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RobustBF: An R Package for Robust

Solution to the Behrens-Fisher Problem
by Gamze Giiven, Siikrii Acitas, Hatice Samkar and Birdal Senoglu

Abstract Welch’s two-sample ¢-test based on least squares (LS) estimators is generally used to test the
equality of two normal means when the variances are not equal. However, this test loses its power
when the underlying distribution is not normal. In this paper, two different tests are proposed to test
the equality of two long-tailed symmetric (LTS) means under heterogeneous variances. Adaptive
modified maximum likelihood (AMML) estimators are used in developing the proposed tests since
they are highly efficient under LTS distribution. An R package called RobustBF is given to show
the implementation of these tests. Simulated Type I error rates and powers of the proposed tests are
also given and compared with Welch’s t-test based on LS estimators via an extensive Monte Carlo
simulation study.

Introduction

Testing the equality of two population means is one of the most encountered problems in applied
sciences. Student’s t-test, which is uniformly most powerful unbiased, is commonly used under
normality and homogeneity of variances assumptions. The well-known Behrens-Fisher (BF) problem
arises when the assumption of homogeneity of variances is not met. This problem can be defined as
testing the null hypothesis

Ho:p1 =2 ey

when Yj1, Yo, ..., Yin, (i = 1,2) are independent random samples from N (;4,-,(71-2) distribution. Fisher
(1939) endorsed Behrens’ solution to the BF problem by using the fiducial theory. Many researchers
studied this problem. For example, Welch (1938) proposed a test statistic and provided its degrees
of freedom approximately. It should be noted that degrees of freedom provided by Welch (1938) can
also be obtained by using the Satterthwaite approximation; see Satterthwaite (1946). This is why
the mentioned degrees of freedom is also known as Welch-Satterthwaite degrees of freedom in the
literature. Wang (1971) calculated the Type I error rates of the Welch’s two-sample -test and Aspin-
Welch test for different sets of degrees of freedom and nominal significance levels and concluded that
Welch'’s t-test could be used in practice with little loss of accuracy. Davenport and Webster (1975)
considered the test suggested by Fairfield Smith (1936) for the BF problem and compared its Type I
error rates with those of Mehta and Srinivasan (1970). They concluded that this test is a very practical
solution to the BF problem besides being stable in regard to size and having adequate power. Best
and Rayner (1987) calculated the Wald score and likelihood ratio statistics and showed that the test
based on Wald statistics has the same asymptotic properties as the Welch'’s t-test. Kim and Cohen
(1998) presented a review of basic concepts and applications concerning the BF problem under fiducial,
Bayesian and frequentist approaches. Singh et al. (2002) developed a test based on the Jackknife
estimator of the common population variance and compared the powers of the proposed test with
those of Welch'’s t-test and Cochran and Cox (1957) test. According to the results of their study, the
proposed test is more powerful than the Cochran-Cox test for all cases, while it is more preferable to
Welch’s t-test for some cases. Chang and Pal (2008) developed a computational approach test (CAT)
for the BF problem and compared it with Welch’s ¢-test, Cochran-Cox text, Generalized p-value test,
and Singh-Saxena-Srivastava test under the normal and {-model. They found that Welch’s t-test,
Cochran-Cox text, and CAT are robust under the heavier tailed t-models besides having similar size
and power.

When the literature is examined, it can be seen that Welch'’s t-test has a very good performance as
compared to other tests in the case of heteroscedasticity and unequal sample sizes in the context of
normality. The power of Welch’s ¢-test decreases very rapidly when the underlying distribution is
long-tailed symmetric (LTS) since the least squares (LS) estimators are not robust to the violation of
normality. It is known that non-normal distributions are more common in real-life problems. Yuen
(1974) proposed a two-sample trimmed ¢-test and compared its performance of it with Welch'’s ¢-test for
both normal and long-tailed samples. Tiku and Singh (1981) proposed Welch-type statistics based on
modified maximum likelihood (MML) estimators and showed that the proposed test is more powerful
than Yuen (1974)’s trimmed ¢-test. In addition, Tiku and Singh (1981) investigated the analogous test
based on the robust bisquare estimators BS82 and showed that this test statistic gives misleading Type
Terrors.

In this study, a robust version of Welch's t-test for the BF problem is proposed when the underlying
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distribution is LTS. A second test using the fiducial model, which is a special case of a functional
model given by Dawid and Stone (1982), is also proposed; see Fisher (1933, 1935) for more information
about the fiducial approach. The reason for including a robust version of fiducial-based test into this
study is to see its performance in the context of BF problem and to make comprehensive comparisons
with its rivals (i.e., robust version of Welch’s t-test and the traditional Welch’s t-test). Both of the
proposed tests are based on adaptive modified maximum likelihood (AMML) estimators, see Tiku and
Stirticti (2009) and Donmez (2010). To the best of our knowledge, this is the first study using AMML
estimators for testing the equality of two LTS means under heterogeneous variances. These estimators
are efficient and easy to compute for LTS samples, see Tiku and Stirticii (2009).

The R packages stats by R Core Team (1970) and asht by Fay (2020) include Welch'’s t-test based on
LS estimators and BF test under normality, respectively. WRS2 by Mair and Wilcox (2021) contains
Yuen'’s test based on the trimmed sample means. Different from the earlier studies, we provide an
R package RobustBF computing the values of the proposed test statistics and/or the corresponding
p-values.

The rest of this study is organized as follows. Firstly, AMML estimators are given. Secondly, the
robust Welch test and robust test based on the fiducial approach are developed. Thirdly, an extensive
Monte Carlo simulation study is conducted to compare the performances of the proposed tests with
the traditional Welch's t-test based on LS estimators. The proposed tests are applied to a real data set
via RobustBF package. This paper is finalized some concluding remarks.

