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Attosecond pulse carrier-envelope phase effects on ionized electron momentum
and energy distributions

Liang-You Peng* and Anthony F. Starace
Department of Physics and Astronomy, The University of Nebraska, Lincoln, Nebraska 68588-0111, USA

�Received 3 May 2007; revised manuscript received 17 July 2007; published 1 October 2007�

We analyze carrier-envelope phase �CEP� effects on electron wave-packet momentum and energy spectra
produced by one or two few-cycle attosecond xuv pulses. The few-cycle attosecond pulses are assumed to have
arbitrary phases. We predict CEP effects on ionized electron wave-packet momentum distributions produced by
attosecond pulses having durations comparable to those obtained by Sansone et al. �Science 314, 443 �2006��.
The onset of significant CEP effects is predicted to occur for attosecond pulse field strengths close to those
possible with current experimental capabilities. Our results are based on single-active-electron solutions of the
three-dimensional, time-dependent Schrödinger equation including atomic potentials appropriate for the H and
He atoms.

DOI: 10.1103/PhysRevA.76.043401 PACS number�s�: 32.80.Rm, 42.65.Re, 32.80.Fb, 32.80.Qk

I. INTRODUCTION

Recently, Sansone et al. �1� reported the experimental re-
alization of isolated, approximately single-cycle attosecond
pulses with a pulse duration of about 130 as and a photon
energy of about 36 eV. Particularly notable is that the
carrier-envelope phase of their attosecond pulses was re-
ported to be stable and capable of being tuned, such as by
using aluminum foils of variable thickness �1�. As noted by
these authors �1�, “�t�he availability of single-cycle isolated
attosecond pulses opens the way to a new regime in ultrafast
physics, in which the strong-field electron dynamics in atoms
and molecules is driven by the electric field of the attosecond
pulses rather than by their intensity profile.” Now that it has
become possible experimentally to produce isolated few-
cycle attosecond pulses in the xuv spectral regime with tun-
able carrier-envelope phases, we analyze in this work the
carrier-envelope phase �CEP� effects that one may expect on
momentum and energy distributions of electron wave pack-
ets produced by one or more such few-cycle attosecond xuv
pulses.

Investigations of short-pulse laser-produced electron wave
packets have a rather lengthy history in atomic, molecular,
and optical �AMO� physics, although interest has most re-
cently focused on those produced by xuv attosecond pulses.
Electron wave packets have been studied extensively in Ry-
dberg atoms �see, e.g., Refs. �2–5��, including recently those
produced by ionizing Rydberg atoms with few-cycle rf
pulses �6�. In the ps regime, interference between short-pulse
laser-produced electron wave packets in the continuum has
been studied theoretically for the case of H− detachment in
various combinations of external static electric and/or mag-
netic fields �7–9�. In the fs regime, interferences between
photoelectron wave packets ionized from excited states of
atomic potassium by pairs of time-delayed 30-fs Gaussian
laser pulses were studied experimentally �10�. In addition,
there were experimental demonstrations of the first CEP ef-

fects on photoelectron spatial distributions produced by 5-fs
few-cycle laser pulses that were not initially phase stabilized
�11� but later were phase stabilized �12� �see also �13� and
references therein�. In fact, since the late 1990s �see, e.g.,
�14–16�� there has been an explosion in both experimental
and theoretical interest in CEP effects produced by sub-10-fs
few-cycle laser pulses �see the recent reviews in �17,18� and
references therein�.

