
University of Nebraska - Lincoln University of Nebraska - Lincoln 

DigitalCommons@University of Nebraska - Lincoln DigitalCommons@University of Nebraska - Lincoln 

Faculty Publications from the Department of 
Engineering Mechanics 

Mechanical & Materials Engineering, 
Department of 

2004 

Continuum Modeling of Cell Membranes Continuum Modeling of Cell Membranes 

Eveline Baesu 
University of Nebraska - Lincoln, ebaesu2@unl.edu 

R. E. Rudd 
Lawrence Livermore National Laboratory, 7000 East Ave, Livermore, CA 

J. Belak 
Lawrence Livermore National Laboratory, 7000 East Ave, Livermore, CA 

M. McElfresh 
Materials Research Institute, 7000 East Ave, Livermore, CA 

Follow this and additional works at: https://digitalcommons.unl.edu/engineeringmechanicsfacpub 

 Part of the Mechanical Engineering Commons 

Baesu, Eveline; Rudd, R. E.; Belak, J.; and McElfresh, M., "Continuum Modeling of Cell Membranes" (2004). 
Faculty Publications from the Department of Engineering Mechanics. 52. 
https://digitalcommons.unl.edu/engineeringmechanicsfacpub/52 

This Article is brought to you for free and open access by the Mechanical & Materials Engineering, Department of at 
DigitalCommons@University of Nebraska - Lincoln. It has been accepted for inclusion in Faculty Publications from 
the Department of Engineering Mechanics by an authorized administrator of DigitalCommons@University of 
Nebraska - Lincoln. 

https://digitalcommons.unl.edu/
https://digitalcommons.unl.edu/engineeringmechanicsfacpub
https://digitalcommons.unl.edu/engineeringmechanicsfacpub
https://digitalcommons.unl.edu/mechengineer
https://digitalcommons.unl.edu/mechengineer
https://digitalcommons.unl.edu/engineeringmechanicsfacpub?utm_source=digitalcommons.unl.edu%2Fengineeringmechanicsfacpub%2F52&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/293?utm_source=digitalcommons.unl.edu%2Fengineeringmechanicsfacpub%2F52&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.unl.edu/engineeringmechanicsfacpub/52?utm_source=digitalcommons.unl.edu%2Fengineeringmechanicsfacpub%2F52&utm_medium=PDF&utm_campaign=PDFCoverPages


Available online at www.sciencedirect.com

International Journal of Non-Linear Mechanics 39 (2004) 369–377

Continuum modeling of cell membranes

E. Baesua ;∗, R.E. Ruddb, J. Belakb, M. McElfreshc

aDepartment of Engineering Mechanics, University of Nebraska-Lincoln, W304 Nebraska Hall, Lincoln, NE 68588-0526, USA
bLawrence Livermore National Laboratory, 7000 East Ave, Livermore, CA 94550, USA

cMaterials Research Institute, 7000 East Ave, Livermore, CA 94550, USA

Received 9 April 2002; accepted 21 October 2002

Abstract

In this paper, we develop a 0nite-deformation model for cell membranes with a view toward characterizing the local
mechanical response of membranes in atomic force microscope (AFM) experiments. The membrane is modeled as a 2-D
6uid continuum endowed with bending resistance. The general theory is used to obtain equations that describe axisymmetric
equilibrium states. The membrane is assumed to enclose a 6uid medium, which transmits hydrostatic pressure to the membrane,
and a point load is applied at the pole to simulate an AFM probe. Both types of loading are associated with a potential
and the problem is then cast in a variational setting. The equilibrium equations and boundary conditions are obtained by
applying standard variational procedures, resulting in a pair of coupled fourth-order di9erential equations to be solved for
the shape of the meridian. Further re0nements associated with global constraints on the enclosed volume and contact with
a rigid substrate are introduced, and a solution strategy is proposed which relies on an iterative scheme for calculating the
associated Lagrange multipliers.
? 2003 Elsevier Ltd. All rights reserved.