AMML Estimators

Assume that Yj, Yip, ..., Yiy, (i = 1,2) be independent random samples from LTS (p, p;, 0;) distribution

1 A A
f(y)_\/l;ﬁ(l/2p1/2)0(1+(yk(;)> , —o<y<o—co< <o >0p>2 (2)

where y is the location parameter, o is the scale parameter, p is the shape parameter, and k = 2p — 3
(Tiku and Kumra, 1985). It should be noted that E (y) = p, V (y) = ¢?, and t = \/(v/k) (y/c) has
Student’s ¢ distribution with v = 2p — 1 degrees of freedom.

The log-likelihood (In L) function is given by

2
2 1 1
1nL:—N1n(\/l?ﬁ(1/2,p—1/2)>—Zniln(al pZZln 1+<y’k y> , €)
i=1

i=1j=1 i

where N = 1y + ny. Then, the likelihood equations are obtained as follows

dlnL
o ka, ;g (Z”) =0 @)
alnL nl
L 3 () =0 0
where
A Vi T
8 (Zl]> 1+ (1/k) 212]' and  zjj = o (6)

By solving the above likelihood equations, (4) and (5), simultaneously, the maximum likelihood
(ML) estimators of the parameters y; and o; are obtained. However, these equations involve nonlinear
functions of the parameters, and so ML estimators cannot be obtained explicitly. Hence, numerical
methods can be used to solve these equations. Numerical methods may cause convergence problems
like non-convergence of iterations, convergence to wrong roots, or multiple roots (Puthenpura and
Sinha, 1986; Vaughan, 1992). MML methodology proposed by Tiku (1967, 1968) overcomes these
mentioned problems by providing explicit solutions to likelihood equations. In MML methodology,
firstly, the standardized statistics are ordered in ascending way, i.e., zj(1) < zj2) < ... < Zj(y ) Then,
likelihood equations in (4) and (5) are rewritten in terms of z;(;) and g(z;(;)) (i =1, 2 j=12,..,n;) as
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shown in (7) and (8) since summation is invariant to ordering, i.e., Z Zj( Z Zjj.
j=1 =
olnL
7
ayi k(TZ Z ( ) ( )
dlnL n,

=——+— =0. 8
ao; + km = Fi( ( ) ®
Here, ;) = ym%‘—y, and g(z;(j)) = H(lz% The nonlinear function g(z;(;)) is linearized utilizing

the first two terms of the Taylor series expansion around the expected values of the ordered statistics
E(zi(j)) = ti(j) as follows

8 (Zim) = wij + Pijzig), ©)
where
(2/k) £ 1—(1/k) £
tx,-]- = —(]2) 5 and ﬁz] = —2(]) 5 (10)
(1+a/m ) (1+asm )

Since t;(;) values cannot be obtained exactly, approximate values of t;;) which do not affect the
efficiencies of the resulting estimators are used,

ti(j) g L
wa(z)dz— Py i=1,2j=12,.,n;. (11)
Secondly, modified likelihood equations are obtained by inserting the approximation (9) into Egs. (7)
and (8)
dlnL*
o ka, Z (a” + Bijzi ) (12)
dlnL* n o 2p &
90 = *;; + kTT, Z; Zi(j) (Déi]‘ + ‘31]21(])> =0. (13)
]:

Finally, MML estimators of y; and o; are found by solving Egs. (12) and (13). They are given as follows

ni
£ Bivig e
=1 1j(j) . B; + Bl.2+4n,~Ci 14)

jj = —— and §; ,
i m; ! 2 nj(ni—l)

where
zp n; R zp n; . 2 n;
Bi="") (yi(j) - Hi) , Ci="2) B (%'(j) - ﬂi) and m; =) Bij; (15)
k& k& =

see Tiku and Suresh (1992). The asymptotic properties of the MML estimators #i; and &; can be
demonstrated with the help of the following theorems.

Theorem 1 fi; is the minimum variance bound (MVB) estimator and is asymptotically normally distributed
with mean y; and variance (riz/Mi (M; =2pm;/k).

Theorem 2 (n; — 1) 67 /07 is distributed as chi-square (more accurately a multiple of chi-square) with (n; — 1)
degrees of freedom.

For proofs of theorems, see, e.g. Senoglu and Tiku (2001); Giiven et al. (2019).

MML estimators have the same asymptotic properties as the ML estimators and are as efficient as
ML estimators, even for small samples. They are easy to compute and robust to the outliers.

It should be noted that the shape parameter p is assumed to be known in the MML methodology.
However, in some real-life applications, it may be possible to assume that the data comes from a
certain type of distribution, namely LTS distribution, but there is no opportunity to specify the value
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of the shape parameter. Hence, Tiku and Stirticii (2009) proposed AMML methodology, which is a new
version of MML methodology, see Donmez (2010) and Acitas et al. (2020, 2021). This methodology
relaxes the assumption of the known shape parameter. AMML estimators are computed in two
iterations. In the first iteration, initial ¢;; values are calculated from the sample data, as shown below

b= (v = Toi) /S0 i=1,2j=1,0mi (16)
Here, Ty; and Sy, are the initial estimates of y; and 0; and they are calculated as
To; = med {yi]»} and Sy; = 1.483med {| vii — To \} i=1,2j=1.m (17)
respectively. Using the t;; values in (16), a;; and f;; coefficients are calculated as follows

(1/k) tij 1
njj = ————— d Bij=——- 18
Tirame i 1+ (1/K) 8 (18)
Then, the AMML estimates of the parameters y; and 0; are obtained using Eq. (14) and a;; and B;;
values given in Eq. (18). To distinguish these estimates from the MML estimates, they are represented
by fi ammr) and G apmr) in the rest of the paper. In the second iteration, #;; values are revised as
follows

tij = (yzj - ﬁi(AMML)) /Giammr) E=1,2] =1, (19)

and recalculate the «;; and f;; values using the equalities in (18) for these ¢;; values. Then final AMML
estimates of y; and o; are obtained.