In the attosecond xuv pulse regime, both theory �19� and
experiment �20,21� initially focused on using properties of
the photoelectron wave packets produced by xuv pulses in
the presence of an ir laser field to characterize the temporal
structure of the attosecond pulses. Indeed, by 2005 the
FROG-CRAB technique �i.e., frequency-resolved optical
gating for complete reconstruction of attosecond bursts� was
put forward as a means to completely characterize any kind
of attosecond pulse or pulse train �22,23�. Conversely, analy-
sis of the electron bursts produced by 250-as, 93-eV XUV
pulses in the presence of a few-cycle IR laser field has been
shown to allow the complete characterization of the ir laser
field �24�. Very recently, the momentum-space interference
patterns between electron wave packets produced by xuv at-
tosecond pulse trains in the presence of a shearing ir laser
field were investigated both experimentally and theoretically
as a means to understand the xuv photoionization process as
well as the dynamics of electron wave-packet motion in ir
laser fields �25,26�. With regard to the dynamics of electron
wave-packet motion in ir laser fields, two interesting theoret-
ical proposals have recently been made. Ishikawa �27� has
proposed controlling the interference between electron wave
packets produced by two or three attosecond xuv pulses by
means of the phase of a few-cycle ir laser pulse, thereby
simulating a Young’s double-or triple-slit interference experi-
ment. Smirnova et al. �28� have proposed using an xuv at-
tosecond pulse to probe the recollision electron wave packet
produced and driven by an ir laser field. In all of these prior
works, the xuv attosecond pulses are considered to have
many cycles �i.e., CEP effects are not an issue�. Also, when
two or more xuv pulses are considered, they are generally
assumed to be identical �except for a possible phase differ-
ence of �, as in the case of neighboring pulses in an attosec-
ond pulse train�.
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We analyze in this paper the effects of the CEP of a few-
cycle attosecond xuv pulse as well as the relative phase of
two such pulses on electron wave-packet momentum and
energy distributions and their interference patterns. In Sec. II
we give a brief description of our theoretical method, which
is based on our recent work on the exact solution of the
single-active-electron, three-dimensional, time-dependent
Schrödinger equation for describing the ionization dynamics
of atomic systems in strong laser fields �29�. In Sec. III A we
analyze the effects of the CEP of a single few-cycle attosec-
ond xuv pulse on the momentum and energy distributions of
the ionized electron from both H and He atoms. In Sec. III B
we consider the effects of the CEPs of two time-delayed
few-cycle attosecond xuv pulses �with possibly different
CEPs� on the momentum and energy distributions of the ion-
ized electron wave packets. In Sec. IV we summarize and
discuss our results and present some conclusions.

II. THEORETICAL FORMULATION

Our theoretical approach is based on our recent work on
the direct solution of the full-dimensional, time-dependent
Schrödinger equation �TDSE� for a single-electron atom in
the presence of a strong laser pulse �29�. For the H atom, the
atomic potential is simply the Coulomb field of the nucleus.
For the He atom, we employ the effective one-electron po-
tential given by Hartree �30�, which has been used by others
to model the He atom in strong laser fields �31�.

For a neutral atom having a single active electron that is
ionized by one or two attosecond pulses, the TDSE describ-
ing the active electron is given by

i
�

�t
��r,t� = �H0�r� + HI�r,t����r,t� , �1�

where the field-free Hamiltonian H0 is defined by

H0 = −
1

2
�2 + VC�r� = −

1

2
� 1

r2

�

�r
�r2 �

�r
� −

1

r2 L̂2� + VC�r� .

�2�

Here L̂2 is the square of the orbital angular momentum op-
erator and VC�r� is the effective atomic potential, which has
a long-range Coulomb tail. For the cases of H and He, VC�r�
is given explicitly by

VC�r� = 	−
1

r
, for H,

−
1

r
�1 + �1 + �r/2�e−�r� , for He,
 �3�

where �=27/8 �30�.
The interaction of the active electron with one or more

attosecond laser pulses is described in Eq. �1� by HI�r , t�,
which may be defined in either the length gauge or the ve-
locity gauge. We adopt the velocity gauge in the present
work, but we find that the results for the two gauges agree
very well �in part since the potential VC�r� is local�. In the
velocity gauge, HI�r , t� is given by

HI�r,t� = − iA�t� · � , �4�

where A�t� is the vector potential for the laser field. We
consider the general case of two attosecond pulses, with fre-
quencies �1 and �2 and intensities I1 and I2, with both as-
sumed to be linearly polarized along the z axis. The vector
potential for this two-pulse case is given by

A�t� � A�t�ẑ

= A1F1�t�sin�w1�t +
�1

2
� + �1�ẑ

+ A2F2�t�sin�w2�t − Td +
�2

2
� + �2�ẑ , �5�

where Td is the time delay between the two pulses and Ai

=�Ii / Iau/�i �i=1,2�, where Iau=3.51�1016 W/cm2. The
CEP is �i �i=1,2�, and the pulse duration is �i=niTi �where
Ti=2� /�i is the period and ni is the integer number of cycles
in the ith attosecond pulse, i=1,2�. The vector potential en-
velopes F1�t� and F2�t� are given by

F1�t� = 
sin2���t + �1/2�/�1� , �t� � �1/2,

0, �t� 	 �1/2,
� �6�

and

F2�t� = 
sin2���t − Td + �2/2�/�2� , �t − Td� � �2/2,

0, �t − Td� 	 �2/2,
�

�7�

respectively. The case in which only one attosecond pulse is
present corresponds to setting A2=0 in Eq. �5�.