1. Introduction

The development of atomic force microscopy
(AFM) and its generalizations, collectively known as
scanning probe microscopy, has provided dramati-
cally new insights into many solid materials systems
including biological systems (see [1] for example and
the references cited therein). These techniques o9er
a non-destructive characterization of the mechanical
and chemical properties of systems on the nanoscale.
The experimental methodologies have proven es-
pecially e9ective in the characterization of hard

∗ Corresponding author. Tel.: +1-402-472-2382; fax: +1-402-
472-8292.
E-mail address: ebaesu@unlserve.unl.edu (E. Baesu).

solid-state systems, such as the surface morphology
of semiconductors. Soft materials, such as biological
membranes, have proven more diAcult. Recent ad-
vances have enabled AFM to be used to image living
cells with a resolution of a few nanometers, but me-
chanical characterization of soft biological systems by
AFM typically su9ers from irreproducibility [3].
Optical tweezer techniques have also proven to

be extremely useful in the study of biological sys-
tems on the nanoscale (see for example [2] and the
references cited therein). They have been used exten-
sively to study the elasticity of biological molecules.
Optical tweezers are only used to induce point
forces; they are not used for imaging. They too suf-
fer from irreproducibility when used to measure the
mechanical response of cells. Why are these mea-
surements unreliable? The problem is that the local
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mechanical response is masked by overall membrane
deformations which tend to 6uctuate among con0g-
urations with roughly equal energies. In both optical
tweezer and AFM experiments, the sample is sub-
jected to a point force and the resulting displacement
is measured. With optical tweezers the force is ex-
erted by a dielectric sphere attached to the sample and
actuated by a laser beam; in AFM the force is exerted
by the tip of a cantilever actuated by a piezoelectric
drive. In relatively simple systems such as linear
molecules like microtubes and DNA, the measure-
ments may be related immediately to the elasticity of
the sample. In more complicated situations, such as
the deformation of a cell, it has proven diAcult to
extract intrinsic properties.
Nevertheless, there is a great impetus to measure

the mechanical properties of cells. Over the past two
decades micropipette experiments have been used
to characterize the elastic properties in cells such as
erythrocytes (red blood cells). This methodology has
been developed by Evans and co-workers into the
technique of force-spectroscopy, an important means
to characterize the elastic properties of cells at the
micron scale and above [4]. The associated 0eld of
biological membrane elasticity has become a very
active and important area of biophysics. The model
introduced in this article allows a precise description
of the behavior of cell membranes under the large de-
formations induced by these techniques in an attempt
to 0nd new ways to characterize the health of cells,
as well as a rich variety of exotic thermodynamic
phenomena [5].
One goal of techniques such as liquid-cell AFM and

optical tweezers is to extend the study of the mechan-
ics of biological cells to incorporate these techniques.
It permits the local elastic response (related to the in-
trinsic mechanical properties) to be separated from
the gross cell deformation. The model is appropriate
for a wide variety, albeit not all, types of cells. In
particular, it is suitable for cells with a regular shape
and an exterior membrane (as opposed to a cell wall).
This includes cells such as erythrocytes, sperm cells
and neural axons as well as organelles such as the
cell nucleus and mitochondria. The model, together
with the new experimental techniques, will enable a
0ne-grained characterization of the mechanical prop-
erties of these cells and organelles that is not currently
available.

2. Literature review

A modern survey of the physics of membranes and
the mechanisms responsible for their behavior is con-
tained in [6,7]. A good source of general information
on cell membranes is the monograph by Evans and
Skalak [4]. An elementary modern review of cell me-
chanics is contained in the book by Boal [8]. From the
mathematical modeling point of view, the 0rst serious
attempt to model the cell as an elastic surface using
classical isotropic plate theory with quadratic free en-
ergy was made by Fung [9] and Fung and Tong [10].
In the physics literature, this model was reinterpreted
primarily by Canham [11] and Helfrich [12], who cite
Fung as the source of the model. They treat the mem-
brane as a curved surface with energy dependent on
its curvature and local stretch, but with no reference to
the 6uidity or solidity of the material from which the
surface is made. The Fung–Canham–Helfrich model
is recovered in this paper as a simple particular case,
the 0rst approximation of our model. The next step up
in re0ning Fung’s model was carried out by Ericksen
[13,14]. His theory, based on general Cosserat surface
theory, is however more complex than is necessary
to model the phenomenology of interest here. Jenk-
ins also used the concept of a 6uid Cosserat surface
and specialized it to obtain a speci0c theory which is
subsumed under that considered here [15]. Numerical
treatment of axisymmetric membranes are discussed
by Deuling and Helfrich [16] and Jenkins [17], but
these papers do not discuss the case of point loads or
contact.
A general treatment of elastic membranes in which