It should be noted that in AMML methodology, y;; observations are used rather than the ordered
Yj(j) observations since t;; values are calculated from the sample observations. In addition, the shape
parameter p is taken to be 16.5 in the calculations of a;; and B;; coefficients since this value makes
AMML estimators efficient for normal and near normal distributions. It also makes them robust to
mild outliers. The reason why we use AMML methodology in the proposed tests is that it provides the
same asymptotic properties as MML methodology and, as mentioned before, relaxes the assumption
of known shape parameter p.

Proposed Test Statistics

In this section, we propose two different tests for testing the equality of two LTS means.

Robust Welch (RW) Test

In this subsection, we briefly introduce Welch’s t-test proposed by Welch (1938) under normal theory
and then give the robust version of it. Welch’s t-test based on LS estimators is defined as W =

{(%1 — %) — (41 — t2)} /\/{ (s3/m1) + (s3/m2) }. It is known that W is approximately distributed as
Student’s t with degrees of freedom

f= 1
A/ (=) + (=) / (12 - 1)}

(20)

where ¢ = (s3/n1) / {(s?/n1) + (s5/n2) }. Here, %; and s7 (i = 1,2) are the sample means and sample
variances, respectively. The value of W test can be obtained using t . test function available in R.

In this study, we propose the following test statistics based on AMML estimators as a robust
alternative to Welch’s t-test

(ﬁl(AMML) - ﬁz(AMML)> = (1 —m2)
52 52
\/(“1(AMML)/M1> + <‘72(AMML)/M2>
As we shall see at the end of this section, the null distribution of RW is approximately distributed

as Student’s t based upon Theorems 1 and 2 . The approximate degrees of freedom for this test is
obtained using the Satterthwaite (1946) approximation as follows.

RW =

(21)
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Let

o2 o2

1 2
=t =2 22
oM 2T oM 22

(m—=1) &%(AMML) (n2 — 1)[722(AMML)
Q1= 5 and Qp=——"5—— (23)
01 o

where Q; and Q; are independent chi-square random variables with degrees of freedom (n; — 1) and
(np — 1), respectively (see Theorem 2). If the linear combination of Q; and Q; is written as

AD A0
T(AMML) N J2(AMML)

Q=0aQi+0Q= M My, (24)
then vQ/E (Q) has an approximate x? distribution with the following degrees of freedom
2
[Cl Qi+ CzQz]
= 2 2
([C1Q1] /V1> + ([CzQz} /U2>
(25)
2
(@ camaary/ M) + (B anarary/ M2))
- 2 2 :
<&%<AMML)/M1> /(m—1)+ <A22<AMML)/M2> /(m2 = 1)
Here,
2 2
nn=n-1 wm=n-1 and E(Q):]((/T1 ]‘\772. (26)
1 2
RW in (21) can be rewritten as follows
RV — ((ﬁl(AMML) - ﬁz(AMML)) = (- 142)) /\/(U%/Ml) + (‘722/M2). @
\/(&%(AMML)/Ml) + <&22(AMML)/M2>/\/(012/M1) +(03/Mz)
Since this expression is equivalent to
S S— (28)
VQ/VE(Q)

it is obvious that RW is approximately distributed as Student’s ¢ with v degrees of freedom. Here,

Z ~ N(0,1) (see Theorem 1) and v/Q/+/E (Q) ~ V/x2/v.

To verify the null distribution of the RW, the probabilities

p1=Pr(|[RW| > t_y/2y) (29)

are simulated from 10,000 Monte Carlo runs for various combinations of the sample sizes n1 and ;.

The results are demonstrated in Table 1. Here, v is the degrees of freedom for RW.

Robust Fiducial (RF) Based Test

In this section, fiducial-based test is proposed using the concept of fiducial inference and pivotal
model; see Fisher (1933, 1935) and Dawid and Stone (1982). Let denote the RW test based on the
observed values as

(ﬁT(AMML) - ﬁ;(AMML)> = (1 —m2)
o2F o2 '
\/ 1(?\/1\1/111\/114) + %ZML)

First, the fiducial distribution of RW* is derived using pivotal quantities and fiducial distribution of

RW* = (30)

* A2

the parameters of interest. Then, the corresponding p-value is obtained. Here, (ﬁl (AMML)’ (71.(’;‘ M ML))
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are the observed values of (ﬁi(AMML)"ATiZ(AMML)> (i=1,2). Let

~ Pitammr) — Pi

Zi= T (1)
and
—1) o A2
Q; = (n; )0, 2z(AMML) (32)

are mutually independent pivotal quantities. They have asymptotically N(0,1) and X%nﬂfl) distri-

butions, respectively (see Theorems 1 and 2). Using pivotal quantities Z; and Q;, data generating
equations are obtained as given below

flicammry = Mi + (‘71/\/7) (33)

and
&iz(AMML) = U'iZQi/ (Tl,‘ — 1) . (34)
Given (ﬁ?(AMML) AZ(AMML)), Egs. (33) and (34) are expressed as follows
i ammr) = Mi + <‘7i/\/ Mi) z; (35)
and
52k — 2. 1 36
Gi(ammry = 7 qi/ (i = 1). (36)
Here, (z;,q;) are the observed values of (Z;, Q;). Egs. (35) and (36) have the unique solutions as given
below
= i B zZ Tl ammL) (37)
1 I(AMML) /qi/ (ni — 1) /Mi
and
(ni = 1) 0
o2 = L iAMML) (38)
qi
Since ﬁ is distributed as a t; variable with (1; — 1) degrees of freedom, the fiducial distribution
of y; is the same as that of
t; ﬁ
. i(AMML)
T;z - y;k(AMML) - \/Mz (39)

for given (ﬁ’(‘ N MML),&%;; MML)>. Therefore, the fiducial distribution of RW* in (30) is derived by
utilizing the fiducial distribution of y; as follows

