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On the Issue of Decoupled Decoding of Codes
Derived from Quaternion Orthogonal Designs

Tadeusz A Wysocki, Senior Member IEEE, Beata ] Wysocki, Sarah Spence Adams, Member IEEE

Abstract— Quaternion orthogonal designs (QODs) have been
previously introduced as a basis for orthogonal space-time
polarization block codes (OSTPBCs). This note will serve to
correct statements concerning the optimality of a decoupled
maximum-likelihood (ML) decoding algorithm. It will be shown
that when compared to coupled decoding, the decoupled
decoding is only optimal in certain cases. This raises several open
problems concerning the decoding of OSTPBCs.

Index Terms— space-time block code, quaternion orthogonal
design, decoupled decoding, maximum-likelihood decoding

I. INTRODUCTION

A benefit of using complex orthogonal space-time block
codes (COSTBCs) [1] over non-orthogonal space-time codes
(STCs) [2] is that the orthogonality of the coding matrix
allows for a simple maximum likelihood (ML) decoding rule
that can be decoupled for every unknown. However, this
orthogonality necessarily limits the code’s rate, i.e., the ratio
of the number of independent complex variables to the number
of rows. Liang has shown that full-rate COSTBCs do not exist
for more than 2 transmit antennas [3], and he determined that
the maximum rate of rectangular COSTBCs approaches % as
the number of columns increases [4]. In particular, Liang
showed that for a COSTBC with 2m-1 or 2m columns, the
maximum rate is (m+1)/2m [4]. This raised the question of
whether it is possible to increase the ratio of the number of
complex variables to the number of rows by sacrificing
orthogonality or by other means. Recently, orthogonal
designs over the quaternion domain were considered in part to
address this question [5-9].

This introduction of orthogonal designs over the quaternion
domain was convenient because quaternions can be viewed as
a quaternion combination of complex variables and because
they can be used to model rotations. As such, these quaternion
orthogonal designs (QODs) over quaternion variables can be
used as building blocks for orthogonal space-time-polarization
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block codes (OSTBCs) [5-9]. By taking advantage of the view
of a quaternion variable as a combination of complex
variables, we have shown that it is possible to use QODs to
increase the complex rate in a QOD beyond what is possible
with a COSTBC. In particular, we will consider in Section III
an example of a 2x2 QOD Q that achieves a complex rate of
1.25 [5].

In order to take advantage of this increase in rate, it is
necessary to develop an appropriate decoding rule. In fact,
Seberry et al. claimed that even though the dual-polarized
transmission channel cannot be considered as described by
means of a single quaternionic gain, the maximum-likelihood
(ML) decoding rule can be decoupled for OSTPBCs derived
from QODs [7, Section IV]. Regretfully, decoupled decoding
using the method presented therein is only optimal for codes
derived from certain QODs, not from arbitrary QODs as
previously suggested.

We have attempted to highlight the issue in [10], where we
introduced the mathematical notation necessary for correcting
the error introduced in [7].

In this paper, we wish to further clarify the problem and
explain why the ML decoding rule can only be decoupled for
OSTPBC:s based on certain QODs, rather than for the general
case. Unfortunately, this will imply a problem with the work
of other authors [11] who claimed, based on Section IV of [7],
that the quaternion orthogonality of an underlying QOD is
sufficient to ensure optimal decoupled decoding in the
OSTPBC.

To avoid further confusion, we present in this paper an
example to demonstrate that the decoupled ML decoding is
not always optimal. The example uses an OSTPBC based on
the aforementioned 2x2 QOD Q with complex rate 1.25. In
this example, we will compare the code’s performance
achieved using the decoupled decoding statistics derived based
on decoding rule presented in [7] with the performance of a
coupled ML decoding search.

II. PROBLEM STATEMENT

In Section IV of our paper [7] dealing with the simulation
results, we considered a scenario of N transmit and a single
receive-dual polarized antennas as shown in Fig. 1. Hence,
each transmission channel is described by the channel gain
matrix H™; m =1, 2, ..., N, where
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where hﬁn) and hgzn) are complex channel gains for signals
received with the same polarization as they were transmitted,
and hi’zn) and hgf) are complex channel gains for a cross-polar
scatter, i.e., signals received with different polarization from
that at which it was transmitted due to scatter, reflections and
polarization twist between the transmit and receive antennas.