particular emphasis is placed on the distinction be-
tween solid- and 6uid-like response is contained in a
series of papers by Steigmann. An account of how the
use of constraints lead from a general surface elastic-
ity theory to one which incorporates the present the-
ory as a special case is contained in [20]. This forms
the basis for Steigmann [18], which contains a ratio-
nalization of the subject regarding material symmetry
as it relates to the distinction between solid and 6uid
membranes. The models discussed thus far are par-
ticular cases of this general formulation. Further
consequences of the minimum energy postulate for
equilibrium in conventional (no curvature depen-
dence) capillary systems is proved in [19] and com-
parisons are made with experiment.
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3. Local constitutive response

The mechanical response of the biological cell
membrane is described by an isothermal free-energy
function per unit mass,  , which depends on scalar
invariants of the surface strain and curvature in a
manner which re6ects the 6uid-like characteristics of
the membrane wall. Speci0cally, the local response
function is of the form

 =  ̂ (J; H; K); (1)

where J=�� is the local area stretch of the membrane
relative to a 0xed reference surface �; H is the mean
curvature of the membrane in its actual loaded con0g-
uration!, and K is its Gaussian curvature. Here, � and
� are the principal stretches, the ratios of deformed
to reference lengths of material curves aligned with
the principal axes of surface strain. These variables
are rendered explicit in Section 3 below. The fact that
(1) is the most general form of the strain energy for
6uid membranes is proved in [20,21]. The free energy
functions of Fung [9], Canham [11] and Helfrich [12]
are particular cases of (1).
We observe that the variable J is dimensionless

whereasH andK have dimensions of reciprocal length
and squared reciprocal length, respectively; thus there
is an inherent local length scale in function (1). The
only such scale available is the thickness t of the mem-
brane, typically on the order of the length of the one
or two polar molecules, in the case of monolayers or
bilayers, respectively, which traverse the wall. This is
not an explicit parameter in the theory but it is nev-
ertheless needed to generate physically meaningful
explicit forms of the response function.
To illustrate, let E be a constant with dimensions of

energy per unit mass. Then

� = E−1 (J; H̃ =t; K̃=t2) =�(J; H̃ ; K̃) (2)

is a dimensionless response function in which

H̃ = tH and K̃ = t2K (3)

are the dimensionless mean and Gaussian curvatures,
respectively. Let R be the (unknown) minimum radius
of curvature of the membrane in its deformed state !.
Then the variables in (3) are no larger than

H̃ = O(�) and K̃ = O(�2); (4)

respectively, where �= t=R. Theories of the kind used
in this work are normally reliable provided that ��1.

A typical guideline is that � should not exceed 0.1.
Assuming� to be a smooth function of the curvatures,
we then obtain the estimate

�(J; H̃ ; K̃) = F̃(J ) + Ã(J )H̃ + B̃(J )H̃ 2

+ C̃(J )K̃ + o(�2); (5)

where o(�2)=�2 → 0 as � → 0; the latter terms are thus
negligible in comparison to those retained explicitly,
provided that � is suAciently small.
The strain energy w is the free energy per unit area

of the surface ! and is related to  by

w = � ; (6)

where � is the mass per unit area (density) of the
membrane in the con0guration !. This is in general
a positively valued function of coordinates on !. It is
related to the positive mass density �0 in con0guration
� by the local mass conservation equation

�0 = �J: (7)

Unlike �, �0 does not depend on the deformation of
the membrane but may be a function of surface coor-
dinates on �.
Using �0 we may also de0ne the strain energy W

per unit area of �. This is given by

W = �0 = Jw: (8)

The total strain energy in a given deformation may
then be represented in either of the equivalent forms∫

!
w da=

∫
�

W dA: (9)

If we assume �0 to be uniform, combine (8) and
(6) with the dimensional version of (5), and drop the
o(�2) terms we derive

