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SEQUENTIAL DIFFERENCES IN NABLA FRACTIONAL CALCULUS

Ariel Setniker, Ph.D.
University of Nebraska, 2019

Adviser: Allan C. Peterson

We study the composition of nabla fractional differences of unequal orders, known as

“sequential” nabla fractional differences, of the form V¥, ., V¥ f(t) in the cases
Lk<pu<k+1l,k+l<v<k+2 and2k+1<p+v<2k+2forkeNg,
2.0 k<pu<k+1lL k—1<v<k and 2k <pu+v <2k+1for k € Ny.

In this work, we develop rules for sequential nabla fractional differences and present
connections between the sign of these sequential differences and the monotonicity of
the function f(¢). We establish uniqueness of solutions to various initial value prob-
lems and boundary value problems involving sequential nabla fractional differences
and give an explicit expression for the Green’s functions. We conclude with an in-
vestigation of the properties of the Green’s functions and some useful generalizations

involving sequential nabla fractional differences.
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Chapter 1

Preliminaries

In this dissertation we consider discrete fractional boundary value problems of the

form

~Vi e Vhyt) =h(t), te NZ+2k+3
yla+2k+2) =0, (1.1)

y(b) =0

where k +1 < v < k+2, k< p<k+1 and 2k+1 < p+v < 2k+ 2 and
b—(a+2k+2) € N;. The composed difference in (1.1) is known as a sequential nabla
fractional difference.

The field of continuous fractional calculus has been widely developed, seeing much
growth just in the past decade. Comparatively, the field of discrete fractional calculus
has progressed rather slowly. In recent years, however, a number of works have begun
to contribute to the theoretical base of discrete fractional calculus. For example, Atici
and Eloe [12] and Goodrich [24] analyzed discrete fractional initial value problems.
Other recent advances in the field of discrete fractional calculus may be found in
[4], [19], and [49]. Of particular note, a recent paper by Bachher, Abbas, & Sarkar
[14] interestingly addressed modeling of porous material using fractional difference

equations, and another work by Atici & Sengul [13] presented the modeling of cancer



tumor growth with the use of fractional difference equations. These imply, then,
that there is some promise in using fractional difference equations to model physical
problems, where changing the order of the difference to a fractional order may allow
for a more accurate model.

In the theory of both differential and difference equations, fractional boundary
value problems have been extensively researched. In the classical fractional discrete
case (i.e., when we have just the single operator V# with 0 < p < 1), problems
have been considered in several recent works - see, for instance, [4], [18], [37] and the
references therein. However, we are not aware of work thus far which attempts to
consider sequential differences in discrete fractional boundary value problems. Due to
the unique case sequential differences present in requiring different domains, it seems
mathematically interesting to investigate these sorts of problems, and in this work we
make an initial attempt to fill this gap in the existing literature.

This dissertation proceeds as follows. We begin by offering a light introduction
concerning the field of discrete nabla fractional calculus, including some new theorems
for the nabla Laplace transform to help us elegantly solve initial value problems. We
then present what contributions have been made in the way of composition rules
in the theory of discret fractional calculus, and proceed to examine and prove some
advanced composition rules in order to better understand the relationships between
two different types of nabla differences. Further, we study the connections between
the sign of sequential nabla fractional differences and the monotonicity of the function.
Such rules, identities, and relationships are useful when determining solution behavior
of initial value problems and boundary value problems. The last chapter studies

boundary value problems that involve sequential nabla difference equations.



1.1 Introduction to Discrete Nabla Fractional Calculus

The derivative is at the heart of mathematics and specifically calculus, so why not
extend this idea? What does it mean to take a half derivative? A w* derivative?
These are the questions that sparked the area of fractional calculus. Indeed, L’Hopital
asked this first question in a 1695 letter to Leibniz. Throughout the centuries, the
notion of a fractional derivative has been defined for all complex numbers. The theory
of fractional calculus builds around this initial definition of the fractional derivative,
often times following analogously the theory of continuous whole-order calculus as
we know it. Fractional calculus has a wide variety of applications such as signal
processing, diffusion problems [14], and modeling porous materials [17]. In particular,
when we study fractional calculus over a discrete domain, we can produce equations

which best model cancer growth [13].

1.2 Background

1.2.1 Nabla Whole Order Differences and Integrals

Within the study of discrete fractional calculus, we study real-valued functions defined

on a shift of the natural numbers, either

N, =Ng+{a}={a,a+1,a+2,...} oo N> :={a,a+1,...,0}

for a,b € R fixed such that b — a is a positive integer. Analogous to a whole-order
derivative for real functions, there are two main types of difference functions. The
first is the delta, or forward, difference, which is widely used in ordinary difference
equations. However, the delta difference presents an often problematic shifting of

domain - when we take the delta difference of a function the resulting domain has



empty intersection with the domain of the original function. In the case of the second
fractional difference, domain shifts do not present as much of an issue [[37], p. 149].
In this work, we use this second fractional difference, called the nabla difference, or

backwards difference, defined as follows.

Definition 1.1. The nabla difference of f : N, — R is defined by

V)= f(t) - f(t—1), t€Ng.

Differences of higher order N € N are defined iteratively:
VYf(t) =V (VYN (), t€Napn.

For convenience, we often use the backward jump operator, defined as follows.
Definition 1.2. The backward jump operator p : Noy1 — N, is given by p(t) =t — 1.

In nabla fractional calculus, the discrete version of the definite integral in single

variable calculus is the nabla definite integral of a function defined as follows.

Definition 1.3. The nabla definite integral of f : Nyy1 — R is defined fort € N, by

[ v = S ),

s=a+1
with the convention [ f(t)Vt = 0.

Many results of single variable calculus have analogous versions in the whole-order
discrete case. In particular, we have a Fundamental Theorem of Nabla Calculus which
gives a relationship between the nabla difference and the nabla definite integral. First,

we define the notion of an antidifference.



Definition 1.4 (Definition 3.33, [37]). Assume f:Ni ; = R. We say F : No — R

is a nabla antidifference of f(t) on N° provided
VE(t) = f(t), teN,,.
If f: NZH — R, then if we define F by

t
F(t) :—/ f(s)Vs, teN:,
we have that VE(t) = f(t) fort € N, that is, F(t) is a nabla antidifference of f(t)
on NP,

Theorem 1.5 (Theorem 3.37, [37]). (Fundamental Theorem of Nabla Frac-
tional Calculus) If f : N°,, — R and F is any nabla antidifference of f on N©
(i.e., VE(t) = f(t), for t € N, ), then

b
/ F(H)Vt = F(b) — F(a).

1.2.2 Nabla Fractional Sums and Differences

In order to motivate nabla fractional sums and differences, we need to first define the
whole-order nabla sum of a function f : N,;; — R. We define this sum by repeated

integration.

Definition 1.6. For f : N,.1 — R, the whole-order nabla sum is defined by

VL) = /at/am1---/a72f(ﬁ)vﬁv72---vfn_l,

where we use —n in the notation of the operator to signify the reverse operation of



the nabla difference.

We will next state a more convenient formula for the whole-order sum, which
condenses this repeated integration into a single integral expression. This will allow
us to generalize to a sum of any positive order, and we will then define a fractional

difference in terms of this fractional sum.

Theorem 1.7. For f:N,.1 — R, the whole-order nabla sum is given by

v = [ %ﬂs)w

fort € N,, n € Ny.
The rising function in the above theorem is given by the following definition.

Definition 1.8. Fort € N, and n € Ny, the fractional rising function is defined by
=tt+1)E+2)-(t+n—1),

read as “t to the n rising.”

We can rewrite this definition using factorial functions when our domain is based
at a = 1. This reformulation will be useful when we generalize the rising function in

the next section:
i (t+n—1)!
o (t—1)!

In order to begin thinking about the fractional case of some of the previous results,
such as considering a nabla difference of order 2.3 or order 7, we need to define the

Gamma function.



1.2.3 Extending to the Fractional Case

Definition 1.9. The Gamma function is defined by

F(z):/ e ' tdt
0

for z € C such that the real part is positive.
We can integrate I'(z + 1) by parts to find the following property.
Property 1.10. Considering the Gamma function defined in Definition 1.9,
1. T'(z 4 1) = 2I'(2) for z such that the real part is positive.
2. Forne N, I'(n+1) =nl.

Part (1) is used to extend the domain of the gamma function I'(2) to all complex
numbers z ¢ C\ {..., —2,—1,0}.

Considering how the Gamma function extends the factorial function to values in
C\{...,—2,—1,0}, it is natural to extend the rising function in terms of the Gamma

function.

Definition 1.11. The fractional rising function is defined by

a I'(t+a)
O Te

fort € R\ {0,—1,-2,...}, o € R, with the conventions
(i) t* =0 providedt € Z~ and t+r ¢ Z~,
(i) 10 = 1.

Following from the whole-order sum, we have the nabla fractional sum of order v.



Definition 1.12. For f : N,y = R and v > 0,

V;Vf(t)_/ %JC(S)V& t € Noiq.

From this fractional sum we can define the nabla fractional difference (specifically,

the Riemann-Liouville nabla fractional difference).

Definition 1.13 (Riemann-Liouville Nabla Difference). For f : N, 3 — R andv > 0,
Vi ()= VIVI(®), € Nogy,

where N = [v].

We can rewrite the above (Riemann-Liouville) v order nabla fractional difference
in a form more similar to the v** order nabla fractional sum. This form is widely more

useful, so we state this as the next theorem.

Theorem 1.14. Assume that f: N, - R, v >0, and v € N. Let N € N such that

N —1<v < N. Then the V' order nabla fractional difference is given by

VLA = [ = o) TV = 3 (- ple) ),

for each t € Nyyp,.

There is another fractional difference, namely, the nabla Caputo fractional differ-

ence, which is also defined in terms of the fractional sum.

Definition 1.15. Forv >0 and f : N,_ni1 — R,

Ve () == Vo VIVYL(), 1€ Nog,



where N = [v].

The research concerning the Riemann-Liouville nabla difference is more developed;
however, the Caputo nabla difference has some nice properties the Riemann-Liouville
nabla difference does not possess. One such property is that the Caputo v*"-order
difference of any constant function is zero for v > 1. This is only true in the Riemann-

Liouville case when v = k is a positive integer, or when the constant is zero.

1.3 Properties and Formulas for Nabla Differences

In this section we present many useful properties of nabla differences, nabla Taylor
monomials, and Caputo nabla differences.
In the next theorem we collect some of the properties of the fractional nabla

difference.
Theorem 1.16. Assume f,g: N, — R and a, 5 € R. Then fort € N, 1,
(1) V(f(t) +9(t)) = V() + Vg(t),

(ii) V(f(t)g(t)) = f(p())Vy(t) + V[ (t)g(t),

fO) _ s®OVI®-fO)Vet)
(i1i) V (m) =1 9 g(p®) 22, 4f g(t) #0, t € Noga.
We will make use of the following elementary result.

Theorem 1.17 (Integration by Parts). Given two functions u,v : N, — R and

b,c € N, such that b < ¢, we have the integration by parts formula

c

b

/bcu(p(s))Vv(s)Vs = u(s)v(s)| — /bcv(s)Vu(s)Vs.

We also have a variety of power rules within nabla fractional calculus as follows.
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Property 1.18. Forp € N and values of t,r, and « so that the values in the following

equations make sense, we have

(i) V(t—a)* " = (a = 1)(t —a)*?,

(ii) V(o = 1)" = —r(a—p(t))",

a—1 I« a—p—1
(iii) VP(t —a)*~" = s (t — a)o=r~L.

Proof. The proofs of (1) and (2) can be found in [37]. We prove part (3). Notice by

repeated use of part (1) we have

VP(t—a)* =V IV(t—a)!

=V V(= 1)(t —a)*?
=V 2(a—-1)(a=2)(t—a)?

=V 3 a—1D(a—2)(a—3)({t—a)*

= V(o= 1)@= 2) - (a - p)(t - a)
—(a=D(a=2)(a=p)t a7

= (t—a)* P

1.3.1 Nabla Taylor Monomials

In this section we study the nabla Taylor monomials and give some of their im-
portant properties. These nabla Taylor monomials appear in the nabla version of
Taylor’s Theorem, and further prove useful in reformulating the nabla sum and nabla

difference.
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Definition 1.19. For o # —1,—2,—3,..., the a'"-order V-fractional Taylor mono-
mial is given by

(t—a)*
H,(t,a) = Tatl)

In the next theorem we present some basic properties of fractional nabla Taylor

monomials.

Theorem 1.20 (Theorem 3.57, [37]). The following hold:
(i) Hy(a,a) =0,
(11) VH,(t,a) = H,_1(t,a),

(111) for k € Ny, H ;(t,a) =0, t € N,

provided the expressions are well-defined.

Now that we have defined the nabla Taylor monomial, we can rewrite some of our
previous definitions and properties in terms of Taylor monomials, namely part (3) of

Property 1.18 becomes

VPt —a)* " =T(a)Hopi(t, a),

and the definition of the nabla sum (Definition 1.12) becomes the following.

Definition 1.21. The fractional V-sum of order a > 0 for f : N,.1 — R s defined
by
/Ha Lt p()) f(5)Vs, t €N,

where by convention V,*f(a) =
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We note that V™ f(t) satisfies

Viy(a) =0, fori=0,1,...,n — 1.

The following result concerning Taylor monomials is useful.

Property 1.22. For a > 0,

V. “H,(t,a) = H,.4(t,a).

Specifically, note that the above property holds for arbitrary a, and further, that
the base of the operator need not match the value inside the Taylor monomial, mean-

ing, for example, that the following holds.

Remark 1.23. For a > 0,

V, *H,(t,a+1)=H,,(t,a+1).

We also have a rule for taking a fractional nabla difference of a Taylor monomial.

Theorem 1.24 (Theorem 3.93, [37]). Let v € RT and pn € R such that p and p— v

are nonnegative integers. Then we have that

ViH,(t,a) = H,_,(t, a).

Thus far, we have considered power rules concerning whole-order differences. We

now move on to considering such a rule involving a fractional nabla sum.
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Lemma 1.25. Assume f is a real-valued function defined on Ny, 1, o > 0, and

O0<N-1<v<N. Then

I'v+1)

F(y+a+1)(t_a>m

V., %t —a) =T(v+1)H, a(t,a) =
forveR, a € RT such that v+a € Z7, t € N,.

Proof. The proof is given in [37] (Theorem 3.93 (iii)). It proceeds as follows:

V., %t —a) = VGQ%F(V +1)

=T(v+1)V,“H,(t,a)
=I(v+1)H,1a(t, a)

= —F<V +1) (t — a)m.

I'v+a+1)

1.4 Nabla Laplace Transforms

Just as in traditional calculus, the Laplace transform provides us with a nice way to
solve initial value problems involving fractional nabla difference equations. In this
section, we provide basic definitions and properties of the nabla Laplace transform
operator £, which are useful in solving various nabla fractional initial value problems.

We will use the convenient formula presented by Goodrich & Peterson [37].

Theorem 1.26 (Theorem 3.65, [37]). Assume f: Ny — R. Then
L{fHs) =) (1= fla+k)

k=1

for those values of s such that this infinite series converges.
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We note that the above formula is well-defined for s = 1.

Theorem 1.27 (Corollary 3.75, [37]). Forv € C\ {—1,—-2,-3,...}, we have that

Lol Ho(a)}(s) = ——. forls — 1] < 1.

gVl )

Theorem 1.28 (Theorem 3.82, [37]). Assume v > 0 and the nabla Laplace transform

of f:Nyy1 — R converges for |s — 1| <r for some r > 0. Then

LAV Y6 = L1

for |s — 1| < min{1,r}.

In order to present further nabla Laplace transform results, we need to define

functions of exponential order.

Definition 1.29 (Definition 3.68, [37]). A function f : Noy1 — R is said to be of
exponential order r > 0 if there exists a constant M > 0 and a number T € N,y
such that
|f(t)| < Mr', VteNp.
Theorem 1.30 (Theorem 3.85, [37]). Assume f : N,_,.1 — R is of exponential
order r > 0. Then
LAV fH(s) = s"La{ fH(s) = D 8"V f(a),

k=1

for |s — 1| <r, for each n € Ny.
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Lemma 1.31 (Shifting Base Lemma 3.88, [37]). Given f : Ny,i1 — R and n € Ny,

we have that

(1Y " fla+ k)
Lont0)6) = (12 £l - 3 5100
k=1
Theorem 1.32. Assumev >0, N—1 <v < N and f : N,_n.11 — R is of exponential

order r >0 . Then

Lo{Vof}(s) = s"La{f}(5),
for |s — 1| <r for each N € Ny.

Proof. By taking the Laplace transform of both sides and using the definition of the

nabla difference, we have

LAV fH(s) = LAVIV V) f)(s)

N
= 5LV, YY) = Y STV f(a)
k=1
N

= L) - 3 I )

k=1

= "Lo{f}(s) =D sMFVE0

N
k=1

= s"La{f}(s),

where we used Theorems 1.30 and 1.28 and the convention

V, () = 3 Hy i (0. p(s)f(s) = 0.

a+1
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Remark 1.33. The above theorem holds for any a, meaning, as long as the base of

the Laplace transform and the base of the nabla difference match, the result holds.

The following theorem provides a formula for a Laplace transform of a nabla
difference when the difference of the base of the transform and base of the difference

is not necessarily 1.

Theorem 1.34 (Theorem 3.89, [37]). Given f:N,13 — R and 0 < v < 1. Then we

have

1—s"
> f(a+1).

Lop{Vef}(s) = s"Lapa{[}(s) —

Given the formula above concerning a Laplace transform with a larger base than
the nabla difference, we consider next what happens in a more general case, when the
Laplace transform has a base which differs from the nabla difference by at least the

ceiling of the power v.

Theorem 1.35 (The a + N Nabla Laplace Transform of a Nabla Fractional Differ-
ence). Assume the nabla Laplace transform of f : Noy1 — R ezists for |s — 1| < r,
where v > 0 and v > 0. Further, pick M € Ny such that M —1 <v < M. Finally,
assume for k € Ny and N € Ny that N — k> M. Then

Lawn {Vapif }(5) = 8" Lasn{f}(s)

N s flatk+5+1) = sV PV N fa+ k45 +1)
+ 2
7=0

(1= s)N-h—J

— VN Y o V)

Proof. Consider by definition of the nabla difference and the use of Theorems 3.82

and 3.85 and Lemma 3.88 [37],
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Laon{ ViuF }(8) = Losn {V¥ 0,01} (5)
= 3N7k£a+N{ a+]l:[ i U)f}( )
Z Nok=i ity VT £+ N)

N—k
e et

(Nk:u

_Z a+k f(a+k+j)
1—8N k—j+1

Z Nk ity Y £+ N)

_ (1 > S)N L

—(N—k—v)
V- kz a+k f(a+l<:+])
(1 — s)N—k=it1

Z N—k— JV] IV,H(_]]: k— Vf((l—f—N)

= mﬁﬁk{f}(s)

N_k[ SNV Fa+ o+ )

fi (1 — s)N—k—j+1

NIy UTEY) fg 4 N (1.2)

Replacing a with a 4+ k and n with N — k in the Shifting Lemma 1.31, we have

(1%)  Lactlf}() = Lasn{F) (s +Z Hf ?f‘?)ﬂ
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Therefore, when we use this equality to substitute into the equation (1.2) above,

we have
) (a+k+7)
Loin {va+kf}(s) = Lain{f}(s) Z )N —h=j+1
Nk [gn- kva;,j ") a4k + )
(1— s)N-k—jtl
j=1

N EIVIY N fa 4 )|

= §"Larn{f}(s)

s"fla+k+7) — sV N fla+ k)
+Z (1 — s)N—k—j+1

gN—k=ivyi— lva+1]::/ k_y)f(a—l—N)]

= 3V£a+N{f}<S)

N—-k—-1

s flatk+j+1) =N VN e+ k454 1)
+Z (1 — s)N—F—

_ Iy N—k—i— 1va+1;/ k_”)f(a—i—N)].

This completes the proof.
]

When k& = 0 in Theorem 1.35, we have the following corollary, presented in [37].
This corollary presents the traditionally considered case of the nabla fractional dif-
ference operator with base a. While Goodrich & Peterson provide their own rigorous

proof in [37], we show in this work how the corollary follows given our generalized

Theorem 1.35.
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Corollary 1.36 (Theorem 3.110, [37]). Assume the nabla Laplace transform of f :
Not1 — R ezists for |s — 1| <r, r >0, v > 0, and pick N € Ny such that N —1 <
v < N. Then

['a+N {vZf} (S) = SV‘Ca-I—Nf(S)

Aoy va et i)

—s/ VNI SN f (g 4 N
Proof. We show that the corollary follows from Theorem 1.35. Let k = 0, so that

Loin{V2i0f}(s) = 8" Larn{f}(s)

N—-0-1 % (N—-0-v) .
fla+0+7+1)— "0V, a+0+j+1
+§:[ j+ ) ="V a4 045 +1)

(1 —s)N-0-J

—s/ VNI T fa+ N)

= 5"Lasn{f}(s)

+Z_: s flat+j+1)—s"Ve " fla+ 5+ 1)
TEPLE

—sI VNI SV £ (g 4 N

This concludes our proof.
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Chapter 2

Composing Nabla Fractional Differences

2.1 Elementary Composition Rules

Composition rules have been extensively studied in delta fractional calculus (see [37],
[39]). However, less has been studied in the case of nabla fractional calculus. In this
chapter, we investigate the relationships between various Riemann-Liouville nabla
fractional differences and also relationships between Riemann-Liouville and Caputo
nabla fractional differences. Nabla composition rules are not as straightforward in
comparison to other analogous counterparts of traditional calculus that we have seen
thus far. However, these rules and other related formulas are efficient, useful tools
in solving initial value problems and boundary value problems as we will see in later

chapters.

Proposition 2.1. Let f:N,y; = R and o, 8 > 0. Then

VOV f(t) =V et f(t) = VIV f(t)

fort € N,.
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Proof. Using the definition of the nabla sum, we have

t

VIOV (t) = % S (= pls) IV £(s)

Oé) s=a+1
e Y )T s Y (s ) )
~ 5 (= p() (s — p(r) T
- T=a+1 s=1 F(Oé)r(ﬁ) f(T)
~ 5 2 VA ) )
I« T(@E-1+1 S
T T(8) T:Zm FG—Ttarnl PO)TTO)
1 t a+p—1
" T(a+B) T;m(t = p(T))™ 7 (7)
=V, D f(),

where we used Lemma 1.25 in the third to last step.

