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DECOMPOSITIONS OF BETTI DIAGRAMS

Courtney Gibbons, Ph.D.
University of Nebraska, 2013

Advisors: Professors Luchezar Avramov and Roger Wiegand

In this dissertation, we are concerned with decompositions of Betti diagrams over
standard graded rings and the information about that ring and its modules that can
be recovered from these decompositions. In Chapter 2, we study the structure of
modules over short Gorenstein graded rings and determine a necessary condition for
a matrix of nonnegative integers to be the Betti diagram of such a module. We also
describe the cone of Betti diagrams over the ring k[x,y]/(z?,3?), and we provide an
algorithm for decomposing Betti diagrams, even for modules of infinite projective
dimension. Chapter 3 represents work done jointly with Christine Berkesch, Jesse
Burke, and Daniel Erman. There we give a complete description of the cone of Betti
diagrams over a standard graded hypersurface ring of the form k[z, y]/(q), where ¢ is
a homogeneous quadric. In this setting we also provide an algorithm for decomposing
Betti diagrams. In both Chapters 2 and 3, the coefficients of the decompositions

paint a picture of some aspect of the module theory over the ring.



DEDICATION

I dedicate this dissertation to Marilyn Johnson.

Botte buona fa buon vino.

il



v
ACKNOWLEDGMENTS

I offer this dissertation along with my heartfelt gratitude to my advisors Lucho
Avramov and Roger Wiegand for their guidance, patience, and support. In the cone
of tremendous and inspiring mathematicians, they each span an extremal ray. Lucho
and Roger, I have learned immeasurable amounts from both of you already, but I
think it will take my entire career to unpack all the advice you have given me. I look
forward to that immensely! I also thank my committee, Brian Harbourne, Srikanth
Iyengar, Susan Levine, and Judy Walker; special thanks to my readers, Brian and
Sri, for their comments (on the thesis and otherwise) and enormous thanks to Judy
for being an incredible role model and mentor. Judy, if I can be one iota as awesome
as you are, I will consider my career a success.

I have been lucky to have had the best officemates throughout graduate school.
The award for tolerating me the longest will have to be shared by Amanda Croll
and Nathan Corwin; they put up with me for five years. They never even redeemed
their Be-Quiet-Courtney cards! Amanda, it has been a joy to become a commuta-
tive algebraist alongside you. I look forward to our future work together, and our
lifelong friendship! Nathan, here it is: Highlight of math class:/the sun glancing off
Nathan’s/breathtaking cheekbones. Derek Boeckner, Mike Janssen, and Ben Nolting
have also survived sharing an office with me, and I've enjoyed getting to know them
and learning about all sorts of mathematics in the process. I'm especially grateful to
Ben for always taking the time to listen.

Associated with the UNL math department, I am grateful to: my friend and men-
tor Jesse Burke; those who paved the way, particularly the McCunes; my racquetball
coach and seminar buddy Ashley Weatherwax Johnson (whenever I'm nervous, I

stop being nervous and be awesome instead); all of “the beans” but especially Lauren



Keough (la alegria ya viene!); Katie Haymaker, friend, roommate, and catsitter (en
art comme en amour, ['instinct suffit); Jim Lewis for pushing me to become a better,
more dedicated teacher and for introducing me to Mary Alice Carlson and others
in NebraskaMATH; Mark Walker for the moral support and for teaching me what a
Grassmannian is; the Walker children for appreciating my fashion sense; the ladies
(and Joe) who populate the Avery Hall satellite location; Ananth, Alexandra, and
Susan; CARS; the KUMUNU and KUMUNUjr extended family; the Mathletes in-
tramural teams (Riemann Hilbert Nakayama! Mathletes spike it on yo’ mama!); the
commutative algebra community; my birthday-sister Liz Youroukos and the wholly
lovable office staff in the math department; and everyone else, too. Thanks!

In Nebraska, thanks to: the Coffee House for providing the table, caffeine, “muffins,”
and eye-candy that made this dissertation possible, and especially to my friend and
all-time favorite barista Colin; the CoHo regulars for guarding said table — thanks,
Linda and Gary!; LZT, especially Joan; FAC; the Ross; Tuesday Night Trivia; Heart-
land Temple. Thanks to Rowe Sanctuary for the conservation work that they do:
hearing and seeing hundreds of thousands of Sandhill cranes in one place at the same
time is an exceptional way to recalibrate one’s number sense. I wouldn’t have made
it through the first year without TGK, and I wish him all success and happiness
wherever he finds himself.

Thanks to my Chapter 3 coauthors Christine, Jesse, and Dan, and the AMS MRC
program for making that research possible. I owe a special thanks to Dan, who has
given me a lot of really sage advice the parts of being a mathematician that go
beyond doing the math. I am grateful to the collaborations that have grown from
my visits to MSRI — a special thanks also to my coauthors, co-conspirators, and
friends Jack and Branden, whom I look forward to working with again now that this

dissertation is written! Thanks to teachers Ken Oliver, Tasia Kimball, and Sylvia



vi

Garland at Amity High School; Marlow Anderson, John Watkins, and Amelia Taylor
at Colorado College. Thanks also to CC professors David, Jane, Fred, Mike, and
Steven, and former CC professors Josh, Travis, and Jonathan for conspiring to make
me a mathematician! Thanks to my soon-to-be colleagues at Hamilton College for the
job, but also for the unexpected but welcome support throughout these last couple
months, too. I can’t wait to join you in Clinton, NY!

I can’t thank my family enough, extended and nuclear. Thanks to Auntie Dawn
for refusing to stop calling me by my childhood nickname! Special thanks to Aunt
Sarge for the encouragement throughout graduate school. If they were alive, I would
persist in thanking Pop and Gramma daily for passing down a legacy of stubbornness
(it was so much more important than intelligence). My parents “Tommy” and Gail
Gibbons have been immensely supportive, and I can only hope to repay them in time.

Finally, and without qualification, thanks to my best friend and younger sister,
Brittney Gibbons. She’s the living proof that it’s possible to be awesome at all times

(even while stuffing a cat into a Santa costume).

When you hear music, after it’s over, it’s gone, in the air. You can never
capture 1t again.

—Eric Dolphy



Contents

Contents
List of Figures
1 Introduction

2 Short Gorenstein rings

2.1 Short Gorenstein rings of embedding dimension at least 2 . . . . . . .

2.2 Short Gorenstein rings of embedding dimension 2 . . .

3 Hypersurfaces of low embedding dimension

3.1 Quadric hypersurfaces of embedding dimension 2 . . .

3.2 Hypersurfaces of embedding dimension 1 and degree at least 2 . . . .

3.3 Multiplicity conjectures and decomposition algorithms

A Convex geometry

Index

vii

vii

viii

10
13
31

42
45
59
65

69

77



List of Figures

2.1 The poset of realization modules . . . . . . ... ... ... ... ....
3.1 The poset of degree sequences whose Betti diagrams lie in V; . . . . ..

A.1 Visual convex geometry . . . . . . . .. ...

viil



Chapter 1

Introduction

This dissertation is concerned with Betti diagrams, which encode the numerical in-
formation in free resolutions of graded modules over graded rings. In general, it is
not possible to determine exactly when a matrix of integers is the Betti diagram of
a module. But what if we're allowed to scale Betti diagrams? In 2006, M. Boij and
J. Séderberg had the novel idea to consider Betti diagrams “up to rational multiple”
[BS08]. This insight developed into a program for embedding Betti diagrams into a
rational vector space and analyzing the convex cone that they span. In this setting,
properties of the cone can be translated to properties of the Betti diagrams. For a
ring R, if we find a set of rays that minimally generate the cone, then we are able to
determine when a ray in the ambient rational vector space contains a multiple of a
Betti diagram.

Over a polynomial ring, Boij and Soderberg conjectured that special diagrams,
those with the property of being pure, generated the cone of Betti diagrams, and they
proved this conjecture for Cohen—Macaulay modules over polynomial rings in two vari-
ables [BS08]. For polynomial rings in more variables, one of the crucial breakthroughs

involved constructing modules with specific Betti numbers. With some hypotheses



on the field, D. Eisenbud, G. Flgystad, and J. Weyman constructed the modules for
an arbitrary number of variables in [EFW11]. The other crucial breakthrough was
showing that the pure diagrams generate the cone; Eisenbud and F. Schreyer proved
the conjectures in general in [ES09].

Since then, more work has been done to study Boij—-Soderberg theory over poly-
nomial rings (see, for example, [BS12, Erm09, EES11, EE12, ES10, GIM*13, McC11];
[Flp12] offers a concise expository survey). Simultaneously, many of the same players
were working to extend Boij—Soderberg theory to other graded rings, including quo-
tients of polynomial rings (see [BEKS10, BEKS11, BBCI*10,KS13]). The results in
this dissertation continue this trend; the result in Chapter 3 was the first extension
of Boij—Soderberg theory to a standard graded ring that is not a polynomial ring.
To aid the reader, we have collected the necessary results from convex geometry in
Appendix A; this appendix was originally written in slightly less generality by C.
Berkesch, J. Burke, D. Erman, and C. Gibbons for our paper [BBEG12].

From now on, we focus on modules over quotients of polynomial rings. These
rings and modules are intuitively simple to understand as they can be viewed as a
direct sum of finite dimensional vector spaces over the coefficient field, with multi-
plication following the usual conventions for polynomial multiplication. Not only do
such graded rings and modules arise in many settings, but they themselves generate
interesting questions to study. In fact, Boij—Séderberg theory was born in order to
answer one of these interesting questions about bounds on the multiplicity of Cohen—

Macaulay modules over a polynomial ring [HS98].

Next, we provide some framework for the results in this thesis. Let k be any field.

A ring R is called a standard graded k-algebra provided there are k-vector spaces



R; such that R = &P R;, and

J€Z>o
Ry=k and Rj:R{foerL

We refer to R; as the degree j component of R. Similarly, an R-module M is
said to be graded provided, for each j € Z, there exist k-vector spaces M; such that
M = @jez M;, and, for each k € Z, the R-action on M satisfies RiyM; C M;;,. We
call M; the degree j component of M.

In this dissertation, our standard graded k-algebras arise as quotients of S =
klz1,...,z,], a standard graded k-algebra whose degree j component, denoted Sj,
is the k-span of forms of degree j; monomials of degree j form a basis for S;. For
an ideal I generated by homogeneous polynomials of degree at least 2, we give the
ring R = S/I the grading inherited from S. We use the notation m = (z,...,2,) to
denote the homogeneous maximal ideals of S and R simultaneously.

We will consider only finitely generated graded R-modules. At times, it will be
useful to adjust the grading of a module, a process referred to as twisting the module.
By R(—d), we denote the cyclic, free R-module with the grading R(—d); = R;_q, and
we call this module the twist of R by —d. For example, R(—1) denotes the cyclic
free module with its generator in degree 1. For an R-module M, the twist of M by
d is the module with grading M (—d); = M;_,.

Set h;(M) = dimy(M;). Note that M; = 0 for j < 0 because M is finitely
generated and R; = 0 when j < 0. The Hilbert series of M is the formal Laurent

series

Har(s) = Z hi(M)s’.

At times it is useful to consider the coefficients of this series, which we write as a



H:lbert sequence,
Hilbg(M) = (-++ ,hoy (M), ho(M), hy(M),- - ).

A homomorphism of graded R-modules, ¢ : M — N, is said to be graded pro-
vided p(M;) C N; for all j € Z. A complex F, of graded free modules and graded

R-module homomorphisms,
Fo: 0+ R<&FR&ERE ..
is called a graded free resolution of M provided
cokerd; = M and im0;y; = ker 0;.

If im 0;,1 C mFj}, then the resolution is called minimal. Fix a minimal free resolution
F, of M with differential 0, and let € : Fy — M be the augmentation map (i.e., the
map for which ime = coker 0y). For i = 1, the first syzygy of M is the module
Syz, (M) = kere. For each integer i > 2, the i-th syzygy of M is the module
Syz;(M) = ker 0;_;. For each i > 1, there exist nonnegative integers 3; ;(M) such

that

Fi = @D R(=j)*5.

jez
The numbers f; ;(M) are independent of the choice of F,, and 5, (M) is called the
i, j-th graded Betti number of M. The number 3, ; measures the minimal number
of degree j generators of M. When ¢ > 1, the number ; ;(M) measures the minimal

number of degree j generators of the i-th syzygy module. The Poincaré series of



M is the formal power series

PM(t) = Z Z ﬁi’ijti

i>0 jEZ

with coefficients in Z[s, s7!]. A module’s Betti diagram and Poincaré series encode
precisely the same data.