The angular part of the wave function in Eq. �1� may be
treated analytically in the usual way—i.e., by employing the
following expansion:

��r,t� � ��r,
,�,t� = �
l=0

L

�
m=−l

l
�lm�r,t�

r
Ylm�
,�� . �8�

The resulting Schrödinger equation for the radial coefficients
can be solved using various different methods of discretizing
the radial coordinate r �29�. For convenience in calculating
the momentum-space wave function of the ionized electron,
we choose the usual central finite-difference scheme with
equal grid spacing—i.e., with radial grid points given by ri
= i�r where i=1,2 , . . . ,Nr. To propagate the radial wave
functions in time, we use the Arnoldi method. The atomic
ground-state wave function is calculated by an imaginary-
time propagation in the absence of the external field until the
ground-state energy is fully converged.

After the end of the attosecond pulse�s�, we continue
propagating the electron’s wave function until such time that
the overlap of the ionized part with the initial state is insig-
nificant. That is, we propagate for a sufficiently long time ts
so that the low-momentum components of the ionized part of
the wave function reach a distance rs that lies outside the
region over which the initial-state wave function is signifi-
cant. On the other hand, the radial box size rmax=Nr�r must
be chosen sufficiently large so that the high-momentum com-
ponents of the ionized electron wave packet do not reach the
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box edge before we terminate our time propagation. In this
way, at the end of our time propagation the ionized electron
wave function is located entirely between rs and rmax �within
our numerical accuracy�. The momentum-space wave func-
tion may then be calculated by carrying out the Fourier trans-
formation


�k,
�,��� =
1

�2��3/2�
rs

rmax

r2dr�
0

�

sin 
 d


��
0

2�

d� ��r,
,�,ts�e−ik�·r�, �9�

which simplifies to


�k,
�,��� = �
lm

�− i�lYlm�
�,���
1

k

��
rs

rmax �krJl+1/2�kr��lm�r,ts�dr , �10�

upon substituting in Eq. �9� the usual plane-wave expansion

exp�− ik� · r�� = 4��
l=0

�

�− i�l jl�kr� �
m=−l

m=l

Ylm
* �
,��Ylm�
�,��� ,

�11�

carrying out the angular integrations analytically and making
use of the definition jl�z�=�� /2zJl+1/2�z�.

Owing to the symmetry of kx and ky, we may set ky =0
without loss of generality. The transition probability to the
final state �kx ,ky =0,kz� is calculated according to

P�kx,kz� = �
�kx,ky = 0,kz��2 = P�E,
k� , �12�

where E= �kx
2+kz

2� /2 and 
k is the angle between the electron
momentum k= �kx ,0 ,kz� and the laser polarization axis ẑ.
The electron distributions in momentum and energy
are normalized such that �−�

� �−�
� P�kx ,kz�dkxdkz

��0
��0

2�P�E ,
k�dEd
k.
The accuracy of our code has been verified by comparing

our numerically calculated ground-state wave function for
the H atom in both coordinate space and momentum space
with the corresponding analytical results �32�. The agreement
is excellent. Note that in using Eq. �10� to calculate the
initial-state wave function in momentum space, one sets rs
=�r. Other numerical aspects of our calculations are given
below in Sec. III.

III. RESULTS AND DISCUSSION

In this section, we present and analyze electron wave-
packet momentum and energy distributions for two different
cases. In Sec. III A, we examine CEP effects of a single
few-cycle attosecond pulse on the ionized electron momen-
tum and energy distributions. In Sec. III B, we examine CEP
effects on the ionized electron momentum and energy distri-
butions for the case of two few-cycle attosecond pulses. In
the latter case, we give an approximate formula for the en-
ergy positions of the interference minima originating from

the overlap of the two electronic wave packets produced re-
spectively by the two attosecond pulses.