Note that starting with V_;#V_“f(t) would reach the same conclusion.

The following lemma provides some basic nabla composition formulas.
Lemma 2.2. Assume f : Ny 2R, a>0, and 0 < N —-1<a < N. Then
(i) VFVLof(t) = Ve f(t), k € No, t € Ny,
(it) VeV f(t) = f(t), t € Noyn.

Proof. The proof of (i) is given in [37] (Theorem 3.108). It proceeds as follows.
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Consider k =1 and o« = 1. Then

V0 =V [ H o) )V
= V/tf<7')V7'

= f(t)v te Na+1'
Now choose N € N such that N — 1 < a < N. For the case a = N, we have

vkv;N — vk—l [vv;lv;(]\/—l)f(tﬂ
= VIV T A()
_ vk—Q [vv;lv;(]\/—2)f(t>]

= VIRV TR A()

= VER B p()

= VI;_Nf(t)a le Na+k~

The rest of the proof comes from using N — 1 < o < N and replacing o with —a in
the result for VFVf(t) = VEref(1).

Considering (ii), we have by the definition of the nabla difference that

ViV () = VYT v ()
= VY, (e ()
= VOV ()

= V. V() = f(8),
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where we used Proposition 2.1 in the second step and part (i) in the fourth step.

]

Note that the above lemma provides a rule for composing a nabla difference with
a nabla sum, both of which have the same order. We now present a rule involving

such a composition with different orders.

Lemma 2.3. Assume that f :Nyyy = R and p, v >0 with N —1 <v < N. Then

VIV Ef(t) =VEirf(t), t€Nyy.

Proof. Applying the definition of the nabla difference, we have

VIV A F(E) = VNV Iv e f(t)
= VIV ()
= VTN

= V@),

where we used Proposition 2.1 and Lemma 2.2 (i).

2.2 Advanced Composition Rules

2.2.1 Composition Rules for Riemann-Liouville Nabla Differences

We now move to more advanced rules which cover previously unstudied compositions.
First, we note that Proposition 2.1 showed us that composing two nabla sums is
equivalent to adding the orders. However, this proposition was presented with both

nabla sums being based at a. Similarly, Lemma 2.3 presented a rule for composing a
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nabla sum with a nabla difference of same base a. We now examine the case when

the bases differ by a natural number.

Theorem 2.4. Let f : N,y — R and a, 8 > 0. Further, let k € Nyg. Then
VOV ) = VoS F(0), ¢ € Now.

Proof. Considering the differing bases a and a + k, we use the definition of the nabla

sum to expand as follows:

VIOV () = ﬁ (t - p(s) IV f(5)
L t e, L S s—p(r)P f(r
PO Z( ()T f(r)

t

_ b rg-1+1 Y= =gy

T=a+k+1

S (- p(r)P

_T:a+k+1 R f(7)
= > Haps(t,p(r)) f(7)
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where we used Lemma 1.25 in the fourth to last step.

Theorem 2.5. Let f: N1 — R and a, § > 0 with N = [«]. Then

vgv;fkf(t) = Vg;;ff@% t S I\Imax{aJrk7 a+N}'
Proof. Applying the definition of the nabla difference, we have

VeV 2 f(t) = VIV NI D f(t)
= VNV WO (1)

= Vo f(b).

where we used Theorem 2.4. This concludes our proof.

O

Notice that in Lemma 2.2, we had a composition involving a whole-order nabla
difference, in which the powers of the differences combined nicely. However, the whole-
order difference was the outermost operator. We now explore what happens when
the whole-order difference is the inside operator. The following theorem presents the
case when we have a whole-order difference of order 1 as the inside operator and a

nabla sum as the outside operator.

Theorem 2.6. For f:N,;; - R and a > 0,

(t — a)ﬁ

V;O‘Vf(t) = vv;af(t) - F(Oé)



Proof. First note that using Property 1.18 (ii) we have

Now

We proceed by integration by parts. Let

ulp(s)) = (t = pls))" "
and
Vsu(s) = Vs f(s),

so that

26
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Then using Theorem 1.17, we have

V. [(t = ) ()] = —(a = 1)t ()T (5) + (E— pls) V.S (s)

- i (6= 9T+ [0 - )09
- ﬁ [(t — )% T f(s) t +(a—1) Sgl(t - p(S))“f(S)]
_ _%m i _%;(2_ 3 S;;@ — ()" f(s)
- @+ v

_ —%m LV (),

where we used Lemma 2.2 (i) in the last step. This concludes our proof.

[
Remark 2.7. Let f : N,y = R, a >0, and N = [a]. Then we can rewrite
VVaf(t) = VNV f(1) = VIV VT (1), (2.1)
or by Theorem 2.6,
o N —(N—q) (t — a)Niail
VVLf(t) = VT |V, Vi) + f(a) (2.2)

fort e Nyyn.

This implies that the results of Theorem 2.6 are valid for any real a.
We now present the case when the inside operator is an arbitrary whole-order

difference. We might hope that we could just interchange the order of the sum and
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difference (allowing us to add the orders by Lemma 2.2 (ii)), but in reality we find

some extra terms.
Theorem 2.8. For f :N, >R, a € R and p € Z,

e i

V,OVPf(t) = VIV, f(t)

fort € Ngp.

Proof. We will proceed by induction. Consider p = 1. Then by Theorem 2.6,

(t—a) .
() f(a)

1-1 a1+k

(o 1+k+D

VLOVL(t) = V. f(t) -

= VVf(t) V¥ £(a).

k=0

Thus the theorem holds for p = 1. Now assume our induction hypothesis holds for

all p > 1. Then

V,OVPH(t) =V AVP(V £(L))

— VPV, OV () — 2 (o pikil) “(Vf(a))

= VP | VYOS () — t;gj;lf(a) _ZZ_:F(S—;):I:TI) "1f(a)
— yrrly e f(g) — %]‘(Q) _ :_: P(S:mevkﬂf(a)
= VPHIVOf (1) — %Vof (a) — kzp; (;(_aa_) mka (a)

= VPV o f(t) - szl p(a(i_(;m 1)ka(a)’
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where we used Theorem 2.6 in the third step and Property 1.18 (iii) in the fourth step
and shifted the sum in the fifth step. Thus by induction we have proven our result.

]

Note that the above theorem holds for all & € R. However, a = 0 is a special

case, and we can prove it separately as follows.

Proposition 2.9. Fora =0 and p € Z™,

Vi OVPf() =

where f: N, — R.

Proof. Let a = 0. Considering the left hand side of the equality in Theorem 2.8, we

have by definition of the nabla sum

VIOvP (1) / Ho(t, ()P £(5)V's

:/a 0-VPf(s)Vs

Y

where we used the fact that H_j(¢,a) = 0 for all £ € Ny. Considering the right hand

side of the equality in Theorem 2.8, we have

0 p—1 Op+k
p Ho(t
VIV ) kZDFO p+k;+1) [/ () () Vs

—ZHk Lt a)VEf(a)

=0-0=0,
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where we again used the fact that H_y(t,a) = 0 for all k € Ny, since k <p—1<p
implies k —p <0 and k —p € {—1,—2,... }. Thus we have achieved our result.

]

Theorem 2.8 proves integral to developing the relationship between nabla differ-
ences. Indeed, the theorem is a generalization of a type of composition that has been
lightly considered in the literature. Goodrich & Peterson studied two specific cases
presented as the following corollaries. While Goodrich & Peterson provided rigor-
ous proofs for these particular composition rules, we show in this work how these

corollaries follow immediately from Theorem 2.8.

Corollary 2.10 (Lemma 3.147, [37]). For f : N, > R and 0 <v < 1,
VLTIV = VYU () - Ho(ta)f(a), € Noga,
Corollary 2.11 (Corollary 3.148, [37]). For f : N, = R and 0 < v < 1,
V'V f({t) =VV."f(t) = Hya(t,a)f(a), T € Napr.

The proofs use integration by parts and Lemma 2.2 (ii).
Similar to Theorem 2.8, we also present a rule for composing a nabla difference

with a whole-order nabla difference.

Theorem 2.12. Assume f:N, > R, v >0, and k € Nyg. Then
k=1
VIRt = VEEF() = SV Fat W H oyt a + ),

=0

for each t € N,.
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Now that we have established rules for composing a nabla sum with a whole-
order nabla difference, we investigate nabla sums composed with fractional nabla

differences. In order to do so, we need the following power rule.

Theorem 2.13 (n'™ Power Rule). Forn € N and a € R,

n(t o a)ﬁ B (t . a)a—l—n
\4 F(O[) - P(Oé N TL) ) te Na-‘rn-‘rl‘

Proof. We will proceed by induction. Consider the case n = 1:

=)™ fa- (-0 (o)

1
v L'(a) [a—1)  T(a—1)

Now assume the hypothesis holds for all n > 1. Then we can rewrite the n + 1 order

difference as

Hence

— |

Thus we have achieved our result.
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Note that we can think of this power rule in terms of Taylor monomials:
VnHa_l(t, CL) - Ha—l—n<t7 CL).

We now move to our desired goal of a rule for composing a fractional nabla sum

with a fractional nabla difference.
Theorem 2.14. For a > 0 where N —1<a <N and f : N,y — R,

f(t), a¢gN

VLOVef(t) = E
F&) = Sp2y B Vi f(a), a=neN,

fort e Nyyn.

Note that we could rewrite the sum as

n—1

Z Hy(t,a)V* f(a).

k=0

Proof. Suppose a ¢ N. Then by the definition of the nabla difference we have

V. OVaf(t) = Vo [V N9 f(n)]
N-1 (t _ a)m

Ny v )]
ARV D DY ey oy ey

VIV, f(a)]

k=0

= VIV V) = VYN @) = f(1),
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where we used Theorem 2.8 in the third step and the fact that

V. f(a) = Y Hy-a-1(ap(s))f(s) = 0.

s=a+1

Now suppose a = n € N. Then

n—1 _ n+kfn
V. V() = V() Z e o gvH@
B n—1 (

where we used Lemma 2.2 (i) in the last step. Thus we have reached our conclusion.

O

Notice that, similar to Lemma 2.2 (ii), we achieve the nice result of switching the
order of the composition, and thus we are able to add the orders in the case o ¢ N.
However, we must still be careful in the case a € N, where we switch the order of the

composition, but must subtract a summation.

2.2.2 Compositions Involving Caputo Nabla Differences

Recall from Chapter 1 that the Caputo definition of the nabla difference places the
whole-order difference as the inside operator rather than the outside operator. This
often makes the Caputo difference easier to work with, but we must be careful to
attend to the different domain that this definition requires.

We can now present a power rule involving the Caputo nabla difference due to

some properties shown in the last section.
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Theorem 2.15 (Caputo Power Rule). For 1 # >0 and o > 0,
R F -
Ve (t—a)’! ﬂ(t —a)P (2.3)

Proof. First recall that

-« wo_ F(:u + 1) a+p
Vailt—a) =t
and
e A ()

['(N — «) ['(—a)
Now suppose 1 # 3 > 0 and a > 0. Then we have by the definition of the Caputo

fractional difference

Vet —a) Tt = VNN (- a)P!

No- (v N-1 a)N-o+k=N i 1
= vVy, (N=a) Via—a)™
“ kZOF —a+k: N+1) (a—a)
S val FB-1+1) (t— a)NfoH»ﬁ*l
I'N—a+p-1+1)
F(ﬂ) B—a—1
= ———(t—a)”* ", 2.4
N EEan (2.4)
where we used Theorem 2.8 in the second step, the fact that V*(0)°~! = 0 in the
third step, and the n® Power Rule in Theorem 1.18 in the last step.
By convention, dividing by 0, —1,—2, ... results in zero. So, when § —1=a —j
for j =1,2,...,n, equation (2.3) is zero.
O

We note that this theorem works out the same as in the Riemann-Liouville case.

However, the Caputo nabla difference V¢,(1) = 0 while the Riemann-Liouville nabla
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difference of 1 is

VY1) = VVV-=a)(q)
=V [/ Hy_o-1(t,p(s))-1Vs

— VVHy_o(t,a)

=H ,(t,a).

The following identity is useful in transforming nabla Caputo fractional differences

into equations in terms of Riemann-Liouville differences:

Theorem 2.16. For f : N, _nyi1 — R and any a > 0,

Vi f(a) = Vo f(t) = ) Hi—a(t,a)V*f(a).

0

2
L
—~
~
|
IS
~—
T
Q
2
=

Ve () = Vi f(t) -

b
Il

In particular, when 0 < a < 1,

VeSO = Vi (0) - @) = VEFO) - Hoalt ) (o)

Proof. We notice by the definition of the Caputo fractional difference that

Ve (t) = VOV f(t)

a

N (V- N-1 t_a(N a)—N+k .
=V T T(N —oz—N—l—/{:—i—l)v /(@)
N-—1 ( Clk o
« k
- vaf<t> Pt F(k?—O[—f- 1)v f(a)

where we used Theorem 2.8 in the second step and Lemma 2.2 (i) in the third step.

O
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This theorem is significant as it implies that the nabla Riemann-Liouville and
Caputo fractional differences coincide in the particular case when f vanishes at a.
We are now equipped to consider a Caputo nabla difference composed with a

Riemann-Liouville nabla difference.

Lemma 2.17. For a >0 and f : N,_ni1 — R,

VeV o f(t) = f(t), t€Napn.
Proof. For N = [a],

VeV f(t) =V, WNOvNy e f(t)
= VIV ()

= f(),

where we used Lemma 2.2 (i) in the second step, and Theorem 2.14.

[]

Now, when we compose a nabla sum with a nabla difference, we do not al-
ways get the original function back. However, one of the conveniences of studying
both Riemann-Liouville and Caputo nabla differences is that composing a Riemann-
Liouville sum with either type of nabla difference yields a similar formula as the

following theorem shows.

Theorem 2.18. Suppose a« >0 and f: N, _ni1 — R. Then

[y

N— (t—— % N-1

VoV i) = 1) - 3 U () = £(0) - 3 Hilt )V f(a),

k=0 k=0
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fort € Nyyq1. In particular, if 0 < a < 1, then

VOV () = f(t) = fla).
Proof. By the definition of the Caputo difference, for N = [a/] we have

Vo oVef(t) = VoV, W wN f(t)
=V, v

=V, "VVf(),

and from here the proof proceeds as the proof of the case a € N in Theorem 2.14.
Thus we achieve our result.

Now suppose 0 < a < 1. Then by the definition of the Caputo nabla difference

we have
VoV f(t) =V, [V, 9V (1))
=V, [VV, U9 f(t) — H_o(t,a) f(a)]
=V, "V [V, (6] =V, H_alt,a)f(a).
Hence

Vi Vo f(t) = VV VO f(t) = Homa(8,a)V, 9 fla) = Hogsalt, a) f(a)

= f(t) = f(a),

where we used Corollaries 2.10 and 2.11 in the second step and fourth step, respec-

tively. Further, we used the facts that vg““")f(a) =0 and Hy(t,a) = 1.
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Finally, suppose a = 1. Then

V' Ve f(t) = V. [V, OOV ()]

a

=V, 'Vf(t)
1-1

= VY1) = Y Hio(ta)VFf(a)

k=0

Thus for the case 0 < a < 1,

VOV () = f(t) = fla).

[]

Since we see that we can achieve a similar formula with either type of nabla

difference, we are allowed some flexibility in solving problems.
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Chapter 3

Sequential Nabla Fractional Differences

3.1 Introduction

In this chapter we study composed nabla fractional differences of a special type known
as sequential nabla fractional differences. By “sequential,” we mean nabla differences

with orders whose bounds are sequential, such as

at1Ver(t)

for 0 < v < 1land 1< u < 2. Further, we note that when we consider a sequential
nabla difference in this work, we are assuming the bases of the differences differ
by at least one integer, as in the example above, we have the bases a and a + 1.
Fractional sequential differences are relatively understudied in the field, especially
when we consider nabla sequential differences. When we do consider compositions
of different orders in nabla fractional calculus, we predominantly have results which
involve the same base a € R as seen in the previous chapter. Sequential fractional
differences were first studied, to the author’s knowledge, in 2012 by Girejko [22] and
Goodrich [30]. These works involved sequential differences in delta fractional calculus.

In subsequent years, delta sequential fractional differences were further studied by
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Dahal & Goodrich [20] and Goodrich [33], [34], and [35], and also in [51], [23] , [32],
[49], and [19]. Nabla sequential fractional differences were first fully considered in [21]
in 2018. There has also been work with sequential differences in the continuous case,
see [3], [15], [6], [7] ,]9], [50], and [54].

There is certainly a reason that the field has focused predominantly on problems
using the same base a. When studying sequential differences with different bases, we
must more carefully attend to domain shifts - often to a more strict domain. Indeed,
all the theorems that follow hold on a domain at least N, i, but often hold on a
domain with a base larger than a + 1.

In the work that follows, we consider sequential nabla fractional differences of the
generalized form V¥,V f(t) for the case where k < p < k+1, k+1<v <k+2,
2k+1 < p+v <2k+2,k € Nyg,aswell asthecase k < u < k+1,k—1 < v <k, and
2k — 1 < up+v < 2k, k € Ny, the difference between these two cases being whether

i or v is the larger order.

3.2 Sequential Nabla Differences of the Form V" 7+ va_(kﬂ) f(t)

In this section we consider sequential nabla differences of the form V2 ¥ V4 i (1),
where each of the powers and the base of the outer difference vary with our choice
of k € Ny. The following two theorems present valuable equalities for these general

sequential nabla fractional differences.
Theorem 3.1. We have two cases, each implying the same equality.

(i) Suppose fork € Ng thatk < p < k+1,k+1<v<k+2, and2k+1< pu+v <

2k + 2. Then for each t € Ny yop13,
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a+k+1
VZIZHV# BV f(t) = VT () ZH—V k—1(t, p(T ZHk w7, p(8)) ().
T=a+1 s=a-+1

(i1) Suppose for k € Ny thatk < u<k+1, k—1<v <k, and2k—1 < p+v < 2k.

Then for each t € Ngiogi1,

a+k+1
VI VO (1) = VI = 3 Hos (7)Y Hc () F(9)
T=a+1 s=a-+1

Proof. We first carefully attend to domains. As we are considering the sequential
difference

Vgillz+1vg_(k+l)f( ) vk a+k+1vg_(k+1)f(t)a

we can consider the domain of each of these differences to identify the domain of the
entire composed, or sequential, difference. First, by definition, V*g(t) is defined for
t € Ny, Further notice that in each case, k < p < k+1, implying that u—(k+1) < 0.
This means that our third difference is in fact a nabla sum of order k41— p, which, by
definition, is defined for ¢ € N,. This only leaves the middle nabla difference, which
has a different domain for each case given above. For the first case, as k+1 < v < k+2,
this difference is defined for ¢ € N(gyi11)+(h+2) = Nayorys. For the second case, as
k—1 < v < k, this difference is defined for ¢t € N(gipi1)4k) = Nagort1. As the pth
difference is the most restrictive of the three in the composition, this provides our
domain in each case.

We now proceed to the proof. Since v + k > 0 and v is between two consecutive

integers, we can apply the definition of the nabla difference to expand the following:
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t

VZIZ—HV“ (k+1) f(t) - /+k+1 H—(u+k)—1(t7 p(T>)v;(k+1_H)f<T)VT

— [ Hoaltp) [ Hilr )65V

a+k+1

Thus we have

Vi Va0 = Y Hopan(tp(7) D Hie (7, p(5)) £ (5)

T=a+k+2 a+1

= Z H_(11y-1(t, p(7)) Z Hi— (7, p(5)) f (5)

T=a+1 a+1
a+k+1
—ZHquc)ltp ZHkuTP f(s)
T=a+1 a+1
= Vv £()
a+k+1
= > H_enya(t, pl7) ZHkuTP f(s)
T=a+1 a+1
a+k+1 T
Vﬂ+y 1f Z H_ (v+k)— 7p<T>>ZHk7,LL(T7p(S))f<S>7
T=a+1 a+1

where we noticed that k < u < k + 1 implies £ + 1 — p > 0, so that we could apply
the definition of the nabla sum as well, along with Lemma 2.3. This concludes our

proof.

]

Two immediate corollaries follow from the above theorem, which were first pre-
sented by Dahal & Goodrich. We view Theorem 3.1 as a nice generalization of any
case of order conditions for this specific type of composition. To that end, while
Dahal & Goodrich provided their own rigorous proofs for the specific cases, we show

in this work how the corollaries follow immediately from Theorem 3.1.
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Corollary 3.2 (Lemma 2.9, [21]). Suppose that 0 < p < 1,1 <v <2, and 1 <

pw+v <2 Foreacht &€ Ny 3 it holds that

Ve Va L f(t) = Vi f(t) — Hopoa(ta) f(a + ).

Proof. We now show that the corollary follows from Theorem 3.1. Suppose that &k =0
and consider the first set of parameter conditions in Theorem 3.1. Then 0 < p < 1,

l<v<2,and 1 < 4+ v < 2. Then by Theorem 3.1, for each t € N3,

a+0+1
VEATEL (1) = ) — S Hoaa(60(1) S Houlr,pls))7(5)
T=a+1 s=a+1
a+1
)~ 3 Hoa(tpl() Y Houlr s )
T=a+1 s=a+1

= VL) — Hoy oy (ta)Hop(a+ 1,a) f(a+ 1)

= Vo () = Hoya(t,a) f(a + 1),

This concludes our proof.

]

Corollary 3.3 (Lemma 2.11, [21]). Suppose that 1 < p < 2, 0 < v < 1, and

1l <p+v <2 Foreacht € Nyi3 it holds that

VolaVa ' f(t)
= Vi)

—[H_yo(t,a)+ (2—p)H_po(t,a+ 1) fla+1) — H_, o(t,a+ 1) f(a+2).

Proof. We now show that the corollary follows from Theorem 3.1.

Suppose k = 1 and consider the second set of parameter conditions in Theorem
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31. Thenl < pu<2 0<v<l and 1 < u+ v < 2. Then by Theorem 3.1, for each

t € Nopoy+1 = Nays,

a+1+1
VTR I() = V() = S H () S Hiulm o))
T=a+1 s=a-+1
a+2
SO 5 Hasob) 32 Hglr 5.
T=a+1 s=a+1

Hence

Va2 Va2f(t) = Vi f(t) = Hoyoa(t,a) Hiu(a + 1a) fa+ 1)
—H_, 5(t,a+1)[Hi_p,(a+2,a)fla+1)
+ Hi_py(a+2,a+1)f(a+2)]
= Vi (t) — Hoyo(t,a) fa+ 1)
—H_,»(t,a+1)((2—p)flat+1)+ fla+2))
= Vi)
—[Hoya(ta) + (2= p)H_yo(t,a+1)] fla+1)

—H_, 5(t,a+1)f(a+2).

