
lim sup A1 2) < p; (10.55)
(21,22)—(0+,0+) 21T 22

holds, where p; € |0, —F—+ |.
p |: 2max{51,51}>

On the one hand, condition (H8) is certainly more general than condition (H4). For

instance, the continuous function H : [0, 4+00) X [0, 4+00) — [0, +00) defined by

z1t+22

(21 + 29) cos <#>, 2142 #£0

H (z1,2) := (10.56)

0, 2122220

satisfies

li H (Zh ZQ)
imsup ——
(21,22)—(0F,0) 21 T 22

=1 (10.57)

H(z1,22)

- does not exist. On the other hand, in order to prove the
1+22

but lim(zl7z2)_)(0+70+)
next result, we shall have to impose growth conditions on the nonlinearities g; and

g2 at infinity. Thus, we introduce condition (H9) below.

H9: We find that

im Y L Cand w208V o (1058)

(@,y)—(+00,+00) T + Y (@,y)—(+00,+00) T + Y
With condition (H8) and (H9) in hand we state and prove the following theorem.

We first give two preliminary remarks.

Remark 10.6. We note that condition (HS8) is more closely related to certain of the
conditions given by Yang [90, 91], to which was alluded earlier. In particular, how-

ever, we note that unlike the results Yang gives, which admittedly were for a slightly
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different problem than (10.1), we do not require complicated conditions on the non-
linearities g; and go. Indeed, conditions (H5) and (H9) are quite straightforward and
standard. Moreover, the measures here are signed. So, we consider these observations

to be both interesting and noteworthy.

Remark 10.7. We also note, as will become clear in the statement and proof of The-
orem 10.8 in the sequel, that with this particular assumption — namely (H8) — we
may dispense with the perturbation terms appearing in (10.1). In particular and

importantly, then, we may set e} = €2 = 0.

Theorem 10.8. Suppose that conditions (H1)-(H3) and (H5)-(H9) hold. In addi-
tion, suppose that e} = 3 = 0. Then the unperturbed problem (10.1) has at least one

positive solution.

Proof. Due to the assumptions given in the statement of this theorem, it is still the
case that T' : K — K and that T is a completely continuous operator. So, we
proceed directly to the cone theoretic part of the argument.

To this end, let p; < 1 T be given, for each ¢ = 1,2. Evidently, we may

1.2
2max{el,51

select k € N sufficiently large such that

2F 1 1
0<p; < < 10.59
=P S max {e},e?} ~ 2max{e}, 3} ( )
holds for each 7. Moreover, for each i, select the number 7; > 0 such that
! 1
m/o G(s, s)a;(s) ds < s (10.60)

holds. Condition (H5) implies the existence of a number 7 > 0 such that g;(z,y) <

ni(x +y) for all 0 < x +y < r and for each i. On the other hand, from condition
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(H8), we may select a number 0 < & < min {py, p2} sufficient small such that

H; (z1,29) < (pi —¢) (21 + 22) (10.61)

holds whenever 0 < 2; + 29 < r} for some number r; > 0, for each 7 = 1,2. In

addition, since (10.59) holds, for each i, it evidently holds that

0<pi—e< g Ii];;{; a7 (10.62)
Now, condition (H3) implies that
¢1(x) < eqlx]| and that d2(y) < f]ly|. (10.63)
Consequently, for each (x,y) € K satisfying
0 < |[(z,y)]| < min{ry,ri}, (10.64)

it follows that

1, L,
d1(2) < etllzll < erli(z, )| < 577 and that és(y) < 1llyll < Xi(z, )] < 577

(10.65)

Now, select r;* > 0 such that
ri* < min {ry, 7} (10.66)

and put Q. := {(z,y) € £ : |(2,y)| <7*}. Upon combining (10.63)-(10.66), we
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may then estimate

H; (61(), ¢2(y)) < (pi — &) (¢1(2) + ¢2(y)) , (10.67)

for each (x,y) € KN 0+ and i = 1,2. So, combining all of these estimates, we

deduce that

T3 (2, )| < Hi(é1(2), d2(y)) +/O G(s,s)ai(s)gr(x(s), y(s)) ds

< (91— ) (61(2) + 02(0)) + gy )

9k _ 1 ) ) 1
< o (el + ) + el
e 1 (10.68)
- 1 2
= 9k+1 max{e%,e%} max {51781} (HZL‘H + ||y||) + W||(I7y)||
s e )l + )]
= max {e;, e x x
2F+ max {e!, £2} €1 Y ok+1 Y
1
= L@l
Similarly, we deduce that
1
1T2(z )l < 511z, 9)] (10.69)
whence
15 (z, y)|| < Iz, 9)ll, (10.70)
for each (z,y) € KN OQyr-.
On the other hand, select the number 13 > 0 to satisfy
1
13 max{ 3G (s, 8)ay(s) ds,/ 3G (s, 8)as(s) ds} > 3 (10.71)
B E
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Then by condition (H9), we have that