W = F(J ) + A(J )H + B(J )H 2 + C(J )K and

w = f(J ) + a(J )H + b(J )H 2 + c(J )K; (10)

where f(J )=F(J )=J; a(J )=A(J )=J , etc. The widely
used Helfrich model is the special case of (10)2 given
by

w(J; H; K) = T − 2H0H + kH 2 + OkK; (11)

where T; H0; k and Ok are constants. The 0rst of these
corresponds to the function F(J ) = TJ in (10)1. In
fact Helfrich used a slightly di9erent form for F(J )
motivated by the observation that the surface tension



372 E. Baesu et al. / International Journal of Non-Linear Mechanics 39 (2004) 369–377

of membranes typically relaxes to zero in the absence
of areal stretch. This is discussed in more detail below.
Originally Fung used classical isotropic plate theory to
motivate a formula equivalent to (11) but later it was
shown how dependence on J; H and K emerges from
a de0nition of 6uidity which imposes more stringent
restrictions than the SO(2) invariance associated with
isotropy [20].
If the latter three coeAcients in (11) are set to zero,

we 0nd that the total strain energy is proportional to
the area of !; the proportionality constant is T , the
surface tension. This is independent of the local dilata-
tion J and therefore (11) predicts that the membrane
o9ers no sti9ness against changes in its surface area.
Although this prediction is in accord with the behav-
ior of classical soap 0lms and certain surfactant vesi-
cles, it is not compatible with data on biological cells
[4], which indicate that membranes are relatively sti9
against dilatation. In such circumstances the deriva-
tive F ′(J ) is not constant. The large areal sti9ness
suggests that J remains close to unity in typical cir-
cumstances and thus an appropriate estimate is given
by Helfrich’s proposal F(J )= 1

2E(J −1)2 where E is
a positive constant which may be identi0ed with the
constant used in the normalization scheme (2). This
yields an e9ective surface tension equal to E(J − 1),
which vanishes for J = 1 in accordance with the
understood phenomenology of cell membranes. If the
dilatational modulus E is suAciently large, then devi-
ations of J from unity are energetically disfavored and
it is appropriate to consider imposing the constraint
J = 1. This is discussed below. In this case we use
a Lagrange multiplier to accommodate the constraint
and replace F(J ) by T (J − 1), where T is no longer
a parameter but rather a function of coordinates on
! to be determined together with the deformation, as
detailed in what follows.
Further, if ! is a closed surface then the term in-

volving Ok contributes a constant to the total strain en-
ergy which is 0xed by the genus of ! (roughly, the
number of handles on the surface); this does not con-
tribute to the Euler–Lagrange (equilibrium) equations
and may therefore be dropped from the expression for
the strain energy if the topology of the surface is 0xed.
It is generally necessary to retain this term for surfaces
with edges.
A special case of (11) with Ok = 0 was used in [22]

together with empirical AFM data on bovine sperm

cells to estimate the average value of H̃ on ! to be
on the order of 10−3. If this average value were com-
parable to the quantity � de0ned in the foregoing then
the strain energy would be well approximated by (11)
uniformly over !; that is, the error incurred by
using a quadratic approximation would be uniformly
distributed over the surface. This is not the case, how-
ever, since the AFM probe transmits what is e9ec-
tively a point load to the cell, and the local curvature
in the vicinity of the probe tip, which is characterized
by �, may be much larger than the surface average.
For example, comparing the membrane thickness to
the radius of curvature of the AFM probe tip yields a
theoretical maximum value for � of roughly 0.3, as-
suming that the radius of curvature of the membrane
at the tip is equal to the tip radius. In this worst-case
scenario � is still less than unity and therefore ful0lls
a basic necessary condition for the applicability of
the theory. However, it is not to be expected that a
quadratic approximation to the energy, as in (11),
would furnish a good estimate locally near the probe
tip. Thus, the quality of the approximation a9orded
by (11) deteriorates as the probe tip is approached.
This fact furnishes some impetus for retaining a gen-
eral dependence of the response function on J; H
and K in the present paper. This observation notwith-
standing, it may be anticipated that comparison of
numerical results based on the Helfrich form with
empirical shape data away from the tip may yield
quantitative results suAcient to determine the various
moduli appearing in the former expression.