Thus the corollary follows from Theorem 3.1, and this concludes our proof.

3.3 Sequential Nabla Differences of the Form V! , V(1)

In this section we consider sequential nabla differences of the form Vi, . V¥ f(t). In
this case the base of the outer difference differs from the base of the inner difference

by an integer factor of at least 1.
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The following two theorems present valuable equalities for these general sequential
nabla fractional differences.

Theorem 3.4. We have two cases, each implying the same equality.

(i) Suppose for k € Ng thatk <pu <k+1, k+1<v<k+2,and2k+1<pu+v <

2k + 2. Then for each t € Ny opt3,

wn Vaf(t) = Vi f(t)

a+k+1
-V ZHﬂ/kltﬂ ZHkqu f()]
T=a+1 s=a+1

k
SOVES R f(a k4 D) H g (fa+ k4 D)

Jj=0

(i1) Suppose for k € Ny thatk < u<k+1, k—1<v <k, and2k—1< p+v < 2k.

Then for each t € Ny iopi1,

Vo Vaf(t) = Vi f(t)

[ZH_Vkltp ZHk;qu f()]

T=a+1 s=a+1
k
— DoV fla+ b+ D) H gy (ta+ k4 1)

j=0

Proof. We first carefully attend to domains. As we are considering the sequential

difference

arkr1Vaf (),

we can consider the domain of each of these differences to identify the domain of the
entire composed, or sequential, difference. For the first case, as k+1 < v < k + 2,

the first difference is defined for ¢t € N(qyit1)+(k+2) = Nagorts. As bk < p <k +1, the
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second difference is defined for ¢t € N, 4 1. Together, we see that the first difference
has the more restrictive domain. For the second case, as k — 1 < v < k, the first
difference is defined for ¢ € Ngqpq1)+) = Nogort1- As b < p < k + 1, the second
difference is defined for ¢t € N, ;1. Together, we see that the first difference has the
more restrictive domain.

We now proceed to the proof. Assume the first case hypothesis, and let g(t) :=
ng(kﬂ)f(t). Then

L e VAL () = VI i gkt £ ()

= VYLV ()

= Vit vV+l~c+19( )
k+1—1
- Z Vigla+k+ 1)H7(ufk71)f(k+1)+j(t, a+k+1)
=0
V’H—l vu+k+1vu k+1)f(t)
k
= VIV o+ k+ D) H it a+ k+ 1)
=0
=V [Vilina Vi "0 f ()]
k
_ykH Z Vjvgf(ml)f(a thk+1)H .yt a+k—+1)
7=0
a+k+1
=V u+l/1f ZHf,jkltp ZHkqu f()]
T=a+1 s=a+1
k
_ Vk-‘rl Z vg-ﬁ-j—k—lf(a + k4 1)H_,/+j(t, at k-t 1)

=0
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so that
a+k+1
vk VAF() = VETV f(2) Z H_\ pa(t,p(r Z Hy_ (1, p(5)) f(s)
T=a+1 s=a+1

k
= VR fla+ k+ D) H gyt a+ k+ 1),

Jj=0

where we used Theorem 2.12 with £ = k + 1 since v — (k+ 1) > 0, and Theorem 3.1.
Now consider the second case hypothesis, and let g(t) := AR (t). Then,

noting that v — k < 0,

e VoI (1) = VIV VIV 1 (1)

= VFVyr VR g(t)

a+k+1
k+1-1
=V Vi)~ Y Valat b DHo iy ftatk+ )
=0
= VA Vi VSR

k
S WVE S fat ko DH o (fa+ )

7=0
= VYLV A()
k
=Y VAT k4 D) H g (fa+ k4 1)
=0
a+k+1
=V 'LH_VI ZH—Vkltp ZHkuTP f()]
T=a+1 s=a+1

k
=S VEI T a4 D H (o k1),

J=0
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Hence
a+k+1
vk VAF() = VETV f(2) Z H_\ pa(t,p(r Z Hy_ (1, p(5)) f(s)
T=a+1 s=a+1

k
=D VI a4 k+ D) H g (fa+ k+1).
=0

Thus we have shown that with either set of order conditions, we arrive at the
formula. This concludes our proof.

O

Again, two immediate corollaries follow from this theorem, which were first pre-
sented by Dahal & Goodrich. We view Theorem 3.4 as a nice generalization of any
case of order conditions for this specific type of composition. To that end, while
Dahal & Goodrich provided their own rigorous proofs for the specific cases, we show

in this work how the corollaries follow immediately from Theorem 3.4.

Corollary 3.5 (Lemma 2.10, [21]). Suppose that 0 < p < 1, 1 < v < 2, and

1 <p+v <2 Foreacht € Nyis it holds that
Vo Vaf(t) = Vi f(t) = Hopa(t,a) fa+ 1) = Hopa(ta+ 1) f(a+ 1),

Proof. We show that the corollary follows from Theorem 3.4.
Suppose that £ = 0 and consider the first set of parameter conditions in Theorem
34. Then0<pu<1,1<v<2 and 1 <+ v < 2. Then by Theorem 3.4, for each

t € Nous,
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a+0+1
Vo Vaf(t) = Vit f(t) [Z H_, oa(t,p(r ZHOqu f()]

T=a+1 s=a+1
0

S VEHO T fa 4 0+ 1) H iy (fa+ 0+ 1)

=0
a+1

= VI F(t) [Z H_, 1(t,p(T ZH—MTP ()]
T=a+1 s=a+1

0
SOVEI T fa4 D Ho s (ta+ 1)

J=0

= VIR () = VHo (@) H (o + 1,a) f(a+ 1)

VA a+ V) H ., (ta+ 1)

— VRV — Hoyoo(t,a)fla+ 1) — fla+ 1)Ho_yy(t,a+ 1),

where we used the fact that

VA fa+1) = fla+1).

Thus the corollary follows from Theorem 3.4, and this concludes our proof.

]

Next we present the second of the corollaries, originally presented by Dahal &

Goodrich with a case-specific proof.

Corollary 3.6 (Lemma 2.12, [21]). Suppose that 1 < p < 2, 0 < v < 1, and

l<pu+v <2 Foreacht e N, 3 it holds that
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Vi Vaf(t)
= VLT f(t)
+[—H_,3(t,a) — (2— pwH_,5(t,a+1)
—Q2-wH yo(t,a+2) = (1= p)H_ 1 (t,a+2)] fla+1)

+[-H_, 3(t,a+1)—H_, 5(t,a+2)— H_, 1(t,a+2)] f(a+2).
Proof. We show that the corollary follows from Theorem 3.4. Recall the facts
Vi fla+2)=2—-pfla+1)+ fla+2)

and

VA fla+2) =1 —p)fla+1)+ fla+2).

Suppose that £ = 1 and consider the second set of parameter conditions in Theo-
rem 3.4. Then 1 < p<2,0<v<1,and 1 < p+ v < 2. Then by Theorem 3.4, for

each t € N3,

a+1+1
Va2 Vaf(t) = VI E(t) [Z H_, 1 a(t, p(T ZHlqu f()]

T=a+1 s=a+1

1
— [Z VI (a4 14+ D) H oy (ta+1+1)

J=0
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Thus we have

Vo Vaf(t) = Vi f(t) =V [ Y Houosltip(r)) Y Hiu(r, p(S))f(S)]

J=0

=Vaf(®)
—VI[H_,o(t,a)Hi_py(a+1,a)f(a+1)
+H_, o(t,a+1)(Hi_p(a+2,a)f(a+1)
+H_,(a+2,a+1)f(a+2))]
— [VE2 fla+2)H_, 5(t,a+2) + VA fla+2)H ) 1(t,a + 2)]
= Vi f(t) = V[H_ya(t.a)f(a+1)
+H_, 5(t,a+1)(2—p)fla+1)+ fla+2))]
—(2=w)fla+1)+ fla+2)H )5t a+2)
H( =) fla+1)+ fla+2))Hopa(t, 0+ 2)]
= Vo f(t) — [Hops(t.a) f(a + 1)
+H_,_3(t,a+1)((2—p)fla+1)+ fla+2))]
—(2=p)fla+1)+ fla+2)H 5t a+2)
H(A =) fla+1)+ fla+2))Hopa(t, 0+ 2)]
=V f(®)
+[-H_, 3(t,a) — (2—p)H_,_3(t,a+ 1)
—(2—pH_, o(t,a+2)— (1 —pwH_,1(t,a+2)] fla+1)

+[-H_,3(t,a+1)—H_, o(t,a+2)— H_,_1(t,a+2)] fla+2).

This concludes our proof.
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Chapter 4

Monotonicity Results

4.1 Introduction

The work in in this chapter aims to demonstrate connections between the sign of
sequential nabla fractional differences and the monotonicity of the function. This
is particularly interesting due to the fact that, while V f(¢) > 0 would immediately
tell us that the function f is increasing, the sign of a fractional derivative V¥ f(¢)
does not necessarily tell us anything about the monotonicity of the function f. Thus
investigating conditions under which we can achieve monotonicity is useful.

While uniform monotonicity is ideal, we do not always achieve this. In these
instances, it is interesting to study the admissible parameter spaces as compared to

the space on which the monotonicity of the function holds.

4.2 Uniform Monotonicity

In this first case, we do achieve uniform monotonicity with fairly few assumptions, as

was presented by Dahal & Goodrich.

Theorem 4.1. [21] Suppose that 0 < p < 1,1 <v <2, and 1 < p+v < 2. In

addition, assume that each of the following is true for the function f : N, — R.
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1. fla+1)>0
2. Vf(a+2)>0
3. Vv VEF(t) >0, for each t € Noys

Then V f(t) > 0 for each t € Nyy3.

4.3 Non-Uniform Monotonicity

The theorem above shows that uniform monotonicity holds under the given conditions
forthecase 0 < u < 1,1 <v < 2,and 1 < u+v < 2. However, for a slightly different
set of order conditions, we do not get uniform monotonicity. To find monotonicity
on at least a subspace, we must impose two more assumptions, namely a condition

relating the value of the function at a + 2 to its value at a + 1.

Theorem 4.2. [21] Suppose that 1 < p < 2,0 <v <1, and 1l < p+v < 2. In

addition, assume that each of the following is true for the function f : Ny — R.

1. fla+1)>0

2. fla+2)>0

3. Vfla+2)>0

4. V2, VEf(a+3) >0

5. fla+2) <Cfla+1), for some C > 1

Then provided that v < %, it follows V f(a+ 3) > 0.

Notice that Dahal & Goodrich [21] established mixed order monotonicity results

for the logical first two cases: first, the nice uniform monotonicity result for the set of
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order conditions 1 <v <2, 0<pu<1,and 1 < p+ v < 2, and second, monotonicity
on a subspace for the set of order conditions 0 < v < 1,1 < pu<2,and 1 < p+v < 2.
We now present a monotonicity result that requires the exact same assumptions as
we have in Theorem 4.2, but for a new set of order conditions, where 1 < pu < 2,

2<v<3,and 3< p+v <4

Theorem 4.3. Suppose that 1 < u<2,2<v <3, and3 < pu+v <4. In addition,

assume that each of the following is true for the function f : Ny 1 — R.

1. fla+1)>0

2. fla+2)>0

3. Vfla+2)>0

4. VYL, VEf(a+3) >0

5. fa+2) < Cf(a+1), for some C > 1

Then provided that v < %, it follows V f(a 4+ 3) > 0.

Proof. We first use Theorem 3.4 to notice that

VZ+2vZf(t) = v5+yf(t)
+[—H_,3(t,a) — (2—pu)H_,3(t,a+ 1)
—@ = W H_yat,a+2) — (1= ) H oy r(t,a+2)] fla+1)

+[-H_,s3(t,a+1)—H_, o(t,a+2)— H_,1(t,a+2)] f(a+ 2).



5}

Now we will rewrite the p + v nabla fractional difference using Theorem 1.14

since pu + v > O:

VIR E(l) /HM vr(t, p(5)) f(5) Vs

= ol @) 4 Honl o Dl S0+ )

+ V(1) Z He (8, p(T) V(7).

T=a+2

Now whenever Vf(7) > 0 it follows that 3 —aro Hoy o (t, p(7))V f(7) <0, and

so by assumption (3) we have that

S H Lt (7)Y (7)

T=a+2

Thus using these two pieces together, it follows that

Vf(a+3)
Z - Z H—u—u(a + 37p(7-))vf(7_)
T=a+2

—[H_pa(a+3,a)+ H_,_(a+3,a+1)] fla+1)
—[-H_, 3(a+3,a) — (2—p)H_,_3(a+3,a+1)

—2—-wH_, 5(a+3,a+2)—(1—p)H_, 1(a+3,a+2)] fla+1)
—[-H_,3(a+3,a+1)—H_, s(a+3,a+2)—H_,_1(a+3,a+2)] fla+2)
—[H_j—va(a+3,a) +H_,_,(a+3,a+1)] fa+1)

—[~H_ys(a+3,a) — (2 — ) H_p_s(a+3,a+1)
—2—-wH_, 5(a+3,a+2)—(1—pH_, 1(a+3,a+2)] fla+1)

—[-H_,3(a+3,a+1)—H_, 5(a+3,a+2)—H_,_1(a+3,a+2)] fla+2).
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Hence

Vi(a+3)
>—[H ypa(la+3,a)+ H_y(a+3,a+1)] fla+1)
[H_, 3(a+3,a)+(2—pH_, 3(a+3,a+1)
+(2—p)H_, 9(a+3,a+2)+ (1 —p)H_,_1(a+3,a+2)] fla+1)

[H_,_3(a+3,a+ 1)+ H_, s(a+3,a+2)+ H_,_1(a+3,a+2)] f(a+2).
(4.1)

Considering the coefficient of f(a + 2) we have

H_, s(a+3,a+1)+H_, s(a+3,a+2)+H_, 1(a+3,a+2)

o3 == 11

CT(~v—2) * [(—v—1) i [(—v)

_ ['(—v—1) MN(—v—-1) ['(—v)
rer(-r-2 rr-v-1) TO)I(-v)

(—v—=2)T'(—v —2)

= 1+1
T—v—2) "

=(-v—-2)+1+1=-v<0.

Therefore the coefficient of f(a + 2) is negative, so when we multiply both sides
of an inequality by this coefficient, the sign will flip. Recall assumption (5). Then we

have that f(a+2) < Cf(a+ 1) implies

H_, 3(a+3,a+1)+H_, 5(a+3,a+2)+H_,_1(a+3,a+2)|fla+2)

>[H_, 3(a+3,a+1)+H_, 2(a+3,a+2)+H_,_1(a+3,a+2)]Cf(a+1).
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Using the facts

H , 1(a+3,a+2)=H_, s(a+3,a+2)=1,

273 ['(—v—1)
H_, 3(a+3,a+1)= T —2) = T (= —9) =—v—2,
and
.Hﬂhda+&a)zlwf::2>:]X3;§:?_2)zzépwhqx—y—@:=%@44xy+m,

we in turn have

[H_l,_g(a +3,a)+2—pH_,3(a+3,a+1)
+2—-pwH_, 2(a+3,a+2)+(1—pH_,1(a+3,a+ 2)} fla+1)

+[H_,3(a+3,a+1)+H , 2(a+3,a+2)+H_,_1(a+3,a+2)] fla+2)

> {H_V—S(a +3,a)+2—-p)H_,_3(a+3,a+1)
+2—wH_pola+3,a+2)+(1—p)H_,1(a+3,a+ 2)] fla+1)

+[H_y3(a+3,a+1)+H_, 5(a+3,a+2)+H_,_1(a+3,a+2)]Cfla+1)

— {H_V_g(a+3,a) +(C+2—p)H_, 3(a+3,a+1)
+(C+2_M)HV2(a+3,a+2)+(0+1—u)HV1(a+3,a+2)]}f(a+1)
- [+ v+ ©+2-plmr -2+ 4 1-0)] fa )

— %(VJF1)(u+2)+(C+2—u)(—1—V)+(C+1—u)} fla+1)

::%ﬁ+(u—0—%)4fm+1>
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Now putting this into (4.1), we have

Vf(a+3)
>—[H ypala+3,a)+H_y(a+3,a+1)] fla+1)
+[H_y3(a+3,a)+(2—pu)H_,_3(a+3,a+1)
FQ2— W H_ys(a+3,a+2)+ (1 — pWH_y1(a+3,a+2)] fla+1)

+[H_y3(a+3,a+1)+H , 2(a+3,a+2)+H_,_1(a+3,a+2)] fla+2)

3—n—v—1 2%

M(—p—v) T(-p-v+1)

A L (R R R e R )| FACR

>

fla+1)+ BVQJF(M—C—%) u] fla+1)

2 2
1

= |:§(—20V — 1?4 3+ 20 — 2)} fla+1).
So, given assumption (1), Vf(a+3) > 0 if

(—2C +2v > p* — 3u+2
2 _
v < K rop— 2 3 2,
- 2(C-1)
where we used the fact C' > 1 so that —2C' 42 < 0. Thus since this inequality is true

by assumption, we have achieved our result.

4.4 Further Work

For future directions, one may continue to explore establishing mixed order mono-
tonicity results for different sets of order conditions for the sequential nabla differ-

ences. For the sequential nabla difference Vi, ., V4 f(t), this chapter has only covered
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the cases
1. VY VEf(t) where 0 < p<1,1<v<2,and 1 < p+v <2,
2. VU VEF(t) where 1 < p<2,0<v<1,and 1 <p+v <2, and
3. VU LVEf(t) where 1 < p<2,2<v<3,and3<p+v <4

Note that (1) and (3) above match the form of Theorem 3.4 (i), and (2) matches the
form of Theorem 3.4 (ii).

While it would be convenient to be able to establish a general monotonicity result
for the nabla difference V¥, ., V¥ f(t) for either case in Theorem 3.4, we conjecture
that the amount of conditions needed to establish any sort of monotonicity, uniform
or not, will increase as we increase the value k. Similarly, we notice that even though
we considered the same sequential difference in (1) and (2) above, the set of order
conditions presented in (2) where p > v presented more of a challenge in establishing
a monotonicity result - requiring more conditions and also achieving monotonicity on

just a subspace of the admissible parameter space. This will likely be the case for

any set of order conditions matching the form in Theorem 3.4 (ii).
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Chapter 5

Initial Value Problems and Boundary Value Problems

Involving Sequential Nabla Differences

5.1 Introduction

In this chapter we introduce the sequential nabla fractional difference equation

Vw1 Vay(t) = h(t). (5.1)

Notice that this is the same form we considered in Theorem 3.4 in Chapter 3. In

Section 5.2 we will consider the simple homogeneous difference equation

VZJrkI(t) = 07

and in Section 5.3 we consider the case k = 0 in equation (5.1) and prove that the
solutions, with certain initial conditions, both exist and are unique. We further estab-
lish a variation of constants formula for a nonhomogeneous nabla fractional difference
initial value problem, followed by considering a nonhomogeneous sequential nabla dif-
ference boundary value problem, deriving a Green’s function for the corresponding

homogeneous boundary value problem. We also show that the Green’s function is
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nonnegative and find its maximum.

In Section 5.4 we consider the case k = 1 of equation (5.1) and prove that the
solutions, with certain initial conditions, both exist and are unique. We further estab-
lish a variation of constants formula for a nonhomogeneous nabla fractional difference
initial value problem, followed by considering a nonhomogeneous sequential nabla dif-
ference boundary value problem, deriving a Green’s function for the corresponding
homogeneous boundary value problem. We also show that the Green’s function is
nonnegative and find its maximum. In Section 5.5 we briefly consider the general
form in (5.1), proving existence and uniqueness of solutions.

Before moving on to the sequential nabla difference equation (5.1), we first consider

a nabla difference equation of the form

V() = f(1) (5.2)

for k € Ny and v > 0. We note that there are many results involving similar initial
value problems and boundary value problems, but for the specific case k£ = 0, and

most often with the condition 0 < v < 1 (e.g. [18], [37]).

5.2 The Homogeneous Difference Equation V?  x(t) =0

The following theorem provides us with a general solution to the homogeneous version

of the nabla difference equation (5.2).

Theorem 5.1. Assume v > 0, k € Ny, and N —1 <v < N. Then a general solution

of the homogeneous equation V¥ x(t) =0 is given by

z(t)=caH, 1 (t,a+k)+coH, ot,a+ k) + - +cenHy_n(t,a+ k), t€ Nyjp.
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Proof. For 1 < j <N,
VY Hj(ta+ k) =VIVIIH, j(t,a+k)
= VI Hyj)—w—p(t,a + k)

= VI Hy(t,a+ k)

=V/1=0
for t € N,1x. Since these N solutions are linearly independent on N, we have
x(t)=cH,1(t,a+ k) +coH, o(t,a+k)+---+cenH,_n(t,a+ k)

is a general solution of V7, ,x(t) = 0 on N4y

O
Note that the case k = 0 provides us with the following theorem as a corollary:

Theorem 5.2 (Theorem 3.95, [37]). Assume v > 0 and N —1 <v < N. Then a

general solution of VZz(t) =0 is given by
I(t) = 01Hl,_1(t, (Z) + CQHZ,_Q(t, (I) + -+ CNHZ,_N(t, CL)

fort € N,.

We will now study a simple homogeneous nabla difference equation before moving

on to sequential nabla fractional differences. For 1 < v < 2, consider

VY x(t) = 0. (5.3)
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We next present some initial value problems involving this homogeneous nabla

difference equation (5.3).

Theorem 5.3. Assume 1 < v < 2. Then the unique solution of the initial value

problem

Vix(t) =0, te€Ngys
z(a+3) =4 (5.4)
Vz(a+3) =4

where Ag, Ay € R, is given by

() =[(2—-v)Ag+ (v — DA H,1(t,a+ 1) + [(v — 1)Ag — vA| Hy_o(t,a + 1)

fort e Nyy.

Proof. Let x(t) be the solution of the initial value problem (5.4). Then by Theorem
5.1,

{L‘(t) = ClHu—l(ta a+ 1) + CQHV_Q(t, a + 1)

Using the initial conditions, we get that

r(a+2) =xz(a+3) — Vz(a+3) = Ay — A;.