) ((tlal AMML ) /F) <(t20’2 AMML ) /F)

Trr (40)
52
\/(01(*AMML ) /My + ( 2(AMML) ) /My
where t1 ~ t(,, 1) and f ~ f(,, 1). Since
ﬁ* _ ﬁ*
RW; = < 1(AMML) 2(AMML)) (41
52
\/(Ul(*AMML ) /My + ( 2(AMML) ) /My
is the observed value of Trr under Hy : 1 = pp, the corresponding p-value is given by
p = Pr(Trp > RW}). (42)
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An algorithm for calculating the fiducial p-value in Eq.(42) via Monte Carlo simulation study is given
as follows

Algorithm 1

Step 1 For the given data, compute ﬁ;? i =1,2) and then RWj utilizing Eq. (41).

AMML)’ &i*(AMML) (
Step 2 Generate t; ~ t(n; —1),(i = 1,2).

Step 3 Compute T2 utilizing Eq. (40).

Step4 Let F; = 1if T3, > RW3*, else [; =0

Step 5 Repeat the steps 2-4 K times.

F.

K
Step 6 Compute the simulated p-value using p = % Y5
j=1

It should be noted that the squares of Tgr and RWjj in Steps 3 and 4 are taken since the alternative
hypothesis is two-sided, i.e., Hy : pi1 — pp # 0; see Li et al. (2011).

Monte Carlo Simulation

In this section, Type I error rates and powers of the proposed tests (RW and RF) are compared with
those of the W test under the specified nominal level & = 0.05. The plan of the simulation study is
outlined as follows:

We use the following population distributions while generating samples.

Population 1 Population 2
(@) Cauchy(0,1) Cauchy(0,1)
(b) 5 x Cauchy(0,1) Cauchy(0,1)
() Normal(0,3%)/Uniform(0,1) Normal(0,1)/Uniform(0,1)
1(0,4 10,
(d) 0.8Normal(0,4%) + 0.2% 0.8Normal(0,1) + 0.2%
(e) 3t ty
(f) 25 ts
(g) Logistic(0,3) Logistic(0,1)
(h) Laplace(0,1) Laplace(0,/6)

Here, t,: Student’s ¢ distribution with a degrees of freedom.

10,000 different samples are considered for each of size n; (i = 1,2). Sample sizes are taken
as (n1,n2)=(6,6),(6,10),(10,10),(10, 15),(10, 30), (20, 20),(20,30),(20,50),(30,50) and (50,50) while
comparing the Type I error rates and powers of the tests. Simulations are conducted in R software.

To compute the Type I error rates of the RW, RF, and W tests, firstly, samples are generated under
the null hypothesis Hy:p1 = pp for given (nq,13) . Then AMML and LS estimates of the parameters
are calculated. The probability in Eq. (29) gives the Type I rates of the RW test. It should be noted that
this probability shows that how close the distribution of the RW test is to Student’s t with degrees
of freedom v. RF is carried out using Algorithm 1 with K=5,000. The fiducial p-value for the RF is
computed in the final step of the mentioned algorithm. This procedure is repeated for each of the
10,000 samples. The proportion of the 10,000 p-values that are less than the nominal level & = 0.05
gives Type I error rates of the RF.

To compute the power of the tests, similar steps are followed, but a constant d is added to the
observations in the first population. Any test can be considered powerful if it achieves maximum
power and adheres to the prescribed significance level.

Results

The results of the Monte Carlo simulation study are given in Tables 1-9. The Type I error rates and
power of the tests are given in Table 1 and Tables 2-9, respectively.

Numerical results of Table 1 can be summarized for Models (a)-(h) as follows
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* Models (a)-(c): Type I error rates of the RW, RF, and W tests are smaller than the nominal level
of « = 0.05. However, Type I error rates of the RW test are much closer to the nominal level
than those of RF and W. RW test is followed by RF. W test is conservative regardless of the
sample sizes.

* Models (d)-(e): Type I error rates of the RW test are closest to the nominal level of & = 0.05 for all
sample sizes even for small ones. RW test is followed by RF. W test is conservative compared
to the RW and RF.

* Models (f)-(h): Type I error rates of the RW, RF, and W tests are close to the nominal level of
« = 0.05. However, RW has very good performance in terms of Type I error rates, even for small
samples. Type I error rates of the RF test are slightly smaller than the nominal level for small
sample sizes in Model (h).

The numerical results of Tables 2-9 can be summarized as follows. It should be noted that the first
line of Tables 2-9, that is, d = 0.00 presents simulated Type I error rates of the tests.

* Model (a): The RW test appears to be more powerful than the RF for small to moderate sample
sizes. However, as sample sizes increase, powers of RW and RF tests get closer to each other.
These two tests outperform the W test for all sample sizes. The power of the W test is decreasing
with increasing sample sizes.

* Models (b)-(e): The RW and RF tests exhibit similar power properties, and they have the most
power for all sample sizes. The W test has the least power. However, the W test shows the worst
performance in Model (b) when sample sizes are large and equal, i.e., (11, 12)=(50,50).

* Models (f)-(g): RW, RF, and W tests have similar power properties for small to moderate sample
sizes. However, as sample sizes increase the RW and RF tests exhibit better performance than
the W test.

* Model (h): The RW test has the most power followed by RF. The W test has the least power
especially for moderate to large sample sizes.

Overall, the RW test can be recommended for testing the equality of two LTS means under the
assumption of heterogeneous variances since it has the best performance with respect to size and
power. Although the performance of the RF test is not as good as the RW test, it has better performance
than the traditional Welch's ¢-test.