In all the calculations presented below, we use the follow-
ing spatial and temporal parameters: all angular momenta in
the range 0� l�8 are included, the radial grid spacing is
�r=0.1 a.u., the total number of radial grid points is Nr
=12 000, the time step for propagation is �t=0.01 a.u., and
the Arnoldi propagator is of order M =30. The starting point
for the Fourier transformation in Eq. �10� for the final elec-
tronic wave function is taken to be rs=15 a.u. Our results are
fully converged with respect to all of these parameters. Fur-
thermore, there is no reflection of the ionized electron wave
packet from the box edge. Note that in Ref. �29� we defined
a correction coefficient C0 for the finite-difference represen-
tation of the second-order differential operator at the first
grid point. In our present calculations for �r=0.1 a.u., we
have chosen C0=−1.221 for both the H and He atom cases.
The ground-state energies are calculated to be −0.5000 a.u.
�−13.61 eV� for the H atom and −0.8875 a.u. �−24.15 eV�
for the He atom �using the one-electron potentials in Eq. �3��.
The numerical result for H is thus exact, while that for He
compares with the experimental value −24.59 eV.

A. CEP effects of a single few-cycle attosecond pulse

We demonstrate the effect of the CEP on electron momen-
tum distributions ionized from He for the case of a single
few-cycle �specifically, two cycle� attosecond pulse in Fig. 1.
We have chosen the peak intensity I1=5�1015 W cm−2 to be

FIG. 1. �Color online� Momentum distributions of electrons ion-
ized from He by a single few-cyle attosecond pulse with intensity
I1=5�1015 W cm−2, frequency �1=1.32 a.u., and pulse duration
�1=2T1 for four different CEPs: �a� �1=0, �b� �1=0.25�, �c� �1

=0.5�, and �d� �1=0.75�. The vector potentials of the correspond-
ing attosecond pulses are shown in the insets in Fig. 2, where the
electron energy distributions at the angles 
k=0 and 
k=� are
shown.
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high enough so that the CEP effects are clearly visible. How-
ever, we emphasize that the asymmetry of the momentum
and energy distributions resulting from the variation of the
CEP of the pulse becomes significant at much lower peak
intensities—e.g., at I1 of the order of 1014 W cm−2, which is
experimentally feasible with good focusing of the attosecond
pulse �33�. Besides the intensity, the other parameters of our
single few-cycle attosecond pulse �given in the caption of
Fig. 1� are similar to those achieved experimentally by San-
sone et al. �1�.

One sees from Fig. 1�a� that the ionized electron momen-
tum distribution is asymmetric even for a CEP of zero. This
is very different from the results of calculations employing
the strong-field approximation �SFA�, for which a symmetric
distribution along the laser polarization direction is expected
�18�. The asymmetry for �1=0 may be due to Coulomb res-
cattering of lower-energy electrons, as has been found for
few-cycle ir ionization of atoms �31,34,35�. Possible evi-
dence of this rescattering is observable for small electron
momenta in all panels of Fig. 1: the small ringlike features
may originate from the interference of the rescattered portion
of the ionized electron wave packet with the directly ionized
electron wave packet. The largest asymmetry along the laser
polarization direction is observed for a CEP of �1=0.5� �cf.
Fig. 1�c��.

The asymmetry introduced by the CEP of the attosecond
pulse becomes much clearer if one compares the electron
energy distributions in the forward �
k=0� and backward
�
k=�� directions. In Fig. 2, we show such energy distribu-
tions at the angles 
k=0 and 
k=� for the four cases shown
in Fig. 1. In Fig. 2�a�, one observes that the energy distribu-
tions for the two angles are almost congruent with each
other, except for differences in the small interference fringes

that may be due to rescattering from the atomic potential. On
the contrary, in Figs. 2�b�–2�d�, one clearly observes an
asymmetry in the energy distributions due to the CEP of the
attosecond pulse. This asymmetry is observed both in the
noticeable height difference of the two distributions and in
the relative shift in energy between the distributions for these
two ionization angles.