It follows that

rla+2)=cH, 1(a+2,a+1)+c2H, 2(a+2,a+1) = Ay — Ay,
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which implies ¢; 4+ ¢ = Ag — A;. Since

Va(t) =ciH, o(t,a+ 1) + coH, 3(t,a+ 1),

we use our second initial condition to see that

Vaz(a+3)=cH, o(a+3,a+1)+coH, 3(a+3,a+1)

B CES Y UD)
_. L(v) L v —1)
'TRT(w—1) T (v-2)

Solving the system

e +ep=A40—A

(v—1)c1+ (v —2)cs = Ay

gives us that ¢; = (2 —v)Ag+ (v — 1)A; and ¢ = (v — 1)Ag — vA;. Thus we have

that the solution of the initial value problem (5.4) is given by

2(t) = [2 = V) Ao+ (v — DA Hyy(t,a+ 1) + [(v — 1) Ag — vA] Hys(t,a+ 1)

for t € N,yq. This concludes our proof.

]

In fact, we can generalize this theorem in terms of the base as follows, to find the

unique solution of any such initial value problem.
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Theorem 5.4. Assume 1 < v < 2 and k € Ny. Then the unique solution of the

1matial value problem

VZ—H{:'%'(t) = O, te Na+k+2
zla+k+2) = A (5.5)
Vz(a+k+2) =4

where Ay, A1 € R, s given by

z(t) =[2-v)Ao+ (v — VA Hyoa(t,a+ k) + [(v — 1) Ay — vA] H,o(t, a + k)

fort € Nyyg.

Proof. Let z(t) be the solution of the initial value problem (5.5). Then by Theorem
5.1,

J}(t) - C1Hl,_1(t, a+ k) + CQHl,_Q(t, a -+ k)

Using the initial conditions, we get that

zla+k+1)=x(a+k+2)—Va(a+k+2)=A— A;.

It follows that

zla+k+1)=cH, 1(a+k+1,a+k)+cH, s(a+k+1,a+k)=Ay— A,

which implies ¢; + ¢ = Ag — A;. Since

V.T(t) = ClHV_Q(t, a+k—+ 1) + Cng,_g(t, a+k+ 1),
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it follows that

Ve(a+k+2)=cH, s(a+k+2,a+k)+cH, 3(a+k+2,a+k)

B 2@ ov=3

ST, T O —g)

_. L(v) Lo I'(v—1)
'TRT(w-1) TR (v-2)

=c(v—1)4c(v—2)

= A

Solving the system

e +ep=A40— A

(v—1)c1+ (v —2)ce = A4

gives us
aq=02-v)Ag+ (r—1)A; and ¢y = (v — 1)Ag — vA;. Thus we have the form of

our solution to the initial value problem (5.5) as

z(t) =[2-v)Ao+ (v — VA Hya(t,a+ k) + [(v — 1) Ay — vA] H,o(t, a + k)

for ¢ S Na+k.

]

Note that £ = 0 gives us the well-studied case of an initial value problem involving
a nabla difference with the traditional base a, and £ = 1 gives us the case examined

in Theorem 5.3.
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5.3 The Sequential Nabla Difference V! ,V/x(t)

In this section we introduce the sequential nabla fractional difference equation
—VaaVay(t) = h(t), (5.6)

where t € NP, for some real numbers a, b such that b—(a+2) € Ny, and f: N2, — R.

We consider the set of order conditions where 1 < v <2, 0 < pu < 1l,and 1 < p+v < 2.

5.3.1 Existence and Uniqueness

In this section we prove an existence and uniqueness theorem for the nabla sequential

difference initial value problem.

Theorem 5.5 (Existence & Uniqueness Theorem). Let z : Nop 3 — R, 1 < v < 2,

O<pu<l,and 1l < p+v <2 Then the fractional initial value problem

—ViaVha(t) = f(t), t€ Nuys (57)

zla+1)=A, z(a+2) =B.

has a unique solution x(t).

Proof. Consider the initial value problem (5.7). By Theorem 3.4 (i) with k£ = 0, we

rewrite the nabla difference equation as

—Vi o Via(t) = — [VEYa(t) — Hoyo(t,a)z(a+1) — H_y1(t,a + 1)z(a + 1)]
= -V'2(t)+ H_ , s(t,a)x(a+ 1)+ H_, 1(t,a+ 1)z(a+ 1)

= (1),
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Letting ¢t = a + 3, we have

fla+3)=—(Vi,Viz)(a+3)
=— (VA7) (a+3)+ H_p2(a+3,a)z(a + 1)

+H_,_1(a+3,a+ 1)z(a+1)
a+3

= — > Ho,i(a+3,p(s))2(s) + Hoposla + 3, a)z(a + 1)

+H ,1(a+3,a+ 1)z(a+1)

=—-H_ , ,1(a+3,a)x(a+1)—H_,_,1(a+3,a+ 1)z(a+2)
—H_, , 1(a+3,a+2)x(a+3)+ H_,_o(a+3,a)x(a+1)
+H , q(a+3,a+ 1)x(a+1)

=—-H , ,(a+3,a)x(a+1)—H_,_, 1(a+3,a+1)z(a+2) —x(a+3)

+H_, s(a+3,a)v(a+1)+H_,_1(a+3,a+1)z(a+1).
Rearranging provides

rla+3)=—fla+3)—H_, ,1(a+3,a)x(a+1)—H_, ,1(a+3,a+ 1)z(a+2)
+H , s(a+3,a)z(a+1)+H_,1(a+3,a+1)z(a+1)
=—fla+3)—AH_,_, 1(a+3,a) —BH_,_,_1(a+3,a+1)

+AH_, s(a+3,a)+AH_,_1(a+3,a+1).

Thus the value of z(a+3) is uniquely determined by the initial conditions x(a+1) = A
and z(a + 2) = B and the value of the given function f(¢).
To show z(t) is uniquely determined on N, ; we will proceed by induction. Sup-

pose for t € NZOH there exists a unique solution, x(t), to the initial value problem
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(5.7), where tg € N, 5. We will show that the value of z(to+1) is uniquely determined

by the values of z(t) on N ;.

flto+1)=— (Vi Viz) (to+1)
= — (VEY2) (to+ 1) + H_po(to + 1,a)z(a + 1)

+ H,l,,l(to + 1, a + 1)£C<CL + 1)

- OZ H oy a(to+1,p(s)z(s) + Hopa(to + 1,a)x(a + 1)

s=a+1
+H_, 1(to+1,a+1z(a+1)
to
= _H—u—u—l(to + 17 t())l’(t[) + 1) - Z H—M—V—l(to + 17 p(S))[L’(S)
s=a+1

+H_, o(to+1la)x(a+1)+H ,_1(to+1,a+ 1)z(a+1).
Rearranging provides

x(to+1)=—f(to+1) — ZO H_)_,_1(to+1,p(s))z(s) + H_,_o(to + 1,a)z(a+ 1)
s=a+1

+H_, 1(to+1,a+ 1)z(a+1).

Now by the induction hypothesis, all the values of z(t) for ¢t € NI, | are known.
Therefore x(to+1) is uniquely determined and hence z(t) is the unique solution of the
fractional initial value problem (5.7) on N%|'. Thus a unique solution of the initial

value problem (5.7) exists on N, .
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5.3.2 Initial Value Problem

We begin this section by presenting an initial value problem involving a nonhomoge-
neous nabla difference equation with zero initial conditions. This section continues
by presenting our Cauchy function and variation of constants formula for a nabla dif-
ference initial value problem. All these results will be drawn upon in the next section

to establish the form of the Green’s function.

Theorem 5.6. Let g : Nyy3 — R and 1 < v < 2. Then fort € Ny, 3 the initial value

problem

—Viaz(t) =g(t), t€Nas
z(a+3) =0 (5.8)
Vz(a+3) =0

has the unique solution

w(t) = =V hg(t) +lgla+2) +gla+3)] Hya(t,a+1) — gla+3)Hy 5t a + 1).

Proof. Considering the initial conditions in (5.8), we begin by noting that

0=Vz(a+3)=z(a+3)—z(a+2)

=0—z(a+2)

implies z(a + 2) = 0.
Now by taking the nabla Laplace transform based at a + 3 of both sides and

implementing Theorem 1.35 with £k =1 and N = 3, we have
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—Lar3{g}(s) = 8" Lars{z}(s)
+321:1[ rla+1+4j+1) -2V, 5 e+ 1+ +1)

(1= )1
A vil o Jva_i 1*”)3:(&_’_3)]_
Hence

s .7:a—|—2+])—s2vaf1 V>x(a+2—|—j)
(1—s)2J

—Lay31g}(s) = s"Lays{r}(s) + Z

_Sjv2—jv;(r21—l’)x(a + 3)

— 8V£a+3{l'}(s) (a + 2) _<1S_V8a)+1 (CL + 2)

s'z(a+3) — SQV;(FQI_V)x(a +3)
i)

— V2V, 5 2(a + 3)

— sVV, 2 (a+3)

= 5"Lor3{z}(s),

since x(a + 2) = x(a + 3) = 0. Now we are interested in an equation involving the
Laplace transform based at a 4+ 1, as that is the base of our nabla difference. To
transform our current equation, we use the Shifting Lemma 1.31, replacing a with

a + 1, where n = 2 as follows:

—(ﬁy Lonila)s +§; a+12+klj1_Sy[(lis)ggaﬂ{x}(s)

2 2(a+1+k)
Z =
=1
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Hence
o : S 2 g(a—|—1+k;): il T S——SV z(a
(1_3)2£a{9}( )‘i‘; (1= ) kit (1_8)2£a+1{ }(s) 1—sp (a+2)
Aoty
I S [ () B L
a—syﬁdﬂ()+;;u—ﬁy%ﬂ “_Syﬁﬁﬁ}(%

again, since z(a + 2) = z(a + 3) = 0. Expanding gives

s 1

_5 2V(s) — — g dat2)  glats)
- S>2£a+1{ HE) = S)2£a+1{g}( )+ (

=2 " (1=s)

and then multiplying through by (1 — s)? gives

Lorrdo}(s) =~ Lanfo}(9) + Sola+2) + —"g(a+3)

Lanfeh(s) = =S Lanalghs) +o(a+2) + ol +3) — —rgla+3)

This implies that

x(t)=—(H,_1(,a+1)xg(-) (t) + gla+2)H,1(t,a+ 1)+ gla+3)H,_1(t,a + 1)

—gla+3)H, 5(t,a+1)

= -V, gt)+[gla+2)+gla+3)] Hyoa(t,a+1) —gla+3)H,_5(t,a+1).

This completes the proof.

]

Our Green’s function, along with the following theorem, will involve the Cauchy

function which is defined below.



73

Definition 5.7. Assume 1 <v <2, 0<pu <1, and 1 < p+v < 2. We define the

Cauchy function z(t, p(s)) for the homogeneous fractional equation
Ve Vay(t) =0

to be the function x : Noy1 X Noy1 — R such that for each fived s € Noyq, x(-, p(s))

1s the unique solution of the fractional initial value problem

VZV;L(S)ZL'(I(J) = 0, t e N5+2
z(p(s)) =0, Va(s) =1

and is given by the formula

oltspl9) = 30 AT p(9), ¢ N, (59

Note that by convention x(t, p(s)) =0 fort < p(s).

We now explore a sequential nabla difference initial value problem with a nonho-
mogeneous difference equation with zero initial conditions. The solution is given in

terms of the Cauchy function.

Theorem 5.8. Let f :Nyyy = Randl <v <2, 0<pu<l,andl <p+v<2.

The solution to the fractional initial value problem

—VeaVay(t) = f(t), t€Nas
Vyla+2) =0 (5.10)
y(a+3)=Vyla+3) =0



15 given by

y(t) == Y fls)a(t, p(s))

s=a+4

where x(t, p(s)) is the Cauchy function (5.9).
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Proof. Let y(t) be the solution of the fractional initial value problem (5.10) and let

h(t) = VFy(t) where 0 < u < 1. Then h(t) is a solution of the initial value problem

—Vi h(t) =f(t), t€Nuz3
h(a+3) =Vtyla+3) =0
Vh(a+3) =VVty(a+3) =0

The initial conditions y(a + 3) = Vy(a + 3) = 0 imply
0=Vyla+3)=yla+3)—yla+2)=0—-y(a+2),
which implies y(a + 2) = 0. Since Vy(a +2) =0,
0=Vyla+2)=yla+2)—yla+1)=0—yla+1),
we have that y(a + 1) = 0. In turn this implies

h(a +3) = V¥y(a + 3)
a+3

= > H_,i(a+3,p(s)y(s)

s=a+1

(5.11)

= H i a(a+3,a)y(a+ 1)+ H , 1(a+3,a+ y(a+2) +y(a+3)

=H_ , 1(a+3,a)(0)+H_,1(a+3,a+1)(0) +0=0.
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Lastly, this implies

Vh(a+3) = VV*y(a + 3) = VA y(a + 3)
a+3

= Y H_,s(a+3,p(s)y(s)

s=a+1

= H_,a(a+3,a)y(a+1) + H_, ola+3,a+Lyla+2)
+ Hopsa+ 3,0+ 2)y(a+3)

=0+0+0=0.

We also note the following equalities:

Hyi(t,a) = %
_(t—pla+1)""
[(v)
Hy_1(t,a) — Hys(t,a) = ¢ ;(ay))y_ a (;(;CL—)V;)

't—a+v—-1) T{t—a+v-—2)

- I(t—a)(v) It—a)l'(v—1)

Tt—a+v—-2) {(t—a+u—2)_1]
it—a)l'(v—-1) (v—1)

Tt—a+v—-2) {(t—a—l—u—Q)—(y—l)]
I'(t—a)l(v—1) (v—1)
I't—a+v—2)

“Ti—arw—pn eV

Tt—a+v—-2)

CT(t—a—1DI(v)

B (L‘—a—l)ﬁ

T
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and

]Y;_l(t,a)-—-2]¥p_2(t,a)-—-}Jy_g(t7a)
(- (JL)ﬁ (t— a)E (t — a)m

['(v) v —1) ['(v—2)
_Tit-—a+v-1) _Tt—a+tv-2) TI(t-at+v-3)
 T(t—-a)l(v) I't—a)l'(v—1) I'(t—a)l'(v—2)
_TI(it—-at+v-3) [(t—at+tv-=3)(t—at+v—-2) (t—a+y—3)+1]
I't—a)l'(v—2) | (v—2)(v—1) (v —2)
_It-—at+v-3)[t-at+tv-3)[(t-atv-2) _(v-1)
Mi—arw—2 | -2 [ -1 2@_1)]“}
_Tt-—a+v-3) —(t—a—l—u—3).(t—a—y)+1}
rt—a)l'lv—-2)| (-2 (v—1)
_I't—a+v-23) _(t—a+u—3)(t—a—l/)+(u—1)(y—2)]
S T(t—-a)l(v—2) | (v—1)(v—2)
:F(t—a+1/—3) _(t—a—l)(t—a—2)}
It —a)l'(v—2) (v—2)(v—1)
I't—a+v—23)
I(t—a—-2)(v)
(t—a-2t
B ['(v) -
(t—pla+3)""
L(v)

By Theorem 5.6, the solution of the initial value problem (5.11) is given by

Wt) = =V 0 f () + [fla+2) + fla+3)| Hya(t,a+ 1) = fla+3)Hyo(t, a + 1)

=— Y Hoa(t,p(5))f(s) + [fla+2) + fla+3)] Hya(t,a + 1)

s=a+2

— fla+3)H,2(t,a+ 1),



so that

— =3 Hoaltp(s)) ¢

s=a-+2

+ fla+3) [Hyoa(ta+1) —

— S Hoalt ol

s=a+3

— S Haltple))

s=a+3

— S Hoaltple))

s=a+3

7

5)—+lf(a'+'2)}{y—1(t7a'+'1)

HV_Q(t, a + 1)]
s)+ fla+3)[Hy—1(t,a+1) — H,_o(t,a+ 1)]

Pv+t—a—2)
)Lt —a—1)

D(v+t—a—23)
Tv—DI(t—a-1)

3)+—f(a4—3)[

s)

+ f(a+3) (F(

s=a+3

4—f(a4—3)(

IF'v+t—a-—3) I(v+t—a—2)
) e Y

—_— Z Hy,_1(t,p(s)) f(

s)

Fv+t—a—3)

UP@—a—D)[V+z:i_3_q

s=a+3

I'(v —

S Z H,,_l(t,p(s))f

(s)

D(v+t—a—3)

4—f(a%—3)(

s=a+3

= — Z Hufl<t7p(s

s=a+3

= — Z Hufl<t7p(s

s=a+3

E—_— Z H,_1(t,p(s))f

s=a+3

— Z H,_1(t, p(s)) f(

s=a-+4

—V i3 f ().

I'(v —

= — Z Hufl<t7p(s

DI(t—a—1) ) [Ht_a_—gl_ (V_l)}

FV—i—t—a— t—a—2
(v t—a—l) v—1

s)+ f(a+3)

9+ 5t +3) (= ijﬁéj)(j;;(;—ma‘”)
+fa+3( V+i:2:3>

(s)+ fla+3)H,_1(t,a + 2)

5)
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Composing each side of

VEy(t) ZHuﬂfP )f(s) ==V {3 f(t)

s=a-+4

with V_# gives, by Theorem 2.4,

y(t) = =V "V i (1)

Va-l—!;;H/ f(t)

S Heea (D9

s=a-+4

:—Zf(sxtps

s=a-+4

Thus our solution to the initial value problem (5.10) is given in terms of the Cauchy

function, and this completes the proof.

]

Based on the solution we found to the initial value problem (5.10), we have a

simple comparison theorem that follows.
Corollary 5.9. Assume 1 <v <2, 0<pu<1,and 1l < p+v <2 and u(t),v(t)

satisfy

Ve Viu(t) 2 Vi Viu(t), ¢ € Nays,
ula+1) =v(a+1),

u(a+2) =v(a+2).

Then u(t) > v(t) on Ngyq.
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Proof. Set w(t) = u(t) — v(t) and for t € N3 let

h(t) = =V Viw(t) = = (Vi Viu(t) — Vi, Vio(t)

= Vi1 Viu(t) = Vi Viu(t) < 0.
Hence w solves the initial value problem

=V Viw(t) = h(t)
Vw(a+2) =0
w(a+3)=Vw(a+3) =0

and Theorem 5.8 gives for ¢t € N,

— 3 hlt ) =~ 3 s Z (8 p(T) Hya (7, p(5)) 2 0,

s=a+4 s=a+4

since h(t) < 0 by assumption, ¢t > 7, and 7 > s. Therefore u(t) > v(t) for t € Nyy1.
This concludes our proof.

O

We now present our variation of constants formula for the initial value problem
with the nonhomogeneous nabla difference equation based at a+ 1 and nonzero initial

conditions.

Theorem 5.10. Let 1 < v < 2 and y,h : Nyy1 — R. Then fort € Ny the initial

value problem
—Viy(t) =h(t), t€Nays
yla+2) =A
yla+3) =B
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has the unique solution

y(t) = -V k() +[AQ1—v)+B+h(a+2)+h(a+3)| H—1(t,a+ 1)

+[Av— B —h(a+3)| H,—2(t,a+1).
Proof. First we attend to the initial conditions:

yla+2)=-V, " h(a+2)+[A(l —v)+ B+h(a+2)+h(a+3) H,_1(a+2,a+1)

+[Av— B —h(a+3)]H,—2(a+2,a+1)

=— QX: H,_1(a+2,p(s)h(s) + A1 —v)+ B+ h(a+2) + h(a+3)

s=a+2

+ Av — B — h(a+ 3)
=—-ha+2)+A-Av+B+h(a+2)+h(a+3)+Av — B — h(a+3)

and

yla+3)=-V ha+3)+[AQl—-v)+ B+ h(a+2)+h(a+3)|H—1(a+3,a+1)

+[Av— B —h(a+3)]H,2(a+3,a+1)

=— > H,1(a+3,p(s)h(s) + [A(L = v) + B+ h(a+2) + h(a + 3)] (v)

+[Av — B —h(a+3)] (v —1)
= —[H,_1(a+3,a+ Dh(a+2)+ H,_1(a+3,a+2)h(a+3)]
+[AQ —v)+ B+ h(a+2)+ h(a+3)] (v)

+[Av — B —h(a+3)] (v — 1),
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so that

y(a+3)=—[vhla+2)+h(a+3)]+ A(v — v*) + Bv + vh(a+2) + vh(a + 3)
+ AW —v) =B —1)—h(a+3)(v—1)
=(—v+v)h(a+2)+(1+v—v+1)ha+3)+ (v—1v*+1"—v)A
+v—-v+1)B

=B,

where we used the facts

((a+3)—(a+ 1))~

—
N}
<
|
—
—~
~—~
R
_I_
—_
~—

Hoalerdarl)= ) T -t !
and
((@+3)—(a+1)=2 22 D)
Hosla+3atl)= T —1) “To-n Ttw-n Ut

Now we find the form of the solution y(t) by taking the Laplace transform based

at a + 3 of both sides:

~Las{Viy}(s) = Lays{h}(s)

Lar3{Vany}(s) = —Lara{h}(s). (5.12)

First considering the left hand side of (5.12), we use the Shifting Lemma 1.31, replac-
ing a with a + 1 and letting n = 2 to obtain a form that is in terms of the Laplace

transform based at a + 1 in order to match the base of the operator:
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. 1 \? . 2 VY yla+1+k)
Loral V) 6) = (1 ) Lan{Tiianhls) - 3 Tt
k=1
_ 1’ v Viayla+2) Vi yla+3)
- (1 _ S) £a+1{va+1y}(5) - (1 _ 8)2 - (1 _ S)
(1Y v yla+2) Viyla+3)
- (1 — S) £a+1{va+1y}(8> - (1 _ 8)2 - (1 _ S)
s Cyla+2)  Vi,yla+3)
BT A A P E R B
where we used Theorem 1.32 and the fact that
a+2
Viayla+2) =Y H_yy(a+2p(s)y(s) = yla+2).
s=a+2

Similarly, with the right hand side of (5.12), we will also make a shift so that our

equation is in terms of the Laplace transform based at a + 1:

Laea{t}6) = = (1) Lantide) + Y R

1 P (1 _ S)Z—kJrl

h(a+2) ha+3)
A=sp  (1=s)

. (%_s)anH{h}@ "

Thus when we multiply through by (1 — s)?, equation (5.12) becomes

s"Lar1{y}(s) = =Lara{h}(s) + hla+2) + (1 = s)h(a +3) + y(a +2)
+ Vi qyla+3)(1 —s)
= —Lor1{h}(s) +h(a+2)+(1—s)h(a+3)+y(a+2)

+[yla+3) —vyla+2)[ (1 - ),
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where we used the fact that

Viyla+3)= > H_,i(a+3,p(s))y(s)

s=a+2
=H , 1(a+3,a+Dyla+2)+H_,_1(a+3,a+2)y(a+3)
2 —v—1

r(—v)’
MN(—v+1)
r@)r(-v)

=y(a+3) —vy(a+2).

y(la+2)+yla+3)

——yla+2)+yla+3)

Finally,

Lanfyh(s) = —Lan {h}(s) + h(a+2) + hla+8) — —rh(a+3)

1 1 1 v
+ S—yy(a +2)+ S—yy(a +3)— Fy(a +3)— ;y(a +2)

—y(a+2)

=~ Lon{i})

+[h(a+2)+h(a+3)+y(a+2)+y(a+3)—yy(a+2)]8—1y

+[-h(a+3) —yla+3) +vy(a+2)] SV1—1

:—égﬂwﬂg+mm+m+hm+a+A+B—A4é
1

+[=h(a+3) - B+ Av] —

sY

:—ﬁc%ﬂm@y+mu_yyf3+ma+m+hm+3n%

-1

-+MV—B—hm+3ﬂ;L
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which implies

y(t) = -V k() +[AQ1—v)+B+h(a+2)+h(a+3)| H—1(t,a+ 1)

+[Av— B —h(a+3)| H,—2(t,a+1).

