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Given a directed graph G, we can define a Hilbert space Hg with basis in-
dexed by the path space of the graph, then represent the vertices of the graph
as projections on H¢ and the edges of the graph as partial isometries on Hg.
The weak operator topology closed algebra generated by these projections
and partial isometries is called the free semigroupoid algebra for G'. Kribs and
Power showed that these algebras are reflexive, and that they are semisim-
ple if and only if each path in the graph lies on a cycle. We extend the free
semigroupoid algebra construction to categories of paths, which are a gener-
alization of graphs, and provide examples of free semigroupoid algebras from
categories of paths that cannot arise from graphs (or higher rank graphs). We
then describe conditions under which these algebras are semisimple, and we

prove reflexivity for a class of examples.
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Chapter 1

Introduction

A directed graph is a set of vertices along with a set of edges, where each edge
has a source vertex and a range vertex. Such a graph can be represented by
a collection of operators on a Hilbert space H; each vertex is associated to a
projection, and each edge is associated to a partial isometry that maps between
the subspaces corresponding to its source and range vertices. These projections
and partial isometries are used to construct a C*-algebra called the graph
C*-algebra of the directed graph. There are many examples of common C*-
algebras which can be realized as graph algebras, and many properties of graph
algebras are determined by structural properties of the graph. C*-algebras are
self-adjoint, however, so this is not a useful construction for studying non-self-
adjoint operator algebras.

Free semigroupoid algebras generated by directed graphs are a class of
non-self-adjoint operator algebras introduced by Kribs and Power in 2004 [7].
The construction of these algebras from a graph is similar to the graph C*-
algebra construction in that vertices are represented by projections and edges
by partial isometries. However, a free semigroupoid algebra is closed in the
weak operator topology, not the norm topology, and does not include adjoints.

As in the graph C*-algebra case, many previously-studied non-self-adjoint



operator algebras can be expressed as free semigroupoid algebras for some
directed graph, and many properties of the algebra correspond to properties
of the graph. In fact, this relationship is in some sense stronger than the
self-adjoint case; while it is possible to find two non-isomorphic graphs that
produce the same graph C*-algebra, Kribs and Power [7] showed that two free
semigroupoid algebras from graphs are unitarily equivalent if and only if their
corresponding graphs are isomorphic.

In addition to this isomorphism result, Kribs and Power characterized
semisimplicity for graph free semigroupoid algebras and proved that all graph
free semigroupoid algebras are reflexive. In another paper on the subject
[8], they extended the free semigroupoid algebra construction to higher rank
graphs, which are a generalization of graphs where edges have length in N*
instead of N; higher rank graphs can be thought of as graphs where certain
paths are identified, according to a factorization property. Kribs and Power
then proved the same semisimplicity result, and a slightly more limited reflex-
ivity result, for free semigroupoid algebras from higher rank graphs.

There is another generalization of graphs introduced by Spielberg [13],
called categories of paths, which allow identifications under conditions less
restrictive than the higher rank graph factorization property. The goal of this
dissertation is to study free semigroupoid algebras generated by categories of
paths (usually assuming a degree functor) and determine how they are similar
to and how they can differ from the graph and higher rank graph cases.

In Chapter [2, we review some basic terminology associated to operator
algebras and directed graphs. We also define higher rank graphs and categories
of paths. Then we introduce the free semigroupoid algebra for graphs and

higher rank graphs, give some examples, and provide the proof of a basic



result about the commutant of these algebras. Finally, in Sections [2.4and [2.5]
we outline important semisimplicity and reflexivity results. In particular, the
free semigroupoid algebra from a graph or higher rank graph is semisimple if
and only if all paths lie on a cycle, and all free semigroupoid algebras from
graphs are reflexive.

In Chapter [3|, we introduce free semigroupoid algebras from categories of
paths and show that, under the assumption of a degree functor, the same
characterization of the commutant holds from the graph case. Then we provide
some examples of free semigroupoid algebras from categories of paths that
cannot arise from graphs or higher rank graphs. These include an example
of a single-vertex category of paths whose free semigroupoid algebra contains
a nilpotent element, something which we show cannot occur in the graph or
higher rank graph case.

In Chapter [4, we study semisimplicity for free semigroupoid algebras of
categories of paths with degree functors. We introduce a condition (P) on a
category of paths with a degree functor. This condition has two parts: the
first is similar to row-finiteness in a graph; the second is a restriction on which
elements of the algebra can be nilpotent, which is similar to, but more general
than, the requirement that all paths lie on a cycle. We show that a category
of paths satisfying (P) is semisimple. We then employ this result to show that
the single-vertex examples from Chapter [3| are semisimple.

Finally, in Chapter [f, we examine reflexivity for free semigroupoid algebras
from categories of paths. We define a Double Pure Cycle Property and show
that if the transpose of a category of paths with a non-degenerate degree func-
tor satisfies this property, then the free semigroupoid algebra of the category

of paths is reflexive. We also show that finite categories of paths with non-



degenerate degree functors have reflexive free semigroupoid algebras. Finally,
we note that Kribs and Power’s main reflexivity results for graphs and higher
rank graphs are dependent on the reflexivity of the single-vertex case, and
thus finish the chapter by establishing reflexivity for a family of single-vertex

categories of paths.



Chapter 2

Background

In this chapter, we provide some basic definitions and results related to oper-
ator theory, graphs, and free semigroupoid algebras. Proofs of theorems will

be included when they are relevant to what follows in later chapters.

2.1 Basic Definitions

We begin with the basics of operator theory. Although the most important
definitions are summarized here, other basic facts may be used throughout
this thesis, such as those contained in Chapter 1 of [4].

A Hilbert space is a vector space H which has an inner product (-,-) :
H x H — C and which is closed in the norm induced by the inner product.
The norm of an operator A : H — H is given by ||A|| = sup ||AR||. The set
of all bounded linear operators on H is written B(H). "

For A € B(H), the adjoint of A, written A*, is the unique linear operator
such that (Ah,k) = (h, A*k) for all h,k in H. When H is n-dimensional,
n < 00, a linear operator T € B(H) is an n X n matrix, and T* is the conjugate

transpose of the matrix. A C*-algebra is a subalgebra of B() which is closed

in the topology induced by the norm and closed under the operation of taking



adjoints.

The norm topology is not the only topology on B(H). We can also look
at the closure of a subalgebra of B(H) in the weak operator topology (WOT).
We say a set of operators {1, } C B(H) converges to 1" in the weak operator
topology if lim, (T — T,)h, k) = 0 for all h, k € H.

A projection in B(H) is an operator P such that for some subspace M C H,
and all m € M, Pm = m and Ph = 0 for all h € M*. An isometry in B(H)
is an operator S such that S*S = I. We call S a partial isometry if there is
a subspace M C H such that S*Sh = h for all h € M and S*S = 0 for all
h € M*. Thus, S*S is the projection onto M.

Next, we will look at some terminology associated to graphs. Let G be
a countable directed graph with vertex set V(G) and edge set E(G). Each
edge e has a source vertex s(e) and a range vertex r(e). A path is a string
of edges e,e,_1...e2eq such that for all j, s(ej41) = 7(ej). We can extend
the range and source maps to paths: if g = e, ...ezeq, then s(u) = s(ey) and
r(p) = r(en). The path space of G, written F(G), is the set of all paths in
G. A directed graph is called row-finite if each vertex receives at most finitely
many edges; that is, if {e € E(G) : r(e) = v} is finite for all v € V(G).

In this work, we will use a generalization of graphs called categories of
paths, introduced by Spielberg [I3]. Recall that a small category A is a set
of objects A and morphisms between the objects, along with two maps: a
source map s : A — AY sending each morphism to its source, and a range map

r: A — A® sending each morphism to its range.

Definition 2.1.1 ([I3], Definition 2.1). A small category A is called a category

of paths if, for o, B,y € A,



e aff = vy implies 8 = 7 (left cancellation)
e fa = ~ya implies § =« (right cancellation)
e af = s(f) implies a = = s(f) (no inverses)

Remark 2.1.2. One way to define a category of paths is to start with a graph,

and then identify certain paths.

al ag
Example 2.1.3. Consider the graph 3 T 3 r3 along with the
by b

identifications bya; = asb; and asa; = byby. This forms a category of paths with

three vertices (x1, 23, x3) and six non-vertex paths (aq, by, ag, be, asay, asby).

One specific kind of category of paths that has been studied extensively is

a higher rank graph, or k-graph.

Definition 2.1.4 ([9], Definition 1.1). For k£ € N, a k-graph is a countable
category of paths A with a degree functor d : A — N* satisfying the following
factorization property: For all A € A and m,n € N* such that d(\) = m +n,

there are unique elements y € d~'(m) and v € d~'(n) such that A = uv.

A 1-graph is simply a directed graph.

al a
— —A
\\__,\[ IQ \\__,7 x37

by b
where the solid edges have degree (1,0) and the dotted edges have degree

Example 2.1.5. Consider the following 2-graph:

(0,1). The path bya; has degree (1,1) = (1,0) + (0, 1), so by the factorization
property, there are unique paths p with d(u) = (1,0) and v with d(v) = (0, 1)
such that bsa; = pr. The only possibility is y = as and v = b;. Thus, in this
higher rank graph, bya; = asb;.

Note that, unlike Example [2.1.3| we could not have asa; = byby, since the

degree of asa; is (2,0) and the degree of byb; is (0,2).



