University of Nebraska - Lincoln
DigitalCommons@University of Nebraska - Lincoln

Dissertations, Theses, and Student Research

Papers in Mathematics Mathematics, Department of

8-2012

PRIME IDEALS IN TWO-DIMENSIONAL NOETHERIAN DOMAINS
AND FIBER PRODUCTS AND CONNECTED SUMS

Ela Celikbas
University of Nebraska-Lincoln, s-ecelikb1@math.unl.edu

Follow this and additional works at: https://digitalcommons.unl.edu/mathstudent

b Part of the Algebra Commons, and the Science and Mathematics Education Commons

Celikbas, Ela, "PRIME IDEALS IN TWO-DIMENSIONAL NOETHERIAN DOMAINS AND FIBER PRODUCTS
AND CONNECTED SUMS" (2012). Dissertations, Theses, and Student Research Papers in Mathematics.
38.

https://digitalcommons.unl.edu/mathstudent/38

This Article is brought to you for free and open access by the Mathematics, Department of at
DigitalCommons@University of Nebraska - Lincoln. It has been accepted for inclusion in Dissertations, Theses, and
Student Research Papers in Mathematics by an authorized administrator of DigitalCommons@University of Nebraska
- Lincoln.


https://digitalcommons.unl.edu/
https://digitalcommons.unl.edu/mathstudent
https://digitalcommons.unl.edu/mathstudent
https://digitalcommons.unl.edu/mathematics
https://digitalcommons.unl.edu/mathstudent?utm_source=digitalcommons.unl.edu%2Fmathstudent%2F38&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/175?utm_source=digitalcommons.unl.edu%2Fmathstudent%2F38&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/800?utm_source=digitalcommons.unl.edu%2Fmathstudent%2F38&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.unl.edu/mathstudent/38?utm_source=digitalcommons.unl.edu%2Fmathstudent%2F38&utm_medium=PDF&utm_campaign=PDFCoverPages

PRIME IDEALS IN TWO-DIMENSIONAL NOETHERIAN DOMAINS AND
FIBER PRODUCTS AND CONNECTED SUMS

by

Ela Celikbas

A DISSERTATION

Presented to the Faculty of
The Graduate College at the University of Nebraska
In Partial Fulfilment of Requirements

For the Degree of Doctor of Philosophy

Major: Mathematics

Under the Supervision of Professors Sylvia Wiegand and Mark Walker

Lincoln, Nebraska

August, 2012



PRIME IDEALS IN TWO-DIMENSIONAL NOETHERIAN DOMAINS AND

FIBER PRODUCTS AND CONNECTED SUMS

Ela Celikbas, Ph. D.

University of Nebraska, 2012
Advisers: Sylvia Wiegand and Mark Walker

This thesis concerns three topics in commutative algebra:

1) The projective line over the integers (Chapter 2),

2) Prime ideals in two-dimensional quotients of mixed power series-polynomial
rings (Chapter 3),

3) Fiber products and connected sums of local rings (Chapter 4),

In the first chapter we introduce basic terminology used in this thesis for all three
topics.

In the second chapter we consider the partially ordered set (poset) of prime ideals
of the projective line Proj(Z[h,k]) over the integers Z, and we interpret this poset as
Spec(Z[z]) U Spec(Z[2]) with an appropriate identification.

We have some new results that support Aihua Li and Sylvia Wiegand’s conjecture
regarding the characterization of Proj(Z[h,k]). In particular we show that a possi-
ble axiom for Proj(Z[h,k]) proposed by Arnavut, Li and Wiegand holds for some
previously unknown cases.

We study the sets of prime ideals of polynomial rings, power series rings and mixed
power series-polynomial rings in Chapter 3. Let R be a one-dimensional Noetherian

domain and let x and y be indeterminates. We describe the prime spectra of certain

two-dimensional quotients of mixed power series/polynomial rings over R, that is,

Spec L) 1 e L

), where ) and @) are certain height-one prime



ideals of R[[z]|[y] and R[y][[x]] respectively.

In the last chapter we describe some ring-theoretic and homological properties of
fiber products and connected sums of local rings. For Gorenstein Artin k-algebras R
and S where k is a field, the connected sum, R#..S, is a quotient of the classical fiber
product R x; S. We give basic properties of connected sums over a field and show
that certain Gorenstein local k-algebras decompose as connected sums. We generalize
structure theorems given by Sally, Elias and Rossi that show two types of Gorenstein

local k-algebras are connected sums.
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Chapter 1

Introduction with Basic

Commutative Algebra Terms

We discuss prime ideals in Noetherian rings and decomposition of certain Goren-
stein rings in this thesis. For this we give a short list of some basic definitions and

other relevant terms in commutative algebra.

1.1 Rings and Prime Ideals

A ring R is a nonempty set together with two binary operations, addition and
multiplication, such that R is an abelian group with respect to addition; multiplication
is associative and both right and left distributive over addition, that is, for all a, b,
c€ R, a(b+c) =ab+ac, (b+c)a = ba+ ca; and there exists a multiplicative identity
element 1z such that 1zr = r = rlg for all » € R. All rings considered in this thesis
are commutative; that is, ab = ba, for all a,b € R. A field is a ring in which 15 # Og
and every nonzero element is invertible; that is, for every a € R, there is an element

b € R with ab = 1p.



An ideal in a commutative ring R is a nonempty subset [ such that if a,b € I,
thena+b € [ andif r € R and ¢ € I, then rc € I. An ideal P of a commutative ring
R is prime if P # R and if a,b € R and ab € P imply a € P or b € P. The ring R is
called an integral domain if the ideal (0) is prime. A mazimal ideal of R is a proper
ideal not contained in any other ideal except the whole ring R. If M C R is a maximal
ideal, then R/M is a field, so M is prime. A ring is called a local ring if it has a
unique maximal ideal; a ring is semilocal if it has only finitely many maximal ideals.
A minimal prime ideal of R is a prime ideal that does not contain any other prime
ideal. The ring R is called reduced if, for every nonzero r € R and every positive
integer n, " # 0, that is, R has no nonzero nilpotent elements.

The embedding dimension of a local ring (R, m, k), denoted edim(R), is defined
to be the minimal number of generators needed for the maximal ideal mg. If I and
J are ideals of R, then (I : J) = {z € R | «J C I}. In particular, ann(J) = (0 : J)
denotes the annihilator of J.

For a ring R and a prime ideal P of R, Rp, the localization at P, is the set
consisting of fractions with denominator not in P; that is, Rp = {a/b|a € R, b €
R\ P}. If R is an integral domain, then Ry consists of all fractions with nonzero
denominator and is called the field of fractions of R. For example, the field Q of
rational numbers is the field of fractions of the integers Z.

A Noetherian ring is a ring that satisfies the ascending chain condition, that is,
every strictly ascending chain I; C ... C I,, C I,,41 C ... of ideals of R is “eventually
stationary”, that is, the chain has only finitely many terms. If R is a Noetherian
ring, then R has only finitely many minimal prime ideals. In this thesis all rings are
commutative and Noetherian.

A finite strictly increasing sequence of n + 1 prime ideals P, C ... C P, C Py of a

ring R is called a chain of primes of length n. If P is a prime ideal of R, the supremum



of the lengths of all chains of primes such that P = F, is called the height of P and
is denoted by ht(P). The Krull dimension of a ring R, or simply the dimension of
R, is denoted by dim(R) and is defined to be the supremum of the heights of prime
ideals in R. For example, the ring of integers has dimension one; the ring Z[x] of
polynomials over the integers has dimension two.

An Artinian ring is a ring that satisfies the descending chain condition; that is, for
every strictly descending chain I} D ... D I; D I;11 D ... of ideals of R, there exists
k € N such that I, = Iy, for all i € N. A commutative ring R is Artinian if and
only if R is Noetherian and every prime ideal of R is maximal, that is, dim(R) = 0,
[29, Corollary 8.45].

For a ring R, an R-module M is a set with addition and scalar multiplication by
elements of R, that satisfies for all r,s € R and m,n € M:

r(sm) = (rs)m r(m+n)=rm+mn (r+s)m=rm+ sm Im = m.

A zerodivisor on an R-module M is an element r € R for which there exists
m € M such that m # 0 but 7m = 0. An element of R which is not a zerodivisor on
M is referred to as a non-zerodivisor on M. A sequence (z1,...,x,) of elements of M
is M-regular provided that x; is a non-zerodivisor on M and x; is a non-zerodivisor
on M/(xy, -+ ,x;_1M) for i = 2,...,n. The depth of an R-module M is defined as
sup{n | 3 an M-regular sequence (z1,...,z,) in M} and is denoted by depth (M)
or depth(M). We denote the length of a module M by A(M).

We write Z for the ring of integers, N for the set of natural numbers, Q for the
field of rational numbers, and R for the field of real numbers. We set Ny = NU {0};
IN| = Ng.

Let (R, mpg, k) denote a commutative local ring for the remaining items for this
section. We say R is Henselian if for every monic polynomial f(z) € R[z] satisfying

f(x) = go(x)ho(x) modulo m[z], where go and hy are monic polynomials in R[z] such



that goR[z] + hoR[z] + m[x] = R[z], there exist monic polynomials g(x) and h(z) in
Rz] such that f(x) = g(z)h(z) such that both g(x) — go(x) and h(z) — ho(z) € m[z].
In other words, if f(x) factors modulo m[z] into two comaximal factors, then this
factorization can be lifted back to R[z], [23], [9].

A finitely generated R-module M is called Cohen-Macaulay (CM) if depth(M) =
dim(M) where dim(M) is defined as dim(R/ann(M)). A nonzero R-module M is
called mazimal Cohen-Macaulay (MCM) if depth(M) = dim(R). We say R is a
Cohen-Macaulay ring provided depth(R) = dim(R).

The local ring R is Gorenstein Artin if the k-vector space anng(mg) is one-
dimensional; that is, dimg(soc(R)) = 1 where soc(R) = anng(mg) = {r € R |
rmp = 0}. A commutative local ring R is Gorenstein if R is Cohen-Macaulay and
dimy(soc(R)) = 1.

For an Artinian local ring R, the Loewy length of R is ¢¢(R) := max{i | m} # 0}.

1.2 Notation for Partially Ordered Sets

Let U be a partially ordered set, sometimes abbreviated poset. A chain in U is a
totally ordered subset of U. Every poset U we study has a unique minimal element
up and every chain in U has finite length.

Foru € U, the height of u is denoted by ht(u) and is the length ¢ € Ny of a maximal
length chain in U of the form ug < uy < ug - -+ < uy = u; the dimension of U, dim(U),
is the maximum of {ht(u) | u € U}; set max(U) = {maximal elements of U} and
min(U) = {minimal elements of U}. Set H;(U) := {u € U | ht(u) = i} for each
1 € Np.

For every pair of elements u,v of U, and every pair of subsets S C H;(U), and

T C Ho(U), we define



W={welUlu<w}, vr={welU|w<v}, (uv)=u N

St={teU|tes', forall s€ S}, and L (T)={xeU]|a'=T}.

For R a commutative ring, the prime spectrum of R, denoted by Spec(R), is
the set of all prime ideals of R. Spec(R) is a partially ordered set, ordered by the
inclusion relation on the set of prime ideals of R. We use the same notation for the
partially ordered set Spec(R), such as PT denotes the prime ideals of R properly
containing P € Spec(R). Similarly, for a and b elements of R, we define a' := {P €
Spec(R) | @ € P} and (a,b)" := {P € Spec(R) | a € P and b € P}. We use min(R)
for the set of minimal ideals of R, and max(R) for the set of maximal ideals of R.
Put V(S) = Vg(S) = {q € Spec(R) | S C q}, for a subset S of R; for a € R, put
Vr(a) = Vr({a}). For each i € Ny, we set H;(R) := {q € Spec(R) | ht(q) = ¢}

We illustrate prime spectra using “Spec Graphs” in Chapters 2 and 3. The vertices
of a spec graph represent the prime ideals of the spectra and each edge represents
an inclusion between the two prime ideals corresponding to the endpoints of the

segments.



Chapter 2

The Projective Line over the

Integers

The contents of this chapter are contained in the author’s paper with Christina
Eubanks-Turner: Projective Line over the Integers, which appeared in De Gruyter

Proceedings in Mathematics, Progress in Commutative Algebra 2.
2.1 Introduction

Let h and k be indeterminates over the integers Z. The projective line Proj(Z[h, k])
over the integers can be viewed as the partially ordered set under inclusion of all prime
ideals of Z[h, k] that are generated by finite sets of homogeneous polynomials in h and
k other than those prime ideals that contain both h and k. For x an indeterminate over
Z, the prime spectrum of Z[x] or Spec(Z[z]), the partially ordered set of prime ideals
of Z[z] under inclusion, is sometimes called the affine line over Z. In this chapter
we let © = h/k and we view Proj(Z[h, k]) as the union of its affine pieces Spec(Z[z])
and Spec(Z[1]). In this view of Proj(Z[h,k]), the intersection of Spec(Z[z]) with

Spec(Z[1]) is identified with Spec(Z[z, 1]); cf. Notation 2.2.6(2).



In 1986, Roger Wiegand gave five axioms that characterize the prime spectrum
of Z[z] as a partially ordered set; see [31] and Definition 2.2.3 below. Four of those
axioms hold for Proj(Z[h, k]), but Proj(Z[h,k]) fails to satisfy the key fifth axiom of
Spec(Z[z]); see [19]. So far no one has completed a characterization of Proj(Z[h, k]),
although there have been several related results. In 1994 William Heinzer, David
Lantz and Sylvia Wiegand determined those partially ordered sets that occur as the
projective line Proj(R[h, k]) when R is a one-dimensional semilocal domain. In 1997,
Aihua Li and Sylvia Wiegand described some properties of Proj(Z[h,k]). In 2002,
Meral Arnavut conjectured that a modified form of the key axiom of Spec(Z[z])
would complete a characterization of Proj(Z[h,k]); she gave partial results toward
her conjecture; see [3] and Axiom 2.4.2 below.

The key axiom for Spec(Z|x]) stipulates the existence of “radical elements”, de-
fined in Definition 2.2.1, for pairs (S,T') of finite subsets of Spec(Z[x]), where the
elements of S have height one and those of T" have height two. Radical elements often
exist for sets S and 7" in Proj(Z[h, k|), but not always. We expect that the determina-
tion of when radical elements exist would lead to a characterization of Proj(Z[h,k]).

In this chapter we continue the investigation of the projective line over the integers.
In the process we give further evidence for Arnavut’s conjecture. Among our main
results are new cases when radical elements exist, such as Theorem 2.5.5 and Theo-
rem 2.5.8. In Theorem 2.5.5, we show the existence of radical elements when every
maximal ideal of T'N Spec(Z|x]) has form (x, p)Z[z], where p is a prime integer; each
(2, p) corresponds to exactly one maximal ideal of form (X, p)Z[1] € T N Spec(Z[2]);

and vice versa. In Theorem 2.5.8, we find radical elements for sets of form

S = {<p1)7 R (pn)v (I), (%)7 (l’ - a)v (l’ - b)}v and

T= {(xapl)a ceey (x7p€)7 (%7p€+1)7 ] (%Jjn)}a



where the p; are prime integers relatively prime to a,b € Z, under certain conditions.
It is difficult to produce prime ideals that are the correct radical elements. For
the proof of Theorem 2.5.5, we use Hilbert’s Irreducibility Theorem to find radical
elements. For the proof of Theorem 2.5.8, we use Euler’s theorem. Theorem 2.5.8 is
a special case of the conjecture and answers a question in Arnavut’s paper [3].

In section 2.2 we restate relevant notation, definitions and previous results of
Meral Arnavut, Aihua Li and Sylvia Wiegand from [3], [18], and [19]. In section
2.3 we discuss the coefficient subset of Proj(Z[h,k]) from [18]. A coefficient subset
of Proj(Z[h,k]|) behaves like the set of all prime ideals of Proj(Z[h,k]) generated by
prime integers. In section 2.4 we summarize Meral Arnavut’s results towards the

conjecture. Our new results are in section 2.5; they all support the conjecture.

2.2 Definitions and Previous Results

In this chapter we use the notation for partially ordered sets defined in Section 1.2.
In Definition 2.2.3, we give the five axioms that Roger Wiegand showed charac-
terize Spec(Z[z]) as a partially ordered set; see [31]. The key axiom is easier to state

if we first define “radical element”.

Definition 2.2.1. ([18]) Let U be a partially ordered set of dimension two and let S
and T be finite subsets of U such that () # .S C H(U) and T' C Hy(U). lf w € H,(U)

satisfies (1) and (2), then w is called a radical element for (S, T):
(1) w<t, foreveryt €T,
(2) Whenever m € U is greater than both w and s, for some s € S, then m € T.

(In other words, w is a radical element for (S,T) if and only if U(w, s\t CcT cuw')
seS



The following picture illustrates the relations between a radical element and the

associated sets S and 7" in a two-dimensional poset:

i

o w

~_

(0)

Figure 2.2.1. Radical Element

For convenience we also introduce the following notation that is used later.

Notation 2.2.2. A ht(1,2)-pair of a poset U is a pair (S,7) of finite subsets S and
T of U such that ) # S C Hy(U) and T C Hy(U).

Definition 2.2.3. Let U be a partially ordered set. The following five axioms are

called the Countable Integer Polynomial (CZP) Axioms:

(P1) U is countable and has a unique minimal element.

(P2) U has dimension two.

(P3) For each element u of height-one, u' is infinite.

(P4) For each pair u, v of distinct elements of height-one, (u,v)" is finite.
(RW) Every ht(1,2)-pair of U has at least one radical element in U.

Note: Such a set also satisfies Axiom P3’ below, which follows from Axiom RW.

(P3") For every height-two element ¢, the set ¢+ is infinite.
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Axiom RW is essential because it distinguishes Spec(Z[z]) from other similar prime
spectra such as Spec(Q[z,y]) [31]. The following theorem from R. Wiegand shows

that the CZP axioms characterize Spec(Z[z]).

Theorem 2.2.4. ([31]) A partially ordered set U satisfies the CZP axioms of Defini-

tion 2.2.3 if and only if U is order isomorphic to Spec(Z[z]).
Remarks 2.2.5. The first two remarks are from ([18], [19]):

(1) By Theorem 2.2.4, every ht(1,2)-pair of Spec(Z[x]) has infinitely many radical

elements in Spec(Z[z]).

(2) Since Spec(Z [1]) = Spec(Z[z]), every ht(1,2)-pair of Spec(Z [2]) has infinitely

many radical elements in Spec(Z [1]).

(3) The following discussion shows how the existence of radical elements is im-
portant for showing that two posets U and V that both satisfy axioms for
Proj(Zlh,k]) are order isomorphic. Since Proj(Z[h,k]) is a countable set, we
would want to define an order-isomorphism ¢ at each stage between finite sub-
sets F' and G of U and V respectively, and then extend ¢ to U and V. If
up and vy are the minimal elements of U and V respectively, S is the set of
height-one elements of F', T' is the set of height-two elements of F', and ¢ is
an order-isomorphism from F' = {0} USUT in U to G = {0} US"UT" in V,
we would try to extend ¢ so that a radical element for (S,7) goes to a radical
element for (S’,7”). This is a simplification of the process; actually a height-one
set S, and a height-two set T', might be enlarged first and ¢ defined on enlarged
ht(1,2)-pair before defining the map ¢ on a radical element. The process is de-
scribed more explicitly in Roger Wiegand’s paper [30]. If we knew which pairs

had radical elements, we could perhaps obtain such an order-isomorphism.
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Notation 2.2.6. As mentioned in the introduction, the projective line over the inte-
gers, denoted by Proj(Z[h, k), where h and k are indeterminates, has two standard
interpretations as a partially ordered set. The first interpretation is from algebraic

geometry; the second is more ring-theoretic and is used in this paper.

(1) Proj(Zlh,k]) is the set of all prime ideals of Z[h, k] generated by finite sets of
homogeneous polynomials in the variables A and k, but not those prime ideals

containing both h and k.

(2) Proj(Z[h,k]) := Spec(Z[z]) U Spec(Z [1]), where Spec(Z[z]) N Spec(Z [1]) is
identified with Spec(Z[z, 1]). In this identification each prime ideal of the form
pZlx], where p is a prime integer, is considered the same as pZ[%], and f(z)Z[z] is
identified with 2~ 48\) f(2)Z[1], for every irreducible polynomial f(z) of Z[z] \

xZ[x] with deg(f) > 0.

In particular, in the second view, if f(z) = a,z™ + -+ + a1z + a9 € Z[z] is
irreducible, and a, # 0 and ay # 0, then we identify (f(x)) € Spec(Z[z]) with
(7w f(x)) € Spec(Z[;]), written (f(x)) ~ (55 f(x)), where

LF@) = a3+ 4 ana() + a

Thus (22 + 2z + 3)Z[z] ~ (1+ 2+ 3)Z[2]. The only elements of Spec(Z [1]) that
are not in Spec(Z[z]) are the height-one prime 1Z[1] and the height-two maximals
(p, 1)Z [1], where p is a prime integer. Similarly #Z[x] is the only height-one element
of Spec(Z[z]) not in Spec(Z [1]), and {(p, z)Z[z], p is a prime integer} is the set of

all the height-two elements that are in Spec(Z[z]) but not in Spec(Z [1]).

Here is an illustration of Proj(Z[h,k]) with this interpretation, from [19].
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e

Spec(Z[z, %]) -

Spec(Z[x]) |

Figure 2.2.6. Proj(Z[h,k])

The following proposition is useful for finding radical elements. The proof is straight-

forward and is omitted.

Proposition 2.2.7. ([3]) Let f(z) = a,2™ + ... + ap € Z[z|, where ag,...,a, € Z
and a,, # 0, let £(f) denote the leading coefficient a,, of f(z) and let ¢(f) denote the

constant term ag of f(x).
(1) If p is a prime integer, then

(@) 1) € (e p)Zle] = p | e(f)
(b) (f(2)) = (= f(2) € (.PZ[;] = p|U]).

(2) If f(z) is an irreducible element of Z[z| of positive degree in z, then
(c) €(f) = £l = (f, )T =0 <= (f)" < Spec(Z[z]).

(d) e(f) = £l <= (f,2)' =0 < (f)T C Spec(Z[Z]).