9i(x,y) > n3(x +y), (10.72)

for all z +y > ro and for each i = 1,2. Put

ry i= max {Q, ZT’I*} : (10.73)
0

Then since Hy (21, 22) > 0, for all (21, 22) € [0, +00) % [0, +00), we deduce that

min (T1(z,y)) (t) 2 7)3/E%G(5,5)a1(5)[x(s) +y(s)] ds

> @)l [ G ar(s) ds (10.74)
E
1
> @)l
whence
1

for each (z,y) € KN 0Q,;. Similarly,

T2 (2, y)| = %H(x,y)\l, (10.76)

so that ||S(z,y)|| > |[(z,9)|, for (z,y) € KN IQy;. Consequently, we may invoke
Lemma 2.13 to deduce the existence of at least one positive solution to problem

(10.1). 0

We conclude with an explicit numerical example together with some final remarks.
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Example 10.9. Consider the boundary value problem

—a"(t) = (2t + 1)gi (x(t), y(t))

—y"(t) = e ga(a(t), y(1))

z(0) = H, (¢1(x) + %x (%) , P2(y) + 3—(1)0@/ (;)) (10.77)
0(0) =t (1) + 50 (5 ) 0200 + 5550 (3) )
z(1) =0 =y(1),

where we make the following declarations.

Hl (Zl7 22) = (Zl + 22)3

1
H. = ? —_—
2(21,7) = (A 22) COS<Z1+ZQ+1)

o (3) e () Q) 1, 0

207

P2(y) = —Wloy (%) + 1%3/ (%) —~ ﬁy (;) + % /[3 R y(s) ds (10.78)

5

(r+y)? z+y<l
gi1(z,y) =

ve+y, z+y=>1

g (z,y) = (x +y)*

Interestingly, note that g, is sublinear as (z,y) — (+00, +00), whereas g, is superlin-

ear. Furthermore, let us observe at this juncture that on account of the definitions of

¢1 and ¢9 given in (10.78), we may recast the boundary conditions at ¢ = 0 in (10.77)
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in the somewhat simpler form

2(0) = Hy (¢1(2), ¢a(y)) = [r(x) + o (y)]’
y(0) = Hy (Y1(x),2(y)) = [¥1(x) + @Dg(y)]Q cos (

. (10.79)
Ui(z) + va(y) + 1)

where we have put ¢y (z) := ¢1(z) + 52 (3) and Ya(y) := ¢2(y) + 555y (2). Inciden-
tally, though we do not show this explicitly, let us also remark that it is easy to show
that the Stieltjes measures p,, and p,, are signed for this problem.

It is now easy to check that each of conditions (H1)-(H7) is satisfied. In particular,

note that we may select e} := %, g2 1= 1%0, g = %, and &3 := 3—(1)0. Moreover, we
7
note that [t dai(t) = o5 > 0 and that Joa t dasa(t) = o5 > 0. In any case,

we conclude that we may invoke Theorem 10.5 to deduce that problem (10.77) has
at least one positive solution. Likewise, problem (10.79) has at least one positive

solution, too.

Remark 10.10. We note that problem (10.77) could not be addressed by any existing
results. This is true for a variety of reasons, among which are the following: problem
(10.77) involves a system of equations; it imposes no growth conditions on g; and g
for (x,y) large in norm; it allows for each of H; and Hj to have superlinear growth as
(x,y) — (400, 4+00); and it allows for each of ¢; and ¢, to be have associated signed
Borel measures. In short, we are not aware that any results in the existing literature
can be applied to problem (10.77). And this is the advantage of the asymptotic

conditions (H4) and (HS8), which we have introduced in this work.

Remark 10.11. We have elected not to give an example of Theorem 10.8 since its
application would proceed in a very similar manner to Example 10.9. Nonetheless,
we emphasize that in the case of Theorem 10.8, we may take the perturbation terms

in (10.1) equal to zero and, hence, in this case we are recovering solutions to the
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unperturbed (i.e., ) = €3 = 0) problem (10.1).
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Chapter 11

A System of BVPs with Nonlocal,
Nonlinear Boundary Conditions

with Sublinear Growth

In this concluding chapter we wish to illustrate how techniques similar (though not
identical) to the preceding chapter may still be used in the vectorial setting with an
assumption of sublinear growth in the nonlinear boundary terms. As shall be seen in
the sequel, the assumption of asymptotic sublinearity requires some modifications of
the techniques used to deduce the existence of at least one positive solution.

In particular, in this chapter our model problem is

2"(t) = =Mai(t)gi (2(t), y(t)), t € (0,1)
y'(t) = —Aaaz(t)ga(z(t), y(t)), t € (0, 1)
2(0) = H (¢1(2) + o (&) + 0y (%)) (11.1)
y(0) = Hz (62(y) + g (&) + 0y (&)

z(1) = 0 =y(1),
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where \;, Ay > 0 are eigenvalues, €}, €2 > 0 are constants, which shall be specified
later, &},&2 € (0,1) are fixed, ¢1, ¢ : C([0,1]) — R are functionals, which are
realizations of the nonlocal nature of the boundary conditions, Hy, Hy : R — R are
continuous functions, which are realizations of the nonlinear nature of the boundary
conditions, and g, go : [0,400) x [0, +00) — [0, +00) are continuous. The nonlocal
terms here are, once again as in Chapters 9 and 10, very general, being as they are

realized by Lebesgue-Stieltjes integrals — that is,

o1(z) = /[01} x(t) day(t) and ¢o(y) ::/ y(t) das(t), (11.2)

[0,1]

with aq, ay € BV([0,1]). It may be assumed without loss that, in fact, ay, ay €
NBV([0,1]). Consequently, we observe that to each of ay, ag, there exists a unique
Borel measure, say ft,, and ji,,, respectively. In our context, these measures may be
signed, which is one of the key contributions of this work.