A good reference for higher rank graphs is Chapter 10 of [10].

2.2 Free Semigroupoid Algebras Definition and Prop-
erties
Let Hq be a Hilbert space with orthonormal basis {&, }wer+ (), indexed by

the path space of G. This is called a Fock space. For each w € F¥(G), we can

define a linear operator L,, € B(H) as follows. For u € FH(G), let

Cwp 1f s(w) = r(p)

0 else

Ly, (fu) =

Then L, is a partial isometry on the Fock space, sometimes called a “partial
creation operator”.
Notice that if e and f are edges, then L. and L; have orthogonal ranges.

Also, L, is a projection for any vertex x. Specifically, for a vertex x € V(G):

& ifr(v)==x

0 else

L:vgu =

For a path yu =ene,—1...€e1,let L, =L, Le, ... L.

Definition 2.2.1 ([7], Definition 3.2). Let £ be the WOT-closed algebra

generated by {Ly }wer+ (). This is called a free semigroupoid algebra.

Example 2.2.2 ([7], Example 6.1). When the graph is a single vertex and a
single loop, the Hilbert space Hg is isomorphic to the Hardy space H?, and

L. and L, are isomorphic to the unilateral shift and the identity operator,



respectively. Thus, £¢ is isomorphic to the WOT-closed algebra generated by

those two operators, which is H°.

Example 2.2.3 ([7], Example 6.1). Another example is the free semigroup
algebra, or non-commutative Toeplitz algebra, studied by Davidson and Pitts
[5] and Arias and Popescu [1], which corresponds to a graph with one vertex

and n edges.

Example 2.2.4 ([7], Example 6.3). Consider the graph G given by

eC 1 —— >y

Then £, is generated by L, L¢, L, and L,. If we make the identifications
He =L, He @ LyHg = H? & H?, where H? is the Hardy space, then

where S is the unilateral shift. Thus, £+ is unitarily equivalent to

H> 0

1%

La
Hge CI
Kribs and Power [§] extended this free semigroupoid algebra construction
to higher rank graphs. For a higher rank graph A, define a Fock space Hilbert
space H, with orthonormal basis {£,},ea, indexed by the elements of A. We

can then define linear operators L, € B(H,) as follows. For v € A, define:

Ew if s(p) =7r(v)

0 else

L& =
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As before, if = is a vertex of A, then L, is a projection.

Definition 2.2.5 ([§], Definition 3.1). The WOT-closed algebra generated by

{L,}en is called the free semigroupoid algebra for A and is written £,.

2.3 Commutant

Let G be a countable directed graph. Given p € F*(G), we can define an
operator R, by
guu if T(M) = S(’/)

0 else

Rugu =

Let R be the WOT-closed algebra generated by {R,},cr+(c). Kribs and
Power showed in Section 4 of [7] that the commutant of £4 is (unitarily equiv-

alent to) Rg. The steps to proving that result will be outlined in this section.

Definition 2.3.1. For a graph G, let E; be the projection onto span{¢, : p €
F*(G), |p| =i}. The Cesaro sums of A € B(H,) are given by

s = 3 (1= By,

where

Oj(A)= Y  EAE.,

£>max{0,—j}
is the ith diagonal of A in the matrix form associated to the partition I =

Eoy+E+FEy+ ...

The fact that the Cesaro sums of A converge in the strong operator topoogy

(SOT) to A is a consequence of the following proposition.
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Proposition 2.3.2. Let A € B(H). Let {P;} be a sequence of finite rank

projections such that > P; = 1. The Cesaro sums of A, given by

7j=1
s = 3 (1=K a ),
lijl<k
where ®;(A) = Y. PiAPyy;, converge SOT to A.
£>max{0,—j5}

To prove this, we will use the following vector-valued version of Fejer’s

theorem, which is stated, for example, as Theorem 1.1 in [3].

Theorem 2.3.3 ([3], Theorem 1.1). Let X be a Banach space, f : [0,2n] — X
a continuous function, and z, = % 027r e~ s f(s)ds its kth Fourier coefficient;

then the Fourier series of f is Cesaro summable to f(t) at every point t €

(0, 2m).

Define a function fj, : T — H as follows. Let n; be the dimension of P;HFP;.

For A € T, let Uy be the following matrix:

where I, is the n; xn; identity matrix. Note U} is a unitary, and for A € B(H):

(A1) MAr2) M (Ars)

A HA 1(A AA
U\ AU — (Az21) (Az2) (Az3)
/\_Q(Agvl) )\_1(143’2) 1(14373)
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In other words, conjugating A by Uy ' results in multiplying the (i, j)th
block component of A by A~
Now let A € B(#H). Fix h € H. Define the function f; : T — H by

Fa(N) = UyAU-1 1.

Lemma 2.3.4. f, : T — H is a continuous function.

Proof. For h € H, let P<yh be the projection of h onto the first N blocks of
basis vectors (i.e., the first n;+ng+- - -+ny basis vectors). Let Py = [—P<y.
First assume that h = (hy, ha, ..., hy,0,...) = P<yh for some N. Let

e > 0. Note that for any A; and Ay in T,

1fa(A) = frQ)ll = [Ux AU h = Us, AU A
< Un AU — Uy AU || + || Us, AU R — Uy, AU

= AU = UL+ 1(Un, = U ) (AU R

We'll look at each term separately. First, note that (Uy,' — U;.")h has only
finitely many non-zero terms. So choose d; such that for |A\; — Ao| < &y, we

have |[A[7 — A\)7|)% < for each j =1,...,N. Then

&.2
4[| A||I2N ||k ]2
A=A
(A% = A7) ho

82

: N
(U =UHA|* = ' = > N2 PR )P < :
H M T Y H A i ; 1 2 j 4)|All?

0
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So [ AIl[|(U)! = UL,
Now, consider the term ||(Uy, — Uy,) (AU 'R)|. For j =1,... N, let

DI < 1Al 55 = 5

For each j = 1,..., N, there is some K; such that for k > K, | Psx Ah;|| < iV
Let K > max{K,:j=1,...,N}. Then
N

|Psx AULBI <> | Pa g AU, |

Jj=1

N
> 1P AN By
7=1

||P>KAh || < -

I
M= T

<.
I
—

Furthermore, note that for each 1 < j < N, (Uy, — Uy,)P<xAh; has only
finitely many non-zero terms. Let M = max{||A;;h;]| : 1 <i < K;1 <j <
N}. Choose 0, such that for [A\; — Aa| < &, we have || XS — Ny||? < 16]\,5% for

eacht=1,..., K. Then

(A1 — A2)Agjhy
(AT — \3)Agjh;

H(UM - UAQ)PSKAiLj“z =
(M =A%) Ak jh;

K €2
_ % 22 712
= IN = XPIARI? < oy
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Thus,
N ~
1(Us, = Un,) P<c AU'RI| <D 1[(Us, — Un,) Pac AUS, |
j=1
N .~
=Y 1(Un, = Uny) P<xc AN
j=1
N ~ 9
= Z ||<U)\1 - U)\2>P§KAhj|| < Z
=1
So

||(U>\1 - U>\2)(AU)\_21h>H < H (U>\1 - U>\2)P§KAU)\_21h” +

|| (U>\1 — U>\2)P>KAUA_21h”

+ |l

—

U>\1 - UA2)||||P>KAU)\_21hH

<-+4+2-<

= M

co| ™
N ™

So if § = min{dy,d2}, then |[A; — Ag| < 0 implies

1fn(A) = faa)ll = 1UN AU h = Un, AU |
< || U\ AU B — Uy AU B|| + |[Us AU D — Us, AU |
= AU = U Rl 4 [ (Us, = Uxy) (AU R

<S4
2 2 7

This shows that f;, is continuous if A has finitely many non-zero compo-

nents. To finish the proof, let h be arbitrary. Choose N so that ||h — P<yh| <

giay- Choose § so that for A1 = A2| < 8, we have || fp_yn( M) = fropn(Mo) | < 5
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Then

[ (M) = faQ)Il < 1fa(A1) = feoyn QDI+ 1 froyn (M) = froxn(X2) ]
+ 1 fronn(A2) = fa(A)]|
< UM AU (= Pexh)|| + % + U AU (h = Pexh)|

g
< 2] A|[lh — Pehl + = <.

[
Now we can prove the proposition.
Proof. (of Proposition
Let h € H and let ¢ > 0. Let ®,;(A) = >, PyAP,; be the jth block

£>max{0,—j}

diagonal of A. Let f;, : T — H be defined as above, and let g, : [0,27] — H
be given by gn(0) = fu(e?). Note that g, is continuous since f, is, and

furthermore,

gn(0) = Y €D;(A)h.

j=—00
As before, let P<yh be the projection of h onto the first N blocks of
basis vectors. Choose N; sufficiently large so that for N > N;, we have

[P<nh — h|| < zz7- Then for any n € N:

1 1 2

2m
%/o e " gn(s) ds — o /. e gp_yn(s) ds

27 Jo

1 27 c
2_/ | All[[h — P<nyh| ds < 3
T Jo

1 o —ins
o [ e 00s) — gpnl) ds
0

1 2

Hefins(UeisAU;slh — UeisAU;-SngNh) H ds

IN
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Furthermore,
- N -
Zl e(ﬂfl)“Al,jhj
N
1 [ 1 [ > el Ay ihy
— e ""gp_yn(s) ds = — e " | j=1 ds
216(7_ )15A37jhj
j:
At piihn
- N . | -
Z % fO 6(]_1_n)wA1’jhj ds AQJH—?h’VH—Q
j=1
N . . A n hn
) %f;ﬂ- e(],Q,n)ZsAZjhj ds 3,n+3"n+3
= ]:1 =
N o (j-3-n)is 4 7
1 J=3-n)is A .} .
o Jo e 3,ih; ds An_nnhy
i ] 0

where A;,1; =0 and A,y = 0if n+j < 0. Thus, 5= f027r e ™ gp_yn(s) ds is
equal to P<y (fbn(A)h), the projection onto the first NV block components of
®,,(A)h. Therefore,

Now choose Ns so that for N > N,, we have ||P<y(®,(A)h) — ®,(A)h]| < <.