Using RobustBF package

In the RobustBF package, we show the implementation of the proposed tests (RW and RF), based
on AMML estimators, and W test, based on LS estimators, using the data representing the values of
10(y — 2.0) (y is the pollution level (measurement of lead) in water samples from two lakes). It has
been shown that long-tailed symmetric distribution provides a plausible model for the mentioned
data; see Tiku and Akkaya (2004) and also reference therein.

To run RobustBF package, we first install the package and then load it by typing:

> install.packages("RobustBF")
> library(RobustBF)

respectively. Next the pollution level data are inputted for each lakes (Lake 1 and Lake 2) in terms of
the vectors as shown below

y1 <- c(-1.48, 1.25, -0.51, 0.46, 0.60, -4.27, 0.63, -0.14, -0.38, 1.28,
0.93, .51, 1.11, -0.17, -0.79, -1.02, -0.91, 0.10, 0.41, 1.11)

y2 <- c(1.32, 1.81, -0.54, 2.68, 2.27, 2.70, 0.78, -4.62, 1.88, 0.86,
2.86, 0.47, -0.42, 0.16, 0.69, 0.78, 1.72, 1.57, 2.14, 1.62)

The value of the RW test, its degrees of freedom with the corresponding p-value, AMML estimates
of the location parameters (fiy anmr), flo(ammr)), and AMML estimates of the scale parameters
(01(aMML), O2(AMMmL)) are given by using the function

> RW(y1,y2)

The p-value and AMML estimates of the location and scale parameters are given for the RF test by
using the function

> RF(y1,y2,iter=5000)
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It should be noted that the p-value for the RF test is obtained using a computational approach, and
it is based on the replication number in Algorithm 1, denoted as iter in the RF function. When the
above-mentioned functions in the RobustBF package are performed, the following results are obtained

> RW(y1,y2)
Robust Welch's Two Sample t-Test

data: y1 and y2
RW = -3.1602, df = 36.892, p-value = 0.0031
alternative hypothesis: true difference between in means is not equal to @
sample estimates:
mean of y1 mean of y2 sd of y1 sd of y2
0.0626 1.2391 1.0861 1.2876

> RF(y1,y2,iter=5000)
Robust Fiducial Based Test

data: y1 and y2
p-value = 0.0032
alternative hypothesis: true difference in means is not equal to 0
sample estimates:
mean of y1 mean of y2  sd of yl sd of y2
0.0626 1.2391 1.0861 1.2876

We also use t. test function in R to test the null hypothesis Hy:piy = p2 and obtain its p-value as 0.0243.
It can be seen from these results, RW, RF, and W tests reject the null hypothesis at « = 0.05 significance
level since the p-values corresponding to these tests are all less than 0.05. However, p-values for RW
and RF tests are much smaller than the ones obtained for W. Results of the RW and RF tests are
more reliable since the AMML estimates of the 07 and 03 (07 apmr) = 1.0861, 05 4pmr) = 1.2876) are
less than the corresponding LS estimates (07(15) = 1.2819, 01 5) = 1.6542). It should be noted that
RW and RF tests reject the null hypothesis while W fails to reject it at the significance level & = 0.01.
These results are in agreement with the simulation results in the context of long-tailed symmetric
distributions.

Conclusion

Reviewing the literature shows that comparing two means is a commonly encountered problem,
especially in applied sciences when the usual normality and homogeneity of variances assumptions
are violated. For this reason, in this study, we present RobustBF package and propose RW and
RF tests to test the equality of two LTS means when the variances are unknown and arbitrary. The
first test included in the package is a robust version of Welch’s ¢-test, and the other one is a robust
fiducial-based test. The proposed tests are based on AMML estimators. Also, we use t.test function
available in R to compare the proposed tests with Welch'’s f-test in terms of Type I error rates and
powers. Examining the results of the simulation study reveals that Type I error rates of the RW test are
closer to the nominal level in general. Therefore, the RW test verifies the obtained null distribution
for long-tailed symmetric samples. This test is followed by RF. RF does not require the knowledge
of sampling distribution of the test statistics. W test appears to be conservative except for the ts,
Logistic and Laplace distributions. RW shows the best power performance among the others besides
being robust for the contamination model for the scenarios considered in this study. Therefore, the
proposed RW test can be recommended for testing the equality of two LTS means under heterogeneity
of variances. W test performs poorly in almost all cases. According to our knowledge, the proposed
tests presented in the RobustBF package are not available in any other R tool.
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Model (a) Model (b)
ni np; RW RF 4% RW RF 4%
6 6 0.023 0.014 0.015 0.031 0.025 0.019
6 10 0.026 0.016 0.017 0.033 0.027 0.020
10 10 0.025 0.020 0.018 0.031 0.027 0.020
10 15 0.023 0.016 0.017 0.029 0.027 0.020
10 30 0.030 0.025 0.020 0.029 0.028 0.020
20 20 0.024 0.022 0.020 0.028 0.026 0.021
20 30 0.028 0.025 0.024 0.027 0.026 0.022
20 50 0.026 0.024 0.021 0.028 0.027 0.020
30 50 0.027 0.025 0.021 0.026 0.026 0.022
50 50 0.030 0.028 0.020 0.027 0.026 0.020
Model (c) Model (d)
ny np, RW RF 4% RW RF 4%
6 6 0035 0.024 0.022 0.047 0.036 0.030
6 10 0.037 0.030 0.020 0.053 0.047 0.037
10 10 0.030 0.025 0.020 0.046 0.042 0.033
10 15 0.031 0.026 0.018 0.046 0.043 0.033
10 30 0.031 0.029 0.022 0.046 0.044 0.030
20 20 0.030 0.027 0.019 0.042 0.040 0.027
20 30 0.030 0.028 0.021 0.046 0.044 0.030
20 50 0.030 0.030 0.022 0.045 0.044 0.030
30 50 0.031 0.029 0.020 0.042 0.041 0.026
50 50 0.030 0.028 0.019 0.044 0.044 0.025
Model (e) Model (f)
ni ny RW RF 4% RW RF 4%
6 6 0.040 0.030 0.034 0.050 0.042 0.042
6 10 0.050 0.045 0.035 0.054 0.042 0.046
10 10 0.044 0.038 0.038 0.049 0.043 0.044
10 15 0.045 0.042 0.033 0.054 0.048 0.049
10 30 0.042 0.040 0.037 0.055 0.052 0.051
20 20 0.044 0.042 0.028 0.054 0.049 0.047
20 30 0.040 0.037 0.038 0.052 0.049 0.048
20 50 0.041 0.041 0.026 0.051 0.049 0.046
30 50 0.043 0.042 0.036 0.053 0.053 0.049
50 50 0.044 0.043 0.028 0.054 0.052 0.049
Model (g) Model (h)
ny np, RW RF 4% RW RF 4%
6 6 0.053 0.041 0.045 0.048 0.032 0.044
6 10 0.056 0.052 0.051 0.044 0.034 0.043
10 10 0.055 0.048 0.047 0.044 0.036 0.042
10 15 0.055 0.052 0.048 0.045 0.039 0.044
10 30 0.052 0.050 0.044 0.045 0.039 0.045
20 20 0.054 0.053 0.049 0.044 0.041 0.044
20 30 0.054 0.053 0.048 0.047 0.044 0.047
20 50 0.055 0.055 0.049 0.050 0.046 0.049
30 50 0.054 0.054 0.048 0.046 0.045 0.046
50 50 0.054 0.053 0.049 0.054 0.051 0.052