In Chapter 2, we will discuss negative syzygy modules using minimal injective
resolutions. A graded R-module T is called a graded essential extension of
M provided there is a graded inclusion M < T such that U " M # 0 for every
nonzero submodule U C T. If M # T, the extension is called proper. An R-
module is said to be injective provided it has no proper graded essential extension.
The graded injective hull of M is a module that is both injective and a graded
essential extension of M. Every R-module has a graded injective hull that is unique
up to isomorphism [BH93, Chapter 3, Section 6]. A complex E* of graded injective

modules and graded R-module homomorphisms,
B o B2 E B R,

is called a minimal graded injective resolution of M provided ker ™! = im 0,
E° is the injective hull of M, and each subsequent E° is the injective hull of im &'
For each positive integer i, the negative i-th syzygy of M (also called the i-th
cosyzygy of M) is the module Syz_,(M) = im &".

Let V denote the space of column-finite Z x Zx,-indexed matrices with entries in
Q; each element of V is a map (m;;) : Z x Z>o — Q where, for fixed 4, there are only
finitely many j for which m;; # 0. Define the Betti diagram of M, denoted 3(M),

to be the matrix for which 5; ;4;(M) occurs in column ¢ and row j. This indexing



convention stems from the commutative algebra software Macaulay2 [M2] . When

displaying a Betti diagram, we use the symbol * to identify the (0,0)-th entry:

* 50,0(M) 51,1(M) ﬂz,z(M)
Boa (M) Pr2(M) B23(M)

pM) =

We say that 5(M) is pure provided that for each ¢, there exists at most one j for
which 3; ;(M) # 0; that is, each column has at most one nonzero entry. Pure diagrams
play an important role in Boij-Soderberg theory for the polynomial ring and continue
to do so in this dissertation.

At times we will wish to consider a particular type of subspace that restricts the
rows for which a Betti diagram may be nonzero. Namely, we define the subspace V..
of V to be

V,={veV]|uv,;=0unless |j—i <r}.

Definition 1.0.1. The cone of Betti diagrams over R is defined to be

Bo(R) :={ S anB(M)

R-modules M

ay € Q>0 and almost all ay, are zero} CcV;

i.e., it is the positive hull of the set of Betti diagrams of finitely generated R-modules.

In the cone Bgy(R), a ray v is called extremal if it is not a subset of the positive hull

of Bg(R) \ {v}.

We say M is an indecomposable R-module if it is nonzero and cannot be writ-
ten as a direct sum of two nonzero R-modules. When M = &,N, &‘) is a decomposition
of M into indecomposable modules N(y), we refer to a, as the multiplicity of N in

the decomposition of M (or simply as the multiplicity of N in M; when the



Krull-Remak—Schmidt theorem applies, this number is independent of the decompo-
sition of M). Observe that S(M & N) = B(M) + B(N); therefore, if 5(M) cannot
be expressed as a nonnegative integer combination of Betti diagrams of two or more
nonzero modules, then the module M itself must be indecomposable. This interplay
gives some idea of the interplay between representation theory for modules and an
analogous theory for Betti diagrams; however, there is one big difference. Represen-
tation theory for modules is very hard, while understanding the decomposition of
Betti diagrams has moved rather quickly. For example, there is no hope of classifying
k[z, y]-modules up to isomorphism, but Bg(S) has a simple and elegant description:
the extremal rays of the cone are exactly the rays spanned by pure Betti diagrams of
Cohen—Macaulay S-modules, as shown in [BS12].

In Chapter 2, we study Betti diagrams over short Gorenstein standard graded
k-algebras. A standard graded k-algebra is called short provided R3 = 0. These
short Gorenstein rings are Koszul, meaning that the minimal free resolution of k is
linear (that is, the Betti diagram of k occupies a single row). The aim is to determine
information about indecomposable direct summands of modules with a given Betti
table. Some of these summands are directly recoverable from the Betti diagram (see,
for instance, Theorem 2.1.10), while some can at least be said to appear at most a
specified number of times (see, for instance, Proposition 2.2.1). In the same chapter,
we also study the cone of Betti diagrams over short Gorenstein rings of embedding
dimension 2 from the point of view of Boij-Soderberg theory. That is, we find the
extremal Betti diagrams that span the cone and describe a decomposition algorithm
for writing any Betti diagram as a nonnegative combination of the extremal Betti
diagrams.

Chapter 3 represents work done jointly with Christine Berkesch, Jesse Burke, and

Daniel Erman. In that chapter, we study a class of quadric hypersurfaces. A degree



d hypersurface is a ring of the form R = S/(f) where f is a single homogeneous
polynomial of degree d. When d = 2, the hypersurface is called quadric. Like
free resolutions of modules over polynomial rings, free resolutions of modules over
hypersurfaces exhibit certain behaviors that are well understood. Consider a degree
d hypersurface R and an R-module M. The main result of [Eis80] is that there exists
a free resolution F, of M where F; = F;,5(d) and 0; = 0;4o for all i > depth(R) + 1.
We show this explicitly in Chapter 3 using a construction due to [Sha69]. Compare
this result to Hilbert’s syzygy theorem, which states that over a polynomial ring S,
every module has a finite free resolution of length at most depth(S). The interplay
between resolutions of an R-module over S and R plays a key role in Chapter 3.

In each cone we study throughout this dissertation, the extremal rays form a subset
of the set of rays spanned by pure diagrams. This is not the case for every cone,
as evidenced by the following proposition. In particular, the following proposition
indicates that considering hypersurfaces of degree greater than 2 will introduce a new

set, of obstacles to overcome.

Proposition 1.0.2. Let R = k[xy,...,2,]/(f) be any hypersurface ring with n > 1

and deg(f) > 2. Then (k) is not pure, yet it lies on an extremal ray in Bo(R).

Proof. In [Tatb7], J. Tate provides a construction for the minimal free resolution
of k over R. In this construction, since deg(f) > 2 and n > 1, the second syzygy
module Syz,(k) has minimal generators in degrees 2 and deg(f) — 1, so (k) is not
pure.

We next claim that, if M is any module generated in degree 0, then [y 1(M) <
n - Boo(M), with equality if and only if M is a direct sum of copies of k. To see this,
we first set @ = [po(M). Since the degree 1 component of Syz,(M) is a [y1(M)-

Y

dimensional k-vector subspace of R{, the inequality follows. Now, if M = k*, then



equality holds since f ;(k) = n. Conversely, if 8;1(M) = n - a, then each generator
of M is annihilated by m, and so M = k®.
Finally, to see that §(k) is extremal, suppose that f(k) = ). a;3 (M(i)) for finitely

many R-modules M;y and positive rational numbers a;. This implies that

Z aifoo (M@)) = Boo(k) = 1.

Using this, and the claim above, we have
n = 51,1(]]&) = Zaiﬁm (M(i)) < Znaiﬁo,o (M(i)> =N

and so Y a;f11 (M(i)) = > na;Boo (M(Z-)). Since 1 (M(i)) < nfyo (M(i)) for all 1,

we must have equality, and so each M; is a direct sum of copies of k. O
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Chapter 2

Short (Gorenstein rings

In this chapter, we focus our attention on short Gorenstein rings, which were first
studied by G. Sjodin in [Sj679]. More recently, L. Avramov, S. Iyengar, and L.
Sega studied these rings in the papers [AIS08] and [AIS10]. Recall that a standard
graded k-algebra R is called short provided R3 = 0. When R is short and Gorenstein
with embedding dimension e > 2, it follows that R is completely determined by the
multiplication Ry x Ry — R,. Classifying short Gorenstein rings, then, is equivalent to
the classification of quadratic forms [Jac85, Section 6.3]. Thus, when k is algebraically
closed and chark # 2, every short Gorenstein ring with embedding dimension e is
isomorphic to the ring
k[z1,..., 2]/ (2 —x?,ximj [1<i<j<e).

For any ring R, a nonzero R-module M is said to be linear provided there exists
an integer d for which f; ;(M) = 0 whenever j — i # d; that is, the nonzero entries of
B(M) are concentrated in a single row. A linear module for which d = 0 is said to be

Koszul. If a module isn’t linear, it is said to be nonlinear. Over short Gorenstein
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rings, the nonlinear indecomposable modules are exactly those modules that have a
twist of k as a syzygy (see [Sj679] and [AIS08]).

This chapter proceeds as follows. In Section 2.1, we record results about inde-
composable modules from [Sj679] and [AIS08]. Then we obtain information about
the indecomposable summands of a module from its Betti diagram. Sjodin’s shows
that every R-module has a rational Poincaré series, and in fact, that each Poincaré
series can be written as a rational function with a fixed denominator determined by
e alone. This observation underpins our work. The behavior of the Betti numbers of

nonlinear indecomposable modules is also crucial to this endeavor.

2 2

For example, over R = K[z, vy, z]/(2* — v*, 2% — 2, 2y, 12, y2), we will be able to
compute that the module (Syz_,(k)) (—3) is generated in degree 0 and has the Betti

diagram

- — 1 3 ... Bn,n (]k)

Observe that the nonzero Betti numbers move from row 0 to row 1. In fact, for each
n > 1, Syz_, (k)(—n — 1), has nonzero Betti numbers exactly in row 0 for columns 0
through n — 1 and row 1 for columns n and higher. We exploit this behavior later.
In Section 2.1 we also consider indecomposable linear modules. In particular, given
the Hilbert series of a linear module, we can determine if it is negative syzygy of some
ideal generated by linear forms. For example, over the ring above, we’ll see that a
module generated in a single degree with Hilbert series 2 4 5s is indecomposable, is a
negative syzygy of an ideal generated by a single form, and is linear. Unfortunately,

in general we can’t determine when a linear module is indecomposable by its Hilbert



12

series alone. For example, over the same ring the modules M = Syz, (k), N = k(—1),
and L = (Syz,;(zR)) (1) have Hilbert series Hp(s) = 3s + s?, Hn(s) = s, and
H1(s) = 25+s?. These modules are linear (see Remark 2.1.1(iv)) and indecomposable
(because they are cyclic or syzygies of cyclic modules), but Hys(s) = Hyar(s).

In Section 2.2, we focus on short Gorenstein rings with embedding dimension
e = 2 and the cone of Betti diagrams over such a ring. When k is algebraically
closed and of characteristic other than 2, R = k[z,y]/(2?, y?), and this ring and its
indecomposable modules have been thoroughly studied. Both L. Kronecker and K.
Weierstrass are credited with classifying the indecomposable modules over this ring by
classifying pairs of commuting matrices of square zero [Kro74, Wei68], and the reader
may turn to J. Dieudonné [Die46] for a more modern treatment. As in the main
results of Boij—Soderberg theory for the standard graded polynomial ring [ES09], we
drop the assumptions on k and prove that Bg(R) has a simplicial fan structure (see
Theorem 2.2.9).

Something interesting to note about this cone is that, for a nonzero linear form
f, the modules (R/(f)) and k are both pure and have linear free resolutions with the
same twists in each homological degree; in the parlance of Boij—Sodeberg theory, we
say that they have the same degree sequences (see Definition 2.2.6). However, their
Betti diagrams are not scalar multiples of one another. In the case of a polynomial
ring or a hypersurface, each Betti diagram that spans an extremal ray is uniquely
determined by its degree sequence and the assumption that some module with the
given degree sequence is Cohen—Macaulay. Meanwhile, for short Gorenstein rings with
e = 2, the modules above show that degree sequences are too coarse to identify Betti
diagrams spanning extremal rays. Indeed, we need Betti diagrams that represent the
two possible kinds of Betti number growth over this ring: Betti numbers that are

constant and Betti numbers that grow linearly.
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2.1 Short Gorenstein rings of embedding
dimension at least 2

Let k be a field and let R be a short Gorenstein graded k-algebra of embedding
dimension e > 2. The Hilbert series of R is Hg(s) = 1+ es+ s?. This ring is Koszul;
that is, k is a Koszul R-module. We begin by recording some of the structure of

modules over short Gorenstein rings.

Remark 2.1.1 ([Sjo79, Lemma 3|,[AIS08, Theorem 4.6]). Set the notation

cm = (Syz_,(k)) (—n — 1), and let

K®9 denote a Koszul module with Hilbert series p + gs.

For an indecomposable R-module M, the following statements hold:
(i) If M is free, then M = R(—j) for some j.

(ii) If M is linear and nonfree, then there exist nonnegative integers p and ¢ such

that M = K®9(—j) for some j € Z.

(iii) The module M is nonlinear if and only if M is isomorphic to C'™(—j5) for some

n>1and j€Z.
(iv) If n > 1, the module M is isomorphic to C™(—j) if and only if M has Hilbert

series Hyr(s) = bp_18” + b,s' ™!, where the sequence (b, )nez is defined via

0, n < 0;
b, = (2.1.A)
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Example 2.1.2. Many non-isomorphic modules may be labeled K™, Consider the
ring R = K[z, vy, 2| /(x*—y?, 2*—2*, xy, 2, yz). The modules Rz (1) and Ry(1) are both
indecomposable and nonfree, and both have Hilbert series 1 4+ s. By Remark 2.1.1,
they are both Koszul, and both are labeled KV, These modules aren’t isomorphic,

however, because y annihilates Rx(1) but not Ry(1).