4. The potential energy functional for
axisymmetric states

To develop the equilibrium equations for axisym-
metric states one could begin with the general equa-
tions of shell theory and then specialize, but it is more
eAcient to derive them directly by minimizing an ap-
propriate potential energy, or enthalpy, functional. To
this end it is necessary to write the potential energy in
terms of suitable deformation functions. The desired
equilibrium equations are then the Euler–Lagrange
equations associated with the potential energy. This
procedure is straightforward but involved and we ac-
cordingly include suAcient detail to permit our anal-
ysis to be reconstructed by the interested reader. The
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basic form of the potential energy functional used here
is similar to that used in [19] for pure membranes
without 6exural sti9ness.
We assume that the AFM probe supplies a con-

trolled force vector f to the membrane at a point of !
with position x∗. We further suppose that the mem-
brane is impermeable and encloses a volume of incom-
pressible liquid; we thus impose a global constraint
on the enclosed volume. This introduces a Lagrange
multiplier p which is a constant to be determined in
the course of solution. Physically, p represents the net
pressure transmitted across the membrane surface as
required to enforce the constraint. Speci0c boundary-,
continuity- and contact-conditions are discussed be-
low and reference will also be made to the adjustments
necessary to accommodate surface-area constraints of
the kind often imposed in studies of cell membranes
[4].
The appropriate form of the potential energy func-

tional is [19,23]

E =
∫
�

W dA− pV (!)− f · x∗; (12)

where the dot is used to denote the inner product of
vectors and V (!) is the volume enclosed by the mem-
brane in its deformed con0guration !. The volume
constraint then takes the form

V (!) = V (�) (13)

which supplies an equation to determine p.
We assume that ! and � are surfaces of revolution

with a common axis of symmetry and position func-
tions

x(#; s) = x(s)er(#) + z(s)k;

X(#; s) = �(s)er(#) + &(s)k; (14)

respectively, where # is the azimuthal angle common
to points on both surfaces, s measures arclength along
a meridian of the reference surface �; k is a unit vec-
tor aligned with the symmetry axis, er(#) is a unit
vector directed radially from the symmetry axis at az-
imuth #, and (x; z); (�; &) with x¿ 0 and �¿ 0 are the
radial and axial coordinates of a point of the mem-
brane on ! and �, respectively. These parametriza-
tions may be used to plot the points of the meridian
in the er ; k-plane and therefore furnish a convenient
means to visualize the solution graphically.

We de0ne # 1=#; # 2=s and use these as surface co-
ordinates throughout the following development. They
may be used to de0ne vectors

a1 = x;1 = x(s)e#(#) and

a2 = x;2 = x′(s)er(#) + z′(s)k; (15)

where e# = k × er and the commas followed by sub-
scripts indicate di9erentiation with respect to the indi-
cated coordinates. These vectors are tangential to the
circles of latitude and meridians on !, respectively.
Their counterparts on � are given by

A1 = X;1 = �(s)e#(#) and

A2 = X;2 = �′(s)er(#) + &′(s)k: (16)

The de0nition of s as arclength along a meridian of �
implies that (�′)2 + (&′)2 = 1 and therefore |A2|= 1.
The exterior unit normal to ! is

n= a1 × a2=|a1 × a2|
= (z′er − x′k)=

√
(x′)2 + (z′)2 (17)

and is used to obtain a useful expression for the volume
enclosed by !. First we write

V (!) =
1
3

∫
V (!)

div x dv; (18)

where x is the position of points inside the surface,
the extension of (14)1 to the interior, and div x(=3)
is its divergence. We then use the divergence theorem
to obtain

V (!) =
1
3

∫
!
x · n da= 1

3

∫
�

Jx · n dA; (19)

where x and n are given by (14) and (17), respectively.
The factor J is related to the deformation variables by
writing J = �� where

�= |a2|=|A2|=
√
(x′)2 + (z′)2 and

� = |a1|=|A1|= x=� (20)

are the stretches of the meridians and circles of lati-
tude, respectively; therefore

J = (x=�)
√

(x′)2 + (z′)2 (21)

and

Jn · x= (x=�)(xz′ − zx′)

= �−1[x2z′ − z( 12x
2)′]: (22)
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The expression for J is also needed in the strain-energy
function. To obtain the curvature terms in this function
we use [24]

2H = a*+b*+ and

K = det(b*+)=det(a*+); (23)

where, in the formula for H , repeated indices are
summed from 1 to 2 and

a*+ = a* · a+; b*+ = n · a*;+ and

(a*+) = (a*+)−1: (24)