Table 1: Simulated Type I error rates of the RW, RF and W tests for Models (a)-(h).
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i RN RF W i RN RF W
0.00 0023 0014 0015 0.00 0024 0022 0.020
160 019 015 0.1 060 010 009 004
n=(66) 320 051 046 030 n=(20,20) 120 035 033 0.09
480 074 070 046 180 065 064 017
640 084 082 056 240 084 083 025
800 091 089 064 300 094 094 033
i RN RF W i RW RF W
0.00 0026 0016 0017 0.00 0028 0025 0.024
150 021 017  0.10 050 009 008 003
n=(610) 300 057 053 029 n=(20,30) 1.00 031 029 007
450 078 076 044 150 059 058 0.3
600 089 088 057 200 080 079 020
750 094 093 062 250 092 091 027
i RN RF W d RW RF W
0.00 0025 0020 0018 0.00 0026 0024 0.021
100 013 011 006 046 010 009  0.04
n=(10,10) 200 043 039 018 n=(20,50) 092 032 030 0.06
300 070 067 032 138 060 059 012
400 085 083 042 184 081 081 018
500 092 091 051 230 092 092 025
i RN RF W d RW RF W
0.00 0023 0016 0017 0.00 0027 0025 0.021
080 011 009 005 040 009 009 003
n=(10,15) 160 036 033 014 n=(30,50) 080 030 029 0.6
240 064 061 024 120 060 059  0.10
320 080 079 035 160 083 083 0.6
400 090 089 043 200 094 094 022
d RN RF W i RN RF W
0.00 0030 0025 0.020 0.00 0.030 0028 0.020
070 012 010 0.05 032 008 008 0.030
n=(10,30) 140 037 035 011 n=(50,50) 064 026 026 005
210 065 063 021 096 055 054 008
280 080 079 030 128 079 078 011
350 090 089 039 160 093 092 0.6

Table 2: Simulated powers of the RW, RF and W tests for Model (a).
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d RW RF 144 d RW RF 144
0.00 0.031 0.025 0.019 0.00 0.028 0.026 0.021
540 022 0.19 0.13 200 011 0.11 0.04
n=(6,6) 1080 052 050 034 n=(20,20) 400 034 034 0.11
1620 072 071 0.49 6.00 0.61 060 019
21.60 083 083 0.60 800 080 079 0.30
2700 090 090  0.68 10.00 090 090 0.38
d RW RF W d RW RF w
0.00 0.033 0.027 0.020 0.00 0.027 0.026 0.022
530 022 021 0.13 200 010 010 @ 0.05
n=(6,10) 1060 053 052 035 n=(20,30) 4.00 033 033 010
1590 072 071 0.50 600 062 062 020
2120 082 082 059 8.00 081 0.80 029
2650 090 090  0.68 10.00 090 090 037
d RW RF W d RW RF 144
0.00 0.031 0.027 0.020 0.00 0.028 0.027 0.20
360 017 016  0.09 200 011 0.11 0.05
n=(10,10) 720 047 046 023 n=(20,50) 400 035 034 0.11
10.80 0.71 0.71 0.38 6.00 062 062 020
1440 084 084 049 800 080 080 029
18.00 092 092 0.58 10.00 091 091 0.37
d RW RF W d RW RF 144
0.00 0.029 0.027 0.020 0.00 0.026 0.026 0.022
360 017 016  0.09 1.60 010 010 0.04
n=(10,15) 720 049 048 023 #n=(30,50) 320 032 032 0.08
1080 072 072  0.39 480 062 062 015
1440 085 085 0.50 640 082 082 023
18.00 092 091 0.57 800 092 092 030
d RW RF 144 d RW RF 144
0.00 0.029 0.028 0.020 0.00 0.027 0.026 0.020
340 016 016  0.09 112 008 0.08 0.03
n=(10,30) 680 045 045 022 n=(50,50) 224 026 026 0.05
1020 0.69  0.69 0.36 33 053 053 0.09
13.60 083 083 047 448 076 076 0.13
1700 090 090  0.55 560 090 090 0.18