Our novel approach to problem (11.1) is twofold. We first introduce the per-
turbation terms elx (&), €3y (&), iz (€2), and 2y (£2) appearing in (11.1). These
perturbation terms allows us in turn to introduce a second novelty — namely, to utilize
much less restrictive growth conditions on each of H; and Hs appearing in (11.1).

Indeed, we require that, for each 1 =1, 2,

[Hi(z) = k2| _

lim =0, (11.3)

200 ||

for some «} € [0,+00). Note that condition (11.3) implies that H; may grow either

2 is an

sub- or superlinearly at z = 0 — e.g., each of H(z) = ¥/z and H(z) = =
admissible function for small z. These two relatively simple modifications allow for

considerably weaker conditions on problem (11.1), for we may now assume that each
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of the measures f1,, and p,, is signed and that neither H; nor Hs is sublinear at z = 0,
assumptions that seem to be made in most problems related to (11.1) as we indicate
in the sequel. Furthermore, it turns out that we do not even require the perturbation
terms provided that we assume that each of H;(z) and Hs(z) is monotone increasing
for z > 0.

Closely related to these observations, we should point out at this juncture that
Yang [90, 91] actually introduced asymptotic conditions in those works not entirely
dissimilar to (11.3) above. In particular, in [90] a system of equations, which are very
similar to (11.1), was studied. Among a variety of other conditions, Yang was able

to employ an asymptotic condition of the general form

H 1
limsupﬁ < —, (11.4)
Z—00 ¥ (2

for some positive, finite constant ¢. Certainly, (11.4) is more general than our con-
dition (11.3). However, a careful examination of the proof in [90] reveals that the
positivity of the measures p,, and p,, is essential. Consequently, it does not seem
possible at present to give a simple modification of Yang’s techniques in the case
where the measures may be signed (i.e., our situation here).

Thus, we employ two different strategies to overcome these difficulties. Our first
strategy is via condition (11.3) and the perturbation terms in (11.1), whereas our
second strategy is via a monotonicity assumption on each of H; and Hs. In any case,
we should also point out that although Yang [90] achieves a more general condition
in (11.4), in [90] much more complicated structural conditions are instead assumed
on the nonlinearities g;, g» than we assume here, and the eigenvalue problem is not
studied in [90] either.

Prior to enumerating specifically the contributions of this paper, let us briefly
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review the relevant existing literature on problems similar to (11.1). Recently, Infante
and Webb [84] provided an elegant theory for nonlocal BVPs in the case where the
boundary conditions are linear; furthermore, one may consult the introduction of
[84] for a thorough review of the recent literature on multipoint BVPs prior to the
contribution of Infante and Webb. Related extensions may be found in recent papers
by Webb [85, 86, 87] as well as by Graef and Webb [60].

On the other hand, recently there has been some attempts by Infante [64], Infante
and Pietramala [65, 66, 67], Kang and Wei [68], and Yang [90, 91] to consider in
fairly general contexts BVPs with nonlinear BCs. However, insofar as these papers
are concerned, while they do make a connection to the linear boundary condition
theory, they do so under some limiting assumptions, namely that H, which is the
function capturing the nonlinearity of the BCs, is strictly positive, that the Borel
measure associated to the Lebesgue-Stieltjes integral ¢(y) = [, y(t) da(t) is positive,
and, in nearly all cases ([90, 91] being partial exceptions), that H satisfies a uniform
growth condition of the form (12 < H(z) < (32, for 0 < (4 < (3 < 400, for all z > 0.

In particular, our work here directly generalizes and improves [65, 90] since those
works are very closely related to our work here. Indeed, Infante and Pietramala
[65] and Yang [90] each considered a system almost identical to (11.1) but with the
nonlocal condition at ¢ = 1 rather than at ¢ = 0, which is a trivial difference. Here
we achieve in the particular case of problem (11.1) the following generalizations over
various aspects of the results presented in [65, 90] and, more tangentially, in [64, 66,

67, 68, 91]. We enumerate these generalizations and improvements as follows.

1. For the first of our two existence results, we do not assume that either H; or Hy
is monotone, unlike some works in the literature involving nonlinear boundary

conditions. Where we do assume monotonicity, this assumption, as noted above,
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allows us to dispense with the perturbation terms appearing in (11.1) above.

. We allow for each of p,, and p,, to be signed measures rather than merely pos-
itive. This is a notable generalization over preceding works on related problems

— specifically, [64, 65, 66, 67, 90, 91].

. We do not assume a uniform linear growth condition on either H; or H,. While
condition (11.3) does imply linear growth of the H;'s at +oo, this is only an
asymptotic condition, which is much weaker than the uniform condition pro-

posed in other works on related problems — specifically, [64, 65, 66, 67].

. We believe that our techniques here allow for H to be only eventually positive,
though we do not prove such a theorem here — see [53] for an exemplar of this

extension.