Lemma 2.1.3. Over a short Gorenstein ring R, every module M has a direct sum

decomposition

M — @ (Rrj @ KWPi) g GB (C(n))c’“j) (—7). (2.1.B)

n>1
Moreover, the numbers r;, p;, q;, and ¢, ; are uniquely determined.

Proof. The Krull-Remak—Schmidt theorem applies to short Gorenstein rings [Ati56,
Theorem 1] (see also [Yos90]), so each R-module M is uniquely a direct sum of in-
decomposable R-modules. We see from Remark 2.1.1(i)-(iii) that this decomposition
uniquely determines the numbers r; and ¢, ; for all n > 1 and j € Z. Taking the
direct sum of all nonfree, linear indecomposable modules generated in degree j, we
obtain a module K ®i%)(—j) where p; and g; are uniquely determined. O

In the next few pages, we define the building blocks for Poincaré series of R-
modules and provide some structural results about the Poincaré series of the modules

appearing in the right hand side of (2.1.B).
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Definition 2.1.4. Define the rational functions f and g in Q(s,t) by

1
S = et (21.0)
! 2
e =
(1—st)’ ’
g= (2.1.D)
t

I € = 9;
1 — est + s2t2

For n > 1, let 0,(t) and p,(t) denote the unique polynomials in Q(s)[t] such that
sV = 0,,(1)(1 — est + s*t%) + p,(t) with deg, p, < 1 (these polynomials exist and
are unique by the Euclidean division theorem). Recall the sequence (by,)nez defined

in Equation (2.1.A), and define

B (t) = bos™ "1 £ by s "2 b by O, (1), (2.1.E)

Each polynomial h,,(t) has t-degree n — 1.

Remark 2.1.5. From [Sj679, Lemma 5|, we have Py(t) = f, and the sequence (b,)
satisfies the recursion b,y = eb,, — b,_1 for all n > 0.

Using homological arguments, Sjodin shows the recursion directly to conclude that
Px(t) = f. Indeed, these conditions are equivalent. We have »_ -, b,s"t" = f if and
only if

Z bps"t"(1 — est + s*t?) = 1.

n>0
Compare s"t" coefficients on each side. The above equation holds exactly when

b, — eb,_1 + b, =0 for n > 2 and by — eby = b_; (since b_; = 0).

Lemma 2.1.6. The rational functions f, g, and h,, n > 1, are linearly independent
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over Q(s). For each n > 1, h,(t) is in Q[s,t]. There is an equality

s-f—mns-g, e =2,

pn<t>
1 — est + s2t2 - (2.1.F)

—by—os- [ +by15*-g, e>3.
Proof. Define G,,(s,t) = s"1" — b, _15%*t + b,_»s. We claim % is in Q[s, t].
Observe that Gy(s,t) = 0 and Gy(s,t) = s(1 — est + s*t?), so the claim holds when
n = 1 and when n = 2. Fix n > 3, and assume the claim for all £ < n. In
the induction step, we’ll use that b, 1 = eb, o — b, 3 and b, o = eb,_3 — b,_4 by

Remark 2.1.5. Now we have

Grn(s,t) = s"TH" — b,_15%t + b,_gs
= (s"TH" —es"t" T+ ") st — $P T — by SPE + byas
= " H"2(1 — est + s7t?)
+es™t"t — g2 (eby,_g — by _3)st + (€by_3 — by_4)s
= """ 2(1 — est + s7t?)
+ e (s"" T = byaS’t + by_3s) — (8" " = byt + by_4s)

= 5" 121 —est + s%2) + €Groi (5, 1) — Groal(s, 1),

and each term is divisible by 1 — est + s?t? (in Q[s, t]). This proves the claim. Now,

Gn(s,t)

Sn—l—ltn —
1 — est + s2t2

(1 — est + %*t%) 4 b,_15*t — by,_3s,



17
so by the uniqueness of 6, (t) and p,(t),

Gn(s,t)

= T eat oz Qs fland () = buoas’t = bo-os.

0 (1)

Therefore h,(t) € Q[s,t] and, moreover, when e > 3, (2.1.F) follows immediately.
When e = 2, a trivial induction using Remark 2.1.5 yields b,_1 = n and b,,_o =n—1.
Then p,(t) = ns’*t — (n — 1)s = s — ns(1 — st), so (2.1.F) holds for e = 2.

Finally, we address the linear independence of f, g, and h,, n > 1. When e = 2,
the polynomials (1—st)?f, (1—st)?g, and (1 — st)%h,(t) have t-degrees 0, 1, and n+1
respectively, so they are linearly independent over Q(s). This implies f, g, and h,(t),

n > 1, are linearly independent over Q(s). A similar argument holds for e > 3. O
Lemma 2.1.7 (Poincaré series and Betti numbers of special modules). We have the
following equalities

Pr(t) = hi(t) = L; (2.1.G)

r—q)-f+q9, e=2,
Prw.a) (t) = (2.1.H)

p-f—qs-g, e>3;

and, for each n > 1,

s-f—mns-g, e =2;
Pow (t) = hy(t) + (2.1.1)
—bp_o5- f+b,_15° g, e > 3.
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Furthermore, for a module K®9

pby — qbn1, Jor allm > 0;
ﬂn,n(K(pg)) == (21J)

P11 (KPD) — B, 5, _o(KPD) for alln > 2.

Finally,
(
bn_i_1, 1 <mnandj =71
5¢,j<c(n)) =93 bi_n, t>nandj =1+ 1; (2.1.K)
\O, otherwise.

Remark 2.1.8. If M and N are R-modules and N = Syz, (M), k > 0, then

Bij(N) = Biyk;(M), and

FPn () =D Bij(M)s't

i>k g

Proof of Lemma 2.1.7. Formula (2.1.G) is clearly true, and (2.1.H) is known (see
[AIS08, Proposition 3.1]). Next, we prove (2.1.J). We claim Pyw.q (t) = (p —gst) - f.

This is clear from (2.1.H) when e > 3, and when e = 2,

Proa(t)=@P—q) - f+q-9=@p—q+(1—st)g) - f=(p—qst)- [

Set 3, = 5n,n(K(p’Q)); since K™% has a linear free resolution, Py . (1) = ano B,s"t".

Moreover, since f = Py(t) =), b,s"t",

Z Bns"t" = (p — gst) Z bys™t".

n>0 n>0
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Comparing coefficients of s"t", we obtain f,, = pb, — ¢b,—1. For n > 0, 5, =
pb, — qb,_1, and our desired recursion follows from Remark 2.1.5. Therefore (2.1.J)

holds. In particular,
p=Boo(KPD) and g =efyo(KP?) — B (KPD). (2.1.L)

For (2.1.I), we use that the minimal free resolution of C™ is obtained by splicing
together a minimal injective resolution of k(—n — 1) and a minimal free resolution of

k(—n —1):

e R(l)bn - R(O)bn—l R R(_n + l)bo - R(—’n, _ 1)b0 PR
~ v ~ —

o)
o T 0 I

From this resolution, (2.1.K) is clear, and

Pc(n) (t) = bn—l + bn_gst + -+ boSn_ltn_l -+ tnpk(,n,l)(t)
Sn—l—ltn

=b,_ bp_ost+---+b L —
1 On—28T Ao 4 Dos +1—est+32t2’

where the second equality follows from Remark 2.1.8. From here, (2.1.I) follows from

the fact that Py(t) = f. O

Proposition 2.1.9. Fiz a Betti diagram (5 and suppose M is any R-module with
B(M) = . Write M as in Lemma 2.1.3:

M= (R’"J‘ @ K% o (C(">)c"‘j> (—4)-
J

n>1

For allm > 2 and j € Z, the numbers r; + c1, Cnj, pj, and qj — ¢1j—1 are uniquely



determined by B, and we have the following equations:

When e = 2,

Pul(t) = Z(rj +c14)8 + Z Zcmsj < hy(t)

j i n>2
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+ Z (pj — g+ ch,j1> s f+ Z (QJ - chn,jl) s’ g, (2.1.M)

n>1 n>1

and when e > 3,

PM(t) = Z(Tj + Cl,j)Sj + Z ZCnJ‘Sj : hn(t)

J j n=>2

J n>1 n>1

Define { = maxjez {; where

0, Cn,j =0 for alln > 1,
KA:

J
max{n | c,; # 0}, otherwise,

The (-th syzyqy of M decomposes as a direct sum of linear R-modules.

Proof. Equations (2.1.M) and (2.1.N) follow from taking the Poincaré series of the
right hand side of Equation (2.1.B). By Lemma 2.1.6, the coefficients «, v, d,, in Q(s)

of f, g, and h,(t) respectively are uniquely determined. Without loss of generality,

+ Z (pj - Zcmj—lbn—Q) s f+ Z (Z Cnyj—1bn—1 — qj) sth.g. (2.1.N)
' J

we may assume that M is generated in nonnegative degrees. Then «, v, and J,, are

each in Q[s]. Subsequently, the coefficient of s? in each of «, v, and ¢, is uniquely

determined. This proves that, for all n > 2 and j € Z, § determines the numbers

r;+C1j, Cnj, Pj, and ¢; — ¢1 j—1 (note that in the coefficient of f in (2.1.N), the term

Cn,j—1bn—2 1s zero when n = 1).



21

For all n < ¢, the (-th syzygy of C(™(—j) is a linear module, so the (-th syzygy

of every indecomposable summand of M is linear. O

Theorem 2.1.10. Let R be a short Gorenstein graded k-algebra of embedding dimen-
sion e > 2. Let M be a finitely generated R-module with no non-zero free summand,

and set

u = min{j| M, # 0},
v = max{j|M; #0}, and

w = max{n

bp—1 < max {BOJ(M)}} for the sequence (by,) defined in (2.1.A).
J

Each one of the following sets of data determines the others:
(i) The Betti diagram (M ).

(i) The Betti numbers
{Bz‘,j(M)‘OSiSw—f—l,ugj_igv_kl}'

(111) The numbers c, ;, p;, and q; in Equation (2.1.B) for all integers j and positive

integers n.

The module Syz,,(M) is the direct sum of linear modules:

v+14w
Syz,,( @ K5 ‘13 ), where

Jj=u+w

P; = Buwi(M) and (2.1.0)

;= eBui(M) = But1,j41(M).
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Furthermore,

w—1 v+1+4

Pu(t) =Y D Bij(M)s't + t"Psy, ) (8). (2.1.P)

i=0 j=u-+i

Example 2.1.11. The hypothesis that M has no nonzero free summand is necessary.
For an R-module M, let ¢; o(M) denote the multiplicity of CW in the representation
of M as a direct sum of indecomposable modules (the number ¢ ;(M) is independent
of the choice of decomposition by the Krull-Remak—Schmidt theorem). Suppose
| € Ry is a nonzero linear form. Then Rl = K1Y (—1); indeed, RI has the Hilbert
series s+ s%, is indecomposable, and therefore by Remark 2.1.1(iv) is linear. Consider
M =CW @Rl and N = R@k(—1). By Lemma 2.1.7, Py (t) = Pn(t) = 1 + s - f.
Thus M and N have the same Betti diagram 3, but ¢; o(M) =1 and ¢; o(N) = 0.

We proceed now with the proof of the theorem.

Proof of Theorem 2.1.10. Because R and its modules have finite length, u, v,
and w are integers, and w > 0.

It is clear that (i) determines (ii).

Next, we prove (ii) determines (i). First, we show that rows u < j —7 < v +1
determine S(M). By assumption, M = 0 when k < u or k > v, and therefore the
degree of each generator of M is bounded between u and v. We claim that the Betti
diagram of each indecomposable R-module generated in degree k has nonzero entries
in (at most) rows k < j—i < k+1. Indeed, 3, ;(R(—k)) = 0 and 3; j(K®9(—k)) =0
if j —i # k, and by (2.1.K), 8;;(C™(—=k)) = 0if j —i < k or k+1 < j —i. Therefore
Bij(M)=0when j—i<wand j—i>v+1.

Next, we show that columns 0 < i < w + 1 determine 5. Recall ¢ as defined in
Proposition 2.1.9. We claim w > ¢. Fix a j € Z. If {; = 0, then since w > 0, w > ¢;.

If ¢; # 0, then C%)(—j) is a summand of M, and hence Sy ;(M) > Bo; (C)(—j5)).
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By (2.1.K), 8o (C'%)(—=j)) = by,—1. Therefore by,_1 < max; {S;(M)}, and therefore
¢; < w. It follows that w > max;ez {; = £.