1

€
2

21
/ e—insgh(s) ds — PSN ((I)n(A)h) H < 5
0

Then for N > max{Ny, N}, f27r e g (s) ds—®@,(A)h

0 is bounded above

1
2

by

i

1 2m )
%/ g, (s) ds—PSNd)n(A)hH+HP§N®n(A)h—¢>n(A)hH < §+E —c.
0
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As ¢ was arbitrary, this tells us that the z, from Theorem [2.3.3] are given by:

1 2

= oo i e "™ gp(s) ds = @, (A)h.

Note that

Sk

O'kgh(g) = Z 6”0 <%) (I)J<A)h == Ueie(EkA)Ue_wlh.
lil<k

Applying Theorem we have that for 6 € (0,27), we have ||oggn(0) —

gr(0)|| = 0 as k — oo. That is,
HerZkAUe_ieh — UeieAUe—whH — 0.

This holds for all h € H. So for § € (0,27), we have that U, AU,
converges SOT to Ui AU,-i. Since SOT convergence is preserved by unitary

equivalence, this means that X3 A converges SOT to A as desired. n

Definition 2.3.5 ([7], before Lemma 4.1). Let G* denote the transpose graph
of GG, which is the directed graph obtained from G by reversing the direction of

all the edges. If v = e,e,_1 ... exe is a product of edges in G, then we define v*

t
n—

in G* to be elely...el el where €! is the directed edge in G* corresponding to

edge e in G with the direction reversed. Define ' = z for vertices z € V(G).

Lemma 2.3.6 ([7], Lemma 4.1). The algebras £ and Ree are unitarily equiv-

alent via the map W : Hge — Hg given by W&, = &,.

Proof. The map W is defined by a bijection between orthonormal bases for
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He and He, and therefore is a unitary. Given p, v € FH(G) with s(u) = r(v),
(WL W)y = W*L,E = W7, = e = Ry

Hence W*L,W = R for p € F*(G), and so W*LcW = Ree. O

Lemma 2.3.7. Let A € Ry, and x € V(G). Let A, = AL,, and furthermore

let {aw }wert(G),s(w)=2 be scalars such that

s(w)=z

For k € N, define operators

w
Dk = Z (1 — |—k|>awLw.

|lw|<k,s(w)=x
Then py is in L£g for each k € N.

Proof. To see that this possibly-infinite sum is in £g, let p € FT(G) with

r(pu) = x. Note that wyp # wep when wy # we. Then

Ipr&ull* =

£ (¥

|lw|<k,s(w)=z

2

|lw|<k,s(w)=z

< Z |aw|2~
s(w)=z

And for p with r(u) # =, we have pi€, = 0.
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1/2
So ||pk|l < ( > ||aw||2) < 00. Thus, py, is a bounded linear operator,
s(w)=zx

and can be written as the strong operator topology limit of operators in £4.

Hence py is in £4. O
Theorem 2.3.8 ([7], Theorem 4.2). Let G be a graph. Then Ry, = L.

Proof. Each L, for u € F*(G) is contained in Ry, which is WOT closed as
the commutant of an operator algebra. So £4 C ..

Conversely, fix A € R,. We will show that A, := AL, is in £¢ for all
vertices x € V(G). So fix z € V(G) and let {ay fwer+(a),s(w)== be scalars such

that
A = AR, Ly&, = RoAnle = ) awba.

s(w)=z

For k € N, define operators

=Y (—’%’)awLw.

|lw|<k,s(w)=z

By Lemma [2.3.7} each py is in £ and hence also in R},. We claim that A, is
the strong operator topology limit of the py as k goes to infinity. This will be
proven by showing that pr = 3 (A,) (see Definition .

First we will show that ®;(A,) is in Ry, for all j. To this end, observe that
P;(A,) commutes with R, for each edge e since A, € Ry, Epi1Re = R E), for
all k, and EyR, = 0. Additionally, ®,(A,) commutes with R, for each vertex y
since for all k, R,E), = Ey R, is the projection onto span{¢,, : |w| =k, s(w) =
y}. Thus, ®;(A,) € R, and it follows that X;(A,) € Ry, also.

Now, it is enough to show that ¥ (A,)&, = pr&. If this is the case, then
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for w = zw in FH(G):

whereas for w = yw with y # x, we have

Ek(Ax)gw - Ek<Ax)LzLy§w =0= pkLygw - pkfun

since L, commutes with each Ej;.
So, to show that ¥x(A,)&, = prs, observe that ®¢(A,)E, = Eo(AL)Eoés =
az&; and ®;(A,)E =0 for 7 > 0. For j < 0, we have

qDJ(ACC)gx = (E—]ACC)SGU = E—j Z awgw = Z awgur
s(w)=z s(w)=z,|lw|=—j

Hence it follows that

This establishes that A, = AL, € £5. This completes the proof, since A =
S~ AL,, the sum converging in the strong operator topology when A° is

z€A0
infinite. O

Remark 2.3.9 ([7], Remark 4.3). From the proof of this theorem, elements of
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£ can be seen to have Fourier expansions. In particular, if A belongs to £¢
with

s(w)=z

for a vertex x € V(G), then

Afv = RvAgac = Z awng

s(w)=z

for v = zv € FT(G), and it follows that the Cesaro partial sums associated

with the series A~ > a,L, converge in the strong operator topology to
weF+(GQ)
A.

Corollary 2.3.10 ([7], Corollary 4.4). The commutant of £ is unitarily

equivalent to Rgq.

Proof. If W is the unitary from Lemma [2.3.6] we have R, = (W*LcW)" =
W*L£W. It also follows from the lemma and the definition of the unitary that

Re = WELW*. By Theorem [2.3.8, R,. = Lt Thus,

Re = WEaW* = WRLW* = W (W E,W)W* = £,

2.4 Semisimplicity

Let H be a Hilbert space. An operator T' € H is called nilpotent if T™ = 0.
We say that T is quasinilpotent if the spectrum of T is 0, or, equivalently, if
lim || 7"]|*™ = 0. The Jacobson radical rad(A) of a Banach algebra A is the

n—oo
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intersection of the kernels of all algebraically irreducible representations. An
algebra A is called semisimple if rad(A) = 0.

The following proposition is a common result, found for example in [T1].

Proposition 2.4.1 ([I1], restatement of Theorem 2.3.5(ii)). The Jacobson
radical of an algebra of operators is the largest quasinilpotent ideal in the al-

gebra.

Definition 2.4.2 ([7], before Theorem 5.1). A graph or higher rank graph A
is called transitive if there are paths in both directions between every pair of
vertices in A.

A (connected) component C of A is a maximal collection of vertices that
are joined in the sense that for any two vertices x,y € C, there is a finite set
of a paths puq, ..., u, and vertices x = x1, 9, ...,z, = y such that for each j
either s(u;) = z; and r(p;) = xj41, or r(p;) = z; and s(p;) = xj41. That is,
there is a path between the two vertices if we ignore direction.

A cycle is a path p € A with the same initial and final vertices.

Remark 2.4.3 ([7], before Theorem 5.1). Note that A is transitive in each

component if and only if every path lies on a cycle.

Let B(A) be the collection of paths € A which do not lie on a cycle. The
set B(A) is empty if and only if A is transitive in each component. Kribs and
Power [7] showed that for a graph G, the Jacobson radical of £ is determined
by these paths. One important step towards proving this is the following
lemma, Lemma 5.3 in [7]. We include it here with the proof, as the same
proof will be used to analyze semisimplicity of free semigroupoid algebras

from categories of paths in Chapter [
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Lemma 2.4.4 ([7], Lemma 5.3). Let A be a graph or higher rank graph. The

following are equivalent for p € A:
(i) L, € rad £,

(ii) p € B(A)
(i) (AL,)? =0 for all A € £,

(iv) L2 = L,2 = 0 whenever w € A is a path which includes p (i.e., has

some decomposition which includes )

Proof. (ii) = (iv) Assume that 4 € B(A). So p does not lie on a cycle.
Therefore for any path w that includes p, the source and range of w can’t be
the same (or else w would be a cycle containing p). So L2 = L, = 0.

(iv) = (ii) Now assume that L,2 = 0 for any path w containing u. Let

x = s(w). If w is a cycle, then

Ly2&s = &u2 7é 0

so L,2 # 0, which would be a contradiction. Thus, p is not contained in a
cycle. So u € B(A).

(iii) = (iv) Assume that (AL,)> = 0 for all A € £, and let w be a
path containing u. If w is a cycle, we can decompose w as w = vuA for some
v, A € A with r(\) = s(p), r(n) = s(v), and r(v) = s(\). Letting A = Ly, we
have

L3, = (LxL,)* = (AL,)* = 0.