By the following theorem, some adjustment of the CZP axioms of Definition 2.2.3

is necessary in order to describe Proj(Zh, k]).
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Theorem 2.2.8. ([19]) Proj(Zh, k]) satisfies Axioms P1-P4 of Definition 2.2.3, but
does not satisfy Axiom RW of Definition 2.2.3. Thus Proj(Z[h, k]) 2 Spec(Z[z]).

The following example shows that the (RW) axiom fails for Proj(Z[h, k]):

Example 2.2.9. ([19]) Let S = {(2),(2),(5)} and T = {(z,2),(1,2),(3,3)} in
Proj(Zlh,k]). Then the pair (S,T") does not have a radical element in Proj(Z[h,k]).

Proof. Suppose w € Proj(Z[h,k]) is a radical element for (S,7"). Then, in order to
satisfy Definition 2.2.1.1, w C (z,2) and w C (%,3), and so w cannot be generated by
a prime integer. Also w cannot be (z) or (1). Thus w = (g(z)), for some irreducible
polynomial g(x) € Z[z] of positive degree. Write g(z) = ap,2" + - - - + ayx + ag, where
n>1,ay#0, and a; € Z. Since w is a radical element, |J, ¢(w, sTCT.

Case 1: Suppose there exists ¢, 1 <7 < n, such that 5 does not divide a;. Then,
modulo 5, ¢ has positive degree. Thus the image g of ¢ in Z/57Z has at least one
irreducible factor gy of positive degree over Z/5Z, and g, can be considered in Z[z].
Now (5) € (g1,5) and w = (g(z)) € (g1,5). But (g1,5) ¢ T, and (g1,5) € (w,5)"\ 7.
This contradicts Definition 2.2.1(2). Thus Case 1 does not occur.

Case 2: 5 | a;, for every ¢ > 0. Then 5 does not divide ay since g(z) is irreducible
in Z[z]. Thus w = (g9(x)) C (3,5), since 5 | a,, by Proposition 2.2.7(1)(b). Also
(5) C (£,5); thus (£,5) € (w,5)". But (1,5) ¢ T, again a contradiction. Therefore

(S, T) has no radical element. O

Remark 2.2.10. If there is a radical element w for a ht(1,2)-pair in Proj(Z[h, k]),
then w ¢ S. Otherwise, w" C T by Definition 2.2.1(1), and this would imply 7" is

infinite by (P3) of Definition 2.2.3, a contradiction.

Our goal in this paper is to determine answers to Questions 2.2.11.
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Question 2.2.11. For which ht(1,2)-pairs of Proj(Z[h, k]) do radical elements exist?

Which pairs have no radical element?

In what follows we obtain partial answers to these questions.

2.3 The Coefficient Subset and Radical Elements
of Proj(Zh,k|)

In this section we give some more background and describe various ht(1,2)-pairs of
Proj(Z[h, k|) in order to obtain partial answers to Question 2.2.11. In particular the
“coefficient” subset Cy of Proj(Z[h,k]) of prime ideals generated by prime elements
of Z is relevant. It is more feasible that a ht(1,2)-pair (S, 7) has a radical element if,
for every prime element p of Z with (p) € S, there is a maximal ideal M € T so that
p € M Proposition 2.3.5.

First in Proposition 2.3.1 we observe that some ht(1,2)-pairs (S,7") inherit in-
finitely many radical elements in Proj(Z[h, k]) from Spec(Z[z]) or Spec(Z[1]). This
is because Spec(Z[x]) and Spec(Z[1]) are CZP Theorem 2.2.4.

Proposition 2.3.1. ([19])

Every ht(1,2)-pair (S,T) of Proj(Z[h,k]) has infinitely many radical elements in

case (1) or (2) hold:

(1) For every s € S, s" C Spec(Z[x]), and T C Spec(Z][z]).
(2) For every s € S, s C Spec(Z[1]), and T C Spec(Z[1]).

Next we consider subsets of Proj(Zh, k]) like the subsets of prime ideals generated
by all prime integers of Proj(Z[h,k]). We consider the existence of radical elements

for various ht(1,2)-pairs subject to conditions involving such a “coefficient” subset.
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Definition 2.3.2. ([3]) Let U be a poset of dimension two. A subset C' of height-one

elements is called a coefficient subset of U if
(1) For every p € C, p' is infinite;
(2) For every pair p, g of distinct elements of C, p # q € C, (p,q)" = 0;

(3) Upecp" = H2(U);

(4) Foreveryp € C'andu € H,(U)\C, we have (p,u)" # 0, and p" = UveHl(U)\C(p, v)T.

Definition 2.3.3. Let A C H,(U), with (a,b)" = () for every a,b € A. A coefficient

subset C'is said to be attached to A if, for every p € C and every a € A, |(p,a)t| = 1.

Example 2.3.4. The set Cj of all prime ideals of Z[z]| generated by prime integers

is a coefficient subset of Proj(Z[h,k|) attached to {(x),(2)}. It is also attached to

{(@), (), (@ =D} or {(2), (3), (x+ 1)}

Proposition 2.3.5. ([19]) Let (S,7) be a ht(1,2)-pair and let C' be a coefficient
subset of Proj(Z[h,k]). Suppose that there exist distinct elements Py, and Py of C'

such that Py € S and TN Pl =0, but TN P} # (. Then

(1) (S,T) has no radical element except possibly P,
2 UT¢ P!, then P, is not a radical element by Definition 2.2.1.1,

(3) There exists Q € Hy(Proj(Zh,k])) \ Candte Pl NQ"NT; thus P, is not a
radical element for (SU{Q},T).

Proof. ([19]) For item 1, let t € TN P;. Suppose Q were a radical element for (S, T)
and Q # P. If Q € C, then (Q, P,)" = 0 by (ii) of Definition 2.3.2, and so t ¢ QT, a

contradiction to Definition 2.2.1 for @) a radical element. Thus @ ¢ C, and so there
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exists t' € (P, Q)" by (4) of Definition 2.3.2. By hypothesis ¢’ € P} = t' ¢ T,
again contradicting that @) is a radical element. Thus (S,7") has no radical element
except possibly P;.

Item 2 follows directly from Definition 2.2.1.

For item 3, since P/ is infinite, there exists t € P] \ T. Now by (4) of Defini-
tion 2.3.2, there exists Q ¢ C with ¢ € Pf NQ'. Thus P, is not a radical element for

the pair (SU{Q},T). O

Corollary 2.3.6. ([19]) Let (S,T") be a ht(1,2)-pair in Proj(Z[h,k]). If T'# 0, then
there exists a finite subset S* of H;(Proj(Z[h,k])) such that S C S" and (S',T) has

no radical element in Proj(Z[h, k).

The following results, Proposition 2.3.7 and Theorem 2.3.8, are used later to

construct radical elements in various cases.

Proposition 2.3.7. ([16], page 102, exercise 3) Let R be a domain and let y be an
indeterminate over R. Suppose (i) {a,b} is an R-sequence or (ii) (a,b) = R, where

b# 0. Then (a + by) is a prime ideal of R[y].

Theorem 2.3.8. ([17], page 141) Hilbert’s Irreducibility Theorem. If f €
Q[z1, ..., xr, x] is an irreducible polynomial, then there exist ay, ..., a, € Q such that

f(ay, ..., a,,x) remains irreducible in Q[z].

Meral Arnavut shows that the coefficient subset of Proj(Z[h,k]) is unique. She

also gives partial results concerning the existence of radical elements in Proj(Z[h, k]).

Proposition 2.3.9. ([3]) Cy := {pZ|z] | p is a prime integer } is the only coefficient
subset of Proj(Zh,k]).

Proof. We sketch the proof from [3] briefly. If I is a coefficient subset of Proj(Z[h, k])

such that I' # Cp, then I'NCy = 0. Let p be a prime integer. Then (p)T is infinite
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and U, cp(7,p)" = (p)'. Hence T' is infinite. Therefore there exist distinct elements
aand fin T — Cy — {(x), (3)}; say o = (f(x)), B = (g(x)), for two relatively prime
irreducible polynomials f(x) and g(z) of Z[z] of positive degree. By Proposition 2.3.7,
(f +yg) is a prime ideal in Z[x,y|], where y is an indeterminate over Z[z]. By
Hilbert’s Irreducibility Theorem 2.3.8, there exists a prime integer p so that f + pg is
irreducible in Z[x]. By Definition 2.3.2(2), no height-two prime ideals contain both
fand g. If (f +pg) ¢ T, we contradict (f,g)" = 0. Hence (f + pg) € I'. But
(f,ip)' € ()N (f+pg)" = (f, f+pg)'. This contradicts Definition 2.3.2(2). O

Remark 2.3.10. ([3]) Let (S,7) be a ht(1,2)-pair in Proj(Z[h,k]). If T # 0, then

(S,T) has at most one radical element in Cj.

Proposition 2.3.11. ([3]) Let (S,T") be a ht(1,2)-pair in Proj(Z[h,k]). If (S,T") has
a radical element @ in Proj(Z[h, k]) then either (1) SN Cy C Uyer (MY N Cy) or (2)
Q € Cy. In case (2), if T = (), then S C Cy; if T # 0, then @ is the only radical

element.

Proof. (Sketch from [3]) If (1) fails, there exists P € SN Cy with T'N PT = (. Then
Q"' NPT = . Thus, by Definition 2.3.2(4), @ € Cy. Also J,4(s,Q)" €T C Q.
Thus if T = (), then s € Cy, for all s € S. If T # (), then T contains an element of
form (f(z),p), where p is a prime integer and either f(x) € Z[z]| has positive degree

or f(z) = % In either case (f(z),p) € Q' implies (p) = Q, and so Q is unique. [

Meral Arnavut notes that, if Condition 1 of Proposition 2.3.11(1) is not satis-
fied, then it is difficult to find radical elements; cf. [3], and Proposition 2.3.5 and

Proposition 2.3.11 of this paper.
Proposition 2.3.12. ([3]) Let (S,T’) be a ht(1,2)-pair in Proj(Z[h, k]) such that

(1) SN CQ Q UMGT(Mi N Co), and
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(2) Unes(s: 1 €T, or (2) Uses(s,2) € T

Then (S, T) has infinitely many radical elements in Proj(Z[h, k]).

Proof. We give the proof with hypothesis (2); the proof for (2’) is similar (replace %

by x). Since (s,2)" C T, for every s € S, and T is finite, (1) ¢ S. Therefore S C
Spec(Z[z]). If T = 0, then, for every s € S, s" C Spec(Z[z]). Thus, by Proposi-
tion 2.3.1, (S,T) has infinitely many radical elements in Proj(Z[h, k|) as desired. If

T # 0, let py,...,p, denote the distinct positive prime integers such that

{(p1),- - ()} = Uprer(M* N Cy).

Then, for each t € T, some p; € t. Let fi,..., f, be irreducible polynomials of
Z[z] of positive degree so that S — Co = {(f1),...,(fu)}. Let T/ = T — ()"
Therefore 7" C Spec(Z[x]) and S C Spec(Z[z]). Since Spec(Z|x]) is CZP, there are
infinitely many radical elements for (S,7") in Spec(Z[z]). By Proposition 2.3.10,
(S,T") has at most one radical element in Cy. Thus (S,7") has infinitely many
radical elements in Spec(Z[z]) — Cy. Let Py be such a radical element; say Py =
(f(x)), where f(z) is an irreducible polynomial of Z[z| of positive degree so that
f(z) ¢ zZ[z|U fiZlx]U---U f,Z[x] UZ. Let X be a positive integer greater than the
degree of f(x). Then f(z) and the product p; - - p,f1 -+ fox are relatively prime in
Z[z]. By Proposition 2.3.7, (yp1---pr fi+-- fax® + f(z)) is a prime ideal of Z[x, ],
where y is an indeterminate over Z[x]. By Hilbert’s Irreducibility Theorem 2.3.8, for
each ), there exists a prime integer py such that g\(z) = pap1 -+ prfi -+ fuz* + f(2)
is an irreducible polynomial of Z[z]; thus w)y := (gx(x)) is a prime ideal of Z[x]. For
each X\ > deg(f), wy is a radical element for (S,T) in Proj(Z[h, k]). Thus (S,T) has

infinitely many radical elements. [
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2.4 The Conjecture for Proj(Zh,k|) and Previous

Partial Results

In Proposition 2.3.12 some conditions are given for a ht(1,2)-pair (S,7T) so that
there are infinitely many radical elements. Item 2 of Proposition 2.3.12 implies (%) ¢
S and item 2’ implies that (z) ¢ S. In either case, we get infinitely many radical
elements in Proj(Z[h,k]). If both (z) and (1) belong to S, it is more difficult to
find a radical element. The following conjecture first given by Aihua Li and Sylvia

Wiegand, then adjusted by Meral Arnavut, addresses this case; cf. [19], [3].

Proj(Z[h,k]) Conjecture 2.4.1. ([3]) Let (S,T") be a ht(1,2)-pair in Proj(Z[h, k]).

Assume
(1) SNCo C U,per(m*NCy), and
(2) (z) €S, (%) €S.
Then there exist infinitely many radical elements for (S,7") in Proj(Z[h,k]).

It appears that some axiom regarding the existence of radical elements analogous
to Axiom RW is necessary for Proj(Z[h, k]). The following axiom was proposed by Li
and Wiegand and modified by Arnavut, cf. [19], [3].

Axiom 2.4.2. Aziom P5. ([3]) Let U be a poset of dimension two.

(P5a) There exist a unique coefficient subset I' of U and special elements uy,us € U

such that (u, UQ)T = () and T is attached to u; and uy. (Thus, for every v € T,

’(%Ul)” =1= ‘(%U2)T|-)

(P5b) Let S be a nonempty finite subset of H;(U) and let T" be a nonempty finite
subset of Hy(U).
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(P5b.1) If AT NT # 0, for every v € SNT, then there exist infinitely many radical

elements for (S,7).

(P5b.2) If there exists an element v € SNT such that 4T NT = ), then there is at most

one possible radical element 7, for (S,T), and v € T" \ S.

Arnavut shows that Conjecture 2.4.1 implies Axiom P5 above for Proj(Zh,k])
and that U := Proj(Z[h,k]) \Cy is CZP; cf. [3]. We believe that this will lead to a

complete characterization of Proj(Z[h,k]).

We give a special case of the Conjecture 2.4.1 when T' = ().

Proposition 2.4.3. ([3]) Suppose S is a finite subset of H;(Proj(Z[h,k])) of the form

S = {(33)7 (%)7 (fl)a R (fn)}a

where f1,..., f, are monic irreducible polynomials of Z[z] of positive degree. Then

(S,0) has infinitely many radical elements in Proj(Zh, k]).

Remark 2.4.4. Similarly one can find infinitely many radical elements if T = ()
and S is a finite subset of H;(Proj(Z[h,k])) such that S = {(z), (%), (f1), ..., (fa)},
where f1, ..., f,, are irreducible polynomials in Z[x] of positive degree with ¢(f;) = £1.
However we do not know what happens when T' = ), ¢(f;) # +1 and ¢(f;) # +1. In
this case if there is a radical element (g(x)) where g(z) is an irreducible polynomial,
then c(g) = £1, (g9) = £1 and (g(z), fi(z)) = 1. If we could find such radical
elements, the conjecture would hold for 7" = (). This might help prove the conjecture

for the T' # ) case as well.

Meral Arnavut introduces the following notation and gives some partial results

related to the conjecture, recorded here as Theorem 2.4.6, cf. [3].
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Notation 2.4.5. Let T be a nonempty finite subset of Hy(Proj(Z[h,Xk])).
Let F:={p € Z, p prime | (z,p) € T} and let G := {p € Z, p prime | (%,p) € T}.
Then A := F\ G, A2 := FNG, and Az := G \ F are disjoint sets.

Define a; := HpeAip , for © = 1,2,3. Thus ay, as and az are pairwise relatively
prime integers. For each i, if A; = (), we set a; = 1. Now let n € N, and define

fulx) € Z[z] by

asx™ + as, if FNG =0 (ie.,ay=1)
falz) =
ayazr® + ajazxr + ayay, if FNG#0

Theorem 2.4.6. ([3]) Let (S, 7)) be an ht(1,2)-pair in Proj(Z[h,k]) and let F', G, A,

Ao, Az, a1, as, az and f,, be as in as in Notation 2.4.5. Suppose
o TC (x)f U,
e SNCyCA{(p)|pe FUGH,
o ()€ S, (1)es.
Then:

(1) If (s, fa)! C T, for every s € S\ (CoU{(z),(1)}), then (f,) is a radical element
for (S,T) in Proj(Z[h, k]).

(2) If S\ Co = {(2),(2)}, then (S,T) has infinitely many radical elements in
Proj(Zh, k]).

(3) If FNG = 0 and, for every irreducible polynomial f(z) of Z[x] such that
(f) € S\ (CoU{(x),(2)}), (3i) or (3ii) holds, that is,

(3i) £(f) is a unit, and a; divides every coefficient of f(x) except ¢(f),
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(3il) ¢(f) is a unit, and a3 divides every coefficient of f(x) except ¢(f),
then (S,7) has infinitely many radical elements in Proj(Zlh, k]).

(4) f FNG=0and S\ Co={(z), (1)} U{(z + a)}, for some a € Z such that a

and « are relatively prime, then (S,7") has a radical element in Proj(Zh, k]).

Corollary 2.4.7. ([3]) Let

S = {(pl)v D) (pTL)v (ZB), (%)a (f1)> D) (fm)}a

T ={(z,p1), ..., (z,p0), (%7p£+1)7 e (%,pn)},

where 0 < ¢ <mn, py, ..., p, are distinct prime integers.

(1) If fi(x) € Z[z] has the form z% + py...peb;, for some d; € N and b; € Z with

1 <i < m, then (S,T) has infinitely many radical elements.

(2) If f;(z) € Z[z] has the form b;psy1...p,x% + 1, for some d; € N and b; € Z with

1 < i < m, then (S,T) has infinitely many radical elements.

2.5 New Results Supporting the Conjecture

In this section we give some new results that further support Conjecture 2.4.1.

We consider various different types of ht(1,2)-pairs in Proj(Z[h, k]).
Theorem 2.5.1. Let (5,T) be an ht(1,2)-pair in Proj(Z[h,k]). Suppose
(1) T C (2)7,
(2) SNC SA{(p) | (x,p) €T, p € Spec(Z)},

3) S\ Co=A{(x),( D)} U{(mz+1),..., (apa+ 1)} for some a; € Z, i =1,...,m.
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Then (S, T) has infinitely many radical elements in Proj(Z[h, k]).

Proof. Assume that T # (. Since T C (x)" by (i), we have F # () where F' := {p €

Z, p prime | (z,p) € T}. Let A € N be such that A > 2. Define
g (z) = 2™ +b(ar + 1) -+ (apa + 1) € Zlx]

where the a; are as in (3) and b = Hp. We show wy = (gx(x)) is a radical element
peF

for (S,T) in Proj(Z[h,k]). By Eisenstein’s Criteria, gy(z) is irreducible in Z[z]. To
see that wy satisfies Definition 2.2.1, let t € T". Then ¢ = (x, p), for some p € F. But
p | c(gyr), and so wy C t, for every t € T. Let s € S and let M € Hy(Proj(Z[h,k])) be

such that g\(z) € M and s C M. We consider (wy, s)" for all possible types of s € S:
(1) Since (gx(2),a;x +1) = (1), (gr(2), a2 + )T =0, for all i =1, ..., m.
(2) Since (ga(z), 3) = (1), (5, 9x(2)" = 0.
(3) Since (ga(z),x) = (x,b), M = (x,p), for some p € F, and hence M € T.

(4) Since (gx(x),p) = (x™ p), for p € F such that p | b, M = (z, p).

Thus M € T, and so (p,gr(z))T € T.

Thus wy = (ga(z)) is a radical element for (S,T) in Proj(Zh,k]) for each A € N,
and so there are infinitely many radical elements w) for (S, 7).

If T = (), then take b = 1 and define
() = 2™+ (g + 1) - (apx + 1) € Z[2).

Similarly wy = (gx(z)) is a radical element for (S,7') in Proj(Z[h,k]), for A € N. [

Remark 2.5.2. Similarly there exist infinitely many radical elements for a ht(1,2)-

pair (S,7') in Proj(Z[h, k|) satisfying the following:
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(2) SNCy C{(p) [ (5.p) €T, p € Spec(Z)},
(3) S\ Co={(z), 2)}U{(z+ar),....(x+ an)} for some a; € Z, i =1, ...,m.

Proposition 2.5.3. Consider

S = {(p1>7 ) (pn)v (I)v (%)7 (.T + a1)7 ) (x + am)}v

T = {(x,p), (%,pg), s (%,pn), (x4 a1,p1)s s (T + am, p1)}

where py, ..., p, are distinct prime integers, n > 1, a1, ...,a,, € Z and (ay,p;) = 1 for

each k =1,...,m. Then (S,T) has infinitely many radical elements in Proj(Z[h, k]).

Proof. Let A € N. Define hy(z) = b a2z + a1)...(x + an,) + p} where b = ﬁpl-.
We show that wy = (hy(z)) is a radical element for (S,T') in Proj(Z[h, k]). Filris?,2 by
Eisenstein’s Criteria for Z[1], hy(z) is irreducible in Z[1]. Also wy C ¢t for all t € T.
Let s € S and M € Hy(Proj (Z[h,k])) be such that hy(z) € M and s C M. We
consider (wy, )T for all possible types of s € S:

Since (hy(z),x + ai) = (x + ax,p}), M = (x + ax,p1) is the only maximal ideal
that contains (hy(z),z + ay), for k = 1,...,m, that is, (hy(z),2 + ax)" € T.

Since (hy(x),z) C (z,p}), M = (x,p1) is the only maximal ideal that contains
(ha(x),z), that is, (hy(x),2)" € T.

Since (hy(z),1) = (b*,2), for i = 2,...,n, M has form (1,p;) for some i, and the
(1,p;) are the only maximal ideals that contain (hx(z), 1), for i =2, ..., n.

Since (hy(z),p1) = (V2 (z+ay)...(x +an)), M = (x,p1) ot M = (z+ay,p1) €T,
for some k£ =1, ...,m, and these are the only maximal ideals that contain (hx(), p1).

If s = (p;), fori = 2,...,n, then we get (hy(z),p;) = (p},p:;) = (1) since p; | b.

