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APPROXIMATION VIA DEGREE REDUCTION OF NONLINEARITIES WITH
APPLICATIONS TO TURBULENT FLOWS, FLAME FRONTS, AND
MAGNETOHYDRODYNAMICS

Matthew Enlow, Ph.D.

University of Nebraska, 2024

Adviser: Adam Larios

We perform an analytical and computational investigation on the effectiveness of a
locally bounded truncation function, which we call a calming function, when applied
to the nonlinear terms of several dissipative partial differential equations. In partic-
ular, the 3D Navier-Stokes equations of incompressible fluid flow, the 2D Kuramoto-
Sivashinsky equations of laminar flame fronts, and the 2D MHD-Boussinesq equations
of magnetohydrodynamics. Each of these equations have open questions about the
global existence and uniqueness of their solutions. These calming functions effec-
tively reduce the algebraic degree of select nonlinear terms, thus one can verify global
wellposedness for these “calmed systems”. More specifically, in this work we show
analytically in this work that the solutions to the calmed systems are globally well-
posed, have higher-order regularity, and converge to solutions of the original models
on short-time intervals as an introduced parameter in the calmed system tends to
0. We obtain additional results in the case of the 3D Calmed Navier-Stokes equa-
tions: when applying calming to the nonlinear term written in its rotational form,
we find that the dynamical system generated by the calmed NSE in the rotational
form possesses both an energy identity and a global attractor. Moreover, for calmed
Navier-Stokes written either in its advective form or rotational form, we show that

strong solutions to the calmed equations converge to strong solutions of the NSE



without assuming their existence, providing a new proof of the short-time existence

of strong solutions to the 3D Navier-Stokes equations.
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Chapter 1

Introduction

1.1 Motivation

A major obstacle in the mathematical analysis and computational modeling of fluid
dynamics is the rapid intensification of small length scales. This is due to the advective
nonlinear term in the governing equations for turbulent fluids, the 3D Navier-Stokes
equations. Many approaches have focused on mitigating this growth by introducing
stronger diffusion, or by mollifying or filtering the nonlinear term. These strategies
essentially involve some form of smoothing. But is smoothing the only method to
control the Navier-Stokes equations? Derivatives can also grow via another mech-
anism: multiplication, which can lead to the generation of smaller length scales'.
In this work, we introduce a novel modification to the incompressible Navier-Stokes
equations (NSE), and other dissipative partial differential equations, that tempers
the effect of the algebraic multiplication without introducing a smoothing operator.
Specifically, we limit the advective velocity by smoothly truncating it, a process we
call “algebraic calming” or simply “calming,” since it effectively reduces the algebraic

degree of the nonlinearity.

1For example, consider g(z) = sin(z)+cos(x). It is straightforward to show that || %g”Lm =2
or all n € N, but || £¢"||L~ > n, and hence -=¢" grows without bound as n — co.
for all n € N, but || L g"|| =~ > d hence £ g" ithout bound



Calming has several advantages over smoothing; namely:

e There is no need to modify the boundary conditions, the system is globally well-
posed, in both 2D and 3D, with standard homogeneous Dirichlet (i.e., “no-slip”)

or periodic boundary conditions.

e The calmed system is of the same derivative order as the original system, as

there are no modifications to the derivatives introduced.

e The “calming” modification is an entirely local operation, which may be more
efficient than, e.g., mollification or filtering in computational settings, especially
in the setting of parallel processing. (There is also no auxilliary equation to

handle, such as in the case of the k — € or k — w models.)

In Chapter 3 we prove that the calmed NSE are globally well-posed in 3D with
no-slip (i.e., physical) boundary conditions, and that their solutions converge, as the
calming parameter ¢ — 07, to strong solutions of the Navier-Stokes equations on the
time interval of existence and uniqueness of the latter. In addition to this, we show
that there is no need to assume the existence of strong solutions to the Navier-Stokes
equations a priori. In particular, via calming, we provide a new independent proof
of the existence of strong solutions to the 3D Navier-Stokes equations. These same
results also hold for the “calmed rotational Navier-Stokes equations” (calmed rNSE)
in which the nonlinearity is first written as w x u and then calming is applied. For
calmed rNSE we prove that under an additional assumption on the calming function,
the resulting system satisfies exactly the same energy equality as for strong solutions
to the NSE, in addition to enjoying the aforementioned properties of the calmed NSE.

We then use this energy equality to prove that the calmed rNSE has a compact global



attractor.

We obtain similar results in Chapter 4 for a velocity-vorticity formulation of the
NSE with calming applied to the vortex stretching term, and furthermore we obtain an
energy inequality for this calmed system. In Chapter 5 we study the MHD-Boussinesq
system with a calmed Ohmic heating term, a multi-physics model for turbulent fluids
with dynamic temperature and magnetic field. Despite the Ohmic heating term
providing a destabilizing effect to the dynamics of the temperature, once the calming
mechanism is applied one is able to prove global wellposedness for strong solutions,
in addition to being able to demonstrate the short-time convergence of the calmed
system to the original system. In Chapter 6 we examine the 2D Kuramoto-Sivashinsky
equations (KSE), another equation whose global well-posedness is unknown and which
acts as a model for flame fronts and other reaction-diffusion systems. We were able
to show that calmed KSE is in fact globally well-posed for weak solutions and showed
the convergence of solutions of this calmed system to solutions of KSE on short time
intervals. Moreover, we provided computational results displaying the similarities in
the dynamics between the two systems and supplied quantitative evidence that the
convergence rates obtained section 3.4 were sharp. We then extended our results to

work for a calmed version of scalar-valued KSE.

1.2 Main Results

1.2.1 The calmed Navier-Stokes Equations
We begin by defining what we mean by weak and strong solutions.

Definition 1.2.1 (Weak solution). Let T > 0, ug € H and let f € L*(0,T;V"’). We

say that u is a weak solution to calmed NSE (3.1.4) or calmed rNSE (3.1.5) on the



interval [0, T if u satisfies equation (3.2.1a) for all v € V in the sense of L*((0,7))
with u € C([0,T]; H) and dyu € L*(0,T;V’). Furthermore, we require (3.2.1b) to be
satisfied in the sense of C([0,T]; H).

Definition 1.2.2 (Strong solution). Let 7' > 0, up € V, and let f € L*(0,7; H). We
say that u is a strong solution to calmed NSE (3.1.4) or calmed rNSE (3.1.5) on the
interval [0, 7] if u is a weak solution and also u € C([0,7]; V)N L0, T; H>NV) with

time derivative dyu € L2(0,T; H) and initial data satisfied in the sense of C'([0, T]; V).

We now state our results on the global well-posedness of solutions to calmed

Navier-Stokes and calmed rotational Navier-Stokes.

Theorem 1.2.3 (Global existence of weak solutions to calmed systems). Let ug € H,
T >0, and let f € L*(0,T; V") be given. Suppose, for e > 0, ¢ is a calming function
which satisfies conditions 1, 2, and 3 of Definition 2.1.1. Then weak solutions to

calmed NSE or calmed rNSE (3.2.1) exist on [0,T].

Theorem 1.2.4 (First-order regularity of calmed systems). Let T > 0. Suppose that
uy € V and that f € L*(0,T;H). Consider a weak solution u to calmed NSE or
calmed rNSE (3.2.1) on the interval [0,T]. Thenu e C([0,T); V)N L*(0,T; H>*NV)
and dyu € L*(0,T; H).

Theorem 1.2.5 (Global well-posedness of strong solutions to calmed systems). Let
T >0, up, €V, and let £ € L*(0,T; H). Suppose ¢ is a calming function which
satisfies conditions 1, 2, and 3 of Definition 2.1.1. Then there ezists a strong solution
u e C(0,T); V)N L*0,T; H*NV) to calmed NSE (3.1.4) and calmed rNSE (3.1.5)
which depends continuously on its initial data and is unique in the class of weak

solutions.



For our calmed systems we also have the convergence of (3.1.4) (resp. (3.1.5)) to

(3.1.1) (resp. (3.1.3)) on short time intervals.

Theorem 1.2.6 (Convergence). Let T > 0, and let ¢ be a calming function satisfying
conditions 1, 2, and 8 of Definition 2.1.1, where B > 1 is the minimal value for which

8 holds. Suppose

uc (0, T;V)NL*0,T; H*NV) (1.2.1)

is a strong solution to the 3D Navier-Stokes equation written either in its velocity
form (3.1.1) or rotational form (3.1.3) with initial data vy € V and forcing term
f e L*(0,T; H). Suppose u¢ € C([0,T); V)N L*(0,T; H*NV) is a solution to the 3D
calmed NSE (3.1.4) (resp. 3D calmed rNSE (3.1.5)) with the same initial data ug

and forcing term £. Then

lu —u|| ey < Ke%, (1.2.2)

where K > 0 is a constant depending only on Q,v, B, ||ul|rev, |Aull;2, T, and a, 8

are determined by the choice of ¢ and are as given by condition 3 of Definition 2.1.1.

In section 3.5 we show that in fact, strong solutions to the calmed systems are
Cauchy with respect to the calming parameter ¢ > 0 and that the limit point obtained

from this sequence is itself a strong solution to 3D Navier-Stokes.

Theorem 1.2.7 (Existence of Strong Solutions to Navier-Stokes). For each € > 0,
let €¢ be a calming function satisfying conditions 1, 2, and 3 of Definition 2.1.1 and
let u® be a strong solution to calmed NSE (3.1.4) or calmed rNSE (3.1.5) with initial

data ug € V and forcing term f € L>(0,00; L?). Suppose T > 0 is the maximal time



for which

sup sup [|[Vu(t)| . < V2||Vugll,»
>0 0<t<T

is valid. Then,
1. The sequence {u}esq is Cauchy in L°H N L*V.

2. The limit point of the sequence, u, is a strong solution to the 3D Navier-Stokes

equations (3.1.1) or (3.1.3) on the interval [0,T.

While calmed NSE and calmed rNSE share the same properties of global well-
posedness, we can see a key distinction between the two in the next theorem when ¢°

is assumed to be pointwise parallel.

Theorem 1.2.8 (Energy identity for weak solutions of calmed rNSE (3.1.5)). Let
v>0,e>0,uy € H, and f € L*(0,T;V") be given. Suppose ¢ satisfies conditions
1, 2, 3, and 4 of Definition 2.1.1. Let u be a weak solution to calmed rNSE (3.1.5).

Then u€ the satisfies the energy equalities

1d

Sd w72 + v | Vu||7z = (F.u). (1.2.3)

and
2 ! 2 2 !
[+ 20 [ IVl ds = ol +2 [ €0 o) ds (124)
0 0
Remark 1.2.9. Combining Theorems 1.2.6 and 1.2.8, one can easily show that strong
solutions to the Navier-Stokes equations enjoy an energy equality, by passing to a

limit as € — 0 in (1.2.4). Hence, our approach can be seen as an alternate proof of

this well-known fact.



From these energy identities we deduce the existence of a global attractor, under

the assumption that f is time-independent.

Theorem 1.2.10 (Existence of a global attractor). Let {© be a calming function which
satisfies conditions 1, 2, 8, and 4 of Definition 2.1.1. If ug € H and f € H then the
dynamical system on H generated by calmed rNSE (3.1.5) has a global attractor A
on H.

Remark 1.2.11. All of the above results hold, mutatis mutandis, in the case of periodic

boundary conditions, after suitable modification imposing a mean-free condition.

1.2.2 The calmed Navier-Stokes Equations in Velocity-Vorticity Formu-

lation

Definition 1.2.12. for 7' > 0, we say (u, w) is a weak solution to (4.1.3) if

u,w € C0,T; H) N L*(0,T; V),
du € L20,T; V™Y,

ow € L3(0,T; V™),

if u satisfies equations (4.1.4a) for all v; € V in the sense of L?(0,T) and w satisfies

equations (4.1.4b) for all vy € V in the sense of L*(0,T).

Definition 1.2.13. for 7' > 0, we say (u, w) is a strong solution to (4.1.3) if (u, w)

is a weak solution and, additionally,

ueC0,T;V)NL*0,T;V?),
w e C(0,T; H)NnL*0,T;V),

o€ L*0,T; H),



ow € L*(0,T;V).

if u satisfies equations (4.1.4a) for all v; € H in the sense of L?(0,T) and w satisfies
equations (4.1.4b) for all vo € V in the sense of L*(0,T), and if (4.1.4c) is satisfied
in the sense of C'([0,7]; V) x C([0,T); H).

Theorem 1.2.14. Let ¢ be a calming function as defined in 2.1.1 and let T > 0.
For initial data (g, wo) € H x H, time T > 0, and forcing term £ € L*(0,T; V1),

solutions to (4.1.3) exist on the interval [0, TY.

Theorem 1.2.15. For initial data (ug,wo) € V X H, time T > 0, and forcing term
f € L*(0,T; H), there exists a strong solution (u,w) to (4.1.4) on the interval [0,T).

Furthermore, the solution (u,w) is unique.

Theorem 1.2.16. For (ug,wy) € Vx H, f € L*(0,T; H), let (u,w) be a strong solu-
tion to VVNSE (4.1.1) on [0,T] for T > 0 prior to some mazimal time of existence,

under the assumption that

T
[ 1l 18ul: < o (125)
0

Suppose (uf,we) is a strong solution to cVV (4.1.3). Then u® — u in C([0,T];V)

and w* — w in C([0,T]; H) as e — 0.

Theorem 1.2.17. For strong solutions (w,w) with initial data (u,wq) € V x H,

t > 0 and zero forcing term, u satisfies the energy equalities

d
o lullZ2 + 20 V|7 = Jul7. . (1.2.6)



and
2 t 2 2
a(t)|2, + 2v / Va2, ds = [Juol2 (12.7)
0

and w satisfies the energy inequality

wole < Il + (55 ) 16T (ol = @) 128)

1.2.3 The MHD-Boussinesq Equations with Calmed Ohmic Heating term

We state in this section our major theorems and the outline of the remaining of this
paper.
Our first major result is the global existence of a unique regular solution to Sys-

tem 5.1.1.

Theorem 1.2.18 (Global well-posedness of the 2D MHD-Boussinesq System with
calmed Ohmic heating). For s > 2, given arbitrary time T > 0, and initial conditions

ug,bp € H* NV, 0y € H*, there exists a unique solution (u,b,8) to System 5.1.1,

where
u,b e C([0,T); H*NV) N L*((0,T); H**' NV)
with
atu., 3,5() € L2(07 T7 V’)>
and
6 € C([0,T]; H*) N L*((0,T); H**Y)
with

00 € L2(0,T; H™)
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In order to obtain the error estimates of the solution to System 5.1.1 compared
to that of System 5.1.2, we need the following local-in-time well-posedness results of

the original system.

Theorem 1.2.19 (Short-time existence of the regular solution to the original
MHD-Boussinesq System with Ohmic heating.). For s > 2, Uy, By € H*° NV and

©g € H?, there exists a unique solution (U, B,©) to System 5.1.2, with

U,BeL™(0,T); HnV)N L*((0,T}); H nV),

and

O € L>([0,Ty); H*) N L*((0,T}); H*tY),
where Ty depends on g, v, i, k, @ and initial data.

The next theorem concerns the convergence of the solution to System 5.1.1 with
calmed Ohmic heating to that of the original Boussinesq-MHD system without the

calming mechanism (5.1.2), on the time-interval of existence of solutions of the latter.

Theorem 1.2.20 (Error analysis and convergence of the solution of (5.1.1) to that
of (5.1.2)). For s > 2, let (U, B,0) be the solution to System (5.1.2) satisfying the
conditions of Theorem 1.2.19 for Ty > 0 with initial data Uy, By € H*° NV, Oy € H".
Assume that €€ is a calming function which is Lipschitz and satisfies (2) and (2.1.1),
and let (u,b,0) be the solution to (5.1.1) satisfying the conditions of Theorem 1.2.19

for Ty > 0 with initial data

ug = Uy, by = By, 0y = Oy.
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Select T € (0, min{T1,T>}). Then we have for allt € [0,T] that

U(t) = u®)]” +[B(t) = bt)]* + 0(t) = 0(1)[|72 < c1€”,

/0 1U(®) = ul®) 72 + 1 BE) = b() 72 + 10(8) = 0@ [ dt < 2™,

where the constants ¢y and ¢y depend on g,v, pi, K, a, ||AU|| 12, || AB| 12, [|VO|| L2, and

T. In particular,
U(t) = u(t)] + |B(t) = b(t)| + [6(t) = 0(t) ][ 12 — 0 as e = 0.

Remark 1.2.21. Note that all of the results in Section 1.2.3 also hold easily mutatis
mutandis for the so-called “two-and-a -half dimensional” case, that is the case where

x = (21, x2) is still two-dimensional, but the the outputs are three-dimensional, i.e.,
u=u(x,t) = (ur(z,t), ua(x,t), us(x,t))

and

b="b(x,t) = (bi(x, 1), ba(x,t), b3(x,t)).

This is because the only role dimenionality plays in our analysis is in Sobolev es-
timates, which depend only on the input dimension. For the sake of simplicty, we

present only the 2D case.

1.2.4 The calmed Kuramoto-Sivashinsky Equations

Definition 1.2.22. Let uy € L*(T?) and let T > 0. We say that u is a weak
solution to calmed KSE (6.1.3) on the interval [0,7] if u € L2([0,T]; H*(T?)) N
C([0,T); L*(T?)), d:u € L*(0,T; H-2(T?)), and u satisfies (6.1.3a) in the sense of
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L*(0,T; H~%(T?)) and satisfies (6.1.3b) in the sense of C([0, T]; L*(T?)).

Theorem 1.2.23 (Global Well-Posedness). Let ug € L*(T?), let T > 0 and fiz € > 0.
Suppose €€ is a calming function which satisfies Conditions 1 and 2 of Definition 2.1.1.
Then weak solutions to (6.1.3) on [0,T] exist, are unique, and depend continuously

on the initial data in L>(0,T; L*(T?)) N L?(0,T; H?*(T?)).

Theorem 1.2.24 (Regularity). Suppose that { is is calming function which satisfies
Conditions 1, and 2 of 2.1.1. Let m € {1,2}, and suppose that u is a weak solution
to (6.1.3) on [0,T] for some T > 0. Ifuy € H™(T), then u € L>(0,T; H™(T?)) N
L2(0,T; H™2(T)).

Theorem 1.2.25 (Convergence). Given ug € L*(T), let

u e C([0,T); LA(T)) N L*(0, T; H*(T)). (1.2.9)

be the corresponding weak solution of (6.1.2) with mazimal time of existence and
uniqueness T* > 0 and with T € (0,T*). Suppose ¢ satisfies Conditions 1 and 2 of
Definition 2.1.1. Furthermore, suppose (¢ satisfies Condition 3, so that (2.1.1) holds
for some fized C, o0 > 0 and any B € (0,3]. Let u® be the corresponding weak solution
of (6.1.3) with calming function ¢° and initial data ug. Then for any € > 0, it holds

that

lu® —ul|pe 0,12y < Ke,

HuE — u|‘L2(07T;H2) < K’Ea7

where K, K' > 0 depend on T, (3, and various norms of u, but not on € or .
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Definition 1.2.26. Let ¢y € L?*(T?) and let T > 0. We say that ¢ is a weak
solution to (6.1.4) on the interval [0,7T] if ¢ € L*([0,T]; H*(T?)) N C([0, T]; L*(T?)),
8y € L*(0,T; H2(T?)), and ¢ satisfies (6.1.4a) in the sense of L*(0,T; H~%(T?)) and

satisfies (6.1.4b) in the sense of C([0, T]; L*(T?)).

Theorem 1.2.27 (Global Well-posedness in scalar form). Let initial data ¢y € L?(T?)
be given, and let T > 0, € > 0 be fized. Suppose C© is a calming function which satisfies
Conditions 1 and 2 of Definition 2.1.1. Then weak solutions to (6.1.4) on [0,T]
exist, are unique, and depend continuously on the initial data in L>(0,T; L*(T?)) N
L0, T; H*(T?)).

Theorem 1.2.28 (Convergence in scalar form). Choose ¢o € L*(T) and let ¢ be the

corresponding weak solution of the scalar KSE (6.1.1) with mazimal time of existence

T*. We assume that ¢ is in the natural energy space: for T < T*,

¢ € C([0,T]; L¥(T)) N L*(0, T; H*(T)). (1.2.10)

Suppose ¢ satisfies 1, 2, and 8 of Definition 2.1.1, so that there exists C', a > 0,
and 3 € (0, %] for which (2.1.1) holds. and let ¢ be the corresponding weak solution
of the scalar calmed KSE (6.1.4) with calming function ¢ and with initial data ¢y.
Consider the convergence of ¢¢ to ¢ on the interval [0,T]. The difference ¢¢ — ¢

satisfies

|6 = @ oo o,rir2y < Ke®,

65 = ll2omm2) < K'e?,

where K, K' > 0 depend on T, 3, and various norms of ¢, but not on € or «.
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Chapter 2

Preliminaries

In this chapter, we define the function spaces that we will be working in and the
notation used throughout. We will also introduce the inequalities that will be used
in each chapter along with any theorems or lemmas that will be used. Throughout
this work, we use the notation 9, = % and 0; = O%z to represent the partial time
derivative and the partial derivative in the direction of z;, respectively. Additionally,
we use C' to represent a constant which may change from line to line.

For chapters 6, 4, and 5, we work in the space of functions which are periodic on
the boundary. For chapter 3, we work in the space of functions defined on bounded

domains 2 C R? with no-slip conditions (zero boundary data).

2.1 Calming Functions

Here we explain the exact requirements for ¢¢ to be a calming function.

Definition 2.1.1. We say ¢ : R” — R" is a calming function if the following three

conditions hold:
1. ¢° is Lipschitz continuous with Lipschitz constant 1.

2. For € > 0 fixed, ¢* is bounded.



15

3. There exists C > 0, @ > 0 and 8 > 1 such that for any x € R3,

¢°(x) — x| < Ce [x/” (211

In some instances we may impose a fourth constraint on {*:

4. For any € > 0 and for each x € R? there exists A\°(x) € R such that ¢‘(x) =

A¢(x)x. That is, ¢°(x) is parallel to x.