Let N = Syz,(M). By Proposition 2.1.9, N is the direct sum of linear mod-
ules; i.e., there are integers p’, ¢; such that N = @; I P39) (—5). Using (2.1.L) and

Remark 2.1.8 we have

= Z ,PK(I);,q;) (t) Sj where
J

p; = Bo;(N) = Bu;(M) and
q; = eBoj(N) = Burjr1(N) = eBu;(M) = Bus1,j11(M).

Therefore, Py (t) is determined by {8, (M), Buwt1,;(M)|j € Z} . By Remark 2.1.8,

DD Bi(M)sTt = t"Py(t), (2.1.Q)

i>w j

and thus (ii) determines (i).

These arguments also show that N and Py,(t) are as described in the statement
of the theorem.

Finally, with the hypothesis that r; = 0 for all j € Z, the equivalence of (i) and

(iii) follows from Proposition 2.1.9. O

Remark 2.1.12. Suppose M is an R-module having no nonzero free summand, and

write M as in Equation (2.1.B):

M = @Kquj @@@C(n CnJ

n>1

In practice, we can use Theorem 2.1.10 to write Py (t) in terms of the rational func-

tions f, g, and h,(t), n > 1, as defined in Definition 2.1.4. The benefit of doing so is
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that, applying Equation (2.1.M) or (2.1.N) (depending on the value of €), we recover
the various pj, ¢;, and ¢, ; parameters for M. We outline this process below.

Let N = Syz, (M), and observe that Px(t) can be written as rational function
with the denominator 1 — est + s*?. Equation (2.1.0) shows how the coefficients in
the numerator of this rational function can be deduced from columns w and w + 1 of
B(M). In this way, using the nonzero entries in columns 0 through w+1 of S(M), we
recover Equation (2.1.P). Using Euclidean division over the polynomial ring Q(s)[¢],
we can transform Py (t) (and thus Pys(t)) to a Q(s)-linear combination of f, g, and
hp, n > 1.

Now, depending on e, choose the appropriate equation in Proposition 2.1.9 and

match coefficients to determine p;, ¢;, and ¢, ;.

Example 2.1.13. For R with e = 3, there does not exist an R-module M, having no

nonzero free summand, for which the nonzero entries in columns 0 < i < 3 of S(M)

#*(5 1 1 2
2 1 3 8

Seeking a contradiction, assume such a module M exists. Reading the first column

are given by

of the alleged Betti diagram, we see max;{fy;(M)} = 5. Then, for w as in the
statement of the theorem, w = 2 since, for the ring R, by = 1, by = 3, and by = 8.

Theorem 2.1.10 requires columns 0 through 3, and we have this data available.
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First, we work with Syz,(M). From the given data, we have

/1 ll

Syzy(M) = K (—2) @ K®"4
P = Baa(M) =1,
¢ = eBeo(M) — B33(M) =1,
p" = Pas(M) =3, and

¢" =efas(M)— B34(M) = 1.

)(=3), where

Using the technique outlined in the previous remark, we obtain

Prr(t) =5+ 25 + st 4 s*t + s**Pran (1) + 22 Py (1)

=542s+st+st+ s f -t g+ 3537 f -5t g

(82 4+ 3832 — (8% + s1)t3

=5+2s+st+ st +
s 1 — 3st + s2t2

=3+25+2-f+(=bs+5%)-g.

Write M as in Equation (2.1.B):

M = @Kwﬂ @@EBC("

7=0 n>1

From Equation (2.1.N), we see that the 2s term in Py (¢) implies that ¢;; = 2,
but this contradicts the given data (since row 3 is uniformly 0). The coefficient of g
in Py(t) also implies that ¢; 9 — ¢ = 1. We see ¢19 = 3, so we obtain ¢; = 2. But

0s + 2s? is an inadmissible Hilbert series for a linear module generated in degree 1.

To see another way we may apply this theorem, we invoke results due to Avramov,

Iyengar, and Sega.
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Remark 2.1.14 (Hilbert series of Koszul modules).

(i) If M is a Koszul R-module with Hilbert series p 4 ¢s, by [AIS10, Corollary 1.7]

the following inequalities hold:

1<p and OSQS(
P 2

6—|—\/62—4)
— | <e.

(ii) For a pair of integers p and ¢ satisfying
1<p and 0<Z

there exists a Koszul R-module with Hilbert series p + ¢s [AIS10, Theorem 2.

Example 2.1.15. In this example, we will use Theorem 2.1.10 and Remark 2.1.14 to
identify the Hilbert series of each indecomposable linear summand of an R-module,
based on an initial window if its Betti table.

Suppose R has e = 3 and M is the R-module generated in degrees 0 and 1 with
the presentation R(0)*> & R(—1) & R(—1) ® R(—2)3, where the free modules have

the standard bases and

We see from its presentation that M has no free summands. We leave it to the

reader to verify, using pencil and paper or [M2], that the nonzero entries in columns

*(3 1 1 2
1 3 8 21

0 <i<3of B(M) are given by
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By Theorem 2.1.10, the given Betti numbers uniquely determine 3(M) and Py, (t).
Using the earlier remark, we find ¢10 =1, po = 2, o = 5, p1 = 1, and ¢; = 1; every
other parameter is 0. Therefore M = KV (—1) @ K% @ CM). We claim that each
of the summands on the right hand side is indecomposable. Indeed, C") is indecom-
posable (it’s the negative syzygy of an indecomposable module), and KV (—1) is
indecomposable (it’s cyclic). Finally, if K*%) = K09 @ K(1:4) then without loss of
generality ¢ > 3, but this violates Remark 2.1.14(i). Therefore K*° is indecompos-
able.

As an aside, the existence of K>® shows that the converse of Remark 2.1.14(ii)
does not hold; indeed,

5 (o

e—1)=2<-=2
(e—1) 5= o

Proposition 2.1.16. Let R be a short Gorenstein standard graded k-algebra with
e > 2 and let M be an R-module. Fix a positive integer a < e — 1 and a positive

integer n. The following statements are equivalent:

(i) There exists an ideal I minimally generated by ly,...,l, € Ry such that

M = (Syz_,(I)(—n +1).

(i) The module M is Koszul and has Hilbert series

Hy(s) = (bp—1 — aby—2) + (b, — ab,_1)s.

Further, when the above hold, M 1s indecomposable.

Example 2.1.17. Proposition 2.1.16 provides an infinite number of modules outside

the range in Remark 2.1.14(ii). When e > 3 and n > 2, consider K™% where
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p = (b, —by_1) and ¢ = (bpy1 — by)s. Then, using Remark 2.1.5, we see that

q> (e—1)p:
bpi1 — by =bpp1 —eby, + (e — 1)b, = (e — )b, — by > (e — 1)(by, — by—1),

where the last inequality is strict because we have assumed n > 2 (therefore b,,_; > 0).

One can use the following remark to check if the coefficients of a Hilbert series are

of the form in Proposition 2.1.16(ii).

Remark 2.1.18. For each e > 2 and n > 0,

n+1, e =2,
b, = (2.1.R)

n —n+1
\/6;7_4<¢+1_¢ )7 6237

Ve — 4 _
where ¢:H+ and ng:e

(2.1.9)

Proof. When e = 2, a trivial induction argument by Remark 2.1.5 shows b, = n+1.
When e > 3, we have ¢ — ¢ = 2—“322_4 = bypve? — 4 and ¢? —g_bQ = %—VZZ_4 =

bive? —4. Fix n > 2 and suppose ¢*t' — ¢ = byv/e2 — 4 when k < n. Observe
that ¢ + ¢ = e and ¢¢ = 1. Then, using Remark 2.1.5,

k—1

bpover —4=+vVe?—4(eb,_1 —b,_2)
= (0 +)(¢"— ) —¢"  + g

— "t —gh " — T — G
_ ¢n+1 _ anJrl'
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Remark 2.1.19. Let L = K9 (—Fk) with q # 0, and suppose L is indecomposable.
Let E(L) denote the injective hull of L. Then E(L) = R(—k + 1)%.

To see this, let m denote the homogeneous maximal ideal of R, and recall that L;
is the degree j component of L. On the one hand, m?L = L;,, = 0 by hypothesis.
Because mLjy 1 C Ly = 0, it follows that Ly,q C socg(L). On the other hand, since
L is indecomposable, socg(L) € mL C Liiy (see, for example, [Sjo79, Lemma 3]).
Therefore socg(L) = L1 = k(—k — 1)9.

Note that k(—2) = socg(R), and therefore, k(—k — 1)? = socg(R(—k + 1)?). This

induces a (graded) essential extension L — R(—k + 1)1.

Proof of Proposition 2.1.16. Since the socle of R is one-dimensional, every
ideal of R is indecomposable. Thus, when statement (i) holds, M is indecomposable
since it is the negative syzygy of an indecomposable R-module (namely, 7).

We first show (i) implies (ii). Let I be minimally generated by a linear forms.
Define N® = (Syz_,(I)) (=k + 1). Observe that N = Syz_,(I) = R/I; this
module has the Hilbert series 1 4 (e — a)s = by — ab_1 + (b — aby)s, and there is an
exact sequence

04 R/I < R(0) < I < 0.

For m > 1, set p,, = b1 — ab,,—» and ¢,, = b,, — ab,,_1, and assume that

N = N has the Hilbert series p,, + ¢ms. For m > 1, we have
dm = bm - (lbm,1 > bm - (6 - 1)bm71 = bm - ebmfl + bmfl = _bme + bmfl > 0.

Then N injects into R(1)% by Remark 2.1.19.
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Since Hilbert series are additive on short exact sequences, the sequence
04+ Syz_;(N) + R(1)™™ <~ N <0
implies Syz_,(N) has the Hilbert series

(5_1 +e+ S)Qm - (pm + QmS) = S_IQm + €qm — Dm
= (b — abp—1)5™ " + €(by, — abp_1) — (b1 — abp_2)
= (bm - abm—l)s_l + (bm-l-l - abm)

= pm-{—ls_1 + @1,
where the third equality follows from Remark 2.1.5. Now,
(Sy7_1(N)) (=1) = (Syz_pi (1)) (=m0 4 1 = 1) = N4,

and therefore N(™+1) has the Hilbert series p,;1+qm15. Furthermore, since R(—1)Pm

surjects onto N(™(—1), we have an exact sequence
0 = N« R(0)P 1 «— R(—1)Pm.
Thus, by induction, there exists a linear exact sequence
0 N® « RO « R(=1)P"1 .- <= R(—=k+1) < I(—=k +1) 0.

Now I(—k+ 1) is generated in degree k, so R(—k)* surjects onto I(—k + 1), and the
free resolution of I(—k + 1) is linear by Remark 2.1.1(iv). Therefore, N*) is Koszul.

For (ii) implies (i), consider M as in the statement of (ii). Let I be an ideal
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minimally generated by a linear forms, and keep the notation N = (Syz_,(I)) (—k+
1). The modules M and N = N™ are Koszul and have the same Hilbert series, and
therefore they have the same Poincaré series by Lemma 2.1.7. This implies that the
modules M’ = (Syz,_,(M)) and (Syz,_,(N)) have the same Hilbert series; indeed,
they are both linear, so (2.1.L) applies.

Observe that N = (Syz_,(I)) (—n+ 1) = (R/I) (—n + 1), and therefore Hy» =
s"1(1—(e—a)s). A linear module K generated in a single degree with Hilbert series
1—(e—a)sis cyclic, and hence there is an ideal J minimally generated by a linear forms
such that K = (R/.J). Therefore, for some such J, Syz, (M) = Syz,(M') = J(—n+1).
Taking (—n)-th syzygies, we have M 2 (Syz_,(J)) (—n + 1). O

2.2 Short Gorenstein rings of embedding
dimension 2

In this section, we restrict our focus to short Gorenstein rings of embedding dimension
e=2.

Given an R-module M, let ¢; ;(M) denote the multiplicity of C™(—j) in the rep-
resentation of M as a direct sum of indecomposable R-modules (the number ¢ ;(M) is
independent of the choice of decomposition by the Krull-Remak—Schmidt theorem).

For a given Betti diagram [, define
¢;j(8) = sup{ci ;(M)| M is an R-module and 3(M) = 3}.

Because B(M & N) = f(M) + S(N) for all R-modules M and N, we see that ¢;(3)
is the largest possible coefficient of 3(C"(—3)) in any decomposition of 3. The fol-

lowing theorem shows that there exists a decomposition of 5 in which this maximum
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value is achieved as the coefficient of 3(C'")(—j)) simultaneously for each j, and,
moreover, that the remaining coefficients are uniquely determined once we choose

this maximum value for each j.