Therefore, for each A\ € N, w,, is a radical element for (S, 7). ]
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Proposition 2.5.4. Let ay, ..., € Z be such that ged(ay, ..., a,) # 1. Suppose
that pi,...,pr are all the prime integers that are factors of any of the o; and that p;
divides each of the ;. Say each o, = pi™ ---pi*, for some e;; > 0. Then let n > 1

and choose prime integers q1, ..., g, distinct from pq, ..., pp. Let

By :={(z,q)), (& + s, ;) W=z, Ba = {(z + i, pe) | pe t i 1=z,

Bs :={(z,p1) ... (z,pg)}, and set

S={(x),(2), (x+a)..., (x4 am)} U{(g) hej<n U{(Pe) <o
jﬁ - lgllJ l32LJ l33.

Then (S, 7T) has infinitely many radical elements in Proj(Z[h, k]).

Proof. Let A € N. Define ag := H pe - q; and hy(z) = 2z + ay)...(x + o) + ao.

(1gzgk>
1<j<n

We show that wy = (hy(x)) is a radical element for (S,T") in Proj(Z[h, k]).

Note that hy(z) is irreducible by Eisenstein in Z[z|, since ged(aq, ..., ) # 1
and py | ged(ay, ..., ). Alsowy, CtforallteT.

Let s € S and ¢t € Hy(Proj (Z]h, k])) be such that hy(x) € t and s C t.

If s = (g), (hx,q;) = (@MNz+a1)...(x+ ), q;), for j =1,...,n, and so (hy,q;)" =
{(z,q;), (x + 21,¢5), -, (T + Qm,q;)} C By. Similarly, if s = (py), then (hy, pe)' C
By UBs, for ¢ =1,....k. If s = (z), then (hy,z) C (z,¢;), for all j,1 < j < n and
also (hy,2) C (x,p0), 1 < € < k. If s = (1), then (hy, 1) = (1) because hy is a
monic polynomial of Z[z]. If s = (x 4 «;) for some i, 1 < i < m, then (hy,z + a;) C
(z + oy, qj) € By for some j,1 < j </l If pyf o, then (hy,z+ ;) C (z+ a4, pe) € By
and if py | ay, (hy,z + ;) C (x + a4, pe) € Bs, for each 1,1 <i<mand 1 < /¢ <k.

Therefore, in any of the latter cases, (hy,x + a;)' C T, for 4,1 < i < m. Thus wy,
is a radical element for (S,7T) in Proj(Z[h, k]). Now, since A € N, there are infinitely

many w) in Proj(Zh, k]) and so (S, T) has infinitely many radical elements. O
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Theorem 2.5.5. There exist infinitely many radical elements for every ht(1,2)-pair
in Proj(Z[h,k]) of the form S = {(2), (1), (p1), s (pu)} and T = {(z,p1), ., (z, p0):

(%,pl) s (%,pn)}, where pq, ..., p, are distinct prime integers.

Proof. First consider the subsets

Sy = {(ZL“), (pl)v XX (pn)}’ T, = {(IL“,p1), XX (mapn)}

S1 o= {2 (1) )} T1 = {(2p). o (L)}

Then S, UT, C Spec(Z[z]). Thus we see that for every A € N,
() =2 +pi...p, € Z[x]

(fr) is a radical element for (S,,T,) in Spec(Z[z]) since f(z) is irreducible by Eisen-
stein. Similarly for

1 1 1
ha(=) i==p1...pn+ — € Z[-
M) =ppet 5 € 2]

(h(2)) is a radical element for {S1,T1}. We identify (1) with
ap L A
g(z) =z h,\(g) =2'p1...pn+ 1€ Z[x].
Let y be another indeterminate over Z[z] and let k(z) = p;...p,2*. Then
fA(ZL‘)g)\<1') = x2>\p1-~-pn + ((plpn)2 + 1)1)\ + D1---Pn-

Since fy(x)gr(z) and k(x) are relatively prime elements of Z[z], fr(z)gx(z) + yk(x)
is a prime ideal in Z[z,y] by Proposition 2.3.7. Thus there exists a prime integer
q so that fy(z)gr(z) + q(p1...pnx?) is irreducible in Z[z] by Hilbert’s Irreducibility
Theorem 2.3.8.
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We show that wy = (rx(z)) = (fa(z)gr(z) + gk(x)) is a radical element for (S, T)

for all A € N. First observe

() = prepp® + ((Pro-pn)® + L+ qpropp) 2™ + pi...pn.

It is easy to see that wy C t for every t € T, since p; | £(r) and p; | ¢(r), fori =1,...,n.
Also (ry,x) C (p;,x) for all i = 1,...,n. Similarly (ry, %) C (%,pi), foralli=1,...,n.
Moreover (ry,p;) = (2*,p;) and so (z,p;) is the only maximal element that contains
(ra,pi)7, for i = 1,....,n. Thus (ry,p;)" € T, for i = 1,...,n. Therefore w, is a radical

element for each A € N. O]

Example 2.5.6. There are infinitely many radical elements for every ht(1,2)-pair in

Proj(Z[h, k]) of the form
S ={(2),(3):(2),(3), (5)}
T= {(I,Q),(JJ, 3)?(‘%5)7(%72)7(%’3)7(%’5)}

First consider the following subsets as in the previous proof of Theorem 2.5.5:

Se ={(2),(2),3),5)}, To={(2,2),(x,3),(2,5)}

S% = {(%)’ (2)a (3)7<5)}7 Ti = {(%72)7 (%a3)7 (%’5>}

Then S, UT, C SpecZ[z] and for every A € N, f\(z) := 2* + 30 in Z[z] generates
a radical element for (S,,7T,) in Spec(Z[2]). Similarly hy(1) := 30+ & € Z[1] is a
radical element for (S%, T%). We identify hy(2) with g(z) := 302* + 1 € Z[z]. Let y
be another indeterminate over Z[z]. Since fy(z)ga(z) and 302 are relatively prime

elements of Z[z], (fx(z)gx(x)+y(302?)) is a prime ideal of Z[z, y] by Proposition 2.3.7.

There exists a prime integer q so that fy(z)gx(z) + ¢(302?) is irreducible in Z[z] by
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Hilbert’s Irreducibility Theorem 2.3.8. Therefore w = (f\(z)gx(x)+30ga?) is a radical

element for each A € N.

In [3], Arnavut raises some questions about particular ht(1,2)-pairs in Proj(Z[h, k]).

We consider one such unanswered question below.

Question 2.5.7. Does (S,T') have a radical element if

S = {(p1)7 sy (pn)v (w)7 (

8=

)’ (:L‘ - a)’ (:L’ - b)},

T ={(x,p1), ..., (z,p0), (i?PHl)? e (i,])n)},

where 0 < ¢ < n, ged(ab,py...ps) = 1, and the p; are distinct prime integers for

i=1,...,n?
Theorem 2.5.8 answers Question 2.5.7 in a special case.

Theorem 2.5.8. Assume a and b are relatively prime integers and let S and T be

the following subsets of Proj(Z[h, k]):

S = {(pl)v IR (pn)v (I)7 (%% (I - (l), (I - b>}’

T :={(z,p1),...,(z,p0), (%,Pﬂl)a ce (%7pn)}7

where 0 < ¢ < n, ged(ab, py...pe) = 1, and the p; are distinct prime integers for
i=1,...,n. Suppose also that pq divides (1 —p?)(b? + ab+ a?) + qab? and (1 — p’ +
qb®a®)(b + a) where p = py...ps, @ = Pey1 - . Pn, t = lem(o(a?), ¢(b%)), and ¢ is the

Euler phi function. Then (S, T') has infinitely many radical elements in Proj(Z[h, k]).

Proof. Consider the polynomial g(z;u,v,w) of the form

g(z;u,v,w) = qr* + (pqu)z® + (pqu)2? + (pqw)z + (p)*
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where ¢t = lem(p(a?), p(b%)).

We show there exist infinitely many triples u, v, and w € Z such that (g(x; u, v, w))
is a radical element for (S,7) in Proj(Zh, k]).

First, by Euler’s theorem, (p)?) =1 (mod a?) and (p)?®*) =1 (mod b?), since
ged(a,p) = 1 and ged(b,p) = 1. Thus p' — 1 = 0 (mod a?b?), that is, a?b? divides
p' — 1.

To find u, v, and w € Z, we solve the system of linear equations g(a;u, v, w) =1

and g(b; u,v,w) = 1; that is,
qa* + pqadu + pqa’v + pqaw + p* = 1, and
qgb* + pgbiu + pgb®v + pgbw + pt = 1.

This becomes:

-+ —==— 2.5.1
Ut ad? ( )

v w 1—pt—qb?
-t =— 2.5.2
ut gt - ( )

By subtracting (5.2) from (5.1), we get
b—a v’ — a? (1—=p")(* —a®) + q(b — a)a®V?

= . 2.5.3
U( ab )+w( a?b? ) pqadh? ( )

After simplifying (5.3), we deduce

(B2 2 31,3
v+w<a+b):(1 p') (" + ab+ a”) + ga’b*

- p— (2.5.4)
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Therefore, for every w = abk where k € Z, we get

1_tb2 b+2 3b3
p= L= ;;ﬁwa)*”m ~(a+b)k. (2.5.5)

Similarly, by eliminating v, and letting w = abk for k € Z, we get

 (1-p'+qb*a®)(b+a)
u= W k. (2.5.6)

Note that pq divides (1 — p*)(b* + ab + a?) 4+ qa’b® and (1 — p' + qb?a?)(b + a).
Moreover a?b* divides 1 — p'. Hence u and v are integers in (5.5) and (5.6).

Now we claim that for every triple of integers u, v and w that we have found
above, the polynomial g(x;u, v, w) := qz*+(pqu)z®+ (pqu)2?+ (pqw)z+(p)! € Z[z]
generates a radical element for (S, 7). First g(x;u,v,w) is irreducible by Eisenstein’s
Criteria in Z[2]. Since ¢(g) = p’ and {(g) = q, we have (g(z;u,v,w)) C 2,V z € T.
Consider (g(x;u,v,w),s)" for each s € S:

For s = (), (g(z;u,v,w),z) = (p',x) C (pi,z) € T, where i = 1,... L.

1) = (q,2). The only maximal ideals contain-

'z

For s = (1), we have (g(z;u,v,w)
ing (q,%) are (pj,2) €T, for j=L+1,...,n.
For s = (p;), where i = 1,... ¢, we get (g(x;u,v,w),p;) = (qz*, p;). The only
maximal ideals containing (qz?, p;) are (z, p;), since (q,p;) = (1).
For s = (p;), where j = ¢+ 1,...,n, we have (g(z;u,v,w),p;) = (p*, p;) = (1).
For s = (x — a), we have (g(x;u,v,w),x —a) = 1 since g(a;u,v,w) = (1).
Similarly, for s = (x — b), we get (g(x; u,v,w),z —b) = (1) since g(b;u,v,w) = 1.
Therefore we conclude that (g(z;u,v,w)) is a radical element for (5,7, for all

u,v and w € Z as chosen in the proof. Thus there are infinitely many radical elements

for this (S, T)-pair in Proj(Z[h,k]). O
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Example 2.5.9. For S = {(2),(3), (z), (), (x =5),( = 7)} and T = {(z,2), (2, 3)},

the polynomial g(x;u,v,w) := 3z* + 6uz® + 6vr? + 6wzr + 2*?° € Z[x] generates a

radical element for (S,7) for w = 0,

(1-2%04+3.52.72)(5+7)

U= 5. 3. 5. €Z ,and
(1_2420)(52_|_35_|_72)_|_3_53‘73

= 7z .

v 2. 3.52.72 ©

Note that v and v are integers since 52-72 divides 1—22°, and also 2-3 = 6 divides
the numerators (1 — 2%% +3-52-7%)(5+4 7) and (1 — 2%2°)(5% + 35+ 7%) + 3 - 5% - 7°.
Also, if w =5-7-k = 35k, for k € Z, then we get different integers v and v, that
is, g(z;u, v, w) generates a different radical element for every k € Z. Therefore (S, T)

has infinitely many radical elements in Proj(Z[h, k]).

2.6 Summary and Questions

There is still much to be done for the characterization of Proj(Zh,k]). In particular,
the determination of which (S,T)-pairs have radical elements appears to be very

challenging. In the future we hope to address some of the following questions:

Question 2.6.1. (1) In the setting of Theorem 4.2.7 with

S = {(p1), s () (2), (). (1) s (i),

T = {(a:,pl), e (:E,pz), (i>pl+l)7 e (éﬁpn)h

where 0 <[ < n, py, ..., p, are distinct prime integers, is there a radical element

for (S,T) if
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(i) The leading coefficient of f;...f,, is not a unit and p;41...p, does not divide
the leading coefficient of f;, for some 77

(ii) The constant coefficient of fi...f,, is not a unit and p;...p; does not divide

the constant coefficient of f;, for some 7

(iii) ged(pr.-pn, U(f1...fm)) = 1 and ged(py...pp, c(fr fm)) = 17

(2) Does the (S, T)-pair in Theorem 2.5.8 have a radical element if we remove some

assumptions?

(3) Let wuy,...,tup, vy, ..., 0, € Hi(Proj (Z[h,k])) — Cy, and let P € Cy. Does there
exist a @ € Gy such that [, (u;, P)'| = [U]L; (v, P)1]?

(4) What happens if we change 77



33

Chapter 3

Prime Ideals in Quotients of Mixed

Power Series/Polynomials

This chapter contains work in progress with Christina Eubanks-Turner and Sylvia

Wiegand.

3.1 Introduction

Over the past sixty years many algebraists have studied Kaplansky’s question,
posed in 1950: “Which partially ordered sets occur as the prime spectrum of a Noethe-
rian ring?”, [13], [14], [21], [22]. His question is still open and difficult, even when
restricted to two-dimensional Noetherian domains. Some progress has been made in
describing Spec(R), the partially ordered set of prime ideals of R, for certain two-
dimensional polynomial rings R and power series rings, [11], [12], [28], [30], [31]. For
example, as we mention in the previous chapter, in his 1986 article, Roger Wiegand
gives axioms characterizing Spec(Z[z]), the prime spectrum of the ring of polyno-

mials in one variable x over Z [31]. In 1989 William Heinzer and Sylvia Wiegand
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characterized the prime spectrum of R[y| for R a one-dimensional countable semilo-
cal Noetherian domain and y an indeterminate, [11]. Chandni Shah extended their
characterization to the uncountable case, [28].! By “characterizing” a prime spectrum,
we mean giving a set of axioms such that the prime spectrum satisfies the given ax-
ioms and any two partially ordered sets satisfying the axioms are order-isomorphic.
In 1996 Aihua Li and Sylvia Wiegand proved that, if f, g1,...,9m € Z[y] and f is
nonzero, then the prime spectrum of Z[y] [971, e 97’”] is order-isomorphic to the prime
spectrum of Zlyl, [19]. Two years later, in 1998, Serpil Saydam and Sylvia Wiegand
showed that, if D is a ring of algebraic integers in a field K that is a finite extension
of the rational numbers, f,g1,...,gm € Zly], f is nonzero and z is an indeterminate,
then Spec(D[z, %, ..., #2]) is order isomorphic to Spec(Z[z]), [27]. In 2006, William
Heinzer, Christel Rotthaus, and Sylvia Wiegand described the prime spectrum of
R][z]], the power series ring in an indeterminate = over a one-dimensional integral
domain R [10]. 1

A birational extension of an integral domain is an overring contained in its field of
fractions. In their 2011 article, Christina Eubanks-Turner, Melissa Luckas, and Serpil
Saydam study prime spectra of birational extensions of R[[z]] of form B = R|[x]][g/ ],
where R is a one-dimensional Noetherian domain with infinitely many maximal ideals
and f and g € R[[z]] are such that f # 0, and either {f, g} is a R][[z]]-sequence or

(f,9) = R[[z]] [8]. They characterize Spec(B) when R is a countable Dedekind
Rf]][y]
(fy—9)

the ring of the three-dimensional mized power series/polynomial ring R[[z]|[y] modulo

domain. If y is another indeterminate, then R][[x]][g/f] is isomorphic to

the height-one prime ideal (fy — g) of R[[z]][y].

The primary goal of this chapter is to describe the prime spectra of two-dimensional

IThe generalization by Chandni Shah needed a small cardinality fix [32].
UTheir description became a characterization with the cardinality fix of [32].
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) and Spec(%), for
certain height-one prime ideals @ of R[[z]][y] and Q" of R[y][[x]], where R is a one-

quotients of R|[[z]|[y] and Ry|[[z]], that is, Spec(RHxQH ]
dimensional Noetherian domain. We give examples of spectra that arise when R is the
ring 7Z of integers and @) and @’ are particular prime ideals of their respective rings;
see Example 3.6.1 and Example 3.6.2. Although the rings R[y|[[z]] and R[[z]][y] are
similar for R a one-dimensional Noetherian domain, their prime spectra are different.
For example, zy + 1 is an element of both R[[z]][y] and R[y][[z]]; xy + 1 generates
a height-one prime ideal in R[[z]|[y], but is a unit of R[y][[z]]. We also study the
maximal ideals of R[[z]][y] and R[y|[[z]]. For example we show that there are no
height-one maximal ideals in R[y|[[z]] or in R[[z]][y] and, in the case when R has
infinitely many maximal ideals, there are no height-two maximal ideals in R[y][[x]];
see Proposition 3.3.3 and Proposition 3.3.5(1).

If R is a one-dimensional Noetherian domain and @ and )" are certain height-one

prime ideals of R|[[x]][y] and R[y|[[z]], respectively, then the dimensions of —R[[g] £
and % are usually two; see section 5. In certain exceptional cases for () and

Q' these dimensions are both 1 and the prime spectrum resembles a fan; see Defini-
tion 3.5.1 and Theorem 3.5.2. We give a set of axioms in Definition 3.5.4 that are
satisfied by the two-dimensional image rings of mixed power series/polynomial rings;
see Theorem 3.5.5. In the two-dimensional case, there are finitely many nonmaximal
Jj-primes in these mixed power series/polynomial rings. Generally we avoid letting @
or ' be the ideal generated by x unless R is semilocal. In case @ or @' is (x), the
prime spectrum we seek is order-isomorphic to R[y]. When @ = (z)R|[[z]][y] and R is
semilocal or R = Z, Spec(R[y]) has been characterized, [11], [28], [32], [31]. However,
if R = Qlz], a polynomial ring over the rational numbers in another indeterminate z,

Spec(Q]z,y]) is unknown.
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We have some partial results concerning which partially ordered sets satisfy the
axioms of Definition 3.5.4; see Proposition 3.7.1. For certain height-one prime ideals
of @ and @' in the case where R[[z]][y]/@ and R[y][[z]]/Q" are two-dimensional, we
can compute the cardinality of the set of height-one maximal ideals. As we point out
in Corollary 3.5.6, most of the spectra of R[[z]][y]/Q and R[y][[z]]/Q are determined

by the spectrum of R[y|/I. We give examples of some spectra that arise when R = Z.

3.2 Notation and Background

In this section we give more notation, we describe previous results, and we list
basic facts and remarks about prime spectra of polynomial rings and power series
rings. We use the notation for partially ordered sets from Section 1.2.

In Remark 3.2.1 we establish that the rings we study in this chapter are well
behaved.

Remarks 3.2.1. (1) If a ring A is Cohen-Macaulay and x; and y; are indeterminates
over A for 1 <i<mn,1<j<m,and n,m € Ny, then the mized polynomial/power
series rings All[{xi}io)[{y; 1] and A[{y;}iL,][{i}in,]] are Cohen-Macaulay [20,
Theorem 17.7]. Thus they are catenary; that is, for every inclusion of prime ideals
P C @, any two maximal chains of prime ideals from P to ) have the same length
[20, Theorem 17.9].

(2) If R is a Noetherian integral domain of dimension one, then R is Cohen-Macaulay
20, Exercise 17.1, p. 139]. Thus every mixed polynomial/power series that is a finite

extension of a one-dimensional Noetherian domain R is catenary by (1).
Lemma 3.2.2 is useful for counting prime ideals in our rings.

Lemma 3.2.2. [32, Lemma 4.2], [8, Lemma 3.6] Let 7" be a Noetherian domain,
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let y be an indeterminate and let I be a proper ideal of T'. Let 8 = |T'| and p = |T'/1].

Then (1) [T[y]| = [(T/Dy]| = p- Ro = B - Ry, and (2) [T[[y]]] = g% = p'.

Theorem 3.2.3 gives information concerning the relative heights of prime ideals of
the polynomial ring A[y] or the power series ring A[[z]] and their contractions to A

when A is Noetherian.

Theorem 3.2.3.  [20, Theorem 15.1] Let ¢ : A — B be a homomorphism of
Noetherian rings, let P be a prime ideal of B, and set p = P N A (identified with
0 1(P)). Then:

(ii) If ¢ is flat, or more generally if the going-down theorem holds between A and

B, then equality holds in item i.

3.2.1 Results, Basic Facts about Spec(A[y])

In Remarks 3.2.4 and several results following it we describe prime ideals in a

polynomial ring over a Noetherian domain A.

Remarks 3.2.4. Let A be a Noetherian domain of dimension d with field of fractions

K and let y be an indeterminate over K.

(1) If I is a nonzero ideal of A[y| such that I N A = (0), then I = h(y)K[y] N Aly],
for some h(y) € Aly] of degree > 1. This follows since K[y] = (A \ {0}) ' Aly]
is a principal ideal domain (PID). Thus the set of prime ideals P of Aly| such
that PN A = (0) is in one-to-one order-preserving correspondence with the set
of height-one prime ideals of K[y], via P — PK[y] — PK[y| N Aly]. If P is a
prime ideal of R[y| such that PN A = (0), then ht(P) = 1.
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(2) If p is a prime ideal of A, then pA[y| is a prime ideal of A[y] and ht(pAly]) =
ht(p), [24, Proposition 10].

(3) If P is a prime ideal of Afy|, then ht(P N A) < ht(P) < ht(P N A) + 1 Theo-

rem 3.2.3.

(4) If M is a prime ideal of A[y] of height d + 1, then M is a maximal ideal of A[y],
the ideal m = MNA is a maximal ideal of A of height d, and M = (m, h(y))A[y],

where h(y) is irreducible in Aly] = Aly|/(m[y]) = (A/m)[y]; This follows from
item (3) and [16, Theorem 28, p. 17].

(5) If P € Spec(A[y]) with ht(P) = 1 and (0) # p = PN A, then ht(p) = 1 and
pAly] = P. This follows from item (2) and item (3).