Remark 2.1.2. The lower bound on f3 is necessary to satisfy condition 2 and inequality

(2.1.1) of ¢°. Using the triangle inequality and (2.1.1), we may write

x| < Ce x| + I¢*

Lee

which, when |x] is sufficiently large, fails to be valid for 5 < 1.

Any function which satisfies Conditions 1, 2, and 3 of Definition 2.1.1 is a calming
function. To make things concrete, we consider several forms of calming functions;

namely,

¢i(x) = 1+,:IX\’ or

¢ (x) = 00 = ke . (2.1.2)
¢5(x) := Larctan(ex), or
¢ 1= g ()

where the arctangent in €5 acts component-wise;

arctan ((zl, 29, z;;)T) = (arctan(z), arctan(zz), aurctan(zz;))T7
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and for €3, we define ¢5(0) = 0, and

r, O§r<%,

(=8 —5(-2"+4, tsr<t 219
3 2
2 Tz

Note that ¢(x) — x for all x € Q (i.e., pointwise) as ¢ — 0T, and ¢ € C! for
i=1,...,4.
We indicate in the next proposition the extent to which our examples of a calming

function (stated in (2.1.2)) satisfy the conditions of Definition 2.1.1.

Proposition 2.1.3. Consider {; as described in (2.1.2).

Fori = 1,2,4, ¢ satisfies Conditions 1-4 of Definition 2.1.1. For i = 3, (5
satisfies Conditions 1, 2, and 3 of Definition 2.1.1. In particular, the following explicit
bounds hold for e > 0.

1. For (7,
€ 1 €
€31l = = and [¢i(x) —x| < e [x|”.
2. For (5,
€ 1 € b
€511 = 5 and |¢5(x) —x| < ¢ xI*
3. For (5,
€ \/HTr €
€5l e = T and [C3(x) — x| < ¢ |X‘3-
4. For ¢,

€ 3 €
€3]l = 5 and [€i(x) — x| < e |x|*.
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Furthermore, we can determine

Lemma 2.1.4. Suppose that Q C R" is a bounded domain or Q) = T". Suppose that

¢° satisfies Conditions 1 and 2 of 2.1.1. Then the following statements hold.

(i) Given 1 < p < oo, if u € LP(2) then ¢(u) € LP(Q) and ¢° is Lipschitz in

LP(Q)) with Lipschitz constant 1.
(ii) Fizu,w € L*(0,T;L*(Q)) and T > 0, let

Lyw : L*0,T; HY(Q)) — R be the map

Lw() = / ((¢CE(u) - V) b, w) dt. (2.1.4)

Then 1w is a bounded linear operator.

Proof. (i). The result follows immediately from the definition of the L? norm and
from Condition 1 of Definition 2.1.1.
(ii). Let (5(u) denote the j-th component of ¢‘(u).

For ¢ € L*(0,T; H'(T?)), we estimate
n T
@) < 3 [ 1 w)06,w) a
j=1"0

2 T
<> [
j=1"0

T
< ¢ / 16l 1w o dt
0

G| 1050l 2 Wl 2 dt

<€ e ||WHL2(0,T;L2) H(rbHL?(O,T;Hl)

by the Cauchy-Schwarz inequality. This concludes the proof. O
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2.2 No-Slip Boundary Conditions

Here we lay out the standard notation that will be used in Chapter 3. We assume
that © C R? is a bounded, open, connected set with C? boundary. Furthermore, we

assume () is convex, so that there exists ¢;, co > 0 for which

a[[Aull 2 < flufl gz < e [|Auf 2, (22.1)

where A is defined in (2.2.2) (see, e.g., [24, 41]). Let C2°(§2) denote the space of
smooth, compactly supported test functions from Q to R?, and let H}(Q) = H}

denote the closure of C>°(Q2) in H'(2). More specifically, we have

H) ={u e H(Q): ulsq = 0}

We set

V={pecCr(Q): V- -¢=0},

and let H and V be the closure of V in L*(Q) and H'(f2), respectively.

We also denote the (real) L? inner-product and H™ Sobolev norm by

e DN 27

|a|<m

(u,v) :Zl/s;ui(x)vi(x) dx, |ul

where o = (a1, g, a3) and D%u = 97" 05205 u. For brevity, we will use the notation
L*(Q) = L? and H™(Q) = H™ throughout.

We denote by LP(0,T'; X) the space of Bochner integrable functions from [0, 7] to
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X with norm given by

T 1/p
Pl = o = [ i)
0

Let P, : L?(Q2) — H be the Leray-Helmholtz orthogonal projection of L*(€2) onto
H. Define the Stokes operator A: D(A) C H — H as

A:=—-P,A (2.2.2)

with domain D(A) := H?(Q) N V. The operator A is known to be positive-definite,
self-adjoint, and with compact inverse A~! in H. From the Hilbert-Schmidt Theorem
we obtain a sequence of eigenfunctions {w;}°2, of A~", which are also eigenfunctions
of A, with corresponding eigenvalues {\;}72, such that {w;}72, is an orthonormal
basis of H and the sequence {\; };X’:l is positive, monotone increasing, and tend toward
infinity, so that Aw; = A\;w; with 0 < A\ < Ay < A3 < ... and limj_,c A; = +00. For

further discussion see, e.g., [20, 90, 105]. For all u € V| we define the norm on V' by
(Au,u) = [|AYu]| 2 = | Vulf7.
Denote by P,, the projection onto the first m eigenfunctions of A,
Pou=> " u;w;. (2.2.3)
j=1
This yields the following estimate: for u € H*(2), s > 0,

2 —s 2
11 = Pr)ullze <257 ul - (2.24)
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For u € C°(2) and v € V, we define the nonlinear term B(u,v) by

B(u,v) = P, (u-V)v). (2.2.5)

The term B(-,-) can be extended continuously to a bounded bilinear operator
B: H} x V — V'. Similarly, we can define a trilinear operator b: H} x V x V = R

by

b(u,v,w) := (B(u,v), w) (2.2.6)

for allu € H} and v,w € V.

Remark 2.2.1. In Chapter 3, for System (3.1.3) we also consider the nonlinear term

defined by

B(u,v) := P, (V x v) x u). (2.2.7)

We use the same symbol for both expressions as there is no quantitative difference in
the analysis between (2.2.5) and (2.2.7) with regards to the global wellposedness and
convergence of Systems (3.1.1) and (3.1.3).

Remark 2.2.2. In Chapter 5, we use the notation B for the nonlinear term to avoid

any confusion with the magnetic field B in System (5.1.2).

2.3 Periodic Boundary Conditions

We denote the 2-dimensional and 3-dimensional torus as T? := R?/(27Z)% = [0, 27)?
and T3 := R?/(2nZ) = [0,2m)3, respectively. For n € {2,3}, u: T" — R" satisfies

u(x +2me;) = u(x) for j =1,...,n, where e; is the j-th unit basis vector of R”. We
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denote the set of real vector-valued L? functions on T” by

L*(T") := {u T —» R®

u(x) = Z ﬁkeik'x, ﬁk = ﬁ7k7 and Z |ﬁk|200}

kezZn kezZn

(with the usual convention of equivalence up to sets of measure zero). We also denote

the (real) L? inner-product and H*® Sobolev norm, s € R, by

n 1/2
wv)i= 3 [ neouixde e = (Z<1+|k|>25|ak|2> ,

kezn

and the corresponding space H*(T") = {u € LZ(T”)‘ lu]

s < oo} In this setting,
we have

V:{¢e()§°(’ﬂ‘"): ¢dx =0, V~¢:0},

Tn

and we denote H and V as the closures of V in L*(T") and H'(T"), respectively. In
Chapter 4 we will use the notation V¥ =V N HF(T3) and V—F = [V N HE(T?)], and
we will set V0 = H.

The definition for the mappings P,, A, B(-,-), and b(-,-,-) are identical in this
setting as in the no-slip boundary case, except with 2 = T". However, we remark that

on T" we have the commutativity property —FP,/A = —AP,. Thus, for all u € D(A)
Au=—-P,Au=-AP,u=—-Au

We now turn our attention to the operators that will be used in Chapter 6.

The space L2(T") has an orthogonal basis of eigenfunctions of the Laplacian op-
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erator —A given by
{eik‘xe]- ke, j=1,... ,n}

with corresponding eigenvalues {|k\2 ke Z"}. Form € N, we denote P,, : L*(T") —

L?(T") to be the projection onto finitely many eigenfunctions of the operator —A:

P,u= E ee® ™,

kezZ”
k|<m

Denote @, := I — P,,. For these projections we have the following estimates: given

any u € H*(T), s > 0,

[(=2) Pl . <m®[[Ppul| . (2.3.1)

1
o < — 2.3.2
1Quullzz < —lullz (2.3.2)

2.4 Inequalities

Here, we list several of the inequalities that are used throughout this body of work.
We first state Poincaré’s inequality for functions which are zero on the boundary

of Q C R™ (or, equivalently, mean-free on T"):

[l < ATHVul?, forallueV, (2.4.1)

Va2, < ATH[Au|?,  for all u € D(A). (2.4.2)

We also frequently use Agmon’s inequality on bounded domains: for s; < 1 < sg,



23
and for 6 € (0,1) such that 0s; + (1 —6)se = 1,
[l < Cllullfe [ullz:, (24.3)
and the Gagliardo-Nirenberg-Sobolev interpolation inequality (see, e.g., [103, p.
11]) in R™ for 1 < p, ¢ < oo,

1

_ 0 1 o
0 a 1-60
La ”D uHL2 ) ; = §+ (1 - 0) (5 - ?> . (244)

[allz, < Cul

Also, in Chapter 6, we repeatedly apply the following interpolation inequality:
Using integration by parts, the Cauchy-Schwarz inequality, and Young’s inequality,

we obtain, for any § > 0, the estimate

1 d
IVulz. < % lullZ2 + 3 [N (2.4.5)

The remaining inequalities are used in Chapter 5 and are valid on T?:

A special case of (2.4.4) in 2D is Ladyzhenskaya’s inequality: for all u € V,
Julls < cllullzz|ul, (2.4.6)

Moreover, we have the following inequalities and identities that are valid for func-
tions on T™:
Lemma 2.4.1. For allu,v,w €V, it holds (in two-or-three-dimensions) that

<B(U,V),W>V, = <B(U7W)7V>V, 5 (247&)

(B(u,v),v), =0. (2.4.7b)
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Also (in two-dimensions only), for all u,v, and w in the largest spaces H, V', or

D(A), for which the right-hand sides of the inequalities below are finite,

1/2 1/2 1/2 1/2

(B, v), W)y, | < Cllully [l VI Iwls [[wlls (2.4.82)
1/2 1/2 1/2 1/2

[(B(u,v), W)y, | < Cllull}2 [l V17 [AVILE Wl . (2.4.8b)
1/2 1/2

[{(B(w,v), W)y, | < C [l )5 [ Aal[}5 ¥ 0 1wl 2 - (2.4.8¢)

Moreover, due to the periodic boundary conditions, it holds (in two-dimensions) that

(B(w,w), Aw) =0, w € D(A), (2.4.9)

and the following Jacobi identity holds

(B(u,w), Aw) + (B(w, u), Aw) + (B(w,w), Au) = 0. (2.4.10)

2.5 Theorems and Lemmas

Here we provide a list of the theorems and lemmas used in each chapter.
We first state the following uniform Gronwall’s inequality, proved in [47] (see also

[31] and the references therein)

Lemma 2.5.1. Suppose that Y (t) is a locally integrable and absolutely continuous

Sfunction that satisfies the following:

% +at)Y <B(t), ae on(0,00)
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such that

t+T t+7
lim inf/ a(s)ds >, lim sup/ a (s)ds < oo,
¢ ¢

t—o0 t—o0

and

t+7
lim / B(s)ds =0,
¢

t—oo

for fized 7 > 0, and v > 0, where o~ = max{—a,0} and BT = max{s,0}. Then,

Y (t) = 0 at an exponential rate as t — oo.

We also make repeated use of the Lions-Magenes lemma (see, e.g., [65] or [105,

Ch. 3, Lemma 1.2]), which states:

Lemma 2.5.2. Let V, H, V' be three Hilbert spaces such that
VCH=HCV'

with each inclusion being a continuous embedding. If a function u belongs to
L2(0,T;V) and its derivative O;u belongs to L*(0,T; V'), then u is almost everywhere

equal to a funciton continuous from [0,T] into H and the equality

1d
2dt HuHiz = (Ou,u)

holds in the scalar distribution on (0,T).

Similarly, we use the Aubin-Lions (also called Aubin-Lions-Simon) Compactness
Lemma throughout this work to show the convergence of our Galerkin approximations

(see [95, Corollary 4, pg. 85]):
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Lemma 2.5.3. Suppose X C B C Y with X compactly embedded in B. Let F be
bounded in L>°(0,T; X) and let OF be bounded in L"(0,T;Y) for r > 1. Then F is
relatively compact in C([0,T]; B).

To recover the pressure term found in Systems (3.1.4) and (3.1.5) in Chapter 3,
we will use a result of de Rham, which states for f € C2°(Q2),

f = Vp for some p € C°(Q) if and only if (f,v) =0 for all v e V. (2.5.1)

See, e.g., [105, 108].
To obtain convergence of the calmed systems in each chapter we require the use

of the following abstract bootstrapping principle (see, e.g., [103, p. 20]):

Lemma 2.5.4. Let T > 0. Assume that two statements C(t) and H(t) witht € [0,T]

satisfy the following conditions:
(a) If H(t) holds for some t € [0,T], then C(t) holds for the same t;
(b) If C(t) holds for some to € [0,T], then H(t) holds for t in a neighborhood of to;
(c) If C(t) holds fort, € [0,T] and t,, — t, then C(t) holds;
(d) H(t) holds for at least one t; € [0,T].

Then C(t) holds for all t € [0,T.
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Chapter 3

The 3D Navier-Stokes Equations

3.1 Introduction

The three-dimensional (3D) incompressible constant-density Navier-Stokes equations

(NSE) are given by

ou+ (u-Viu+Vp=vAu+f in Q x (0,7, (3.1.1a)
V-u=0 in Q x (0,7), (3.1.1b)

ul,, =0 on 99 x (0,T) (3.1.1¢c)

u(x, 0) = ug(x) in Q, (3.1.1d)

Here, u: Q x [0,7] — R? is the fluid velocity, p : Q x [0,T] — R is the (kinematic)
pressure, and f : Q x [0,7] — R3? is a body force. The domain © C R? is a bounded,
open, connected set with C? boundary.

Note that, using the vector identity

(u-V)u=(Vxu)xu+iviuf, (3.1.2)
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one may formally rewrite (3.1.1) in the following equivalent rotational form (rNSE),

Ju+wxu+Vr=vAu+f in Q x (0,7), (3.1.3a)
V-u=0, in Q x (0,7), (3.1.3b)
ul,, =0 on 99 x (0,7), (3.1.3¢)

u(x,0) = uy(x) in £, (3.1.3d)

where we have denoted the vorticity by w := V x u and the Bernoulli pressure (or
“dynamic pressure”) as m := p+ é|u|2. The term w x u is sometimes called the Lamb
vector.

We use a bounded smooth truncation function — that we call a “calming func-
tion” when used in this context — that approximates the identity as the “calming
parameter” ¢ — 0%. We propose a calming-function approach to the 3D NSE. In par-
ticular, we propose two modifications of the Navier-Stokes system. The first is based
on the form (3.1.1). Continuing the same approach we employed in [28], we introduce

the following system that we call the calmed Navier-Stokes equations (calmed NSE).

Ou+ (¢(u) - V)u+Vp=vAu+fin Q x (0,7), (3.1.4a)
V-u=0 in Qx (0,7), (3.1.4b)
uf,, =0 on 99 x (0,T) (3.1.4c)

u(x,0) =up(x) inQ, (3.1.4d)

One can see (3.1.4) as a modification of (3.1.1) in the spirit of Leray (see, e.g.,
[8, 10, 16, 17, 32, 43, 46, 64, 111] and many others), except that our modification
does not mollify the nonlinearity but is instead a local truncation of the advective

velocity.
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While we show in the present work that the calming modification of (3.1.4) allows
for a proof of global well-posedness and other desirable properties, it is clear that
such a modification would have a different energy balance than that of Navier-Stokes,
as the nonlinear term does not vanish in standard energy calculations. Therefore, we
also consider a related modification of the rotational form (3.1.3) which locally limits
the strength of the rotational term. Namely, we propose the following system, which

we call the calmed rotational Navier-Stokes equations (calmed rNSE).

Ju+ (Vxu)x¢(u)+Vr=vAu+fin Qx (0,7), (3.1.5a)
V-u=0 in Q x (0,7), (3.1.5b)
uf,, =0 on 99 x (0,T) (3.1.5¢)
u(x,0) =ug(x) in Q. (3.1.5d)

Due to the presence of the calming function, one cannot rewrite calmed NSE as
calmed rNSE using (3.1.2) as we do for NSE and rNSE. Thus, while they are both
modifications of the Navier-Stokes equations which are similar, we treat them as
different systems. However, system (3.1.5) is an interesting object to study in its own

right. Thanks to the well-known geometric identity for the cross product,

(AxB)-B=0, (3.1.6)

one discovers exceptional features of System (3.1.5) when (¢ is suitably chosen.
Namely, when ¢°(x) can be expressed as a scalar multiple of x pointwise we deduce
that (3.1.5) possesses both an energy identity (Theorem 1.2.3) and its dynamical

system has a global attractor (Theorem 1.2.10).

Remark 3.1.1. Applying a bounded truncation operator to the nonlinear term in 3D
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Navier Stokes was also considered by Yoshida and Giga [113] and by the authors of
[12] in the study of the globally modified Navier-Stokes Equations (GMNSE) (see
also, [11, 13, 25, 50, 51, 72, 92, 114, 115]). In those works, the following system was

studied.

dpu+min {1, N[|[Vu|| 3} (u- V)u+ Vp=rvAu+fin Q x (0,7),
V-u=0 in Qx (0,7),
u!m =0 on 082 x (0,7)

u(x,0) =ug(x) inQ,

For GMNSE, solutions converge to a solution of 3D Navier-Stokes as parameter N
tends to infinity. This system is similar to calmed NSE (3.1.4) in that it bounds
the nonlinear term as the velocity u gets large in a certain sense. However, our
modification has several advantages over GMNSE. Namely, that the calming func-
tions in the present work are defined pointwise and only bound the solution u in

! whereas the modification in

regions where |u(x, t)| is greater than approximately e~
GMNSE affects the solution globally. Also, whenever |[Vul|;. — oo, the nonlinearity
in GMNSE vanishes entirely, but for calmed NSE this would only cause the large
values of |u(x,t)| to be truncated locally. Moreover, our calming parameter depends
on u while the GM function depends on Vu, hence the manner in which we control

the nonlinearity is different. In a future work, we will examine differences between

these two systems computationally.

3.2 Existence of Weak Solutions for Calmed NSE

The proofs of existence, uniqueness, convergence, etc. are essentially identical for

both equations (3.1.4) and (3.1.5). (The only phenomenological difference examined
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in this paper is the rotational form (3.1.5) has an energy identity, but for (3.1.4),
this is unknown.) Therefore, we adopt a unified abstract notation which allows us to
handle both equations simultaneously.

For either (3.1.4) or (3.1.5), the weak formulation can be written as follows: Given

uy € L*(0,T; H) and f € L?(0,T; V"), find u € L?(0,T; V) which satisfies

(O, v) + (VAu, v) + (B({“(u),u),v) = (f,v) forallveV, (3.2.1a)

u(x,0) = up(x), (3.2.1b)

where the Stokes operator A is defined by (2.2.2) and the nonlinear term B(-,-)
is defined in either advective (2.2.5) or rotational form (2.2.7). We note that the
uniqueness of weak solutions is an open problem, similar to the situation regarding
3D Navier-Stokes. However, unlike the 3D Navier-Stokes case, we are able to prove
the global existence of strong solutions.

We will prove the existence of solutions to (3.2.1) via Galerkin approximation.

For uy € H, the system
o, = —vAu,, — P, B(C (uy), uy) + Puf, (3.2.2a)
u,(0,x) = PLup(x) (3.2.2b)

is locally Lipschitz in P,,(H) provided that ¢° is Lipschitz (see [28], Lemma 3.2). So

for each m € N, there is some T,,, > 0 for which a unique solution to (3.2.2) exists.
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3.2.1 Proof of Theorem 1.2.3

Let u,, be a solution to (3.2.2) on some maximum interval of existence [0, 7},,] with
T,, > 0. Taking the inner product of (3.2.2) with u™, we obtain
1d

2 2
57 Iz + v [Vl

- (PmB(Ce(um)v um)a um) + <me7 um>

= —(B(¢(um), um), up) + (£, un) .