Tx1
H(l)
Rx1
)
Tx2 H/v
H )
TxN

Figure 1: Considered transmission system utilizing N dual-polarized
transmit antennas Tx1, ..., Tx, and a single receive dual-polarized
antenna.

In [7], we have utilized the representation of a quaternion
variable s = z; + z,j as s = [zy, z,], so that a quaternion matrix
Q can be converted into a complex matrix with twice as many
columns [6,7,9]. However, we have referred to the complex
representation of Q again as Q It was possible to use the
context (e.g., the implied size or domain) to determine which
representation of Q was being utilized but ultimately lead to a
confusion and an abuse of the notation. To the certain extent,
we have corrected this problem in [10] by formalizingthe
notation, thus illuminating a problem with the decoding
discussion in [7, Section IV]. Here, we will further expand on
the problem.

Let us define an operator C from the quaternion to the
complex domain such that

C{zy + z,j} = [z, 2,] and C" N[z, z,]} = z +z,j (2)

Now, using the operator C, the received signal component 7

arriving from the mth transmit antenna that transmits s, can be
expressed as:

rm = CHC{sHM™} + n,, 3

where n,= n, + m,j and n,, n, are complex noises being the
independent identically distributed (i.i.d.) zero-mean two
dimensional Gaussian random variables with identical

variance per dimension. However, using the notation as in [7,
Section V], the same signal would be given by:

rm = sHm 4 ng
= [21,2,]JH™ + [ny, n,]
= [z + 2050, 2k + 2,0 ] + [,y
= (207 + 2,h57) + (21857 + 2,557 )i + g + o)

Then, if an STPBC Q for N transmit antennas is used, the
received dual-polarized signal vector R can be considered as a
quaternionic vector, and modeled as:

R = CH{C{Q}H} + N “4)
where
H®
H=| :
H®™
and N, is the vector of quaternionic noises being the

independent identically distributed (i.i.d.) zero-mean four
dimensional Gaussian random variables with identical
variance per dimension.

Assuming perfect channel knowledge at the receiver, i.e.,
assuming that matrices HY s H" are known and constant
for some reasonable time, as in the case of quasi-static
conditions, the maximum likelihood (ML) decoding rule for
any STPBC is equivalent to finding a set of signal symbols
that minimizes the following quaternion analog of the standard
complex Frobenious norm:

IR — cH{C{QH} I )

where R is the received signal vector, Q is the code matrix,
and H is the matrix of complex channel coefficients.

In Section IV of our paper [7], through an irresponsible abuse
of notation, we assumed that this is equivalent to finding a set
of signal symbols minimizing the squared norm ||R — QH]J*,
which, denoting { 19 as quaternion transpose, can be
expressed as:

IR — QHJ|? = trace{(R — QH)? (R — QH)}
= trace{(R? — H?Q?Y)(R — QH)} (6)
= trace{R’R — R°QH — H?QYR + H?QYQH}
= trace{R?R} — 2Re{trace{R?QH} + Atrace{H°H}
since due to orthogonality of Q, we have:
QYQ =41

We have also drawn there a conclusion that for any orthogonal
Q, the ML decoding rule can be decoupled.

Unfortunately, neither the expansion of ||R—QH||2 nor the

final conclusion about the decoupled ML decoding of
orthogonal STPBCs are correct. When the expansion in (6) is
done more carefully using the notation in (5), the problem
becomes clear. This expansion implicitly assumes that the



operator C and its inverse are commutative with the quaternion
and Hermitian transposes. Letting A = C{Q}H (a complex
product), it was implicitly assumed that [C'{A}]? = C'{AY},
or more specifically, that [C'{A}]® = C'{A"}, as the
quaternion transpose simplifies to the Hermitian transpose
when acting upon a complex matrix. However, this equation
does not hold, as can be seen with the following general
example:

Z:  Zo1 @ . . . .
ct {[Z; Zﬂ} =[2z1 = 23), 23 — z4]
while
o {[? ZZ]H} - [Zl ol
3 2 Zy + Z4]

This nullifies the validity of the expansion in (6). Although
the last line in the invalid expansion is now irrelevant, we note
for further clarification that the wusage there of the
orthogonality of Q would be incorrect, even if it were possible
to get to that line. To see this, note that the matrix should be

formally written as C{Q}, which is not orthogonal when
viewed correctly as a complex matrix.