In Fig. 3, we exhibit the intensity dependence of these
CEP-induced asymmetries in the ionized electron energy dis-
tributions and compare results for the He atom with those for
the H atom. The energy distributions are shown for three
different peak intensities I1 and for the CEP giving the larg-
est asymmetry �1=0.5�. For the lowest peak intensity I1
=5�1013 W cm−2, Figs. 3�a� and 3�d� show that there is
little difference in the energy distributions in the two direc-
tions. As the intensity is increased, however, to 5
�1014 W cm−2 �cf. Figs. 3�b� and 3�e��, differences in the
energy distributions for the two directions become quite no-
ticeable. At an intensity of 5�1015 W cm−2, Figs. 3�c� and
3�f� show that the asymmetry in the energy distributions in
the forward and backward directions becomes substantial.
Compared with the results for the H atom, the results for the
He atom exhibit much stronger interference fringes that may
be due to the rescattering of low-energy electrons from the
atomic potential. Also, the asymmetries in both the peak
heights and the energy shifts of the electron energy distribu-
tions for He are much stronger than those in the distributions
for H. These target differences originate from the stronger
Coulomb potential at small distances experienced by low-
energy electrons in He as well as the fact that the kinetic
energies of electrons ionized from He are much smaller �i.e.,
on average, 11 eV smaller� owing to the larger ionization
potential of the He ground state. Note finally that the prob-
abilities for ionization from He at the photon energy of our

FIG. 2. �Color online� Energy
distributions of electrons ionized
from He by a single attosecond
pulse with intensity I1=5
�1015 W cm−2, frequency �1

=1.32 a.u., and pulse duration �1

=2T1 at the angles 
k=0 �solid
lines� and 
k=� �dashed lines�
relative to the direction of laser
polarization. The CEPs of the
pulses are �a� �1=0, �b� �1

=0.25�, �c� �1=0.5�, and �d�
�1=0.75�, respectively. The inset
in each plot shows the corre-
sponding vector potential of the
attosecond pulse.
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xuv pulse are larger than those for ionization from H, in part
owing to the fact that He has a two-electron ground state and
in part owing to its larger one-electron dipole amplitude.

B. CEP effects of two attosecond pulses

In the case that there are two attosecond pulses instead of
only one, it becomes possible to observe CEP effects in the
interference between the two electronic wave packets pro-
duced by each pulse. This interference is exhibited in the
electron momentum and energy distributions, provided that
the frequencies �1 and �2, and the pulse durations �1 and �2,
are such that the electron spectra produced by the two indi-
vidual xuv pulses overlap in momentum. Denoting f1�E� and
f2�E� to be the independent transition amplitudes for ioniza-
tion by the first and second attosecond pulses respectively,
the energy distribution produced by the two attosecond
pulses applied in succession has the general form

P�E,
� = �f1�E�e−i�� + f2�E���f1�E�ei�� + f2�E��

= �f1�E��2 + �f2�E��2 + 2�f1�E�f2�E��cos �� ,

where �� is the phase difference between the two electronic
wave packets produced by the two attosecond pulses. The
relative phase �� comprises two parts: �i� the difference
between the CEPs of the two attosecond pulses and �ii� the
difference in the phase accumulation during the temporal
evolution of the two electronic wave packets. Clearly, f i�E�
�i=1,2� depends on the electric field strength Ei and the
dipole transition amplitude for the ith attosecond pulse.

In Fig. 4, we show the momentum distributions of elec-
trons ionized from He by two attosecond pulses with fre-
quencies �1=�2=1.32 a.u., pulse durations �1=�2=2T1, and
peak intensities I1= I2=5�1015 W cm−2 for three different

pairs of CEPs. Since attosecond pulses are generally pro-
duced by a Ti:sapphire laser pulse, we take the time delay
between the two attosecond pulses to be half a period of the
Ti:sapphire laser, whose ir wavelength is 750 nm—i.e., Td
=0.5Tir=51.71 a.u. When the CEPs are zero—i.e., �1=�2
=0—one observes in Fig. 4�a� that the interference fringes
are symmetric �with respect to the direction of xuv laser
polarization�. However, the symmetry is broken when the
CEP �2 is changed from 0 to 0.5�. Even greater asymmetry
is observed in �c� when �1=�2=0.5�.