A lengthy but straightforward calculation yields

2H = (z′x′′ − x′z′′)=[(x′)2 + (z′)2]3=2

− x−1z′=[(x′)2 + (z′)2]1=2 (25)

and

K = x−1z′(x′z′′ − z′x′′)=[(x′)2 + (z′)2]2: (26)

Therefore the strain-energy function may be written
in the form

W (J; H; K) = OW (x; x′; x′′; z; z′; z′′; s); (27)

where the explicit s-dependence enters through the
function �(s) pertaining to the reference surface.
It is advantageous to write the entire potential en-

ergy E as an integral over � and to this end we let
s range over (a; b) where b is the value of arclength
at the pole where the point load is applied. If the
load is directed vertically along the symmetry axis
then f · x∗ = Fz(b) where F is the scalar force, neg-
ative if the force is directed downward. We then use
z(b)=z(a)+

∫ b
a z′(s) ds together with dA=2,�(s) ds

to obtain

E=2,=
∫ b

a
G(x; x′; x′′; z; z′; z′′; s) ds; (28)

where

G = �(s) OW (x; x′; x′′; z; z′; z′′; s)

− 1
3p[x

2z′ − z( 12x
2)′]− OFz′ (29)

and OF = F=2,. For the problems considered here we
prescribe z(a) and neglect the term Fz(a) which con-
tributes only a 0xed constant to the energy and there-
fore does not contribute to the equilibrium equations.

The functional (29) is in standard form and the
Euler–Lagrange equations may be deduced by appeal-
ing to results given in [23]. They are:

(Gx′′)′′ − (Gx′)′ + Gx = 0 and

(Gz′′)′′ − (Gz′)′ + Gz = 0; (30)

where subscripts refer to partial derivatives. A novel
feature of the present formulation is the incorporation
of the point load directly into the di9erential equations
through the de0nition of G. After substituting (29) we
arrive at a coupled pair of non-linear fourth-order ordi-
nary di9erential equations for x(s) and z(s). To obtain
these equations in explicit form it is necessary to use
the chain rule together with the particular strain-energy
function W under consideration. For example,

Gx = � OWx − 1
3p(2xz

′ − zx′); (31)

where

OWx =WJJx +WHHx +WKKx (32)

and Jx; Hx; Kx are obtained from (30)–(32) once and
for all.
The boundary conditions are also obtained by ap-

pealing to standard variational arguments. Thus, let
u(s) and v(s) be the variations of the functions x(s)
and z(s). These are the Gateaux derivatives of x and
z with respect to a parameter which labels geometri-
cally feasible con0gurations of the membrane. They
may be viewed as the velocities of these functions with
respect to the parameter and the boundary conditions
may then be deduced from the virtual-work conditions
[23]

u(a)[Gx′ − (Gx′′)′]a = 0; u(b)[Gx′ − (Gx′′)′]b = 0;

v(a)[Gz′ − (Gz′′)′]a = 0;

v(b)[Gz′ − (Gz′′)′]b = 0 (33)

and

u′(a)[Gx′′ ]a = 0; u′(b)[Gx′′ ]b = 0;

v′(a)[Gz′′ ]a = 0; v′(b)[Gz′′ ]b = 0: (34)

The bracketed expressions multiplying u and v are
forces in the x and z directions, respectively, the terms
multiplying u′ and v′ are couples.

This framework encompasses a number of
boundary-value problems. We consider two exam-
ples here and then proceed to discuss adjustments
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to the theory needed to accommodate unilateral con-
tact conditions and local area constraints.
First, suppose the membrane has the shape of a lens

in its reference con0guration and let it be pinned to a
circle of radius A on the plane z = &= C.
Take the point s= a on the meridian to correspond

to a point on the plane. Then x(a) = A; z(a) = C and
so u(a) = 0 and v(a) = 0. Eqs. (33)1 and (34)1 are
automatically satis0ed. At the pole s = b the tangent
to the deformed meridian is horizontal and therefore
dz=dx=0 there. Writing this as the ratio z′(s)=x′(s) we
obtain z′(b)=0 and therefore v′(b)=0. The radius at
the pole also vanishes, i.e. x(b)=0 and thus u(b)=0.
The remaining four boundary conditions are