Proposition 2.2.1. Let R be a short Gorenstein standard graded k-algebra with e =
2. FBvery Betti diagram [ over R can be written uniquely as a nonnegative integral

combination of the Betti diagrams of
(1) R(=j),
(ii) KUY (=),
(ii) KO0 (—j), and
(iv)  C™(=j)
in which the coefficient of B(CM(—7)) is ¢;(B) for each j € Z.

Definition 2.2.2. We refer to the modules of types (i)-(iv) in the statement of the

proposition as realization modules.

Remark 2.2.3. The modules K9 and KV exist. In particular, k = K9 and

for any nonzero linear form [, RI(—1) = K (see Example 2.1.11).

Example 2.2.4. The best we can hope for is uniqueness up to some condition on

coefficients in the decomposition. As in Example 2.1.11, there is an equality

B(R) + B(KIO (1)) = 5 (CW) + B(KEV(~1)).
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Proof of Proposition 2.2.1. Suppose € Bg(R) is a Betti diagram. Let M be

an arbitrary R-module with (M) = 3, and write

M= @(R’“J@K(pﬂ%@@ c™) ) —J)

n>1

as in Lemma 2.1.3. By Proposition 2.1.9, § uniquely determines ¢, ; for all n > 2
and j € Z, so we may assume ¢, ; = 0 for all n > 2 and j € Z. Another application

of Proposition 2.1.9 implies that 8 uniquely determines u;, v;, and w; in Z such that

(Z u]sﬂ) ha(t (Z U]s’) f (Xj:szj> g, (2.2.A)

and, in particular, u; = r; +c¢1j, v; = p; —q; + c1-1, and w; = g — ¢1 1.
Define d; = min{u;, v}
First, we exhibit a decomposition of 8 into the Betti diagrams of realization mod-

ules where d; is the coefficient of 3(C™W(—7)). Indeed, the module
V= @( I @KEO(—g) T @ KO (=)t @ O (- >) (22B)

induces such a decomposition, where u; — d; is the coefficient of S(R(—7)), v; — d;—1
is the coefficient of B(K 1% (—j5)), and so on. The fact that this module has the same
Poincaré series as M follows from applying Lemma 2.1.7 to each summand. For all
J € Z, the coefficients u; — d;, v; — d;_1, w; + dj_; are nonnegative integers that are
uniquely determined by 3 and d;.

Next, we show d; = ¢;(f). The module N in (2.2.B) satisfies (V) = 3, and thus
dj = c1,;(N) < ¢;j(B). On the other hand, for any M with 3(M) = 5, Remark 2.1.14(i)
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implies that p; > ¢; for all j € Z since e = 2. It follows that

dj = min{r; + c1;(M),pjp1 — ¢jp1 + c1;(M)} > c15(M).

Since M was arbitrarily chosen, this implies that d; > ¢;(). Therefore d; = ¢;(3).
m

Next, we describe the structure of the cone. For the relevant notions from convex
geometry, we direct the reader to Appendix A. First, we describe a partial order on

the realization modules by refining the partial order on degree sequences given in

[SE10].

Remark 2.2.5 (Partial order on degree sequences [SE10] ). Given two strictly in-
creasing sequences of integers (do, dy,...,d,) and (dy,dy,...,d.) (where r,1" < 00),

y Yol

declare

(do,dy,...,d,) > (dy,dy, ..., d)
provided r < 7" and d; > d; fori =1,2,... 7.

Definition 2.2.6. An R-module M with a pure minimal free resolution is said to
have the degree sequence d = (dy,ds,...), where d; € Z, provided §; ;(M) # 0 if
and only if j = d;. We provide the degree sequences for the realization modules in

the table below.
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Module Degree Sequence
R(—j) (7)

K0 (—j) Goj+1i+2,...)
Kt (=) Goj+1ji+2,...)

C™(—j),n>1|di=j+iwheni<n, di=j+i+1wheni>n;

i=n—1 i=n

We will use the partial order in Remark 2.2.5 as a starting point for building a
partial order on realization modules. First, we will examine how the degree sequences

for the realization modules are ordered.

Example 2.2.7 (Ordering degree sequences of realization modules). Over R, the
partial order in Remark 2.2.5 totally orders the degree sequences of nonfree realization
modules. For a realization module M, let 6(M) denote its degree sequence. It is

tedious but easy to verify that, for all j € Z, we have

> (K (=) = 1)) > 0(CW(=5)) > 8(CD (=) > -

2> 0(CM (=) > 8(CTHI (=) > - > S(KNI (=) > ...

Next, consider the free realization modules. When k < 7, 6(R(—75)) > §(C™ (—k))
for all n > 1. However, when k£ > 7, the only comparison involving §(R(—j)) is
J(R(—Fk)) > 6(R(—j)). Indeed, for any nonfree realization module M generated in
degree k, §(M) is “longer” than 6(R(—j)) but k > j, so these degree sequences are

incomparable by Remark 2.2.5.

The partial order in Remark 2.2.5 induces a relation > on realization modules, but
it is not a partial order: for example, the modules K9 and K1 have the same

degree sequence (0,1,2,3,4,...). We will fix this by declaring that K"V (—5) >
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K19 (—4) for each j. Also, we will introduce some strict inequalities involving the
free realization modules. The resulting partially ordered set will have the following
property consistent with the theme of Boij-Soderberg theory: every Betti diagram

decomposes as a sum of Betti diagrams of realization modules forming a chain.

Proposition 2.2.8. The set of realization modules,
P = {R(—j) KUY (=j), KEO(—j), ™ (=) 'j €Zn> 1} ,

15 a poset with respect to the relation > induced by the partial order on their degree

sequences and the additional relations

(1) KUD(=j) > KO (=j) for each j € Z,

(2) M(—k —1) > R(—j) for each k > j € Z and M € { KD, C™} and
(3) KOO (—k —2) > R(—j) for each k > j € Z.

In particular, K0 (—j — 1) and R(—j) are incomparable for all j € 7Z.

Proof. From Example 2.2.7, we see that the set
P = {0“”(—3'),K“’”(—j%K“'O)(—j) ’j €Z,n> 1}
is totally ordered:
> KOD(21) > KOO(=1) > CO(0) > -+ > CO(0) > - > KOD(0) > KAD(0) > CW(1) > -+ .
We also see that the set

P = {C’(")(—j),K(Ll)(—j),R(—j) ‘j €Znz 1}
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c@(0)

AN

cM(0)

/ T R(0)
K®0) (1) /
S KM (-1

e
\
cM(-1)

N

Figure 2.1: The poset of realization modules, where M > N if there is an downward
path from N to M. Thinking of this diagram as a directed graph with each edge
oriented downward, it is (directed) acyclic. This gives another proof that > is a
partial order on P.

is totally ordered:
o> KOD(=1) > R(0) > C(0) > --- > C™(0) > --- > KEY(0) > R(1) > CV(1) > --- .

Temporarily declare the additional relations
(4) KOO (—j —1) > R(—7) for each j € Z.

Observe that with these relations, the set P is totally ordered. Therefore, without

relations (4), > is antisymmetric.



38

It remains to show that without relations (4), > is still transitive. We claim that

there is no element M € P such that
KU (—j—1)>M > R(—j) or R(—j)>M>KM(—j—1).

We know that > totally orders each of the sets P’ and P”, and in each set we see
that K(1:0(=7=1 and R(—j) have the same immediate predecessor, C(!)(—3), and the
same immediate successor, KM (—j —1). Since > is antisymmetric, this proves the

claim, and therefore > is transitive. O

Theorem 2.2.9. Let & : P — Bg(R) denote the set map M w— S(M). Then

S(Po) = [J pos(®p),..., ()

finite chains
Pp1<--<ps

1s a simplicial fan.
Moreover, Bg(R) = supp(X(P, ®)); that is, every Betti diagram over R decom-
poses uniquely as a sum of Betti diagrams of realization modules forming a chain in

P.

Proof. We refer the reader to Appendix A for the relevant background on convex
geometry.

To show that (P, ®) is a simplicial fan, we must show the following:

(i) Every finite chain of realization modules in P maps to a linearly independent

set in Bg(R), and

(ii) Given two chains P; and P, in P, the intersection

pos(®(Py)) Npos(P(Fy)) = pos(P(P N P))
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(that is, that the intersection is a proper face of both cones).

For (i), suppose for j € Z and n > 1 that there exist rational numbers r;, a;, a’,

and ¢, ; such that only finitely many are nonzero and

0= rB(R=))+Y_ BN+ ai 8K +Z > i BC™(—j)).

;. n>1

Passing to Poincaré series, we obtain

O:Zr]+clj s]—I—Zch]s

n>2

+Z<aj+zcw 1) f+z<a — Y nen;- 1)

n>1 n>1
Now, Lemma 2.1.6 implies that, for each j € Z, the following equalities hold:
Chj=0foralln>2rj+c¢,;=0 aj1+c,;=0and a;+1 —c1,; =0.

For all n > 1 and j € Z, the coefficients r;, a1, a;-H, and ¢, ; are all 0 unless there
exists at least one integer j for which r; # 0. When this happens, a;,; is also nonzero,
but R(—j) and K9 (—j — 1) do not lie in a chain. Therefore the image of a chain
in P is linearly independent in V.

For (ii), the inclusion pos(®(P, N P,)) C pos(P(P;)) Npos(P(F,)) is evident.

For the remaining inclusion, suppose 8 € pos(®(F;)), and write

B =2 riBR(=j)+D_a;BKM)+y i BUKEY +Z > i BCM(=4))

n>1

(2.2.0)

where 7;, a;, @}, and c,; are nonnegative rational numbers, and, for a realization
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module N, the coefficient of (V) # 0 only if N € P;.
Passing to Poincaré series, we see that every module with Betti diagram (3 has

the Poincaré series

P(t) = Z ri+c1; 3]+chn]8

n>2

+Z(aj+zcw ) f+z<a S e )

n>1 n>1

Let M be an R-module satisfying 5(M) = (3, and write

M = @ (PJ”J @ K Pi(M).q;(M)) @@ Cn](M)> (—j).

n>1

Recall ¢;(f) = sup{c1;(M) | M is an R-module and (M) = S}.
We claim ¢ ; = ¢;(f) and that the remaining coefficients in decomposition 2.2.C
are integers. By Proposition 2.1.9 and Lemma 2.1.6, for all j € Z, we have the

equalities

Cnyj = Cnj(M) foralln>2,
i+ 1y =1;(M) + c1 (M),
ajr1+ ey = pipi(M) — qj1(M) + ¢ ;(M),  and

Wiy — 15 = @1 (M) — c15(M).

If r; = 0, then the equalities above imply that r;, a;, a}, and ¢, ; are integers for all
n > 1 and j € Z. Moreover, in this case, ¢;; = r;(M) + ¢1,;(M) > ¢ (M) with
equality throughout when M is the module induced from the decomposition (2.2.C).

If r; # 0, then ajy; = 0 because R(—j) and K9 (—j — 1) cannot both belong to
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Py. In this case, the equalities above imply that r;, a;, @}, and ¢, ; are integers for
all n > 1 and j € Z. Furthermore, ¢;; = pjs1(M) — ¢j+1(M) + ¢1;(M). We have
already observed that p;i1(M) — ¢j+1(M) > 0. Hence ¢;; > ¢ (M) with equality
when p;i1 = ¢j11 = @}y, and this occurs when M is the module induced from the
decomposition (2.2.C).

Therefore, for all j € Z, ¢;; = ¢;(M) in (2.2.C). If P, is another chain for which
B € pos(®(P)), the same argument shows that ¢;(3) is the coefficient of S(C)(—j))
in a decomposition of 3 into the Betti diagrams of modules in Ps; it also shows that
all the coefficients in this decomposition are integers. Proposition 2.2.1 implies that a
decomposition of 5 with these properties is unique. Thus, for any realization module
N for which B(N) has a nonzero coefficient in the decomposition (2.2.C), we have
N € P, N P,. Therefore 8 € pos(®(P; N Py)).

For the equality Bo(R) = supp(X(P, ®)), it is immediate that supp(X(P, ®)) C
Bg(R), and Proposition 2.2.1 implies Betti diagrams of realization modules span

Bg(R). Therefore By(R) C supp(X(P, ®)). O

Remark 2.2.10. The main obstruction to generalizing the work done for this ring
to short Gorenstein rings in general is that we do not know precisely which pairs p
and ¢ satisfying the conditions in Remark 2.1.14(i) are realized as the coefficients of
the Hilbert series of a Koszul module. Because of this blind spot, although we know
we will need the cyclic free modules and the twisted cosyzygies of k as part of a set
of modules whose Betti diagrams span extremal rays in the cone, we do not know

exactly which Koszul modules we will need to add to this set.
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Chapter 3

Hypersurfaces of low embedding

dimension

This chapter represents work done jointly with Christine Berkesch, Jesse Burke, and
Daniel Erman.

