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Brief Reports 

Brief Reports are accounts of completed research which, while meeting the usual Physical Review standards of scientific quality, do 
not warrant regular articles. A Brief Report may be no longer than four printed pages and must be accompanied by an abstract. The 
same publication schedule as for regular articles is followed, and page proofs are sent to authors. 

Inhomogeneous anisotropic percolation: Two-dimensional numerical threshold analysis 

Yu. A. Dzenis and S. P. Joshi 
Center for Composite Materials, Department of Mechanical and Aerospace Engineering, 

University of Texas at Arlington, Arlington, Texas 76019 
(Received 9 August 1993; revised manuscript received 12 October 1993) 

Monte Carlo simulations of percolation on a square lattice with anisotropic inhomogeneous probabili- 
ty distribution are reported. Finite-size scaling is used for data analysis. As inhomogeneity increases, 
the critical probability decreases; whereas the correlation-length exponent remains, within computation 
errors, the same as in classical two-dimensional percolation. 

The problem of anisotropic percolation has been a sub- 
ject of many investigations. Anisotropy can be induced 
by various factors. The percolation of systems with an- 
isotropy due to the anisotropy of properties'-3 or 

of single-component regions as well as due to 
the orientational dependence of connectivity rules738 has 
been studied theoretically and experimentally. 

In our recent research on stochastic damage evolution 
in  laminate^,^-'^ another type of anisotropy in random 
systems was perceived; the one due to a spatial inhomo- 
geneity of the probability of crack formation in plies. In 
general, there are several types of cracks in each ply in- 
teracting with each other. The probability of crack for- 
mation depends on the orientation of the ply in a lam- 
inate and the applied load. For layups with alternate ply 
orientation, simple periodic probability distribution is ob- 
served. As a first approximation, assume that micro- 
cracks of different types are similar for percolation 
analysis. The problem of crack formation, accumulation 
and propagation through the thickness of a laminate can 
be considered as an  anisotropic site percolation in two di- 
mensions with the probability of crack formation in plies 
equal to the sum of probabilities of damages of different 
types. In  developing statistical models for damage in 
solids,13 cluster statistics are of primary importance, 
especially size, shape, and orientation statistics. Howev- 
er, it is necessary to study the critical behavior of the sys- 
temI4,l5 before investigating the cluster properties. This 
paper presents an analysis of the effects of inhomogeneity 
on the percolation threshold and correlation-length ex- 
ponent in two dimensions using Monte Carlo simulations 
and the finite-size scaling technique. 

A model consisting of a simple square lattice of side b 
containing rows with alternating probabilities of occu- 
pancy of sites p and p 2  is studied. The average probabil- 
ity of occupancy of a site on the lattice is p = ( p ,  +p2 ) /2.  
The inhomogeneity parameter is c =p ,  /p,. Due to the 
symmetry of the problem we can arbitrarily choose 

p ,  I p 2 ,  then c E [0, 1 1. Let us define pH as a probability p 
at  percolation in the horizontal direction (along the 
rows), and p, as a probability at  percolation in the verti- 
cal direction. I t  is clear that for c f  1, the system exhibits 
anisotropic percolation on finite lattices, but percolation 
thresholds pH, p,  approach an isotropic limit (p, ( c )  when 
the lattice size increases. 

For any finite lattice, percolation thresholds p ,, pH are 
random and their distributions L (c ,  b :p, ) and L (c, b :pH ) 
are narrower for larger lattices. These distributions are 
expected to be roughly Gaussian. According to finite-size 
scaling  consideration^,'^^'^ both mean (p  ) and deviation 
o = ( (p  - ( p  ) l2 ) of distributions for all c's scale for 
sufficiently large b as 

TABLE I. Means and deviations of thresholds distributions 
in two directions for inhomogeneous percolation models c = 0.4 
and c =0.2. 

c=0.4 
b N ( P V )  0 v ( P H  ) 'J H 

10 8000 0.5758 0.0695 0.5158 0.0651 
20 4000 0.5684 0.0435 0.5266 0.0423 
40 2000 0.5632 0.0262 0.5370 0.0255 
80 1000 0.5581 0.0154 0.5426 0.0149 