Avp T

But this is a contradiction, since Avu is a cycle, and thus (thu)%s(u) = w2

So it must be true that w is not a cycle, and thus L2 = 0.
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(iv) = (iii) Now assume that L? = L,: = 0 whenever w € A is a
path which includes pu. Let v € A such that s(v) = r(u). Then vu is a
path containing y, so (L,L,)*> = L7, = 0 by assumption, but if s(u) = r(v),
then L2, = Ly, # 0. So it must be that s(u) # r(v) for all v € A with
() = (1.

Now let x = r(u) and suppose that w is a path with s(w) = x. Then wu
is a path. But pwp is not a path, as argued in the preceding paragraph. So
Ewp = 0.

Let A € £4. Let a,, be the coefficients such that A¢, = (z): ap€w- Then

(AL, = AL, AE, = AL, Z o€y = A Z w€puwp = A(0) = 0.

s(w)=z s(w)=z

And for any other vertex y # s(u), we have
(ALM)259 = (ALMA)Lufy = 0.

So this shows (ii) and (iii) are equivalent.

(iii) = (i) Assume that (AL,)*> = 0 for all A € £,. So (L,A)® =
L,(AL,)?A = 0. So the operator L,A is quasinilpotent for all A € £5. So L,
must be in the maximal quasinilpotent ideal; that is, L, € rad £x.

(i) = (ii) Assume that (ii) fails; that is, that pu ¢ B(A). So there is
some cycle w = vu\ containing p. Then pAv is also a cycle, as is (uAv)* for

each k£ > 1. So for k > 1, we have

1/k
||(LML>‘V)]€||1/]€ Z |<(LML>\V)]€§S()\I/)7g(uAV)k>‘ = |1|1/k > 07
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so the operator L, L, has a positive spectral radius and is not quasinilpotent.
So L, cannot be contained in a quasinilpotent ideal; i.e., L, ¢ rad £, and (i)

fails. O

2.5 Reflexivity

A subspace M of a Hilbert space H is invariant for an operator A € B(H)
if A(M) C M. Sometimes an algebra can be characterized by its invariant
subspaces as follows: Let A be a subalgebra of B(#). The set of all subspaces
that are invariant for all operators in A forms a lattice, written Lat(.A). The
set of all operators in B(#) for which all subspaces in Lat(.A) are invariant
forms an algebra, written Alg Lat(.A). It is immediate that A C Alg Lat(.A).
When the opposite containment holds, A is called reflexive.

It is an early result of Sarason [12] that H> is reflexive. Reflexivity was
shown for free semigroupoid algebras of single-vertex graphs by Davidson and
Pitts [5] and Arias and Popescu [I]. Kribs and Power used the single-vertex
case to show that all free semigroupoid algebras from graphs are reflexive [7],
and they extended this to a large class of free semigroupoid algebras from
higher rank graphs [§].

One useful tool for proving which higher rank graphs have reflexive semi-

groupoid algebras is the Double Pure Cycle Property:

Definition 2.5.1 ([§], before Lemma 6.1). A pure cycle is a cycle composed
of edges of the same minimal degree (meaning a degree n € N¥ with |n| = 1,
where |n| is the sum of the components of n). We say a higher rank graph
A has the Double Pure Cycle Property if, for every v € A°, there is a path

A € A with s(A\) = v and r(\) = w, such that w lies on a double pure cycle
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in the sense that there is a pair of distinct pure cycles \; = w\w, i = 1,2,
of the same minimal degree, neither of which may be written as a product

(concatenation) of cycles.

The following three results are Lemma 6.1, Theorem 6.2, and Corollary 6.3
in [7]. In that paper, Theorem 6.2 and Corollary 6.3 assert hyper-reflezivity,
which is stronger than reflexivity. We will only use reflexivity here. We include

the proofs, as they will be relevant Chapter [5

Proposition 2.5.2 ([§], Lemma 6.1). If A satisfies the Double Pure Cy-
cle Property, then £x contains a pair of isometries with mutually orthogonal

ranges.

Proof. First assume that there is a single v € Ay with a double pure cycle
A1 # Ao such that for every w € Ag there is a path A\, = vA,w. We will show
that for k,m > 1 with k # m, the elements Lyk,, and Ly, have orthogonal
ranges.

First suppose there exist pi1, 12 € A such that Lyky,&u, = Lapag€u,- This
implies

M \opn = AT Agpts.

Without loss of generality, assume £ > m. By cancellation, we have

AT Ao pin = Ao

But A\; and Ay are composed of edges of the same minimal degree, so by the
uniqueness of the factorization property, either \; is an initial segment of As,
or vice versa. Kither way, this contradicts the fact that A\; and Ay are pure

cycles.
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So, to see that the ranges are orthogonal, suppose that we have two ele-
ments of the Hilbert space Hy, say, hy = > au&y and hy = Y Buéw, and

weA weA
consider:

<L/\’f)\2h17L)\’1”)\2h2> :< Z O‘wg)\’f)\gwa Z 5w£)\’1”)\2w>

r(w)=v r(w)=v

=0,

since MY Aoj; # A['Aapip as shown above, so all of the terms of the two sums
are orthogonal. Thus, Lyky, and Lyp,, have orthogonal ranges.

Note also that L,\If x, and Lymy, both have initial projection L,. Let w
{k¥ Kk} be a one-to-two map from A® to the positive integers N. As the

desired isometries, we may define

U= LN¥LyLy, and V=Y Ly Ly Ly,
weA weAO
the sums converging SOT when A° is infinite.
In the general case, we can divide A° into subsets W, where v € A° has
a double pure cycle \,, # A,,, and for all w € W,, there exists A\, € A
with A, = vA,w. For each v, we have A\,,, A, given by the Double Pure Cycle
Property. For each v, define a one-to-two map from W, to the positive integers

N, say w +— {k¥, k{*}. For each v, let

UWU = Z L];ileszLAw and VWU - Z Llj‘g:lLA”QLAw’

UJEW'U weW'u
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the sums converging SOT when W, is infinite. Then let

U=> Uy, andV =) Vy,
Wy Wy

the sums converging SOT when the number of subsets W, is infinite. m

Theorem 2.5.3 ([§], Theorem 6.2). If A" satisfies the Double Pure Cycle

property, then £x is reflexive.

Proof. As £ is unitarily equivalent to Ry = £/, the previous lemma shows
that £/, contains a pair of isometries with mutually orthogonal ranges. Thus,
the result follows as a direct application of Bercovici’s hyper-reflexivity theo-

rem [2]. O
Kribs and Power use this result to prove the following useful corollary:

Corollary 2.5.4 ([§], discussion following Corollary 6.3). Any single-vertex

higher rank graph has a reflexive free semigroupoid algebra.

They then employ this result to prove reflexivity for the free semigroupoid

algebras of a wide class of higher rank graphs ([§], Theorem 6.4).
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Chapter 3

Free Semigroupoid Algebras from Categories of Paths

In this chapter we will define the free semigroupoid algebra of a category of
paths and characterize its commutant. Then we will look at a few examples of
categories of paths which are not higher rank graphs, and begin to see how the
free semigroupoid algebras that they generate can differ from those generated

by higher rank graphs.

3.1 Definition and Basic Properties

Let A be a category of paths. The free semigroupoid algebra for A is defined
analogously to the free semigroupoid algebra for a graph or higher rank graph.
Specifically, we define a Fock space Hilbert space H, with orthonormal basis

{&.}uea indexed by the elements of A. For p, v € A, define:

Ew if s(p) =7r(v)

0 else

L& =

This includes the vertices, or objects, of A, which are projections. Note that

S Ly =1.

zeA0

Definition 3.1.1. The WOT-closed algebra generated by {L,},ca is called
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the free semigroupoid algebra for A and is written £y.

It is useful to have a notion of the length of a path in a category of paths.
A degree functor on A is a function ¢ : A — N" such that for all y,v € A
satisfying s(pu) = r(v):

o(uv) = () + p(v).

A degree functor can be defined into any abelian group, but we will only
consider degree functors into N,

We say the degree functor is non-degenerate if o(a) # 0 when o ¢ A°. If
A is a category of paths with a degree functor, define the length of a path w

to be |w| = |p(w)], i.e., the sum of the components of p(w) € N™.
Remark 3.1.2. Each vertex has degree 0 because for a vertex x, we have zx = =,

and thus p(x) + p(x) = ¢(z), so p(z) = 0.

Definition 3.1.3. For a category of paths A with a degree functor ¢ : A — N"
define the Cesaro sums of A € B(H) by, for k € Z,

SkA) = ) — @ U, (A),
meN™, |m|<k (

where

U,,(A) = > EiAE .

(€N, |¢>max{0,~|m]}

The Cesaro sums converge SOT to A by Proposition [2.3.2]

Definition 3.1.4. Given p € A, define the operator R, by

Evp () =s(v)

0 else

R,.& =
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Let Ra be the WOT-closed algebra generated by {R,},ea-

We will spend the rest of this section proving that %8y = £,. The analogous
result to Proposition [2.3.8] works with the same proof, however the properties
of a category of paths and degree functor are essential to why the proof works,

and will be noted below.

Proposition 3.1.5. Let A be a category of paths with a non-degenerate degree
functor. Then R, = L.