In this chapter, we investigate Boij—Soderberg theory for two classes of graded
hypersurface rings, where the existence of infinite free resolutions is the primary
complicating factor. Our main result is a complete description of the cone of Betti
diagrams over a standard graded quadric hypersurface ring of the form kz,y]/(q).
As in the case of a standard graded polynomial ring, there is a partial order on
the extremal rays of the cone which gives it the structure of a simplicial fan. We
obtain a similar result for standard graded rings of the form k[z]/(x™) for any n > 2.
Although there has been recent work on extending Boij—Soderberg theoretic results
to rings other than the polynomial ring [BF11, Flg10, BBCI*10, BEKS11], the main
result of this paper provides the first example of another graded ring for which the
cone of Betti diagrams is entirely understood.

As in the case of a polynomial ring, our description of the cone of Betti diagrams
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for the hypersurfaces above depends on the notion of a pure resolution; recall that

this is a minimal resolution of the form

R(—do)™ — R(—dy)"" +— R(—dp)” +— -

We refer to (dy, dy, ds, . . .) as the degree sequence of the pure resolution. If g, #
0 but §; = 0 for i > n, (that is, the corresponding module has projective dimension
n), we write the degree sequence (d, . .. ,d,,00,00,...). Thus every degree sequence
is either a strictly increasing sequence of integers or of the form (do,...,d,, 00, c0)
where dy < --- < d,, for some n > 0.

The simplest hypersurface ring R is one of embedding dimension 1. The extremal
ray description of this cone, provided in Proposition 3.0.11, follows from the structure
theorem of finitely generated modules over a principal ideal domain. We give an

equivalent description of this cone in terms of facets in Theorem 3.2.4.

Proposition 3.0.11. Let R = k[z]/(z"). The extremal rays of Bo(R) are the rays

i 'V spanned by:

i. the Betti diagrams of those modules of finite projective dimension having a pure

resolution of the form (dy, 00,00, ...);

ii. the Betti diagrams of those modules of infinite projective dimension having a

pure resolution of type (do,dy,dy +n,dy +mn,do + 2n,d; + 2n,...).

Our main result is a complete description of the cone Bg(R) when R is a quadric
p p Q q
hypersurface ring of embedding dimension 2. We state here its description in terms

of extremal rays; see Theorem 3.1.4 for a description in terms of facets.

Theorem 3.0.12. Let q be any quadric in k[z,y], and let R = k[z,y]/(q). The

extremal rays of Bo(R) are the rays in V spanned by:
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i. the Betti diagrams of those Cohen—Macaulay modules of finite projective dimen-

sion having a pure resolution of the form (dy,dy, 0, . ..);

1. the Betti diagrams of those finite length modules of infinite projective dimension

having a pure resolution of type (do,dy,dy + 1,dy +2,dy + 3,d1 +4,...).

As in the main results of Boij—Soderberg theory for the standard graded poly-
nomial ring [ES09], for both types of hypersurfaces R above, our results provide a

simplicial fan structure on Bg(R).

Theorem 3.0.13. Let R be a standard graded hypersurface ring of the form klx]/(z™)
for any n > 2 or k[z,y|/(q), where q is any homogeneous quadric. Then the cone of
Betti diagrams Bg(R) has the structure of a simplicial fan induced by a partial order

on its extremal rays.

From the simplicial fan structure, we obtain decomposition algorithms for R-Betti
diagrams as in [ES09, BS12|, as well as R-analogues of the Multiplicity Conjectures
(see Section 3.3).

New phenomena arise in the hypersurface case that are not seen in the case of
a standard graded polynomial ring. To begin with, some of the functionals used
to provide a halfspace description of Bg(R) have no analogue in the polynomial
ring case. One set of these functionals directly measures the nonminimality of the
standard resolution. This resolution, introduced in [Sha69, Section 3] (see also [Eis80,
Section 7]), builds a free R-resolution from a minimal free S-resolution. The resulting
functionals thus directly reflect the passage from the polynomial to hypersurface case.

Another interesting difference comes from the simplicial structure on Bg(R). Un-
like the polynomial ring, we cannot simply use the termwise partial order on R-degree
sequences. Instead, we introduce partial orders that take into account the infinite res-

olutions that occur over a hypersurface ring, see Definitions 3.1.1 and 3.2.1.
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Finally, we observe that for hypersurface rings, it is no longer the case that every
Cohen—Macaulay module with a pure resolution lies on an extremal ray. This already
happens in the context of Theorem 3.0.12. For instance, let M be the maximal
Cohen-Macaulay module (z) € R = k[z,y]/(z*). The Betti diagram of M is not

extremal, since it decomposes as

3.1 Quadric hypersurfaces of embedding
dimension 2

Set S = k[z,y] and R = S/(q) for a quadric ¢ in S. In this section, we give a
full description of the cone of Betti diagrams of R-modules and include a proof of

Theorem 3.0.12.

Definition 3.1.1. We say that

d=(dy,dy,dy,...) € [[(ZU{o0})

ieN
is an R-degree sequence if it has the form
i. d = (dp,00,00,00,...) with dy < o0,
ii. d=(dy,d;,00,00,...) with dy < d; < o0, or
iii. d = (do,dy,dy + 1,dy +2,dy + 3,dy + 4, ...) with dy < d; < oc.

We define a partial order < on R-degree sequences as follows. We do a termwise

comparison on the first two entries; in the case of a tie, we then do a termwise
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comparison on the remaining entries. In other words, for two R-degree sequences

d,d we say that d < d' if and only if either
o dy < dj and d; < d}, with one of these inequalities being strict, or
o dy =dy, dy =d, and d,, < d), for all n > 2.

Definition 3.1.1 leads to a decomposition algorithm (see Section 3.3) and fits into
the framework of [BEKS10].

Recall that the Q-vector space V is the set of column-finite matrices with columns
indexed by ¢ € Z>o and rows indexed by j € Z. For each R-degree sequence d, we

define a matrix 74 € V as follows. Define

1 ifj=d;—i1#o0cand 0<7 <1,

(Ma)ji =<2 ifj=d;—i+#oo0andi>?2

0 otherwise.

Example 3.1.2. Three degree sequences and their corresponding Betti diagrams

appear below.

T(0,00,...) = T(1,2,00,...) — 7(0,3,4,5,...) —
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We define functionals on v € V as follows:

€i(v) = Vi,
ag(v) = €x1(v) — €x412(v), and

Ye(w) =D (2650(v) = 26j111(0) + €422(v)) .

J<k
Observe that the functional 7y is well-defined for any v € V because v is column-finite.

Example 3.1.3. The functional v, applied to a Betti diagram S(M) is given by

taking the dot product of S(M) with the following diagram:

*2 -2 1 0
2 -2 10
2 -2 1 0
0 0 00

Theorem 3.1.4. The following cones in 'V are equal:

i. The cone Bg(R) spanned by the Betti diagrams of all finitely generated R-

modules.
ii. The cone D spanned by {mq|d is an R-degree sequence}.
i1i. The cone F defined to be the intersection of the halfspaces

a) {ej; >0} foralli >0 and j =0 or2;
b) {ag, >0} for all k € Z;

c) {w >0} forall k € Z;
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d) {:E(Gj’i — €j+1,i+1) 2 0} fOT’i Z 2,j c 7.

To prove Theorem 3.1.4, we show the inclusions D C Bg(R) € F' C D which are
contained in Lemmas 3.1.5, 3.1.6, and 3.1.8, respectively. The proof of Lemma 3.1.5 is
straightforward, and the proof of Lemma 3.1.8 largely follows the techniques involving
convex polyhedral geometry from [BS08|. By contrast, the proof of Lemma 3.1.6
requires new ideas. In particular, we use a construction due to J. Shamash in [Sha69]
that constructs a (not necessarily minimal) R-free resolution from an S-free resolution;
see also [Eis80, Section 7]. We briefly recall this construction now.

Let G, be a graded free S-resolution of an R-module M (recall that S = k[z,y])

Since multiplication by ¢ is nullhomotopic on G,, there are homotopy maps s1, sa:

04— Go(—2) «— G1(—2) +— G2(—2)«—0

N TN

0 Go Gy Go 0.

Now set G; = G, @R, 0; = 0;Q R, and 5, = s, ® R for i = 1,2. The resulting complex

is an R-free resolution of M. Note that there are additional maps G; — Gji04_1 in
the construction given in [Sha69, Section 3]. These maps are 0 in our context because

G; =0 when 7 > 3.
Lemma 3.1.5. There is an inclusion D C Bg(R).

Proof. 1t suffices to show that, for each R-degree sequence d, there exists an R-
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module M with S(M) = ©g. If d = (dy,0,...), we simply choose M = R(—d).
For the other cases, fix ¢, a linear form not a scalar multiple of x, that is a nonzero
divisor on R (i.e., ¢ does not divide ¢). Such an ¢ exists in any characteristic. If
d = (do,dy,00,...), we set M = R(—dy)/ ({1~®).

Finally, if d = (dy, dy,d1+1,d142,...), we set M to be R(—dy)/ (Edl*do, xﬁdl*do*l).
To see that M has the desired Betti diagram, we first consider the minimal S-free

resolution. By hypothesis ¢, (1~ ggdi—do—1

are a minimal set of generators in S.
Applying the Hilbert-Burch theorem, see e.g. [Eis95, 20.15], the S-free resolution of

M has the form:

S(=dy —2)
0+— S(—do) & @  «— S(—d; —1)2+—0.

S(—d1)?
where 0; = |g, ¢h—do  g¢dh—do—1]. We fix homotopies s1, s for multiplication by ¢
on this resolution:

S(—dy —4)

=}
R
n
e
|
2
& =
|
)
N—
/
£

00— S(—dp) «— D —— S(=dy —1)?+——0.

Since ¢ does not divide ¢ we see that the component of s; that maps S(—dy — 2) to

S(—dy — 2) must be 1. By degree considerations, the maps s; and s, cannot contain
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any other unit entries.

The standard resolution of M is now given by

R(—dy—2)  R(—dy —1)? R(—dy —4)

O——R(=do)— & «— ®& —— o

R(—d)? R(—dy —2) R(—d;, — 2)?

The maps R(—dy—2n) < R(—dy—2n) are the only nonminimal part of this resolution.

It follows that M has a minimal free R-resolution of the form

04— R(—do) «— R(—dy)? —— R(—dy — 1)2— R(—dy — 2)> "~ ,

which yields the desired Betti diagram. O]
Lemma 3.1.6. There is an inclusion Bo(R) C F.

Proof. Fix a finitely generated graded R-module M. We must show that the
inequalities defining F* are nonnegative on 3(M). Certainly €;,;(5(M)) = 8;;(M) >0
for all @ and j, completing case (iiia). For case (iiid), the minimal resolution of M
is given by a matrix factorization after at most two steps by [Eis80, Theorem 4.1].
By [Eis95, Lemma 20.11], Syz,(M ) has depth 2 and is thus maximal Cohen—Macaulay.
After extending the base field to its algebraic closure (which does not affect Betti
diagrams), the homogeneous quadric ¢ is, without loss of generality, either x? or
xy. The matrix factorizations of these quadrics over an algebraically closed field are
classified (see [Yos90, Example 6.5 and p. 76]). Thus the resolution of M after at
most 2 steps is given by one of the matrix factorizations above; one easily checks for
these that (iiid) hold.

For case (iiib), we show that oy (8(M)) > 0 by showing that it measures the rank
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of a map. Fix a minimal free S-resolution G, of M as above, and let s; and s, denote
the homotopies occurring in the standard resolution of M over R. Let zSJ(M ) denote

the ¢, j-th graded Betti numbers of M over S. Let o; ; be the composition of the maps
01t S(—f)P= ) <y G (=2) 2 Gy = §(—f)F D,

With the chosen basis, the entries of o; ; have degree 0, so o; ; is a matrix of elements

of k. We claim that

ap(B(M)) = B1x(M) — Bo g1 (M) = rank g, > 0.

It follows from this construction that

Pri(M) = ﬁlsk(M) — rank o,

and 3 2(M) = Bfk(M) —rank oy ; — rank g .