(6) If q € Spec(A) and b € A is such that (1 + yb, q)Aly] = Aly], then b € q.
To see this, write (14 yb)f(y) + g(y) = 1, where f(y) € Aly] and g(y) € qA[y].

Then f(y) ¢ qA[y] and

fly) +ybf(y) — 1 € qAfy] (3.2.4.0)

Write f(y) = ao + a1y + asy® + - - any™ + y" h(y), where a, ¢ q and h(y) €
qAly]. Looking at the coefficient of y"*! in Equation 3.2.4.0, we conclude that

a,b € qAly] N A = q. Since a,, ¢ g, we have b € q, as desired.

Lemma 3.2.5. Let A be a Noetherian domain. If @) € Spec(A[y]) is a height-one

maximal ideal, then

(1) N A=(0),

(2) dim(A) =1 and | max(A)| < oo; say max(A) = {my,...,m;}, and
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(3) @ contains an element of form h(y) = yg(y) + 1, where g(y) € (Ni_;m;)[y].

Moreover if A is one-dimensional and semi-local with maximal ideals my, ..., m; and
@ € Spec(Aly]) is minimal over an element of form h(y) = yg(y) + 1, where 0 #

g(y) € (N'_;m;)[y], then @ is a height-one maximal ideal of Aly].

Proof. For item 1, by Remarks 3.2.4(5), if @ N A # (0), then Q@ = (Q N A)A[y] <
(Q N A, y)Alyl, a contradiction to ) maximal. Thus item 1 holds.

For item 2, we refer to [16, Theorems 24, p. 15 and 146, p. 107], where a ring A
such that a maximal ideal of A[Y] intersects A in (0) is called a G-domain.

For item 3, if (N‘_;m;)[y] C @, then m;[y] C @, for some ¢ = 1,...,¢, and so
m;[y] = @, since ht(m;y]) > 1 = ht(Q) by Remark 3.2.4(2). This yields a con-
tradiction since (m;[y],y) properly contains m;[y]. Thus ((N:_,m;)[y], Q) = Aly],
and so there exist h(y) € Q, s(y) € (Ni_ymy)[y], and r1(y), ro(y) € Aly] such that
h(y)ri(y) +s(y)r2(y) = 1. Let f(y) := h(y)ri(y). Then f(y) € @ since h(y) € Q. Let

~ denote the image in A/((Ni_;m;)[y]). Then f(y) + s(y)r2(y) =1, and so f(y) = 1.

Therefore f(y) = yg(y) + ap € Q where g(y) € (N:_;m;)[y] and ap = 1 + b, where
b € Nf_,my; thus ag is a unit of A. Now replacing f by ag'f yields the result.
For the moreover statement, if Q N A = m; for some 4, then 1 € (my, f(y)) C Q, a

contradiction. Thus the statement holds. O

Theorem 3.2.6 was proved by Heinzer and S. Wiegand in the countable case,
then for other cardinalities by Shah and R. Wiegand and S. Wiegand. The theorem
has been slightly adjusted here using the fact that |(R/m)[y|| = |R][y]|, for every

m € max R by Lemma 3.2.2.

Theorem 3.2.6. [11, Theorem 2.7], [28, Theorem 2.4], [32, Theorem 3.1] Let R be

a one-dimensional Noetherian domain with exactly n maximal ideals, mq, ..., m,, let
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y be an indeterminate and let o = |R[y]|. Then there exist exactly two possibilities

for U = Spec(R|[y]) up to cardinality, depending upon whether or not R is Henselian.

e In case R is not Henselian, U satisfies Axioms I — VI below:
(I) |U| = |R| and U has a unique minimal element uy = (0).
(I1) |H1(U) Nmax(U)| = a.
(I11) dim(U) = 2, [H2(U)| = a.

(IV) There exist exactly n height-one elements wuy, . .., u, such that |u!| is infinite.
Furthermore for 1 <i <n

(i) wl U+ Ul = [Ha(U)]; (i) wf Nul = 0 if ¢ # j; (iii) |u]| = o
(V) If ht(v) = 1 and v # u; for all i with 1 < i < n, then |[vT] < oco.
(VI) For every nonempty finite subset of 7" of Ho(U), |L(T)| = «,
e In case R is Henselian, then n = 1, and U satisfies Axioms [ —V and VI’

(VI') For every finite nonempty subset T C Ho(U), L.(T) = 0 if |T| > 1, and
|Le(T)| = aif T =1.

Diagram 3.2.6.h: Spec(R[y]), R Henselian

HiFor the definition of Henselian; see Section 1.1.
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\\

P——

[a] Uy U9 u, |MESS

Uo
Diagram 3.2.6.nh: Spec(R[y]), R non-Henselian.
The relations satisfied by the MESS box are too complicated to show, but they

are described in Axiom V1.

Notes 3.2.7. If R is a one-dimensional Noetherian domain with infinitely many
maximal ideals, and y is an indeterminate, then Spec(R]y]) is not known in general.

The following cases are known:

(1) Spec(Zly]) has a characterization of five axioms, [31, Theorem 2] .

(2) Let k be an algebraic extension of a finite field and let z be another indeter-
minate. Then Spec(k[z,y]) is order-isomorphic to Spec(Z[y]); see [31, Theorem
2].

(3) Let D be an order in an algebraic number field. Then Spec(D[y]) is order-

isomorphic to Spec(Z[y]), [31, Theorem 1].

(4) In case D is an order in an algebraic number field, z is another indeterminate,
and @ = (fz — g), where f, g is an R[y|-sequence or f # 0 and (g, f) = R|y],

then Spec(D[y][z]/Q) = Spec(Z[y]), [27].

The prime spectrum of Q[z, y], where Q is the rational numbers is unknown but

it is known that it is not order-isomorphic to Spec(Z[y]), [31].
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3.2.2 Results, Basic Facts about Spec(A[[x]])

Next we describe prime ideals in power series rings over a Noetherian domain A.
Remarks 3.2.8. Let A be a Noetherian domain and x an indeterminate.

(1) Every maximal ideal of A[[z]] has the form (m,z)A[[z]] where m is a maximal
ideal of A, [23, Theorem 15.1] (Nagata). Thus x is in every maximal ideal of
Alf]]-

(2) If p is a prime ideal of A, then pA[[z]] € Spec(A[[z]]) and ht(pA[[z]]) = ht(p),
[5, Theorem 4] or [4, Theorem 4].

(3) If P is a prime ideal of A[[z]], then ht(P N A) < ht(P) < ht(P N A) + 1
Theorem 3.2.3.

The following characterization of Spec(R[[z]]) for R a one-dimensional Noetherian
domain is due to Heinzer, Rotthaus, S. Wiegand [10] and R. Wiegand and S. Wiegand
32].

Theorem 3.2.9. [10, Theorem 3.4], [32, Theorem 4.3] Let R be a one-dimensional
Noetherian domain and let = be an indeterminate. Let § = |R[[z]]| and let a@ =
|max(R)|. Then U := Spec(R|[[z]]) satisfies axioms I, ITI, IV, and V of Theo-
rem 3.2.6, and U satisfies (17*) and (VI*) below. The unique nonmaximal element
of IV is u, = (z)R[[z]]. Each maximal ideal of R[[z]] has form (m,x)R[[z]], where

m € max(R).
(IT*) Hy(U) Nmax(U) = 0.
(VI*) L(T)=pif |T| = 1.

Thus Spec(R][x]]) is shown in the following diagram:
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(#{bullets} = «a)

Diagram 3.2.9.0: Spec(R|[[x]])

In Diagram 3.2.9.0, the cardinality of the set of bullets equals the cardinality of
max(R) since the set of height-two maximal ideals of R[[z]] is in one-to-one corre-
spondence with the set of maximal ideals of the coefficient ring R. The boxed (
beneath each maximal ideal of R|[[z]] means that there are exactly 5 prime ideals in
that position (beneath that maximal ideal and no other). Every two posets described

by Diagram 3.2.9.0 are order-isomorphic.

3.2.3 Mixed Power Series/Polynomial Rings

Here we give some properties of prime spectra for mixed power series/polynomial

rings.
Remarks 3.2.10. Let A be a Noetherian domain and z an indeterminate.

(1) The inclusion map ¢ : A[[z]][y] — Aly][[x]] is flat since Aly][[x]] is the (z)-adic
completion of A[[z]|[y]. In general ¢ is not faithfully flat; for example, the
proper ideal 7 = (zy — 1) A[[z]][y] of A[[]][y] satisfies TA[y][[z]] = Aly][[]]

(2) In case M is a maximal ideal of A[y][[z]], we see that

o Allz)] [y moaeny = Alz]]m



44

is faithfully flat. Thus, for every proper ideal Z of A[[x]][y]smnafa)y), We have

ZAY[[x]]p N All2]] [y mnaganm = Z-

The proper ideals of A[[x]][y]smnafa)p are in one-to-one correspondence with
the ideals of A[[z]][y] contained in M N A[[z]][y] and the ideals of A[y|[[z]]m
are in one-to-one correspondence with the ideals of A[y][[x]] contained in M.
Thus prime ideals of Aly|[[z]] contained in M intersect down to prime ideals of

A[[z]][y] contained in M N A[[z]][y] via

P = PN Allz]][y] € Spec(A[[z]][y]) N (M N A[[z]][y])*,

for P € Spec(Aly][[x]]) N (M)*, and, for Z an ideal of A[[z]][y] contained in
M Aflz]]lyl,
T = TAly[[=]] N All2])ly]-

An ideal M is a maximal ideal of A[y|[[z]] if and only if M = (M, x)Aly][[x]],
for some maximal ideal M of A[y], by Remarks 3.2.8(1). This implies that M N
Al[z])ly] = (M, z)A[[z]][y] is a maximal ideal of A[[z]][y] by Remarks 3.2.8(1).

Conversely if M is a maximal ideal of A[[z]][y] of height d + 2, then by Re-
marks 3.2.4.(4), M N Al[z]] has height d + 1 and x € M. Thus, M/(z) is a
maximal ideal of A[[z]][y]/(z) = Aly] and has height d 4+ 1. By the correspon-
dence between ideals of A[[z]][y] containing = and ideals of A[y], we see that
M/(x) corresponds to a maximal ideal M of Aly], and since (M, z) (consid-
ered in A[[z]][y]) also corresponds to M, we take M = (M, z). The upshot of
this is that a maximal ideal of A[[x]][y] of height d 4 2 has form (M, z), where
M € max(Aly)).
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Proposition 3.2.11. Let A be a Noetherian domain, let x,y be indeterminates and

let @ be a height-one prime ideal of A[[z]][y] such that @ N A[y] # (0). Then

Q = (QN Al Al[z]lly] = (@ 0 Aly)) Aly][[=]] N Al[=][y]-

Proof. Since QN A[y] is a prime ideal of Afy] and ht(QNA[y]) = 1 by Remarks 3.2.4(5),
we have (QNA[y]) Aly][[2]] is a prime ideal of A[y][[z]] of height one by Remarks 3.2.8(2).
Also QN Aly] is contained in a maximal ideal N of A[y]. Then M = (N, z) Afy][[2]] is
a maximal ideal of Afy][[z]] and (Q N A[y])AJy][[]] € M and so (Q N Aly])A[[2]][y] =
(Q N Aly)) Alyl[[z]]) N Al[2]][y] is a prime ideal of A[[z]][y] using Remarks 3.2.10(2).

Since (0) # (Q N A[y])A[[z]][y] € @ and ht(Q) = 1, we have @ = (Q N Aly]) A[[z]][y],
as desired. O

Proposition 3.2.12. Let A be a Noetherian domain, let x and y be indeterminates

and let @ be a prime ideal of A[[z]][y] such that (Q,z)A[[x]][y] # A[[x]][y]. Then

Q = (QA][[«]]) N All«]]ly].

Proof. Tt suffices to show that (Q,z) # Allz]]ly] = QA[y][[z]] € N, for some
maximal ideal N of A[y][[z]], by Remarks 3.2.10(2). Let (Q,x) = (I, x), where [ is
an ideal of Aly]. Then I is a proper ideal of Aly| since (Q,x)A[[z]][y] # Al[x]][y].
Therefore there exists a maximal ideal N of A[y| containing I. Tt follows that N =
(N, ) is a maximal ideal of A[y][[x]] that contains (I, z)Aly][[z]]. Since QA[y][[z]] C

N, we are done.

Proposition 3.2.13. Let ¢,n € Ny, let A be a Cohen-Macaulay integral domain of

dimension e, and let z,yy,...,¥y, be indeterminates.
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(1) Anideal I of A[[z]][y1, ..., Y] is a maximal ideal of height n+e+1 if and only if
I = (m,x)A[[z]][v1, - ., yn] for some maximal ideal m of Afy,, ..., y,] of height

n + e; see [8, Proposition 3.2].

(2) If m is a maximal ideal of Alyy, ..., y,] of height ¢, then (m, x)A[[z]][y1, .- ., Yn]

is a maximal ideal of A[[z]][v1,. .., ys] of height ¢ + 1; see [8, Proposition 3.2]

(3) Every maximal ideal of Afyi, ..., y,][[z]] has form (n,z) where n is a maximal

ideal of Alyi, ..., ys); see Remarks 3.2.8(1).

In case n = 0, the first item of the next proposition is given by Heinzer, Rotthaus,

and S.Wiegand in [10]. It is extended to R[[z]][y1,...,ys] for n > 1 in [8].

Proposition 3.2.14. Let e,n € Ny, let R be an e-dimensional Noetherian domain,

and let z,yq,...,y, be indeterminates.

(1) [8, Proposition 3.11] Let @ be a height-(n+-e) prime ideal in R[[z]][y1, . . . , Yn]-

If z ¢ @, then @ is contained in a unique maximal ideal of R[[z]|[y1,- .., yn]-

(2) [10, Proposition 2.4] Let P be a prime ideal of height e+n in R[y1, . .., yn][[]]-

If # ¢ P, then P is contained in a unique maximal ideal of Ry, ..., y,][[x]].

3.2.4 Counting Intermediate Prime Ideals

For A either R[[z]][y1,...,yn) Or Rly1,...,ys][[z]] and a nonmaximal prime ideal
Q@ of A with ht(Q) = dim(A) — 2, we are interested in the number of prime ideals
between () and a maximal ideal of height equal to the dimension of A.

We observe that, for certain prime ideals @ of A with ht(Q) = dim(A) — 2, there

are no maximal ideals of maximal height that contain Q.
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Remark 3.2.15. Let e and n be nonnegative integers with n +e > 2, let R
be a Cohen-Macaulay e-dimensional integral domain and let x,yq,...,7, be inde-
terminates. Let @) be a prime ideal of R[[z]][y1,...,yn] or of R[y1,...,yn][[z]] with
ht(Q) = n+e—1. In any of the following three cases, ) is not contained in a maximal
ideal of heightn + e + 1.

(1) (@, z) = (1),

(2) Every height-(n + €) prime ideal containing (@, z) is a maximal ideal, or

(3) (Q,m) = (1) for every m € max(R),

To see this, we observe that, for A = R[[z]|[y1,...,yn] or A = Ry, ..., yn][[x]],
every maximal ideal M of A having maximal height n+ e+ 1 has form M = (N, z)A,
where N is a maximal ideal of R[[yi, ..., yn| of height n + e, by Proposition 3.2.8(1)
or by Remarks 3.2.10(3). Furthermore, ht(N N R) = e, by repeated use of Re-
mark 3.2.4(4), and so m C N, for some m € max R of height e. In cases 1 or 3, if Q)
were contained in a maximal ideal M of either ring, where ht(M) =n + e + 1, then
QU{z} C Mor QUm C M would imply that 1 € M, a contradiction. In case 2,

no maximal ideal containing (@), x) is contained in a larger maximal ideal.

When R is a one-dimensional Noetherian domain and n = 1, we use Proposi-
tion 3.2.16, an adjustment of [8, Proposition 3.8, Remark 3.9], to find the cardinality
of the set of all height-two prime ideals of R[[z]][y] or R[y|[[x]] that are properly
between a height-one prime ideal ) and a height-three maximal ideal P such that

¢ Q, (Q,x)# (1), and (Q, ) is not a maximal ideal.

Proposition 3.2.16. Let e and n be nonnegative integers with n +e > 2, let R
be a Cohen-Macaulay e-dimensional integral domain and let x, vy, ...y, be indeter-
minates. Let A be either R[[z]|[y1,...,yn]] or R[y1,...,ys][[z]]. Let @ C P be prime

ideals of A with ht(Q) =n +e—1 and ht(P) = n+ e+ 1. Then Q' N P*¥ contains
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| R[[x]]| height-(n + e) prime ideals in either of the following cases:
(1) A=R[[z]lly1,---+ynl,x ¢ Q, and m € Q, for every m € max(R), or

(2) A= Rlys,...,yn][[z]] and = ¢ Q.

Proof. In either case for A, the prime ideal P has form (n, z)A, where n is a maximal
ideal of R[yi, ..., yn| of height n+ e, by Proposition 3.2.8(1) or by Remarks 3.2.10(3),
as in the proof of Remarks 3.2.15. By repeated use of Remark 3.2.4(4), there exists

m € max(R) with m = PN R. Thus ht(n) = n + e, and we have

AP = (A/(zA)/(P/(zA)) = Ry, ...,ys)/n; and R/m <= R[yi,...,yn|/n.

Let 8 := [(Hnie(A)) N (QT N PY)|, let v := |R/m| and let v, := |R[y1, ..., yn]/n|.
Then 7% = ~,% since v, = - Ny, and |A| = |R[[z]]| = 7™, by Lemma 3.2.2. Since A
is Noetherian implies every ideal of A is finitely generated, we have 3 < ™o,

Let Np,..., N, be all the minimal prime ideals of A containing (Q,x) and con-
tained in P; that is, (Q,z) € N; C P for each i. Since ht(Q) = n+ e — 1 and
Q C (Q,x), Krull’s Principal Ideal Theorem and the catenary condition of Re-
marks 3.2.1 imply ht(N;) = n + e, for each i. Since ht(P) = n + e + 1, and the
N; have height n + e, we see (n,z) = P € Ny U...UN,,.

For item 1 with A = R[[z]][y1, ..., yn], since m € Q, we have m ¢ N; for each i
andsom € NyU...UN,,. Let a € m\ (N;U...UN,,) and let C be a complete set
of  distinct coset representatives of R/m.

For item 2, with A = R[yi,...,y,][[x]], since z € Nj, for every i, we have n ¢
NiU...UN,,. Let a € n\ (N;U...UN,,) and let C be a complete set of y; distinct

coset representatives of Ryy,...,y,]/n.
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Set H = {a—l—z wizci‘wi € C}. Then H C (n,z)A = P,but a € n\(N,U...UN,,)
i=1
and so h ¢ (Q,z) for every h € H.

Claim: Let p € H,1e(A) be strictly between @ and P; that is, @ T p C P = (n,z).

Then p contains at most one element of H.

Proof. 1f p contains two distinct elements h; and hy of H, then, for h; and hy as

given below with w;,v; € C, for every ¢ € N, we have

hy = a+ZwixiEpﬂH anth::a—l—ZvixiEpﬂH;

=1 =1
hl 7é hQ = h1 — hg = Zwlxl — Zvixi = Z(wl — ’Ui>.§lfi cEp
=1 =1 =1
= hy —hy = 2" ((w; — v) + (W1 — Vi) +...) € P,

where ¢ is the smallest positive integer so that w; # v;.

Since p is prime, z € p or (w; — v¢) + (Wep1 — Vep1)x + ... € p. If & € p, then
(@Q,z) € p C (n,z), and so, since ht(p) = n + e, we have p = N;, for some i.
Then hy € N; and x € N; would imply a € N;, a contradiction to the choice of a.
Thus ¢ p. On the other hand, if (w; — v¢) + (w41 — V1) + ... € p, then, in
case A = R[[z]][y1, ..., yn), we have (w; — v;) + (W1 — vep1)T + ... € (m,x), and so
wy — v; € m, a contradiction to w; and v; in distinct cosets of m.

In case A = R[y1,...,yn][[z]], we have (w; — v;) + (wiy1 — vey1)x + ... € (N, ),
and so w; — v; € n, a contradiction to w; and v; in distinct cosets of n.

Therefore the claim holds. O

We return to the proof of Proposition 3.2.16. By Remarks 3.2.1, A is catenary.
Since A is also Noetherian, Krull’s Principal Ideal Theorem implies that there is

at least one prime ideal of height n + e between P and (Q,h) for each h € H.
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Since distinct elements of H yield distinct prime ideals in QT N P¥, there are at
least Y™ height-(n + e) prime ideals in Q" N P+, Thus 4™ < 3. Now we have

Q" N P+| = B = |R[[z]]|, and so the proposition holds. O

3.3 Maximal Ideals and j-spectra

In this section, we study the set of maximal ideals of three-dimensional mixed
polynomial /power series rings, with emphasis on the numbers of various types that

arise. We use the following setting:

Setting 3.3.1. Let R be a one-dimensional Noetherian domain with field of fractions

K and let o and y be indeterminates over K. Let A be either R[y|[[z]] or R[[z]][y].
We begin with the maximal ideals of maximal height, that is, height three.

Proposition 3.3.2. Assume Setting 3.3.1 and let M be a height-three maximal ideal
of A. Then M = (m,z,h(y))A, for some m € max(R) and some h(y) irreducible in
Rly] = R[y]/(m[y]) = (R/m)[y]. Conversely, the ideals (m, z, h(y))A are maximal and

have height three, for every m € max(R) and h(y) irreducible in R[y] = R[y]/(m[y]) =
(R/m)[y]. Thus there are |R[y]| = |R| - Ny height-three maximal ideals of A.

Proof. For R[yl][[z]], M = (M,z), where M € max(R[y]) and ht(M) = 2, by Re-
mark 3.2.8(1). By [8, Proposition 3.4], such a maximal ideal M of R[y| has the form
(m, h(y))R|y], where m € max(R) and h(y) is irreducible in R[y] = (R/m)[y]. Thus
every maximal height-three ideal of R[y|[[z]] is generated by m,z and h(y) € R[y| as
desired.

For R[[z]]ly], M = (M,z), where M € max(R[y]) and ht(M) = 2, by Re-
marks 3.2.10(3). As in the paragraph above, this implies that M has the desired

form, and so the result holds.
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For the converse, the ideal of A generated by m,z and h(y) € R[y], where h(y) is
irreducible in R[y] = R[y]/(m[y]) = (R/m)[y], are in one-to-one correspondence with
the ideals of R[y| generated by m and h(y) € R[y] via the natural map m, : A — Rly]
with kernel (z), and these are maximal ideals of R[y].