Now, using Holder’s Inequality and Young’s Inequality,

1d
2dt

SNC oo IVl g2 Mol g2+ €y [Vl 2

2 2
a7z + v Va2

v 2 2 2 2
< 5 IVaallze + G NIC Nz lmllze + G [l -
Rearranging terms yields the inequality
d 2 2 €12 2 2
o mllze + 7 [ Vanlizs < G lICza umllze + Co Il (323)

Dropping the term v HVumHi2 from the left-hand side of the inequality and applying

Gronwall’s inequality yields

- t -
()12 < ISt u,, (0)12, + / eI (=0 2, s (3.2.4)
0

< T (|2, + [|£]22) -

In fact, we can apply a standard bootstrapping argument to obtain that given any
T > 0, (3.2.4) remains valid if 7, = T for all m € N. Thus u,, is bounded in

L>(0,T; L*(T?)) independently of m. Integrating (3.2.3) in time ¢ on the interval
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[0, 77, one obtains

T
[ (T)72 = l[wm(0)l172 + V/ IV wn[72 dt
0
2 g 2
2 €
< ey + Cole e [l
e €2 o
< CullfZays + G 16N TN (Jlug)| 7 + [I£]721) -
Rearranging this inequality and applying (3.2.4) then yields, for a.e. ¢ € 0,77,

€112 ¢ QOC 2
oy < G (14 0N TS (uolf + [6n)  (325)

Therefore u,, is bounded in L2(0,7; V) independently of m.
Now we check that dyu,, is bounded in L%(0,T;V’) independently of m. Let

w € V with ||[Vw]||;. = 1. Taking the action of dyu on w yields

(O, w)| < v [(Auy, W) + [(PnB(C (W), ), W)[ + [(Pnf, w)

= v[(Vy, VW)| + [(B(C (am), un), Buw)| + [(£, Puw)] .
Note that
V|V, Vw)| < v [Vl [[VW] 2 = v Va2,
and

[(B(C (), wn), Puw)| < CHIC oo [Vl 2 VW] 2 = CHIC L VU] 2 5
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and also

(£, Pow) | < [[£lly fwlly < (1]l

From this we deduce that

10itml| 2y < Coe ([[wmll 2y + (1]l 2y ) s (3.2.6)

hence d;u,, is bounded in L%(0,T;V’) independently of m.
By the Banach-Alaoglu Theorem and the above bounds, there exists

u e L*(0,T; H)N L?(0,T;V) and a subsequence (relabeled as u,,) such that

u,, = u weak-+ in L>=(0,T; H), (3.2.7)
u,, — u weakly in L*(0,T; V), (3.2.8)
o, — du weakly in L*(0,T; V). (3.2.9)

Moreover, using the Aubin-Lions lemma one obtains another subsequence (still la-

belled as u,,) such that

u,, — u strongly in L*(0,T; H). (3.2.10)

Now we wish to show that passing to the limit in (3.2.2) yields (3.2.1a). Let
w € V, and set v, = u — u,,. We will show that u is a solution to (3.2.1a) by

showing that

(Ou, w) + v (Vu, Vw) + (¢ (u), u, w) + (f, w)

— (Opuy,, w) — v (Vuy,,w) — b (¢ (un), U, Prw) — (Prf, w)
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tends to 0 as m — oo. This expression can be rewritten as follows.

(O Vi, W) + v (V vy, VW) + b(¢° (1), Vi, W)
+ (b(ce(u)v U, W) - b(ce(um)a U, W))

+ b(ce(um)7 um7 (I - Pm) W) + <(I - Pm)f7 W> .
Note that from (3.2.8) and (3.2.9),

T
lim / (O Vi, W) + v (Vvy,, VW) dt =0
0

m—o0

and
m—00

lim /OT b(¢(u), v, w)dt =0

by Lemma 2.1.4 and (3.2.8). Now, using the Lipschitz property of ¢, Hélder’s in-
equality, and the Gagliardo-Nirenberg-Sobolev inequality, we bound the fourth and

fifth term as follows:

T
/ B(CE (W), U, W) — B (W) s Wt
OT
< / Vol [0l 1) o it
0
T 1 1
<c / Vonll o Vol [0 2 [V

1 1
<C HVWHH HVmHisz vamHz2L2 HvumHL2L2~

Therefore, since |Vuy,||z2r2 and || Vv, |/z2z2 are bounded and v, — 0 strongly,

lim (b(¢ (), Wy, W) — b(C (W), Uy, W)) dt =0

m—o0 0
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as a consequence of (3.2.10). Finally, by (2.2.4) we obtain

lim
m—00

/0 B(C (W), U, (1 — Pr)w)dt

< Jim 1€ 50D gy (W 1915

=0

and

m—00

T
lim / ((I = Py)f,w)dt =0.
0

Thus we deduce that a subsequence of solutions u,, of (3.2.2) converges to a
solution u of (3.1.4). It remains to be shown that u is continuous in time and satisfies
the initial data. It is an immediate consequence of the Aubin-Lions Compactness
Theorem (see, e.g., [90, Corollary 7.3]) that u € C([0,T]; L?). To show that the

initial data is satisfied, one carries out the procedure performed in, e.g., [28, 105]. O

Remark 3.2.1. Tt is not known if weak solutions are unique for calmed NSE or calmed
rNSE. Indeed, if u; and uy are weak solutions with same initial data ug, one can
write the difference equation (3.3.4) and obtain the energy equation (3.3.5) as we do
in the case of strong solutions. However, for weak solutions it does not seem possible
to attain an upper bound for the term b({“(us) — ¢“(uy), up, ) using the techniques

seen in this paper.

3.3 Strong Solutions

In this section we prove the first - and second - order regularity of weak solutions to

the calmed NSE (3.2.1) for the purpose of showing that strong solutions are unique.
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To this end, we will apply the Aubin-Lions Compactness Theorem [90, Corollary 7.3].

3.3.1 Proof of Theorem 1.2.4

Here, we work formally, but the results can be made rigorous using the Galerkin pro-
cedure as in the proofs of the previous theorem. Suppose ug € V and f € L*(0,T; H)
for some T" > 0. Taking the action of (3.2.1) with Au and then using the Lions-

Magenes Lemma, Young’s inequality, and Holder’s inequality yields

1d .
537 IVulie + v [l Aulf7. = b(¢*(w), u, Aw) — (f, Au)

<€ e IVl g2 ([ Aul] 2 + [I£]] 2 [ Aul] 2

€2 2 2 v 2
< Co € IV ullze + G lIEl 7 + 5 llAullz.
Rearranging these terms yields the inequality
d e
7 IVull7: + v [l Aul7. < G, lI¢ 7 IV ull7z + Cy I1][72 - (33.1)

We now remove the viscosity term and apply Gronwall’s inequality to obtain for a.e.

te[0,7],
t
IVu(O)}: < 0 [Tulfs .G, [ e e o) s, (332)
0

Thus u € L>(0,T;V) whenever uy € V and f € L?(0,T; H). Returning to (3.3.1),

we integrate in time to obtain

T T
V/O 1Au]72 dt < [[Vuo|[7. +CV/O I¢E 17 IVl 72 + (11172 dt. (3.3.3)
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From estimates (3.3.2) and (3.3.3) we deduce that u € L*(0,T; H*NV). It remains
to be shown that d;u € L%(0,T; H). This follows immediately from the calculation

below:

T T
| owlde = [ aa+ B ) w + 815 di
0 0
r 2 €12 2 2
< [ vlAu + 1C ValZs + 62 d
0

< 00.

Therefore dyu € L?(0,T; H). By the Aubin-Lions Compactness Theorem, we con-
clude that u e C([0,T]; V). O

We now proceed in showing the global existence and uniqueness of strong solutions.
With the existence of such solutions already known from prior results, this theorem

focuses on uniqueness and continuous dependence on initial data.

3.3.2 Proof of Theorem 1.2.5

From Theorems 1.2.3, 1.2.4, and from (2.5.1), we deduce the existence of strong
solutions to calmed NSE (3.1.4) and calmed rNSE (3.1.5) satisfying the hypotheses of
Definition 1.2.2. Suppose u; and uy are strong solutions with respective initial data
u},uZ € V and forcing term f € L?(0,T; H). Let 1 = u; — uy and @y = uj — u.
When we take the difference of the two equations we obtain

ou

i vAt = B(¢(ug) — ¢(uy),u2) — B(¢(uy), ). (3.3.4)
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We now take the inner-product with t, which yields

1d
5 77 I1lze + v IVl (3.3.5)
= b(cg(u2) - Cg(ul)v uy, ﬁ) - b(cs(ul)v u, ﬁ)'

For the first term, using Holder’s inequality, the Gagliardo-Nirenberg-Sobolev in-

equality, condition 1 of Definition 2.1.1, and Poincare’s inequality, one obtains

6(¢(u2) — ¢ (1), ug, @)
< lall s [Vl s 0l
3 (il
<C ||1~1H22 HVUHLz HAU2HL2

< ol bl f [l + 5 1V
While for the second term, one obtains
B¢ (), 8, )] < Cy I 5 + 2 1V
Inserting these bounds into estimate (3.3.5) then yields
d ..o -2 en2 3 -2
SN+ IVl <O (161 4 lawlE) 8. 336)

Since uy is a strong solution to calmed NSE (3.1.4) we have the containment uy €

L2(0,T; H*N'V), hence

T 4
A(T) = CV/O (1613 + N Auall, ) dt < oo



40

Using Gronwall’s inequality, it follows that,
[a()][7: < @ [laoll7- (3.3.7)

We conclude that strong solutions to (3.1.4) are unique and depend continuously on

initial data. (J

3.4 Convergence to strong solutions of the Navier-Stokes

equations

In this section we prove that strong solutions u to calmed NSE will converge to a
strong solution u to NSE on sufficiently small time intervals when ¢ is known to

satisfy condition 3 for some minimal value § > 1.

3.4.1 Proof of Theorem 1.2.6

Set w® = u—u‘. We then take the action of the difference of (3.1.1) and (3.1.4) with

Awe and use the Lions-Magenes Lemma to obtain

1d . .
S W2 + v AW, = W, (3.4.1)

where the nonlinearity N is rewritten as

N= b(¢(u) —u,u, Aw®) — b(¢*(u), w, Aw)
= b(¢(u) — ¢ (u), u, AW) + b(¢"(u) — ¢*(u), we, Aw*)

= Ny + No+ N3+ Ny.

For Ny, we use condition 3 of Definition 2.1.1, Agmon’s inequality, and Young’s
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inequality to obtain

Ml < [ J6(w) = ul[Vul 4w dx (3.4.2)
Q
§Ce°‘/ [’ |Vu| |Aw’| dx
Q
< € ullf Va2 AW
< Ceull gy [ Aull, 1AW

2 4 2
< Cyllulliy [Aulf7 € + 3 1AwIlz. -

For the remaining terms, we use a combination of Agmon’s inequality, Poincare’s
inequality, Holder’s inequality, the Gagliardo-Nirenberg-Sobolev inequality, and

Young’s inequality. For Ns, we obtain

| < / | [Vw| [Aw| dx (3.4.3)
Q
<l e VW[ 2 AW 2
< CllAu] g2 VW[ 2 AW 2

2 €112 v €12
< Gy l|Aulle [IVwelze + S [1AW]L: ,

where we use the additional fact that |¢“(u)| < |u|, which follows from conditions 1

and 3 of Definition 2.1.1. For Nj,

|N3| < / |[w| |Vu| |[Aw*| dx (3.4.4)
Jo

< IVl gs [wel s 1AW 12
1 1
< CVullz: [[Aul|Ze [[VWe| 2 [[AWS| 2

v
< Cullullz=y [ Aull . Vw72 + 3 lAwe]| .
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and for Ny, using inequality (2.2.1) we deduce

|Ny| < / |we| VW] |Aw*| dx (3.4.5)
Q

< HWEHL6 ||VWEHL3 HAW€HL2

3 1
< IV W[ L2 (Wl 7 (AW 2

3 3
S ONVw 7 [[ AW 7.

v
< Gy Vw5 + & AW
We now make the ansatz
Vw2 <1, (3.4.6)

which holds at the initial time by assumption and therefore for a short time since
u,u¢ € C([0,7]; V). We want to show that this leads to an even tighter bound. To
this end, we apply (3.4.6) to estimate (3.4.5), then insert the bounds (3.4.2), (3.4.3),
(3.4.4), and (3.4.5) into estimate (3.4.1) which yields

d € €
2 9wl + v Awe]l7, (3.4.7)

2 o 2 €12
< Clulfey Al € + C, ([ Aul7z + ([l ey | Aul| 2 + 1) [V 72 -

By (1.2.1) we deduce that the first term and the factor preceding [|[Vwe||%, in (3.4.7)
are integrable in time. Since |[Vw¢(0)|/;. = 0, we can use Gronwall’s inequality to

obtain, for all ¢ € [0, 7],

19w (1) < K, (3.4.8)
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where K > 0 is a constant depending on Q,v, 8, ||[ul|zev, ||Aul| ., and T. By taking

€ > 0 sufficiently small, it follows that

. 1
VW)l < 5
for all t € [0,7T]. After applying a standard bootstrapping argument (see, e.g., [28]),

we conclude that inequality (3.4.8) is valid for all ¢ € [0,7]. O

3.5 Existence of Strong Solutions to 3D Navier-Stokes

To prove Theorem 1.2.7, we begin with a lemma establishing higher-order bounds
that are independent of the calming parameter. We assume a uniform-in-time bound
on f, namely f € L*®((0,00); L?). This hypothesis could likely be weakened, but

simplicity of presentation, we do not pursue this here.

Lemma 3.5.1. Let v > 0. Suppose, for each € > 0, u® is a strong solution to calmed
NSE (3.1.4) or calmed rNSE (3.1.5) with initial data ug € V and £ € L>((0,00); L?).

On the interval [0,Ty], where

2 -2 —4
(IVuollz2 +M?) ™ — §[[Vuol| 2

T = 3.5.1
s i 351)
1
and M := |[£]|} (0 no).z2)> the following inequalities are valid:
sup sup [[Vu(t)[?. < 2[|Vuol3. (3.5.2)

>0 t€[0,To]

and

To
sup {y/ \|Au€\|iz} < [Vuol%s + C Ty (2| V|2 + M2)*, (3.5.3)
e>0 0
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where C,, s a positive constant that depends on the domain Q and v and may change

from line to line.

Proof. Following similar steps as before in showing higher-order regularity, we take
the action of (3.1.5) on Au¢, integrate by parts, and apply the Lions-Magenes Lemma,

to obtain

1d
57 IV0lz2 + v [ Aufllz, = b(ut, uf, Au®) + (£, Au’)

Now we use the Gagliardo-Nirenberg-Sobolev inequality, the Cauchy-Schwarz inequal-

ity, (2.2.1), and Young’s inequality, which yields

1d . .
5 IVl + v w7

< [Vl s [uf]

o Ao + ] 14w 2
< C V| e 2 14w e + (1] A
< C[[Vu |2 [ Aw | + 1] e [l AuC] o

< Gy V2 + G IIE2 + 5 lAu’[ 7

< O |Vu [ + G, MO + 3 4w,

3 v
< G, (V7. + M?)" + 3 | Auc|7:
We now rewrite this inequality as
d €12 €2 €2 2)3
SNV + vl A, < O, (I, + 02) (3:5.4)

which, after making the substitution n = ||Vu€||i2 + M? and removing the diffusive
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terms, becomes

—n < C,nd.
a’h =

From this inequality we derive, for all ¢ € [0, To]

wl=

n(t) < (n(0) = C,To)

or

[N

IVuelf + 02 < (Vo + M) 7 = G T) * =2 Vuglf, (355

for Ty as in (3.5.1), thus proving (3.5.2). We now return to estimate (3.5.4), integrate

in time on the interval [0, Ty], and apply estimate (3.5.5) to obtain

To
v [
0

To
3
< Il +6, [ (19wl + 207 e
0
3

< [Vuollz2 + CTo (2| Vo7 + M?)

This proves (3.5.3). O

Our lemma guarantees that for nonzero initial data uy € V and forcing term
f € L>(0,00; L?), there exists a positive time Ty for which, given any ¢ > 0, u® is
bounded in L>(0, Ty; V') N L2(0, Tp; H2 N V). We now, proceed to show that, on the

time interval [0, Tg], {u}, is Cauchy.
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3.5.1 Proof of Theorem 1.2.7

Let u® and u’ be strong solutions to calmed NSE (3.1.4) or calmed rNSE (3.1.5) with
initial data ug € V and with respective calming parameters ¢ > 0 and 6 > 0. From
the results of Lemma 3.5.1 we ascertain the existence of a maximal time 7" > 0 for

which

sup sup || Vu(8)||7. < 2/[Vuollz . (3.5.6)
e>0 t€[0,7)

From Lemma 3.5.1 we ascertain that 7" > i||Vu0HZ;1 > 0. Set @ = u —u’. The

system for u can be written as

8tf1 +vAu

= —B(¢’(v’),a) — B(w,u) + B(¢’(u’) — u’, u) + B(u® — ¢(uf), u)
We then take the inner product with u to obtain

1d 5 _ .
5%Hulliz+VHVuHiz S/IVU\IC“(H‘U!IHI dx
Q
+/|ﬁ|2|Vu€| dx
Q

+/ |[Vu|
Q

+ /Q [Vu|[¢(u) — uf| |a| dx.

¢*(u’) —u’|[a] dx

Now, applying condition 3 of ¢ yields

1d

5 I+ v Vel < [ valo’|lal ax-+ [ faf[vu] ax
Q Q

+caa/ vu| [u’] |4 dx—i—Ce"‘/ e [u]? [d] dx.
Q Q
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Using Holder’s inequality, Agmon’s inequality, Poincaré’s inequality, (2.2.1), and

Young’s inequality, for the first term we obtain

[ 17l e )] fa] dx < [Vl o] (35.)
< vl [0l . 8]
< OVl [|[Av’] . ]
2~ v ~
< O [ A2, )2, + % 7l
and similarly for the second term, using also (3.5.2),
(3.5.8)

/Qlﬁl2 (V| dx < [l Va2 [[al] s
" O
< Oz [Vuoll - [IVal|Z.

4 ~2 v 2
< G lIVuollze l[allz: + g IVallz.
Using the same inequalities for the third term, we deduce that

s / Vu| [u]? ] dx < €6 [ u o [[0]| s 0
1 1
< O6 | gz [00|| 7 0012 V01,

o e B a3 .~
< O6 [|Au| 2 [0 || s 18117 [ VRI7
For f € [1, 3], from the Gagliardo-Nirenberg-Sobolev inequality and (3.5.6) we have

[W[[7,, < Cs I Vuols -
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We insert this bound into estimate (3.5.7) and apply Young’s inequality to obtain

|| dx (3.5.9)

o / |Vt
Q

~ v ~
< Cp0™ |[Vuoll73 [ Au[72 + G, a7 + ¢ Va7
We follow the same procedure for the final term:

C’e"‘/ (Vue| [u|’ [a dx (3.5.10)
Q

~ v -
< Caue™ ([ V|2 | A7 + Co 8152 + 5 [ VallZ:
Invoking (3.5.7), (3.5.8), (3.5.9), and (3.5.10) yields the upper bound

d . -
il + (v, (3.5.11)
2 17 € (o7 (e}
< Gy (|| 4w [, + 9ol + 1) 1132 + Co [ Vuol72 [ 4w (827 + )

<K; HﬁHZLZ + Ko (52& + 620‘) R

where K7 and K, depend on v, 8, T and [|[Vug||;2, but not € or , and are determined

by Lemma 3.5.1. Now, we apply Gronwall’s inequality to obtain, for all ¢ € [0, 77,

16(0) 2 < K (8% + ) (35.12)
where
K. = & (eKlT _ 1) (52& + 62@)
3 Kl .

Therefore we see that 61im0 [[uc— u‘SHL2 = 0, hence {u}eso is Cauchy in L>*°H with
e—

respect to the calming parameter. If instead we integrate (3.5.11) on [0,77], we can
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derive the upper bound

T T
1// [Vl dthl/ a7, dt + KoT (6% + ) (3.5.13)
0 0

< KT ooz + KT (8% + €29)

hence {u¢}..o is also Cauchy in L?V. Therefore, there exists u € L*H N L*V for

which
u‘ — u strongly in u € L°H N L*V (3.5.14)

as € — 0. We now show that this limit point u is in fact a solution to 3D rNSE (3.1.3).
First note that, owing to Lemma 3.5.1, the equivalence (2.2.1), the Banach-Alaoglu

Theorem, and the usual uniqueness of limits, it follows that
ue L*VNILAH*NV). (3.5.15)

Set u* = u® — u, and take the action of (3.1.3) against an arbitrary test function

w € C}([0,T); V) and integrate by parts in time (noting that w|,_, = 0),

T T T
f/ (u, Oyw) dt + u/ (Vu‘, Vw) dt+/ b(¢(uf),u’, w) dt
0 0 0

= (ug, w(0)) +/0 (f,w) dt.

Thanks to (3.5.14), the first two terms converge to their Navier-Stokes analogues. For

the nonlinear term, we estimate

[ ot [ anwai
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T

IA

T T
/\b(Ce(uﬁ)fu‘,u‘,wﬂdtJr/ |b(u*,u‘,w)\dt+/ b, u*, w)] dt
0 0 0

T
S/O (Cealluellﬁaﬁ Vac s fwll o
] s [Vl 2 (1wl s + [[al] g5 [[Va]] 22 |W||L6>dt

T / 1 1
= / (Cﬂeo‘ Vo172 (V017 [ AutllZe [V wll 2
0
* 1 * 3 €
L (Va2 [V al e (Vw2
T 1 1 .
+/0 [z IVl Vo'l [Vwl . | dt
< Cpe® (| V|7 [|Au e[ w2y
* i * 3 r
+ O o0 ey V102 / VWl dt
] b !
F[ull Lo pellfl Zoy [0 IILooLz/ Vw2 dt,
0

where the three terms vanish as ¢ — 07 as a consequence of (3.5.3) and (3.5.14).

Hence, sending € — 07, and choosing w € C2°((0,T), V) we obtain
owu+vAu+ B(u,u) =f (3.5.16)

holding in the distributional sense in time with values in V, i.e., in the sense of
D'((0,7),V"). But then, as in, e.g., [105], Chapter 3, Lemma 1.1, since the other
terms in (3.5.16) are in L?H, it holds that d;u € L?H, and moreover, (3.5.16) holds
in the sense of ;u € L2H. A standard argument (see, e.g., [20, 105]) shows that the
initial data is satisfied in the sense of C([0,T]; V). That is, u is a strong solution to

the Navier-Stokes equations.
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3.6 An Energy Equality for Weak Solutions

In this section we focus only on the calmed rotational Navier-Stokes equations (3.1.5).
We also assume that ¢ satisfies condition (4) of Definition 2.1.1, so that

((V xu) x ¢(u)) - u=0in the L?-sense thanks to (3.1.6).

3.6.1 Proof of Theorem 1.2.8

Suppose £ € L*(0,T;V’). Let u be a weak solution to calmed rNSE as in Definition
3.2.1, with the nonlinearity given by B(u,v) = P, ((V X v) x u). Taking the action
of the equation in V' with u and using the Lions-Magenes Lemmal! and the fact that
dya € L*(0,T; V"), we obtain

1d 2 2
57 Iullze + v [ Vallz. = (£, ).

Integrating in time and using the fact that u € C([0,T]; H), we find that, for any
t>0,

t
0

la()]72 +2V/0 IVu(s)l7: ds = [Juolz2 +2/ (£(s), u(s)) ds.