Thus Sy (M) — B3 rs2(M) = rankosy. As noted above in the proof of (iiid),
Bokr1(M) = B3 +2(M), which yields the claim.
Finally, for case (iiic), or v, let ¢1: Fy — Fy be a minimal presentation of M over

R and set

Fé _ @R(_j)ﬂo,j(M) and F1/ _ @ R(_j)ﬁl,j(M)‘
J<k J<k+1
There are natural split inclusions Fj C Fy and F| C Fy. In particular, ¢; induces a
map ¢y : F| — Fj. We set N = coker(¢}), and note that ¢} is a minimal presentation
of N'. As such, 5y (M) = By ;(N) for all j < k, and S, ,;,(M) = p1,;(N) for all

Jj < k+1. In addition, we claim that 35 ;(M) = f,;(NN) for all j < k+2. To see this,
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consider the diagram

0 0

L]

0 Sy2,(N) —— F| —— Fj—— N ——0

L] ]

0 ——Syzy(M) — Iy — Fy —— M ——0,

where we view Syz,(N), Syz,(M) as submodules of FJ, F} respectively. By the Snake
Lemma, Syz,(N) is a submodule of Syz,(M). For a fixed basis of F}, any element of
Syz,(M) may be written as a linear combination of the basis elements with coefficients
in R>1. Thus for an element x € Syz,(M) of degree j with j < k+ 2, we see that the
basis elements whose corresponding coefficients are nonzero in a decomposition of z
have degree at most j — 1 < k+ 1. In particular, these basis elements are in Fj, and
hence Syz,(IN); = Syzy(M); for all j < k + 2, which implies the claim.

By the definition of ~;, we have now shown that vy (8(M)) = v (B(N)). It thus
suffices to show that v, (B(N)) > 0. We achieve this by showing that v (8(NV)) =
hiy2(N), where hy,2(N) denotes the Hilbert function of N in degree k + 2.

The Hilbert function of N can be computed entirely in terms of 5(V):

hk+2 Z Z 6@] hk+2(R(_.7)>

JEZ i=0

=> Z )'Bi(N) s (R)

JEZ i=0

- Z Z 67, z-i-f hk+2—i—€(R) .

LeZ i=0
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Since [y ;(N) =0 for j > k, 51 ;(N) =0 for j > k+ 1, and h;(R) = 2 for all i > 0,

we have that

hk+2 Z Z B@ H—E hk+2 i— €(R>

(<k i=0

- Z ( Z 1) Bii4e(N) - ) + (=1 Brpappi2(N) - 1.

1<k 1=0

By applying (iiid) twice, we see that §; ;(IN) = B2, 42(N) for all ¢ > 2. Using this

to cancel, we obtain

T2 (N) = (2B04(N) = 281041 (N) + Bag2(N)) = w(B(N)).

<k

O

For the final inclusion in the proof of Theorem 3.1.4, we compare the cone D
(which is defined in terms of extremal rays) and the cone F' (which is defined in
terms of halfspaces). As we see in Lemma A.0.3, it is easier to move between these
two descriptions in the case of a simplicial fan, so we first construct a simplicial fan

> whose support is contained in D.

Lemma 3.1.7. For every finite chain C of R-degree sequences, the cone

pos(C) = Qsof{my | d € C}

1s simplicial. The collection of these simplicial cones forms a simplicial fan.

Proof. The diagrams 7w, from any finite chain C' are linearly independent. This
follows from the fact that for any degree sequence d, m; has a nonzero entry in a

position such that, for every degree sequence d' in the chain C' with d < d’, 7y has a
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zero in the corresponding position.
For the second statement, we need to show that these cones meet along faces.
Using the observation above, the proof of [BS08, 2.9] applies directly to our situation.
O

Lemma 3.1.8. There is an inclusion F C D.

Proof. Let ¥ be the simplicial fan constructed in Lemma 3.1.7, and let supp(X)
denote its support, as defined in Appendix A. By construction, supp(X) C D, so it
suffices to prove that F© C supp(X).! Now, we have a simplicial fan ¥ defined in
terms of extremal rays, and we seek to determine its boundary halfspaces, as defined
in Appendix A. Then to prove the Lemma it will be enough to show that each of the
boundary halfspaces of ¥ is contained in the list of halfspaces defining F'.

In order to apply Lemma A.0.3, we first reduce to the case of a full-dimensional,
equidimensional simplicial fan in a finite dimensional vector space. For each m € Zx,,

define the subspace V,, of V to be

Vi ={veV]|v;; =0unless —m+i<j<m+i}.

Note that V,, contains the Betti diagram of any module with generators in degrees
at least —m and with regularity at most m.

Set X,, =XNV,, and F,,, = FFNV,,. Observe that

Y = {pos(C) | C is a chain in P,,},

where P,,, = {degree sequences d | 74 € V,,}, so by Lemma 3.1.7, 3, is a simplicial

LA priori, supp(X) is a (not necessarily convex) subcone of D; the proof of Theorem 3.2.4 implies
that supp(X) = D.
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fan. Since V.= J,,~ Vi, it is enough to show that F},, C supp(%,,) for all m > 0.

Next, we define the finite dimensional vector space

V,, = {veV,,|vj; =0 unless i <2},

and consider the projection ®,,: V,, — V,,. Since every pure diagram 7, satisfies the
functional of type (iiid) in the definition of F', it follows that ®,, induces an isomor-
phism of ¥,, onto its image, which we denote by 3,,. There is also an isomorphism
of F,, onto its image F,,, since the defining halfspaces of F}, contain (iiid). It thus
suffices to show that F,, C supp(%,,) for all m.

We claim that X, is (dim Vm)—equidimensional. Every maximal chain of degree se-
quences in P, begins with (—m, —m+1,m+mn,...) and ends with (m, co, 00, 00, ... ).

For a fixed maximal chain C', there is a unique m’ < m such that C' is

(—m,—m+1,—-m+n,...)<---<(m ,m+1,m +n,...)

< (m',00,00,...) <+ < (m,00,00,...). (3.1.A)

From this observation, it follows that

ICl=((m+m) +22m+1))+(m—m'+1)=6m+3.

Since the set {m;} is linearly independent for d € C' by Lemma 3.1.7, these diagrams
form a basis of V,,. It follows that ¥,, is a (dim Vm)—equidimensional simplicial fan.

We now record a collection of supporting halfspaces which define F,,,:
i. {¢;; >0} foralli>0,5€ZN[—m+i,m+i;

ii. {ap >0} for all k € Z N [—m,m];
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iii. {ymxr > 0} for all k € Z N [—m,m|, where for k € Z N [—m,m| we set

k
Yk = Z (2€j,0 = 2€j41,1 + €j122) -

j=—m
To complete the proof, we show that each boundary halfspace of 3,, corresponds
to a supporting halfspace of F,,. By Lemma A.0.3, each boundary halfspace of ¥,
is determined by (at least one) boundary facet, and hence is determined by some
submaximal chain in the poset P, that is uniquely extended to a maximal chain. The
proof of [BS08, Proposition 2.12] applies in our context, showing that each boundary
halfspace of ¥,, depends on only a small part of any submaximal chain to which it
corresponds. Namely, such a halfspace is determined by the unique R-degree sequence
d that extends a corresponding chain to a maximal one, along with its two neighbors
d < d” in this extended chain, if they exist. We write this data as --- < d’' <
d” < d" < ---. By direct inspection of P, (see Figure 3.1 for the case m = 1), the

submaximal chains that can be uniquely extended are of the following forms:

(a) ---<d <d <d"<---, where d and d” have projective dimension 1 and either

dy —dy =1 or d] —d; =1 (but not both). For instance,

-+ < (0,1,00,00,...) < (0,2,3,4,...)" < (0,2,00,00,...) < ---

(b) ---<d <d <d’"<---, where d and d"” have infinite projective dimension and

either dj — df, =1 or d] — d} =1 (but not both). For instance,

< (—=1,1,2,3,..) < (=1,1,00,00, ... )" < (—1,2,3,4,...) < - .

(c) -+ < (dy,dy+1,00,00,...) <d” < (dy+1,dy+2,dy+3,dy+4,...) <---. For
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Figure 3.1: The poset of degree sequences whose Betti diagrams lie in V;, where
d > d' if there is an downward path from d’ to d.

instance,

< (0,1,00,00,...) < (0,2,3,4,...)" < (1,2,3,4,...) <

(d) ---<d <d <d <---, where d and d” differ by two in the first entry. For

instance,

<(=1,2,3,4,...) < (0,2,3,4,...7" < (1,2,3,4) < --- or

< (1,00,00,00,...) < (2,00,00,00,...) < (3,00,00,00,...) <.

() -+ < (dpym+1,m+2m+3,...) < (dg,m+1,00,00,...)" < (dy,00,00,00) <
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-+, for instance

-+ <(0,2,3,4) < (0,2,00,00)" < (0, 00,00,00) < -+

(f) --- <d <d”, where d = (m,m+1,00,00,...) and d = (m, 00,00,00, ... ) is the

maximal element of its chain.

(g) -+ <d < d”, where d = (m — 1,00,00,00,...) and d = (m, 00,00, 00,...) is

the maximal element of its chain.
(h) d~ < d" < ---, where d is the minimal element of its chain.

We can show on a case by case basis that each boundary halfspace of %,, (as
determined by a submaximal chain from the list above) corresponds to one of the
halfspaces defining F,,; we provide details for a portion of case (a). Consider a

submaximal chain C of the form

"'<(do,dl—l,OO,...)<(do,dl,dg,...)/\<(do,dl,OO,...><"',

where dy = d; + 1. Note that €}, ,(m.) = 0 for all ¢ = (co, c1,...) € C because either
Co < do Or ¢y > dy. This shows that 7. lies in the hyperplane {62272 =0} forallc € C.
Since, in addition, 62272(7@0@1@2“_,) = 1, it follows that C corresponds to the halfspace
{€6,ap41 = 0}-

Using similar arguments, we see that a submaximal chain of type (a) or (h) cor-
responds to {¢);, , > 0}; type (b) corresponds to {ag, > 0} and type (e) corresponds
to {am41 > 0}; type (c) or (f) to {ym,q > 0}; and finally, chains of types (d) and (g)

correspond to {e;, 5 > 0}, O
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Proof of Theorem 3.0.12. Let E be the cone spanned by Betti diagrams of ex-
tremal modules of finite projective dimension and extremal modules of infinite projec-
tive dimension with the stated degree sequences. We see that D C E by Lemma 3.1.5,
noting that the modules there are extremal of finite projective dimension or of infinite

projective dimension with the correct degree sequence. Thus by Theorem 3.1.4, we

have Bg(R) = D, as desired. O

3.2 Hypersurfaces of embedding dimension 1 and
degree at least 2

Set S = k[z] and R = S/ (z") for some n > 2. In this section, we give a full description
of the cone of Betti diagrams of R-modules, as well as its implications for the cone
of Betti diagrams of maximal Cohen—Macaulay modules over any standard graded

hypersurface ring.

Definition 3.2.1. We say that

d=(do,ds,...) € [[(ZU{oc})

ieN
is an R-degree sequence if it has the form
i. d = (dy,00,00,00,...) Or
ii. d = (dy,dy,ds,...), where dy < d; and d; ;5 — d; = n for all i > 0.

We define a partial order on R-degree sequences as follows: if d has finite projective
dimension and d’ has infinite dimension, then we say that d < d’; otherwise, we use

the termwise partial order.
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Given an R-degree sequence d = (dy,ds, .. .), we define a diagram 7, € V by

1 if j =d; —1i# o0,
(7a)ji =
0 otherwise.

Example 3.2.2. If n = 3, then

71(0,00,00,00,... ) = and 7o134.)= |- - 1 1 -

To describe the cone Bg(R), we define the following functionals on v € V:

€i(0) =V, (V) = €ki(V) = Egnir2(v), Ok(0) =D Ga®) = Y €u(v),

i<k j<k—n+1

and Me(v) = Z (€j,1(v) — €412(v)) -

i<k

Example 3.2.3. The functional 73 applied to a Betti diagram (M) is given by
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taking the dot product of S(M) with the following diagram:

*0 1 -1 0 O
01 -1 00
01 -1 00
00 0 00O

Theorem 3.2.4. The following cones in 'V are equal:

i. The cone Bg(R) spanned by the Betti diagrams of all finitely generated R-

modules.
1. The cone D spanned by my for all R-degree sequences d.
1i. The cone F defined as the intersection of the halfspaces

a) {€j; >0} fori=0,1,2 and j € Z;

b) {ago >0} forall k € Z;

c) {0 > 0} forallk € Z;

d) {nx >0} for all k € Z;

e) {£ap; >0} foralli> 1,k e Z;

f) {£n > 0}.
Proof. The equality Bg(R) = D follows from the structure theorem of finitely gen-
erated modules over principal ideal domains. Using extremal rays, it is also straight-
forward to check that Bo(R) C F. We complete the proof by showing that F' C D.

For this final inclusion, note that the proof of Lemma 3.1.7 also holds in this

context, so that ¥ = {pos(C') | C is a finite chain of R-degree sequences} is a sim-
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plicial fan; it suffices to prove that F' C supp(X). Let V denote the natural pro-
jection of V that sends v € V to its first three columns, denoted v — ». Denote
the respective images of F' and ¥ under this map by F and 3. For m > 0, let
Py, = {degree sequences d | 74 € V,,}, and define V,,, ,,, and F,, in a manner
analogous to the proof of Lemma 3.1.8. Since every pure diagram m,; satisfies the
functionals of types (iiie) and (iiif) in the definition of F', it now suffices to show that
F,, C supp(%,,) for all m > 0. Note that F,, and supp(%,,) are both contained in

the subspace W, of V,, given by
Wm:{ﬁevm | Neo(T) =0 and 7;9 =0 for —m—|—2§j<n—m.}.