. While we present our results in the somewhat simpler setting of Dirichlet-type
boundary conditions, we believe that our techniques can be extended to include

some of the other types of boundary conditions considered by other authors.

. Finally, we exhibit an explicit and direct connection to the linear BC theory
developed originally in [84]. Indeed, condition (11.3) essentially shows that if
the boundary conditions merely possess asymptotically sublinear growth at oo
(i.e., are asymptotically similar to the sorts of conditions considered in [84]),
then this is sufficient, together with some other relatively standard assumptions,
to deduce that problem (11.1) has at least one positive solution. Heuristically,
then, if ¢(y) is a linear functional to which the theory of [84] applies and if
Hi(p(y)) =~ ¢(y) for ¢(y) > 1, for each i, then we recover the existence of at
least one positive solution to problem (11.1). We feel that this is both a novel

and interesting observation.
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11.1 Main Results and Numerical Example

Before stating and proving our two main results, which are Theorem 11.6 and The-

orem 11.8, we introduce some structural conditions on the various functions and

functionals in (11.1). They are as follows.

Hi1:

H2:

H3:

H4:

H5:

For each i, let H; : R — R be a real-valued, continuous function. Moreover,

H; : [0,400) = [0, +00) —i.e., H; is nonnegative when restricted to [0, 4+00).

For each i, the functional ¢;(y) appearing in (11.1) is linear and, in particular,

has the form

6= [ ole) dasft), (1.5)
[0,1]
where o; : [0,1] — R satisfies o; € BV([0, 1]).

For each 4, there is a constant €¢ such that the functional ¢; in (11.1) satisfies
the inequality

[0i(y)] < €illyll (11.6)
for all y € C([0, 1]).

For each i, there is /if) > 0 such that

Hy(z) — ki
T L1 Rl (11.7)
z——+00 ’Z‘
holds.
We find that
lim g¢i(z,y) = +o0 and lim go(z,y) = +o0. (11.8)

T+y—-+00 T+y—-+00
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H6: We find that

im 2Y) gand ot 289 (11.9)
z+y—too T + Y zty—too T + Y
H7: Each of the following holds.
1, 2, 2,2 1
0<egy+e+el+tel < 3
1
0<kg(eg+eg+er) < 5 (11.10)
1
0<kj(eg+eg+el) < 3

HS8: For each 7, each of
/ (1—1) das(t) > 0 (11.11)
(0,1]

and

G(t,s) dai(t) > 0 (11.12)
[0,1]

holds, where the latter holds for each s € [0, 1].

H9: The nonlinearities g; and g satisfy either the relationship g;(z,y) < go(z,y)

or the relationship go(z,y) < g1(z,y), for all z, y > 0.

Let us make some brief remarks regarding certain of the preceding conditions.

Remark 11.1. Regarding conditions (H2)—(H3), the same sorts of functionals that

have been admissible in Chapter 9 and 10 remain admissible here.

Remark 11.2. Regarding condition (H4), this is the asymptotic condition, which is

key to our arguments in the sequel. Note that if the condition

lim |H(z)—z| =0, (11.13)

Z—+00
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which implies that H(z) converges to z at 4+o00, holds, then it follows that condition
(H4) holds, too. It should also be noted that there are many nontrivial functions
which do not satisfy condition (11.4) but do satisfy condition (H4) for some «j. For

instance, consider the function H; : [0, 4+00) — [0, +00) defined by

Hy(2) = 2y/% cos (1%) (11.14)

Then it is clear that H; satisfies (11.7) in case k{ = 0 but fails to satisfy the condition
(11.13).

Remark 11.3. Note that in (11.10) above, depending upon the values of the various

constants, it may be that each of conditions (11.10)5 and (11.10)3 is superfluous.

Remark 11.4. Observe that we do not require any growth conditions on H; except
asymptotically as given in (11.7) above. This is in contrast to nearly all other recent
papers on BVPs with nonlinear, nonlocal boundary conditions — see, for instance,
(64, 65, 66, 67, 68]. Indeed, as mentioned in Section 1, it seems to be assumed
frequently that the function capturing the nonlinear aspect of the boundary conditions
satisfy a condition of the sort az < H;(z) < Bz, for 0 < a <  and all z > 0. Here
we remove such restrictions entirely. Indeed, we only really need sublinearity at 400,

and we consider this observation to be an interesting contribution of this work.

Remark 11.5. Observe that no growth conditions are required of either H; or Hs at
0. In particular, Hy(z) could be sublinear at z = 0, whilst Hs(z) is superlinear at
z = 0. In particular, the nonlinearities H;, H> may exhibit mixed behavior at z = 0.

The same comment may be given for the nonlinearities ¢g; and gs.



230

Now, let vy be the constant defined by

Yo := min {7,%%1(1 - t)} : (11.15)

where vy € (0,1) and + is the constant from Chapter 9. Then the cone, IC, we shall

use in the sequel is defined by

K= {(m,y) eX x,y>0, ?é%l[x(t) +y(@®)] > ll(@, v,
(11.16)

¢1(), d2(y) > 0},

which is a simple modification of a cone first introduced by Infante and Webb [84].
Let us point out at this juncture that K is not just the trivial subspace of X. Indeed,
it is easy to verify that if we put 3(¢t) :== (1 —¢,1 —t), then 3 € K. In fact, it is
also true, of course, that if we put 3,(¢) := (1 —¢,0) and B4(t) := (0,1 —t), then 3,

B, € K. With this in hand, we now state and prove our main result.