We end by noting that this solution satisfies the fractional difference equation due

to the convention that H_(t,a) = 0 for k € N as follows.

—VZHy(t) = _VZH - v;ilh(t)

+[A(1—=v)+ B+ h(a+2)+h(a+3)] H_1(t,a+1)

+[Av — B —h(a+3)]| H,—o(t,a + 1)

= Ve Vi h(t)
—[Al—v)+ B+ h(a+2)+h(a+3)] V. H,1(t,a+1)
—[Av — B — h(a+3)] V", H,_5(t,a+1)
=h(t)—[Al—v)+B+h(a+2)+h(a+3)]H_1(t,a+ 1)
—[Av — B —h(a+3)| H_5(t,a+ 1)

= h(t),

where we also used Lemma 2.2 (ii) and Theorem 1.24. We have therefore concluded

our proof.
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5.3.3 Green’s Function for V!,  ,V*z(t) Boundary Value Problem

In this section we will consider the nonhomogeneous nabla sequential difference bound-

ary value problem

yla+2) =0, (5.13)

and the corresponding homogeneous boundary value problem

—ViaViyt) =0, teN)
yla+2) =0, (5.14)

for the particular set of order conditions 1 < v <2, 0<pu<1l,and 1 < pu+v < 2,

and a,b € R with b — (a 4+ 2) € Nj.

Theorem 5.11. Let 1 < v <2, 0< pu <1, and 1 < p+v < 2, and further let
y,h : Noy1 = R. The fractional boundary value problem (5.13) where a,b € R with

b— (a+2) € Ny, has the unique solution

t

y(t) = > h(s)G(t,s) = / h(s)G(t,s)Vs

s=a+3 a+2
where
z(b,p(s))
x a xpt7a+17 tSS—l
Gits) = { 0D (p(t),a+1)
LD (p(t), 0+ 1) — a(t, p(s)), t> s

and x(t, p(s)) is the Cauchy function (5.9).
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Proof. Let z(t) = V*y(t), along with the conditions A = z(a + 2) = V#y(a + 2) and

B =z(a+3) = V*y(a+3). Then z(t) solves the initial value problem

—Vi x(t) =h(t)
zla+2) =A
z(a+3) =B.

Thus by the variation of constants formula in Theorem 5.10,

z(t) = =V, h(t) + [A(l —v)+ B+ h(a+2)+ h(a+3)| H,_1(t,a+ 1)

+[Av — B —h(a+3)| H,—2(t,a + 1).
We next compose both sides with the operator V_ # as follows. Since pu & N,

Vo 'a(t) = =V "V 11h(t)
+[AQl—-v)+ B+ h(a+2)+h(a+3)|V,"H,_1(t,a+ 1)
+[Av — B —h(a+3)|V,"H,o(t,a+ 1)
Vo AVEy(t) = =V, B 0(t) + [A(L = v) + B+ h(a+2) + h(a+3)] Hyypo (ta + 1)

+[Av — B —h(a+3)| Hyrv—o(t,a+ 1)

C S Hpalt o))

s=a+2

+[Al—=v)+B+h(a+2)+h(a+3)] Hypa(t,a+ 1)

T+ [Av = B ha+3)] Hypoos(ta + 1),

and hence
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t

y(t) == Y x(t,p(s))h(s)

s=a+2

+[Al—v)+ B+ h(a+2)+h(a+3)z(t,a+ 1)
+[Av — B — h(a + 3)] Vz(t,a + 1)

=~ > a(t.p(s))h(s) + h(a+2)z(t.a + 1)

s=a+2
+[A—Av+ B+ h(a+3)]z(t,a+ 1)
+[Av — B — h(a+ 3)] z(t,a + 1)

—[Av =B —h(a+3)]z(t —1,a+1).

Therefore

t

y(t) == > alt,p(s)h(s)

s=a+3
+[A—Av+B+h(a+3)+Av— B —h(a+3)]z(t,a+ 1)
—[Av =B —h(a+3)]z(t —1,a+1)

t

y(t) =— > a(t,p(s))h(s) + Ax(t,a + 1)

s=a+3

—[Av — B — h(a+3)]z(p(t),a + 1),

where we used Theorem 2.4 and Remark 1.23 in the first step, and in the third to

last step noticed that the second term is equivalent to the s = a + 2 term of the sum.



Letting t = a + 2 gives

0=yla+2)=— Z z(a+2,p(s))h(s) + Az(a+2,a+ 1)

s=a+3

—[Av—B—h(a+3)]z(a+1,a+1)

=0+A-0=A.

Thus we see that A = 0 and our solution becomes

t

y(t) = = > w(t,p(9)h(s) = [-B = hla+3)]z(p(t),a + 1).
s=a+3

Now let C' := —B — h(a + 3). Letting ¢t = b gives
b
0=y =— 3 (b p(s)h(s) — Calp(®), a+ 1),

s=a+3

and solving for C' gives

=Sl a7 (b (D)

e L OXESY

Substituting this value for C' into the formula for y(t) gives us that

= 2(p(t),a+1) <

y(t) = - S;g:v(t, PENR() + T ) s;gx(b, p(s))h(s)
__y z(p(t),a+1) <
— S;gx(t, p(s))h(s) + P EORESY s:a+3x(b, p(s))h(s)

b

z(p(t),a+1) . Nh(s
ST 1) S 2l
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Hence

where

z(b,p(s))
——banxpt),a+1), t<s-—1
Glt,s) = (p(b),a+1) (p(t) )

z(b,p(s
s (p(t), a 1) — a(t pls)), ¢ 5.
Therefore any solution to the boundary value problem (5.13) is given by the formula

derived. Uniqueness of the solution y(t) follows from Theorem 5.5.

5.3.4 Properties of the Green’s Function

In this section we present some nice properties of the Green’s function derived in the

last section, namely the positivity of the Green’s function and its maximum value.

Theorem 5.12. The Green’s function G(t,s) for the boundary value problem (5.14)
satisfies G(t,s) > 0 for (t,s) € Nb,, x N°_ .. and, specifically, G(t,s) > 0 for (t,s) €
Nops x NoZi.

Proof. We will show for any fixed s that G(t,s) increases from G(a + 2,s) =0 to a

positive value at ¢ = s — 1 and then decreases to G(b,s) = 0. Let s € N, be fixed

but arbitrary. First, we show that G(a + 2,s) = G(b, s) = 0.
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Gla+2,s) = %x(/}(a +2),a+1)

_ HM+v—1(b> p<$))
" Hypua(p(b),a+ 1)H“

woila+1,a4+1)=0,
and

Glbs) = s (p(0) 1) = (bl

— 2(b,p(s)) — (b, p(s))

Now we will show that for each fixed s, the Green’s function G(¢, s) increases with
respect to t for values of t between a + 3 and s — 1. To do so, we consider the nabla

difference with respect to t. For t > a + 3,

th<t, S) = Vt

Vil (p(t),a+ 1)

Hyeyr (b, p(5)
‘wammma+nH“%““”“+”
B Fp+v+b—s)Nu+v)I'b—a—-2)'(pu+v+t—a—4)
S T(p+v)Tb—s+ Dl (p+v+b—a—3)(u+v—1I({Et—a—2)
B Fp+v+b—s)Ib—a—2)Npu+v+t—a—4)
S Th—s+D)(p+v+b—a—3)(u+v—1DI{t—a—2)

> 0,

due to the following: recall by assumption that 1 <rv <2, 0<pu<1l,1<pu+v <2,

and b — (a + 2) € Ny.
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1. Since s <band p,v >0, u+v+b—s>0.
2. Since b— (a+2) e Ny, b—a—2>0.

3. Sincet >a+3,t—a—3>0. Further, since v > 1, v — 1 > 0. Combined with

pu >0, thisgivesus (t—a—3)+(v—1)+u=p+v+t—a—4>0.
4. Since s <b,b—s+1>0.

5. Since b — (a +2) € Ny, b—a — 3 > 0. Combined with u,v > 0, we have

w+v+b—a—3>0.
6. Since v > 1, v — 1 > 0. Combined with p > 0, we have u+v —1 > 0.
7. Sincet>a+3,t—a—2>0.

Therefore G(t, s) is increasing for all values of ¢ between a + 3 and s — 1. Since
the Green’s function is zero at t = a + 2 and increases for ¢t between a + 3 and s — 1,
we have that G(¢,s) > 0 for t € Ni7% and G(t,s) > 0 for t € N:,}. We now show
that G(t,s) is decreasing for values of ¢t between s and b. Similarly, we consider the

nabla difference with respect to ¢t. For t > s,

o [z, p(s)) —alt s
ViG1,9) = Ve | o P ol 0+ 1) — a(t, p(s)
[ H,u-i-u 1(b ,0< ))

(b,
Hyp-a(p(b), 0+ 1)
i (

b,s —1)
M+V 1\Y,
= H v— t_l, 1 —H v t7 _1
Vi | Hypo-1(b—1,a+ 1) k=i at1) ptv-1(t, 5 )}

Hypva(bs — 1)
- Hyyr(t—1,a+1)— Hyvp i(t, s —1
HM,,,l(b—l,a—I—l) pt 1( a+ ) ut 1( S )

:Vt

Hypa(p(t),a+1) = Hupoa (2, '0(‘9))]

H/Hl/fl(ba S — 1)
. Hypps(t=2a41) 4+ Hypyy(t—1,5—1
HMerfl(b—l,a‘i‘l) pt 1( a -+ )+ pt 1( S )
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Hence

V,G(t,s) = C [(b— s+ 1T 1 (t —a— 2T _ (h—a— 20t — 54 1)FF ]

—(b — s+ 1)u+1/71(t —q— 3)u+1/71 4 (b —q— 2)u+z/71(t _ 8),u+u71 ’

(5.15)

1
(u+v)(b—a—2)ptr—1

where C' = - > 0 since u+v >1and b— (a+2) € N;. We will show

that the bracketed expression in (5.15) is less than or equal to zero. Rearranging
and factoring, the claim that the bracketed expression is less than or equal to zero is

equivalent to

(b—s+1)m[(t—a—2)m—(t—a_g)m]

< (b—a— 21 [(t R s)“+”_1} .
Now since s —1 > a+ 2, we have 0 < b — (s — 1) < b — (a + 2), it remains to show
(t—a—2""—(t—a—-3) < (t—s+ 1) (=5t (5.16)

Noting that

M+V_1_F(t—5+1+u—|—l/—1)

(t=s+1) Tl —s+1)
(t=s+p+rv—-DI't—-s+p+v—1)
(t —s)['(t —s)

o t=s+putv—1

t—s ptrv—1
— (t =)
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and

T(t—a—2+pu+v—1)

['(t—a—2)
(t—a-3+p+tv-1It—a—-3+pu+v—1)
B (t—a—-3)I(t—a—3)
t—a—-3+pu+v—1
B t—a—3

(t—a—2p T =

(t—a—3)"*,

we have that (5.16) becomes

t—a—3 t—s

——ptv—1 e (ptrv—1
t — _3M+I/1 :u— < (t — ptv—1 |27~ )
(t-a-3) L—a—B S t—s

Since 1 < p+ v < 2 by assumption, g+ v — 1 > 0. Thus it follows that

(t—a—3)m< (t — s)Ptv=1
t—a—3 - t—s

(5.17)

since s — 1 > a+ 2, s > a+ 3. Thus we can show the inequality above holds by

(t—r)rtv—1

showing that the expression ~—/—

is increasing in 7. To do so, we will consider

the nabla difference with respect to 7. Using the quotient and power rules, we have

v(ﬁ—ﬂmijz-%u+V—D( —p() R ) — (- )P
ot t—7)(t—p(7))
_(M+V_1)( T)u+u 1+( )H+V ptv—1
t—1)(t—7+1)
I Bl )
t—m)(t—7+1)

(5.18)
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where we used the fact that

(t = P2 = (1~ 7 + 1)
Mu+v+t—1-1)
I't—7+1)
- Tp+v+t—17-1)
(t—7)I'(t—T7)

(t _ T);H-V—l

t—T1

Now since t —7 > 0 and 2 —  — v > 0, we have that (5.30) is greater than or

(t—7)rtv—1

equal to zero, and thus the expression ~——

is increasing with respect to 7. This
in turn implies that inequality (5.17) holds, and therefore the bracketed expression in
(5.15) is less than or equal to zero. This tells us that the Green’s function G(t, s) is
decreasing for values of ¢t between s and b. Since the Green’s function is zero at t = b
and is decreasing for values of ¢ between s and b, this implies G(¢, s) > 0 for t € N1

and G(t,s) > 0 for t € N°.
O

Now using both Theorem 5.11 and Theorem 5.12, we get the following useful result

as a corollary.

Corollary 5.13. Assume that u(t) and v(t) satisfy

Ve Vau(t) = Vi Viu(t), te NZ+3

u(a+2) =v(a+2)

Then u(t) < v(t) on Nb_,.
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Proof. Set w(t) = u(t) — v(t) and let
h(t) ==V Viw(t) = =V, Viu(t) + Vi Viu(t) <0, te NZ+3-

Thus it follows that w(t) solves the boundary value problem

—VoVhw(t) =h(t), te NZ+3
wla+2) =0
w(b) =0.

By Theorem 5.11, the solution of this boundary value problem is given by

b
w(t) :/ G(t,s)h(s)Vs, teN ,,

+2

where G(t,s) > 0 by Theorem 5.12 and h(s) < 0.
Therefore w(t) < 0, implying u(t) < v(t) for all ¢ € N°,,. This completes our
proof.

]

We have shown in Theorem 5.12 that for any fixed value of s, G(t,s) > 0 for all
values of t € N°2% and G(t,s) > 0 for all values of + € N2 ,. Note that though we
have G/(t, s) is increasing up to t = s — 1 and decreasing from t = s, it is yet uncertain
whether the maximum of the Green’s function G(¢,s) occurs at t = s —1or t = s.
We will consider this question in the proof of Theorem 5.14, in which we also find the

exact value of the maximum dependent upon whether the quantity b + a is even or

odd.
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Theorem 5.14. The maximum of the Green’s function G(t,s) defined in Theorem

5.11 1is given by

(el

(0 — 0 = 2T (14 2 [0 smen) g
— 2
(0 — a— 2T ()] e —te gy

where the floor function |-], is the largest value in N°_ ; that is less than or equal to

1ts input.

Proof. We begin by determining whether the maximum of the Green’s function, for

a fixed t, occurs at (s — 1,s) or (s,s). First, via basic calculation, we have

G(s—1,s) = %x(ms —1),a+1)
— H/H-V—l(b?p(s))
Hyo1(p(b),a+ 1)
__ 1 (b—3+1)ms_a_ a1
D e e

(pls —1),a+1)

Notice that the initial value G(a + 3,a + 3) is equivalent to zero, and from the
work in Theorem 5.12, we have seen that for certain values of s and t that the
Green’s function G(t, s) is strictly increasing from 0, so we can conclude that 0 is not
the maximum of the function. Thus we can consider the restriction s > a + 3 in the

following;:

_a(bp(s) .
Gls,9) = b Py le(s). a4 1) = (s, p(s)

— H,u-l—u—l(b’p(s)) et
Hyppa(p(b),a+ 1)1

(p(s);a+1) = Hypoa (s, p(5))-



Hence

[(b— s+ 1)prT

! (
b—a— 2)rtv—1

I(p+v)

G(s,s) =

S —aq — 2),u+l/—1 _ 1,u+1/—1

w+v—1
s—a—3

_ ptv—1
F(p+v) [ (b—a—2)Krtv= 503 <1+

]_ -b—$+1#+yl Sm
T(u+v) w—a—2ww1( —a=3)

(p+v—1)(b—s+ 1) I(s—q—3)rtT T'(p+v)

( )
( )
1 [(b—s+1) T
( )
( )
)

)—rm+w

(p+v—)C(p+v—1)0b—a-2rtYs—a-3) T(p+v)

1 (b— s+ 1)ptr=t -y
— _ _3u+u 1
Tt o) | (a7
(b—S—{—l)“*ﬁ(s—a—ii)m
M'p+v—-1)(b—a—2)*"1(s—a—3)

- 1.

Therefore

(b—s4 1) 1(s —q— 3T
Mp+v—-1)(0b—-a—2)"1(s—a—3)

G(s,s) =G(s—1,8) + -1,

where we used the fact that

s—a—2+pu+v—1)
['(s—a—2)
(s—a=-3+p+tv-1I(s—a—-3+pu+v—1)
(s—a—3)IT(s—a—3)
(s—a—3+pu+v—1)

N (s —a—3) (s —a=3y™"

-1 _
_ (1+ &) (5 —a— 3T,

s—a—3

(s —a—2)Pv 1 =

97
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We will now show that the expression

(b — s+ 1)u+u71(8 —q— 3),u+u71

D(p+v—1)b—a—2)+1(s—a—3) -1

is negative so that G(s,s) < G(s — 1,s). Recall that 1 < p+ v < 2, so that

0 < pup+v—1<1, implying i < 1. Further, since we assumed s > a + 3,

N
ptr—1)

s—1>a+2,s0that b—(s—1)=b—s+1<b—a—2=0b— (a+2), which implies

s T
(b—a— 21

We also have

(s—a—=3"1  Tu+v+s—a—4) T(p+v+s—a—4) 1
s—a—3  (s—a—-3)I(s—a—3) ['(s—a—2)

since p+v —1 < 1 implies (u+v—1)+(s—a—3) < 1+ (s —a—3), or more simply

pw+v+s—a—4<s—a—2. Thus it follows that

1 (b— s+ 1)ptv=t (s—a—3)“+”’1<1
Fp+v—1) (b—a—2)ptv-1 s—a—3
(b—s+ 1)1 (s—a— 3t 1
MNp+v—1)(b—a—2)tr1(s—a—23)
b— ot 1)EF—T(g_ g 3)aFT
(b—s+1) (s —a—3) 120

C(p+v—1)b—a—2)r71(s—a—3)

Therefore for s > a + 3, we have G(s,s) < G(s — 1, s).
Now we will maximize G(s — 1, s) for s values between a + 4 and b. To do so we

consider the nabla difference with respect to s.
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This equates to

Vo |5+ 1) (s — a3y
=(b—p(s)+ D" Npu+v—1)(s—a—3)2
— (v = (b= pls) + 1T — a— 3T
—(p+v—Db—s+p+v)(b—s+2"" (s —a—3)?
—(u4v—1)b—s+2) " 2(s—q— 3T
—(p+v—1)0b—s4p+v)b—s+2)"2(s—aq— 32
— (4 —=D)b=s+2"" 2(u+v+s—a—5)(s—a—3)F2
— (v —Db—s+2"" s —a—3" 2 h—s+put+v—(u+v+s—a—>5)

=(p+v—10b-s+2)""2(s—a—3)""2[b+a+5—2s], (5.19)

where we implemented the product rule in the first step, and in the second step we

used the fact that

(b—p(s)+1) = T0—s+2)
C(b—s+2+p+v-2)L(b—s+2+pu+v—2)
B L'b—s+2) ’

which gives

ot b=s+pu+v)I(b—p(s)+1+p+v-2)
B I'(b—s+2)

(b—p(s) +1)

=(b—s+pu+v)(b—s+2)2
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and the fact

1 L(s—a—-3+p+tv—1)

(s—a=3) I'(s—a-3)
T(s—a—-2+p+v—2)
I'(s—a—3)

= (s —a—2)" 2

In the third step we used the fact that

ot ls—a-3+p+v—1)

(s—a=3) I'(s—a—3)
(s—a=-3+pu+tv-2)'(s—a—-3+pu+v—2)
B I'(s—a—3)

=(p+v+s—a—>5)(s—a—3)H" 2

Considering the expression in (5.19), we see that the first three terms of the
product are positive due to the following. First, since 1 < pu+ v < 2 we have

uw+v—1>0. Second, s—1 < b implies b — s+ 2 > 0 and p,v > 0 implies

L(p+v+b—s)

s > 0. Lastly, s > a 4 4 implies

b— s+ u+ v >0, which together imply
s—a—4>0and 1 < p+v < 2 implies p + v —1 > 0, which together imply
p+v+s—a—5=(s—a—3)+(u+v—2)>0.