Table 3: Simulated powers of the RW, RF and W tests for Model (b).
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d RW RF 144 d RW RF 4%
0.00 0.035 0.024 0.022 0.00 0.030 0.027 0.019
500 023 020 0.14 1.70 010 010  0.04
n=(6,6) 1000 055 052 037 n=(20,20) 340 033 032 011
1500 076 075 053 510 0.60  0.59 0.19
20.00 087 086 0.62 680 080 080 0.29
2500 092 092 0.70 850 092 091 0.38
d RW RF w d RW RF W
0.00 0.037 0.030 0.020 0.00 0.030 0.028 0.021
480 023 021 0.14 1.70 010 0.10 0.04
n = (6,10) 960 056 054 036 n=(20,30) 340 033 033 0.11
1440 075 074 052 510 0.62  0.61 0.20
1920 086 086 0.62 6.80 0.81 0.81 0.30
2400 092 092  0.69 850 092 092 037
d RW RF 144 d RW RF 144
0.00 0.030 0.025 0.020 0.00 0.030 0.030 0.022
3.00 015 014 0.08 1.70  0.11 0.11 0.05
n=(10,10) 6.00 044 042 022 n=(20,50) 340 035 035 0.11
9.00 071 0.69 037 510 063 063 0.20
1200 084 084 048 680 082 082 030
1500 092 092 0.56 850 092 092 038
d RW RF 144 d RW RF W
0.00 0.031 0.026 0.018 0.00 0.031 0.029 0.20
260 013 012  0.06 1.30 0.09  0.09 0.03
n=(10,15) 520 038 037 018 n=(30,50) 260 031 030  0.07
780 064 063 032 390 058 058 013
1040 079 079 044 520 079 0.79 0.20
13.00 090 090 054 650 092 092 029
d RW RF 144 d RW RF 144
0.00 0.031 0.029 0.022 0.00 0.030 0.028 0.019
260 014 013 0.07 09 008 0.08 0.03
n=(10,30) 520 039 039 018 n=(50,50) 192 025 025 0.05
780 064 064 032 288 054 053 0.09
1040 080 0.80 0.44 384 078 077 013
13.00 090 090 0.54 480 091 0.91 0.20

Table 4: Simulated powers of the RW, RF and W tests for Model (c).

The R Journal Vol. 13/2, December 2021

ISSN 2073-4859



CONTRIBUTED RESEARCH ARTICLES

729

i RW RF W i RW RF W
0.00 0047 0036 0.030 0.00 042 0040 0.027
200 015 013  0.11 080 011 010 007
n=(66) 400 042 040 034 n=(20,20) 160 030 029 017
600 069 067 057 240 057 056 032
800 084 083 071 320 078 078 046
1000 091 091 078 400 091 091 057
i RW RF W i RW RF W
0.00 0053 0047 0.037 0.00 0.046 0.044 0.030
200 016 015 0.12 080 013 013  0.09
n=(6,10) 400 043 042 034 n=(20,30) 160 037 036 025
600 070 069 059 240 065 065 047
800 084 084 072 320 082 082 062
1000 091 091 079 400 091 091 071
i RW RF W i RN RF W
0.00 0046 0042 0.033 0.00 0.045 0044 0.030
130 012 012  0.09 080 011 011  0.06
n=(10,10) 260 036 034 026 n=(20,50) 160 031 031 017
390 063 062 046 240 057 056 032
520 081 081  0.60 320 079 079 046
650 092 092 071 400 092 092 058
i RW RF W i RN RF W
0.00 0046 0043 0.033 0.00 0042 0041 0.026
130 013 012 0.09 064 011 011 005
n=(10,15) 260 037 036 026 n=(30,50) 128 030 030 0.14
390 065 064 047 192 056 056 027
520 083 082 062 256 079 079  0.39
650 092 091 071 320 092 092 051
d RW RF W d RW RF W
0.00 0.046 0044 0.030 0.00 0044 0044 0.025
130 013 013  0.09 048 010 010 005
n=(10,30) 260 037 036 025 n=(50,50) 096 027 027 0.10
390 065 065 047 144 053 053 019
520 082 082 062 192 078 077 030
650 091 091 071 240 092 092  0.39

Table 5: Simulated powers of the RW, RF and W tests for Model (d).
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d RW RF W i RN RF W
0.00 0040 0.030 0.034 0.00 0044 0042 0.028
200 016 013 013 080 011 011 007
n=(66) 400 044 040 038 n=(20,200 160 030 029 0.17
600 070 067 062 240 055 055 031
800 084 083 076 320 078 078 046
1000 092 091 085 400 091 091 057
d RW RF W i RN RF W
0.00 0050 0.045 0.035 0.00 0.040 0037 0.038
190 015 014 011 080 010 010 008
n=(610) 380 041 040 033 n=(20,30) 160 031 030 023
570 067 066 055 240 059 058 042
760 083 083 071 320 081 081 060
950 090 090 077 400 092 092 074
i RW RF W d RW RF W
000 0044 0038 0038 0.00 0041 0041 0.026
126 012 010 0.10 080 011 011 006
n=(10,10) 252 035 033 029 n=(20,50) 160 030 030 0.17
378 062 060 050 240 058 058 032
504 080 080 067 320 079 079 046
630 091 091 078 400 091 091 057
i RW RF W d RW RF W
000 0045 0042 0033 0.00 0043 0042 0041
124 012 012 009 064 011 011 008
n=(10,15) 248 033 033 023 n=(30,50) 128 031 031 021
372 060 060 044 192 059 058 038
496 080 080 059 256 081 081 056
620 090 090 068 320 093 093 070
d RW RF W d RN RF W
0.00 0042 0040 0.037 0.00 0044 0043 0.028
124 013 013 011 048 010 010 005
n=(10,30) 248 036 036 029 n=(50,50) 096 027 027 0.10
372 063 063 052 144 055 055 020
496 081 081 069 192 078 078 030
620 091 091 080 240 092 092 041