Theorem 11.6. Let conditions (H1)-(H9) hold. Assume that &}, £ € E, where the
set E is fized as in Section 2. Then for all A, As > 0 sufficiently large problem (11.1)

has at least one positive solution.

Proof. We consider the problem

() = =Mar (g1 (x(1), y(1)) , t € (0,1)
y'(t) = —doaz(t)gs (x(t), y(t)) , t € (0,1)
2(0) = Hy (61 (2) + eox (&) + 5y (&) (11.17)
y(0) = Ha (92 () + <o (&3) + <o (63))

z(l) =0=y(1).



231

We first show that S(K) C K. To this end, let (z,y) € K. Then it is obvious that

T; (z,y) (t) > 0, for each t € [0, 1] and for each i = 1,2. On the other hand, note that

ItIéIEH Ty (z,y) (t) > voH: (o1 () + 5w (&) +€0v (&)

+ Ay max/o G(t,s)ai(s)g1 (z(s),y(s)) ds (11.18)

tel0,1]

> Yol Th (z,y) |-

It similarly holds that mingeg 75 (x,y) (t) > Y12 (z,y) ||. We thus conclude that

min [(Ty (2,y)) () + (T2 (z,)) ()] = 0]l (2, ) [| (11.19)

tek

Finally, note that
o1 Ty (2,9) = Hi (0 (1) + b (68) + <l () [ 01=0) d )

+ A\ /[071]/0 G(t,s)ai(s)g1 (z(s),y(s)) ds day(t)

= H, (¢1 () + 502 (&) + 0y (55))/ (1—1) daa(t)  (11.20)

(0,1]
+ M /01 [/{071} G(t,s) dozl(t)] ai(s)gr (z(s),y(s)) ds

>0

)

where the final inequality from assumption (H8). Similarly, ¢, (7% (z,y)) > 0. Thus,
S : K — K, as claimed. Furthermore, since it is standard to show that S is a
completely continuous operator, we omit the proof of this claim.

We next make a simple observation. For each (z,y) € K, we have that

min[z(t) +y(t)] = /(2 y)|, (11.21)
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and, thus, since ¢;(z) > 0 it follows that

1(x) + 07 (&) + 20y (&) = €07 (&) + < (o)

> min {ep, €5 } min [z(t) + y(1)] (11.22)
> min {ep, &} Yoll(z, )]

Of course, the same inequality holds if we replace ¢;(z) with ¢o(y), = (&) with z (£2),
and y (&) with y (&). In any case, observation (11.22) will be very important in the
sequel.

Now, we note that by condition (H5), there is r; > 0 sufficiently large such that

whenever x + y > rq, we find that

1
to, s) ai(s) ds’

gi(z,y) > TGl (11.23)

where tg € E is any fixed but otherwise arbitrary point; note that since £ € (0, 1), it

follows that 0 < tp < 1. Similarly, there is r7 > 0 such that for x +y > r}, it follows

that
(2,9) > ! (11.24)
x : .
924 = [ G (to, s) as(s) ds
Define the number r* > 0 by
r1" 1= max {E, 7“_1} (11.25)
Yo Yo

and the set (2. C X by

Qe = {2, y) € X = ()l <7} (11.26)
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Observe that for (z,y) € K N 08, it follows that

min [z(1) +y(t)] = 0]l (z,y) [| = 70r1" = max {r, 77} (11.27)

In particular, both (11.23) and (11.24) hold. Therefore, it follows that for each
(z,y) € KN OQs we have

Ty (z,y) (to) > A

[ o
/E G (to, 5) ax(s)n (2(5), y(s)) ds (11.28)

where we have used the fact that H(z) > 0, for each z > 0. By now making \

sufficiently large, we get

1Ty (z,9) || = %H (@) |- (11.29)

Similarly, by making A, sufficiently large we deduce that
1
12 (2, 9) | = 511 (2 9) |l (11.30)
So, from (11.29)—(11.30) we conclude that

15 (2, ) | = 11 () ], (11.31)

for each (z,y) € KN OQyr-.

On the other hand, select numbers e}, 2 > 0 sufficiently small such that each of
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the following inequalities holds.

1
Ky (g0 + €5 +e1) +ey < 3 e

1
Ko (53+5%+5%)+6§<§

Evidently, these inequalities may be satisfied because condition (H7) holds. Then
condition (H6) implies that there is 7o > 0 sufficiently large such that for each i = 1,2

it holds that

9i(z,y) <m(z +y), (11.33)

whenever x + y > ro, where 7, satisfies both

1

1 1
7}1/ G(s,s)ai(s) ds < 2% and 7}1/ G(s,s)as(s) ds < —=—. (11.34)
0 0

1

Additionally, for a given number &} > 0 condition (H4) implies the existence of a

number 5 := r} (1) > 0 such that

|[Hy (61 (x) + 02 (§0) + €y (&) — #io (1 (2) + 202 (&) + =5y ()|

(11.35)
< el (z,9) |
whenever
1 (2) + gg2 (&) + 5y (&) = 75 (11.36)
Note that to get (11.35) we have used the fact that
0< ¢ (z)+epr (&) +edy (&
o (§0) +2uv (60) (11.37)