We thus view them as objects in there.
Direct computation shows that ¥,, € W,, is a full-dimensional, equidimensional
simplicial fan. To work towards F',, C supp(X,,), note that defining halfspaces for

Fm - Wm are:

{e;; >0} forie€{0,1,2} and j € ZN[-m+1i,m + i,

{ajo >0} forjeZnN[—m,m+2—n],

k k—n—+1
{Om,k: Z €j2 — Z ejJZO} forkeZNn—m-—1,m+2], and

j=—m+2 j=—m+1

k
{nkm - Z (Ej,l — €j+172) ZO} forkeZn [—m + 1,m + 1}

j=—m+1

Each boundary halfspace of ¥,, depends on certain submaximal chains given by data
of the form --- < d < d” < d’ < ---. Such submaximal chains take the following

forms:

(a) --~<(do,d1,...)<(do+1,d1,...)A<(do+2,d1,...)<---,Whered1<oo;
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- < (do,dy,...) < (do,d1 +1,...)" < (do,dy +2,...) <---, where d; < o0;

- < (doydo+1,...) < (do,dog+2,...)” < (do+ 1,do+2,...) <+

o< (do,dg+n—1,...) < (dg+1,dg+n—1,...)" < (do+1,dy+n,...) <---;
< (m=—n+2m,...)<(m—-n+2m+1,...)” < (=m,00,...) < ---;

< (m=—n+2m+1,...)<(—m,00,...) < (—m+1,00,...) <+

'<(do,OO,...)<<d0+1,OO,...)A<(d0+2,OO,...)<"';

(h) (—m,—m+1,...) < (—m,—m+2,...) <---;

(i) -

< (m—1,00,...) < (m,00,...)".

One may now verify that the boundary halfspaces corresponding to these submaximal

chains are, respectively:

(a) {€dy+14nz2 > 0};

(b) {€a+1,1 > 0};

(€) {Om,dosn = 0};

(d) {Ndo+n—1, = 0};

() {emy11 >0}

(f) {a-mo = 0};

(&) {ad+10 2 0};

(h) {e-my11 >0}

(i) {€mo >0} ifn > 2 or {ammo >0} if n = 2.
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As each of these halfspaces appears in our definition of F,, above, we obtain F C D,
as desired. n

As illustrated by the following corollary, Theorem 3.2.4 has implications for the
study of Betti diagrams of maximal Cohen-Macaulay modules over any standard

graded hypersurface ring.

Corollary 3.2.5. Let T = Kk[xq,..., x|/ (f) for any homogeneous f of degree at least
2, and let B(g[CM(T) denote the cone of Betti diagrams of mazximal Cohen—Macaulay

T-modules. Then there is an inclusion

where R = k[z]/ (z4¢)). These cones are equal if char(k) does not divide deg(f).

Proof. Let n be the degree of the homogeneous polynomial f, so that R = k[z]/ (2").
Recall that T = k[z1,...,2.]/(f), and let M be a maximal Cohen-Macaulay T-
module. To show that BY“™(T") C Bg(R), we find an R-module M’ with the same
Betti diagram.

We may assume k is infinite by taking a flat extension. Then we find a sequence
of M- and R-regular linear forms (¢4,...,¢,._1). Note that T/ (¢1,...,0,—1) = R. Ap-
plying [Avr98, Corollary 1.2.4], we see that 8T (M) = pT/(rte-1) (M) (04, ..., 0,_1)),
as desired.

For the second statement, assume that (deg f,char(k)) = 1. Since Bg(R) = D,
it is enough to show that for each m; € D, there exists a maximal Cohen-Macaulay
T-module My such that 7 (My) = 74. If d = (dg, o0, ...), then ST (T(—dy)) = 4.

Now consider the case that d = (dy, d1,do + n, ... ), where without loss of gener-

ality dy = 0 and hence d; < n. In [BHSS88], it is shown that there exists a matrix
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factorization of f that can be decomposed into a product of n matrices of linear
forms. Suppose A;As--- A, is such a decomposition. If M = coker(A4;---Ay,) is
presented by this matrix of (d;)-forms, then it follows that 87 (M) = m4. Hence

By “M(T) = Bg(R), as desired. O

3.3 Multiplicity conjectures and decomposition
algorithms

In this section, R denotes a standard graded hypersurface rings of the form k[z]/ (2")
for any n or k[z,y|/ (¢), where ¢ is any homogeneous quadric. We first note that
Theorem 3.0.13 follows from the proofs of Lemma 3.1.8 and Theorem 3.2.4, as they
provide the desired simplicial structure.

This simplicial structure gives rise to a greedy decomposition algorithm of Betti
diagrams into pure diagrams, as in [ES09, §1]. The key fact is that, since the cone
Bg(R) is simplicial, for any module M, there is a finite chain of degree sequences
dy < ... < d, such that S(M) is a positive linear combination of the m4,. And as
noted in Lemma 3.1.7, the diagram m;, has a nonzero entry in a position in which,
for all j > i, mgq, has a zero entry. We now present a detailed example to illustrate

the algorithm.

Example 3.3.1. Let R = S/(z?) and M = coker . Then we have



66

We decompose (M) by first considering the minimal R-degree sequence that could
possibly contribute to S(M), which is (0,1,2,3,...). We then subtract %7((0’1’273,“.),
as this is the largest multiple that can be removed while remaining inside Bg(R).

This yields

1 _ _ _ _
B(M) — ST01:23..) =

We next subtract one copy of m( 3 ,00,..), t0 Obtain

1 - - =
B(M) - §7T(0,1,2,3,...) — 71(0,3,00,00,...) —

Note that the remaining Betti diagram equals %7‘[’(0’475’67“.). In particular, B(M) lies

in the face corresponding to the chain

(0,1,2,3,...) < (0,3,00,00,...) < (0,4,5,6,...).

The existence of these simplicial structures also gives rise to R-analogues of the
Herzog—Huneke-Srinivasan Multiplicity Conjectures. We say that an R-degree se-

quence d is compatible with a Betti diagram S(M) if ; 4,(M) # 0 when d; < oco.

Corollary 3.3.2. Let M be an R-module generated in a single degree. Let d =
(do,di,...) be the minimal R-degree sequence compatible with S(M), and let d =

(do,dy,...) be the mazimal R-degree sequence compatible with B(M).
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1. We have

. If dy < oo, then

Bo(M) - e(mg) < e(M) < Bo(M) - e(mg),

with equality on either side if and only if d = d.

Proof. Since M is generated in a single degree, we may assume that dy = 0. By

Theorem 3.0.13, there is a unique chain d = d° < d' < --- < d* = d for which

S

BM) =" amy. (3.3.A)

=0

If d = (0,00,00,...), then M has dimension 1 and e(M) = ase(mz). Since a, <
Boo(M), this proves (i) in the case that d; = oco.

We now assume that d; = oo, and prove (ii), which implies (i) for this remaining
case. We first compute the multiplicity of m, for any R-degree sequence d of the form
d=(0,dy,dy,ds,...) with d; < co. We consider separately the cases co = dy = d3 =

cand d; =dy +1—1forall i > 2.

We may assume that k is infinite by taking a flat extension. For the first case, we

may assume after a possible change of coordinates that y is a nonzero divisor on R.

Then the Betti diagram of R/ (ydl) equals (g 4, 00,00,...), and hence

6(ﬂ-(OMh,OO,oo,...)) =€ ((R/ (ydl)) = 2d;.

For the remaining case, the Betti diagram of R/ (y™, zy™ ') equals T(od, d,+1,d1+2,.. ),
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and hence

B(W(o,dl,d1+1,d1+2,...)) =e (R/ (ydl, :Bydl_l)) =2d; — 1.

Note that, since d; < oo, every pure diagram 7y arising in the decomposition

(3.3.A) satisfies d}, = 0 and d} < co. Therefore
e(mgp) < e(mg) < -+ < e(mgs).

By convexity, this implies (ii). O
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Appendix A

Convex geometry

The main results in this dissertation include descriptions of convex cones in a rational
vector space. Here we provide some background on the relevant convex geometry. For
a full and thorough course, we recommend [Zie95, Chapters 1,2,7].

Fix a Q-vector space V. A subset C' C V is a convex cone if it closed under addi-
tion and multiplication by elements of Qsg. For a subset B C V, the notation pos(B)
refers to the positive hull of B, defined as pos(B) := {}_,.5 asb | ap € Q>0 }, which
is clearly a cone. A ray is the Q>(-span of an element of V. A ray in a positive hull
pos(B) is an extremal ray of pos(B) if it does not lie in pos(B \ {b}).

We say C' is a n-dimensional simplicial cone if C' = pos(B) for a set of n

Figure A.1: Visual convex geometry. From left to right: a collection of rays, a
simplicial fan containing those rays, the positive hull of the rays that is also the cone
over the simplicial fan.
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linearly independent vectors B. An m-dimensional face of C' is a subset of the
form pos(B’), for B" a subset of m vectors of B. A facet of C is an (n—1)-dimensional
face.

A simplicial fan X is a collection of simplicial cones {C;} such that C; N C} is
a face of both C; and Cj for all ¢,j. We refer to |J,C; C V as the support of ¥,
denoted supp(X). We say that a subset ¥ of V has the structure of a simplicial
fan if ¥ is the support of some simplicial fan.

A simplicial fan ¥ that is a finite union of cones is m-equidimensional if each
maximal cone has dimension m. A facet of an equidimensional fan is a facet of any
maximal cone, and it is a boundary facet if it is contained in exactly one maximal
cone.

If dim V' is finite and ¥ is (dim V')-equidimensional, then each boundary facet F
determines a unique, up to scalar, functional L: V' — Q such that L vanishes along
F and is nonnegative on the (unique) maximal cone containing F'; we refer to the
halfspace {L > 0} as a boundary halfspace of the fan.

Simplicial fan structures that come from posets arise several times in this dis-
sertation. Let P be a poset and assume that there is a map ®: P — V such that
®(p1),...,P(ps) is linearly independent in V' for all chains p; < ... < p, in P and

such that the union of simplicial cones

Y(P,®) := {pos ({P(p1),...,P(ps)}) | $ € Z>p and p; < --- < ps is a chain in P}

is a simplicial fan. When P is finite, this fan is referred to as a geometric realization
of P. More generally, when a cone is the support of a simplicial fan arising from a
poset, we say that the cone is simplicial with respect to a poset. In Chapter 2,

P is the poset of realization modules and ® is the map M — [(M). In Chapter 3,
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P is the poset of R-degree sequences, and ® is the map d — ny € V. If dimV is
finite, then maximal cones of X (P, ®) are in bijection with maximal chains in P, and

submaximal chains in P are in bijection with facets of X(P, ®).

Lemma A.0.3. Let V be an m-dimensional Q-vector space, P be a finite poset,
O: P — V as above, and (P, ®) be an m-equidimensional simplicial fan. Then

there is a bijective map:

( )
submazimal chains of P that boundary
lie in a unique mazimal chain of p — Jacets of
P (P, ®)
\ J

that is given by

p1 < < pmo1 = pos({®(p1),. .., P(pm)})-

In addition, since py < -+ < pp_1 lies in a unique mazximal cone, there is a unique
q € P which extends this to a maximal chain. The boundary halfspace determined by
this submazimal chain is the halfspace {L > 0}, where L(®(p;)) = 0 and L(®(q)) > 0.
Though more than one submazimal chain may determine the same boundary halfspace,

each boundary halfspace corresponds to at least one such chain. [

Example A.0.4. Let P be the poset from Figure 3.1. We continue with the notation
of the proof of Lemma 3.1.8, letting D] be the simplicial fan on P. Since P has 12
maximal chains, it follows that D] is the union of 12 simplicial cones (of dimension 9).
Consider the maximal chain corresponding to the lower left boundary of Figure 3.1:
there are 7 submaximal chains that uniquely extend to this maximal chain. More

precisely, there are respectively 0,2,2,0,1, 1,0, 1 such submaximal chains of type (a)-

(h).
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Although simplicial fans are not necessarily convex, we can always construct a

convex cone from a simplicial fan.

Lemma A.0.5. Let V' be an m-dimensional Q-vector space, and let ¥ be an m-
equidimensional simplicial fan. Let {{Ly > 0}} be the set of boundary halfspaces of

Y. The convex cone (\,{Ly > 0} is a subset of the support of 3.

Proof. The arguments in the proof of Theorem 2.15 of [Zie95] show that (), {L, > 0}

is the largest convex cone contained in the support of 3. O
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