Therefore equations (1.2.3) and (1.2.4) are valid, proving Theorem 1.2.8. O

Remark 3.6.1. Let us briefly compare system (3.1.5) with the 3D NSE. For the 3D
NSE, it was shown in [7, 70] that weak solutions are non-unique, but it is currently a
major open problem to show whether weak solutions that satisfy the energy inequality

(called Leray-Hopf solutions) are unique. In contrast, weak solutions of (3.1.5) are

LAs is well-known, the Lions-Magenes Lemma is not known to apply in the setting of weak
solutions to the 3D NSE, since for those solutions, it is only known that d;u € L*/3(0,T;V"),
preventing a proof of an energy equality for weak solutions of the 3D NSE. This seems to be an
important distinction of system (3.1.5) from the 3D NSE.
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not known to be unique, but we have just shown that they satisfy not only an energy
inequality, but an energy equality. Hence, (3.1.5) is an example of a system which is
very similar to the 3D NSE (especially given the convergence in Theorem 1.2.6), where
an energy equality is known for weak solutions but for which a proof of uniqueness

of weak solutions remains elusive.

Remark 3.6.2. It may be worth studying analogues of so-called “suitable weak solu-
tions,” proposed for the 3D NSE in [26], for which a local energy inequality holds.
This would be especially interesting for system (3.1.5) under assumption (4) in Def-
inition 2.1.1 due to the point-wise vanishing of the nonlinear term. However, we

postpone this study to a future work.

3.7 A Global Attractor

From the existence of the energy identity (1.2.3) we are able to prove the existence of
a global attractor for the dynamical system generated by solutions of calmed rNSE

(3.1.5).

3.7.1 Proof of Theorem 1.2.10

Consider again the calmed rotational Navier-Stokes equations (3.1.5), under condi-
tions 1, 2, 3, and 4 of Definition 2.1.1. Take f € H to be time-independent, and for
agiven R > 0, let B = {u € H : ||uf|;. < R}. Now choose uy € Bg. On the right

hand side of (1.2.3), we use Holder’s, Poincaré’s, and Young’s inequalities to obtain

1 2 v 2
(E] < 5 612 + 5 9l
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We insert the second estimate into the first and rearrange the terms, which yield
d 2 2 1 2
ap 1l + v lIVali. < el 3.7.1)

We apply Poincaré’s inequality once more,

d

1
2 2 2
e PR L P ol L P

then we apply Gronwall’s inequality:

—VAlL 1 —VAL
()l < e flaglfa + i (1= ) €]
—v 1 —vA 2
S e o (L= e I

We now set

1
tofi

= In(1 2
N n(l+ R?),

so that

nlax{e_”’\lt7e_”htR2} <1

for all ¢t > ty3. Then we obtain
lu(®)ll7> < po (3.7.2)

for all t > ¢y, where py =1+ T}\l ||f|\i2

If instead we integrate (3.7.1) on the interval® [t — 1,¢] for some ¢ > ¢y + 1, we

2Here, the “1” in “t—1” has dimensions of time. Instead, one could consider the interval [t —T, 1],

where 7 = ﬁ, but we use a unit interval to simplify the presentation.
1



obtain
2 ! 2 2 1 2
@iz +v [ IVulle < flult = Dilze + = [1fllz2
t—1 VA1
from which we deduce, by (3.7.2),

t
/ IVul2. ds < pu,
t—1
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(3.7.3)

where p; = Lpg + ,/21—)\1 ||f\|2£2 Now, we take the action of (3.1.5a) with —Au, and use

the Lions-Magenes Lemma to obtain

1d
2dt
= ((Vxu) x ¢*(u), Au) — (f, Au)

2 2
[Vl + v (| Aul.

€ 2 2 v 2
< Coli€ Nl IVullze + Co fIEllz2 + 5 | Aullp

We then rearrange the inequality above which yields

d c
2 IVullzz + v Aull, < G [I¢ e IVl + Co IE]7:

(3.7.4)

Now, select s and ¢ such that ¢t > to+ 1 and t — 1 < s < t. We remove the viscous

term from the left-hand side, then integrate (3.7.4) on the interval [s,t] and apply

(3.7.3) to obtain

IVu(®)llz. < IVa(s) 7. + Co 172 + Co NIl 1.

(3.7.5)

Integrating once more in s on the interval [t — 1,¢] and again using (3.7.3), it follows
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that, for ¢ > ¢ty + 1,
Va2 < pa. (3.76)

where py = p1 4+ C, ||f]|22 + C, ||¢||  p1. From this inequality we deduce that B, =
{ue€ H :||ull;> < ps} is bounded in V. Since V is compactly embedded in H, we
deduce that B,, is a compact absorbing set in H. Applying Theorem 10.5 of [90], we

conclude that there exists a global attractor in H. [

Remark 3.7.1. Observe that the upper bounds in (3.7.4), (3.7.5), (3.7.6) each depend

on [|¢¢)| ~- Therefore these upper bounds do not remain valid as e — 0%, since

N
Jim (€7 = oo

3.8 Conclusions

We proposed two modifications of the 3D Navier-Stokes equations: one involved a
modification to the advective velocity term of Navier-Stokes (with kinematic pres-
sure), which we refer to as ‘calmed Navier-Stokes,” and the other involves a modifi-
cation to the Lamb vector of Navier-Stokes (with Bernoulli pressure), which we term
‘calmed rotational Navier-Stokes.” We have successfully demonstrated the existence
of weak solutions for both of these calmed systems, although the question of whether
these solutions are unique remains open. Furthermore, we have established the global
well-posedness for strong solutions in both cases. Moreover, we demonstrate that
calmed strong solutions do converge to strong solutions of the Navier-Stokes equa-
tions on sufficiently small time intervals, provided suitable conditions on the calming
function and suitable regularity of the solution to Navier-Stokes.

In the context of the calmed rotational Navier-Stokes Equations (for suitable calm-
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ing functions), we also establish the existence of an energy identity and the presence

of a compact global attractor within the function space H.
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Chapter 4

The 3D Navier-Stokes Equations in Velocity-Vorticity

formulation

4.1 Introduction

The velocity-vorticity model of the 3D Navier-Stokes Equations is

Jdu—vAu+wxu+Vp=f, (4.1.1a)
Ow—vAw+u-Vw —w-Vu=V xf{. (4.1.1b)
V-u=0, u0)=uy w(0)=wy, (4.1.1c)
where u and w are coupled by the relation V x w = —Au. There is a large body

of research on the analysis of the Navier-Stokes equations in its velocity-vorticity
formulation (4.1.1) and its utility in numerical implementation, (see, e.g., [63, 69, 74,
82-84, 88, 109, 110]. In this formulation, one can see that for sufficiently smooth

solutions with zero forcing the velocity u enjoys the energy equality

T
lullZ2 + 21// Va7 = [luollZ (4.1.2)
0
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thus its kinetic energy |lul|?, dissipates over time. However, the vorticity stretching

term w-Vu present in the governing equations for w is capable of generating details at

arbitrarily fine length-scales, making this system intractable. We propose applying

a calming function to (4.1.1) to obtain the following system, the calmed Velocity-

Vorticity equations (calmed VV),

ou—vAu+wxu+ Vp=f,
ow—vAw+u-Vw —((w) - Vu=V x f,

V-u=0, u0) =uy, w(0)=wp

The weak formulation of (4.1.3) is as follows: find u, w which satisfy

ou+vAu+ P, (w x u) = P,f,

Ow + vAwW + B(u,w) — B(¢“(w),u) = P, (V x f).

11(0) = Up, W(O) = Wy

where equality holds in the functional sense.

4.2 Existence of weak solutions

4.2.1 Proof of Theorem 1.2.14

(4.1.3a)
(4.1.3b)

(4.1.3¢)

(4.1.4a)
(4.1.4D)

(4.1.4c)

Take the inner product of (4.1.4a) with u and (4.1.4b) with w, then add the equations

to obtain

1d
5 p (lze + 1wlEe) + v (IVullz: + V)
= (¢ (W) - Vu,w) + (f,u) + (V x f,w)

(4.2.1)
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=(¢(w)-Vu,w) + (f,u) + (f,V x w)
NS W) oo IVl o (W] o + (1] 2 [l o 4 (1]l 2 IV X W]

<€ N o IVl 2 (W 4 €] [l 2+ CHIEN 2 ([ VW2

where (w x u,u) = 0 by orthogonality and (u-Vw,w) = 0 by symmetry. Now,

using Young’s inequality, we have

7 (hallZe + wlze) + v (IVullze + [Vwli.) (4.2.2)
1 €2 2 v 2 1 2 1 2 c 2 v 2
< o I Il + 5 IVl 5 61 + 5 s + = s + 2 9wl
We can now rewrite the inequality as
d 2 2 2 2
= (allze + fIwlize) + v (Il + [ Vwlliz) (4.2.3)

1 €2 2 2 2
< (20T + 1) (Pl + IwIE) + G s

We first remove the diffusive term from the equation and apply Gronwall’s inequality,

which yields
110€)12
()22 + [[w(t)]2e < eCICT= DT (Jug |12, + woll2a + CollE2age) - (4.2.4)

Therefore u,w € L>(0,T; H). Set K, =1 €617 + 1. Now, we integrate (4.2.3) in

time on the interval [0, 7], then apply estimate (4.2.4) to obtain

T
v [ Il + [ de (12.5)
0

T
2 2 2 2
< (lIwollze + l[wollz=) + Ku,e/O a7z + W)z dt + ColI£]172p2
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2 2 2 2
< (lhaollze + lwollz2) + Ko e (Juollza + ol + CollEl72r2) + CollfllZ2 2.

Therefore we have u,w € L2(0,7T;V).

It remains to be shown that d,u € L2(0,T; V") and d,w € Li(0,T; V"), which

we will do in two steps. First, since

ou=vAu—wxu+f,

and since it is already known that vAu,f € L%(0,T;V 1), one only needs to verify

that w x u € L?(0,T;V~!). In fact, we are able to obtain an even better result. For

¢ € LY3(0,T; V), applying Hélder’s inequality, a Gagliardo-Nirenberg inequality, and

Poincare’s inequality,

T
/wam@wt
0T
s/\wmmmuwwmw
0

T
1/2 1/2
SCAIWMNMMHVwéHVMmﬁ

1/2 1/2

< Clwllzeerzllall o llall 2y | Dl ooy,

(4.2.6)

where the integrability of this upper bound is deduced from (4.2.4) and (4.2.5). Thus

da € L2(0,T; V-Hl.
Now, for

ow =vAw —u-Vw+((w) - Vu+V x f,

we have again that vAu, V x f € L2(0,7;V 1), hence we need only check the non-

linear terms. In fact, for the calmed term we are able to show that ¢¢(w) - Vu €

'In this case, the regularity of dyu is limited by the diffusive term vAu.
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L*0,T; H):

T
/0 (¢4 (w) - Vu, )] de
T
< / 16l (9l 1l
< 1€ o Tz 8l o

However, it is the presence of the term u - Vw that limits the regularity of d,w, as

we see below: For ¢ € L4(0,T;V),

T
/\(u-VW7¢>|dt (4.2.7)
0 T
< / ull o 19wl 1] o
0
T
<c / a2 (Va2 (w2 [Vl dt

1/2 1/2
< Cllull 2 el Iwl ey |l oy

Sou-Vw € L¥3(0,T; V1), therefore ,w € L*3(0,T; V).

Thus we have demonstrated the existence of weak solutions. [

4.3 Global wellposedness of strong solutions

The presence of the nonlinear term u - Vw in the vorticity equation destroys any
chance of showing non-uniqueness for weak solutions, similar to what is seen in the
case of 3D Navier-Stokes. However, one can obtain the inclusion d,w € L*(0,T; V1)
provided u has higher regularity. Indeed, (4.2.7) implies that u € L>*(0,T;V) is

sufficient.

Lemma 4.3.1. Let (u,w) be a weak solution to (4.1.3) with initial data (ug, wo) €
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V x H and forcing term £ € L*(0,T; H). Then

uecC0,T;V)NLA0,T;V?), (4.3.1)
o€ L*(0,T; H), (4.3.2)
ow € L*(0,T; V). (4.3.3)

Proof. First we take the inner product of (4.1.4a) with —Au,

1d
5 IVullle +vllAu]l, = (B (wxu), Au) = (f,Au), - (4.34)

then we apply Holder’s inequality, Gagliardo-Nirenberg inequality, Poincare’s inequal-

ity, and Young’s inequality, which yields

1d
57 IVulli: + vl Aul: (4.35)
< Wllgo lallye 120l 2 + 1] | Al
1 1
< ClWliza IVwliza [Vl 2 Al o + 1] 2 [ Aull

v
< C (IIwllze + I9wlz2) IVulfz: + 5 [ Aulz. + C ]
Now, we apply the results of (4.3.5) to (4.3.4) and rearrange terms to obtain
d
o IVull: + v [ Aulfe < O (IWliZ: + VW) [Vulfz + ClflI7..  (4.3.6)

which, by Gronwall’s inequality, implies that u € L>®(0,T;V) N L%(0,T;V?). We
now provide estimates on Jyu, where it is again only contingent on estimates of the

nonlinear term w x u. For ¢ € L2(0,T; H), using Agmon’s Inequality, Poincare’s
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inequality, and Holder’s inequality we obtain

T
| e wxw gai
OT
< / 1wl 2 lull e l18] 2

T
< Clwlers [ 18ul, 6]
0

< Ollwlzerz||Aull 22 |l 22

Therefore O,u € L*(0,T; H). For dyw, we follow a similar process as above. Given

¢ € L*(0,T;V), we obtain the bounds

T
/ (- Vw, )] dt (4.3.7)
0T
< / all o (VW2 1]

1 1
< CllullZe o llallZey Wl z2v ([ @] v

and

T
| lew)- vuglai (4358)
0
T
< [ 9l ]
< OIS N e allzzyv (@] 22y -
From (4.3.7) and (4.3.8) we deduce that 9w € L?(0,T;V 1), thus completing the
proof of our lemma. O

Using the results of the lemma and the first part of Theorem (1.2.14), we now pro-

ceed in showing that solutions are unique when (ug, wo) € V x H and f € L2(0,T; H).
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4.3.1 Proof of Theorem 1.2.15

Suppose (uy, wy) and (ug, we) are solutions to (4.1.4) on the interval [0, 7]. Write

G=u —uy, Ty=u(0)—uy(0),

\?~V:W1—W27 v?/():Wl(O)—wQ(OL

The associated system for 1 and W can then be written as

O —vATl= —Wy X 1 — W X Uy, (4.3.9a)
OW — VAW = ¢ (Ws) - Vil — - Vwy — 1y - VW (4.3.9D)
+ (¢(w1) — ¢“(w2)) - Vuy,

a(0) =y, w(0) = W (4.3.9¢)

Now we take the inner product of (4.3.9a) with —Aa and (4.3.9b) with w:

| =

(Ivalz. + [Wl7.) + v (1A + [|Vw]7.) (4.3.10)

N | —
U

t
= (WQ X fl7 Afl) + (V~V X uy, Afl) + (CE(WQ) . Vﬁ,W) - (fl . VWQ,W)

= (- VW, W) + ((¢°(w1) = ¢“(W2)) - Vuy, w).

For the first two terms, we use Holder’s inequality, Agmon’s inequality and Poincare’s

inequality:

[(wWa x @, Al)| + |(W x uy, Al)| (4.3.11)

< fwall s [all o 1800 2 + [1W]] 2 [lur ]l [ A0 2
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1 1 ~ . - -
< Clwallz VWl [Vl 2 [ Al 2 + C Wl |Aw 2 [ A 2

2 2 ~ 112 2 a2 v ~ 112
< Gy (Iwallze + IV wallie) Va5 + G Al [Wl5. + 7 1Al
Similarly, for the next three terms,

(CE(wa) - Vi, W)| + |(T - Vwg, W)| + | (u) - V', W) (4.3.12)

SIC e IVl 2 W]z + ([l oo IV Wl 2 (W] 2 4 [Pl o VW] 2 1] 2

IA

1€ oo IV 2 W] 2 + C AT 2 [[Vwall 2 [W] 2 + C [ Aw]] g2 (VW] [1W]] 2

IN

1, . N 3
5 lI¢ 7o IV0 72 + Cy (14 [[VWall7 + [[Aw]f72) [¥]72

v ~ ~
+ 2 (1085 + [9%]3:)

For the final term, we will make use of the fact that the calming function ¢° is

Lipschitz, then apply the same inequalities as before to obtain

[((€°(w1) = ¢ (w2)) - Vi, W) (4.3.13)
< 1€ (w1) = ¢ (wa)ll s Va2 [1W ]l

< Wllzs [V aall g2 (W]l s

~nl/2 ~ 113/2
< O w5 IVal . Vw3

~ 12 v ~ 12
< Cllwil|zey %72 + ALY

With each term suitably bounded, we now insert (4.3.11), (4.3.12), (4.3.13) into
(4.3.10), which yields

d

dt
2 ~ 112 2 2 -2

<Nz IVallze + G (14 [VWall72 + | Aw[72 + [lunflzy) W72 -

(Ivallz: + Iwllz2) + v (|Aa]5 + [ Vwl7.)
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Set K> = max{[[¢|5w . C, (1 + |[VWa72 + |Awi 72 + [wi][ixy)}. By Gronwall’s
inequality,

Va5 + (W52 < ™ ([Vaolz + [Wollz.) (4.3.14)

Therefore we conclude that solutions to (4.1.4) are unique and depend continuously

on initial data. O

4.4 Convergence to strong solutions of the Velocity-Vorticity

Navier-Stokes equations

4.4.1 Proof of Theorem 1.2.16

Set t = u—u® and w = w — w*. For clarity of the argument, we will obtain bounds

for @ and W separately. First, we rewrite the difference equation for u to obtain
i — VP, A=W Xl — W X U — w X . (4.4.1)

We then take the inner product with —P,Aq and integrate by parts to obtain

1d
2dt
<|(VW x @, Vi) + (W x u, =P AR)| + |(w x 1, =P, Al)]

IVa7. + Al (4.4.2)

noting that the term (W x Va, Vi) vanishes due to orthogonality. For these three
terms, from applying Holder’s inequality, Gagliardo-Nirenberg-Sobolev inequalities,

Agmon’s inequality, and Young’s inequality we deduce that

(V¥ x 8, V)| < (V]| [ [V (4.4.3)
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3 R
< CVwll HVUHZz [Aullz,

< C|valj. T IIAHHLz T ”vaL?

and
|(W x u, B,A0)| < [lull o [[W][ 2 [[AT]] (4.4.4)
1 PO ~
< Cllullz: [[Aul 72 [|W][ - IIAuHLz
< C (|lulfz + | Aull?:) [IW]i3 +10 IIAUHLz
and also

[(w xa, —F,Au)| < [lwll ([l [Aall. (4.4.5)
1 1 ~ .
< Cllwllz: [[VwllZ: [[Val 2 HAUHm

<C([wliz + IVewlzz) Va7 *t3 HAuHL27
which yields the inequality

Qd, ||VUI|Lz + | Aw]7 (4.4.6)
< O val. + C (i + HAUIIiz +) w7

2 2
+C ([wllze + IVl 72) [VallZ. + HAUHLZ t4 HVW|IL2~

We now apply similar methods to the difference equation for w, which will involve

more terms due to the presence of the calming function ¢

Ow —vP AW = ((w—¢(w)) - V)u+ ((¢(w) = ((w)) - V)u (4.4.7)

+ (¢(w) - V)a+ ((¢(w) = ¢(w)) - V)u
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Now, we take the inner product of (4.4.7) with w, which yields

1d

id

< / e — ¢ (w)] [Vu ] dx + / ¢ (w) — ¢ ()| V] 9] dx
T3 3

W[ + v [ VW72 (4.4.8)

+ [ eIzl ax 16w - 6w Tl o ax

+ [ a9 [ dx
’H‘S

noting that ((a-V)w,w) = 0 and ((u-V)Ww,w) = 0 due to (2.4.7b). We handle
the first term using the convergence property of ¢ and using the aforementioned

inequalities,

[ o= ¢w)l vl ] dx (4.4.9)
§Cea/ |wl|” [Vul |w]| dx

< O [|w|Fas V]| o [190]] 5

< Ce ol | ull e W12 V12,

2 2 ~ 2 v ~ 2
< Ce ||wl[33s |Au)7: + W7 + 13 V¥l

The remaining four terms can be handled using the Lipschitz property of ¢ along

with applying the same inequalities used to bound (4.4.2). From this we obtain

1d
2dt
< C Wl + e wl 2 laulf + € (1+ |aul ) I
= L2 128 L2 L2 L2

IW||7 + v [ VW] (4.4.10)
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5v 2 v 9 2 2
+ 35 VWl + 5 1A + O Vew|z: [Vallz.

We now seek to combine inequalities (4.4.6) and (4.4.10). First, to deal with the

terms || V||, and [|[W||, we will apply the ansatz
IVal . + Wl <1 (4.4.11)

so that [|[Va|%, < ||[Va?, and ||w]S, < [|W]|3.. We will show that this assump-
tion leads to an even tighter bound. From adding (4.4.6) and (4.4.10) together and
applying (4.4.11), we obtain

Ld
2dt
< AT (I, + IW13) + % (1Al + [V9]2) + 0 ]2, [ Aull

(IVal7: + [¥]72) + v (| a5 + V1. (4.4.12)

where
4
A1) = (14 18u) + @l + 9wl (4413)

The integrability of A(T) and of Ce>* Hw||i€[, [ Aul|%, is given by the assumptions on
our solution (u,w) to 3D NSE. Therefore, removing the viscous terms and applying

Gronwalls inequality to (4.4.12) on [0, 7] will yield
IVa7. + [Wl[7. < B(T)e™, (4.4.14)
where

T
B(T):CeTA(T)/ [wl|?2: |Au|?, dt. (4.4.15)
0

128
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By (1.2.5) we deduce that B(T') < oo. From choosing € > 0 sufficiently small, it

follows that
- N 1
a2z + 1wl < 5.

We then apply a boostrapping argument to deduce that, in fact, (4.4.14) is valid for
all ¢ € [0,7]. Therefore we conclude that u® converges to u in L*(0,7;V) and w*

converges to w in L>(0,7; H).