Proof. Each L, for p € A is contained in R, which is WOT-closed as the
commutant of an operator algebra. So £5 C R/,.

Let A € R, and x € A°. As in Proposition [2.3.8, we define A, = AL, and

w
Pr = Z ( — %)awLw,
)=z

|w|<k,s(w

where {ay }wen,s(w)=2 are the scalars such that
s(w)=z

Note that for any element p € A with r(u) = = and any w; # we € A with
s(wy) = s(wy) = x, we have by right cancellation that &,,, # &w,,- So the
same argument as in Lemma shows that py is a bounded linear operator
and is in £ for each k.

As in the case for graphs, we want to show that A, is the SOT limit of
pr. This is proved by showing that pr = Xx(A,) (see Definition , which
involves proving the claim that U,,(A,) is in R, for all m € N™. The properties

of a degree functor are essential in this proof:
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Recall that for m € N,

U, (A,) = > EiAyEpym.
(€™, |£]>max{0,~|m]}

Now, A € %), by assumption, so A, commutes with R, for all € A. Since
the degree functor ¢ has the property that o(u)+p(v) = @(uv) if s(u) = r(v),
then R, E) = Ejqou R, for all k € N™. This includes vertices y € A, which
satisfy p(y) = 0, and so R, E), = ExR,. It is also true that EqR,, = 0 if u ¢ A°.
Thus, each ¥,,(A,) is in M. This proves the claim.

This implies that ¥ (A,) belongs to /. The rest of the proof is essentially

the same as Proposition [2.3.8| O]

Remark 3.1.6. As in Remark [2.3.9] this gives us a Fourier expansion for ele-

ments of £, as follows: let A be in £, and z a vertex. If A, = AL,&, =
Rx(ALx)gx = Z a'wgun then Agv = ARU&x = RvAgx = Z aw&wv for
s(w)=z s(w)=z

v = vz in A. Thus, the Cesaro partial sums associated with the series

A~ > ayly, converge in the strong operator topology to A.
weA

Corollary 3.1.7. Let A be a category of paths with a non-degenerate degree
functor. Then £\ = Rx.

Proof. Define the transpose A’ of a category of paths A in the same way as
the transpose of a graph (Definition . Then the map W : A* — A given
by W¢,: = &, is a unitary. The rest of the proof is the same as Corollary
2.3.10 O

Finally, we end this section with a lemma that will be useful for the example

in Section
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Lemma 3.1.8. Let A be a category of paths with a finite number of vertices,

|A°| = n < co. Then the number of projections in £ is 2".

Proof. Let P € £4 be a non-zero projection, with Fourier expansion P ~
> awly,. Then for each vertex = € A, either P¢, = 0 or

weA

fa: = P€$ = Z awgw-
s(w)=z
In the latter case, a, = 1 and for all other w such that s(w) = = we have
ay, =0. So P= > a,L, where each a, is either 1 or 0.
IS
Thus, every projection on £, is a sum of projections of the form L, for a

vertex x. Since every such sum is a projection, this means A has exactly 2"

projections. ]

3.2 Example: Finite-Dimensional

A category of paths with no cycles generates a finite-dimensional free semi-

groupoid algebra. Consider the following graph:

b1 ba
— —
T -5 T2 -5 T3
ai az

with the identifications asb; = byay and asa; = boby. This forms a category of

paths A, with degree functor equal to the number of edges in a path.

Remark 3.2.1. Note that A is not a higher rank graph. If A were a higher rank
graph, the factorization property and the fact that asb; = bea; together imply

olar) = @(az) # w(b1) = @(by). But this makes the second identification
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impossible, since a single path cannot have two different degrees. Thus, A is

not a higher rank graph.

This category of paths has three vertices (z1, 2, x3), four paths of degree
1 (aq,b1,a9,by), and two paths of degree 2 (asay, asby). The free semigroupoid

algebra for A is the subalgebra of My(C) generated by operators of the form

T = VlL:c1 + VQLJ:Q + VSLxg +a1La1 +51Lb1 +a2La2 +52Lb2 +’71La2a1 +72La2b17

or, in matrix form corresponding to the ordered basis {&.,, &z, Euss Ears Ebys

§a2a §b27 §a2a17 £a2b1}:

| vy 00 0 O O 0 0 O _

0O »» 0 0 0 O O O

0O 0 »3 0O O O O O O

ap 0 0 »p, 0O O O O O
T=1p5 0 0 0 v, 0 0 0 O

0 as 0 0O O v3 0 O

0 B, 00 0 0 1 0

v 0 0 ay B 0 0 w3 O

v 0 0 By az 0 0 0 w3

Proposition 3.2.2. The subalgebra of My(C) given by matrices of the above

form cannot arise as the free semigroupoid algebra of a higher rank graph.

Proof. Suppose A’ is a higher rank graph such that £,/ consists of matrices
of the above form. For a variable 7, let T}, be the operator given by setting

n = 1 and all the other variables to 0. Then we can see that £,/ has eight
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projections: 0,7,,,71,,,1,,,1,, +1,,,1,, +1,,,T,, +T,,, and I. By Lemma
3.1.8, A’ must have three vertices y;, 12, and y3. Furthermore, the minimal
projections must be those that correspond to projections associated to single

vertices, so 1), = L,,, T, = L and thus the first three basis

Y1

and T, = L

Y2 ER)

vectors in this matrix form are §,,,&,,, and §,,.

Now for i = 1,2,3, let P, be the projection onto span(§,,). We can see
from the first two columns of the matrix form of T € £, that P2y P, and
P3£,/ P; have two-dimensional ranges. This means there must be two edges

from y; to y9, and two edges from ys to y3. So the graph looks like:

Z/lgwgyzz-

But we can also see from the first column of the matrix form that P;Lx Py
has two-dimensional range. So there are only two paths from y; to y3. That
means there must be two identifications in the graph. In a higher rank graph,
there could only be one. Thus, the matrix cannot correspond to the free

semigroupoid algebra of a higher rank graph. ]

3.3 Example: One Vertex, Two Loops

Let A5 be the category of paths with one vertex z, two edges e and f, and the
identification e? = f2. Recall that in a graph with edges e and f, the operators
L. and Ly always have orthogonal ranges. However, in this example, L. and

L; do not have orthogonal ranges, since L¢(&.) = &2 = L¢(&f). The path
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space of Ay can be expressed by a tree diagram as follows:

xT

I

e

}\l\
ANANAN

ef\el \ 1f \fjf\

Notice that the path space of the graph with one vertex and two edges has 2"

edges of length n for each n, whereas this category of paths has only n + 1
edges of length n for each n.

Define Hilbert spaces based on the rows of the tree diagram:

Hy = span{{x}
Hy = span{&, &}
H2 - Span{gfev 5627 gef}

H; = Span{fefe, 5@37 fe2f7 gfef}

More formally, note that each path in A can be written uniquely as e fefe...,
where e represents the vertex x. Thus, a path can be denoted by p(n, k) where
n is the length and k is the initial power of e. When n is clear from context,
we write p(k) for brevity.

Using this notation, we can write out in a general way the orthogonal basis

described above via the path diagram. First consider paths of even length 2n.
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Define an ordered basis for Hs, by

{r(0),p(2),p(4),...,p(2n — 2),p(2n), p(2n — 1),p(2n — 3),...,p(3),p(1)}.

The first half of the numbers are increasing even numbers, then the second
half are decreasing odd numbers. Now consider paths of odd length 2n — 1.

Define an ordered basis for Hs, 1 by

{r(1),p(3),p(5),...,p(2n —3),p(2n — 1), p(2n — 2),p(2n —4),...,p(2),p(0)}.

Here the first half are increasing odd numbers and the second half are decreas-
ing even numbers.

Let P, be the projection onto H,,. Then i P, = I. The following lemma
describes the matrix representation of L, ang:z # with respect to this decom-

position; it will be helpful in Section when we study this free semigroupoid

algebra further in order to prove that it is semisimple.

Lemma 3.3.1. In this matriz decomposition, L. and Ly are represented by

0 0 0 0 0 0 0 0

o 0 0 0 ... S, 0 0 0

0 S5 0 0 0 J3s 0 0
L.= X Lf =

0O 0 Jg 0 ... 0 0 Sy O

0 0 0 S5 ... 0 0 0 Js

where J,, is the n X (n — 1) matriz that is an (n — 1) X (n — 1) identity matriz

with an extra row of 0’s at the bottom (i.e., the inclusion map from H, 1 to
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H,, sending each basis element of H,_1 to the corresponding basis element of
H,), and S, is the n x (n — 1) matriz that is an (n — 1) x (n — 1) identity
matriz with an extra row of 0’s at the top (i.e., the right shift map from H,_,

to H,, sending each basis element in H,_; to the next basis element of H,).

Proof. First note that composing e with any path in standard form is the same

as just adding one to the power of e in the second path:

(e)(ef fefe...) =" fefe. ..

Here are the ordered bases of Hs, 1, Hy, and Hs,,; with corresponding

basis elements aligned:

Hoyq:

{r(1),p(3),...,p(2n = 3),p(2n — 1),p(2n — 2),p(2n — 4),...,p(2),p(0)}

Hgn .

{p(0),p(2),...,p(2n —4),p(2n — 2),p(2n),  p(2n—1),...,p(5),p(3),p(1)}
Hop1

{r(1),p(3),...,p(2n — 3),p(2n — 1), p(2n + 1),p(2n),  ...,p(6),p(4),p(2),p(0)}.