Let v denote the cardinality of the set of all maximal ideals of form (m,x,h(y))
in A. Then by the correspondence above, 7 equals the cardinality of the set of
all maximal ideals of form (m, h(y)) in R[y]. Since every ideal is finitely generated,
v < |R[y]| = |R|-Rg. Furthermore = is at least as big as the number of maximal ideals
of form (m, h(y)) in Ry| for a fixed m € max(R). Since each maximal ideal (m, h(y))
in R[y] corresponds to a height-one maximal ideal of k[y|, where k = R/m; each is
generated by an irreducible element of the PID k[y]. Thus ~ is at least the cardinality
of a complete set of nonassociate irreducible elements of k[y]. There are (at least)

\k[y]| = |R/m[y]| of these.V Hence, using Lemma 3.2.2, v > |R/m[y]| = |R[y]|, and

so we have v = |R| - Ny, as desired. O
Proposition 3.3.3. There are no height-one maximal ideals in R[y|[[z]] or in R[[z]][y].

Proof. If M is a maximal ideal of R[y][[x]], then by Remark 3.2.8(1), M = (M, z),
where M € max(R[y]). Thus ht(M) > 1, but ¢ M, and so ht(M) > 2, as desired

for R[y][[x]].
Since dim(R[[z]]) = 2, Lemma 3.2.5(2) implies that R[[z]][y] has no height-one

maximal ideals. O

3.3.1 Height-two Maximal Ideals

We consider the maximal ideals of height-two in R[[z]|[y] and R[y|[[z]]. First we

VTt is enough to prove this for a finite field k, since always {(y — @) }acr consists of nonassociate
irreducible elements and has cardinality |k|. Thus if k is infinite, then |{ nonassociate irreducible
elements }| > |k| = |k| - Xg = |k[y]|, using Lemma 3.2.2. If k is finite, it is straightforward to show
that |{ nonassociate irreducible elements }| = Rg = |k[y]|.
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prove a lemma adjusted from [10, Proposition 2.4].

Lemma 3.3.4. Let R be a one-dimensional Noetherian domain, let z be an indeter-
minate, and let ) be a height-one prime ideal of R[[z]]. If ¢ @, then D = R][[z]]/Q is
a one-dimensional local domain with maximal ideal mp that is complete with respect

to the (x)-adic topology, and so D is Henselian.

Proof. Since z ¢ @, @ is not maximal by Remarks 3.2.8(1). Thus D = R][z]]/Q has
dimension one. By [20, Theorem 8.7], D is complete with respect to the zD-adic
topology and every maximal ideal of D is a minimal prime of the principal ideal xD.
Therefore D is a complete semilocal ring. Since D is an integral domain, it is local

by [20, Theorem 8.15]. Therefore D is a Henselian local domain with maximal ideal

mp, [20, Theorem 8.3]. O

Proposition 3.3.5. Let R be a one-dimensional Noetherian domain and let x and y

be indeterminates.

(1) If R has infinitely many maximal ideals, then R[y|[[z]] has no height-two max-

imal ideals.

(2) If M is a height-two maximal ideal of R[[x]][y], then (i) ht(M N R[[z]]) = 1 and
(i) ht( M N R[y]) < 1.

(3) If M is a height-two maximal ideal of R[[z]][y] and = ¢ M, then M contains
an element 1+ zyg(z,y), for some 0 # g(x,y) € R[[z]]ly]. If P := M N R[[z]],
then D := R[[z]]/P is a one-dimensional Henselian Noetherian local domain
and M = (P, Q)R][z]|[y], where @ is the preimage in R[[z]][y] of a height-one
maximal ideal of (R[[z]]/P)[y] under the natural homomorphism 7p : R[[x]] —

D with kernel P, extended to R[[z]|[y] — Dly| by defining 7p(y) = y.
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If R has infinitely many maximal ideals and M is a height-two maximal ideal

of R[[z]][y], then = ¢ M.

If R is semilocal, then there are one-to-one correspondences among the set of
height-two maximal ideals of R[yl[[x]], the set of height-one maximal ideals of

Rly| and the set of height-two maximal ideals of R[[z]|[y] that contain z:

(max(R[y][[z]])) N (Ha(Rlyl[[]]) < (max(R[y])) 0 Hi(R[y])

& (Vafa)p) (2) N (max(R{[]][y]) N (H2(R[[z]][y])

via N = N NR[y| = N — N = (N, z)R[[z]][y].

Thus a height-two maximal ideal M of R[y][[x]] has form M = (M, z)R[y][[x]],
where M is a height-one maximal ideal of Ry|, and (M, z)R[[z]][y] is also a

maximal ideal of R[[z]][y] that contains x.

If @ € Spec(R[y][[x]]) is minimal over (yg(y) + 1) R[y][[x]], for some 0 # g(y) €
J(R)(R]y]), then @ is a height-one prime ideal of R[y|[[z]], R is semilocal and

the only maximal ideal of R[y][[x]] containing @ is (@, x).
If M is a height-two maximal ideal of R|[[z]][y] and z € M, then R is semilocal
and M = (M, x), where M is a height-one maximal ideal of R[y],

If R is semilocal,

a) Every height-two maximal ideal of R[y|[[z]] containing x contains an ele-

ment of form yg(y) + 1, for some 0 # g(y) € J(R)(R]y]), where

J(R) = Nmemax r M, the Jacobson radical of R.

b) There are |R| height-two maximal ideals of R[y][[x]].
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Proof. For item 1, if R has infinitely many maximal ideals, then R[y| has no height-
one maximal ideals by Lemma 3.2.5(2), and so every maximal ideal of R[y| has height
two. Since every maximal ideal of R[y|[[z]] has form (M, x) where M is a maximal
ideal of R[y|, every maximal ideal of R[y|[[x]] has height three.

For item 2, part i, if M is a height-two maximal of R][[z]|[y], and ht(M N R[[z]]) =
2, then M N R[[z]] is a height-two maximal ideal of R[[z]], and so the ideal (M N

R[[z]])R[[z]][y] is prime, has height two, and thus equals M, but

(M R[N R[[]ly] & (M 0 Rl[z]], y) Rl[2]]ly] # Rl[=]][y];

a contradiction to M maximal. Also, if (M N R[[z]]) = (0), then ht(M) < 1, by
Remarks 3.2.4(3). Therefore ht(M N R[[z]]) = 1. Thus item 2.i holds.

Similarly, for item 2, part ii, if ht(M N R[y]) = 2, then

M = (M Ry R[[]]ly) € (M0 Ry, ) R[[z]][y],

a contradiction to M maximal. Thus ht(M N R[y]) <1

For item 3, suppose y € M. This implies that M/(y) is a maximal ideal of
R[[z]]ly]/(y) = R|[[z]]. Thus M = (M, y), where M is a maximal ideal of R[[z]], and
so, by Theorem 3.2.9, M has height two. But then M = (M, y) has height three, a
contradiction. Thus we may assume that y ¢ M. Hence 2y ¢ M and so 1 € (M, zy).
We write 1 = f(x,y) — zyg(x,y), where f(z,y) € M and g(z,y) € R[[z]][y]. Then
f(z,y) = 14+ zyg(z,y), as desired for the first statement. (Since f(z,y) # 1, g(z,y #
0.) For the second statement we use Lemma 3.3.4.

For items 4 and 5, we see that + € M = M/(z) is a maximal ideal of
R[[z]][y]/(z) = R[y]. Thus M = (M,x), where M is a maximal ideal of R[y] and
ht(M) = 1. By Lemma 3.2.5(2), max R is finite. Thus item 4 holds.
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For item 5, if A/ is a maximal ideal of R[y|[[z]], then N = (N, z), where N is a
maximal ideal of R[y] by Remark 3.2.8(1), and then ht(/N) = 1. Using the canonical
map 7, : R[y][[x]] — Rly] with kernel (z), yields the first part of the correspondence.
The analogous canonical map 7, : R|[[z]][y] — R[y| yields the second part.

For item 6, the first statement, we have that ht(Q) < 1 by Krull’s Principal Ideal
Theorem. Since @ # (0), ht(Q) = 1. By the definition of @), we see that QN R[y] # (0)
and Q = (Q N R[y])R[y][[x]] by Proposition 3.2.11. If @ N R # (0), then ht(Q) > 1, a
contradiction. Thus QN R = (0), and so, by Lemma 3.2.5(3), QN R[y] is a height-one
maximal ideal of R[y]. By Lemma 3.2.5(2), R is semilocal. By Remark 3.2.8(1),
every maximal ideal M of R[y|[[z]] has form (M, x), where M is some maximal ideal
of Rly]. Then M C QN R[y], and so QN R[y] = M, M = (Q, z), and this is the only
maximal ideal containing Q).

For the second statement, since x € M, the image M/(x) is a maximal ideal
of R[[z]|[y]/xR][[x]]ly] = Rly] and so corresponds to a height-one maximal ideal
M of Rly]. This implies that M = (M,z)R[[z]|[y], and that R is semilocal by
Lemma 3.2.5(2).

For part a of item 7, we have from item 5 that a height-two maximal ideal N of
R[y][[z]] has form N = (N,z), where N is a height-one maximal ideal of R[y]. By
Lemma 3.2.5(3), N contains an element yg(y) + 1, where 0 # ¢(y) has coefficients in
J(R) = Numemax gM and every prime ideal @ of R[y] minimal over such an element of
R[y] is a height-one maximal ideal of R[y].

For part b of item 7, let a € J with a # 0, and, for each b € R, define the
polynomial hy(y) = ay(y — b) + 1. The ring R is infinite, because every finite integral
domain is a field. We claim that if b # ¢ € R, then at most one of h;(y) and h.(y) is
an element of a height-one prime ideal @) of R[y|. This is because such a prime ideal

@ is a height-one maximal ideal of () and has 0 intersection with R, whereas if both
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were contained in (), then

0#ay(b—c) =hy(y) —h(y) €Q = 0#b—ce RNQ,

a contradiction. Thus the number of such @ is at least |R|. On the other hand R[y]
is Noetherian and every prime ideal is finitely generated and so the number of ideals
of Rly] is at most |R[y]| - o = |R| - Vo - Xg = |R|, since R is infinite. Thus part b
holds. [

Proposition 3.3.6. For every height-one prime ideal @ of R[[z]] such that z ¢ @,
there exist |R[[z]]| height-two maximal ideals N of R][[z]][y] containing @, and |R|

height-three maximal ideals M of R[[x]][y] that contain Q.

Proof. Since @) # (x), Theorem 3.2.9 implies there exists a unique m € max(R) with
Q < (m, z)R[[z]].

For the second statement of Proposition 3.3.6, we see that every maximal ideal

of the form M = (m, z, h(y)), where the image h(y) in R[[z]][y] = R[[z]][y]/(m,z) is
an irreducible polynomial, is a height-three maximal ideal of R[[z]][y] that contains
@ and there are |R| = |R[y]| of them, as shown in the proof of Proposition 3.3.2.
Every n € max(R) with n # m is comaximal with @ by Theorem 3.2.9. Thus every
height-three maximal ideal N = (n,z, h(y)) with n € max(R) and n # m does not
contain ). Thus the M = (m,z, h(y)) as above are the only maximal height-three
ideals that contain (). Thus the second statement holds.

For the first statement of Proposition 3.3.6, by Lemma 3.3.4, D = R[[z]]/Q is a
one-dimensional Henselian Noetherian local domain. The unique maximal ideal of D
is mp = mg(m, x), where mg : R[[z]|[y] — D[y] with ker(mg) = Q.

As in the proof of Proposition 3.2.16, let C be a complete set of distinct coset
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representatives of R/m and let 0 # a € m. Let

H={h(z,y) =1+ y(a+ Z ¢ix')}e,ec C R[]][y).

=1

For convenience, let h, = a + Zf; c;z* denote the y coefficent of h € H. Notice that
if h. € Q, then 1 = —h.y + (1 + yh.), and so in this case @) is comaximal in R[[z]][y]

with the element h = 1 4 yh..

Claim 3.3.7. (1) If (h, Q)R[[z]]ly] = R[[z]][y], then h. € Q.
(2) There exists at most one h € H with h. € Q.
(3) For h#/¢ € H, and h,{ ¢ Q, (Q, h,l) = R|[[x]][y].

Proof. For item 1, we use Remark 3.2.4(6). For items 2 and 3, assume that h and ¢
are distinct elements of H with £, = a+ > ;> diz" and h = a+ >0, c;a*. Let i be

the smallest coefficient so that ¢; # d;. Then h — ¢ = y(h, — {.) and so

h—1{= d—f—z dj)x’ ") = 2'yu; = —d+z dj)a ™,

Jj=i+1 Jj=i+1

for some 7 € N. Since ¢; and d; are distinct cosets of m in R, we have ¢; — d; ¢ m and
u is not an element of (m, z)R[[x]].

For item 2, suppose that f.,h. € Q. Then x ¢ Q, y ¢ Q and (. — h. € @ imply
u € Q. However Q C (x,m), a contradiction to the above argument. This proves
item 2.

For item 3, suppose a maximal ideal M contains Q U{h}U{¢}. Then z'yu € M,
andsox e M,ye Morue M. If x € M, then M N R[[z]] is a prime ideal that
contains @ and z, and so (m,z) C M. However, also h € M = ay+1 € M,

whereas a € m = ay + 1 is comaximal with (m,x) a contradiction, and so = ¢ M.
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Suppose that y € M. Then h = 1 +yh, € M = 1 € M, a contradiction.
Finally, if u € M, we saw above that u € R[[z]], but u ¢ (m,z). By Theorem 3.2.9,
u is in no maximal ideal of R[[z]] that contains @) and thus u is comaximal with @),

again a contradiction. This proves item 3, and so the claim is proved. O]

For each h € H, except, if such an h exists, the one h such that (h,Q) = (1), let
N, be a prime ideal minimal over (@, h(z,y))R[[z]][y]. Since @ has height one and
R[[z]][y] is catenary by Remarks 3.2.1, we have ht(N}) = 2.

Every height-three maximal ideal containing @) has form (z,n,h(y)) for some
h(y) € Rly] and n € max(R), using Proposition 3.3.2. By the observation, from
Theorem 3.2.9, that every maximal ideal of R other than m is comaximal with @), the
only possible height-three maximal containing N, is (z, m, h(y)) for some h(y) € R[y].
Since each h, € (m, z), we see that h ¢ (x,m). Thus each N, is a height-two maximal
ideal and so there are at least |H| = |R/m|* = |R[[z]]| height-two maximal ideals
containing @), using Lemma 3.2.2. Since R[[z]][y] is Noetherian implies every ideal is
finitely generated, we have that the number of height-two maximal ideals containing

@ is less than or equal to |R[[z]][y]| = | R[[z]]|, and we are done. O

3.3.2 j-primes of R[[z]|[y] and R[y|[[x]]

We start with the definition of a j-prime ideal and j-spectrum of a commutative ring.
Definition 3.3.8. Let A be a commutative ring.

o A j-prime of A is a prime ideal of A that is an intersection of maximal ideals

of A;

e The j-spectrum of A is j-Spec(A) := {j-primes € Spec(A)}.
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For U a partially ordered set, we say that u € U is a j-element if u is an intersection

of maximal elements of U.

Note 3.3.9. A maximal ideal of a ring A, respectively a maximal element of a par-
tially ordered set U, is considered to be a j-prime, respectively a j-element. The non-
maximal j-primes provide crucial information for the determination of prime spectra

for our rings.
We use Setting and Notation 3.3.10 in the remainder of this subsection.

Setting and Notation 3.3.10. Let R be a one-dimensional domain and let x and
y be indeterminates. Let A be either R|[[z]|[y] or R[y|[[z]] and let @ be a height-one
prime ideal of A such that z ¢ @ and (Q,z)A # A. Set B := A/Q. Let I be a
nonzero ideal of R[y| such that (I,2)A = (Q, x)A.

Note 3.3.11. The ideal I from Setting and Notation 3.3.10 is a height-one ideal of

R]yl; that is, every prime P of R[y|] minimal over I has height one.

Proof. If I = (0), then (I,z) = (x) # (Q,x), since @ # (0) and (z) 2 Q. Thus
I # (0). Thus ht(P) > 1. Since ht(Q) = 1 and = ¢ Q, ht(I,z) = ht(Q,z) < 2 by
Krull’s principal ideal theorem because A is catenary 3.2.1. By the same reasoning,

since z ¢ P, ht(P,z) > ht(P) and so ht(P) = 1. O

We show in this subsection that the j-primes of A that contain () also contain x.
It follows that each j-prime of A corresponds to a minimal prime ideal of R[y]/I and

vice-versa. We begin to demonstrate this correspondence with the following remarks.

Remarks 3.3.12. With Setting and Notation 3.3.10, consider the following canonical
surjections:

(1) m: A— B = A/Q with ker(r) = Q,

(2) m, : A — R[y| with ker(m,) = (x).
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(i) Since @ is a height-one prime ideal of A, B is a Noetherian integral domain

with dim(B) < 2.
(ii) 7 and 7, induce natural order-preserving maps 7! and 7! on the prime spec-
tra;

=1 Spec(B) — Spec(A); 7, ! : Spec(Ry]) = Spec(A/xA) — Spec(A)

Spec(B) = Va(Q) and  Spec(R[y]) = Va(),
VR[y](I) = VA(I,I) = VA(.T, Q) = VB(JI)
(iii) Since A is catenary, the correspondences in Remark 3.3.12(ii) above imply that,
for each n < 2, the height-n prime ideals of A can be identified with the height-

(n + 1) prime ideals of A containing @ ; and the height-n prime ideals of R][y]

can be identified with height-(n 4 1) prime ideals of A containing .

(iv) For a commutative ring C' and a height-one prime ideal @ of C[[z]], the ideal
(Q,z)C[[z]] is a proper ideal of C[[z]], [8]. To see this, if (Q,x)C|[[z]] = C|[[z]],
then there exists b(z) € C[[z]] such that x(b(z)) — 1 € @, a contradiction since

br — 1 is a unit of C[[z]]. Thus (Q,z) # (1).

Proposition 3.3.13. Assume Setting 3.3.10. By Remarks 3.3.12,
(1) Spec(B/xzB) = Spec(R[y]) N (Vryy L) = Spec(Ry]/1).

(2) j-Spec(B) \ {(0)} \ {height-one maximal elements} = Spec(B/zB);
Spec(B/xB) = j-Spec(B/xB), and Spec(R|y|/I) = j-Spec(R|y|/I).

(3) The height-one prime ideals of B that contain x correspond to the height-one

prime ideals of R[y] that contain /.
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Proof. Ttem 1 follows from Remarks 3.3.12(ii). For item 2, suppose that P is a
nonzero nonmaximal height-one j-prime ideal of B. Then P is an intersection of
height-two maximal ideals of B. Every maximal ideal M of height two of B = A/Q
contains z since every height-three maximal ideal of A contains z by Proposition 3.3.2.
Thus = € P and the correspondences in Remarks 3.3.12(ii) carry P over to a unique
element of Spec(B/xB) that is the intersection of maximal ideals there, and then, as
in item 1, to a unique element of j-Spec(R|y|/I). Furthermore, if M is a height-two
maximal ideal of B, then x € M, and item 1 shows that M corresponds to a unique
maximal element of j-Spec(R[y|/I). For every element of j-Spec(R[y]/I), the steps
are reversible by Remarks 3.3.12 and we have the desired isomorphisms. Note that
R[y][[z]] has no height-one maximal ideals if max(R) = oo by Lemma 3.2.5(2).

For item 3, we observe that the nonmaximal height-one j-primes are the minimal

elements of Vp(x) by item 2. O

In the next section we describe Spec(R|y|/I), where I is an ideal of R[y] such that
(I,z) = (Q,z) and (I,z) = (@', ), as in Setting 3.3.10.

3.4 Prime Spectra for Images of R]y]

In this section we give a description and examples of Spec(R[y]/I), where R is
a one-dimensional Noetherian domain, y is an indeterminate, and I is a height-one
ideal of R[y].

In particular we show that Spec(R[y]/I) satisfies the following definition.

Definition 3.4.1. Let ¢ € Ny and let v1,...,7, be cardinal numbers. Let F' be a
finite partially ordered set of dimension at most one with ¢ minimal elements such

that every height-one element of F' is greater than at least two height-zero elements
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of F. A partially ordered set U of dimension 0 or 1 has image polynomial type
(4; (71, ,7); F), abbreviated as (IPT), if there exists an order-isomorphism ¢ :

F' — U such that, if P, P, ..., P, are the minimal elements of F"
(1) U =|Fl+m+...+7.
(2) min(U) =Ho(U) = {(P1), -, o(Pr)} -

(3) Hi(U) =Ue(P)" = o(F\{P1,...,P})U U§:1 T;, where
T, i= p(P)'\ (Uisp(P)1), that is, Lo(T}) = {p(P)}; |1 = 7.

4) {e(P1),...,p(P)} 2 {u € U | [u'] = oo, ht(u) = 0}, the set of nonmaximal

j-elements of U.
(5) For every i # j, o(P)' N p(P)" = o(P] N P]) C o(F).

Notes 3.4.2. (i) The axioms are somewhat redundant for more clarity.
(ii) If v; =  for every i with 1 < i < ¢, we abbreviate the type of the image polynomial

poset U to (¢;; F).
We record our setting for the rest of this section:

Setting and Notation 3.4.3. Let R be a one-dimensional Noetherian domain,
let y be an indeterminate, and let I be an ideal of R[y| of height one. We iden-
tify Spec(R|y|/I) with Vg, (/) and consider three categories of minimal elements of
Vi (1), namely:

Define V(1) := {mR[y| | I C mR[y],m € max R};

Vi(I) i= Ha(Rly)) O mas(R[y]) 0 Vg (1):

Va(I) = Ha(Rly)) 0 Vg (D) \ Vo(D) \ V(D).

Let Vo) :={ar, - ks VilD) ={a1s - amts V2(d) = {Gmrr, - e}
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Then Vo(I)UVi(I)UVa(I) = {qu, .- -, qe} is the set of minimal elements of Vg, (1)
and they correspond to the minimal elements of Spec(R[y|/I).

Let F' = {q1,-..,q} U {qzT N q;}1§i<j§g, a subset of Vgp,(I). For each i with
1<i<llet T =q \ (U i qJT-), the height-two maximal ideals of R[y| that contain
¢; but none of the other ¢;s. Then T; = 0 if ¢; € Vi({).