As we have done for the single-attosecond-pulse case, we
compare in Figs. 5�a� and 5�b� the energy distributions of
electrons ionized from the He atom and ejected parallel and
anti-parallel to the z axis �i.e., the xuv pulse polarization
axis� for two different pairs of xuv CEPs. These results cor-
respond to the electron momentum distributions shown in
Figs. 4�b� and 4�c�, respectively. Similar energy spectra for
electrons ionized from the H atom by the same pairs of at-
tosecond pulses are shown in Figs. 6�a� and 6�b�, respec-
tively. Comparing Figs. 5 and 6, one sees clearly that the
asymmetry in the peak heights at large energies for electrons
ionized from He is much more significant than for electrons
ionized from H. In contrast, the asymmetry in the peak
heights at low energies for electrons ionized at the two dif-
ferent angles is insignificant in the case of He, but quite
noticeable in the case of H. This may be due to the fact that
the attraction between the ionized electron and the atomic
potential is much more significant in the case of He than in
the case of H, thus suppressing the effect of the CEP of the
attosecond laser pulses in the case of He. In fact, this sup-
pression in the asymmetry at low energies in the case of He
as compared to H is observed as well in the case of a single
attosecond pulse �cf. Fig. 3�. Finally, we note that in Figs. 5
and 6 we have not included the case in which the CEPs of

FIG. 3. �Color online� Com-
parisons of the electron energy
distributions for He ��a�,�b�,�c��
and for H ��d�,�e�,�f�� ionized by a
single attosecond pulse with fre-
quency �1=1.32 a.u., pulse dura-
tion �1=2T1, and CEP �1=0.5�
for two ionization angles �
k=0
�solid lines� and 
k=� �dashed
lines�� and three peak intensities,
I1 �in W cm−2�: 5�1013 ��a�,�d��,
5�1014 ��b�,�e��, and 5�1015

��c�,�f��.
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the two attosecond pulses differ by �. The reason is that the
asymmetries in the electron energy distributions for electrons
ionized parallel and antiparallel to the laser polarization axis
are negligible in this case. One may “see” this by considering
that the electron wave packets produced by each attosecond
pulse individually are mirror images of each other with re-
spect to kz=0 in the plane defined by kz and kx. �The tiny
differences we do find in our calculations originate from the

fact that the electron wave packet produced by the first at-
tosecond pulse is affected slightly by the second attosecond
pulse.�

Consider now the interference patterns observed in the
energy distributions presented in Figs. 5 and 6. In order to
understand these patterns, one needs to know the phase dif-
ference �� in Eq. �13�. In the simplest approximation, one
may estimate this phase difference analytically if one ne-
glects the interaction of the ionized electron with the atomic

FIG. 4. �Color online� Mo-
mentum distributions of electrons
ionized from He by two attosec-
ond pulses with frequencies �1

=�2=1.32 a.u., pulse durations
�1=�2=2T1, and peak intensities
I1= I2=5�1015 W cm−2 for dif-
ferent pairs of CEPs: �a� �1=�2

=0, �b� �1=0, �2=0.5�, and �c�
�1=�2=0.5�. The lower panels
show the corresponding vector po-
tentials of the two pulses in each
case.
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FIG. 5. �Color online� Comparisons of TDSE results for the
energy distributions of electrons ionized from the He atom by two
attosecond pulses at the angles 
k=0 �solid lines� and 
k=� �dashed
lines�. The frequencies, durations, and intensities of the two attosec-
ond pulses are the same as those in Fig. 4. The CEPs are �a� �1

=0 and �2=0.5� and �b� �1=0.5� and �2=0.5�. The solid circles
indicate the predicted interference minimum positions according to
the approximate Eq. �15�. Note that the results in �a� and �b� corre-
spond to those in Figs. 4�b� and 4�c�, respectively.
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FIG. 6. �Color online� Comparisons of TDSE results for the
energy distributions of electrons ionized from the H atom by two
attosecond pulses at the angles 
k=0 �solid lines� and 
k=� �dashed
lines�. The frequencies, durations, and intensities of the two attosec-
ond pulses are the same as those in Fig. 4. The CEPs are �a� �1

=0 and �2=0.5� and �b� �1=0.5� and �2=0.5�. The solid circles
indicate the predicted interference minimum positions according to
the approximate equation �15�.
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potential. In this case, an electron with binding energy Eb
that is ionized at time t0 with a kinetic energy E by one
of the attosecond pulses will evolve as a plane wave
��e−i�E+Eb��t−t0��. As noted above, the interference patterns be-
tween two electronic wave packets will be determined by the
relative difference in their phases. If the two attosecond
pulses have a difference in CEPs given by

�12 � �1 − �2, �13�

then the total phase difference �� may be expressed as

�� = �E + Eb�Td + �12. �14�

Note that in Eq. �14� we have neglected the phase accumu-
lation correction of the first wave packet due to the vector
potential of the second attosecond pulse owing to the latter’s
short temporal duration.