Thus, by the way the bases for these Hilbert spaces are defined, adding e to any

path corresponding to a basis element in Hy,, 1 results in a path corresponding
to the basis element one place to the right in Hs,, and adding e to any path
corresponding to a basis element in Hs, results in a path corresponding to the
basis element in the same position in Hs,,;. This gives us the desired matrix
representation of L,.

For Ly, first consider a path of even length, corresponding to a basis element
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of Hy,. It has the form e? fefe...fe or €™ or e?**!fefe...f. Taking each in

turn:

(f)(e*fefe...fe) = e*  ffefe...fe =3 fefe.. fe

The power of the leading e increases by 3. Next:

(™) =e"f

The power of the leading e stays the same. Next:

() fefe..f) =e* fefefe..f

The power of the leading e decreases by 1. In each case, this corresponds to a
right shift into Ho, 1.

Now consider a path of odd length, corresponding to a basis element in
Ho,_1. It has the form e?**! fefe...fe or €2" or 2" 2f or e?! fefe...f. Look-

ing at each case:

(f)(e** T fefe...fe) = e*F fefefe...fe.

The power of the leading e decreases by 1. Next:

(f) () = e fe

The power of the leading e decreases by 1. Next:

() 2f) = 2 =
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The power of the leading e increases by 2. Next:

() (e*fefe...f) =e*ffefefe..f =e* T fefe..f

The power of the leading e increases by 3. In each case, this results in a path
corresponding to the basis element in the same position in Hy,. Thus, Ly is

the identity from Hs, 1 to Hy,. O

3.4 Example: Single-Vertex Category of Paths with Non-

Zero Nilpotents

The free semigroupoid algebra of a graph or higher rank graph cannot contain
a non-zero nilpotent element. This fact for higher rank graphs is implied by

Lemma 7.1 of [§], which says:

Lemma 3.4.1. Let A be a higher-rank graph. Let I' be a non-empty subset of
A such that |A\1| = | Ao for all \y, Ay € . Let v € T" satisfy v > \ (with respect
to lezicographic order on N¥) for all X € T'. If 4" = MAg... N\, forr > 1 and

A €1, then in fact \y =g =--- =\, = 7.

Proposition 3.4.2. If A is a single-vertex higher rank graph, then £5 does

not have a non-zero nilpotent.

Proof. Let T € £5 be non-zero, with Fourier expansion »_ a,L,. Let n =
weA

min{|w| : a, # 0}, and let I' = {w € A : |[w| = n}. Let v € I be maximal

with respect to lexicographic ordering. Then for any k € N, the expansion

of T* contains the term .k Lye with a.x # 0. By the minimality of n, this

term can only cancel out with other terms associated to paths of length kn.
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However, by Lemma [3.4.1] no other path of length kn can be identified with

7*. So the non-zero term kL cannot cancel out. So T' is not nilpotent. [

Unlike graphs and higher rank graphs, the free semigroupoid algebra of a
single-vertex category of paths can have a non-zero nilpotent element. To see
an example of this, let A3 be the category of paths with one vertex x, three

edges a, b, and ¢, and the following identifications:

o a’> =10 =¢?
e ab="bc=ca

e ac=cb=ba

This category of paths has a nilpotent given by T' = L, +wLy +w?L,, where w
is a primitive third root of unity. If we expand 72 and use the identifications

in Az to simplify, we get

T’ =(1+w+w’)Lez+ (14+w+w?)Lpg + (1 +w+w?)Ley = 0.

In order to be sure this nilpotent is non-zero, however, we must verify that
the identifications do not reduce to a = b = ¢, in which case T" would just be

the zero operator.

Lemma 3.4.3. The identifications above do not imply that any of a, b, or ¢

are equal.
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Proof. Consider the matrices

1 00 010 00 1
A=10o0o0 1. B=|1100]|,C=|l010
010 00 1 100

and the sub-semigroup of (Z*,4)@® M3 generated by (1, A), (1, B), and (1,C).
Because the matrices are all invertible, this semigroup has left and right can-
cellation, and because the first coordinate of the direct sum is always positive,

there are no inverses. Furthermore:

e (1,A)?*=(1,B)*=(1,0)*= (2,1)

hd (17A)(17B):(173)(170):(170)(1714):(27 0 0 1 )

hd (17A)(170):(170)(1’B):(17B)(170):(27 1 00 )

010

Thus, the sub-semigroup generated by (1, A), (1, B), and (1,C) is equivalent
to the category of paths A described above, proving that the relations do not

collapse into any two edges being equal. O]

Another interesting fact about this category of paths, is that for every
k > 1, it has exactly 3 paths of length k. For £ > 2, they can be written in the
forms: a* ba*=1, ca*~1. Consider the Hilbert spaces { Hy }x>0 where Hy = {z},
H, = {a,b,c}, and Hy, = {a* ba*~1 ca*~1} for k > 2. Then I = i P, where

k=0
Py is the projection onto Hy.
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Lemma 3.4.4. In this matriz decomposition, L,, Ly, and L. are represented

by ) ) ) )
0O 0 0 O 0O 0 0 O
A 0 0 O B, 0 0 0O
0 A 0 O 0 B 0 O
La: 7Lb* )

0 0 A O 0 0 B O
0 0 0 A 0O 0 0 B

0O 0 0 O

cy 0 0 O

0O C 0 O

L.=

0O 0 C 0

0O 0 0 C
1 0 0

where Ay = | 0 |, Bi=1|11|,Ci=1] 0|, and A, B, and C are defined as

0 0 1
Lemma|3.4.5. (So all the blocks in the block decompositions are 3 X 3, except

the 1,1-block, which is 1 x 1, the rest of the first column of blocks, which are

3 x 1, and the rest of the first row of blocks, which are 1 x 3.)

Proof. First, note that L,(x) = a, giving us A; in the 2,1-block. Next, for all
n €N,

Lo(a™) = a™; Ly(ba™ 1) = ca™; Lo(c*™') = ba™.

which gives us the matrix A in the (n+ 1, n)-block, for all n. The calculations
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for Ly and L. are similar. O

So Az is the WOT-closed algebra generated by L, Ly, L., and the identity.
As a similar example, consider the category of paths A, with one vertex
x, n edges eg, €1, ..., e,-1, and the identifications e;e; = e;10e;4¢ for all 4, 7, ¢,
taken mod n. Note that these relations imply that e? = ejz- for all 7, 7, and
thus e? commutes with every path in A. Similar to the previous example, this
category of paths has n paths of length & for any k, which can be written as

ek, eleg_l, 62618_1, e en_lelg_l. Additionally, it has a non-zero nilpotent

T = geo + w{el + w2§eg + -+ Wn_lenl

where w is a primitive nth root of unity.
In the case where n = 3, this construction gives the category of paths Aj
described above. When n = 2, we get a category of paths with one vertex,
2

two loops, and the relations eg = ey and ejey = egeq, which is different than

the two-loop example described in Section [3.3]
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Chapter 4

Semisimplicity

In this chapter, we will give a condition on a category of paths that ensures
that the resulting semigroupoid algebra is semisimple, and then we will use
this condition to show that the single-vertex categories of paths described in

Sections [3.3] and [3.4] are semisimple.

4.1 General Results

Throughout this section, the category of paths A is assumed to have a non-
degenerate degree functor ¢ : A — N™. For w € A, let |w| = |p(w)], i.e. the
sum of the absolute values of the components of ¢(w).

Define a transitive category of paths, a connected component of A, and a
cycle in A analogously to Definition 2.4.2] Say that u € A lies on a cycle if
there is some v € A such that uv is a cycle. Let B(A) be the collection of
paths p € A which do not lie on a cycle. The set B(A) is empty if and only
if A is transitive in each component. As mentioned in Chapter [2| Kribs and
Power [7] showed that for a graph G, the Jacobson radical of £ is determined

by these paths:

Theorem 4.1.1. Let G be a graph. Then £ is semisimple if and only if G
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is transitive in each component. When G has finitely many vertices, |V (G)| =
M < oo, then the radical is nilpotent of degree at most M and is equal to the

WOT-closed two-sided ideal generated by {L, : u € B(A)}.

They also proved the same theorem for higher rank graphs in [8]. To obtain

a similar result for categories of paths, we will use an extra assumption.

Definition 4.1.2. Let A be a category of paths with a degree functor. A path

€ Ais called minimal if for v,n € A, p = vn implies p = v or = n.
Definition 4.1.3. Say that a category of paths A satisfies property (P) if:
(i) For each vertex v € A°, the set of minimal paths in vA is finite; and

(i) f A# 0and A= ay Ly, +asLy, +- - +ayL,, where |w| = |wy| =--- =

wg|, then there is some p € A such that L, A is not nilpotent.
H p

If A is a higher rank graph, then the second condition, (P)(ii), is equivalent
to transitivity in each component, as shown in the next proposition. Notice

the similarity to the proof of Proposition [3.4.2]

Proposition 4.1.4. If A is a higher rank graph, then A is transitive in each

component if and only if A satisfies (P)(ii).

Proof. First suppose A satisfies (P)(ii) and let v € A. By (P)(ii), there is some
i € A such that L,L, is not nilpotent. Thus, wa = L,y is not equal to 0.
So pr must be a cycle. Thus, every path lies on a cycle, and A is transitive in
each component.