Let 7; = |T;| for each i with 1 <7 < £,

Thus Spec(R[y]/I) corresponds to F U J{T;}_;.

Proposition 3.4.4. With Setting and Notation 3.4.3, Spec(R[y|/I) is a partially

ordered set of image polynomial type (¢; (v1,...,%); F), for £, {r;}:_,, F as in (3.4.3).

Proof. Let q1,...,q,, F and T; be as defined in Setting and Notation 3.4.3. Then
Spec(R[y]/I) = FUU{T;}_, satisfies the axioms of Definition 3.4.1; that is, Spec(R[y]/I)

has image polynomial type (¢; (v1,...,7); F). ]

Remarks and Pictures 3.4.5.

(1) If Ris semilocal, with maximal ideals my, ..., mg, then V;(I) # () by Lemma 3.2.5(2).

Here is a possible picture of Spec(R[y|/I) in this case:

q3 Q4 g = my [y] go = My [y] q5 Qe

R semilocal, s =2, { =6

(2) If R is Henselian, then R is local, say with maximal ideal m and Rly| has
the special property that each nonmaximal height-one prime is contained in a

unique maximal ideal.
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Here are two possible pictures of Spec(R[y]/I) in this case:

>N

@ ¢ qa=myl @ ¢ g

R Henselian, ¢ = 6

SN

@ ¢ a=myl @ g

R Henselian, ¢ =6

(3) If max(R) is infinite, then R[y] has no maximal ideals of height one and so
Vi(I) = () by Lemma 3.2.5(2). A possible picture of Spec(R[y]/I), for R = Z,

is in Example 3.6.1.

3.5 Putting It All Together

In this section we give our main results for the spectra of homomorphic images of
three-dimensional polynomial /power series rings, over a one-dimensional Noetherian
domain, as described in the introduction.

For R a one-dimensional Noetherian domain and = and y indeterminates over R,
we give a partial description of prime spectra of homomorphic images of the mixed
power series/polynomial rings R[[z]][y] and Ry][[x]] modulo a height-one prime ideal.

In some cases, we can determine these spectra more precisely.
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Definition 3.5.4 of this section contains a general set of axioms that are satisfied by
the two-dimensional image rings of these mixed power series/polynomial rings. These
axioms hold for the partially ordered sets of prime ideals of image rings of the form
B = R[[z]][y]/Q and B’ = Rly][[x]]/Q’, where @ and @' are height-one prime ideals
of R[[x]][y] and Rly|[[z]] respectively, except for three special cases for Q): Namely,
(@, x) is a maximal ideal, (Q,z) = (1) and (Q, m) = (1) for every m € max(R); and

the analogous cases for )’. First we take care of the special cases for @ and @)'.

3.5.1 Special Cases

Definition 3.5.1. A partially ordered set U is a fan if U is one-dimensional with a
unique minimal element. This includes a partially ordered set U with exactly two

elements, one of height zero and another one of height one above the minimal element.

Theorem 3.5.2. Let R be a one-dimensional Noetherian domain and let x and y be
indeterminates over R. Let A = R[[z]][y] or R[y][[z]], let @ be a height-one prime
ideal of A, and let B = A/Q. In any of the following three cases, Spec(B) is a fan.

(i) Every height-two prime ideal of A containing (@, z)A is maximal.

(i) (@) = (1).

(iii) (@, m) = (1), for every m € max R.

Moreover, if A = R[y|[[z]], then Spec(B) is a fan with two elements.

Proof. In each of these cases, () is not contained in any height-three prime ideal of
either ring A by Remark 3.2.15. Since no maximal ideals of A have height one by
Proposition 3.3.3, every maximal ideal of A containing ) has height two. It follows
that dim(B) = 1. Since B is an integral domain, Spec(B) is a fan.

To see that there is just one maximal ideal in A/Q in case A = R[[z]][y], we use

Proposition 3.3.5(7). O
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We believe that Spec(B) is a fan with |R[[x]]| elements if A = R[[z]][y] in Theo-

rem 3.5.2. This cardinality argument is in progress.

3.5.2 The General Case of Dimension Two

Except for the special cases of Theorem 3.5.2, the prime spectra of homomorphic
images of mixed power series/polynomial rings R[[z]][y] and R|y|[[z]] by height-one
prime ideals are two dimensional and satisfy the axioms of Definition 3.5.4, if R is
a one-dimensional Noetherian domain and x and y are indeterminates over R; see
Theorem 3.5.5.

We use the following setting and notation for the rest of this section.

Setting and Notation 3.5.3. Let R be a one-dimensional Noetherian domain and
let z and y be indeterminates over R and let A = R[[z]][y] or R[y][[x]]. Let @ be a
height-one prime ideal of A such that x ¢ @, no prime ideal of height two containing
(@, x)A is maximal, the ideal (@, z)A is not all of A, and, for some m € max R, the
ideal (Q,m)A # A. Set B := A/Q, and let I be the height-one ideal of R[y| such that
(I,z)A = (Q,x)A. We refer also to Setting and Notation 3.4.3; in particular, let the

set F', the sets T; and the cardinalities ~;, for 1 <7 < ¢, be as defined there.

The axioms of Definition 3.5.4 are intentionally redundant, in order to explain the

situation in more detail.

Definition 3.5.4. Let ¢ € Ny and let €, 5,71, ..., be cardinal numbers with €,7; <
B, for each ;. Let I’ be a finite partially ordered set of dimension at most one with ¢
minimal elements such that every non-minimal maximal element of F'is greater than
at least two minimal elements of F'. A partially ordered set U of dimension 1 or 2 is

image polynomial power series of type (€ B;4; (71, -..,7); F'), abbreviated as (IPPS),
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if there exists an order-isomorphism ¢ : F' — U such that, if P, P, ..., P, are the

minimal elements of F:

(1) |U] = and U has a unique minimal element .
(2) {H1(U) Nmax(U)} =& {o(P1), ..., o(P)} € Hi (V).

(3) Ha(U) = U(P)T = (p(F)\ {@(Py), ... ¢(P)}) U {T1}L,, where each
T, = (P (Upp(P;)1) and [T3] = .

(4) {o(Py),...,p(P)} contains the set {u € U | |u'| = oo, ht(u) = 1} of nonmaxi-

mal j-elements of U.

(5) For every u € Hi(U) \ ¢(F), there exists a unique maximal element in U that

is greater than or equal to w.
(6) For every 1 <i < j < ¢, o(P) Ne(P)" = ¢(P/ N P) C p(F).

(7) For every finite nonempty subset T C Ho(U) \ F, L(T) = 0 if [T| > 1 and
|Le(T)| = B if [T] = 1.

Main Theorem 3.5.5. Let R be a one-dimensional Noetherian domain, let x and
y be indeterminates, let A be R[[z]][y] or R[y|[[z]], let @ be a height-one prime ideal
of A with @ # (z); (Q,z) # (1); no height-two prime ideal containing (@, m) is
maximal; and (Q, m) # (1), for every m € max R, set = ‘R[[w]” and let B := A/Q.
Then Spec(B) is image polynomial power series of type (¢;5;¢; (71, ..,%); F), for

F. ¢ and ~; as in Settings 3.5.3 and 3.4.3 and some cardinal number €.

Proof. To determine the type, we need F,e, ¢ and the ;. We assign € to be the
number of height-one maximal ideals of B for the generality of this theorem.
To identify the other parts of the type and check the axioms in Definition 3.5.4,

we proceed as follows: Let I be the height-one prime ideal of R[y] such that (I,2)A =
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(Q,x)A, let £ = |min(R[y]/I)|, let {q1,...,q} be the minimal elements of Vi, (I)
that correspond to min(R[y|/I) and let F' be as in Notation 3.4.3. For each ¢ with 1 <
i </, let p(q;) = P :=m(q;,x)A € Spec(B). By Remarks 3.3.12, Vg, (1) = Vg(z).
Thus the P; corresponds to ¢; via (7, (¢;)) = 7(q;, z)A = P;, where 7 : A — A/Q
and 7' : A — RJy| are the canonical surjections in Remarks 3.3.12. Similarly let
each T; g be the set of prime ideals of B containing only P; (of the elements of p(F)—
these correspond to the height-two prime ideals of R[y| such that the only element of
F' contained in them is g;.

Now let Fg = {P,,...,P,YU{P'N PjT}Z-#j, and let each v; g be the cardinality of
P\ (U#inT). Thus Fp corresponds to the set F' of Setting 3.4.3 and ~; is as defined
there.

We show that Spec(A/Q) satisfies the axioms in Definition 3.5.4.

Since Q # (z), (Q,x) # (1), (Q,m) # (1) and no height-two prime ideal con-
taining (@, m) is maximal for all m € max(R), we have A has  height-two prime
ideals containing () and contained in each height-three maximal ideal by Proposi-
tion 3.2.16. Thus Spec(A/Q) has at least J elements. Since |A|] = f and A is
Noetherian, |Spec(A)| = . Since A/Q is an integral domain, axiom 1 holds.

By Proposition 3.4.4, Spec(R[y]/I) is a partially ordered set of image polynomial
type (¢; (71,...,%); F), that is, Spec(R[y|/I) satisfies the axioms in Definition 3.4.1.
By the correspondence, Spec(A/Q) also satisfies axioms 3, 4, and 6 in Definition 3.5.4,
and also | P]| = [(q:)1] = 5.

Every height-two prime ideal N of A with ¢ N is contained in a unique maximal
ideal of A by Proposition 3.2.14. Thus, by the correspondence, for every height-one
prime ideal N of Spec(A/Q)\ ¢(F), there exists a unique maximal ideal in A/ that
contains N, that is, axiom 5 holds.

Now let T" be a finite nonempty subset of height-two prime ideals of A/Q not in
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©(F). By Proposition 3.2.16, there are  height-two prime ideals between any single
height-three maximal ideal of A and (). Then, by Proposition 3.2.14, we see that
all but finitely many of these height-two prime ideals are only in the height-three
maximal ideal. Thus |L.(T)| = g if |[T| = 1. If |T| > 1, then |L.(T)| = 0 since the
elements of T that are not in ¢(F) are the height-two elements above exactly one

minimal element of ¢(F"). This proves axiom 7. O
The following corollary follows from the proof of Theorem 3.5.5.

Corollary 3.5.6. Let R be a countable one-dimensional Noetherian domain, let z
and y be indeterminates, let A = R[[z]][y] or R[y][[z]], let @ be a height-one prime
ideal of A and let B = A/Q. Assume | max(R)| is infinite. Then Spec(B) \ {the set
of height-one maximal ideals} is determined by Spec(R[y]/I), where I is a height-one
prime ideal of R[y| such that (I,2)A = (Q, z)A.

3.6 Examples over the Ring of Integers

Example 3.6.1. For « = 2y —1)-3-(y+1)-y-(yly+1)+6)-2- 3y +1),
what is Spec(Z[[z]][y]/(z — «))? First we consider Spec(Z[y]/(«)). Note that (3,y +
1), (3,v),(5,y +2),(2,y + 1) are the only maximal ideals of Z[y| that contain two or
more of the height-one prime ideals minimal over «. This is because

(a) the sets {y + 1,y} and {2,3} are certainly comaximal in Z[y].

(b) For p a prime element of Z with p > 3, the set {y + 1,7, y(y + 1) + 6}, where

~ denotes image in (Z/p)[y], is comaximal.

(c) The set {2y — 1,3y + 1,y + 1,7} is comaximal in (Z/pZ)[y] for p > 5. To see
this, first, 2(p—1)/2 =1 = 2y—1 =y — (k—1)/2, which is comaximal with

all the other elements given, mod p. Secondly, the inverse of 3 in Z/pZ is k, where
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3<k<p-—1,since3-1#1and 3-2# 1 (mod p). Since 3y + 1=y + k in Z/pZ,
we see that it is comaximal in Z/pZ with the other elements of the set, if p > 5.

(d) For p =5,

2y—1=2y+4=20y+2)=y+2=3y+2)=By+6)=By+1)

— (5,2y—1) = (5,3y + 1).

Diagram 3.6.1.0: Spec(Zly]/(a))

That is, there is a countably infinite clump of height-one prime ideals above (2y —
1), one for each prime integer p > 7. There is an infinite clump of height-one prime
ideals above (3), one for each maximal ideal (h(y)) in (Z/37Z)[y], where (3, h(y)) is a
maximal ideal of Z[y] and (3, h(y)) is not already represented among the other height-
one prime ideals listed. The other boxes labeled “oc0” show similar sets of height-one

prime ideals.

From Diagram 3.6.1.0 we see that j-Spec(Z|[[x]][y]/(z —«)) looks like this diagram:

{(p,z,2y = 1)} {(3,2,h(y))}

R| (,2y — 1) (2,3) (x,y + 1) (z,y) (z,y(y + 1) + 6) (z,2) (,3y + 1)

Diagram 3.6.1.1: Spec(Z[[z]|[y]/(x — «))

NI N INJ| [N | IN]
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Example 3.6.2. Consider Q' = (z + 455y* + 322y + 56) in Z[y][[z]]. What is
Spec(Z[y][[x]]/Q)? Let B’ = Z[y][[x]]/Q" First note that the element z + 455y +
322y + 56 is irreducible in Zly|[[z]] since it has degree one in z. Thus Q' is a
prime ideal of Z[y|[[z]]. The minimal prime ideals of (@, z)Z[y][[x]] are (z, 13y + 4),
(x,5y + 2), (x,7) and so these correspond to the prime ideals uy := (z,5y + 2)B,
ug = (x,13y + 4)B’, uz := (z,7)B’. Thus the spec graph below shows the relations
for B'.

Diagram 3.6.2.1

3.7 Work in Progress

In future work we hope to give more details about which €, 7; and F' can occur in
the types of Spec(A/Q), for @ a height-one prime ideal of A = R[[z]][y] or R[y][[x]],
where R is a one-dimensional Noetherian domain and z and y are indeterminates.

We have the following result for A = R[[z]][y] and @) a height-one prime ideal of

R[[x]]. The proof follows from Proposition 3.3.6.

Proposition 3.7.1. If € Spec(R[[z]]) has height one, then Spec(R[[z]][y]/QR[[z]][y])
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has |R[[x]]| height-one maximal ideals. That is, Spec(R[[z]][y]/QR][x]|[y]) is image
polynomial-power series of type (|R[[z]]; |R[[z]]; ¢; (71, ..., 7e; F'), where ¢, F and each

v; are as found in Settings 3.5.3 and 3.4.3.
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Chapter 4

Fiber Products and Connected

Sums of Local Rings

The contents of this chapter are work in progress with H. Ananthnarayan and Z.

Yang:

4.1 Introduction

We start this chapter by discussing the fiber product of local rings R and S over
another local ring T', denoted R X7 S. Our main goal is to analyze basic homological
properties of fiber product rings; some of which were given in [2]. We present several
examples to illustrate the set of zero-divisors, reducedness and Cohen-Macaulayness of
such rings. These examples complement the existing literature and provide motivation
for further study of fiber product rings.

If T =k, R and S are Artinian, neither of which is isomorphic to k, then the
fiber product ring R xj S cannot be Gorenstein; see Proposition 4.2.12. Therefore

H. Ananthnarayan, L. Avramov and F. Moore, using fiber products, introduced and



74

studied the connected sum of R and S over T, denoted R#7S, and defined to be
quotients of the fiber product R x1 .S; see [2]. This construction produces Gorenstein
local rings under mild conditions. For example, if R and S are Gorenstein Artin
k-algebras, then it follows from [2, Theorem 2.8] that R#S is also Gorenstein. If
R and S are Gorenstein Artin k-algebras, and if R#;S is a nongraded Gorenstein
ring, then we prove in Proposition 4.3.12 that the associated graded ring of R#S is
a fiber product.

J. Sally, in 1979, characterized stretched Gorenstein local rings when the charac-
teristic of k is different from two [26]. J. Elias and M. E. Rossi, three decades later,
proved a similar structure theorem for short Gorenstein local rings for the case where
k is an algebraically closed field of characteristic zero [7]. In case @) is a Gorenstein
k-algebra that is either stretched or short, the structure theorems of Sally and Elias
— Rossi imply that @ is a connected sum Theorem 4.3.2. Our main result of the
last section of this chapter, Theorem 4.3.24, generalizes these structure theorems; it
shows that Gorenstein local k-algebras whose associated graded rings have certain

structures decompose as connected sums.

4.2 Fiber Products

We start with the definition of the fiber product of local rings and an example.

Definition 4.2.1. Let R, S and T' be commutative rings with ring maps ez : R — T,
and €g : .S — T. The fiber product of R and S over T', denoted R X1 S, is defined as
RxpS={(r,s) € Rx S |egr(r)=cs(s)}.

The fiber product P := R xp S is a subring of R x S and it is the pullback

of e and eg, i.e., the following diagram commutes for the natural projection maps
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pr:RxrS— Rand ps: Rxp S — S:

R
P/ \T (4.2.1)
hsﬁ

Example 4.2.2. Let R = k[X]/(X?), S = k[Y]/(Y?) and T = k, where k is a field.
Then R x5, S = k[X,Y]/(X* Y3 XY). We denote the respective images of X and Y
in R and S by z and y. The set {(1,1), (z,0), (22, 0), (23,0), (0, y), (0,y?)} is a k-basis

for R x; S and we draw the following picture to represent R xj S:

(11

(,0) (0,)
(2%,0) (0,9%)
(%,0)

R xS =k[X,Y]/(XY,X*Y?
Here vertices represent the k-basis elements and horizontal rows represent the

degrees of the monomials of R x; S. Multiplying by z takes it into the next row to

the left and multiplying by y takes it into the next row to the right.

In 1985 Ogoma explored when the fiber product of Noetherian rings is again

Noetherian. His main result is as follows:

Theorem 4.2.3. [25, Theorem 2.1] Let R and S be Noetherian rings. Set
C = er(R) Nes(S) where eg : R — T and €5 : S — T are the ring maps in

Definition 4.2.1. Then the fiber product R x1 S is Noetherian if and only if

(1) C is Noetherian;
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(2) I/I* and J/J? are finite C-modules where Ker(cp) = I and Ker(eg) = J.

Setup 4.2.4. We assume that R, S and T" are Noetherian rings with surjective maps
ep:R—T,and eg: S —T. Weset I = Ker(eg), J =Ker(eg), and P =R X7 S.

We list some basic properties of the fiber product P = R xr S also [1] and [2].

Remarks 4.2.5. With notation as in Setup 4.2.4,

(1) Rxp SCRxx; SCRxXS.
(2) For (r,s) € R xS, we have

(i) r € I if and only if s € J.

(ii) (r,0) € P and (0,s) € P if and only if r € I and s € J. Hence (I,0) and
(0, J) are ideals of P which we identify with I and J in P, respectively.
With this identification, we have I N.J =0 in P.

(iii) 7 is a unit in R if and only if s is a unit in S if and only if (7, s) is a unit

iIlRXTS.

(3) For ideals p C I and q C J, the natural projection maps R xS to R and S
induce the isomorphisms R/p = P/(p, /), and S/q = P/(I,q). In particular,
R=P/J, S=P/Tand T=P/I+J.1f S=T, then R x7 T = R.

(4) We have the following exact sequences of P-modules

ERDES

0 —=1®J —ROS——To®T —0 (4.2.2)

0— RxpS B RoS ) p g (4.2.3)
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Also 4.2.3 yields a relation between the lengths of P-modules:

AR x7 S) + A(T) = M(R) + A(S) (4.2.4)

Let (R, mg, k), (S,mg, k) and (T, mr, k) be local rings.
(5) P =R x7 S is local with unique maximal ideal:
mp =mp Xpmg = {(r,y) € mg X mg : eg(x) =c5(y)}.
(6) For (r,s) € P, (r,s) € mp = mp X7 mg if and only if r € mg and s € mg.

(7) If (0:g I) C I and (0:5 J) C J, then (0 :guys (I +J)) ={(r,s) | r€(0:r 1)},
and (0 :gxrs (L +J))={(r,s)|s€(0:5J)}.
In particular, taking I = mz and J = mg, we get

soc(R x; S) = {(r,s) | r € soc(R), s € soc(9)}.

Proposition 4.2.6. [1, Proposition 4.3] Let 7 R and Z- L35S
be such that egfr = €gfs. Then there is a ring homomorphism ¢ : 7 — R xp S

defined by ¢(z) = (fr(2), fs(2)). Furthermore,
(i) If Ker(fr) NKer(fs) =0, then ¢ is injective.

(ii) If Ker(erfr) = Ker(fr) + Ker(fs) (or Ker(esfs) = Ker(fr) + Ker(fs)), then ¢

is surjective.
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Corollary 4.2.7. [1, Corollary 4.4] Let (A, m, k) be a local ring, p and q be ideals
in A. Then

Al(pNa) = A/p Xaypiq) A/
In particular, if pNq =0, then A= A/p X 4/p1q) A/9.

Proof.  [1, Corollary 4.4] Set Z = A/(pNq), R=A/p, S=A/qand T = A/(p+q)
in Proposition 4.2.6. Note that Ker(fz) = p/(p N q), Ker(fs) = q/(p N q) and
Ker(erfr) = Ker(esfs) = (p +q)/(p N q). This completes the proof. O

As a consequence, we have a nice presentation for the fiber products of quotients

of polynomial rings over a field k.

Theorem 4.2.8. [1, Theorem 4.19] Let Z and J be ideals of the polynomial rings
k[X1,...,Xn] and k[Y7,...,Y,] over a field k, respectively. If R = k[X1,..., X,,]/Z
and S = k[Y3,...,Y,]/TJ, then

Rx, S=KXY]/(Z,J,X.Y;:1<i<m,1<j<n).
Corollary 4.2.9. [1, Corollary 4.20] If R and S are graded quotients of polyno-

mials over k, then R xj S is also graded.

Before working on the homological properties of the fiber products, we give more

examples.

Examples 4.2.10. Let k be a field.

(1) If R = k[X,Y], S = k[Z,W] and T" = k, then, by Theorem 4.2.8, we have
Rx,S=k[X,Y,ZW]/(XZ,XW,YZYW).
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(2) Let R = k[X,Y]/(XY?, X3 Y%, S =k[ZW]|/(ZW,Z? —W?) and T = k.
Then Rx S =k[X,Y, Z,W]/(XZ, XW,YZ, YW, ZW,XY? Z*-W? X3-Y?)
by Theorem 4.2.8.