< epllzll + eollzll + tllyll < max {eg, 5.1} || (@, 9) | < [l (. 9) |l

Furthermore, in the same manner as in the preceding paragraph, we may select € in
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such a way so that

1
Ko (0 +ep+el) +ey+es< 3 (11.38)

holds. In any case, recalling (11.22) and the fact that ¢; (x) > 0 since (z,y) € K, we

have that (11.35) is satisfied provided that

*
Ty

11.39
vo min {&f, 3} ( )

Iz y) | =

holds. A dual argument reveals that (11.35) also holds for the function Hs whenever
(11.39) holds replacing r5 with some (possibly larger) constant r3*, by making the
obvious changes in the various subscripts appearing in (11.35)-(11.36), and changing

£3 to some 3 — i.e., provided that

ry"

) > - 11.40
) = i (11.40)

holds. Here, of course, analogous to (11.38) we choose £2 so that

11, 2, 2 2, 2 1
ko (g0 +eg+ei) +e3+e3< 3 (11.41)
is satisfied. So, both conditions hold provided that
5 ry"

> . 11.42
e T e ey e )

Now, assume by condition (H9) and without loss of generality that go(z,y) <
g1(x,y), for all , y > 0. Then because g; is unbounded at infinity in the sense of

condition (H5), we may select a number R; > 0, where R; satisfies

r* T**
Ry > max { 21, 79, 2 , 2 =: 9, 11.43
Lo X{ R Yo min {&}, €2} 70min{5(1),53}} ( )
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such that

91(z,y) < g1(p1, p2) (11.44)

for all (z,y) € [0, Ry] x [0, Ry], where either py = Ry and 0 < po < Ryor 0 < p; < Ry

and p, = R;. To prove this claim, pick a number 6* > 0 such that

) (11.45)

By the extreme value theorem, the function ¢g; attains its maximum on the square
[0,67] % [0,67], say

- : 11.46
(@4)€l00+ x[0.6°] g1(z,y) = g1 (20, %) ( )

Now, if
(z0,%0) € 0,6\ [0, 0] (11.47)

holds, then we may put Ry := max {xg, o }; for instance, if zq > yo, then p; = 29 = Ry
and py = yo < R;. On the other hand, if (11.46) is not true, then because of condition

(H5), there must be a number A > 0 sufficiently large and a point (z1,y;) satisfying

(z1,11) € [0,0° + h)2\ [0, 9] (11.48)

such that ¢ (x1,11) > ¢1 (%0, y0). In this case, put Ry := max{xy,y;}, with ¢ <
Ry < 6* + h. We then have that, say, p; := max{z1,y;} and py := min {x1,y;}. We
conclude, therefore, that we can always construct a square [0, Ry] x [0, Ry] with R,

chosen sufficiently large such that either

91(2,y) < g1 (Ra, p2) (11.49)
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holds for some 0 < py < Ry or

g1(z,y) < g1 (p1, Ry) (11.50)

holds for some 0 < p; < Ry, and such that R; satisfies the inequality

Notice, then, for z, y < Ry, it follows that if in (11.44) we have that p; = R; and

0 < pa < Ry, then for all (z,y) € [0, Ry] x [0, R;] it holds that

g1(x,y) < g1 (p1,p2) = g1 (Ra, p2) < (Ry + p2) < 21 Ry, (11.52)

where the second-to-last inequality follows from invoking (3.30), which is valid since
Ry > 9, whence Ry + pa > ry. On the other hand, if 0 < p; < Ry and py = Ry in
(11.33), then inequality (11.52) still holds. Inequality (11.52) is the key observation,

for we observe that if ||(z,y)|| = Ry, then

g((t),y(t)) < 2m Ry (11.53)

holds for t € [0, 1]. Since, by assumption, gs(z,y) < g1(z,y) for each z, y > 0, it also

follows that for ||(z,y)|| = Ry the inequality

g2(x(t), y(t)) < 2m Ry (11.54)

holds.

So, let Ry be the number constructed in the previous paragraph. Define the set
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QR1 by

Qp, = A{(2,y) € X = [[(z, 9)[l < Ra}. (11.55)

Then for each (x,y) € KN INg, we find that

ITi (,9)]
< (o (@) + <he () + by (69) + [ Gl s)ar (9 (2(6).9(3)) s
< |H (91 (2) + b (¢8) ds + =By (&)))

— 1 (61 (@) + b (&) + by (&) | + b (01 (2) + b (60) + <y (&)
0 [ G (5)o (6, 006)) s

< esll (@, 9) | + ko (61 (2) + gz (&) + <0y (%))

1 (11.56)
—1—)\1/ G(s, s)ai(s)2mRy ds
0
< esll (@, 9) | + kg (exllzll + eoll=ll + 5lyll)
1
+2771R1)\1/ G(s,s)ai(s) ds
0
<l @yl + 50 (s +eg+er) | (@) [ +eR
= (s +ro (0 +e+a) +2) [ (@)
1
where we have used the fact that
1
0<ej+r(ep+egter)+ey<c (11.57)