The interference minima in the energy spectra occur when
��= �2n+1�� �where n=0, ±1, ±2, . . .�, which implies that

En
min = − Eb +

�

Td
�2n + 1 −

�12

�
� . �15�

Note that this simple analytic prediction does not depend on
the observation angle 
k. Also, it predicts minima that are
evenly spaced by 2�ir if Td=0.5Tir. �Correspondingly, if one
doubles the delay Td, the spacing between minima will be
halved to �ir.� More generally, experimental measurements
of the interference pattern combined with this equation per-
mit a determination of the time delay between the two at-
tosecond pulses.

In Figs. 5 and 6, the positions of the minima in the energy
spectrum predicted by the approximate formula in Eq. �15�
are indicated as solid circles. One sees that the calculated
energy positions of the interference minima agree very well
with the predictions of Eq. �15� in the case of the H atom �cf.
Fig. 6�. In the case of He �cf. Fig. 5�, the predicted minima
lie higher in energy than given by the results of our exact
solution of the TDSE, although the shift becomes smaller as
the electron energy increases. This shift originates from our
neglect of both the vector potential of the attosecond pulses
and the atomic potential in deriving the approximate formula
in Eq. �15�.

General features of the interference minima predicted by
the approximate formula in Eq. �15� are confirmed by our
exact solutions of the TDSE. In particular, the positions of
the interference minima do not depend on the angle 
 and
have a constant spacing of 2� /Td. Also, the positions of
these minima only depend on the relative CEP �12 between
the two attosecond pulses, and not on the individual CEP
values �1 and �2. This may be confirmed by comparing the
He momentum distributions in Fig. 4, in which the positions
of the minima are the same for the two pairs of CEPs shown
in Figs. 4�a� and 4�c�.

IV. SUMMARY AND DISCUSSION

In this work we have investigated the effects of the CEP
of one or two attosecond pulses on ionized electron momen-
tum and energy distributions. Now that single few-cycle at-
tosecond pulses with well-defined and controllable CEPs
have been achieved experimentally �1�, it remains to deter-
mine what CEP effects there are and, most importantly, at
what intensity these effects may be experimentally observ-
able. In this work, we find that CEP effects on ionized elec-
tron momentum and energy distributions become visible at
intensities of the order of 1014 W cm−2 and become clearly
visible for intensities of the order of 1015 W cm−2. According
to Kienberger �33�, with current technology it is probably
possible to produce attosecond pulses having an intensity of
order 1014 W cm−2. Thus the effects predicted here may be
amenable to experimental measurement.

In any experiment involving a few-cycle laser pulse, the
electric field of the laser pulse will experience a phase
change of � �i.e., the so-called Gouy phase� when passing
through the laser focus �36�. This phase change occurs over a
distance given by twice the Rayleigh length, which becomes
smaller the more tightly one focuses the laser pulses �36�.
However, a key parameter for any experimental measure-
ment of CEP effects is the ratio of the atomic beamwidth to
the Rayleigh length. If this ratio is small, then the effect of
the Guoy phase on the results will be correspondingly small.
In addition, the CEP effects predicted here are clearly such
that they can be observed despite phase changes in a particu-
lar experiment originating from the Guoy phase. Indeed, as
may be seen in Fig. 2, the CEP asymmetry effects we predict
persist over a range of CEPs of �: i.e., the energy distribu-
tions at the angle 
k=� all have a positive energy shift rela-
tive to those at the angle 
k=0 for all three of the CEPs
shown, which lie in the range 0����. This fact, plus the
experimental ability to fix the ratio of the atomic beam width
to the Rayleigh length, augurs well for the feasibility of mea-
suring the attosecond CEP effects predicted here.

As this work shows, the CEP of an attosecond pulse pro-
vides an additional tool with which researchers can control
electron dynamics in atomic and molecular processes initi-
ated or influenced by few-cycle attosecond pulses. Based on
the present results, attosecond pulse CEP effects on ionized
electrons in the presence of an additional IR laser field may
also be expected to be significant. Such processes are cur-
rently under investigation.
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