(3) Let R = k[X], S = k[Y] and T = k[Z]/(Z™) where n € N and n > 2. Then
we have R x7 S = k[X,Y]/(X"Y — Y?) if we take A = k[X,Y]/(X"Y —Y?),
p=(X"-Y)and q= (Y) in Corollary 4.2.7.

4.2.1 Homological Properties of Fiber Product Rings

In this section we study some homological properties of fiber product rings. We
start by giving some information about the numerical invariants of the fiber products
which are also listed in [2]. Assume (R, mg, k), (S,mg, k) and (T, mr, k) are local

rings.

Remarks 4.2.11.  [2, Lemma 1.5] With notation as in Setup 4.2.4, the following

inequalities and equalities hold:
(1) edim(R xr S) > edim(R) + edim(S) — edim(T).
(2) dim(R xr S) = max{dim(R), dim(S)} > min{dim(R),dim(S)} > dim(7T).
(3) depth(R xr S) > min{depth(R),depth(S), depth(7") + 1} and

depth(7") > min{depth(R), depth(S), depth(R x S) — 1}.

Proposition 4.2.12.  [2, Proposition 1.7] Assume that 7" is Cohen-Macaulay and
set d = dim(7T'). The ring P := R xS is Cohen-Macaulay of dimension d if and only

if R and S are Cohen-Macaulay of dimension d. If P is Cohen-Macaulay of dimension
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d, then the following inequalities hold:

type(R) + type(S) = type(R x1 5)

> max{type(R) + type(S) — type(1), typeg(l) + types(J/)}.

If, in addition, I and J are non-zero, then R X7 S is not Gorenstein.

Remark 4.2.13. If dim(R x1 S) # dim(T"), then the Cohen-Macaulayness of R x1 S

does not imply that R and S are Cohen-Macaulay.

The next example shows that if R x¢ S is Gorenstein, then R and S are not

necessarily Cohen-Macaulay, in general.

Example 4.2.14. Let R = k[X,Y]/(Y?), S = k[X,Y]/(X2 XY) and T = k[X, Y]/
(X2, XY,Y?). Then, by Corollary 4.2.7, we have P = k[X,Y]/(X?Y) & Rx+S which
is Gorenstein. Note that dim(P) = 1 and dim(7") = 0. R and T are Cohen-Macaulay,

but S is not Cohen-Macaulay.

Proposition 4.2.15. Assume R and S are Cohen-Macaulay of dimension d. Then

R x7 S is Cohen-Macaulay <= [ is MCM R-module.
<= Jis MCM S-module.

<= depth(T) > d — 1.

Proof. 1t follows from Lemma 4.2.11 that dim(P) = max{dim(R), dim(S)}=d and

depth(P) > min{depth(R), depth(S), depth(T") + 1}

depth(7T") > min{depth(R), depth(S), depth(P) — 1}
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Thus either depth(P) = d and depth(7") > d — 1, or depth(P) = depth(7") + 1. If
depth(P) = d, then depth(7") > d — 1. If depth(P) =t < d, then depth(T) > ¢ — 1.
On the other hand, depth(P) = ¢ > min{d,depth(T) + 1}, i.e., t > depth(T) + 1.
(t > depth(7T)+ 1> (t — 1)+ 1 =t). Similarly, either depth(/) = d and depth(7) >
d — 1 or depth([) = depth(T") + 1. Therefore

depth(P) = min{d, depth(T") + 1} = depthy(/) = depthg(J).

In particular,

depth(P) =d <= depth(T) >d—1
<= depthg(l) =d

<= depthg(J) = d.

This proves the claim. O]

Recall that the type of a finitely generated module M over a local ring R is defined

as type(M) = dimy, ExtdPM) (1 M): see [6, Definition 1.2.15].

Proposition 4.2.16. Assume R and S are Cohen-Macaulay of dimension d. If P =

R x1 S is Gorenstein, then type(7') = 1.

Proof. 1t follows from Proposition 4.2.15 that depth(7") > d — 1 since P is Cohen-
Macaulay. Since P is Gorenstein, 7" cannot be Cohen-Macaulay of dimension d
by Proposition 4.2.12. Therefore depth(T") = d — 1. Consider the short exact se-
quence of P-modules: 0 - P - R® S — T — 0. Applying Homp(—, k), we see
that the sequence Ext®™ (R @ S, k) — Ext® ' (T,k) — Ext?(P,k) is exact. Since

depth(R) = depth(S) = d, Ext® Y(R @ S, k) = 0. Thus Ext® (T, k) — Ext(P, k).
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Recall that P is Gorenstein ring. Hence type(P) = 1 by [?, Theorem 3.2.10], i.e.,
dimy, Ext?(P, k) = 1. Moreover Ext®™ (T, k) # 0 as depth(T) = d — 1. This implies
that dimy Ext™ (T, k) = 1, i.e., type(T) = 1. O

4.2.2 When are Fiber Product Rings Reduced?

In this section we analyze when fiber product rings are reduced. Recall that a
commutative ring R is called reduced if it has no non-zero nilpotent elements, i.e., if
for every nonzero r € R and every positive integer n, r™ # 0, equivalently, if x € R
and 22 = 0, then x = 0. The nilpotent elements of R form an ideal of R, called
the nilradical of R. Therefore R is reduced if and only if its nilradical is the zero
ideal. For an ideal Z of R, the radical of Z, is denoted by vZ and is defined as
VI = {r € R|r" € T for some n > 0}. Also v/Z is the intersection of all prime
ideals containing Z. Moreover, R/Z is reduced if and only if Z = VT.

Throughout this section, we assume Setup 4.2.4.
Remarks 4.2.17. Assume Setup 4.2.4.
(1) For ideals I and J in P = R X7 S, we have I NJ = (0). By Corollary 4.2.7,

P/(INJ)= P2 P/J Xprss P/I. Thus

Pisreduced <= (0)=INnJ=vINJ;
Ris reduced <— J = \/j;
T is reduced <— I+ J=VI+J;

Sis reduced <= I = 1.

(2) The following statements are equivalent:
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(i) R and S are domains.
(ii) I and J are prime ideals of R xr S.

(iii) R x7 S is a reduced ring and [ and J are prime ideals of R X7 S.

Proof. 1t is clear that (iii) implies (ii), and (ii) implies (iii) since I N J = (0).
Moreover the equivalence of (i) and (ii) follows from the fact that R = P/J and

S = P/I by Remark 4.2.5(3). O

The next proposition gives criteria for fiber product rings to be reduced.

Proposition 4.2.18. Let R, S and T be local rings given as in Setup 4.2.4. Then

(i)
(i)

If R and S are reduced, then the fiber product R xr S is reduced.

If R x7 S and T are reduced, then R and S are reduced.

Proof. (i) By Remark 4.2.5(3), R= P/J and S = P/I. Since R and S are reduced,

(i)

VJ = J and VI = I. Then it follows that R x7 S is reduced since 0 = I'NJ =
VINVJI=VINJ.

Since R xp S and T are reduced, (0) = INJ = INJ = VIN+J and
[+ =T+ JbyRemark 4.2.17. Thus [®J = [+J = VT + J = VI + V7.
Note that /.J - VI+VIT implies that Vi C VI+VJI=1+J. Similarly,
VI C I+ J. Therefore VI++vJ =1+ J. Now we show J = V/J. Clearly
J C VJ. Let & € VJ. Then z € VI++/J =I+J. Write 2 = a+b where a € J
andbel Thusz—a=belCI Sincex—aecJ, bevINVI=(0),
that is, 2 —a = b = 0. Hence x = a € I. Thus J = /J. Similarly I = /T.

Therefore R and S are reduced.
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The following example shows that Proposition 4.2.18(ii) requires 7" to be reduced.

Example 4.2.19. Let A = k[X,Y,Z, W] where k is a field, X,Y,Z and W are
indeterminates. Consider the ideals p = (Z) N (X,Y?) = (XZ,ZY?) and q = (X) N
(Z,W?) = (XZ, XW?) in A. Then pNq = (XZ) and p + q = (XZ, W2X,Y22).
By Corollary 4.2.7, we have R xp S = A/(pNq) = k[X,Y, Z,W]|/(XZ) where R =
Afp = K[X,Y,Z,W]/(XZ,2Y?), S = AJq = k[X,Y,Z,W]/(XZ, XW?) and T =
Allp+q)=kX,)Y,Z W]|/(XZ,W2X,Y?Z). Here R, S and T are not reduced since
PA V= (XZYZ), q# G=(XZ,XW)and p+q#VhTq=(XZXW,YZ).
But R xp S is reduced since pNq=+/pNq.

The next example shows that Proposition 4.2.18(i) does not imply that 7" is re-
duced.

Example 4.2.20. Let A = k[X,Y] where k is a field, X,Y are indeterminates.
Consider the ideals p = (X —Y?), q = (X)in A. Then p+q = (X,Y?), pNgqg =
(X(X —Y?))in A. By Corollary 4.2.7, we have R x7S = A/(pNq) = k[X,Y]/(X? —
XY?) where R = A/p = k[X,Y]/(X —Y?), S = A/q = k[X,Y]/(X) & k[Y] and
T=A/(p+q)=k[X,Y]/(X,Y?) = k[Y]/(Y?). Note that in this example R X1 9,

R, S are reduced, but 7' is not.

Remark 4.2.21. Let (R, mg, k), (S, mg, k) and (T, mr, k) be local rings given as in
Setup 4.2.4. If P = R xr S is reduced, but R and S are not, then we can rearrange
P so that P = R’ xp S" where R’ and S’ are reduced:

By Remarks 4.2.5(3), we have R = P/J, S = P/l and T = P/(I + J). Since
R and S are not reduced, I # /I and J # v/J. Since P is reduced, 0 = I N J =
VINJT =VINVJ. Let o' =+/J, ¢ =+/I. Thus, by Corollary 4.2.7, P~ R X S’
where R' = P/p', "= P/q' and T' = P/(p' + ¢').
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4.2.3 Zero-Divisors of the Fiber Product

A zerodivisor on an R-module M is an element r € R for which there exists
m € M such that m # 0 but rm = 0. By Z(_), we denote the set of zero-divisors of
a module. In this section we investigate the set of zero-divisors of the fiber product,
P:=Rxr S, ie, Z(R xr 5).

We consider the following subsets of P:
2 ={0,j) e P|jeJ}
Z,={(i,0) e P|iel}
Z3 ={(z,y) € Pz € Z(R)\{0},y € Z(5) \ {0}}
Z,={(x,y) e P|x ¢ Z(R), 30 # k € J such that ky =0}

Zs={(x,y) € P|y ¢ Z(S), 30 #{ € I such that lx =0}

Remark 4.2.22. Clearly Z(R xr S) C Z,UZ,U 23U 2, U Z5. However this inclusion
is not an equality in general: Although Z; U Z5 U Z, U Z5 is contained in Z(R X1 5),

the following example shows that Z; may not be contained in Z(R xr 5).

Example 4.2.23. Let R = k[X,Y, Z]/(X? XY, XZ), S = k[U,V]/(U*UV) and
T = kle,8]/(€?,€6,6%). Consider the maps eg : R - T via X — €, Y ¢, Z — ¢
and eg : S — T via U +— 6, V — €. Let x,y, z,u,v denote the respective images of
X,Y,Z, U,V in R and S. Note that Ker(eg) = (y?,yz, 2?) and Ker(eg) = (v?). Here
y € Z(R) and v € Z(S). Also (y,v) € P since eg(y) = €g(v). Then (y,v) € Z;.
Suppose (y,v)(a,b) = (0,0) for some (a,b) # (0,0) in R x7S. Then ya =0 in R and
vb = 0in S. This implies that a € (x) and b € (u). Then (a,b) = (x,0) or (0,u) or

(x,u). However, none of these options belong to RxrS. Therefore (y,v) ¢ Z(RxrS).

Question 4.2.24. Let (R, mg, k) and (5, mg, k) be local rings given as in Setup 4.2.4.
IfT:l{?, then is Z(R XkS) 221UZQU23UZ4UZ57
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4.3 Connected Sums

4.3.1 Connected Sums of Local Rings over a Field

If (R,mg, k) and (S, m, k) are local rings with R # k # S, then P = R x; S is a
local ring and soc(P) = soc(R) @ soc(S) by Remarks 4.2.5(5) and Remarks 4.2.5(7).
As a consequence of this, when R and S are Artinian local rings with R # k # S, P =
R x;, S is not Gorenstein. However Ananthnarayan, Avramov and Moore construct

a suitable quotient which is a Gorenstein ring; see [2].

Definition 4.3.1. [2] Let R and S be Gorenstein Artin local rings with R #
k # S. Let soc(R) = (0r) and soc(S) = (dg). Identifying dg with (dg,0) and
ds with (0,0s), we define a connected sum of R and S over k, denoted R#S, as

R#1S = (R Xy S)/(0r — udg), where u is a unit in S.

Since connected sums are quotients of fiber products, we have the following pre-

sentation of connected sums of Gorenstein Artin quotients of polynomial rings over a

field k.

Theorem 4.3.2. [1, Theorem 4.22] Let Z and J be ideals of the polynomial rings
k[Xi,..., X and k[Y3,...,Y,] over a field k, respectively. If R = k[Xq,..., X,,]/Z
and S = k[Y3,...,Y,]/TJ, then

R#,S = (R x1, S)/(6r — udg)

= kX, Y]/(Z,T,Ar —ulg, X;Y;: 1 <i<m, 1< j <n),

where u is a unit in S, Ar € k[X] and Ag € Ek[Y] are such that their respective

images in R and S are dr and Jg.
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The following example shows that connected sums over R and S over k depend

on the unit w chosen.

Example 4.3.3. [2, Example 3.1] Let R = Q[Y]/(Y?) and S = Q[Z]/(Z?). Let y
and z denote the respective images of Y and Z in R and S. Then soc(R) = (y?) and
soc(S) = (z?). The connected sums Q; = (RXx;S)/(y*—2z%) and Qs = (Rx};,S)/(y* —
pz?) are not isomorphic where p is a prime number not congruent to 3 modulo 4. For

a proof of this fact; see [2].

Corollary 4.3.4. [1, Corollary 4.23] Let R and S be graded Artinian local
quotients of polynomial rings over k such that ¢¢(R) = ¢¢(S). Then R#;S is also

graded.

Examples 4.3.5. Let k be a field.

(1) Let R = k[X]/(X?), S = k[Y]/(Y?®) and T = k. By Example 4.2.2, we have
R xS = k[X,Y]/(XY, X% Y?). Then R#,S = (R x; S)/(X? — uY?) =
kX, Y]/(XY, X? —uY?), where soc(R) = (X?), soc(S) = (Y?), and u is a unit.

(2) Let R=k[X]/(X*),S=k[Y,Z]/(YZ,Y?—Z?%),and T = k. By Theorem 4.2.8,
we have R x, S = k[X,Y, Z]/(XY,XZ Y Z X* Y%~ Z?). Then it follows that
R#.S = k[X,Y, Z)/(XY,XZ, Y Z, X3 —uY? Y? — Z?), where u is a unit.

The following theorem is a special case of [2, Theorem 2.8].

Theorem 4.3.6. [2, Theorem 2.8] Let R and S be Gorenstein Artin local rings

with R # k # S. Then a connected sum of R and S over k is also Gorenstein.
Definition 4.3.7. Let (R, mg, k) be a Noetherian local ring.

(1) The graded ring associated to the mazximal ideal mg of R, denoted gr,, (R) (or

simply gr(R)), is defined as gr(R) = @fiom’é/m’gl.
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(2) If R = @;>0R; is a finitely generated graded k-algebra, where Ry = k and R;
consist of the elements in R of degree ¢, we define the Hilbert function of R as

Hpg(i) = dimg(R;) for i > 0. If R is not graded, we define Hg (i) = Hgp(r) (7).

Remark 4.3.8. Let us now list some notation and facts about associated graded

rings needed for the rest of this chapter.

(a) Note that for any n > 0, a minimal generating set of gr(R), = @&, mb/mii!,
the nth power of the maximal ideal gr(R); of gr(R), lifts to a minimal generating

n
set of m%.

(b) Let € R be such that x € mj \ m’f'. We define 2* € gr(R), called the initial
form of x, to be the element of degree i that is the image of z in m’/m*™!. Let
I C R be an ideal. We define I* to be the ideal in gr(R) defined by (z* : z € I).
Note that if A= R/I, then gr(A) = gr(R)/I*.

4.3.2 Properties of Connected Sums

We prove some basic properties of connected sums in this section. We begin with the

following remarks.

Remarks 4.3.9. Let the notation be as in Definition 4.3.1.

(1) If (0g) = soc(S), then (udg) = soc(S) for any unit u € S. Hence, one can write
R#1.S = (R x1 S)/(dr — &%), where (dg) = soc(R) and (d5) = soc(S).

(2) Since 0 # 0 — udg € soc(R Xy S), we have A(R#S) = MR x; S) — 1.

(3) As a consequence of item 2, we have a relation between the Hilbert functions

of R, S and R#kS HR#kS = HR—|—HS — Hk
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Proposition 4.3.10. Let R and S be Gorenstein Artin local rings with R # k # S.
Let @ = R#;S. Then Q/soc(Q) = R/ soc(R) X S/ soc(S5).

Proof. Let P = R x; S, (6r) = soc(R) and (6s) = soc(S). We know that soc(P) =
soc(R)@soc(S). Let m : P — @ be the natural surjection. Since Q = P/(0g —uds)
for some unit v € S, and A(Q) = MP) — 1, 7(dg) # 0 in Q. Hence m(dr) € soc(Q)
and dimy(soc(Q)) = 1 force soc(Q) = (7(6z)). Thus Q/soc(Q) = (R xx S)/(6r —
uds,dr) = R/(0r) xx S/(0s). 0

Lemma 4.3.11. If both R and S are Artinian k-algebras, then

gr(R x; S) = gr(R) X gr(S).

Proof. Let P = R x; S. By Remarks 4.2.5.(3), we have R = P/J, S = P/I, and
k=P/(I+J). Thusif I = (y1,...,ym) and J = (z1,...,2,), we see that mp =

*

(Y1 -+ s Yms 21, - - -, Zn) 18 the maximal ideal of P. Hence m% = (v, ..., y5, 25, ..., 2})
is the maximal ideal mg.p) of gr(P). Thus (yi,...,y;,) € I* and (2f,...,2;) C J*
forces I* + J* = myy(p). Since A(P) = A(R) + A(S) —1 and A(gr(P)) = A(P), we have
Agr(P)) = Algr(R) xx gr(5)).

Now, by Remark 4.3.8(b), R = P/J and S = P/I implies that gr(R) = gr(P)/J*
and gr(S) = gr(P)/I*. In particular, the natural projection gr(P) — k factors
through the surjective maps gr(P) — gr(R) and gr(P) — gr(S). Hence gr(P)
maps onto gr(R) xy gr(S). Since A(gr(P)) = A(gr(R) X gr(5)), we get the desired

isomorphism. O

Proposition 4.3.12. Let R and S be Gorenstein Artin k-algebras with [[(R) # 11(.5).
Then the associated ring of R#,.5 is a fiber product.

Moreover, if [I(R) and [I(S) are at least 3, @) is not a standard graded k-algebra.
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Proof. Let P = R x;, S and @ = R#S. Let soc(R) = (0g) and soc(S) = (ds).

I

Since ) = P/(0g — udg) for some unit u in S, by Remark 4.3.8(b), we have gr(Q)
gr(P)/(0r — uds)*. Without loss of generality, we may assume that [[(R) > 1I(5).
Hence (0g — uds)* = (uds)*. Thus we see that gr(Q) = (gr(R) X gr(S))/(uds)* =
gr(R) X gr(S/ds).
Finally, if lI[(R) > l(S) > 3, then gr(R) # k # gr(S/ds). Hence gr(Q) is not
Gorenstein, by Remark 4.2.1(d). Thus @ 2 gr(Q), hence @ is not standard graded.
[

The following example illustrates the situation in Proposition 4.3.12.

Example 4.3.13. Let Q = k[X,Y]/(X2% XY — Y3). Then Q is a nongraded con-
nected sum, ie., for U = X —Y2and V =Y, Q = k[U, V]/(U, V) 44 kU, V]/(U,V?)
~ KIX]/(X3)#k[X, Y]/ (X =Y2,Y?). Also we have gr(Q) = k[X,Y]/(XY, X2, Y?) =
k[X]/(X°) xx k[Y]/(Y?).

Propositions 4.3.10 and 4.3.12 lead to the following questions:
Questions 4.3.14. Let R, S and @ be Gorenstein Artin k-algebras.
(1) If Q/soc(Q) = R/soc(R) xi S/soc(S), then is Q = R#S?
(2) If gr(Q) is a fiber product, can we decompose ) as a connected sum?

One can see from Remarks 4.2.5.(3) that if P = R X, S, then R and S can
be identified with appropriate quotients of P. On the other hand, if () = R#S, in
general, it is not clear how one can recover R and .S from (). The following proposition

shows that one can do so when @ is a k-algebra.
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Proposition 4.3.15. Let R and S be Gorenstein Artin k-algebras. If Q = R#,S
with Q = kY1,..., Yo, 21, ..., 2, /1o, R = k[Y1,....Y|/Ir, S = k[Zy,...,2Z,]/Is,
then IR = IQ N /{Z[K] and IS = IQ N ]{?[Z]

Proof. By Theorem 4.3.2, we see that Iop = [g + s+ (Ar —Ag) + (YiZ; : 1 <i <
m,1 < j <n), where soc(R) = (dr), soc(S) = (ds) and Ar and Ag are the respective
preimages of 0g and dg in kY] and k[Z]. Hence it is clear that Ip C I Nk[Y] and
Is C Ig Nk[Z]. To complete the proof, it is enough to show that Io N k[Y] C Ig,
since Ig N k[Z] C Ig will follow by symmetry.

Let F(Y) € IoNk[Y]. We can write F' = F\(Y)+Fy(2)+>_ F,;YiZ;+(Ar—As)G,
where Fy € Ig, Fy € Is and Fj;, G € k[Y, Z]. Write G = G1(Y)+G2(2)+>. G;YiZ;,
where G, € kY], Gy € k[Z] and G;; € kY, Z]. Now,

Fy(Z2) + ) FyYiZj+ (G — Gi(Y)Ar — GAs = F — Fi — ApGy(Y) € k[Y].