Therefore, in the general case, the decoupled decoding
statistics derived using (6) do not lead to ML decoding. To
achieve the ML decoding rule, one needs to minimize the
norm given by (5), which can only lead to decoupled decoding
in special cases, like the case of an example considered in [7].

III. SIMULATION RESULTS
In this section, we describe the simulation results of an
OSTPBC to further illustrate the issues concerning coupled

versus decoupled decoding rules. Let us consider the QOD of
order 2 given by the matrix Q:

Q= (x5 + x40) + (g + x20)] (3 + x41) + (g + x51)j ]

(o3 + x41) — (g — x51)j (—x3 — x41) + (X0 — x21)]
where x, X, X», X3, X4, x5 are real variables. Using
quaternionic arithmetic, it is easy to prove that Q is

orthogonal. Then, utilizing the operator C, Q can be re-

expressed as:
(3 +x41)  (xp +x20) (3 + x40) (% + x50)
(3 + x40) (—x1 +x21) (—x3 — x,0) (% — x210)

Q) =

and used to transmit 5 real variables in 2 consecutive time
slots through 2 transmit dual-polarized antennas.

If the system uses a single receive dual-polarized antenna,
then the ML decoding is equivalent to finding a set of signal
symbols that minimizes the following norm:

IR — C"H{C{Q}H}||
where R is the received quaternion
R? =[r9,7?], and H is the 4x2 matrix of channel gain

coefficients:

signal vector,

W

|y o)
W
W

Such a decoding can be performed searching through all the
possible fivetuplets (xg, x;, ..., x4) taking elements from the
transmit symbol alphabet X. For a low order modulation, like
QPSK, this means checking 2°=32 combinations for every
block of 5 received symbols.

Assuming the same simulation conditions as in [7], the
performance of a system using the OSTPBC given by (6) and
(7) with the coupled ML decoding is excellent, and shown in
Fig. 2.

For xq, x1, x5, x3, x4€ X, where X is the set of all possible
amplitudes in the multilevel QAM signal, the decoupled
decoding rules derived from (5), are as follows:

e Decoding for xy, is finding xoe X that minimizes:

|x0|2 Z| O 2 =2x, Re{rl (B + A i) +r (WP +h2j)}

m,n,l=1,2
e Decoding for xy, is finding x;€ X that minimizes:

2
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Figure 2: Bit-error-rate (BER) performance of the considered
OSTPBC combined with QPSK modulation in a slow Rayleigh
fading channel experiencing random cross-polar scatter using the
coupled ML decoding and decoupled decoding.

e Decoding for x,, is finding x,€ X that minimizes:

2ol DAAG P =25, RedrCil(h) + B + (A + hE)i)
m,n,l=1,2
+ 7 l[(h(l) (2))+(h(1) (2))J]1

e Decoding for x3, is finding x3€ X that minimizes:



2w YA P =20, Re(r[(hS) + D) + () + )i

m,n,l=1,2

+7, [(h(l) hl(IZ))"' (h(l) h1(22) i}
e Decoding for x,, is finding x4€ X that minimizes:

2, AR P 25, ReRGL(A + 1 D) + (B + k)i

m,n,l=1,2

+ril(h =)+ (b =Rl

It should be noted here that albeit channel gain coefficients are
complex numbers, operations within Re{-} operator must be
performed using quaternionic arithmetic. The decoupled
decoding rules are much simpler to implement as in the QPSK
case they involve just checking 2x5=10 possibilities for every
block of 5 received symbols.

Unfortunately, as it can be seen from Fig.2, the performance
of the decisions is far from ML quality.

IV. CONCLUSIONS

By introducing a more formal mathematical notation and by
analyzing the decoding rules of a specific OSTPBC, we have
shown that the decoupled decoding rule for orthogonal space-
time-polarization block codes (OSTPBCs) given in [7] is not
correct for a general case of OSTPBC. Therefore, finding
either a general decoupled decoding ML rule for OSTPBCs or
a semi-optimal decoupled rule giving good performance
remains an open research question. We hope that further study
of the mathematical properties of the available valid examples
will lead to more specific guidelines for which QODs can be
used to build OSTPBCs that enjoy an optimal decoupled ML
decoding rule.
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