Now, the solution to the equation b +a + 5 — 2s = 0 is given by s = IH";—JFS To

ensure that we consider appropriate values of s in the prescribed domain N° 43, We

{b%—a—l—SJ
s=|—1 .
2 a

If s < V’*‘;%Ja, the difference (b + a + 5) — 2s is positive, and thus the expression

will consider

[(b — s+ 2 s —a— 3)“*”_1} is increasing. If s > | 2435 | | the difference (b +
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a+5) — 2s is negative, and thus the expression [(b — s+ 2 s —a— 3)“*”’1] is
decreasing. This tells us that the maximum of the Green’s function G(t,s) for the

boundary value problem (5.14) occurs at s = | 22| |

2

Lastly, we note that there are two potential cases depending on whether the sum

b+ a is even or odd. When b+ a is odd, s = LH‘QL*E’JG = b5 Thus we have

1
2 ’ 2

b b+a+5_1
x (b, =4 )x<b+a+5_27a+1)
z(p(b),a + 1) 2

H o b b+a+5 _ 1
_ Hpt 1 (b, 20— 1) o b+a+5_27a+1
Hyrv-1(p(b),a+1) 2

1 (2b7b72(175+2)#+1’—1 bta+t5—2a—6 ntv—1
(b—a—2)ptvT1 2

I'(p+v)

B 1 (b—a—3>“+"_1 (b—a—1)“+”‘1
S T(p+v)(b—a— 2t 2 2

G(b+a+5_ b+a—|—5>

where we used in the last step the fact that

(b_a_lyﬂ_l F(5—$-—5+n+tv—1)
2

_ 1+2(u+y—1) b—a—3 ”+”_1.
b—a—3 2




When b+ a is even, s = V’*“—*E’Ja

2
b+ a b+a

1 2

G(2 TR +)

:x(b,HT“—i-Q—l)

= HT“ + 2. Thus we have

z(p(b),a +1)
o H,LH-V—I (b7 HTCL + 1)

b+ a
"\ T2
b
H,LHrufl <¥7 a+ 1)

+1—1,a+1)
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B Hyyv-1(p(b),a+1)
1 [y <b +a—2a— 2>“+”‘1
CT(p+v) | (b—a— 2T 2

B 1

U+ v)(b—a—2)rtr-1

B 1

C(u+v)(b—a—2)rtr-1

b—a—2 ptv=1 b—a—2\""1
(=5 ()]
b—a—2 pbvT)?
(=) |

(5.21)

Note that both (5.20) and (5.21) equate to a constant in terms of b — a and u + v.

Thus the maximum of the Green’s function G(t, s) is given by

(el

1 v— 2(p+v—1)
m(b—a—Q)’”‘ 1(1+ K

1 (b —a— 2)u+u—1

I(p+v)

This concludes our proof.

> |:(bfa73)l‘+’/*1 ? |brats | - brass
b—a—3 2 7 2 la 2
=112
(G i B =T
[l

5.4 The Sequential Nabla Difference V7 ,V!x(t)

In this section we introduce the sequential nabla fractional difference equation

VZ+2ng(t)

h(t).

(5.22)
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We predominantly consider the case where 2 < v <3, 1 < pu<2,and 3 < u+v < 4,
but also consider the set of order conditions 1 < p <2, 0<v<l,and 1 < p+v < 2.
Aside from a more strict domain and an increased number of boundary conditions,
these results are similar to those found in the previous section. Specifically, the only
significant difference in the arguments is the influence the order conditions have on
whether we are considering a nabla sum or nabla difference at various steps of a proof,

thus altering the formulas we rely on.

5.4.1 Existence and Uniqueness

In this section we prove two existence and uniqueness theorems for the nabla sequen-

tial difference initial value problem, each with different sets of order conditions.

Theorem 5.15 (Existence & Uniqueness Theorem). Assume v : Ny13 = R, 1 < p <

2,2<v <3, and 3 < u+v <4. Then the fractional initial value problem

Voo Vhz(t) = f(t), t€Nyys
rla+1) =A,
r(a+2) = B,
\ r(a+3) =C,
has a unique solution x(t).
Proof. By Theorem 3.4 (i) with k& = 1,
a+2 T
Va2 Vor(t) = - [fo”x(t) -V [ Y Hoyoolt,p(r)) Y Hiu(r, /)(8))33(5)]
T=a+1 s=a+1

1
i [Z VIS a0+ D H ey aftia+2)

Jj=0
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Hence

Vi Var(t) = =Vita(l)

+VI[H_,_o(t,a)Hi_p(a+1,a)x(a+ 1)
FH o o(tat1) S Hi(a+2,p(5)e(s)

s=a+1

+ Vi 2x(a+2)H ), 5(t,a+2) + VA '2(a+2)H_,_(t,a + 2)
= =V a(t)
+V[H_, 5(t,a)x(a+1)
FH_y 5(t,a+1) (Hi_y(a+2,a)z(a+ 1) + z(a + 2))]
+ VA 2x(a+2)H_, o(t,a+2) + VA w(a+2)H_,_1(t,a +2)
= —V*e(t) + H_,_3(t,a)z(a+ 1)
Y H , s(ta+ 1) H_(a+2a)z(a+1)+ H_,_s(t,a+ 1)z(a+2)
=l = )2 = pala+1) +x(a+2)] Hoy st a+2)
F (1 — wa(a+1) + 2(a+2)] Hoyr(ta + 2)
= —VH*(t)
+ [Hoys(ta) = p(1 = p)(2 — p)H_p3(t,a + 1)
—p(1 = p)(2 — p)H_p—o(t,a +2)
—u(l—p)H_, 1(t,a+2)]x(a+1)

+[H_, 3(t,a+ 1)+ H , 5(t,a+2)— H_, 1(t,a+2)]xz(a+2),

where we used the following equalities.
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First,

Vi 22(a +2) = V, *Ma(a + 2)
a+2

= Y Hy,a(a+2p(s)z(s)

s=a+1

=H_,(a+2a)z(a+1)+ H_,(a+2,a+ 1)z(a+2)

_I'B—w)
P(=n)

(1= p)(2 — pa(a+ 1)+ 2(a +2),

z(a+1)+z(a+2)

and second,

a+2

Vile(a+2) = D Hogna(a+2,p(s)x(s)

s=a+1
=H ,(a+2,a)x(a+1)+H_,(a+2,a+ 1)z(a+2)

22—
['(—p)

—u(l —pz(a+1) +z(a+2).

z(a+1)+z(a+ 2)

Letting t = a + 4, we have

fla+4)=—-V**"z(a+4)
+[H , 3(a+4,a) —p(l—p)2—pH_, 3(a+4,a+1)
(1= p)(2 = p)H_y_o(a+4,a+2)
—pu(l—pH_,1(a+4,a+2)]z(a+1)
+[H_,s(a+4,a+1)+H_, s(a+4,a+2)

—H_y1(a+4,0+2)]a(a+2),
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so that

a+4

flatd) == Houa(atd,p(s)a(s)

a+1

+[H_ys(a+4,a) —p(l—p)(2—pH_,_3(a+4,a+1)
—pu(l—p)(2—p)H_,2(a+4,a+2)
—u(l—pH_,1(a+4,a+2)]z(a+1)
+[H_, 3(a+4,a+ 1)+ H_, o(la+4,a+2)
—H_ , 1(a+4,a+2)]z(a+2)
=—H_ , ,(a+4,a)z(a+1)—H__p_1(a+4,a+ Lz(a+2)
—H_, , 1(a+4,a+2)x(a+3)—H_,_,_1(a+4,a+3)x(a+4)
+[H_,s3(a+4,a) —p(l —p)2—pwH_,_3(a+4,a+1)
—pu(l—p)(2—p)H_y_2(a+4,a+2)
—pu(l=p)H_,1(a+4,a+2)]z(a+1)
+[H_y,s(a+4,a+ 1)+ H_, o(a+4,a+2)
—H_, 1(a+4,a+2)|z(a+2)
=—-H , ,(a+4,a)x(a+1)—H_,, 1(a+4,a+ 1)z(a+2)
—H_, , 1(a+4,a+2)z(a+3) —z(a+4)
+[H_ys(a+4,a) —p(l —p)(2—pH_,_3(a+4,a+1)
—pu(l—p)(2—p)H_,2(a+4,a+2)
—u(l—pH_,1(a+4a+2)]z(a+1)
+[H_, 3(a+4,a+ 1)+ H_, o(la+4,a+2)

—H_, 1(a+4,a+2)]z(a+2).
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Rearranging gives us that

wla+4)=—fla+4) — H oy r(a+4d,a)xla+1)— H pr(a+4,a+1)z(a+?2)
—H_,_, 1(a+4,a+2)z(a+3)
+[H , 3(a+4,a) —p(l—p)2—p)H_, 3(a+4,a+1)
(1= ) (2 — p)H_ys(a+4,a+2)
—u(l—pH_,1(a+4,a+2)]z(a+1)
+[H_p3(a+4,a+ 1)+ H_, 2(a+4,a+2)

—H_ , 1(a+4,a+2)]z(a+2).

Thus the value of z(a+4) is uniquely determined by the initial conditions z(a+1) = A,
z(a+2) = B, and x(a + 3) = C and the value of the given function f(¢).

To show z(t) is uniquely determined on N, ; we will proceed by induction. Sup-

to

pose there exists a unique solution to the initial value problem, z(¢), for t € N ,,

where ¢y € Ny yo. We will show that the value of x(ty + 1) is uniquely determined by
the values of z(t) on N ;. Again using Theorem 3.4 (i) with k& = 1 to rewrite the

sequential difference, we have

flto+1)=—=V¥"x(tg + 1)
+[H_ys(to+1,a) —pu(l —p)(2—p)H_,5(to+1,a+1)
—p(1 = ) (2 = p)Hopoa(to + 1,0 + 2)
—u(l—p)H_,1(to+1,a+2)]z(a+1)
+[H_, 3(to+1l,a+1)+H_, 5(tg+1,a+2)

—H_, 1(to+1,a+2)]x(a+2).
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Hence
to+1
flto+1) ==Y H_upilto+1,p(s))z(s)
s=a+1

+[H_ys(to+1,a) — pw(l —p)(2—p)H__5(to+ 1,a+ 1)
—p(1 = ) (2 = p)Hopoa(to + 1,0 + 2)
—u(l—pw)H_,1(to+ 1,a+2)]z(a+ 1)

+[H_,_3(to+1l,a+1)+H_, 5(tog+1,a+2)

—H_, 1(to+1,a+2)] x(a+2).

to

= —H_,ya(to+ Litg)x(to+ 1) = Y H_y1(to + 1, p(s))z(s)
s=a+1

+[H_y_s(to+1,a) — (1 — p)(2— p)H_p_3(to + 1,a+ 1)
—p(1 = ) (2 = p)Hoyo(to + 1,0 + 2)
—pu(l—p)H_,1(to+1,a+2)]z(a+1)

+[H_ys(to+1,a+ 1)+ H_, o(to+ 1,0+ 2)

—H , 1(to+1,a+2)]z(a+2)

to

=—a(to+1) = Y H_,\i(to+1,p(s))z(s)

s=a+1

+[Hoys(to+1,a) = p(l — p)(2 = wH-p—3(to + 1,a+ 1)
—p(1 = p)(2 = p)H_o(to + 1,a + 2)
—p(1 = p)H_, 1(to + 1,0+ 2)] z(a + 1)

+[H o s(to+1l,a+1)+H_, o(to+1,a+2)

—H_, (to+1,a+2)]z(a+2).

Rearranging provides
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to

w(to+1) = —f(to+1)— > H_pato+1,p(s))x(s)

s=a+1

+[H_ys(to+1,a) —pu(l —p)(2—p)H_,_5(to+ 1,a+ 1)
—u(1 = p)(2 = p)H-pa(to + 1,0+ 2)
—pu(l—p)H_,1(to+1,a+ 2)]z(a+ 1)

+[H_ops(to+La+ 1)+ H , o(to+1,a+2)

—H_, 4(to+1,a+2)]xz(a+2).

Now by the induction hypothesis, all the values of x(t) for ¢t € N are known.
Therefore x(ty + 1) is uniquely determined and hence z(t) is the unique solution of
the fractional initial value problem on Nz(ﬁl. Thus a unique solution exists on N, 1.

]

We now present an existence and uniqueness theorem for the different set of order

conditions on p and v.

Theorem 5.16 (Existence & Uniqueness Theorem). Assume x : N,y1 — R, along
with the set of order conditions 1 < p <2, 0 <v <1, and1l < pu+v < 2. The

fractional initial value problem

—VeaViz(t) = f(t), 1€ Nays
rla+1) =A,
z(a+2) =B.

has a unique solution x(t).
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Proof. By Theorem 3.4 (ii) with k = 1,

Vi Var(t) = — | Vi)
F[Hoyos(t,a) — (2 — p)Ho_y_s(t,a+1) — (2 — W) H_y_s(t,a +2)
—(1 = @) H_y1(t,a+2)] 2(a+ 1)
+[-H_,3(t,a+1)—H_, o(t,a+2)— H_,_1(t,a+2)]z(a+2)
— V(1)
—[H_yos(t,a) — (2 — p)H_y_s(t,a+1) — (2 — W H_y_s(t,a +2)
—(1—pwH_y_i(t,a+2)]z(a+1)

—[-H_, 3(t,a+1)—H_, 5(t,a+2)— H_, 1(t,a+2)]x(a+2).
Letting t = a + 3, we have

fla+3)=—-V*"z(a+3)
—[H_,3(a+3,a)— (2—p)H_, 3(a+3,a+1)
—(2—WH_ s(a+3,a+2) —(1—pH__1(a+3,a+2)]z(a+1)
—[-H_, 3(a+3,a+1)—H_, s(a+3,a+2)

—H_, 1(a+3,a+2)]z(a+2)
a+3

== > H_,ya(a+3,p(s))x(s)

s=a+1

—[H_, 3(a+3,a)—(2—pH_, 3(a+3,a+1)—(2—p)
—(L=p)lz(a+1)

—[-H_,3(a+3,a+1)—1—1]z(a+2).
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Hence

fla+3)=—-H_,_,1(a+3,a)x(a+1)—H_,_,1(a+3,a+1)z(a+2)

—H_, , 1(a+3,a+2)z(a+3)

—[H_y—s(a+3,a) — (2—p)H_,3(a+3,a+1)— (2 —p)
—(1=p]z(a+1)

—[~H_y s(a+3,a+1)— 2 z(a+2)

=—H_,y1(a+3,a)x(a+1)— H_,_y_1(a+3,a+ 1)z(a+2) — z(a+3)

—[H_ , 3(a+3,a)— (2—pu)H_, 3(a+3,a+1) — (2 — p)

—(1=p]z(a+1)

C[H_ys(a+3,a+1) —2z(a+2).

Rearranging terms, we get

z(a+3)=—fla+3)—H_,_,1(a+3,a)x(a+1)—H_,_,1(a+3,a+ 1)z(a+2)
—[H-p—3(a+3,a) —(2—p)H_,3(a+3,a+1)—(2—p)
—(L=p)la(a+1)

—[-H_,—3(a+3,a+1) —2]z(a+2).

Thus the value of z(a+3) is uniquely determined by the initial conditions z(a+1) = A
and z(a + 2) = B and the value of the given function f(¢).

To show xz(t) is uniquely determined on N,,; we will proceed by induction. Sup-
pose there exists a unique solution to the initial value problem, z(t), for ¢ € NZOJFl,

where ty € N,1o. We will show that the value of x(fy + 1) is uniquely determined by

the values of z(¢) on N, ;. Again using Theorem 3.4 (i) with & = 1 to rewrite the
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sequential difference, we have

flto+1)==Vi™a(ty+ 1)
—[H_ys(to+1,a) — (2—p)H_,3(to+ 1,a+1)
—2—p)H_, 5to+1,a+2)—(1—pH_, 1(to+1,a+2)]z(a+1)
—[-H_p_s(to+1,a+1)— H_,_o(to + 1,a +2)

—H_, 1(to+1,a+2)]x(a+2)

to+1

= — Z H_,_y_1(to+1,p(s))z(s)

s=a+1

—[H_, s(to+1,a) — (2—p)H_, 3(to+1,a+1)— (2 —p)
—(1=p)]z(a+1)

—[-H_,3(to+1,a+ 1) — 2| z(a + 2).
Hence

Flto+ 1) = ~H yyalto + Lto)alto - 1) = 30 Hoyuslfo-+ 1 p(s)a(s)

s=a+1

— [H_l,_g(t(] + 1, Cl) — (2 — /L)H_,,_g(t(] + 1, a—+ 1) — (2 — ,U,)
—(1=pz(a+1)

—[—H_,3(to+1,a+1)—2]z(a+2)

=—a(to+1)— Y H_,\i(to+1,p(s))z(s)
s=a+1

—[H_, 3(to+1,a) —(2—p)H_, 3(to+ 1L,a+1) — (2 — p)
—(I=pla(a+1)

—[—H_,3(to+1,a+1)—2z(a+2).
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Rearranging provides

to

plto+ 1) =—f(to+1)— > H_upato+ 1, p(s))a(s)

s=a+1

— [H_l,_3(t0 + 1,(1) — (2 - /L)H_y_g(to + 1,CL + 1) - (2 — /L)
—(1=plz(a+1)

—[—H_,5(to+1,a+1) — 2] z(a + 2).

Now by the induction hypothesis, all the values of x(t) for ¢t € N are known.
Therefore x(to + 1) is uniquely determined and hence z() is the unique solution of

the fractional initial value problem on Nz(fll. Thus a unique solution exists on N 1.

]

5.4.2 Initial Value Problem

We begin this section by presenting an initial value problem involving a nonhomoge-
neous nabla difference equation with zero initial conditions. This section continues
by presenting our Cauchy function and variation of constants formula for a nabla dif-
ference initial value problem. All these results will be drawn upon in the next section

to establish the Green’s function.

Theorem 5.17. Let g : Ny — R and 2 < v < 3. Then fort € Nyi5 the initial

value problem
Vi) =g(t), t€Nus
Vz(a+4) =0
Vz(a+5) =xz(a+5)=0
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has the unique solution

2(t) = Voia9(t) = [g(a+3) +gla+4) + g(a+ 5] Hya(t,a +2)

+[g(a+4) +2g(a+5)] Hy—a(t,a+2) — gla+5)H,_3(t,a + 2).
Proof. We begin by noting that

0=Vz(a+5)=z(a+5)—xz(a+4)

=0—2xz(a+4),
which implies z(a 4+ 4) = 0, and

0=Vz(a+4) =x(a+4) —x(a+3)

=0—2z(a+3)

implies z(a + 3) = 0. Now by taking the Laplace transform based at a 4+ 5 of both

sides and implementing Theorem 1.35 with k£ =1 and N = 3, we have

Lars{g}(s) = s"Lays{}(s)
! s'zla+2+j+1)— 52va$2y) (a+2+j+1)

+Z (1—s)52-7

J=0

_g ity (52 (a+5)}

s ma—|—2+j)—32va+21 V)a:(a+2—i—j)

(1—s)2J

=S £a+5{x} Z

A v P 5)} 7
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so that

, sz(a+3) =V, 5 x(a+ 3 (53—
Lois{g}(s) = s"Los{z}(s) + ( ) = 8)22 ( ) _ VQVH(?; )a:(a +5)

s'z(a+4) — ¥V, 5 a(a + 4) (53—
= 3);2 — sVVaJ(rg Jz(a+5)
v 5) — 3 —(3-v) 5 el
P TR T O vl )
- 8V£a+5{x}(8)7

since z(a+3) =z(a+4) =z(a+5) =0.

Now we are interested in an equation involving the Laplace transform based at
a + 2, as that is the base of our nabla difference. To transform our current equation,
we use the Shifting Lemma 1.31, replacing a with a 4+ 2 and letting n = 3 as follows.

First, the left hand side becomes

Lois{g}(s) = ﬁﬁaw{g}(s) - Z %’

and the right hand side becomes

$"Lors{x}(s) =s [(%s) Lo2{r}(s) — Z fl(a 2)23:4%1)
- (1 — )3£a+2{x}<8) (1 . )333'(0, + 3)
_ (1_5)237(@—1—4)— _SCC(CL+5)

= mﬁﬁz{%}(s),

since z(a +3) = z(a+4) = z(a+5) = 0.
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Expanding and then multiplying through by (1 — s)3 gives

s 1 gla+3) g(a+4)
(1_ ) CL+2{$}< ) ( — ) a+2{ }( ) ( 8)3 ( 8)2 g
Loorl}(5) =+ Larafob(s) — Sola+ )~ “gla+4)
B (1—3s)2
— gla+5)

Lot} () = - Lasalg}(s) — ola+3) — gl +4)+ gla+4)

1 2 1
——gla+5)+—=g(a+5) — ——gla+5).
s s s
This implies that

z(t) = (Hy-1(,a+2) % g(+) (t) — [9(a+3) + gla+4) + gla+5)] H,—1(t,a + 2)
+[gla+4)+2g9(a+5)] H, 2(t,a+2) —gla+5)H,_3(t,a + 2)

+ g(a + 3)HV—2(t7 a + 1)7
so that

z(t) =V, 19(t) — [gla+3) + gla+4) +gla+5)] H,-1(t,a + 2)
+[gla+4)+29(a+5)] Hy—2(t,a+2) — gla+5)H,_5(t,a + 2)

+g(a+3)H, o(t,a+1).

This completes the proof.
O

Our Green’s function, along with the following theorem, will involve the Cauchy

function which is defined below.
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Definition 5.18. Assume2 <v <3, 1 <pu <2, and3 < p+v < 4. We define the

Cauchy function z(t, p(s)) for the homogeneous fractional equation
Va2 Vay(t) =0

to be the function x : Noy1 X Noy1 — R such that for each fived s € Noyq, x(-, p(s))

1s the unique solution of the fractional initial value problem
VZ+1VZ(8)$('L') = 07 t e N5+4

2(p(s)) =0, Va(s) =1

and is given by the formula

2(t,p(s)) = Huroa(t; p(s)), 1€ Napa. (5.23)

Note that by convention x(t, p(s)) =0 fort < p(s).

We now explore a sequential nabla difference initial value problem with a nonho-
mogeneous difference equation with zero initial conditions. The solution is given in

terms of the Cauchy function.

Theorem 5.19. Let f :Nyy3 2 Rand2 <v <3, 1< pu<2, and3 < pu+v <4.

The solution to the fractional initial value problem

Vi oVEy(t) = f(t), t € Nays
Vyla+j) =0, forj=234,5

yla+5) =0,
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15 given by

y(t) = 3 F(s)alt. pls))

s=a+6

where x(t, p(s)) is the Cauchy function (5.23).

Proof. Let y(t) be the solution of the fractional initial value problem and let h(t) =

VHy(t) where 1 < p < 2. Then h(t) is a solution of the initial value problem

VZ+2h(t) = f(t)a te Na+5
h(a+5) =Vhtyla+5)=0
Vh(a+4) =VViy(a+4)=0

Vh(a+5) =VVHy(a+5)=0.