Gz′ − (Gz′′)′ = 0 at s= b; (35)

Gx′′ = 0; Gz′′ = 0 at s= a and

Gx′′ = 0 at s= b: (36)

The 0rst of these requires that the net vertical force act-
ing at the pole vanish; the remaining equations require
that appropriate bending moments vanish at the points
indicated. The formulation is completed by specify-
ing a parametrization of the reference surface �. This
problem is relevant to bovine sperm cells which are
relatively 6attened surfaces in the absence of AFM
loads. We would then identify such a con0guration
with the reference surface �.
As a general observation we note that if the refer-

ence con0guration chosen is intended to be an actual
con0guration in the absence of the AFM load, then
the equilibrium equations with F = 0 must be satis-
0ed when x(s) and z(s) are replaced by �(s) and &(s),
respectively, the latter cannot then be speci0ed arbi-
trarily.
If the reference surface is a sphere under opposing

axial point loads, then we may invoke the symmetry
of the problem with respect to the equatorial plane.
Here we impose z(a) = 0 where s= a corresponds to
the point on the meridian at the equator. Thus v(a)=0
and of course x(b) = 0 and u(b) = 0. In the deformed
con0guration the tangent to the meridian will be ver-
tical at the equator and horizontal at the pole. Thus
x′(a)= z′(b)=0 and so u′(a)=v′(b)=0. The remain-
ing four boundary conditions are

Gx′ − (Gx′′)′ = 0 at s= a and

Gz′ − (Gz′′)′ = 0 at s= b (37)

together with

Gx′′ = 0 at s= b and

Gz′′ = 0 at s= a: (38)

In general, for closed membranes subject to a vol-
ume constraint the pressure p in the foregoing equa-
tions plays the role of a Lagrange multiplier which
must be determined in the course of solution. To this
end it is necessary to 0rst assign a value of p together
with the speci0ed data and then compute a solution
curve (x(s;p); z(s;p)) representing the meridian of
the equilibrated membrane, depending parametrically
on p. This may be accomplished by using any number
of well-established techniques for solving systems of
ordinary di9erential equations. The computed solution
is then used to de0ne a function

I(p) =
∫ b

a
[x2z′ − z( 12x

2)′] ds

−
∫ b

a
[�2&′ − &( 12�

2)′] ds (39)

which vanishes whenever constraint (13) is satis0ed.
Of course the values of p used cannot be expected
to satisfy I(p) = 0 and so it is necessary to select a
sequence of values {pi}i=1; :::; n and to repeat the solu-
tion process for every member of the sequence. This
generates a sequence of values I(pi) which may then
be plotted and by using an interval-splitting method it
is possible to obtain an estimate of the correct value
of p to arbitrary accuracy. The associated functions
(x(s); z(s)) then furnish a parametric representation of
the meridian curve of the actual membrane. The same
procedure may be used to generate multiple solutions
in the event of non-uniqueness, which cannot be ruled
out a priori. Existence of solutions may be demon-
strated by adapting Peano’s well-known classical ex-
istence theorem for systems of ordinary di9erential
equations, which in turn forms the basis of numerical
methods such as the so-called shooting technique. It
is of course necessary to use numerical quadrature to
evaluate I(p).
We may generalize the problem in at least two

important directions which bear directly on the
simulation of cell-membrane response. In the 0rst
generalization, we impose a local constraint on the
area of the membrane in accordance with observed
cell-membrane phenomenology as reported in the
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monograph by Evans and Skalak [4], for example.
Experiments indicate that it is energetically favorable
for red-blood cell membranes to deform in such a
way to maintain local surface area whenever such
a mode of deformation is kinematically compatible
with boundary data. When this is not feasible, closed
impermeable membranes continue to respect the en-
closed volume constraint, suggesting that there is a
substantially greater energetic penalty associated with
variations in volume than with variations in area [4].
In the latter circumstances the foregoing formulation
furnishes the appropriate model.
To accommodate the area constraint, we impose

the local subsidiary condition J = 1, which yields the
non-holonomic (di9erential) condition

(x′)2 + (z′)2 = (�=x)2: (40)