4.5 Energy identities

4.5.1 Proof of Theorem 1.2.17

Let (u, w) be strong solutions to (4.1.3) with initial data (u, wg). We take the inner
product of the velocity equation (4.1.3a) with u and apply the Lions-Magenes lemma,
which yields

1d

2 2
5 Il + v [9ul =0,

then integrate in time rearrange the terms to obtain

t
2 2
la(t)l + 2 / Va2, ds = fuo2

thus equalities (1.2.6) and (1.2.7) are shown to be valid for all ¢ € [0,7]. Now, we
take the inner product of (4.1.3b) with w and apply the Lions-Magenes lemma

1d

CY T, Iwlze + v [VWlIZ. = = (¢ (w) - Vu, w).
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1d

Next, we will apply the chain rule to write 54 w2 = [|wll» L]|w]|[ 2, then apply

Holder’s inequality
d 2 €
IWllze 2 1Wllze + v [VWlize < 1€ o IVl el e -
Then we remove the diffusive term from the inequality and divide by ||w/|,.:
d €
2 IWllze < I¢¥ e IVl e

We now integrate in time and apply the Cauchy-Schwarz inequality and the energy

equality (1.2.7) to verify (1.2.8):

Wl 22 = [Iwoll .2

t
< / 1€l V0] 2 ds

1
1 t B
< B¢ ( [ vl ds) |

(3) 16T~ (s = Jao12)

=

This concludes the proof. O

4.6 Conclusion

We posed a modification to the Navier-Stokes equations for which we then showed the
global well-posedness of strong solutions and the short-time convergence of calmed
solutions to a strong solution of the original Navier-Stokes equation. This modifi-
cation is quite similar to the systems introduced in Chapter 3 while still retaining

the algebraic symmetries in some of its nonlinear components that arise from the
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divergence-free condition. By exploiting these symmetries and using pointwise paral-
lel calming functions we are able to an energy identity and an energy inequality for the
velocity and vorticity, respectively, in the calmed system. It remains open whether
weak solutions to calmed Velocity-Vorticity Navier-Stokes are unique, or whether the

system possesses a global attractor.



Chapter 5

Calmed Ohmic Heating for the MHD-Boussinesq equations

5.1 Introduction

Turbulent fluids that involve multi-physical processes, such as magnetic effects and /or
heat conduction are a fascinating and challenging area of research. One way to under-
stand such fluids is by studying the magnetohydrodynamic (MHD) partial differential
equations with an additional thermal equation coupled to the original system [57].
Such equations have been considered in many works, often under the name “MHD-
Boussinesq” (MHD-B) equations [5, 14, 66-68, 86, 107, 112], but the heating effect
of the electrical current (so-called “Ohmic heating” or “Joule heating”) is neglected,
save for in a small number of papers [15, 39, 71, 85, 94, 100, 101]. Therefore, we
are interested in the case of the MHD-Boussinesq system with Ohmic heating (MHD-
BR2). We note that even in the two-dimensional case, global well-posedness for this
system is a completely open problem. Thus, in the present work, we consider the 2D
MHD-Boussinesq system with a modified Ohmic heating term. We prove that our
modified system is globally well-posed, and also that, at least before any potential
blow-up time of the original system, solutions of our modified system converge to
solutions of the MHD-B) system.

The difficulty with the MHD-B2 system is that the Ohmic heating term is already
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quadratic and non-negative, destroying any chance of closing energy estimates, or of
finding any conserved quantity. Moreover, there is no natural scaling to the equation.
Indeed, the Ohmic term |V x b|? scales exactly like the well-known Hall term V x
((V xb) xb) of the Hall-MHD system, for which global well-posedness is also a highly
challenging open problem in 2D!. Indeed, the MHD-B{2 system appears to be even
more challenging than the Hall-MHD system: the Hall term vanishes in L2-energy
estimates allowing for a conserved quantity, but no analogous situation is known to
hold for the Ohmic term.

The above difficulties with the Ohmic term mean that standard modifications,
such as adding hyper diffusion, filtering the advective term, etc., have little chance
of allowing for a proof of global well-posedness, since these techniques merely control
the growth of gradients (i.e., the growth of small scales). What is needed is some
way to control the Ricatti-like? nature of the system. Note that similar issues arise
in controlling the vorticity in the 3D Navier-Stokes equations (NSE), and controlling
the solution in the 2D Kuramoto-Sivashinsky equation (KSE). Hence, we employ a
technique that we call “algebraic calming,” developed in [28] in the context of the 2D
KSE. However, rather than apply the calming function to the advective term, as is
done in [28], the innovation of the present work is to apply the calming function to
the Ohmic term. We describe this in detail below.

Consider the domain T? the two-dimensional periodic space R?/Z? = [0, 1]2. For

T > 0, the 2D MHD-Boussinesq system with full fluid viscosity v > 0, magnetic

!Technically, the Hall-MHD system only makes sense in so-called “two-and-a -half dimensional”
(2.5D) case, where the spatial inputs are 2D, but the output dimension is 3D. Global well-posedness
for the 2.5D Hall-MHD is the open problem which we are referring to here.

2Recall that the Ricatti-type equation % = yl+e

- blows up in finite time for any ¢ > 0 and
positive initial data.
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resistivity ¢ > 0, and thermal diffusion x > 0 over T? x [0,T), is given by

0w —vAu+ (u-V)u+ Vp = (b-V)b+ g0é,,

Ob — pAb+ (u- V)b = (b- V)u,
(5.1.1)
0 — kAG + (u- V)0 = au(|V x b])|V x b,

V-u=0=V"-b,

where the constant g > 0 has unit of force, and is proportional to the constant of
gravitational acceleration. We denote & = (21, x2), and € to be the unit vector in the
z direction, i.e., @& = (0,1)T. Here and henceforth, u = u(x,t) = (u1(z,t), ua(z,t))
is the unknown velocity field of a viscous incompressible fluid, with divergence-free
initial data u(x,0) = ug; b = b(x,t) = (by(x,t), ba(x,t)) is the unknown magnetic field,
with divergence-free initial data b(z,0) = by; and the scalar p = p(x,t) represents the
unknown pressure, while § = 6(z,t) can be thought of as the unknown temperature
fluctuation, with initial value 6, = 6(x,0).
With the same parameters, we now give below the original two-dimensional

Boussinesq-MHD equations with Ohmic heating effect but without the calming mech-

anism.
Ou—vAU + (U -V)U + VP =(B-V)B+ gOeé,

Ob—pAB+ (U-V)B = (B-V)U,
(5.1.2)
00 — kKAO + (U - B)® = au|V x BJ?,

V-U=0=V-B,
This paper is organized as follows. In Section 5.2, we provide all a priori estimates
for the global existence and uniqueness of System (5.1.1), as well as the proof of the

higher-order regularity of the solution.; while in Section 5.3, we show the convergence

of the soluton to System (5.1.1) to that of System (5.1.2).
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5.2 Proof of Global Existence and Regularity Results

In this section, we provide the a priori estimates in order to obtain the global well-
posedness of the solution to system 5.1.1, as well as the higher-order regularity of
the solution. Note that the solution can be constructed rigorously by approximations
with Galerkin ODEs, following the approach in [57] and the reference therein. For our
energy estimates we largely omit the Galerkin notation, though we explicitly show the
convergence of the Ohmic term in the Galerkin approximation to its corresponding

term in System 5.1.1.

5.2.1 Existence of Solutions to System (5.1.1)

We prove Theorem 1.2.18 using Galerkin approximation methods. Let @Q),, denote the
Galerkin projection onto the first n eigenmodes of the Laplacian operator —A, and let
P, = P,Q, denote the projection onto the first n eigenmodes of the Stokes operator
A. We will use (u™,b", ™) to denote a solution to the Galerkin system, written below
in functional form:

%u” FvAU" + PB(u",u) = PB(, 0" + gP,0m,,

Ly A+ PuB™, b7 = BB, ™),
dt (5.2.1)

d
0" = KOG + QuB(u",0") = apQu (¢(IV X b)IV x b)),

“’”(0) = Pn(“(l)v bn(o) = P'n(bO)v en(o) = Q'n(eo)'

In this system, the time evolution equations u™ and b™ are both finite-dimensional
ODEs on P, (H) and the time evolution of §" is a finite-dimensional ODE on
Qn(L*(T)). Moreover, each time derivative is given by a locally Lipschitz function

(see, e.g., [28, 29]), hence the short-time existence and uniqueness of the solution
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(u™, b",0™) is known up to a maximum time interval of existence [0,7,,). To deduce
the global existence of solutions for 5.1.1, we work to obtain bounds on «", b, and
0™ that are independent of n. In the arguments that follow, we write 4™ = u, b" = b,

and 0" = 6 and omit any projection operators for notational simplicity.

Remark 5.2.1. Since this Galerkin system is defined using two projection operators,
one needs to careful. In particular, one may question whether the evolution equation
for u"(t) defines a system on P,(H) due to the presence of the term gF,0"& with
0" € Q,(L?*(T)). In our system, by defining the Stokes projection operator as P, =

Po(@),, we guarantee that u™(¢) remains in P,(H).

5.2.1.1 L?-estimates of Theorem 1.2.18

Multiply the three equations in 5.2.1 by u, b, 8, respectively, integrate by parts over

T2, and add, so that we obtain

d
= (lullZz + [BI1Z2 + 10172) + IV ullZe + pl VOIIZ= + <[ VOII72

N | —

/ goées - udx—l—/ apC(|V x b))|V x bl dx

T2 T2

po® M2
2

<

16117,

g g K
Iihullzs + Sl01: + el +

where we used (2.4.9), (2.4.10), the divergence-free condition, Young’ inequality, and
the boundedness of ¢. Then, integrating in time from 0 to 7' > 0, and by Gronwall

inequality, we get for all ¢ € [0, T7,

u(t)]|7 + 116() 172 + 10(2)]]7 (5.2.2)
T T T
+u/ V)3 dt—l—u/ [ Vb(t)]|22 dt-i—m/ VO(t)||3 dt
0 0 0

S K17
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where K7 is a constant that depends on the initial data, as well as v, u, k, o, €, and

T, and does not depend on n.
Thus, the existence part of Theorem 1.2.18 is proved. [
5.2.1.2 H'-estimates of Theorem 1.2.18

Multiply the three equations in 5.2.1 by Au, Ab, —A#, respectively, integrate by parts

over T2, and add, so that we obtain

N | =
QA‘Q‘

- (IVullZe + [VBIIZ: + V6IIZ2) + vilAulZe + pl AblIZ: + £l A9 Z:
= —/ (b-V)b-Audx-l—/ (u-V)b~Abd:v—/ (b-V)u-Abdx

T2 T2 T2
- g/ 0ée; - Auder/ (u-V)0AO dx

T2 T2

- a,u/ C(IV x b))V x b|Af dx.
T2

Next, we estimate the six terms on the right side of the above equations. First, by

(2.4.10), the sum of the first three terms is simplified, and thence estimated as

7/(b-V)b'Audx+/(u'V)b-Abdxf/(b-V)u-Abdx
T2 T2

']1‘2
= 2/ (u-V)b- Abdz < C||ul| ]| V|| 14 ]| Ab| 12
11‘2
< Cllull;Z ([ull 2 + | Vull 2) V2 [ V|| | Ab|J22

< C|IVblI72 + ClIVullZ: ] Vol 72 + %HAbHiw

where we used (2.4.6), Young’s inequality, and the L*-bounds obtained in (5.2.2).

Regarding the fourth term, we integrate by parts, apply Young’s inequality, and get

fg/ 08, - Audz < L|VO|2 + Ve,
- 2 2
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The fifth term is estimated similarly to that of the first three, and we have

/ (u-V)eAedzg/ u||V0|A6] dz < Cllul| ]|V 11 | A0 2
T2 T2

< ClfullyZ (= + [Vl =) 72 VOl 571 AG) 55

< C|VOI[L: + ClIVulL VO] 72 + ZHAGH%%

where we also used the L?-bounds of u obtained in (5.2.2).

As for the last term, by the boundedness of ¢, and Young’s inequality, we get

@ /1,2 M?

—au/ ¢V < DIV % addr < M ygp, 4 " a0
’]I‘Q

Therefore, by combining all the above estimates, after some rearrangement and sim-

plification, we obtain

Q.‘g‘

- (IVullZe + [IVOIIZ: + [IV6IIZ2) + vl AulZe + plAblIZ: + £l A0

,LLQJVIQ

<9
< SVl +3 leliz + IVBIIZ

+CIVullz: (IIVollg: + ||V9HL2)-

Observing the L2-integrability in time of ||[Vul||z2 from (5.2.2), and by the Gronwall

inequality, we integrate the above inequality in time from 0 to T, T > 0, and get

[Vu(T) |72 + IVO(T)||7> + IVO(T) |7 (5.2.3)
T T T
y/ 1 Au()|2 dt+u/ 1AB(E) |12 dt+n/ 1A0(8)| % dt
0 0 0

S K27

where the constant Ky depends on those relevant parameters, as well as on T" and K
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in (5.2.2), and is independent of n.

5.2.1.3 Estimates on time derivatives for Theorem 1.2.18

In order to make valid the convergence arguments used in Section 5.3 we require
u,b € C([0,T);V) and § € C([0,T]; L?), for which we need dyu,db € L*(0,T; L?)
and 0 € L*(0,T; H™'). We will show this by selecting arbitrary test functions ¢ €
L2(0,T; H) and ¢ € L*(0,T; H') and applying the estimates obtained in Sections
5.2.1.1 and 5.2.1.2. Note that by estimate (5.2.3) and Agmon’s inequality (2.4.3), we
have u and b bounded above by K in L?(0,T; L>®) N L*(0,T; V).

First we take the action of d;u on ¢, from which we obtain

T T
/ (Opu, @) dt‘ = / (whu— (u-Viu+ (b-V)b+ gbés, ¢) dt
0 0

T T
sV/ |<Au,¢>|dt+/ (- V) 6 d
OT 0 T
[ @ m oty [0l
o g
<v / l Al 160 dt + / lall o (9l (1] 2 dt
T T
T / 160 7802 1] 2 i + g / 10112 161 dt
T
§C(K2+2K22+K1)/ 6|2, dt
0

using Holder’s inequality, Cauchy-Schwarz inequality, and using the aforementioned

estimates. We then take the action of 9;b on ¢ and, mutatis mutandis, we obtain

T T
/ (8tb,¢)dt‘SC(uK2+2K§) | ol at.
0 0
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For 0,0, we take the action on 1 and see that

/O ' (9,0,) dt’ (5.2.4)

T
/ (KA — - V0 + apc (¥ x b)) [V x b|, ) dt
0

T

T
< / R IVO L2 IVl 2 dt+/ [wll oo V0]l 2 1901l 2
0 0
T
-t [ 1€ 1905 11
T
<C (K4 K3+ k¢ [ 10l e
0
By the Aubin-Lions Theorem we deduce that
u,b e C([0,T]; V)
and
6 € C([0,T]; L?).
Thus we have the shown (formally) the existence of a solution (u,b,#) in the appro-
priate space.
5.2.2 Convergence of the Galerkin System (5.2.1) to the calmed System

(5.1.1)

We now use the previous estimates to justify that our solution to the Galerkin system,
now being referred to as (u™,b", 6"), converges to a solution of System (5.1.1). From
the estimates here, here, here, here, and here, and from applying Banach-Alaoglu and

Aubin-Lions, we know there exists a subsequence of (u™,b", 6™), which we will not
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relabel, and a limit point (u, b, ), such that

u" —u  weakly in L*(0,T; H*NV), (5.2.5)
b — b weakly in L2(0,7; H*NV),
6" — 0 weakly in L2(0,T; H'),
du™ — du weakly in L2(0,T; H),
Ob™ — 9;b  weakly in L*(0,T; H),
90" — 0,0 weakly in L*(0,T; H™Y),
u™ = u  strongly in C([0,77;V),
b" — b strongly in C([0,77; V),

0" — 6 strongly in C([0,T]; L?).

Now we show that, as n — oo, the Galerkin System (5.2.1) converges to System
(5.1.1). For brevity we will only show convergence for the calmed Ohmic heating
term, though we refer the reader to, e.g., [60] for handling the remaining terms. First

we write the term as

apC(IV x 0*)) |V x b"| (5.2.6)
= apuC(|V x b)) (|V x b"| = [V x b])
+ap (C(IV x ") = C(IV x b)) [V x 7|

+apC (|V x b)) [V x b].
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We now take the action of (5.2.6) on v € L*(0,T; H') and integrate in time. For the

first term, we obtain

/0 {an*([V > 0°) (IV x 0" = [V x b]) , ¢)| dt (5:2.7)

T
< /0 ap || ¢ oo [IVO" = VOl g2 (|91l 2 di

T 1 T 3
< an Il (/ ||Vb”—Vb||izdt> (/ ||wnizdt> |
0 0

For the second term, similar techniques yield

T
/ [{ap (C°(IV x b") = C(IV x b)) [V x b7, )| dt (5-2.8)
0
1 T 1 1 1
< apC[|¢ 7o / V6" = Vbl 72 [VO" || 12 [|AD" | 22 [[¢[] 1 dt
0

1 T 1 1
< auC ¢z~ HVanLwLZ/O V0" — Vol 7, ([ A" 72 190l dt

] . :
< auC ¢ b 95| es ( JRCER dt)
0

T , oo 3
([ naaar) ([ 1ol a)
0 0

We observe that each of these terms converge to 0 as n — oo due to 5.2.5, hence
apC |V x b)) |V x b"| converges to au¢(|V x b])|V x b|. We conclude that solu-

tions to System (5.1.1) exist on [0, 7.

5.2.3 Higher-order Regularity of Solutions

We prove the higher-order regularity of the solution to System 5.1.1 in two steps,
similar to [58]. First, we obtain the H2-regularity of u and b; then, we use the bounds

on the H2-norm of v and b to prove the higher-order regularity of #. The main reason
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is to overcome the difficulty of differentiating the absolute value of V x b.
To begin, we multiply the relevant equations in System 5.1.1 by A%u, A2b, A6,

respectively, integrate by parts over T2, add, and get

| =

1
37 (Aullze + [ ABIIZ: + [ VO]7:)

U

t
+ || VAU|T2 + p| VA2 + K[| A0][7
= g/ 0, - A*udy — / (u-Vu- A*udr +/ (b-V)b- A*udr
T2 T2 T2
+ / (b-V)u-A’bdr — / (u-V)b-A%bdx — / (u-V)0AO dx
T T2 T2

+a,u/ C(IV x b))V x b|AG dux.
T2

Then, we estimate the seven terms on the right side of the above equation. For the

first term, integrating by parts twice and applying Young’s inequality, we have
_ 2 g 2 g 2
g | 0é - Audr < Z|Aulf2 + Z|| A0
T2 2 2

The estimates of the remaining five terms are similar, so for the sake of brevity,
we provide only the key steps without further clarification. Specifically, the second

term is estimated as follows,

—/ (u-V)u-Azude/ |Vu\2|VAu\dx+/ [u||VVu||VAu| dz
T2 T2 T2
< C||Vul[2:]|V Aul 12
+ Cllull 4| VVul| g4 |V Au| 2
< C|\Vull 2 || Aul| 2]V Aul| 2
+ Clull 2 (full gz + [Vl 2) /2] Al 2|V Al

14
< Cllault: + 5V A,
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where we used the bounds on |Ju||z2 and [|[Vu|r2 in (5.2.2) and (5.2.3), as well as
(2.4.6) and Young’s inequality.

As for the third term, we proceed similarly, and obtain

/(b-V)b-AQudzg/ |Vb\2|VAu\dx+/ ||| VVb||VAu| dz
TZ 11‘2 TQ
< CVO|[7al[V AUl 2 + C[b] 4| V V| 4 ]| V Aul| 2
< C||Vb| 2| Ab| 2| VAul| 2
+ Ol (Bl 2 + IVB]l =) V2 ABI 2 IV Ab| 2V Al 2

< Ol AblE: + SV AU + £ VA,

where we used bounds on both L2- and H'-norms of b obtained in (5.2.2) and (5.2.3).

Regarding the fourth term, analogously by the bounds quoted above, we have

/(b-V)u-Nbdxg/ |VbHVu||VAb|dx+/ 1b]| V'Vl [V AD| da
T2 T2 T2

< C|[Vul| 4[| V]| 4[|V A 2
+ Ol 4|V |V AB 2

< C||Vull 2 IV0l 2 Aull 12| AbY 2V Ab 12
+ CIbIL2 VD)5 | Aull 2V Aul| |V Ab| 2

L2 L2

< CllAulR: + CIAYE: + 2V Auls + £V abE:,

where Young’s inequality and (2.4.6) are also used.

Analogously, for the fifth term, we have

*/ (u-V)b- A?bdx < C||Aull7z + C[|Ab]I72 + gHVAbH?L%
T2
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Next, we estimate the sixth term as

- / (u-V)0AO dr < Cfful ]| VO] 2| A0 7%
T2

L? L2

K
< CIIV0| + S1A0]2,

where we used the boundedness of |u| in (5.2.3).
Finally, to estimate the last term, we take advantage of the boundedness of ||,

and obtain

ozu/ C(IV x b))V x b|AOdx < auM ||V X b||Lz||A8]| L2
T'Z

< CaX2M2|AD|2, + gHA@Hiz.

Now, combining all the above estimates, rearranging and simplifying some terms,

we obtain

d
7 UIAulze + [ A0]2 + [1V6I|Z:)
+ 0|V AU + pl| VAB|Z, + 5] A2,

< C (I Aullz: + | Ab][5: + [IVOI72) .

where the constant C' depends on g, v, i, k, M, @, A1, as well as K; and K (specif-
ically, the L2-integrability of Ab in time). Therefore, integrate the above inequality

in time on [0, 7], and by Gronwall inequality, we have

[Au(T)[Z2 + AT Z2 + VO] (5.2.9)

T T T
+u/ HVAu(t)\|2det+u/ ||VAb(t)Hizdt+n/ 1A6(0)|2 dt
0 0 0
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< K3,

where the constant K3 depends on all the aforementioned parameters and on K; and
K.