The initial conditions y(a + 5) = Vy(a + 5) = 0 imply

0=Vyla+5)=yla+5)—yla+4)

:O_y(a+4)7

which implies y(a + 4) = 0. Since Vy(a +4) =0,

0=Vyla+4)=yla+4) —yla+3)

=0—vy(a+3),

we have that y(a + 3) = 0. Similarly, we have that our initial conditions imply

yla+2)=yla+1)=0.
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In turn this implies

h(a+5) = V¥y(a +5)
a+5

= > H_,i(a+5,p(s)y(s)

s=a+1

=H_,1(a+5,a)yla+1)+H_y1(a+5a+1)yla+2)
+H_,1(a+5a+2)yla+3)+H_,_1(a+5,a+3)yla+4) +yla+5)
—H_,_1(a+5,a)(0)+ H_,_1(a+5,a+1)(0)
+H_,1(a+5,a+2)(0)+ H_,_1(a+5,a+3)(0) + (0)

=0,
and

Vh(a+4) = VVEy(a +4)

= Vitly(a + 4)
a+4

= Z Hiufz(a+4,p(s))y(s),

s=a+1

which implies that

Vh(a+4)=H_, s(a+4,a)y(a+1)+H_, o(a+4,a+1)y(a+2)
+H_, o(a+4,a+2)yla+3)+yla+4)
=H_, 5(a+4,a)(0)+ H_,—2(a+4,a+1)(0)
+H_, s(a+4,a+2)(0)+(0)

=0.
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Lastly, this implies that

Vh(a+5) =VVhy(a+5)

= VFy(a +5)

a+5

= Y H_,s(a+5,p(s)y(s)

s=a+1

=H_,s(a+5a)yla+1)+H_s(a+5a+1)ya+2)

+ H_ya(a+5,a+2)y(a+3)+ Hoyala+5a+3)y(a+4)

+y(a+5)
=H_, 2(a+5,a)(0)+H_,_2(a+5,a+1)(0)+ H_, 2(a+5,a+ 2)(0)

+ H_,2(a+5,a+ 3)(0) + (0) = 0.

We also note the following equalities:

f%1@@+@—4ﬂz@ﬂ+2%:@_?@?% _@;&:?;
t—a—-24+v—-1) T({t—a—2+v—-2)
[(t—a—2T(v) T({t—a—-2T(v-1)
[t—a—24+v—-2)[(t—a—24+v—2) .
F(t—a—Q)F(y—l)[ (v—1) - ],

so that

[t—a—2+v-2) [t—a-2+v—-2-v+]
Hyma(ta+2) = Hymalt,a+2) = 5o =550 =) [ v—1 }

't—a—34+v—1)(t—a—3)
(t—a—-3)I'(t—a—-3)I'(v)
(t—a—?))”f1

= T - Hufl(t>p(a + 4))7




and

H, (t,a+2)—2H, o(t,a+2)+ H,_3(t,a + 2)
(t—a—2""1 _(t—a—2"2 (t—a—2)"3

[(v) v —-1) v —2)
It—a—-2+v—-1) I't—a—2+v—-2) TI'(t—a—24v—3)
T Tt—-a—-20ID@) Tlt—-a-2T(w—1) T(t—a—2)(r—2)
It—a—-2+v-3) [(t—a—2+u—3)(t—a—2+u—2)

Nt—a—-2T(v—-2) (v—2)(v—1)
(t—a—2+v—3)
2 2 +1}

I't—a—-2+v-23) [(t—a—2+l/—3) ((t—a—2+y—2)
S T(t—a—2)T(v—2) (v—2) (v—1)

=)+
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_It—a—-24v-3)[(t-a—-24+v-3) (t—a-2-v) 1]

S I(t—a-2T(r—-2) | (v —2) (v—1)

_ I't—a—2+v—3) _(t—a—2+u—3)(t—a—2—y)—i—(l/—1)(u—2)]
IF't—a—-2Tv—-2) | (v—1)(v—2)

Tt—a—-2+v-3) _(t—a—S)(t—a—ll)]

S T(t—a—2)T(v—2) (v—2)(v—1) '

Hence

T(t—a—2+v—3)

Hya(ta+2) =2H, ot a+2) + Hyglh a4 2) = == =m0

(t—a— 4)m
I'(v)

— Hya(t,pla+5)).

By Theorem 5.17, the solution of this initial value problem is given by

Wit) = Vo f (1) = [fla+3) + fla+4) + fla+5)] Hya(t a +2)

+[fla+4)+2f(a+5)] Hy_o(t,a+2) — fla+5)H,_s(t,a+ 2).
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Hence

h(t) = Hoa(t.p())f(s) = [fa+3) + fla+4) + fla+5)] Hya(t,a +2)

s=a+3

+ [fla+4)+2f(a+5) Hy_s(t,a+2) — fla+5)H,_s(t,a + 2)

= > Hya(t,p())f(s) = fla+2)H,a(t,a +1)

s=a+2

— fla+3)[H,1(t,a+ 1)+ H, o(t,a+ 1)]

= Y Hoa(t,p(s)f(s) = fla+3)Hyr(ta+2)

s=a+3

—fla+4)[Hy—1(t,a+2) — H,_o(t,a+2)]

— f(a + 5) [H,,_1<t, a+ 2) — QHV_2<t, a—+ 2) + H,/_g(t, a+ 2)]

= > Hya(t,p(s)f(s) = fla+4) [Hya(t,a+2) — Hy_s(t, a+ 2)]

s=a+4

— f(CL + 5) [H,jfl(t, a + 2) — 2H1,,2<t, a+ 2) + Hl,,g(t, a+ 2)]

= > Hoaltplo)(5)

s=a+6

= V;j%f(t).

Composing each side with V_# gives, by Theorem 2.4,
y(t) = V"V L f(0) = Vs ™ f (1)

= Z Hyp1(t, p(s)) f(s)

s=a+6

= 37 f()a(t, pls)).

s=a+6

This completes the proof.
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Following from this theorem, we get a simple but useful comparison theorem

involving sequential differences as a corollary.

Corollary 5.20. Assume 2 <v < 3,1 <pu <2 and3 < p+v <4 and u(t), v(t)

satisfy

Vo o Vhu(t) > Vi, ,Vho(t), t€ Nygs,
ula+1) =v(a+1),
u(a+2) =v(a+2),
u(a+3) =v(a+3),
u(a+4) =v(a+4),

u(a+5) =v(a+5).

Then u(t) > v(t) on Ngyq.

Proof. Set w(t) = u(t) — v(t) and for t € Ny 5 let
h(t) = Vi Vaw(t) = Vi, Vau(t) = Vi, Vio(t) > 0.

Hence w(t) solves the initial value problem

Ve Viw(t) =h(t), t€Ngys
Vw(a+4) =Vw(a+3) =Vw(a+2) =0
w(a+5) =Vw(a+5) =0,

and Theorem 5.19 gives for t € N, that

wt) = 3 hs)e(tp(s) = 3 h(s)Hyrvr(t pls) 2 0,

s=a+6 s=a-+6
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since h(t) > 0 by assumption and ¢ > s. Therefore u(t) > v(t) for t € Nyyq.

]

We now present our variation of constants formula for the initial value problem
with the nonhomogeneous nabla difference equation based at a+ 2 and nonzero initial

conditions.

Theorem 5.21. Let 2 < v < 3 and y,h : Nyy1 — R. Then fort € N, the initial

value problem
.

—Vioy(t) =h(t), ¢€Nays
yla+3) =A
yla+4) =B
yla+b) =C

has the unique solution

y(t) = =V, 1Hh(t) + [h(a +3)+h(a+4)+ h(a+5)
+A (1 Rt g) + B(l—) +c} Hy r(ta+2)

— [h(a+4) 4+ 2h(a+5) + A(v* — 2v) + B(1 — 2v) + 2C] H,_5(t,a + 2)

V2 14

+ [h(a+5) + A (? — 5) — Bu+C] H,_3(t,a+2).

Proof. First we attend to the initial conditions to ensure that the solution satisfies
each condition. We proceed by plugging in the values a+3, a+4, and a+5 respectively

to check that we arrive at the appropriate values.
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yla+3) = =V, 5h(a+3)

+ {h(a+3)+h(a+4)+h(a+5)

2
+A (1—§l/+%> +B(1—1/)+Cl H,1(a+3,a+2)

— [h(a+4) + 2h(a +5)

+A(v® —2v) + B(1 — 2v) + 2C| H,_»(a + 3,a + 2)
2

+ [h(a—i—f))—l—A(%—g) —BV—FC} H, 3(a+3,a+2)

a+3

=— Y H,1(a+3,p(s))h(s)

s=a+3

+ lh(a+3)+h(a+4)+h(a+5)+A<1—gu—l—vg) +B(1—u)+0}

— [h(a +4) 4+ 2h(a +5) + A(v* — 2v) + B(1 — 2v) + 2C]

+ {h (a+5) +A(——g) Bl/%—C}
3 v
—h(a+3)+h(a+3)+h(a+4)+h(a+5)+A 1—51/—1-3

+B(1—v)+C —h(a+4) —2h(a+5) — A(v* — 2v) — B(1 — 2v)

v

—2C’+h(a+5)+A<§—§) Bv+C

=A

yla+4) = -V, h(a+4)

+ {h(a+3)+h(a+4)+h(a+5)

3 2
+A (1—§V+%> +B(1—1/)+C} H, 1(a+4,a+2)

— [h(a +4) + 2h(a + 5)

+A(® = 2v) + B(1 — 2v) + 2C| H,_»(a + 4,a + 2)

V2 14

+ {h(a+5)+A(3—§> —BV—i—C] H, s(a+4,a+2),
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so that

a+4

yla+4)=— > H,_1(a+4,p(s)h(s)

+ {h(a+3)+h(a+4)+h(a+5)

I'v+1)

+A(1—§V~|—U—2)+B(1—l/)+C]

2 2 I'(v)
— [h(a+4) +2h(a+5) + A(* — 2v) + B(1 — 2v) + 2C] r(l;@n
A AN y I(v—1)
+ lh(a—i—f))—i—A ( 5 2) B +C} NOED)
=—H, 1(a+4,a+2)h(a+3)—h(a+4)
+[bo 9+ ha+ )+ +5
+A (1 - gy + %) +B(1—1)+ c} F(FVJ)D
— [h(a+4) + 2h(a + 5) + A(W? — 2v) + B(1 — 2v) + 2C] F(l;(i)l)

r 2
+ h(a+5)+A(%—g> —Bu+C]

v—1)
(v —2)

= —vh(a+3) — h(a+4)

+ —h(a+3)+h(a—l—4)+h(a+5)

Fv+1)
['(v)
— [h(a+4) + 2h(a+5) + A(v* — 2v) + B(1 — 2v) + 2C] (v — 1)

+A(1—gy+%2)+3(1_y)+c] )

V2 14

+ {h(a+5)+A(?—§> —Bu+01 (v —2)

=h(a+3)-v+v|+hla+4)-14+v—v+1]

+h(a+5)yv—2v+2+v—2]

3 v? v v

+A[(1—5+E>V—(V—1)(1/2—21/)+(V—2) (;—5)]
+By -1 —(v—1-22+2) — 1 + 2]+ Clv—2v—1) +v -2

= B,



and

y(a+5) = -V, h(a+5)

+ [h(&+3)+h(a—|—4)+h(a+5)

2
+A (1—gu+%> +B(1—u)+0} H, 1(a+5,a+2)

— [h(a+ 4) + 2h(a + 5)

+A(W* —2v) + B(1 — 2v) + 2C| H,_5(a +5,a + 2)

1/2

+ [h(a+5)+A<3—g) —BV+C:| H, 3(a+5,a+2)
a+5

= — Z H, 1(a+5,p(s))h(s)

s=a+3

+ {h(a+3)+h(a+4)+h(a+5)

2

+A(1—gu+%)+B(1—u)+C’]

V2—|—V
2

VZ—V

2

— [h(a+4) + 2h(a+5) + A(V* — 2v) + B(1 — 2v) + 2C]

)_BHC] (y_1)2(y_2)

v
2

+{h(a+5)—|—A

I IAN

V24 v

127

2 2

(v — 1)2(V— 2)]

— h(a+3) F (—(u2+u>+(y2+y))} + h(a +4) [—y—i— -

2
v +V—(1/2—1/)—|—

+ h(a+5) [—1 +
+A E ((1 _ gw ”;) (24 0) — (12 — 2)(2 — 1)

(3 0ees)
+B[3 (=00 +0) = (1= 20 =)+ = D - 2)]

+C E (u2+y—2(1/2—1/)+(7/—1)(7W_2))}

I/Q—V:|
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where we used the facts

- I'B4+v—-1) T(w+2) (w+lr v +4v
Hoalat504 ) = =amay = ore) — 2 2

and

r'e+v-1) TI'(r+1)
Hya(a 5,04 3) = —pomss = —po = v

Now we find the form of the solution y(t) by taking the Laplace transform based

at a + 5 of both sides:

—Lat5{Vi 2y} (s) = Lats{h}(s)

Lays{Vii2y}(s) = —Lars{h}(s). (5.24)

First considering the left hand side of (5.24), we use the Shifting Lemma 1.31, replac-
ing a with a + 2 and letting n = 3 to obtain a form that is in terms of the Laplace

transform based at a + 2 in order to match the base of the operator:

Loral Ve o) = (12 ) Loral e o) - 30 ot C D

k=1

VL Vhled) Vit
— (:) £a+2{va+2y}(8) - (1y_5)3 N (13/—8)2

VZ+2y(a + 5)

(1—235)
N ) (a+3)  (zwvyla+t3)+ylatd)
~ (125) LoVl - 8 - e D

(”72—%)y(a+3)—yy(a+4)+y(a+5)
- (1-s) ’
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so that

s” g ylat3) (~vyla+3)+ylatd))
(1 — 3£a+2{y}( ) ( 8)3 (1 —8)2

)
(§—-) y(a+3) — vy(a+4) +y(a+5)
- (1-s) ’

Lars{Viiay}(s) =

where we used Theorem 1.32 and the facts

Vasayla+3) = 523[{_” 1(a+3,0(s))y(s) = yla+3)
and
Vasayla+4) = g; H_y_1(a+4,p(s)y(s) = —vyla+3) +yla+4)
and
VY oyla+b) = f H_y_1(a+5, p(s))y(s) = (V; - g) y(a+3)—vy(a+4)+y(a+5).

s=a+3

Similarly, with the right hand side of (5.24), we will also shift so that our equation is
in terms of the Laplace transform based at a + 2, using the Shifting Lemma (1.31),

replacing a with a + 2 and letting n = 3:

~Luaa(hhe) = = (5 Lenlido) + Y Gt

1 — (1

1 \° ha+3) h(a+4) hla+5)
?(m) Lot Y iz T o)

Thus when we multiply through by (1 — s)?, equation (5.24) becomes



" Lav2{y}(s) = —Lar2{h}(s) + h(a +3) + (1 = s)h(a +4) + (1 — 5)*h(a +5)

+yla+3)+ [-vyla+3) +yla+4)](1—s)

V2

+ K;—%) y(a+3)—uy(a+4)+y(a+5)} (1—s)?

= —Loo{h}(s) +h(a+3)+ h(a+4)+ h(a+5)

+ (1—u+%2—%) yla+3)+ (1 —v)yla+4)+yla+5)

—|—s[—h(a—|—4)—2h(a—|—5)—|—<V—2(V;_g>>y(a+3)
+(=1+2v)y(a +4) — 2y(a + 5)]
v _g)y(a+3)—uy(a+4)+y(a+5)]
+3) + h(a+4) + h(a +5)
+B(l—-v)+C

—s[h(a+4)+2h(a+5)+ AV —v)+ B(1—2v) +2C]

) BV+C]

14

+ s* [h(a+5 —i—A(

Do
NN

Finally, dividing both sides by s” gives us that

Lasalyhs) =~ Lara{h}6)

+S—1Z/[h(a+3)+h(a+4)+h(a+5)

3 v?
+A 1—§y+3 +B(l—-v)+C
1

v—

372 [h(a+5)+A<—2—g) Bu+0],

- [h(a+4) +2h(a+5) + A (¥ —v) + B(1 — 2v) 4 2C]

V)

+

V)

130
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which implies that

y(t) = =V {,h(t) + [h(a +3)+ h(a+4)+ h(a+5)
+A (1 - ;y+ %2> +B(1l—-v)+ (J} H, 1(t,a+2)

— [h(a+4) + 2h(a +5) + A(v* — 2v) + B(1 — 2v) + 2C] H,_5(t,a + 2)

1/2

+ {h(a—l—E)) +A (3 - g) - BV+C} H,_s(t,a+2).

We end by noting that this solution satisfies the fractional difference equation due

to the convention that H (t,a) = 0 for k € N as follows.

—Vioy(t) =—-Vi, { — Vo 1oh(t) + {h(a +3)+ h(a+4)+ h(a+5)

3 v?
All—-= —
+ ( 2u+2)

+B(1 —v)+ C|H,1(t,a+2)
— [h(a+4) + 2h(a +5) + A(v* — 2v)

+B(1 —2v) 4+ 2C| H,—2(t,a + 2)

V2

+ [h(a—i—S) + A (? - g) . Bz/+01 Hug(t,a+2)]

= Va2V iah(t)

+ [h(a—i—3)+h(a+4)+h(a—l—5)

3 2
+A (1 — 5 + %) +B(1—-v)+ (J} Ve oH, 1(t,a+2)

— [h(a+4) + 2h(a +5) + A(v* — 2v)

+B(1 = 2) + 2C] VY, Hys(t,a+2)

v

+ |:h((l + 5) + A (? - 5) — Bv + C:| VZHH,,,;),(t,a + 2),
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so that

—Vioy(t) = h(t) + [h(a +3)+ h(a+4)+ h(a+5)
+A <1— gu—i-UQ—Q) +B(1—u)+(}} H_y(t,a+2)

— [h(a +4) + 2h(a +5) + A(v* — 2v)

+B(1 - 20) + 2C] H_o(t, a + 2)

V2

+ [h(a+5) +A (5 - g) —Bu+c] H_s(t,a+2) = h(t),

where we also used Lemma 2.2 (ii) and Theorem 1.24. This concludes our proof.

5.4.3 Green’s Function for V! ,V#z(t) Boundary Value Problem

In this section we will consider the nonhomogeneous nabla sequential difference bound-

ary value problem

~ViaViy(t) =h(t), teN;
a+3) =
vla+3) (5.25)
yla+4) =0
| y(b) =0

(5.26)
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for the particular set of order conditions 2 < v < 3,1 < pu < 2,and 3 < u+ v < 4,

and a,b € R with b — (a +4) € Ny.

Theorem 5.22. Let 2 < v < 3,1 < pu <2, and 3 < p+v < 4, and further let

y,h : Noy1 — R. The fractional boundary value problem (5.25) where a,b € R with

b— (a+4) € Ny, has the unique solution

= Zt: h(s)G(t,s

s=a+b

where

and x(t, p(s)) is the Cauchy function (5.23).

Proof. Let x(t)

A=z(a+3)=
B=z(a+4) =
C=z(a+b)=

Then z(t) solves the initial value problem

Vi gx(t
z(a+3

z(a+4

) =
) =
) =
) =

z(a+5

z(b,p(s
e (t — 2,0+ 2),

- / ; h(s)G(t, s)Vs

t<s—1

z(t—2,a+2)—xz(t,p(s)), t>s

= V#y(t) where 1 < pu < 2, and let

Viy(a+3),
Viy(a+4),

Viy(a +5).

h(t),

le Na+5
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Thus by the Variation of Constants Theorem 5.21,

z(t) = =V 1,h(t) + [h(a +3)+ h(a+4)+ h(a+5)
+A (1 - gy+ %2> +B(1l—-v)+ O} H, 1(t,a+2)

— [h(a+4) + 2h(a +5) + A(v* — 2v) + B(1 — 2v) + 2C] H,_5(t,a + 2)

1/2

+ {h(a—l—E)) + A (3 - g) - BV+C} H,_s(t,a+2).

Composing both sides with the operator V_# gives, since u ¢ N,

2
V ta(t) = =V 'V Voh(t) + lh(a +3)+h(a+4)+ha+5)+ A (1 — gu + %)
+B(l—-v)+ C} V 'H, 1(t,a+2)

— [h(a+4) + 2h(a +5) + A(v* — 2v)

+B(1 —2v) 4+ 2C|V ' H,_s(t,a + 2)

1/2 14

+ [h(a + 5) + A (3 — 5) — Bv + C:| Vg“Hy,gg(t, a+ 2)

(it 3 2
V. EVEy(t) = —vaﬁf Th(t) + {h(a +3)+h(a+4)+h(a+5)+A <1 — 5Vt %)

+B(1l—-v)+ C} Hyva(t,a+2)

— [h(a+4) + 2h(a +5) + A(v* — 2v)

+B(1—-2v)+ 20} H, 1y o(t,a+2)

2

+ [h(cH— 5)+ A (% — g) — Br+ C] H, 1y s(t,a+2).
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Hence

y(t) == > Huroa (8, p()h(s) + Hupor (t,a +2)h(a +3)

s=a+3
v

4 {h(a+4)+h(a+5)+A(1—gu+;)

+B(l—-v)+ C} H,y 1 1(t,a+2)

— [h(a+4) + 2h(a +5) + A(V* — 2v)

+B(1 —2v) 4+ 2C) Hyyp—2(t,a + 2)
2

+ [h(a +5)+ A (% — g) — Br + C’} H, 1y s(t,a+2),

where we used Theorem 2.4 and Remark 1.23 in the second step. Noticing that the

second term above is equivalent to the s = a+3 term of the sum, our solution becomes

y(t) = - Z H;Hrufl(t’p(s))h(‘g)

s=a+4
2

3
+ {h(a+4)+h(a+5)+A<1—§y+%) +B(l—v)+C| Hyppa(t,a+2)

— [h(a+4) + 2h(a+5) + A(v* — 2v) + B(1 — 2v) + 2C] H,ipp—a(t,a + 2)

1/2

+ [h(a +5)+ A (5 — g) — Br+ C} H, 1y s(t,a+2)

= — 3" Hypua (b p($))1(s) + @+ 4) [Hye 1 (0 + 2) — Hyiepat, 0+ 2)]

2

3
+ h(a+5)+A<1—§V—i—%) +B(1—V)+C:| H,yya(t,a+2)

— [2h(a+5) + A(W* — 2v) + B(1 — 2v) + 2C] H,ypyo(t,a + 2)

2
+ |h(a+5)+ A (% - %) — Br + C’] H, 1y s(t,a+2).
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Hence

u(t) = — 3" Hupor(tpls))h(s)

s=a+b
2

3
+ {h(a+5)+A (1 — §u+%) +B(1—-v) +C] Hyyi(t,a+2)

— [2h(a+5) + A(W* — 2v) + B(1 — 2v) + 2C] H,ypo(t,a + 2)

2

+ {h(a+5)+A (% - ) —BV+C} Hooos(ta+2)

NN

- _ Z x(t, p(s))h(s)

s=a-+5

2
+ h(a+5)+A(1—gv+%) +B(1—u)+0} z(t,a + 2)

— [2h(a+5) + A(V* — 2v) + B(1 — 2v) + 2C] Vz(t,a + 2)

V2

+ h(a+5)+A<E—g) —BV+O:| Vix(t,a +2),

where we noticed in the first step that the second term is equivalent to the s = a + 4

term of the sum. Continuing to simplify our solution, we have

t

y(t) == Y x(t,p(s))h(s)

s=a+5

+ |h(a+5)+A(1-

— [2h(a+5) + A(W* — 2v) + B(1 — 2v) + 2C] (z(t,a + 2) — 2(p(t),a + 2))

NN GV

2
y—l—%) +B(1—v)+C|z(t,a+2)

[ v
AlL_r
+ |hla+5)+ A (5 2)

—Bu+C} (x(t,a+2) —2z(t—1,a+2)+z(t —2,a+2)),
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so that

t

y(t) = = Y al(t, p(s))h(s)

s=a+5
2

+ [h(a+5)+A<1—gy+%) + Bl —v)+C —2h(a+5) — A(v* — 2v)

1/2

_3(1_2y)_20+h(a+5)+A<3_g) —Bu+C] 2(t,a+2)

+ [Qh(a +5) 4+ A(v? — 2v) + B(1 — 2v) + 2C

2

2 (h(a+5) +A (% . g) —Bu+0)} z(p(t),a +2)

1/2 14

+ [h(a+5)+A<?—§) —Bu+0} z(t —2,a+2)

y(t) =— Y a(t,p(s)h(s) + [~h(a+5) + A (1 — v)] z(t,a +2)

s=a+5>
2

+[2h(a +5) + Bl z(p(t),a+2) + [A (%—%) —Bl/—i—C] o(t—2,a +2).