Table 6: Simulated powers of the RW, RF and W tests for Model (e).
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i RN RF W i RN RF W
0.00 0050 0042 0.042 0.00 0054 0049 0.047
090 013 010 011 040 011 011 0.0
n=(66) 18 033 029 030 n=(20,20) 080 027 026 024
270 060 054 056 120 053 051 047
360 080 077 077 160 076 075  0.69
450 092 090 0.89 200 090 090 085
i RN RF W i RW RF W
0.00 0054 0042 0.046 0.00 0052 0049 0.048
090 013 011 012 040 011 011  0.09
n=(610) 180 037 034 034 n=(20,30) 080 029 029 025
270 063 059 059 120 055 054 048
360 083 081 080 160 077 077 071
450 092 092 090 200 092 092 087
i RN RF W d RW RF W
0.00 0049 0043 0.044 0.00 0051 0049 0.046
064 011 010 010 040 012 011 0.0
n=(10,10) 128 032 029 029 n=(20,50) 0.80 030 030 027
192 059 055 054 120 057 057 051
256 080 078 076 160 079 078 072
320 093 092 090 200 092 092 088
i RN RF W d RW RF W
0.00 0054 0048 0.049 0.00 0053 0.053 0.049
060 012 011 0.10 032 011 011 0.10
n=(10,15) 120 031 029 028 n=(30,50) 064 029 028 025
180 056 054 052 096 055 055 049
240 078 077 073 128 078 078 071
300 092 091 088 160 092 092 087
d RN RF W i RN RF W
0.00 0055 0.052 0.051 0.00 0054 0052 0.049
060 012 011 0.11 026 011 011  0.10
n=(10,30) 120 032 031 029 n=(50,50) 052 030 029 025
180 058 057 054 078 055 054 047
240 080 079 075 104 079 079 071
300 093 092 089 130 093 093 0.8

Table 7: Simulated powers of the RW, RF and W tests for Model (f).
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i RN RF W i RN RF W
0.00 0053 0041 0.045 0.00 0054 0.053 0.049
190 013 011 012 08 011 011 0.0
n=(66) 38 033 029 030 n=(20,20) 172 030 029 026
570 060 056 057 258 055 054 050
760 081 078 078 344 078 078 074
950 092 091 090 430 092 091 089
i RN RF W i RW RF W
0.00 0056 0.052 0.051 0.00 0054 0053 0.048
190 013 012  0.11 08 012 011 0.0
n=(610) 380 035 033 032 n=(20,30) 172 030 030 027
570 061 059 058 258 056 056 051
760 082 081 080 344 080 079 076
950 093 092 091 430 092 092 090
i RN RF W d RW RF W
0.00 0055 0048 0.047 0.00 0055 0055 0.049
124 011 010 0.0 082 011 011 0.0
n=(10,10) 248 028 027 025 n=(20,50) 164 029 029 026
372 053 051 049 246 053 053 049
496 075 074 072 328 076 075 071
620 090 089 087 410 090 090 087
i RN RF W d RW RF W
0.00 0055 0052 0.048 0.00 0054 0054 0.048
124 011 011 0.0 064 011 011  0.10
n=(10,15) 248 029 028 027 n=(30,50) 128 027 027 024
372 054 053 050 192 050 050 046
496 076 075 072 256 074 074 070
620 090 090 088 320 089 089 086
d RN RF W i RN RF W
0.00 0052 0050 0.044 0.00 0054 0053 0.049
124 012 011 0.0 050 011 011 0.9
n=(10,30) 248 030 029 027 n=(50,50) 1.00 026 026 023
372 055 054 051 150 050 049 045
496 076 076 073 200 073 073 068
620 090 090 088 250 090 0.89 0.86

Table 8: Simulated powers of the RW, RF and W tests for Model (g).
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d RW RF W d RW RF W
0.00 0.048 0032 0.044 000 0044 0041 0.044
116 013 010 0.2 054 011 010 0.10
n=(66) 232 035 030 031 n=(20,20) 108 030 029 026
348 061 056 056 162 057 056 049
464 080 077 076 216 079 079 071
580 091 090 088 270 093 092  0.86
d RW RF W d RW RF W
0.00 0.044 0034 0043 0.00 0.047 0044 0.047
084 011 009 0.10 044 011 010  0.09
n=(610) 168 030 026 027 n=(20,30) 08 028 027 024
252 057 052 051 132 056 054 047
336 078 074 072 176 079 078  0.69
420 091 089  0.69 220 092 092 086
d RW RF W d RW RF W
000 0044 0036 0.042 0.00 0050 0.046 0.049
080 012 010 0.1 034 010 009 0.9
n=(10,10) 160 032 030 028 n=(20,50) 0.68 027 026 023
240 057 055 050 102 050 049 042
320 079 077 073 136 074 073 064
400 091 090 086 170 090 089  0.82
d RW RF W d RW RF W
000 0045 0.039 0.044 0.00 0.046 0.045 0.046
064 011 010 0.10 034 011 010 0.9
n=(10,15) 128 029 027 025 n=(30,50) 068 029 028 024
192 055 052 048 102 055 054 045
256 078 076 071 136 079 078  0.69
320 091 090 085 170 092 092 085
d RW RF W i RW RF W
000 0.045 0039 0.045 0.00 0054 0051 0.052
048 011 009 0.10 030 010 009 0.8
n=(10,30) 096 028 026 024 n=(50,50) 060 025 025 021
144 054 051 046 090 048 048 040
192 077 075 068 120 073 072 062
240 091 090 085 150 090 089 0.80

Table 9: Simulated powers of the RW, RF and W tests for Model (h).
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