160 759 0.5551 0.0089 0.5457 0.0089 
320 199 0.5532 0.0053 0.5472 0.00581 
640 51 0.5526 0.0035 0.5490 0.0029 

1280 12 0.5512 0.0014 0.5501 0.0015 
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FIG. 1. Linear least-square fits for deviations u(b) as a func- 
tion of the lattice size; ux (dash), a,; (solid) c=O. 1, 0.2,0.4,0.6, 
and 0.8. 

where v is a correlation-length exponent. Calculating 
L (c,b : p Y ) ,  and plotting a ( b )  in double logarithmic coor- 
dinates for a number of lattice sizes b, ( v )  can be obtained 
from (2) as a slope of the curve. Once v  is known, extra- 
polating (p  )(b-"") to b-""=0 gives an estimate ofp,. 

Unlike homogeneous percolation where the maximum 
probability p on a lattice is equal to 1 and the percolation 
threshold can always be achieved by increasing p, in the 
case of inhomogeneous percolation, maximum p is 
( l + c ) / 2 .  At this probability p , = l  and p l = c 5 1 .  
Hence, for a finite lattice there exists a nonzero probabili- 
ty of the absence of the percolation path in the vertical 
direction (across the rows). This probability is higher for 
smaller lattice sizes and lower c's (higher inhomogeneity 
levels). The probability of the existence of a percolation 
path in the V direction at maximum p = ( 1 + c )  /2 is given 
by 

Numerical analysis of distributions L (c, b :p ) shows 
that when pvo is sufficiently lower than 1, they become 

TABLE 11. Summary for correlation-length exponents and 
percolation thresholds at various inhomogeneity levels. 

considerably non-Gaussian (one sided). It is clear that 
larger lattice sizes are required for smaller inhomogeneity 
parameters. The smallest inhomogeneity parameter used 
for numerical simulation is 0.1. A minimum lattice size 
to be employed in calculations is determined from (3) as 
one for which pve > 0.95. Calculations are performed by 

a method similar to Ref. 18 on the Cray Y-MP computer. 
The computer code is written in C language and utilizes a 
dynamic memory allocation. 

The calculations are checked for a homogeneous case 
c = 1. The following range of b is investigated: 10, 20, 40, 
80, 160, 320, and 640. Obtained threshold distributions 
are checked for normality by calculating the third and 
fourth moments. Comparisons with Ref. 19 show that 
the calculated values fall within the 95% confidence in- 
terval for normal distributions. Comparisons with nu- 
merical data2' show good agreement. 

Distributions L ( c ,  b p V )  and L (c,  p : p ~  ) are calculat- 
ed for c = 0.8, 0.6, 0.4, 0.2, and 0.1. An additional lattice 
size of 1280 is employed in the analysis. Calculated 
means and deviations of threshold distributions for 
c =0.4 and 0.2 are listed in Table I for future reference. 
Figure 1 shows dependences of ( P  ) on b-I/". Error bars 
for threshold means estimated by A(p ) = u / d N  do not 
exceed data point size in Fig. 1. ~ i h e s  represent linear 
least-square fits for larger lattices. It is seen that linear 
approximations for percolation threshold in two direc- 
tions tend toward one limit for each value of c examined. 
Their intersection with the ordinate axis gives a "true" 
value of p, for given c. 

The correlation-length exponent v for plotting Fig. 1 is 

FIG. 2. Linear least-square fits for (p ) as a function of 
(b-"' ) for several inhomogeneity parameters c; p~ (dash) pv  
(solid). 

FIG. 3. Variation of p, with c: (points) numerical experi- 
ments; (1) linear variation between pc(0) and pc( 1 ); (2,3) PY,PH 
for joined infinite semiplanes, respectively; (4) maximum 
p=(l+c)/2.  
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obtained from Fig. 2. Figure 2 shows the percolation 
threshold deviations plotted as functions of b. The error 
bars for cr are calculated by 

Error bars are too small to be visible in Fig. 2 except 
for large lattice sizes. Correlation-length exponents ob- 
tained by linear least-square fits at  higher b and slope es- 
timations given in Table 11. Within experimental error 
they coincide with the classical value v=4 /3  for two di- 
mensions, which is consistent with the concept of univer- 
sality confirmed for other anisotropic systems."5v8 

A summary of estimates ofp , (c)  is shown in Table 11. 
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