Now assume that A is transitive in each component, and let A = a;L,,, +
asLy, + -+ + apLy, € £a such that A # 0 and |wy| = |we| = -+ = |wg].

Assume without loss of generality that a; # 0 for ¢ = 1,...,n. Choose pu
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so that pw; is a cycle. Let I' = {pw; : r(w;) = s(u),i = 1,...,n}, and

let v = pw;, € I' such that ~ is maximal in I' with respect to lexicographic

ordering. Then for any k& € N, the expansion of (L,T)" contains the term
k SHh ok :

dy, Lyx with @i, # 0. By Lemma 3.4.1} no other path associated to a term

in the expansion of (L,T)" can be identified with v*. So the non-zero term

aﬁio L.k cannot cancel out. So 71" is not nilpotent. [

Lemma 4.1.5. If A satisfies (P)(i), then for any vertex v, there are at most

finitely many paths in A of degree n with range v.

Proof. Let v € A°. By (P)(i), there are only a finite number, say Ni, of
minimal paths in vA. For each of those paths pu, there are a finite number
of minimal paths in s(u)A. Let Ny be the maximum of those finite numbers.
Continue this n times, up to N,. Then the total number of paths in A of

degree less than or equal to n with range v is at most
N1+N1N2+"'+N1N2N3...Nn,

which is finite. O
The following lemma corresponds to Lemma 5.2 in [7].

Lemma 4.1.6. If A satisfies (P), then £ is semisimple. In particular, for
every non-zero A in £y, there is a path w € A such that L, A is not quasinilpo-

tent.

Proof. Let A € £, with Fourier expansion A ~ > a,L,. Let n = min{|w| :

wEA
ay # 0}.

Let A’ = > ay,L,. By condition (ii) of (P), there is some pu € A such
|w|=n

that L,A" is not nilpotent. Therefore, since only minimal-degree terms can
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cancel out other minimal-degree terms, the minimal-degree terms of (L,A)*
do not cancel out for any k. So for any k, (L,A)" will have a non-zero term
in its Fourier expansion of the form b,, L,, where |vx| = k(n + |p|). By the
minimality of n, such a path v, must be equal to pwgpwg_1 ... pwopw,; where
each w; has degree n.

Now, by Lemma [4.1.5] there are only finitely many paths of degree n that

end at s(u). So the following minimum is well-defined:
a = min{a, : |w| =n,r(w) = s(u), a, # 0}.
Then |b,,| > a*. So for k > 1, we have
LI 2 (LAY €y, )] = e[ > (@) = a0

Thus, L, A has a positive spectral radius and is not quasinilpotent. But recall
the radical rad £, is equal to the largest quasinilpotent ideal in £,. So A is
not in the radical for A # 0. O

Next, we will show a partial converse to this result, namely, that if £, is
semisimple, then A must be transitive in each component. First, note that the
following lemma, which corresponds to Lemma from Chapter 2, works in

the category of paths case with the same proof:
Lemma 4.1.7. The following are equivalent for u € A:
(1) L, € rad £
(i) p € B(A)

(i) (AL,)* =0 for all A € £
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(iv) L? = L,2 = 0 whenever w € A is a path which includes p (i.e., has

some decomposition which includes )

We next consider a block diagonal decomposition of £5. We say that a

subset I' of A is mazimally transitive if :
1. there are paths in both directions between every pair of vertices in I'
2. if p €T, then s(u) and r(p) are in T’
3. if p € A such that s(p) and r(p) are in I', then p € T'
4. T' is maximal with respect to these properties.

Let {A;}icz be the maximally transitive components of A, and let {S;}iez be

the projections S; = > L,. Note that if A has M vertices, then |Z| < M,
zeN?

since every maximally transitive component must have at least one vertex and

every vertex is in exactly one maximally transitive component (though that

component could be just a vertex with no edges). Thus, we have

I - @iEISi-

Now we may consider the block matrix form of £, with respect to this de-
composition. Note that, for i # j, if the (7, j)-block is non-zero, then the
(,4)-block must be 0, because if there were a path from A; to A; and a path
from A; to A;, it would violate the maximality of the maximally transitive
components.

A graph version of the following lemma was stated but not explicitly proved
in [7], so we include a proof here for the category of paths case even though it

is identical to the graph case:
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Lemma 4.1.8. Let J be the WOT-closed two-sided ideal in £ generated by
{L, : € B(A)}.Then J is given by the off-diagonal entries of £x in the

decomposition described above.

Proof. Let A € £x. For each vertex z, there exist constants {au }wea,sw)=s

such that

Afz: Z awgw'

s(w)=x
In the block diagonal form of A described above, the coefficient a,, will be in
the column block corresponding to s(w) and the row block corresponding to
r(w).

So if A € £, and the diagonal blocks are 0 in this decomposition, then the
Fourier coefficients a,, are 0 for all w ¢ B(A). Thus, the Cesaro sums of A are
in 7, and since they converge SOT to A, that means A € J.

Conversely, if A € 7, we know A is a WOT limit of operators in span{L,, :
w € B(A)}. Note that any path u € B(A) has at most one endpoint in any
given maximally transitive component A;. Thus, the block diagonals in this

matrix decomposition will be 0 for every L, for p € B(A), and hence also for

A. O
Next, we have an expanded version of Lemma [4.1.6}
Theorem 4.1.9. (a) If A satisfies (P), then £5 is semisimple.
(b) If £, is semisimple, then A is transitive in each component.

(¢c) If A has M < oo maximally transitive components, and each mazimally
transitive component satisfies (P), then the radical is nilpotent of degree
at most M and is equal to the WOT-closed two-sided ideal generated by
{L,:peBA)}.
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Proof. Lemma proves (a).

For (b), suppose that there is a component of A which is not transitive.
Then the set B(A) is nonempty, and Lemma [1.1.7] gives us an edge u € B(A)
such that L, € rad £5. Thus £, has nonzero radical in this case. This does
not require the extra assumption on A, and is the same as the graph case [7].

It remains to show (c). To this end, let J be the WOT-closed two-sided
ideal in £, generated by {L, : p € B(A)}. We will first show that the radical
contains this ideal. By Lemma J is given by the off-diagonal entries of
£ in the decomposition

I = ®ie1Si,

where S; is the projection onto the maximally transitive component A;.

Now, since there are M blocks in each row and column, and only one of the
(4,7)- and the (j,7)-block can be non-zero for i # j, it follows that J* = {0}.
Since J is an ideal, we have for all X € £, and A € J, that (XA)M = 0.
Hence J is contained in rad £, and is nilpotent of degree at most M.

Finally we need to show that rad £, is contained in J. So suppose A €
rad £, with Fourier expansion scalars {a, }wea. We will show that a coefficient
a,, is non-zero only if w € B(A). Suppose by way of contradiction that there is
a path v with a, # 0 and v ¢ B(A). Choose v so that |v| is minimal with this
property. Let A’ be the maximally transitive component of A that contains v.

Let S = {w € A : |w| = |v|}. Let A’ be the operator of terms of A
corresponding to paths in S; that is, A" ~ > a,L,. Note that this means
A" € £y . Since we are assuming that (P) hucﬁjs on A’ there is some p € A’

such that L, A" is not nilpotent. We now want to show that L, A has positive

spectral radius.
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The Fourier series of the operator L, A is given by > a,L,,,. Taking this
wEA

to the kth power formally gives us

E Quy Qi - - - Qg3 Oop Lo v g,y -
w;,nEA

But in fact, we know each wj; is in A’ because s(p) and r(u) are in A'.

Let M = {pujpus ... pug_jpuy = u; € S}. We will show that it is impos-
sible for all the terms associated to paths in M to cancel out in the product
(L, A)*. Let wi,wa,...,wey € A with a,, # 0, and let uy,ug,...,ux € S
with a,, # 0. In what follows, we will determine for which paths n € A it is

possible that a, # 0 and

PWLUWS . . . W1 4] = UL U « o o e .

First suppose |n| < |v|. Since |v| is minimal with the property that a, # 0
and v ¢ B(A), this implies n € B(A). Thus, either s(n) ¢ A" or r(n) ¢ A’. So

since uy € S, then either s(n) # s(uy), implying

PP . . P 1 A1) F UL - - Mg

or r(n) # s(u), implying the path on the left is undefined.

Now suppose |n| > |v|. Then pw;pws ... pwg_1pn has degree larger than
(Ju| + |v|)¥, since each w; in in A/, and thus by the minimality of |v|, satisfies
|w;| > |v| for all i. So pw;pws ... pwg_1pun # pugpus . ... .. .

Finally, suppose |n| = |v|. If n ¢ A’, then, as above, either s(n) # s(uyg),
implying

P fWs . . Wk 1 f11) F U - . . . o,
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or 7(n) # s(u), implying the path on the left is undefined. If |n| = |v| and n
is in A’} then pw;pws . .. pwy_qun is in M.

Therefore, only terms corresponding to paths in M can cancel out other
terms in M, and we know they do not all cancel out because L,A" is not
nilpotent.

Thus, for any k, (L, A)* will have a non-zero term in its Fourier expansion
of the form by, L., where wy, is the result of concatenating k paths of the form
pry for v € S. Let a = min{a, : w € S}, which is well defined by Lemma
m Then |by, | > a”.