Next, we prove the H2-regularity of #. Proceeding similarly, we multiply the
relevant equations in System 5.1.1 by A%u, A2b, A%0, respectively, integrate by parts

over T2, add, and get

| =

(18ulZ: + 1Ab]2 + | A]1%)

B | =
IS

t
+v||VAU|F2 + p|| VA7 + k|| VA7
=g 9€2~A2udz—/(u~V)u-A2udx+/(b-V)b~A2ud:v
T2 T2 T2

+/ (b-V)u-Adexf/ (u~V)b-A2bdxf/ (u-V)OA?0 dx
T T2

T2

+oz,u/ C(IV % b])|V x b|A%0 da.
T2

Then, we estimate the seven terms on the right side of the above equations. Note
that estimates on the first term are identical as above. We continue to estimate the

second term as

—/ (u-V)u-AZUdJ:S/ |Vul?|V Ayl dm—f—/ [ul|VVu||VAu| dx
T2 T2 T2

< Ol Vul[ [V Aul 2
+ O]l g |V V] 2|V A 12

14
< CllAult: + %V Aul:,

where we used the bounds on ||ul|zz, ||Vul|zz, and ||Aul/zz, in (5.2.2), (5.2.3), and
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(5.2.9), respectively, as well as (2.4.3) and (2.4.6) and Young’s inequality.

For the third term, we estimate similarly as

/(b-V)b-AQudzg/ |Vb|2\VAu|d:p+/ b]|VVb| |V Au| dz:
T2 T2 T2

< ClIVBIIZ IV AUl 2 + ClIbll < [V Vb 2| V A 2

v
< CABE: + 2V Aull.
As for the fourth term, we have

/(b-V)u-A%dxg/ |Vb|\VuHVAb\dx+/ 15|V Vu| [V AD| da
T2 'ﬂ*2 ']I‘Z

< OVl pallVul[ 2 [ VAD 2
+ C|[b|| o [V Vul| 2 |V AD| 2

< Cllaulf: + ClAbE: + ZIVAb|E:,
As for the fifth term, we apply and obtain

—/ (u-V)bNbdng \VU\|Vb|\VAb|dx+/ |u||[VVB||[VAb| dz:
T2 T2 T2

< OVl gl [Vl o [ VAL 2
+ Cllull = [[VVO| 2|V AD| 2

< Ol Aull3a + Ol A + Sl VADE,
while estimates of the sixth term is done analogously to that of the fifth one as

—/ (u-V)eAQdeg/ |Vu||V0|\VA9\d;L'+/ lu||[VVO||VAY| dx
T2 T2 T2

< ClIVul Ll VO] £l [V AD] 2
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+ Cllull = IV VO 2]V AD 2

K
< CllAulzz + CIAGIIZ: + SlIVASIIZ,

where we used the boundedness of | Vu||2 and ||[V0].2 in (5.2.3).
As regarding the last term, we integrate by parts first, then take advantage of the
boundedness of [¢€] and |V (|, and obtain

oz,u/ C(IV x b))|V x b|A%0 dx

T2

< auME/ VIV x b]||VA| dx
T2

+a,u/ IVE(IV % B)||VIV x b]||V x b||[VAG| dx
’]I‘Q
of which the first term is bounded by

o M2|[Ab]3 + SV 297

due to Cauchy-Schwarz inequality and Problem 5.10.17 of [30]; and the second term

is bounded by

CapM,||Vb|| 4|V V| 14]| VA 2
< CapM||Ab]| 2|V Ab| 2| VA 2

L2

< CatyMA|Ab|Z, + %HVAbHiz + gnvwniz.

Now, combining all the above estimates, rearranging and simplifying some terms,

we obtain

d
= (1AullZz + [[Ab]Z: + [1A0]72)
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+ V|| VA2 + pl| VAb||3: + K[| VAO|3 .

< C ([ AullZ + | Ab]I72 + [|A0]72)

where the constant C* depends on g, v, u, k, M., o, as well as K7, K5, and K3. Finally,

integrate the above inequality in time from 0 to VT > 0, and by Gronwall inequality,

we get
[Au(T)||72 + |AB(T) |7 + |AO(T)| 13- (5.2.10)
T T T
+V/ 1V Au(t)|2 dt—i—u/ IV Ab(H)|2 dt+;~a/ IV 262 dt
0 0 0
< Ky,

where the constant K4 depends on all the aforementioned parameters and on K, K,

and K3. O

Remark 5.2.2. The constants K, Ky, K3, and K, all depend on the parameter M, =
|€€]| ;. stated in (2), which tends toward infinity as e — 07. Therefore these estimates

do not hold as € — 0F.

5.2.4 Proof of Uniqueness

Following the well-known weak-strong uniqueness argument for the Navier-Stokes
equations, it suffices to show that the strong solution is unique. Note that due to
the Ohmic heating effect in System 5.1.1, one needs to work with at least H? initial
condition and regularity of the solution. To begin, we assume there are two distinct
solutions (uy, by, 0,,pn),n = 1,2, to System 5.1.1, in the sense of Theorem 1.2.18,
with the same initial data u;(0) = u2(0), b1(0) = b9(0), 6:(0) = 62(0). Subtract the

corresponding equations satisfied by the two solutions, and denote the differences by



91

=

— Uy, b=1by — by, 0 =60, — 0, and = p; — p2, and we obtain the system for

i, l~77 57 and p as

% — VAU + (ug - V)U+ (@ V)us + Vp
= (by - V)b+ (b- V)by + g,
? — pAb+ (uy - V)b A+ (- V)by = (by - V)i + (b V)us,
%?me# (uy - V) + (- V)b, (5.2.11)
= ap(C(IV x bi )|V x bi| = C(IV X ba] )|V x b)),
V-ia=0=V-b,
@(0) = b(0) =0, 6(0) =0

Then, multiply «, l;,é to the relevant equations in System 5.2.11, respectively, inte-

grate by parts over T?, and add, so that we obtain

d / . . ~ - .
= (132 + 1313 + 101132 ) + v ValEs + ulVBl5 + x| VO
/ég d:c—/(a-V)UQ.adx+/(B-V)b2-ad:c
T2 T2
/ @i V)b, - bdx+/(5~V)u2-l~)dxf/(ﬁ-V)92§dx
T2 T2

+cw/ (¢ X BV x bi] — IV X bal)|V x ba)d i,

where we used the divergence-free condition V-4 =0=V - b.
Next, we estimate the seven terms on the right side of the above equation. By

Cauchy-Schwarz inequality, the first term is estimated as

g [ 02 ade < Gl + 1613
2 2



92

For the second term, by the H'-boundedness obtained in (5.2.3), we have

- /Tz(ﬁ +V)uy - tdz < C||Vua|| e |[allZs < Clall (| 22 + [Vl 2)

- v .
< Cllal + £Vl

The third through the sixth terms are estimated similarly, so we get, for the third

one,

/ (b-V)by - tdz < C||Vbgl|z2|b]| 24| @ 14
']1‘2

< OBl Bl = + V0]l z2) 2l 15 (a2 + [Vl 2) 2
< CIIbllz (8]l + 190l 22) + Cllall 2 (ill 2 + | V] 2)

_ . 2 JTa—
< Clllys + CIBIE + SIVal: + S19H,
where we used both (5.2.2) and (5.2.3); and for the fourth one, we also have
= [ (G V)b bde < Clala + Ul + §I9ali + §IVH1

while for the fifth term, we take advantage of the H!'-bounds of uy in (5.2.3), and

obtain an upper bound as
[ b Vs b < ClbE + 51V
as for the sixth term, we proceed similarly and get
- [ (@)oo < Clfl + CIAI + GVl + SI91E:

Now, it remains to estimate the last term that involves the Ohmic heating. We start
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by bounding the magnitude of the first factor inside the integrand. Thanks to the

global Lipschitz condition on ¢¢, we have

¢V X ba)[V x ba| = C(IV % Ba)|V x b
< |CUV X bV x bi| = ¢V % bi])|V x b

+

GV X biIV x ba| = C(IV x ba])[V x by |
= [CUV x ba)|V x bl + [¢°(IV % bu]) = ¢(IV x ba) |V x b

< M|V x b 4 L |V x ||V x by|.
Thus, inserting the above estimates to the last term, we obtain

an [ (€Y X BDIV b = €7 X BV ¢ ),
< apM, /T |V x b]|0| dz + apL, /T |V x by||V x (6] dz
< CloIE. + %I\Vglliz + C[Vbal| 2| VD 12161 s

< O8] + L IIVBI + CIIVB] 21,2 V2

~ M ~ K ~
< 1613 + £ IVBIZ: + Z1961,

where in the penultimate step we used the H2-bounds obtained in (5.2.10).
Therefore, by collecting all the above estimates, and after some simplification and

rearrangement, we finally get

| =

(Ml + 181132 + 1A= ) + VIV al3s + ull VI3 + #ll VA2

U

t
< C(lla + 1Bl + [161132),

where C depends on g, v, b, Ky, M, L, as well as K,,,, m = 1,2,3,4. Now, integrate
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the above inequality in time from 0 to V7" > 0, and by the Gronwall inequality and the
initial condition @(0) = b(0) = 0 and 6(0) = 0, we conclude that @(T) = 0,b(T) = 0,
and é(T) =0, i.e., u1 = ug, by = by, and #; = #,. Hence, the global well-posedness
of the 2D MHD-Boussinesq system with Ohmic heating, i.e., system (5.1.1), is now

proved. [

5.3 Proof of the Convergence Theorem 1.2.20

In this section, we show that on the common time-interval of existence, the difference
between the solution of System 5.1.1 and that of System 5.1.2, is in the order of ¢;

and in particular, such error approaches to 0 as € goes to 0.
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5.3.1 Proof of Theorem 1.2.20

Set @ =U—u,b=B—b 0 =0-0, and p = P— p. We take the difference of

equations (5.1.2) and (5.1.1) to obtain the system

%—VAa+vp:(a-V)«a—(a-V)U—(U-V)a
+(B-V)B—(B-V)B+(B-V)B+gé52,
g—f— AE:(B~V)@—(B~V)&+(B-V)U
+(@-V)b— (@ -V)B—(U-V)b,
%f—mé:(a~V)é—(a-V)@—(U-V)é
+au(V x Bl - ¢ (1Y x B) |V x B] 31
—ap(§ IV x BJ) = ¢ (IV x b)) (IV x B| = [V x b])
+ap(|V x Bl = [V xb]) ¢ (IV x B)
+ap (C(IV x BJ) = ¢ (IV x 1)) [V x B
V-i=0=V-b,
@(0) = b(0) =0, 6(0) =0

First we will remark that since (U, B, ©) satisfy the conditions of Theorem 1.2.19,

there exists M > 0 such that for all ¢ € [0, 77,
10Ul + 1Bl gz + 1©]l g < M, (5.3.2)

hence we can bound these terms above by a constant C' when needed.

To show the convergence of the system, we make the ansatz

Il + B, + 18l <1, (5:3.3)
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and use a bootstrapping argument to show that this leads to an even tighter bound,
thus closing the argument. To this end, we take the inner product of the first two
equations in System 5.3.1 with @ and b respectively, integrate by parts, and remove

any terms that are eliminated using identities (2.4.7a) and (2.4.7b), which yields

1d g, . - } N
5o (Il + IBIE=) + vVl + ul Vi (5.3.4)

— (@) va)+((0-v)B.a)+ ((b-v) v.)

. ((a : V)B,B) + (9552711) :

We now take the inner product of the system with (—Aﬂ, —A& é), integrate by

parts, and invoke (2.4.9) and (2.4.10) where appropriate:

(vl + 98032 + 10132 ) + vilAal3e + ulABE: + £[VOE:  (53.5)

N | =
— =

= ((@-V)U,Aa) + (U - V)@, Ad) — ((B V)bAu)—((B-V)B,A&)

eeQAu)—( ) (( )MAE)—Q((&-V)E,AE)

(i V) B,Ab) + ((U-V)b,Ab)+((a-V)@,5)+N1+N2+N3+N4,

- \/_\

where

N, = au/ IV x B| — ¢ (|V x B)||V x B|fdz, (5.3.6)
T

Ny = ozu/T (€ (IV x B|) = ¢ (IV x b)) (IV x B| = |V x b]) 0dx,

Ny = ap [ (19 x Bl = [V x 8) ¢V x Bl)id
T

Ny :au/T(CE(IV % BJ) — ¢<(IV x 1)) |V x B|dd.
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We now combine (5.3.4) and (5.3.5) to obtain the equation

a7 (Va7 + 1602 ) + 19+ [, + il

— (@ V)U,a)+ ((B-v) B,a) + ((B-V) U,B) - ((ﬂ-V)Bﬁ)

+ (902, @) + (@ V)U,00) + (U - V)3, 08) - ((B- V)b, 5a)

- ((b : v) B,Aﬁ) - (géez,m) - ((B : V)ﬂ,AB) - ((B-v) U, AE)

—2((@-V)b.2b) + (@ V) B,AB) + (U 9)b,80) + ((@-9) ©,8)
+ Ny + Ny+ N3+ N,

(5.3.7)

The first twelve terms can be bounded above using Hélder’s inequality, Agmon’s

Inequality, Young’s inequality, and (5.3.2). For the sake of brevity, we show this only
for the first term:

[(@- V) U,a)| < @l oo VUl 2 1] 2 (5.3.8)

~nl/2 ~1/2 ~
< Clalll Nallys VU] e Nl .
4 ~ 112 v
< CIVUIze Nallze + 5 e
~ - 1/ -
< Cllallgs + o lal -

The next four terms can be bounded using the aforementioned inequalities and Ansatz

(5.3.3):

2‘((&-V) B,M)‘ < 2l Hvé e8] (5.3.9)
< clals s || va| 28]

~1nl/2 y~1/2
< Clallyi llall,:

Ab
L2
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12 Vo2 M 112
< Clallfs + 5 lle + £ | 28] -

noting that (5.3.3) was used to obtain the bound HV?}H , <L
L
We now focus on upper bounds for each N;: For Ny, using Inequalities (2.1.1) and

(2.4.4) we obtain

I :au‘/HVxB|—C€(\V><B|)||V><B|§dx (5.3.10)
T

< Ca/WB\ﬁ“
T

é‘ dx
< Ce (VB33 110]] 12
< CE| VB2 | AB| 7216l

< CM|VB|LIIABIE + [10]7-.

Since B € L>°(0,T; H>NV), the first term is integrable for any 3 > 0. For Ny, using
the Lipschitz property of ¢¢, the reverse triangle inequality, (5.3.3), and (2.4.6) we

obtain

[ No| = ap ‘/T(CE (IV x BI) = ¢ (IV x b)) (IV x B| = |V x 0]) fdz (5.3.11)

12~
sc/(w‘ ‘9
T

< O||VBI[7]181l 22

dx

< O Vb]| 2| 2b]| 2161 2
< O[] 20|l 2]16]] 2

~ ’LL ~
< ClI61IZ= + gl ABI[Ze-
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For Nj, similar methods yield

|Ny| = ‘/Tauuv x B| — |V x b]) ¢(|V x B|)@dx (5.3.12)

< C[VB| 1 ||Vb]|12]1]] 4
< C||AB| 2 ||V0]| 2] VO] 2

~ K ~
< C|AB|3: 19b]17: + 5 11V0][7:

and N, can be bounded in the exact same manner as Nj.
Finally, we can bound the left hand side of (5.3.7) using the estimates in (5.3.8),

(5.3.9), (5.3.10), (5.3.11), (5.3.12), then rearrange the terms to obtain

d (12 7|17 A2 ~ 2 711? 32 =
& (Vali + 6 41013 + w19l + [V, + vl G319

~ ~12 ~
<& (Nl + B[], + 1012 ) + oI5 BIE

Using Grénwall’s Inequality (2.5.1) and the fact that @(0) = b(0) = 0, (0) = 0, from
(5.3.13) we deduce that

~112 - -
a2 + HbHH 022 < AT)CTe (5.3.14)
where
T
A(T) :c/ IV B2l 0B 2dt
0

and C is a constant depending on WU g2 1Bl g2 > 1Ol 41 5 9, v, g1, and &, but does

not depend on e. From (5.3.2) it follows that A(T) < oo. Moreover, since A(T) is
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independent of € we may choose € > 0 small enough so that

2 Ik 1 1

Nl + 3, + 161= < 5,

thus completing the bootstrapping argument, so that in fact (5.3.14) holds for all
te[0,T].

Now, we integrate (5.3.13) on the interval [0,7], apply (5.3.14), and drop any

unnecessary terms from the left hand side:
T 12 ~ ~ )
/ v ||Vill% + HVbHHI + K||VE|2, dt < CAT)ECTe + A(T)e?.  (5.3.15)
0

From (5.3.14) and (5.3.15) we conclude that u,b converge to U, B, respectively, in
L>(0, T; H' N V)N L?(0,T; H*N'V) and that 6 converges to © in L*(0,T; L*) N

L2(0,T; HY). This completes the proof of convergence. O
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Chapter 6

The 2D Kuramoto-Sivashinsky Equations

6.1 Introduction

The Kuramoto-Sivashinsky equation (KSE) is a captivating model for flame fronts,
crystal growth, and many other phenomena. It is both satisfying and frustrating.
In one space dimension, the model acts as a fantastic toy model: it has highly non-
trivial chaotic dynamics while still being amenable to a wide range of analytical tools.
However, in higher dimensions, it has so far resisted nearly every analytical attack
due to its lack of any known conserved quantity, and the basic question of global
well-posedness of solutions remains open, even in two dimensions. Moreover, the
nonlinearity of the system has many similarities with the nonlinearity of the Navier-
Stokes equations (NSE), making investigation of the KSE even more intriguing.
How does one proceed in the face of such difficulty? In the case of the NSE, at
least one approach has been fruitful since at least the work of Smagorinsky in 1963
[99], where a modification of the Navier—Stokes system was proposed, resulting in a
system which is both globally well-posed [56], and less computationally demanding to
simulate. Since then, hundreds of so-called “turbulence models” have arisen (see, e.g.,

[27, 91] for a survey), which typically modify the equations in some way. It is therefore
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natural to ask whether such an approach might work for the 2D KSE.! However, one
quickly realizes that approaches which work for the NSE are unlikely to work for
the KSE. Indeed, for the NSE, the problem is the growth of large gradients; more
specifically, the problem is the development of large vorticity, w := V x u (see, e.g.,
[3]). This is due to the cubic nature of the vorticity equation: 4||wl|2, ~ (w-Vu,w).
Hence, in order to handle the NSE, one typically attempts to control the gradient of
the solution, for example, by strengthening the viscosity or weakening the nonlinear
term, since the nonlinear term cascades energy from large scales to small scales,
intensifying the gradient. That is, the NSE are appeased by controlling the small
scales. On the other hand, for the KSE, the problem is the growth of large scales.
This is due to the cubic nature of the energy equation: 4|luf|?, ~ (u-Vu,u). In
the 1D case (and in the NSE case), this latter term vanishes, but not in the 2D KSE
case. Moreover, controlling the small scales is not a major problem, as the KSE has a
fourth-order diffusion term, strongly curbing the growth of gradients. Therefore, the
problem for the KSE appears to be the exact opposite of the problem for the NSE.
That is, the KSE is appeased by controlling the large scales. Hence, the standard
approaches that work for the NSE are unlikely to be of use for the KSE (see [52] for
investigations of this notion in the 1D case), and new approaches for handling the
KSE are required. The purpose of the present work is to propose and investigate one
such approach.

In [62] the authors study a modification of the 2D KSE that they call the “reduced
KSE” (r-KSE) with an adjustment made to the linear term in one component. This
system admits a maximum principle, allowing for a proof of globally well-posedness.

Moreover, simulations in [62] indicate that the dynamics of the r-KSE are arguably

Since the KSE governs the evolution of a surface, its natural space dimension is two. Moreover,
it is not clear that the 3D case for the KSE is fundamentally more difficult than the 2D case, due
to the already strong dissipation. Hence, we focus on the 2D case.
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qualitatively similar to KSE. However, r-KSE suffers from the drawback that there is
no clear way to see solutions of the r-KSE converge to solutions of the KSE, as any
introduction of a “turning” parameter interpolating between the r-KSE and the KSE
would immediately violate the maximum principle. In contrast, the model introduced
in this present paper allows for such a parameter ¢ > 0, which we call the “calming
parameter.” In particular, by adjusting the nonlinear term in the (6.1.2), we create
a globally well-posed PDE that approximates solutions to the 2D KSE to arbitrary
precision, at least on the time interval of existence and uniqueness of solutions to the
KSE. Perhaps surprisingly, our construction does not require the use of a maximum
principle, nor does it add artificial viscosity to the system.

The N-dimensional Kuramoto-Sivashinsky equation (KSE) is given in scalar form

by

0o+ |Vo|* + Dd+ A% = 0. (6.1.1)

with periodic boundary conditions on a domain [0, L]V. By setting u = V¢ in (6.1.1),

one formally? obtains the vector formulation of KSE:

du+ (u-Vyu+ Au+ A*u=0, (6.1.2)

These equations were originally proposed in the 1970’s by Kuramoto and Tsuzuki
in the studies of crystal growth [54, 55] as well as by Sivashinsky in the study of flame-
front instabilities [96] (see also [97]). It has since found many other applications in

the sciences, such as describing the flow of fluid down inclined planes [98], and has

2 We do not claim that V¢ is a unique solution to (6.1.2) when ¢ is a solution to (6.1.1). We only
observe that one can formally obtain the set of equations (6.1.2) by taking the gradient of equation
(6.1.1). In particular, it may be the case that there exist solutions to (6.1.2) that are not gradients
of solutions to (6.1.1), or of any other function.
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shown to be a generic feature of many physical phenomena involving bifurcations [76].