Since every monomial in F5(Z)+ > Fi;Y;Z;+ (G —G1(Y))Ar —GAg is a multiple
of some Z;, the sum must be zero. Thus F' = Fy(Y) + Ar-G1(Y). Hence we need to
prove Agr-G1(Y) € Ig.

Write G; = ¢+ H, where H € (Y) and ¢ € k is a constant. Note that HAR € I
since Y; - Ag € IR for each 7, hence the proof is complete if we prove ¢ = 0.

Note that cAp+ArH(Y) = F—F, € Ig. Hence HAR € I C I forces cAg € Iq.
Since dr generates soc(R), Ar ¢ Ig, and hence not in Ig. Therefore ¢ cannot be a

unit, forcing ¢ = 0, as desired. O]

A question that comes up naturally at this juncture is whether the converse of the
above statement is true, i.e., if Q = k[Y, Z]/Ig is Gorenstein Artin, is @ ~ R#4S,

where R = k[Y]/Io Nk[Y] and S = k[Z]/1o N k[Z]?
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The following show that R and S defined as above are not necessarily Gorenstein
when (Q is Gorenstein Artin k-algebra. However, we have a positive answer in the

situation of Theorem 4.3.17.

klx,y, z]
($y - 237 Iga y3)
IoNkly, 2] = (v3,y*2°%,y2%, 27). Then S = k[y, z]/Ig Nk[y, z] which is not Gorenstein.

Example 4.3.16. Let () =

. Then, for I = (zy—23, 2%, 4*), we have

Theorem 4.3.17. Let Q = k[Y1,...,Y, Z1,...,Z,]/1g be a Gorenstein Artin local
ring. Let R = k[Y]/Ig and S = k[Z]/Is where I = Io Nk[Y] and Is = Io N Ek[Z].

Suppose Y; - Z; € Ig for 1 <i <m, 1 < j <n. Then
(a) R and S are Gorenstein Artin and

(b) Q= R#.S.

Proof. Note that the inclusions k[Y], k[Z] < k[Y, Z] induce inclusions R — @ and
S — (). Let y and 2z denote the respective images of ¥ and Z in the quotient rings
@, R and S.

(a) Let f € soc(R). Then Y; - F € Ir C Iy for each i, where F' € k[Y] is a
preimage in k[Y] of f. Moreover, since Y;Z; € I for each i and j, Z;F € Ig. Hence
f € soc(Q). Therefore 0 # soc(R) C soc(@)) which is a one-dimensional k-vector
space. Thus dimg(soc(R)) = 1, i.e., R is Gorenstein Artin.

We can show that S is also a Gorenstein Artin local ring by a similar argument.

(b) Let soc(R) = (dgr), soc(S) = (ds), Ar and Ag be the respective preimages of
dr and dg in kY] and k[Z]. We will show that Ip = Ip +Is+ (Y;- Z; : 1 < i <
m,1 <j<n)+ (Ar —ulg), for some unit u € k.

From the hypothesis, to prove

IR+[S+(KZ]1§Z§m,1§jSn)—F(AR—UAs)gIQ,
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we only need to prove Agr — ulAg € Ig for some unit v € k. From the proof of (a),
we note that 0 # dr € soc(Q) and 0 # dg € soc(Q). Since @ is Gorenstein, 0 = udg
in @, i.e., there is a unit u € k such that Ap — uAg € Ij.

In order to prove the reverse inclusion, consider F' € Ig. Write F' = Fi(Y) +
Fy(Z2) + > Fi;Y;Z; where Iy € kY], F» € k[Z] and F;; € k[Y, Z]. Since Y; - Z; € I
for 1 <i<m,1<j<n, F1(Y)+ F»(Z) € Ig. Furthermore, the same reason forces
YiFi, Z;F € I for each ¢ and j. In particular, Fy € (Ag) + Ig and F; € (Ag) + Is.
Note that Fy € Ir <= F, € Ig, and the proof is complete if this happens.

Let f; and fy be the respective images of F} and F» in R and S. Suppose F| ¢ Ig,
Fy ¢ Ig. Then f; € soc(R) and fy € soc(S) imply f; = urdg in R and fy = ugdg in
S for some units ug, us € k. Since 0g = uds in Q, f1 = —fo in @ forces ug = —uug.
Thus F1 —urAgr = Gy € Ir, FatuurAg = Gy € Ig. Thus F = Fy+Fo+)  F;Y.Z; =
Gh+ Ga+ > Fi;Y,Z; + up(Ag — ulAg), as desired. O

4.3.3 Decomposing a Gorenstein Artin Ring as a

Connected Sum

In this section we explore the connections between associated graded rings and
connected sums. In particular, we study conditions on the associated graded ring of
an Artinian Gorenstein ring which force it to be a connected sum.

We start with the definition of short and stretched Gorenstein rings.

Definition 4.3.18. Let (Q,mg, k) be a Gorenstein Artin local ring with Hilbert

function Hy.

(i) Wesay that Q) is a short Gorenstein ring if Hg = (1, h,n, 1), i.e., ifm?g2 = s0¢(Q).
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(ii) We say Q is a stretched Gorenstein ring if Hg = (1,h,1,...,1), ie, mé is

principal and m?é # 0.

Example 4.3.19. Let Q = k[x,vy, 2]/(zy, vz, y2z, 2% — y*,y* — 2?). Then @ is both

stretched and short Gorenstein k-algebra since Hg = (1,3,1,1).

In her paper([26]) on stretched Gorenstein rings, Sally proved the following struc-

ture theorem for stretched Gorenstein local rings (@), mg, k) when char(k) # 2.

Theorem 4.3.20. [26, Theorem 1.1, Corollary 1.2]  Let (Q, mg, k) be a stretched
local Gorenstein Artin ring of length i+ s, embedding dimension i and mg, = soc(Q)
with s > 2 and h > 1. Let @ = S/I, where (S, n) is a regular local ring of dimension

h and the characteristic of S/n is not 2. Then

Q=S/({ZiZ;|i# 5, ZY.Y' -UZ; :1<i,j <h—1}),

where n = (Y, Zy,..., Z,_1) and the U; are units in S.

In [7], Elias and Rossi proved a similar structure theorem for short Gorenstein
local rings (@, mg, k) when char(k) = 0 and k is algebraically closed. The next

theorem is a special case of their theorem in the k-algebra case.

Theorem 4.3.21.  [7, Theorem 4.1] Let (@, mg, k) be a short local Gorenstein
Artin k-algebra with Hilbert function Hg = (1,h,n,1). Then @ = R#S where R
is a graded Gorenstein k-algebra with Hg = (1,n,n,1) and S is a Gorenstein Artin

k-algebra m¥ = 0.

If @ is a Gorenstein Artin k-algebra, then in either short Gorenstein or the
stretched Gorenstein case, () is a connected sum by Theorem 4.3.2. Theorem 4.3.24

at the end of this section generalizes these two results of Sally and Elias—Rossi.
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Next we give a Gorenstein ring construction due to A. Iarrobino, [15]. He studied
a filtration of ideals of an associated graded ring, G = gr(Q), of a Gorenstein Artin

local ring @ and showed that there is a graded Gorenstein quotient of G = gr(Q).

Definition and Theorem 4.3.22. [15] Let (Q,mg, k) be a Gorenstein Artin
local ring with associated graded ring G' = gr, (@) and m¢, = soc(Q)). Consider a
filtration of ideals 0 C C(s—2) C --- C C(1) C C(0) = G, where the i graded piece

of C(a) is given by ‘
(0:0 my ) Nmf,

C a); = - - .
( ) (O :Q msQ—a—H—l) N mg—l

Then Q(0) := G/C(1) is a graded Gorenstein quotient of G with deg(soc(Q(0))) = s.

Furthermore, since C'(1); = 0 for i > s—1 by definition, Hyo) (i) = Hg (i) fori > s—1.

Remark 4.3.23. By the above discussion, using the fact that the Hilbert function

of a graded Gorenstein k-algebra is palindromic, we see the following:
(i) If @ is a short Gorenstein ring with Hg = (1,h,n, 1), then Hg = (1,n,n,1).

(ii) If @ is a stretched Gorenstein ring with Hg = (1,h,1,...,1), then Hge) =
(1,1,1,...,1).

Thus if @ is either a short or a stretched Gorenstein ring, we see that there is a

surjective map 7 : G = gr,(Q) — Q(0) such that Ker(n); = 0 for ¢ > 2.
This observation leads us to the following theorem.

Theorem 4.3.24. Let (Q),mg, k) be Gorenstein Artin k-algebra. Let 7 : G =
gr(Q) — A be a surjective map where A is a graded Gorenstein with deg(soc(A)) =
s > 3. Assume ker(m); = 0,7 > 2. Then @ = R#S where R is a Gorenstein ring

such that gr(R) = A and S is a Gorenstein ring with m? = 0.
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Remarks 4.3.25. We first make a few observations. Let the setup be as in the

hypothesis of the Theorem 4.3.24. Note that the induced map 7 : my, — m’, is an

isomorphism for 7 > 2.

()

(c)

(0:p m3)) Nmg =mg; "

Proof. Let w € (0 :¢ mp). Then m(w*) € (0 :4 m%). Since A is graded
Gorenstein, we have (0 :4 m%) = m% ' and hence m(w*) € m% . Suppose
further w € mg. Then deg(w*) > 2in G. Since 7 : G; — A; is an isomorphism

for i > 2, n(w*) € m§ !t = A, forces w* € m%?t, ie., w € mit. Thus
) A G Q

(0:q mg) Nm¢ C m¢, ", The other inclusion is clear since m¢, = soc(Q).

0 :0 m2)/m ! is annihilated by mgo and dim((0 ;o m2)/m$ ") = edim(Q) —
Q@ Q/THQ Q Q@ Q)T

edim(A).

Proof. By (a),

(0:q mg) . (0:q m,) N (0:q mg) + mg,

my 't (0:gmg) Nmp m?,

is annihilated by mg.

Let n = A(ker(r)) = edim(Q) — edim(A). Note that since (0 :o mp) is the
canonical module of Q/mf, A(0 :q m3) = MQ/mg). Also, ker(r); = 0 for
i > 2 gives A(m})) = A(m§;) = A(m},) for i > 2. Hence A((0 :q m3)/m&") =
AMQ/m3) — A(m5 ) = AQ/m) — A(A/m?), where the last equality follows

from A(m% ') = A(A/m?), which holds since A is a graded Gorenstein ring.

Thus dimy ((0 :q m3)/mg ") = M(0 :q m3)/my ") = edim(Q) — edim(A) = n.

Ifw e (0 :p m3)\m%?t, then w € mp\m2, wmg = soc(Q) and w* € soc(G)\mZ.
Q ™MQ Q Q\'MQ Q G
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Proof. If w € m3), then w € mg N (0 :q m3) = m, ! by (a). Hence w ¢ m?) and
so w* ¢ m¢,. Now w-mg, = 0 implies that wmg C soc(Q). Since Q is Gorenstein
and s > 3, soc(Q) C wmg proving wmg = soc(Q)) = mf). In particular, since

s >3, w* € soc(G) \ m%,.
We first prove the following proposition:

Proposition 4.3.26. Let (Q), mg, k) be a Gorenstein Artin k-algebra. Let 7 : G =
gr(Q) — A be a surjective map where A is a graded Gorenstein with deg(soc(A)) =
s > 3. Assume ker(m); = 0, ¢ > 2. Then there is a minimal generating set

{v1,- -, Ym, 21, .., 2o} of mg such that

(i) yiz;j =0in @ for 1 <i <m, 1 < j <n. Futhermore

(ii) (z1,...,2n) € (0:q m3) and hence for every 1 <i,j < n, zz; € soc(Q),
(i) (21,...,20) N (0:g (21,...,2,)) =soc(Q) and

(iv) m{ = (Y1, .-, Ym)" for i > 2.

Proof. By Remark 4.3.25(b), we can choose elements z1,...,2, € (0 :q m3) \I‘t‘ta—1
such that their images form a basis for (0 :o m)/m, ", By Remark 4.3.25(c), z €
mg \ mg, for each 1.
ii) Notice that 2y, ..., z, is a part of a minimal generating set of mg, i.e., z1,..., 2z,
g g Q
are linearly independent modulo mQQ. Indeed, suppose a1z1 + aszs + ... + apz, = 0
mod my). Thus > .. a;z; € m; N0 : g mg, =my, " by Remark 4.3.25(a), and hence
d mf). Thus Y 7 5N0:gmg =my " by Remark 4.3.25 d h
a;z; = 01 (0 :9g my)/m, ~. Dince 1z, . . ., 2, ¢ 18 linearly independent, a; = 0 (mo
0in (0 :o m3)/mg . Si is linearly independent 0 (mod
mg) for all i. Thus a; € mg for all ¢, proving that 2, ..., 2, are linearly independent
2
modulo m7,.
Finally, since zimé =0, z;mg C soc(Q) for each i. Hence for every 1 <i,j < n,

2izj € soc(Q).
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(iii) If w € (21,...,2,) C (0:g m3), then w-m¢, ' = 0. Hence, if w € (z1,...,2,)N
(0:q (21,1 20)), thenw € (0:q ((21,- .., z0))+m ") = (0:q (0 :q mp))) = mf since
@ is Gorenstein Artin. Thus w € (0 :q mg)Nmg = my ' by Remark 4.3.25(a). Write
w=Y ", a;z. Since w € mSQ’1 and zy,..., 2, are linearly independent modulo m$*,
a; € mg. Thus, w € (21,...,2,) - mg = mg = soc(Q). Therefore (z1,...,2,) N (0:q
(21,...,2n)) € soc(Q). Since @ is Gorenstein, the other inclusion is clear and the
equality follows, proving (iii).

(i) Since n = A(ker(m)) = edim(Q) — edim(A), we can find elements yy,...,ym €
mg \m2Q that extend zi, ..., 2, to a minimal generating set {y1,...,Ym,21,...,2n} of
mg, where m = edim(A). Now mg-(21,- -, 2,) = soc(Q) implies that A(zy,--- , 2,) =

M(z1,++ y20)/mo(z1, -+, 2n)) + 1 = n+ 1. Hence

MO g (21, 2)/m3) = A0 2 (21, -+, 2n)) — A(m2)
—MQ/ (21, 20)) — A(md)
—AQ/mE) ~ A((z1s - 20)
=1+ Amg/mj) — (n+1)

= edim(Q)) — n = edim(A) = m.

Let z1,...,2m, € 0:9 (#1,..., 2n) \mz2 be elements whose images form a basis for
(0:q (21, 20)/m3). Then z; € mg \ mg, ¢ = 1,...,m, are such that x1,...,zp,
are linearly independent modulo m3.

Fix i, 1 <i < m. Write z; = Z;n:l aijY; + > ey biwzk. I a;; € mg for every j,
then Z;nzl Q5Y;j S m?;, Co Q (21, ey Zn). Hence XT; — z;nzl a;;Y; = ZZ:l bika el Q

20, 2n) N (21, ..., 2,) = md by Claim 3. Hence x; € m2, a contradiction.
Q Q
Thus for each i, there is a j such that a;; ¢ mg. Without loss of generality,

suppose that ai; is a unit. Replace x; by z; — ailafllxl for ¢ > 2 to assume a;; = 0
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for ¢ > 2. By the same argument as above, we first assume that asy is a unit, and
hence by replacing x; by x; — ai2a2_21$2 for j > 3, can assume that a;; = 0 for ¢ > 3.

Continuing thus, we can assume that a;; is a unit for all 4, 1 < ¢ < m, and a;; = 0 for

1> 7.
We now show that (T,—i ... Tmy 2155 20) = Um—is- s Ymy 215+ -+, 2n) by in-
duction on m — 4. Let ¢ = 0. Since @, is a unit and a,; = 0 for 7 < m,

Ym = Qe Zin — (O op_y Gk bingzi). This proves the statement for the base case of

the induction.

SUppose (Tum—iy -y Ty 215+« 32n) = (Ym—is s Ymy 21y -5 2n) for 0 < i < m —
1. As before, we can show that ym_it1 € (Tm—it1s Ym—is- - Yms 21, - - -, 2n) SIDCE
Um—it1m—it1 ¢ Mg and ap—;+1; = 0 for j < m + ¢ — 1. Then induction shows that
Ym—it1 € (Tm—it1y--sTm,y21,.-.,2n). Replacing the y;’s by z;’s, we can choose y;
such that y; € 0:g (21,...,2,), le, yiz; =0for 1 <i<m, 1 <j <n.

(iv) Next we show that m{ = (y1,...,ym)" for i > 2. Since z; € 0 :¢ mg,
m(z7) € 04 m4 = m’ ' But z € mg \ m} implies that deg(z) = 1 in G. Hence
either deg(m(z})) = 1 or m(z}) = 0 in A. Since 7(z}) € m% ', deg(n(z})) # 1, forcing

m(zf) =0 in A. Counting lengths, we see that ker(w) = (27,..., 2}).

rn

Now my = w(mg) = 7(y5,..., 5, 21,...,25). Since m(zf) = 0, we have my =
(m(y}), ..., 7(yr)). Thus my = (7(y),...,7(ys,))" for each i. Since 7 : mi, — m, is
an isomorphism for 7 > 2, we have m{; = (yi,...,y;,)" and hence m, = (y1,...,Ym)’
for ¢ > 2. O

As a consequence, one can prove the following lemma, which we use in the proof

of Theorem 4.3.24.

Lemma 4.3.27. Let the notation be as in Proposition 4.3.26. Write ) = Q/IQ
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where Q = kY3, ..., Y, Z1,..., Z,) and I C (Y, Z)% Then
Iéz[};—i-(Yi*Z;,Z;ZZ:1§i§m,1§j,l{:§n)

where Iy = k[Y,..., Y] N Io.

Proof. By the above Proposition, m¢g = (y1,...,Ym, 21, ..., 2,) Where y;2; =0, 1 <
1 <m,1 <7 <n. Hence we can write () ~ Q/IQ where Q = k[Y1,.... Y, 21, ..., Zy],
Io C (Y,Z)? and Y;Z; € Ig for each ¢ and j. Hence for 1 <i < n, 1 < j <m,
Y27 € I). Also, since Ig C Ig, I C Ij).

Let 0 € (y1,...,Ym)® generate soc(Q) and A € (Yi,...,Y,,)* be its preimage in Q.
By Proposition 4.3.26(ii), z;2; = g;;0 for some g¢;; in Q. Let G;; € Q be a lift of g,;.
One can see that since A € (Yy,...,Y,)* and s > 3, Z; 75 = (Z;Z; — Gi;A)* € I for
1 <4,5 < m. Thus we have proved I+ (Y;*Z;, Z5Z; : 1 <i <m,1 < j,k <n) C I

For the other inclusion, consider F' € Ig. Write F' = Fy(Y)) + F5(Z) + F5, where
Fye (Y)kY], Fo € (Z)k[Z] and Fs € (Y;Z;:1<i<m,1<j<n)C I, Since the
set of the monomials appearing in each F; is disjoint from the set of the monomials
appearing in the other two, F'* C (Fy, Iy, F5).

Now, Fy C (Y*Z; : 1 <i <m,1 < j < n). Moreover, since F' € Iy C (Y, Z)?
we see that Fy € (Z£)°k[Z] and hence Fy C (Z7Z}; - 1 < j,k < n). If deg(Fy)* >
min{deg(Fy),deg(Fy)}, then F* € (Fy, Fy) C (Y Z:, Z7Z; 1 <i <n,1 < j,k <
m) and we are done.

Thus, in order to prove the lemma, it is enough to prove the following claim.

Claim: Suppose deg(F})* < min{deg(Fy), deg(F5)}. Then F} € I},
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Proof of Claim. Since Fy € (Z)?k[Z], there are F}; € k[Z] such that

Fy= Y F;ZiZj= Y FyZiZ - GiA)+ Y F;GyA.
1<i,j<n 1<i,j<n 1<i,j<n
We see that F, = Fy + F5, where F, = Zlgz‘,jgn Fj(Z;Z; — G;;A) € Ig and
Fs = 301 j<n FijGijA. Note that deg 5 > deg(Fy) (since deg(A) = s > 3 >
deg(ZiZ;)").
If for some k, Zj, divides Fj;Gj, then (Y)(Z) C Ig, forces F;;Gi;A € Ig. Hence

we can rewrite Fy = F. + F!', where

Zy, divides F;;G;; for some k No Zj, divides F;; G
ie., F/ € k[Y1,...,Y,]. Thus F = Fi+ F5+ Fy+ F}+ FY, where Fy, FY € k[Y1,...,Y,],
F5, Fy, Fl € Ig and deg(FY*) > deg(Fy) > deg(Fy). In other words, Iy + F! €
Io Nk[Yy,...,Y,]| = Ig and (Fy + FY)* = F}. This proves the claim and hence the

lemma. O

Proof of Theorem 4.3.24. As observed in the proof of the above lemma, we can write
Q= Q/IQ where Q = k[Y1,.... Y. Z1, ..., Z2], Io C (Y, %)% and Y;Z; € I for each
iand j. Let I = k[Y1,..., Y| N1 and Is = k[Zy,..., Z,) N Ig.

For1<i<n,1<j<m,Y;Z; €lg. Therefore, by Theorem 4.3.17, ) = R#S,
where R = k[Y1,...,Y,]/Ig and S = k[Z4, ..., Z,]/Is.

Let us first prove that m¥ = 0. Notice that by Proposition 4.3.26(ii),
Yiyoo s Yo, Z1,y . Z)? - Z; C g

for each j. Therefore (Zy,...,Z,)* C Is proving m? = 0.



Now we want to prove that gr(R) 2 A. Since G = gr(Q) /I, we have
A= G/(o, . z) 2 er(Q)/ (I + (2., Z3)).

Now, by the above lemma,
15 :IE—F(}Q*Z;,Z;Z; 1<i<n,1<j,k<m).

Hence we get

gr(R) = K[YY, .., Vi) Th = ex(Q) /(I + (Zi..... Z2)
~ ()L + (Zi,.... Z2))
=~ A,

Theorem 4.3.24 yields to the following question.

Question 4.3.28. Let @) be a Gorenstein Artin k-algebra. Assume gr(Q)) =

where either
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AXkB

(1) Ais a graded Gorenstein Artin k-algebra and B = k[Z]/(Z") with t < s — 2,

or

(2) A~ EK[Y]/(Y*) and B is a Teter ring with m%; % = 0.

Is Q = R#,S for some Gorenstein Artin rings R and S?
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