2

by construction. Similarly, we estimate

172 (z,9) || < %H (@, ) I, (11.58)
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for each (z,y) € KN OQg,. Consequently, from (11.56) and (11.58) we conclude that

15 G 9) [ < (2, 9) 1], (11.59)

for each (x,y) € KN ONp,.
Putting the preceding part of the proof together, we see that may thus invoke

Lemma 2.13 to deduce the existence of a function
(0, 90) € KN (g, \ Qsv) (11.60)

such that S (zo,v0) = (zo,%0). The functions xy(t) and yo(t) from (11.60) represent

a positive solution to problem (1.1); in fact, it satisfies the a priori bounds
0 <7 < |l (o, %0) || < Ry < +o0. (11.61)

Thus, in particular, we have shown that problem (11.1) has at least one positive

solution. And this completes the proof. m

Remark 11.7. Although not explicitly stated in either the statement or the proof of
Theorem 11.6, it is possible to write an explicit formula for the admissible range of
the eigenvalues, A; and Ay. In particular, put

-1

Q= %inf {y €10,400) : g1(21,22) > [/ G (to,s)ar(s) ds|
y (11.62)

for all z; + 25 € [y, +oo)}
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and

-1

Qg 1= iinf {y € [0,4+00) : go(21,22) > {/EG(%,S) as(s) ds|

Yo
(11.63)
for all 2y + 25 € [y, +oo)}.
Now, define aq by
1

g = Q—%max{al,ag}. (11.64)

Then it follows that whenever
A, Ag € [Oéo,+OO) (1165)

we have that the pair A1, A is a pair of admissible eigenvalues for problem (11.1). In
particular, (11.62)—(11.63) demonstrate that the range of admissible eigenvalues for

problem (11.1) is explicitly computable.

We next state our second existence theorem, which provides an alternative ap-
proach to problem (11.1). Indeed, as intimated in the introduction to this chapter,
here we give up the assumption that H need not be monotone increasing. In return,
however, we are able to recover an existence theorem for the unperturbed problem
(11.1) - i.e., the case in which e} = €3 = 0. Moreover, we may still retain the other
upshots of Theorem 11.6 such as the fact that the measures p,, and p,, are possibly

signed and that H need only be asymptotically sublinear.

Theorem 11.8. Suppose that conditions (H1)-(H9) hold but with x}y = 0 for each i
in condition (H4). In addition, assume that each of Hy(z) and Hy(z) is a monotone
increasing function for all z > 0. Let e} = €2 = 0. Then problem (11.1) has at least

one positive solution.
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Proof. As in the proof of Theorem 11.6, the operator S is completely continuous and
satisfies S(KC) C K. So, since these facts still hold, we need only show that S has at
least one nontrivial fixed point in /C.

To this end, observe that the first part of the proof of Theorem 11.6 may be
repeated verbatim in spite of the fact that e} = e} = 0 here. Indeed, this is because
estimate (11.22) was not used in the first part of the proof of Theorem 11.6 but
rather only in the second part. In any case, in the same exact way as in the proof of
Theorem 11.6, we arrive at a number r}* such that inequality (11.31) holds for each
(z,y) € KNOQ,s+, provided that the numbers A;, A, are chosen sufficiently large, say
according to (11.65).

We next diverge somewhat with respect to the proof of Theorem 11.6. Indeed,
because each of H; and H, is monotone increasing by assumption, by means of as-

sumption (H3) we may estimate both

Hy (¢1(x)) < Hy (er]ll]) < Hy (e1ll(=, y)ll) (11.66)

and

Hy (¢2(y)) < Hz (illyll) < He (il )])) . (11.67)

for each each (x,y) € K. Next, as in the proof of Theorem 11.6, we may assume that
inequalities (11.33)—(11.34) hold whenever z+y > 5. Moreover, by assumption (H4)

with &) = 0, there is a number 75 > 0 sufficiently large such that, for each 4,

Hi(z) < z, (11.68)
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provided that z > r3. Now, define the number r3* by

3 = max {2r1‘*, ra, —— {T; }} (11.69)
17

Note that for ||(z,y)| = r3*, by means of (11.66) and (11.68) we may thus estimate

Hy (¢1(2)) < Hy (e1]l(2,y)l]) = Hi (e7757) < epry” (11.70)
since
1 Hk 61T2 *
. 11.71
V2 ey o (H.71)
Reasoning similarly, we also deduce the estimate
Hy (¢2(y)) < eiry’ (11.72)
whenever ||(z,y)|| = r3*. Finally, we may assume that r3*

is chosen sufficiently large

such that inequality (11.53) and hence inequality (11.54) hold for the number r3*.
Now, define the set €25+ C X by

Qpge o= A{(2,y) € X = [[(z, 9)l| <73} (11.73)
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Then, for each (x,y) € KN €+, similar to inequality (11.56) we estimate

173 (e, )| < Hy (61(2)) + M / G (s 8)r ()91 (2(s), y(s)) ds
<A / G5, 8)ar(s)gn (a(s), y(s)) ds

1
<ery + 27717”§*>\1/ G(s, s)ai(s) ds
0

(11.74)
< clry by
= (e1+e) ()]
1
< Sl )l
In a completely similar manner, we deduce that
1
ITo(2, )l < Sl )l (11.75)
whence
15 (z, )l < (2, )l (11.76)

for each (z,y) € KN OQ,p-.
Consequently, we may invoke Lemma 2.13 to deduce the existence of a fixed point

(0,90) € KN (ﬁrg* \ QTT*) of the operator S. And this completes the proof. n

Remark 11.9. We note that inequality (11.74) reveals that the slightly weaker condi-
tion

1
0 < max {ey,67} < 5 (11.77)

may replace the slightly stronger hypothesis (H7) in the statement of Theorem 11.8.