Many results on the 1D equation have been obtained since its origination, and
the equation has been shown to be rich with interesting dynamics. It is globally well-
posed [79, 102], solutions continue to exhibit chaotic dynamics at large times (see,
e.g., [18, 44, 75, 80, 87]), and a large body of work has been published on quantitative
results pertaining to the global attractor (see, e.g., [18, 19, 21, 22, 34, 35, 37, 38,
40, 44, 45, 52, 81, 90, 102, 104]). There are far fewer results on the KSE in the 2D
case. Global well-posedness for sufficiently small initial data was first shown in [93]
on a domain [0, 27] x [0, 2me] with € > 0 sufficiently small. This result was improved
upon in [78] by showing global existence on a domain [0, L1] X [0, Lo] with Ly < C'L!
for some particular q. Later works continued to improve on the sharpness of this
bound (see, e.g., [4, 53, 73, 77] and references therein). Other works employ control
of the domain size as a means to control the instability in Fourier modes. It was
shown in [1] that for small enough domains (on which no growing Fourier modes are
present in the linear terms), global existence holds when the initial data is sufficiently
small in a certain Wiener algebra. This result was then extended in [2] to domains
in which there is one linearly growing mode in each direction. Further studies have
investigated modified equations [23, 33, 42, 62, 77, 106] or have looked at the equations
with different boundary conditions [36, 61, 89]. For other results on the case N > 1,
see also [6, 9, 59]. The intent of the present work is to propose a modification of the
2D KSE in vector form which is globally well-posed for any size of domain or initial
data. To do this, we make use of what we call an algebraic calming function or simply

a calming function® which constrains the advective velocity of the solution.

3Such a function is simply a bounded smooth truncation function, but we call it a “calming”
function due to the way it is used in the nonlinearity to suppress the algebraic growth of the nonlinear
term. We do not call it a “regularization,” since we reserve this term for techniques which smooth
the equations by modifying derivative operators.
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We propose the following modification of system (6.1.2).

du+ (¢(u)- V)u+ Au+ A*u=0, (6.1.3a)

u(x,0) = ug(x), (6.1.3b)

with L-periodic* boundary conditions on the 2-dimensional periodic torus T? :=
R%/(LZ)*> = [0,L)* for some L > 0. We call ¢ > 0 the calming parameter, and

¢ the calming function. We require that ¢ satisfies the conditions described in 2.1.1.

Remark 6.1.1. During the preparation of this manuscript, we became aware of a body
of work (see, e.g., [11-13, 25, 50, 51, 72, 92, 114, 115] and the references therein) which
has a superficial similarity to our approach in the context of the 3D incompressible
Navier-Stokes equations. Namely, the authors of [12] investigate the following system
(which was essentially first proposed in [113]), which they call the “globally modified
Navier-Stokes equations” (GMNSE).

du+ min {1, N[|[Vul| 3} (u- V)u+ Vp = vAu, V-u=0.

Here, N > 0 can be thought of as corresponding to our parameter 1/e. Formally
setting N = oo yields the standard Navier-Stokes equations. The present work has
several major differences from those works, and from the global modification (GM)
approach in general. In particular: (i) The calming function is defined pointwise.
Hence it only has a strong effect on the nonlinearity in regions of high velocity, not
globally, which we see as a significant advantage over the GM approach; (ii) The

calming function is based on u, not on Vu, hence the technique is philosophically

4Note: One could easily consider rectangular non-square periodic domains, say R?/((L1Z) x
(L2Z)) as well with slight modification of the techniques we use here. For the sake of keeping the
discussion focused, we do not pursue such matters here.
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different: we aim to control large speeds locally, not to decrease the total effect of the
nonlinearity when large gradients appear, as in GM; (iii) To the best of our knowledge,
this is the first time any such approach (including GM, calming, a-models, Leray-
type smoothing by convolution, filtering, etc.) has been applied to the 2D KSE to
obtain global well-posedness. We expect that GM can be easily adapted to the 2D
KSE setting but that the performance in accurately capturing solutions is worse than

calming until N ~ 1/e is very large.

Remark 6.1.2. We see no major difficulty in extending our work to the case of physical
boundary conditions, i.e., u| a0 = Au’ 50 = 0. However, for the sake of simplicity, we

only consider periodic boundary conditions in the present work.

Section 6.2 contains a proof of global well-posedness, which is mostly standard
Galerkin methods, but with some subtle differences due to the non-polynomial form
of the nonlinearity. Section 6.3 contains a proof of higher-order (but not arbitrary
order) regularity of solutions. Section 6.4 contains a proof of convergence of solutions
of the calmed equation to solutions to the original KSE as the calming parameter
€ — 0. The proof here is not so straight-forward due to issues with commutator
terms involving the calming function. As we will see, these issues are circumvented
by taking advantage of structural properties of the calming function, and then using
a boot-strapping argument in time. In addition, our techniques yield an explicit
convergence rate. In Section 6.5 we extend our ideas to the scalar form of the KSE.

In particular, we consider a modification to system (6.1.1),

0+ 3C(VY) - Vo + N+ A% =0, (6.1.42)

6(x,0) = do(x). (6.1.4b)

Other formulations are of course possible. For example, one could consider a nonlin-



107

earity of the form Z¢(|V¢[?), or 3¢°(|Vo[°)|Ve[>™ (0 < § < 2), or %, or many
other possibilities. However, in the present work, we choose to focus only on the form
in (6.1.4), as the advective nature of the nonlinearity seems perhaps closest in spirit
to the nature of the original equation.

Section 6.6 exhibits results from simulations and provides computational evidence
that the convergence rates we obtained in Section 6.4 are sharp (at least, in terms of

convergence order). Concluding remarks are in Section 6.7.

6.2 Global Well-Posedness for Calmed KSE

In this section we show the existence and uniqueness of our calmed KSE system. We
begin with formulating our Galerkin scheme.

Using the projection operator P,,, define the finite-dimensional space H,, :=
P,,(L*(T?)). Consider the following initial value problem obtained via Galerkin ap-

proximation: Given uy € L?(T?), find u € H,, which satisfies

A+ Py, ((¢5(u) - V)u) + Au+ A?u =0, (6.2.1a)

u(x, 0) = Pug(x). (6.2.1b)

Lemma 6.2.1. If ¢ satisfies 1 of Definition 2.1.1, then the map F : H,, — H,,
defined by
F(u) = =P, ((¢f(u) - V)u) — Au — A*u

is locally Lipschitz on H,,. As a consequence, solutions to (6.2.1) exist and are unique

in C1([0,T), H,y,) for some T > 0.

Proof. Fix u € H,, and let v € H,, be arbitrary. Rewrite the difference F(u) — F(v)
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as

F(u) = F(v) = =A (u—v) = A% (u=v) = P, (((¢"(n) = ¢°(v)) - V) u)

— P ((€°(v) - V) (u—=v)).

From Condition 1 of Definition 2.1.1, Estimate (2.3.1), and Agmon’s inequality, it

follows that

1F(u) = ()],
<A (=)l + |47 (=) .

+ (¢ (W) = ¢ (V) - V)l 2 + [(C(V) - V) (0= V)|
< (m+m?) u =l + [Vl o €)= (V)] 2

+ 11 ) e 1V (0 = V)] 2

1
< (m +m2) lu— VHL2 + Hu||H3 [u— VHL2 +m?2 HCGHLoc [u— VHL2~

Since u is a finite linear combination of eigenfunctions of —A, ||lu|| ;s < co. Thus F
is locally Lipschitz at u € H,,. Existence and uniqueness of solutions to (6.2.1) in

CL([0,T), H,,) therefore follows as a consequence of the Picard-Lindelof Theorem. [

Due to the presence of the calming function ¢°, the Galerkin system here is not
necessarily quadratic such as in the case of the 2D Navier-Stokes equations or the
2D Kuramoto-Sivashinsky equations. Thus we give a fully rigorous proof of well-

posedness here.

Proof of Theorem 1.2.23. We will show that a solution exists using Galerkin approx-
imation. Given uy € L*(T?), suppose u™ € C([0, T},]; H) is a solution to (6.2.1) on

the interval [0, T,,] for some T,, > 0 with initial data uf* = P,,ug. We take the inner
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product of (6.2.1) with u™ to obtain

ld m m m m € m m m
S I+ A = = (A ™) = (¢ (u™) - V)u”, )

We estimate the first term by — (Au™, u™) < 1 ||Au™||2,+|u™|3.. For the nonlinear

1
4

term, we estimate

(¢ (™) - V)u™, u™) [ < [[¢°(a™) | o [IVU™|[ 2 [[0™]] 2
: :
<NC oo 0™ 122 1AW™ |22 [™ ] 2

< T I€ M 2w 0™ (12 + 7 [1Au™ 7
4 4
4
Combining the above estimates and denoting K, := % [I€) 3w + 2, we obtain
d m||2 m||2 m|2
7 I lze + [ Au™ [l < Ke [[u™|Z. . (6.2.2)

After dropping the second term of (6.2.2), Gronwall’s inequality yields for all ¢ €
[0, T3n],

™ (@)][72 < e u™(0)[I72 < e JuollZ. (6.2.3)

Since u™ € C([0,T;,], T?), via a bootstrapping argument, it holds that for any 7" > 0

and any ¢ € [0, 77,

la™ (072 < e uolz. < e JuollZ. (6.24)
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Next, we integrate (6.2.2) on [0,7] and apply Estimate (6.2.4):

1 T
[u™(T)17= + 5/ 1Au™ (5)1 72 ds (6.2.5)
0

T
5/0 K™ (s)]% ds + Ju™(0)]2

T
< / Keelte
0

=T ||| .

|72 ds + [[uo]|7

Hence, for all T > 0,

{u™}>°_ is bounded in L>([0, T]; L*) N L*([0,T]; H?). (6.2.6)

m=1 1

To bound the time derivative, we estimate

10" -2 < [|A%0" ||y + | A" [ gz + sup (P ((CF(u™) - V)U™), 9)]|
peH?
llpll r2=1

< Cufu™ g + Co 0™ 2 + sup, (¢ (™) - V)u™, P (6))]
IS
l6ll 2 =1

S Cfu™|[ge + Clu™|| 2+ sup [[€° (™) oo 0™ || 71 10
¢EH?
loll y2=1

L2

< Cllu™[l gz + Cla™ [ g2 + 1€ e 0™ |-

Hence, {0,u™},_, is bounded in L2(0, T; H~2(T?)). By the Banach-Alaoglu Theorem,
there exists u € L%(0,T; H*(T?)) N L>(0,T; L*(T?)) and a subsequence (which we

will still label as u™) such that

u™ —* u weak-* in L*°(0,T; L*(T?)), (6.2.7)
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u™ — u weakly in L*(0, T; H*(T?)), (6.2.8)

du™ — Gyu weakly in L2(0,T; H™%(T?)). (6.2.9)

Moreover, by the Aubin-Lions Lemma we may pass to another subsequence, relabeled

to be u™, such that
u™ — u strongly in C(0,T; L*(T?)). (6.2.10)

Now we can show that u is a weak solution to (6.1.3). Given w € L?(0,T; H*(T?)),

we compute

({0, w) + ((¢°(w) - V)u,w) + (Au,w) + (Au, Aw))
= (O™, w) + (P ((¢°(u™) - V)u™) , w) + (Au™, w) + (Au™, Aw))
=(@(u—u"), W)+ (A(u—-u"),w)+ (A(u—u"),Aw)
+ (€7 () - V)u, w) — (P ((¢°(u™) - V)u™) , w)
=0 (u—u"), W)+ (A(u—u"),w)+ (A(u—u"),Aw)
+ (€7 () - V)u, w) — ((¢“(u™) - V)u™, w) + (Qn (¢ (u™) - V)u™) , w)
=@ (u—u"),w)+(Au—-u"),w)+ (A(u—u"),Aw)
+ (((€°(w) = ¢“(u™)) - V)u™, w) + ((¢*(u) - V) (u —u™) , w)
+(((C°(™) - V)u™) , Quw) .

6
k=1

Integrate Y0_, I in time for t € [0,7]. We observe that I, I, and Iy all vanish

as m — oo by (6.2.7), (6.2.8), and (6.2.9). Using Condition 1 of Definition 2.1.1,
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Agmon’s inequality, Ladyzhenskaya’s inequality, and Holder’s inequality, we obtain

T T
/ f4dtS/ (1€ (w) — ¢ ()| 2 (VU™ 2 [[W]] o dt (6.2.11)
0 0
T . h o d 1 1
SC/O [w—u™[ 2 [[0™[|72 A0 )72 Wl 72 (W] 72 dt
m l m l
<Cllu—-u sz(o,T;LQ)”u sz(o,T;LZ)
T L 1
< [l A e i
0
ok
o,T;L2)||u sz(o,T;LZ)

1
< Cllu— "

1 1
X |‘Aum||z2(o,T;L2)||WHL2<0,T;H2)HU - um‘|22(o,T;L2)v

which is bounded due to (6.2.4), (6.2.8), and (6.2.10).

For I,

T
/ Izdt = Iyw(u —u™) (6.2.12)
0

for I, w as defined in (2.1.4), which convergences due to Lemma 2.1.4. Finally, using

Holder’s inequality, Condition 2 of Definition 2.1.1, and (2.3.2),

T T
/ Iodt < / G ™) 90 2 | QW] (6.2.13)
0 0

T , 3 T , 3
<16l ([ 1vwriear) ([ 1Quwiar)
T 9 % Tl 9 %
<1l ([ 1vwriea) ([ wiiear)

1
< 1I¢ N e ||um||L2<o,T;H2>|\W||L2<0,T;H2>w,

which converges to zero by (6.2.6).
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Invoking (6.2.8), (6.2.9), (6.2.10), (6.2.11), (6.2.12), and (6.2.13),

ih”éo (Z 1k> dt = 0.

Therefore solutions to the ODE system (6.2.1) converge to a solution of the PDE
system (6.1.3). Thus u is indeed a solution to (6.1.3).

Now we show that the solution u satisfies u(0) = ug in the sense of C([0, T}, L?).
Applying Lemma 1.1 from Chapter 3 of [105, p. 250], for all v € H%(T?), it follows
that

4 (u,v) = = (Au,v) — (Au, Av) — (¢(u) - Vu, V) (6.2.14)

(Ou,v) = o

in the scalar distribution sense on [0,7]. Now, suppose that v € C'(]0,7]) and
satisfies ¥(0) = 1, ¥(T) = 0. We then integrate (6.2.14) in time with ¢ and apply

integration by parts to obtain
/o (u,v) ' (t)dt = — /o (Au,v)(t)dt — /0 (A, Av)(t)dt (6.2.15)
- /0 (¢“(u) - Vu,v) 9(t)dt + (u(0),v).

On the other hand, if we take the inner product of (6.2.1) with v then integrate in

time with ¥ we obtain

/OT (u™,v) ¢ /OT Au™,v) )dt—/OT (Au™, Av) o(t)dt
/OT ¢ (™) - V™) V) () + (u ).
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Passing to the limit as m — oo then yields

A mﬂowamn:—Z;@me¢@mp-A (Au, Av) i (t)dt (6.2.16)

— /0 (¢“(u) - Vu,v) (t)dt + (ug,v).

By then comparing (6.2.15) and (6.2.16), we obtain (u(0) —ug,v) = 0 for all v €
H?(T?). Since H?(T?) is dense in L?(T?), it follows that (u(0) — up,v) = 0 for all
v € L*(T?). Thus u satisfies u(0) = uy. Next, we show that weak solutions are
unique. Set w = u—v, where u and v are both weak solutions of calmed KSE (6.1.3)
on the interval [0, 7] with ug = vo. After taking the difference of the two equations,

we then take the action of the difference equation with w, which yields

57 IWl5e + aw], (6.2.17)

=Ji+ T+ T,

: . 2
where we have used the Lions-Magene Lemma to write (9w, w) = 14 ||w|/}.. Then,

1 2 1 2
S < S Iwlle + 5 1Aw]L:
2 2
Also,

Jo = (((€°(v) = ¢ (w) - V) u,w)
<IE (V) = ¢ o IVl g2 [l s

2
< ClVull (Wl
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<OVl g [wll e VW]l
g 3
< OVl [[wliz: |Aw] 2

4 2 1 2
< ClIVullz: lIwllz: + 7 [Awlz
by Agmon’s inequality, Ladyzhenskaya’s inequality, and Lemma 2.1.4. Finally,

J3i=—((¢(v)-V)w,w)
<G 992 1]l
(¢l 1wl ) (12wll2.)

3t 1
¢ IwlFe + 5 IAwlis

IN

using Young’s inequality and (2.4.5). From the above estimates, we obtain

d

4 3 o
ZIwllz. < (1 +C [ Vuli + 5 116 ||zx) W)l -

1 4
Writing Ki(t) = 1+ C|[Vul|3, + 2 [/¢]|}~, we observe that K(t) is integrable on

[0,T]. Thus we conclude, recalling that w = u — v,
2 2 g
() = VOl < fluo — Vo3 exp ( / K1<t>dt). (6:218)

Therefore solutions to (6.1.3) are unique. If we now integrate (6.2.17) on the

interval [0, 7] and apply estimate (6.2.18), we obtain
T
u(t) — Av 2 G = Ko {|Up — Vo2 -4
[ 1ste) = av@) de < Ko fuo = voll (6219)
0

2, and [|¢|| ;. From estimates (6.2.18)

For some constant K, depending on 7', [|[Vu
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and (6.2.19) we conclude that solutions depend continuously on the initial data in

L=(0,T; L2(T?)) N L*(0, T; H2(T?)). O

6.3 Higher-Order Regularity of Solutions

In this section, we only work formally, but the results can be made rigorous by using,
e.g., the Galerkin method. We will show that the regularity of a weak solution u to
6.1.3 is dependent on the regularity of the calming function ¢“ and the initial data
Up.

Remark 6.3.1. It seems likely that higher-order regularity (m > 2) also holds, but we

do not pursue such matters here.

Proof of Theorem 1.2.24. We first show the case m = 1. We take the (formal) inner

product of (6.1.3) with —Au and integrate by parts to obtain
(Ou, —Au) — ((¢(u) - V)u, Au) — (Au, Au) — (A%u, Au) =0

which we will rewrite as

1d

Sa IVullZ: + VA7 = ((¢(u) - V)u), Au) — (Vu, VAu)

= ((¢“(w) - V)u,Au) — (Vu,VAu).

Thus, we obtain

1d
2dt
< IC )l [1Vull 2 [[Aull 2 + [[Vul] 2 [[VAul] 2

2 2
IVull, +[[VAu]L,

3 1
<NC oo IVl 2 (VAR L + [Vl 2 [VAU]
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< (J1¢0E + 5 ) 19l + 1920,
This estimate can then be rewritten as
d 9 1 9 3 4 2
G Ivull+ 19l < (1l +1) IVul. @3)
Then, by Gronwall’s inequality,

3 s
IVaol- < IFulexp (516 + ) (632
2 3 € %
< Vgl esp (27 ¢ + T

Now, after integrating (6.3.1) on the interval [0, 7] and applying Estimate (6.3.2), it

follows that
r 2 2 3 4
/ IVAu(r)||;2 dr < 2||Vug||72 exp (§T €613 + T). (6.3.3)
0

Thus, u € L*(0,T; H3(T?)) N L>(0,T; H'(T)) whenever uy € H'(T?).

The case m = 2 proceeds in a similar way. We take the inner product with A2u

to obtain

1d
2dt
< [(Au, A%a) |+ ((¢(n) - V) u, A%u)|

1Al + [|A%ulf; (6.3.4)

IA

1 1
5 I oullze + 5 [ A%]|7, + ¢ (@) IVl | A%l

IN

1 1 1
5 1wl + S 1A%l + C ll [ 9all. + 7 A%,

IN

1 9 3 2 2
5 I18ulle + 7 1A%l + Cllull e [Vullp: Al
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1 2 2 3 2112
< (5+ Ol ) 1ol + a2l

Similar to the case m = 1, this estimate reveals that u € L*(0,7; H(T?)) N

L*(0,T; H*(T?)) whenever uy € H?(T?). O

6.4 Convergence to Kuramoto-Sivashinsky Solutions

It is known that, for any initial data uy € L*(T?), solutions to 2D KSE exist and
are unique in C([0, T]; L*(T)) N L0, T; H*(T)) for some (possibly only small) T > 0
(see, e.g., [6, 33]). In this section we show that as € — 0, solutions u® of the calmed
KSE (6.1.3) converge to solutions u of KSE (6.1.2) prior to its potential blowup time.
For this result, it seems necessary that our calming function ¢¢ satisfies Condition 3
of Definition 2.1.1. Indeed, if one wants to show that ({‘(u)-V)u® — (u-V)u in
some sense as € — 0, then one expects that at least (“(x) — x as ¢ — 0. We do
not find this imposition to be restrictive, as our example choices for ¢ satisfy this

condition, as seen in Proposition 2.1.3.

Proof of Theorem 1.2.25. Set

wei=u‘—u

and take the difference between (6.1.3) and (6.1.2) to obtain
oW + Aw + A?w = —(¢(u) - V)u + (u- V)u.

Testing each side by w we obtain, after integration by parts,

1d

s Wl + 1AW Ze = [VwL: + N, (6.4.1)
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where N is given by
N :=— /T((C‘(ue) -V)u — (u-Vu) - wdx.
By inequality (2.4.5),
19wl < s Awlie < SIAW S + SllwelZe (642)
Inserting 6.4.2 in 6.4.1 yields
d e €12 €2
Wl + AW 2 < w2 + 2. (643
N can be written as

N = [ (@) = ¢ Tpw e wedx [ () V)w i

—/T((C‘(ue) —¢(u))- Vju- w dx—/((C‘(u) —u)- V)u- wdx.

T

Using the Lipschitz property of ¢¢ and (2.1.1), we see that N is bounded by

IN| < / ¢ (u) — ¢ ()| [V [we] dx + / ¢ ()] (VW] [we] dx
+ [ 16w = ¢l [Val w] s+ [ 167(w) = ul [Vl jw] dx.
< [l ww e [ jul Ve dx
+ [ vul dx ce [l [val ] ax

= Ny + No+ N3+ Ny.

These terms can be bounded as follows. By Hélder’s inequality, Ladyzhenskaya’s



inequality, (2.4.5), and Young’s inequality,

Ny < [[W Ll Vw22 < C llwel Vw72

1
< Ol wilZe [Awlze < 7ol AWZ: + Cllw]l2e.

Ny < a2 [|we| o [Vl s
1 1
< Clhullzz (w22 VWl 2 [|Awe| 2.
< Clallgz w2 [ AW 2

1
< Tl Awlze + Cllalze [TwellZe.

1 1
Ny < [[Vullze [wZs < Cllull7: [Aul s [[wlz [[Vwe] 22
1 1 3 1
< Cllullz |Aullz 1wz AWz

1 2 2
< TellAW e + Cllalz: [1Aull, [[we ..