This must be satis0ed in addition to Euler–Lagrange
equations (30). Energy functional (28) continues to
apply but in expression (29) for the strain-energy func-
tion, the constant T , which represents a material pa-
rameter in the unconstrained case, is replaced by a
function T (s)(J − 1) of the reference arclength vari-
able [23]. The function T (s), which is unrelated to the
local material properties, is added to the list of un-
knowns x(s); z(s). With this modi0cation, the Euler–
Lagrange equations and the various associated bound-
ary conditions remain valid, and together with (33)
and (34) furnish a complete system for the determi-
nation of x(s); z(s); T (s). The solution procedure out-
lined in the foregoing remains valid also, but now the
functions x(s;p); z(s;p); T (s;p) thereby obtained de-
pend parametrically on p, which is determined as be-
fore by requiring that I(p) vanish. Of course, when
imposing simultaneous constraints on local area and
global volume it may happen that the boundary data
or other conditions of the problem imply that there is
no nontrivial solution. The question turns on the ex-
istence of a non-trivial intersection of the classes of
functions meeting (40) and I = 0 simultaneously. If
there is no non-trivial intersection (the trivial one be-
ing that corresponding to the reference surface) then
the work of Evans and Skalak [4] indicates that the
area constraint should be relaxed.
Lastly, in the second generalization, the membrane

is modelled as a closed surface in contact with a hor-
izontal plane rigid substrate. We no longer have sym-
metry with respect to an equatorial plane and therefore

replace the boundary conditions by appropriate conti-
nuity conditions. Speci0cally, we take the point s= a
to correspond to the point on the contact plane which
also lies on the vertical symmetry axis. The point s=b
is the arclength station of the point where the AFM
tip probe is applied, as before. The tip load causes
the membrane to come into contact with the substrate
over an interval a¡s¡c of the meridian, where c
is an unknown parameter which must be determined
in the course of solution. In the (unknown) region of
contact, we impose the unilateral constraint z(s)¿ 0
on kinematically possible con0gurations of the mem-
brane. If the contact is frictionless, then the problem
remains conservative and admits the same potential-
energy functional that we have used thus far. Using
techniques from the calculus of variations in the pres-
ence of unilateral constraints, it may then be shown
that in the region of contact, a one-signed Lagrange
multiplier function q(s) is operative, and plays the role
of a (variable) lateral pressure which acts in addition
to the uniform pressure p associated with the volume
constraint. The foregoing Euler–Lagrange equations
(30), together with (33) and (34) if appropriate, re-
main valid everywhere on the meridian from s= a to
b, but in the region a¡s¡c, the pressure p in these
equations is replaced by p + q(s). This would ap-
pear to introduce a surplus of unknown functions into
the formulation, but in fact we impose the condition
z(s) = 0; a¡s¡c, in the Euler–Lagrange equations
so that the nominal unknown z(s) is e9ectively re-
placed by the unknown q(s) in the contact region; thus
we again have two equations (or three in the presence
of the area constraint), and hence a system suAcient
to determine the unknown functions.
To determine the parameter c which de0nes the part

of the membrane in contact with the plane, we impose
the requirement

q(c) = 0; (41)

so that the additional contact pressure vanishes at the
edge of the contact domain (and of course elsewhere
on the membrane), together with continuity conditions
on the meridional position and slope 0elds; thus

xn(c) = xc(c); zn(c) = zc(c) = 0;

x′n(c) = x′c(c); z′n(c) = z′c(c) = 0; (42)

where xn(s); zn(s) are the coordinates of points on the
meridian in regions where there is no contact and xc(s),
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zc(s) = 0 are the coordinates in the contact region.
The complete meridian is then given by the composite
functions

x(s) =
xc(s); a6 s¡c;

xn(s); c6 s¡b;

z(s) =
0; a6 s¡c;

zn(s); c6 s6 b:
(43)

The foregoing solution technique for the determi-
nation of the Lagrange multiplier p remains valid
with or without the local area constraint. However, for
every choice of p in the sequence of solutions, it is
necessary to adjust the parameter c until q(c) = 0 is
satis0ed. All functions and parameters, including c,
depend parametrically on p, and the function I(p),
whose zeros identify solutions to the equilibrium prob-
lem, may then be constructed and used as before.
The methodology outlined in this paper, although

straightforward, is nevertheless computationally inten-
sive and therefore speci0c examples will be discussed
elsewhere.
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