In order to see that we had a term equivalent to the s = a+4 term of the sum earlier

in this proof, we relied on the fact that

Hyypa(t,a+2)—Hyppo(t,a+ 2)

F'p+v+t—a—3) Flp+v+t—a—4)

T(u+v)l(t—a—2) T(p+v—1)L(t—a—2)

 Ip+v+t—a—4) {u—l—y—i-t—a—él_l}
F'p+v—-1I'({t—a—2) p+v—1

 Tpt+v+t—a—4) t—a—3

CT(p+v—DI(t—a—2) LH—V—J
'Np+v+t—a—4)(t—a—3)

(p+v—10(u+v—1(t—a—-3)({t—a—23)

F'p+v+t—a—4)

C(p+v)L(t—a—3)
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Returning to the main proof, letting ¢t = a + 3 gives
a+3

0=yla+3)=— Y ax(a+3,p(s)h(s)

+[-ha+5)+ A1 —-v)|z(a+3,a+2)

+ [2h(a+5) + Blz(p(a+3),a + 2)

+ [A (V;—%) —BV+C} z((a+3)—2,a+2)
— 0+ Al —v) — h(a+5)

= A(l —v)—h(a+5).

Thus we have found the value A = h(lajf).

Our solution now becomes

t

y(t) == Y x(t,p(s))h(s)

s=a+b
h(a+5)

1—v

+ {—h(a—i—S) + ( ) (1-— u)] x(t,a+2)

+[2h(a +5) + B z(p(t), a +2)

+ Kh(lajf)) (% - g) —BV—FC’} z(t —2,a + 2)

== > x(t, p(s))h(s)

s=a+b

[—h(a +5) + (hga )

) (1- y)} 2(t,a+2)

— VUV

+ [2h(a +5) + Bl z(p(t),a + 2)
+ Kh(lajf)) (V; - g) _ Bu+ C} o(t — 2,0+ 2),
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so that

t

y(t) = = Y alt, p(s))h(s)

s=a+5

+ [2h(a +5) + B z(p(t),a + 2)

B th(ﬁf’)) + By — 0] a(t—2,a+2).

2

Letting t = a + 4 gives
a+4

0=yla+4)=— ) w(t p(s))h(s)

s=a+b

+[2h(a+5) + Blz(p(a +4),a +2)
_ K”h<“2+ 5)) Y By c] w((a+4) —2,a+2)

=0+ 2h(a+5)+B

— 2h(a +5) + B.

Thus we see that B = —2h(a + 5) and so our solution becomes

t

y(t)=— > a(t,p(s)h(s) + [2h(a +5) + (=2h(a + 5))] z(p(t), a + 2)

s=a+5

) Kuh(a; 5)) T (oh(at 5 — c} ot —2.0+2)

= — Z x(t, p(s))h(s) — {—guh(a +5) — C’} z(t —2,a+ 2).

s=a+5
Now let o := —%uh(a +5) — C. Letting t = b gives
b

0=yb)=— > x(bp(s)h(s) - {—gyh(a +5) — 01 z(b—2,a+2),

s=a+b
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and solving for « gives

— s 7(b, p(s)h(s)

“= x(b—2,a+1)

Substituting this value for « into the formula for y(¢) gives us that

t

y(t) = —s§5x(t p(s))h(s) ig:;iig s§5x(b, p(s))h(s)

:*12% >+§$i3313$;%aaMQmw>

g:ijiiig;ewmwwuﬁ
+S;1h b_zp(a)JZQ) (t—2,a+2)
— s§5h(s)G(t )
where
Git. ) = LD (t — 2,0+ 2), t<s—1

D r(t = 2,0 +2) —a(t pls)), t2 s

Therefore any solution to the boundary value problem (5.25) is given by the formula

derived. Uniqueness of the solution y(t) follows from Theorem 5.15.

5.4.4 Properties of the Green’s Function

In this section we present some nice properties of the Green’s function derived in the

last section, namely the positivity of the Green’s function and its maximum value.
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Theorem 5.23. The Green’s function G(t,s) for the boundary value problem (5.26)
satisfies G(t,s) > 0 for (t,s) € Nb,, x N°_ . and, specifically, G(t,s) > 0 for (t,s) €
Nats X Nozs-

Proof. We will show for any fixed s that G(t, s) increases from G(a +2,s) = 0 to a
positive value at ¢ = s — 1 and then decreases to G(b,s) = 0. Let s € N°, be fixed

but arbitrary.
First, we show that G(a + 3,s) = G(a +4,s) = G(b,s) = 0.

Gla+3,s) = x(;(_b?;(a? Grat3=2a+2)

_ HMJerl(b?p(S))
H#Jrufl(b —2,a+2)

H}H—u—l(a + 17 a+ 2)

=0,

Gla+4,s) = x(gf)’z’i(;zz jyrlatd=2a+2)

H,\
gl g

N Hyppa(b—2,a+2)

=0,

and

6(b) = PP salb = 2,4 2) ~ o p(s)

= (b, p(s)) — x(b, p(s))

Now we will show that for each fixed s, the Green’s function G(¢, s) increases with

respect to t for values of ¢t between a + 5 and s — 1. To do so, we consider the nabla
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difference with respect to t. For t > a + 5,

V.G(t,s) =V, x(l;bg%;,)(;:i 2)1:(15 —2,a+2)

__z(b,p(s))
N x(b—2,a—|—2)vtm(t_2’a+2)

I AY)
HM-‘FV—l(b - 27 a—+ 2)

Hyyy-1(b, p(s))

:HIH_V 1( 2a+2)Hﬂ+V_2(t—2,a—|—2)

B Fp+v+b—s)MNu+v)I'b—a—4)'(pu+v+t—a—6)

CT(u+v)Pb—s+ D)l (p+v+b—a—5T(p+v—1)I(Et—a—4)

B Fp+v+b—s)I'b—a—4H)N(u+v+t—a—06)

S Th—s+ D) (p+v+b—a—5T(u+v—1DI({t—a—4)

Vt n+v— 1( —2,&—}—2)

> 0,

due to the following: recall by assumption that 1 <v <2, 0<pu<1l, 1 < pu+rv <2,

and b— (a+2) € Ny.
1. Since s <band p,v >0, u+v+b—s>0.
2. Sinceb—(a+4) €Ny, b—a—4>0.

3. Sincet >a+5,t—a—>52>0. Further, since v > 2, v — 1 > 0. Combined with

p>1>0,this givesus (t —a—5)+(v—-1)+p=p+v+t—a—6>0.
4. Since s <b,b—s+1> 0.

5. Since b — (a +4) € Ny, b—a —5 > 0. Combined with p,v > 0, we have

w+v+b—a—5>0.
6. Since v > 2, v — 1 > 0. Combined with g > 1> 0, we have p+v —1 > 0.
7. Sincet>a+5t—a—4>0.

Therefore G(t, s) is increasing for all values of ¢ between a + 5 and s — 1. Since the

Green’s function is zero at t = a + 3 and ¢t = a + 4 and increases for t between a + 5
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and s — 1, we have that G(t,s) > 0 for t € N7 % and G(t,s) > 0 for t € N5 5. We now

show that G(t, s) is decreasing for values of ¢ between s and b. Similarly, we consider

the nabla difference with respect to t. For t > s,

ViG(t,s) = Vi | - (;(_b’;’(asz 3yt = 2.a+2) = a(t, ()
= Vi :Hfj‘ff Uf’ ’Z’f (2 3y Hurva(t =20 4+2) = Hupa (t p<s>>}

 Hy(bys — 1)
Hypi(t—2.a42)— Hyopi(ts—1
_Hu+u—l<b_27a+2) pt 1( a+ ) pt 1( S )

_ HM_;'_V_l(b, S — 1)
HIH-V—l(b - 27 a+ 2)
HM+V—1<b7 §— 1)

. Hyop 1 (t—3,a+2)+ Hyry 1 (t—1,5—1).
H#+V_1(b—2,a/+2) pt 1( a + )+ pt 1( S )

Hu_;'_l,_l(t — 27 a+ 2) - H“_H,_l(t, S — 1)

Hence

ViG(t5) = 8 |(b =5+ )P —a = 3T — (h—a— 4T (t - s 4 1)

—(b — s+ 1)u+1/71(t —q— 4)u+1/71 4 (b —q— 4)u+1/71(t _ 8),u+u71 ’

(5.27)

1

where B - [(p+v)(b—a—4)ntv—1

> 0 since p+v >1and b— (a+4) € N;. We will show
that the bracketed expression in (5.27) is less than or equal to zero. Rearranging
and factoring, the claim that the bracketed expression is less than or equal to zero is

equivalent to

(b_3+1)m[(t—a—3)m_(t_a_4)m]

g(b—a—z)m[(t—sﬂ)m—(t—s)m}.
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Now since s —1 > a+4, we have 0 < b — (s — 1) < b — (a+4), it remains to show
(t—a—=3)""—(t—a— 4T < (t—s+ )P (t—s)PtTl (5.28)

Noting that

,u—i—u—l_r(t_s_{_l_}—lu—{_y_l)

(t=s+1) T(t—s+1)
_ (t—s+p+v—-—1DI'(t—s+pu+v—1)
(t—s)[(t —s)

t=s+putrv—1

t— sl
— (t—s)

and

't—a—-3+p+v—1)

I'(t —a—3)
t—a—4+p+v—-DI't—a—4+p+v-—1)
(t—a—4T(t—a—4)
t—a—-4+pt+v-—1

B t—a—4

(t—a—3y T =

(t—a— 47,

we have that (5.28) becomes

t—a—4d+p+v—1 I
_1 < t— ptr—1
t—a—4 }_( 2 [

@—a—4ww4{ﬁiﬁii]g@—stA[ﬁii:i}

S t— 1
(t—a—4)“+yl{ stpty —1]

t—s
t—a—4 t—s
Since 3 < pu + v < 4 by assumption, g+ v — 1 > 0. Thus it follows that

(t—a—art (=gt

t—a—14 - t—s

(5.29)

since s —1 > a+4, s > a+4. Thus we can show the inequality above holds by
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(75—7')‘“””1 .

showing that the expression *—/—— is increasing in 7. To do so, we will consider

the nabla difference with respect to 7. Using the quotient and power rules, we have

g =T (v = (= p(n) Rt T) — (- ) ()
ot (t =)t = p(7))
_(U+V_1)( T)/H—u 1+( ),u—l—u ptv—1
t—7n)(t—7+1)
_ =2 —p—v)
(t—7)t—74+1)

(5.30)
where we used the fact that

(t = o) = (t— 7 + 12
- Tp+v+t—1-1)
I't—7+1)
CT(p+v+t—7—1)
(-7t —-1)
(t — T)m.

t—T1

Now since t —7 > 0 and 2 — u — v > 0, we have that (5.28) is greater than or

equal to zero, and thus the expression —(t o LA

is increasing with respect to 7. This
in turn implies that inequality (5.29) holds, and therefore the bracketed expression in
(5.15) is less than or equal to zero. This tells us that the Green’s function G(t, s) is
decreasing for values of ¢ between s and b. Since the Green’s function is zero at t = b
and is decreasing for values of ¢ between s and b, this implies G(t,s) > 0 for t € No~!
and G(t,s) > 0 for t € Nb.

Thus we have shown that G(t, s) is strictly positive for t € N’} and G(t,s) > 0

for t € N2 .. This concludes our proof.
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Now using both Theorem 5.22 and Theorem 5.23, we get the following useful result

as a corollary.

Corollary 5.24. Assume for2 <v <3,1<pu<2, and 3 < p+v < 4 that u(t) and

v(t) satisfy

VoaVau(t) = Vi, Viu(t), te NZ+5
u(a+3) =v(a+3)

u(a+4) =v(a+4)

Then u(t) < v(t) on Nb_,.

Proof. Set w(t) = u(t) — v(t) and let

h(t) == =V, Viw(t) = =Vi,Viu(t) + Vi, Viu(t) <0, T e NZ+5-

Thus it follows that w(t) solves the boundary value problem

By Theorem 5.22, the solution of this boundary value problem is given by

b
wt)= [ G(t,s)h(s)Vs, teNg

a+4
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where G(t,s) > 0 by Theorem 5.23 and h(s) < 0. Therefore w(t) < 0, implying
u(t) <w(t) for all t € N2 5. This completes our proof.

]

We have shown in Theorem 5.23 that for any fixed value of s, G(t,s) > 0 for all
values of ¢ € N2, 1 and G(t,s) > 0 for all values of ¢t € N2, Note that though we
have that G(t,s) is increasing up to t = s — 1 and decreasing from ¢ = s, it is yet
uncertain whether the maximum of the Green’s function G(t,s) occurs at t = s — 1

ort=s.

5.5 The Generalized Sequential Nabla Difference V!, ., Vhx(t)

In this section we consider the sequential nabla difference equation

Vg+k+1v5x(t) = f(1).

We consider the case where for & € Ny, the orders satisfy k < p < k+ 1, k+1<v <
k+2 and 2k+1 < pu+v <2k+2, and z : N, ;1 — R. Recall that this is the same
form we considered in Theorem 3.4 (i) in Chapter 3.

We will prove an existence and uniqueness theorem for the above difference equa-

tion. We note that as we increase k, the more initial conditions we require.

Theorem 5.25 (Generalized Existence & Uniqueness Theorem). Suppose k € N,
E<pu<k+1L,kE+1l<v<k+2,2k+1<p+v<2k+2, andzx:Nyqg — R, The

fractional initial value problem

Vi Vhz(t) = f(t), t € Nojorys

z(a+j) = ¢, forj=1,2,... k+2

(5.31)
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has a unique solution x(t).

Proof. We begin by expanding the sequential difference equation in (5.31). By The-
orem 3.4 (i),

atht1
—Viren Var(t) = (VHV [Z H_ pa(t, p(T Z Hi— (7, p(s))x(s )]

T=a+1 s=a-+1

k
Z VeI (o + b+ 1)H i pa(t,a+k+1)

=0
a+k+1
_—VZ+V(+V ZH—uk1t,0 ZHkqu ()]
T=a+1 s=a+1

k
SOV g a+ k4 DH g (ta+ k+1)

J=0

+

Letting t = a + 2k + 3, we have

fla+2k+3) = -V a(t)

a+k+1
+V ZH_Vk1<a+2k+3p ZHk,qu ()]
r—a+1 s=a+1
k
1 Z VeI p(a+k+ 1)H_yj g 1(a+2k +3,a+k+1)
=0
a+2k+3
=— Y H_ya(a+2k+3p(s)y(s)
s=a+1
a+k+1
+V | S Hoia(at 26+ 3, (7 Z Hy— (7, p(s))x(s )]
r=a+1 s=a+1
k
+ | SOV b k4 1) H oy (a4 2k + 3,0+ k+ 1)
j=0
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Hence

—VeVhze(t) = —H_,_,_1(a+2k+3,a+ 2k + 2)z(a + 2k + 3)

a+2k-+2

S H (a2 3,p())y()
s=a+1
a+k+1
+V ZH_,,kl(a+2k+3p ZHk qu ()]
T=a+1 s=a+1
k
+ D VAT (o + k4 1) H i (a+ 2k + 3,0+ K+ 1)
=0
a+2k+2
—w(a+2k+3)— Y H_,y1(a+2k+3,p(s)y(s)
s=a+1
a+k+1
+V ZH,V]C1<CZ+2]€+3P ZHk qu ()]
T=a+1 s=a+1

k
S Ve g (a+ k4 ) H oy pa(a+2k+3.a+k+ 1)
=0

+

Rearranging, we obtain

a+2k+2
wla+2k+3)=—fla+2k+3)— Y H_,,1(a+2k+3,p(s)y(s)
s=a+1
a+k+1
+V | D Hoppoa(a+2k+3,p(7) Zﬂwm ()]
T=a+1 s=a+1

k
N VeI ko D) H i (a+ 2k + 3,0+ k+ 1)
=0

_|_

Thus the value of x(a + 2k + 3) is uniquely determined by the initial conditions
z(a+j) =c¢; for j =1,2,...,k+ 2 and the value of the given function f(t).

To show xz(t) is uniquely determined on N,,; we will proceed by induction. Sup-
pose for t € N2, there exists a unique solution z(¢) to the initial value problem

(531), where t() c Na+2k+2.
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We will show that the value of z(ty + 1) is uniquely determined by the values of
z(t) on NI, ;.

flto+1) ==ViT™a(t) +V

a+k+1
ZH_yk1t0+1P ZHkqu ()]

T=a+1 s=a+1
k
S VeI (0 k4 1) H g (to+ La+k+1)
=0
to+1
== > Ho,yalto+1,p(5)y(s)
s=a+1

+V

T=a+1 s=a+1

a+k+1
ZH,yklto—i‘lp ZHkqu ()]

k
Z VAT a4+ k+ 1) H_ypjopa(to+ 1La+ k+1)
=0

= _H—;L—I/—l(to + ]-7 to)fﬁ(to + 1)

— > Houwalto+1,0(5)y(s)

s=a+1
a+k+1
+V ZH_yk1f0+1P ZHkqu ()]
T=a+1 s=a+1
k
+ Z VAR o+ k+1D)H oy ha(to+1a+k+1)
=0
to
—a(to+1) = Y H_yyi(to+1,0(5)y(s)
s=a-+1
a+k+1
+V ZH,yk1t0+1P ZHkqu ()]
T=a+1 s=a+1
k

SO VE S gt b+ DH ypgopealto+ Lo+ k+ 1)

Jj=0
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Rearranging the terms provides

to

w(to+1)=—f(to+1)— > H_pato+ 1, p(s))y(s)

s=a+1
a+k+1
+V | Y Hoya(to+1,p(7)) ZHMW )()]
T=a+1 s=a+1

k
S Ve y(a+ k+ D) H g (to+ La+ k+1)
=0

Now by the induction hypothesis, all the values of x(t) for ¢t € N are known.
Therefore x(to + 1) is uniquely determined and hence z() is the unique solution of
the fractional initial value problem on NZ‘Z:FII. Thus a unique solution exists on N, ;.

]

5.6 Further Work

For future directions, one may continue to explore various sequential nabla differ-
ence initial value problems and, perhaps of most interest, develop more properties of
the Green’s functions of both the V! ,V#z(t) sequential difference boundary value
problem and the V¥ _,V#x(t) sequential difference boundary value problem. This is
largely due to the fact that Green’s functions, once found, can aid in solving numer-
ous nonhomogeneous versions of difference equations, and we can use their properties
to establish behavior of solutions. We note that this thesis focused predominantly
on the case where the orders of the sequential difference satisfied case (i) of Theorem
3.4, namely for k € Ny, order conditions of the form k < p < k+1, k+1 <v < k+2,
and 2k+1 < p+v < 2k+2. To that effect, one could develop similar results to those
of this chapter in case (ii) of Theorem 3.4, where the orders satisfy the conditions

E<pu<k+1,k—1<v<k,and 2k —1 < pu+v < 2k for k € Ny.
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Paralleling the work in Sections 5.3 and 5.4, we could expand Section 5.5 by
obtaining results for the generalized sequential nabla difference V7,  Viz(t) with
the set of order conditions k < u < k+1, k+1 < v < k+2, and 2k+1 < p+v < 2k+2,
meaning the establishment of a Green’s function and corresponding properties that
are valid for any k& on the appropriate domain. The domain is the most notable
element when generalizing, since each time we increase our value k, we require more
initial conditions and boundary conditions to achieve results. However, in noticing
the similarities amongst theorems in both Sections 5.3 and 5.4, we conjecture that
nice generalizations can be produced. Indeed, we conjecture that with the appropriate

boundary conditions, we can generalize the Green’s function in this case to be

z(b,p(s
i st — (k+ 1), a+ (k+ 1)), t < p(s)
Gk(t, S) = ’

z(b,p(s
x(bf(kJ(rl)p,(al)(kJrl))x(t —(k+1),a+ (k+1)—x(t,p(s), t=s

As was mentioned above, we could also examine the general form for the set of
order conditions in case (ii) of Theorem 3.4 and establish existence and uniqueness of
solutions, a variation of constants formula, and a Green’s function and corresponding

properties.

5.7 Conclusion

This work has contributed to filling a gap in the current field of discrete fractional
calculus - presenting much-needed composition rules for the foundation of the theory,
before moving on to focus on the concept of sequential nabla fractional differences.
We first saw, with the proper conditions, that we can use the sign of the sequential
difference of a function to confirm something about the monotonicity of the function.

The bulk of our contribution to the current theory was with the study of sequen-
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tial nabla difference boundary value problems - establishing Green’s functions and
properties which are useful for discovering characteristics of solutions. Finally, we
conjectured a generalized form of a Green’s function for the k case of the boundary
value problem given appropriate conditions. Due to the unique composition of se-
quential nabla fractional differences, and thus the requirements on domain that they

present, we see promise in their use of modeling physical problems.
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