By Holder’s inequality, Ladyzhenskaya’s inequality, and (2.4.5),

Ny < Ce* |[we| ;2 Hu”ﬁoc [Vl
8 8 1 1
< Ce W[ 2 ull 2 [ufl 22 lull 72 [ Aul 7

B B B 1 1
< 0w ull s (uuuzz T Ay ) Jull. [ Aull,

= (C’e“ u

We now insert the bounds for N in (6.4.1):

1 1 B 1
WE | Au)z, + Ce | | A

L2

£+1
) Il
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(6.4.4)

(6.4.6)

(6.4.7)
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d € € €
W2+ AW < e} + 2N (6.48)
6 €12 e4
< o laws + C wls
16
9 2 2 N2
+ (1 Clule + € il llaul g, ) w3

1 1 B, 1 B 1
+C ( ullys® 2wz + e ul &7 | au) 2 ) w2

Due to the presence of the term ||w€||., we cannot apply Gronwall’s inequality
directly. However, since ||[w¢||z2 is supposed to be small, this term is not a “bad” term
and is even smaller than |[w¢||2,. We just need to apply a bootstrapping argument,

as stated in Lemma 2.5.4. Denote by H(t) with ¢ € [0,T] the statement that
W (@)ll2 <1
and by C(t) the statement that
Iwe ()22 < "D B(T) e < 35,

where A(t) and B(t) are defined as in (6.4.11) and (6.4.12) below and ¢ is taken to

be sufficiently small such that

ADB(T) e <

D=

Clearly, C(t) is a stronger statement than H(t), and thus (b) of Lemma 2.5.4 holds.
When the solutions are regular enough, then |[w*(t)||z2 is continuous in time. Indeed,

this regularity is given by Condition 1.2.9 and Definition 1.2.22 and thus (c) of Lemma
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2.5.4 holds. For t =0, ||we(¢)||z2 is zero and thus (d) of Lemma 2.5.4 holds. In order
to apply Lemma 2.5.4, it remains to verify (a). That is, if H(¢) holds for some
t € [0, 7], namely

[we(@)ll2 <1,

then C(t) holds at the same ¢, namely

Iwe(t)llz2 < ADBT) e < L.

We assume that, for some ¢ € [0, T,
[we(t)[|2 < 1 (6.4.9)

and then show that (6.4.9) leads to a desired smaller bound at this same ¢t. Now we

replace |[w€|[32 by [|[w[|2. in (6.4.8) and eliminate |[w||;2 from each term to obtain

d, . 2 2N
el e < € (1 flallfs + frullfa I 8allg,) e

1 1 B1 B 1
er (nunii ) + a5 Aa)E ) ,

in which we also use the fact that % w2 = 2||we|,» LW 2

Due to the regularity assumption on u in 1.2.9, the terms
2 2 1 1
(1 +[ull3s + (a2 ||Au\|zz) and Hu||ij2 |Aul|?, are integrable for 8 > 0. Further-
g1 g1
more, for # < 3, £ + 1 < 2 and thus Hu||£2+2 ||Au|\22+2 is integrable. It then follows

from Gronwall’s inequality that

W) |22 < AW (0)]| 12 + eAOB(t) € < AT B(T) e, (6.4.10)
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where we have used the fact that the initial difference w¢(0) = 0 and have written

t 2 2
Awy = [ (1 Il + . 12l s, (6.4.11)
0
t 1 1 B 1 B, 1
B(t):=C / (Il ol + ol ol ) ds. (6.4.12)
0

By taking e sufficiently small, from (6.4.10) we deduce that any
t € [0, T] which satisfies

lwe(®)||r2 < 1.

must also satisfy

Iwe ()22 < XD B(T) e < 3.

Thus the bootstrapping argument holds, and we conclude as claimed that for all

t<T,
Iw (O] < Kae® (6.4.13)

where K = eA(T>B(T) depends on 7', u, and §. In particular, u® — u
in L>(0,T; L*(T?)) as ¢ — 0. Next, integrate (6.4.8) for all ¢ € [0, T (again replacing

[we[[£2 by [[w[%) to obtain

1 T
o [ law
0

T ) )
2 3 3 2
<0 [ (1 Pl o+l sl .

o [ (1l Al 5431 Aul 3 e
+06/0 [ull2 * 1 AullZ + a2 * Al ® ) [[wel . dt

In which we are again using the fact that w¢(0) = 0. Applying (6.4.11), (6.4.12), and
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(6.4.13) then yields

T 16 16
/ | AWE||2, dt < EA(T)K%?“ + ﬁB(T)Klem. (6.4.14)
0

For K, = 2A(T)K} + 1S B(T)K; (again only depending on 7', |[ul| - (07;22).

llull 20,12y, and 3), we obtain
1
||AWF||L2(07T;L2) S K;Ga. (6415)
Using an interpolation inequality, we obtain

Wl L20,mm2) < CllW | L20,1:22) + ClAW || L2(0,7:22) (6.4.16)

as claimed. In particular, u¢ — u in L?(0,T; H?(T?)) as ¢ — 0. O

Corollary 6.4.1. Consider the calming functions ¢° as described in (2.1.2). Let
u, uc be as in the statement of Theorem 1.2.25 with the same initial data, where u® is
determined by €5, t = 1,2, or 3. Then for T < T*, there exists K > 0 independent

of € such that

1. for ¢ = (i,

||'L16 — uHLDo(OYT;[}) S K{E, (6417)
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2. for ¢ = ¢y,

Hu6 — u”Loo((LT;LQ) S KéEz, (6418)

3. for ¢t =5,

[u® = ul|peorr2) < Kie?. (6.4.19)
Proof. The proof follows immediately from Theorem 1.2.25 and Proposition 2.1.3. O

6.5 The Scalar Form

Here we investigate the scalar formulation (6.1.4). The analysis is similar to the
analysis of (6.1.3), so we only briefly present formal energy estimates. For the sake
of brevity, we work formally rather than rigorously. However, the proof below can
be made rigorous, e.g., via the use of Galerkin methods as in the proof of Theorem

1.2.23.

Proof of Theorem 1.2.27. Take a (formal) inner product of (6.1.4a) with ¢ and inte-

grate by parts to obtain

1d

531 1912 + 1801172 = = (86,0) = (3¢ (Ve) - V6,0). (6.5.1)

Using (2.4.5) and

(56 (V9)- 76,0)| < 5

< S 1N IVl 2 M1l 2
N3 1
< CN¢ i ellze + 7 186117
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we obtain from (6.5.1) that

d od
=8l + 1291132 < (24 ClI¢CNE ) o3z (6.5.2)

Hence from Gronwall’s inequality, dropping the second term in (6.5.2), we obtain

le@)II72 < " llgol72 (6.5.3)

4
where K, = (2 +C ||C5||200) Hence ¢ € L>(0,T; L?(T?)). Next, we integrate (6.5.2)
in time on the interval [0, 7] and drop any unnecessary terms:
1 2 ’ 2 2
| 5180t < [ Kol @+ ool (654)

T
< / K57 ||go| 2 dt + || o2
0

= (KT +1) [|gol[72 -

Therefore ¢ € L°°(0,T; L?(T?)) N L*(0, T; H?(T?)). Now we obtain estimates on 9;¢:
For any ¢ € L?(0,T; H*(T?)),

T
@, = | ava (655)

[ (e wor-vo)var+ [ @orvars [ o) svar

IN

1 T . T T
3|l anwel s [ aolwldes [0l sl

IN

1
3 1€ N oo IV @Il L2 0,1:22) 1Y 20,72
+ 180 20,2 |10 L20.7:22) + 120 L20,1:02) | A% L2(0,7:22)

1
< (316 Dol + 216l azann ) Wllzaaey
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It follows from Estimate (6.5.4) that |09 20,7512y < 00, hence

dip € L*(0,T; H~2(T?)). From this we deduce that a solution ¢ to (6.1.4) exists, with

$ € C(0,T; L*(T?) n L*(0,T; H*(T?)).

Now, let ¢ and 1 be two solutions to (6.1.4) with ¢(0) = 1(0) = ¢o. Let 6 = ¢ — 1.

Then 0 satisfies the equation

06 + D26 = —AS + C (V) - Vip — ¢(V) - Vo (6.5.6)

with §(0) = 0. We can then rewrite the nonlinear term as

(V) -V = ¢ (Vo) - Vo = (C(VY) = C(V9)) - Vi = ¢ (V@) - Vi (6.5.7)

We now insert (6.5.7) into (6.5.6) and apply integration by parts to obtain

1d
2dt
< (A6, 0)+ |((C(VY) = (V) - Vb, 8)| + |(C(V) - V6, 9)] .

8172 + 146]7 (6.5.8)

In the second term, we use Condition 1 of 2.1.1, Hoélder’s, Ladyzhenskaya’s, and

Young’s inequality to obtain

(V) — (V) - V1. 8)]| < (V) — C (V) o [Vl 6] (6.5.9)
< IVl 2 18]l V6110
< C V9l 112, [ V61l 2 16112,

< OVl 2 (161 2 [|A6]] 2



128
2 2 1 2
< CIVY L2 10172 + 7 1405

In the third term, we apply Condition 2 of 2.1.1, use Young’s inequality, and use

interpolation inequalities to obtain

[(C(V9) - V8,8)] < 11¢ o 176112 1161 12 (6.5.10)
<€ e 181122 112261 22

€ % 2 1 2
< ClIE Nz 19lz2 + 7 1AL -

After inserting (6.5.9) and (6.5.10) into (6.5.8) and rearranging the terms, the in-

equality becomes

d 2 2 2 i 2

1612 + 18812, < € (1+ 19913 + 1T ) 1012 (65.11)
Then applying Gronwall’s inequality, we obtain

lo(t) — w22 < D [lgg — o3, (6.5.12)

- 1
where K,(T) = [/ 14 Vo ()[}2 + I¢]| } dt. Since ¢ € L2(0,T; H*(T?)), and ¢ is
bounded, K, (T') < 0o. So ¢(t) = 4(t) for all t € [0, T7], hence solutions to (6.1.4) are
unique. Now, we integrate (6.5.11) on the interval [0,7] and apply (6.5.12), which

yields
T ~
/0 [AG(t) — Ap(t)|172 dt < Ko ||do — Yoll2 (6.5.13)

for some K, which depends on T, V()] 12, and ||| ;. From estimates (6.5.12)

and (6.5.13) we conclude that solutions depend continuously on the initial data in



L(0,T; L2(T2)) N L2(0, T; H(T?)).
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O

Here, we will show the convergences of solutions to (6.1.4) to that of (6.1.1) as

€ — 0. This proof has only minor variations from the proof of Theorem 1.2.25.

Proof of Theorem 1.2.28. We set 0 = ¢ — ¢° take the difference between (6.1.1) and

(6.1.4a), and take the inner product with 0. to obtain
62 4 A2 < 152 + Ny + Ny + Ny + N
7 10°le + 180N < N10°[I72 + Ni+ No + Ny + Na,
where

3
N1 = [((¢(Ve) = ¢ (Vo)) - V8,09 < Ol + | 0715

(6.5.14)

2 6 1
Na = [((¢(Vo*) = ¢ (V) - V6,6 < C |9l 72 |28l 7 16°]17 + 3 [

€ € € % % € 1 €
Ny = [(¢(V) - V6,69 < Cllgll 5 1 28]l 12 [16°]1 72 + ¢ 149 ¥
and

Ni = [((C(V9) = Vo) - Vo, )|
Ce | |Vg|" 5| d
<ce [ 1vol 5 ax

< Ce |Vl 7 15 1 -
Applying the Sobolev inequality, we deduce that

bt
IVol75e < ClUVO L2 Vel < CllolZ lollg:? -
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Inserting our bounds for each N; into (6.5.14) and rearranging then yields

d € 1 € € € (e 3 B+l €
1071152 + 26 12072 < C O NG + 1072 + Ce* 1972 16l a” 10N 2 (6.5.15)

+C (I8l132 1861 + 19113 1180152 ) 1)

Now we apply the ansatz

6% 2 < 1

to obtain the bound

6 2
6022 < N10°Me -

We apply this estimate to (6.5.15) and eliminate ||6¢|| . from each term to obtain

d s 5ol e
2 18N < ClolE 10l € (6.5.16)

0 (14 1915 160 + 191 1asl % ) 15,2

The term

2 6 1 3
L+ [10ll72 1881122 + 1]l 72 1Al 72

is always integrable and the term
1 B+1
61172 Nl o1l
is integrable for g € [1, %] It now follows from Grénwall’s inequality that

16512 < e [[8(0) | 2 + O B(t)e < AT B(T)e?, (6.5.17)
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using the fact that 6¢(0) = 0, and with

t 2 6 1 3
mw:c/1+wwwAw;+wmwAm;w
0

t 1 1
B() = C [ ol ol as.
By taking e sufficiently small, we have for all 0 <t < T
18°(E) ] 2 < 1.
It follows from a bootstrapping argument that

16°(8)]| e 0.7:22) < €@ B(T)e. (6.5.18)

=

Now we integrate (6.5.15) on [0, 7], again using that ||6<]|%, < ||6|[7., and apply to

obtain

T
/ 1882, dt < Ce*B(T)eA ™) B(T)e” + A(T) (AT B(T)e*)’ (6.5.19)
0

< K(T)QEQQ,

where

K(T)? = CB(T)2*™ 4+ A(T)B(T)e ™.

Therefore we obtain

6%l z20,msm2y < (TP B(T) + K(T)) €. (6.5.20)
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6.6 Computational Results

In this section, we examine the calmed Kuramoto-Sivashinsky equations computa-
tionally via several simulations, where the calming function ¢¢ = ¢} is described in
(2.1.2). We include snapshots of the evolution of solutions for the different choices
of ¢ in Figure 6.1, and for different choices of € in Figure 6.2 (we show results for
¢S5 only for the sake of brevity; ¢{ and ¢5 yielded qualitatively similar results). The
former illustrates the different effects of the choice of ¢¢ on the dynamics, while the
latter indicates the uniform convergence of u® to u.

In addition, we examine convergence rates in L>°(0,T;L?), L>(0,T;L>®), and
L*(0,T; H?) for ¢ (Figure 6.3), ¢5 (Figure 6.4), and ¢§ (Figure 6.5) with initial
data (6.6.2) as e — 0% (for simplicity, we set 7' = 1, since with all our initial data,
solutions to KSE appear to be quite stable on [0,1]). We find that the powers on
the L°°(0,T; L?) and L?*(0,T; H?) convergence rates in Corollary 6.4.1 appear to be
sharp.

Finally, in Figures 6.6, 6.7, and 6.8 we check the robustness of the convergence
with respect to larger initial data (6.6.3) for ¢, ¢5, and ¢5. In comparing initial
data (6.6.2) with (6.6.3), we find very little qualitative variation in the error rates,
indicating that changes in initial data will only marginally change the error between

solutions to KSE and solutions to calmed KSE for € > 0 sufficiently small.

6.6.1 Numerical Methods

All computations were done in Matlab (R2021a) using pseudo-spectral methods with
the standard 2/3's dealiasing for the nonlinear term. To evolve the system, we used
a well-known modification of the Runge-Kutta-4 time-stepping scheme adapted to

handle the linear terms implicitly via an integrating factor to handle the nonlinear
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terms implicitly (see, e.g., [49]) with time step At ~ 4.2943 x 10~* chosen to respect
the maximum advective CFL condition in Figures 6.1, 6.2, 6.3, 6.4, and 6.5, with
later figures having a rescaled time step At = 1.0736 x 10~*. Our simulations for
KSE and cKSE were resolved® with a spatial mesh of 128%2. All computations were

done using the nondimensionalized calmed Kuramoto-Sivashinsky equations,

o+ (¢(n) - V)u+ AAu+ A%u =0, (6.6.1a)

u(x, 0) = uo(x), (6.6.1D)

over the periodic domain 2 = [—, 7)? for A > 0.
Throughout this section, a type 1, type 2, or type 3 solution is a solution to calmed

KSE with calming function (7, {5, or ¢ respectively.

6.6.2 Simulations

Here, we take initial conditions to be

wo(z,y) = < (6.6.2)

cos(z +y) + cos(x))
cos(z + y) + cos(y)

and all color plots seen below are plots of the magnitude |u| = |(u,v)| = Vu? + v2.
In all plots of solutions, the horizontal axis corresponds to the y-axis and the vertical
axis corresponds to the z-axis.

Our choice for initial data u, was motivated by the choice of scalar initial data

Note: For the Kuramoto-Sivashinsky equations (calmed or otherwise), even in fairly chaotic
regimes, one often does not need especially high resolution, due to the strong hyperdiffusion term.
Moreover, so long as the solution is well-resolved, which we take to mean that the energy spectrum
at the modes higher than the 2/3’s dealiasing cut-off is at or below machine precision (roughly 2.22 x
10716), increasing the resolution only increases round-off error, due to the additional computations
being performed. Hence, to minimize roundoff error, we purposely chose the fairly low resolution of
1282, although our higher-resolution tests, not reported here, produced qualitatively similar results.
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found in [48], [62], and [59]; namely,

oo(z,y) = sin(x + y) + sin(z) + sin(y).

Hence, we set ug = V.

(a) Type 1 (b) Type 2 (c) Type 3 (d) KSE

Figure 6.1: Solutions to calmed KSE of each type compared with a solution to KSE
at time ¢ = 2, with € = 0.1, A = 4.1, and u, given by (6.6.2).

Though some differences can be seen among the images above, one can see that
each type of calmed KSE solution approximates the overall behavior of a KSE solu-

tion. One can also observe that the accuracy of the approximation varies by type.
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(a) e, = 0.1 (b) 3 = 0.01 (c) 3 = 0.001 (d) KSE

Figure 6.2: Column 6.2d is a solution to KSE (6.1.2) for ¢ = 1,...,5, whereas
columns 6.2a, 6.2b, and 6.2c are type 3 solutions to calmed KSE (6.1.3) on the same
time interval with e € {0.1,0.01,0.001}. In this figure, A = 4.1 is fixed and initial
data ug is given in (6.6.2). Viewing the pictures from left to right, we can see that
u‘—uase—0.
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In Figure 6.2 we focus only on type 3 approximations to better illustrate how well
calmed KSE solutions can approximate KSE solutions over time for various choices
of €. Indeed, when viewed from left to right we can observe the convergence of our
calmed KSE solutions to the original KSE solution.

In accordance with Corollary 6.4.1 we see that solutions to calmed KSE corre-
sponding to calming function ¢ yield a linear convergence rate whereas solutions to
calmed KSE corresponding to calming functions ¢5 or {5 yield quadratic convergence
rates.

For additional testing, we choose initial data with higher oscillation and higher

magnitude,
(cos(z +y) + sin(3z))
_ 6.6.3
Uo(,y) (4 (cos(z +y) + cos(4y)) )’ o
e : : T T T T T ! -‘-;
nar ) I
102 —— L*(H?)

—%— L>°(L>)

,,,,,

10'8 =

_____
,,,,,

10710 e

1012 3
10ME -
Il 1 /i 1 1 Il 1 1 1
10 1071 1012 1674 10710 10°® 108 107 108 10 10
Figure 6.3: Estimates of u —u® vs. € in norms || - ||z~,r;r2), || - lzoo(0,752), and

I - [lz20,7;02), at time T = 1 with u® a type 1 solution and with initial data given by
(6.6.2). These estimates show a linear convergence rate.
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Figure 6.4: Estimates of u —u® vs. € in norms | - ||z~r;z2), || - [|zoo(0,752), and

I - [z20,7;02), at time T = 1 with u® a type 2 solution and with initial data given by
(6.6.2). These estimates show a quadratic convergence rate. Note: for € < 1072, the
error in our simulations was exactly 0, hence it does not appear in this log-log plot.
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1010

10'12
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107 10, 1072
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Figure 6.5: Estimates of u — u® vs. € in norms || - ||.rr2), || - l2=(0,752), and
I - [lz20,7:02), at time T = 1 with u® a type 3 solution and with initial data given by
(6.6.2). These estimates show a quadratic convergence rate.
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Figure 6.6: Estimates of u — u® vs. € in norms || - ||orr2), || - lz(0,752), and
“|lz2(0.7:12), at time T'= 1 with u® a type 1 solution and with initial data given by
(0,7;H?) g
(6.6.3). These estimates show a linear convergence rate.

and examine the convergence rates for each solution type. For each convergence test,

we have the fixed parameters N = 128, T'=1, and A = 4.1.
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Figure 6.7: Estimates of u —u® vs. € in norms | - ||g~r;z2), || - [|zoo(0,752), and

I - [z20,7;02), at time T = 1 with u® a type 2 solution and with initial data given by
(6.6.3). These estimates show a quadratic convergence rate. Note: for € < 1072, the
error in our simulations was exactly 0, hence it does not appear in this log-log plot.
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Figure 6.8: Estimates of u — u® vs. € in norms
I [lzeo 0,522y, || lEoo 0,300y, and || - || 2(o,7:m2), at time T = 1 with u® a type 3 solution
and with initial data given by (6.6.3). These estimates show a quadratic convergence.



140

We observe that even with larger choice of initial data, Figures 6.6, 6.7, and 6.8
remain qualitatively similar to Figures 6.3, 6.4, and 6.5. This computational result is

again in accordance with Corollary 6.4.1.

6.7 Conclusions

We introduced new modifications of the 2D Kuramoto-Sivashinsky equation, in both
scalar and vector forms, with a “calming-parameter” € > 0 that we call the “calmed

i

Kuramoto-Sivashinsky equation,” and proved that associated PDEs are globally well-
posed in the sense of Hadamard. Moreover, we proved that, under suitable conditions
on the calming function ¢, that (on the time interval of existence and uniqueness
of solutions to the KSE) the solutions of the calmed equation converge to solutions
of the KSE as ¢ — 0T at a certain algebraic rate. Moreover, our computational
simulations indicate that this rate is sharp. To the best of our knowledge, this is the
first globally well-posed PDE model whose solutions approximate solutions to the 2D
Kuramoto-Sivashinsky equation with arbitrary precision, at least before the potential
blow-up time of the latter.

In addition, we note that this “calming” technique can be applied to a wide
variety of other equations, which we will investigate in several forthcoming works.

In particular, in [29], we consider applications of calming to the 3D Navier-Stokes

equations.
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