In this way, it is unnecessary to assume that e} +¢&2 € [O, %) since as long as inequality

(11.77) holds, we may always choose €} > 0 sufficiently small such that e} +¢% € (0, 1].
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However, we omit the statement of this slightly more general result.

We conclude with an explicit numerical example, which explicates the use of The-

orem 11.6, together with some final remarks.

Example 11.10. Consider the boundary value problem

0 = A (1) (VT

SO = +1) aTT

2(0) = H, (¢1(x) + Q—éox (%) + %y (g)) (11.78)
00 = 1t (ent) + 550 (2) + 50 (3))

where we make the following declarations.

o= e () = e () - i (D [ s
Pa(y) == éy (%) - %y (%) - %y (;—(1)) + ; /[3?7] y(s) ds o

1
H =
1(z) := zcos (2+1>
Hy(2) := 25+ 2

Obviously, each of H; and H, satisfies condition (H4) with xj = % = 1. Moreover, it

is clear that each of g1(x,y) := /x + y+2 and go(z,y) := \/x + y satisfies conditions



(H5), (H6), and (H9). Incidentally, we remark that if we define oy, s :

and

as(t) ==

then we may write

bu(z) = /[ | 0) don(s) and 6fy) = /[ i) daats)
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R — R by

A\

S+~

AN
(S]]

(S]]
A\
~
A

ot

(11.80)

3 13
sSt<g

~

: (11.81)

(11.82)

where the unique Borel measures associated to the Lebesgue-Stieltjes integrals in



246

(11.82) are
1
o (=008 =50 (=00, 1) = 50553((~00, 1)
(11.83)
13 3
— 120(55((—00,15]) +55™ ((—oo tIN (20 4))
and
s ((=00,1]) =504 (=00,1) = 5503 (=00, 1) .
1 9 3 7 11.84
— E(S%((—oo,t]) +3m ((—oo,t] N <5, E)) :

respectively. Importantly, we observe that each of the measures 1, and p,, is signed.
Now, it is easy to check numerically that condition (H8) holds. Furthermore, we

may select ] := 200 here and €7 := % here; for instance, we observe both that

1 113
— _— — — 22 L 11.
1(2) < gllell + gpsllell + g3l + 55 |3 = 0| el < gpllel (1189
and that
1 1 1 217
<: - = 1Ly <= 11.86
o) < gholl+ gl + e lol+ 3 |55 - 2|l < gl 8o
Since, in addition, e = 55 and €§ = 55, it follows that condition (H7) holds, too.
Moreover, we find that
87 9
/ 1=t doy(t) = oL and/ 1~ t das(t) = ——. (11.87)
0.1] 900 0.1] 100

Since the remaining conditions clearly hold, it follows that problem (11.78) has at

least one positive solution. Finally, we remark that problem (11.78) may be recast in



247

the form

"(t) ==X (e = 1) (Ve +y+2)

y'(t) =X +1)Vrt+y

210 = [ 11601+ g0 (2) ] e (1 — (g)) (11.88)

y(0) = [%(y) + 5007 (%)} % + [@Dz(y) * 500 (%)}

z(1) =0=y(1),
if we put o

V(a) == oo (3) = (5) + 5 /[] z(s) ds (11.89)

and

o) =50 (35) 159 (3) 5/, v ¢ (11.90)

2,
Remark 11.11. We note that problem (11.78) could not be addressed by any existing
results in the literature. This is due to several reasons, among which are the following.
Firstly, as (11.83)—(11.84) demonstrate, each of the measures ji,, and i, is signed;
contenting ourselves with the papers on systems with nonlocal, nonlinear boundary
conditions, this removes from straightforward modification the results of [65, 66, 90].
Secondly, since

1 s
Hy(2) = 5275 +1, (11.91)

it is clear that there is no 5 € R satisfying +o0 > > 0 such that H(z) < fz,
for all z > 0. Thus, in particular, the results of [65] (and related works) cannot
straightforwardly modified. In summary, the fact that the measures are signed rather
than positive and that H, does not satisfy uniform linear growth seems to remove

from consideration any simple modification of the existing results in the literature.
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Remark 11.12. We have elected not to give an explicit example of Theorem 11.8.
However, we emphasize that this theorem recovers at least one positive solution to

the unperturbed problem, namely

2'(t) = =Mar(t)gr(x(t), y(1)), t € (0,1)

Y'(t) = —Aaaa(t)g2(x(t), (1)), t € (0,1)

£(0) = H, (6n(x)) (11.92)
y(0) = Haz (¢2(y))
z(1) =0=y(1).

It ought to be noted that problem (11.92) is very nearly the problem studied by Infante
and Pietramala [65] as well as Yang [90]. Consequently, we have here obtained a direct

generalization and improvement of their results.
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