So for k > 1, we have
1/k
HZWAH I 2 (LA s i) = [V > (@)VE = a > 0,

This proves the claim, and implies that a coefficient a,, is non-zero only if
w € B(A). Thus, the Cesaro sums for A are in J, and they converge SOT to
A. SoAeJ. O

We will finish this section with one further result on the nilpotency degree
of the ideal J. Given a category of paths A, we can divide it into maximally
transitive components, as in the discussion before Lemma [£.1.8] Let a chain
of length n be a set of maximally transitive components {Aq, Ag, ..., A,} with
paths wy, ws, ..., w,—1 in B(A) such that w; begins in A; and ends in Aj4. If
there are a finite number of maximally transitive components, then all chains

are finite.

Proposition 4.1.10. Let A be a category of paths with M maximally transitive

components, where M < oo. Let J be the WOT-closed ideal generated by
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{L, : p € B(A)}. The nilpotency degree of J is equal to the length of the

largest chain of maximally transitive components plus 1, which is at most M.

Proof. Let {A;}i<a be the maximally transitive components of A, and let
{Si}i<a be the projections S; = ZO L,. Then I = ®;<nS;.

Lemma says that the ifieeAeil J is given by the off-diagonal entries
of £, in this decomposition. Let B;; be the block in the ith row and jth
column of this decomposition. Let n be the length of the largest chain of

maximally transitive components. A chain of length n of maximally transitive

B

components corresponds to a sequence of blocks Bj j,, Bj, jss - - - » Bj,_1 j. such

that each B; is non-zero. Since there are no chains of length bigger than

fodh 1
n, J" =0, and J is nilpotent of degree less than or equal to n + 1.
Suppose {Aq,...,A,} with paths {wq,...,w,_1} is a maximum length
chain. Since each component A; is transitive, there is a path u; € A; with
s(pi) = r(w;) and r(p;) = s(wir1). SO Wypln_1Wp_1 - . . PeWapqwy is a path in

A. Thus,

A= Lu1w1 + Lu2w2 +---t L,unflwnfl + Lwn

is an element of J such that A"{w,) = &wnpn_1wn_1..powepiwn 7 0- So the

nilpotency degree of 7 is equal to n + 1. O]

4.2 A, is Semisimple

Recall that A, is the category of paths with one vertex x and two edges e and
f satisfying €2 = f2. The degree functor for A is given by the length of the
path. In this section, we will show that £,, is semisimple by showing that

A, satisfies Property (P). Clearly, As satisfies (P)(i) since there are only three
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minimal paths in zA (namely, z, e, and f). So we must show A, satisfies
(P)(i).
In Section [3.3], we wrote Ha as a direct sum of the Hilbert spaces defined

by ordered bases as follows. Recall that the subscript ¢ on H; gives the length

of the path, and the path .. is denoted by p(k):

H2n : {p(O),p(Q), s ,p(QTL - 2)7p(2n)7p(2n - 1),]9(271 - 3)7 s ap(g)vp(l)}

Hopr : {p(1),p(3), -, p(2n=3), p(2n—1),p(2n=2), p(2n—=4), ..., p(2), p(0) }.

With these Hilbert spaces, we can describe any basis element as (m,n), the
(m 4+ 1)th basis vector in H,,. (So we start counting the basis elements at 0).

The following will be helpful:
o If nis even and m < %, then (m,n) = e*" fe... fe
e If nis even and m > 2, then (m,n) = eX"=™* fe . fef
e If nis odd and m < %, then (m,n) = e*"*!fe... fe
e If nis odd and m > %, then (m,n) = e*""™ fe... fef

We will use the notation (m,n) to refer both to a path w and the Hilbert
space element &, depending on context. The next lemma gives us a rule for

calculating the result of concatenating two paths with this notation.

Lemma 4.2.1. Two paths are concatenated according to the following rule:

(m1 + ma,nq + ng), if ny is even
(ml,nl)(mg,m) =
(n1 —my +ma,nq + ng), if ng is odd
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Example 4.2.2. (a) Consider concatenating (0,2) = fe and (3,4) = €3f.

Using Lemma [4.2.1]
(0,2)(3,4) = (0+3,2+ 4) = (3,6)

which is the (3 + 1)th element of the ordered basis for Hg : {p(0), p(2),

p(4), p(6), p(5), p(3), p(1)}, or €®. Doing the calculation directly, we see

(0,2)(3,4) = (fe)(€’f) = fe'f = ' f* = €".

(b) Consider concatenating (1,5) = e3fe and (4,5) = e?fef. Using Lemma

M7
(1,5)(4,5) = ((5— 1) + 4,5+ 5) = (8,10)

which is the (8 + 1)th element of the ordered basis for Hy : {p(0), p(2),

p(4), p(6), p(8), p(10), p(9), p(7), p(5), p(3), p(1)}, or €’ fefef. Doing

the calculation directly, we see

(1,5)(4,5) = (e*fe)(e*fef) =€’ fefef.

Proof. (of Lemma

Since the second component is the length of the path, the second compo-
nent of the concatenations will clearly be the sum of the second components
of the individual paths.

For the first component, note that (m;,n1) can be written as a sequence
of e’'s and f’s. Thus, when we apply (mi,n1) to (mg,ng), we can do the

calculation by applying e and f sequentially. As shown in Lemma [3.3.1
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e if ny is even, applying e will add 0 to my (identity)
e if ny is odd, applying e will add 1 to my (shift)
e if ny is even, applying f will add 1 to my (shift)
e if ny is odd, applying f will add 0 to my (identity)

Thus, the form of the product of (mq,n1) and (ms, ne) depends on whether ny

and ny are even or odd, so there are four cases we must consider.

ni

CASE 1: Suppose n; and ny are both even. Then for m; < %

(m1, n1)(ma, o) = @ fe...fe  (ma,no)

half of these add 0 and half add 1 ¢5ch of these adds 0

= (my + mag,ny + nay),
while if m; > %, then

(my,n1)(ma, ny) = eHm—mtlro fef(ma,no)

= gm-m) efe...fef(ma,ng)

half add 0, half add 1 g3ch adds 1

= ((m —m) + (n1 = 2(ny — ma)) +ma, n + ”2>

= (my + mag,ny + n2).
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CASE 2: Suppose ny is even and n; is odd. Then for m; < %,

(a,m1)(mg, o) = €*™F e fe(ma,no)

2my efe... f@(m2, n2)

~———
half add 0, half add 1 ¢;5ch adds 0

= e
= (my + mag,ny + n2)

while if m; > %, then

(m1,m1)(ma, ny) = ™7™ fe .. fef(my,ny)

_ e2(m1—m1) fe... fef(m27n2)

half add 0, half add 1 g5ch adds 1

— ((m —a)+ (n —2(n — a)) + ma,ng + ng)

= (CL + Mmoo, N1 + ng).

CASE 3: Suppose n; is even and ny is odd. Then for m; < %,

(m1,n1)(ma, ny) = e2m fe...fe(ma,ng)
half add 0, half add 1 ¢5ch adds 1

= (mq + (n1 — 2my) + Mg, n2)

= (n1 — a+msg,ny + noy)



while if a > %, then

(mq,nq)(ma,ng) = 62(”1_m1)+1fe ... fef(ma,mg)

= 2mmm) efe...fef(ma,ng)

half add 0, half add 1 g5ch adds 0

= (nl —my +m2,n1+n2).

CASE 4: Finally, suppose both n; and ny are odd. Then for m; < %,

(a,n1)(ma,mz) = ™ fe. .. fe(ma, ns)

= e?m efe...fe(mg,ng)

~—
half add 0, half add 1 ¢5ch adds 1
= (m1 + (n1 — 2a) + ma,ny + n2)

= (n1 — mq + ma,nq + n2)
while if m; > %, then
(mq,nq)(mag, ng) = 62("1_m1)fe ... fef(ma,mg)

2 —
= g2mmm) fe...fef(ma,ng)
half add 0, half add 1  ¢;5ch adds 0

= ((nl —a) 4+ ma,ny -I—TLQ)-

The formula holds in all 4 cases. This completes the proof.

Now suppose we want to consider the results of concatenating two paths of

length n. Using the formula from Lemma |4.2.1] we can set up a table showing

all the products. If n is even, the table looks like:
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0,n) (L n) (2, n) (n-1,n)  (n, 1)
0,n) | (0,2n)  (1,2n) (2, 2n) (n-1,2n)  (n, 2n)
(1,n) | (1,2n)  (2,20) (3, 2n) (n,2n)  (n+1, 2n)
(2,n) | (2,2n)  (3,2n) (4, 2n) (n+1, 20) (042, 2n)
(n-1,n) | (n-1, 2n) (n, 2n) (n+1, 2n) (2n-2, 2n)  (2n-1, 2n)
(m,n) | (n,2n)  (n+l,20) (n+2, 2n) (2n-1, 2n)  (2n, 2n)

Notice the constant diagonals from bottom left to top right. If n is odd, the

table looks like:

0,n)  (1,n) (2, n) (n-1,m)  (n, n)
(0,n) | (n,2n)  (n+1,2n) (n42, 2n) (2n-1, 2n)  (2n, 2n)
(1,n) | (n1,2n) (n,2n)  (n+l, 2n) (2n-2, 2n) (2n-1, 2n)
(2,n) | (n-2,2n) (n-1,2n)  (n, 2n) (20-3, 2n)  (20-2, 2n)
(n-1,n) | (1,20)  (2,20) (3, 2n) (n,2n) (41, 2n)
(mn) | (0,20)  (1,2n) (2, 2n) (n-1,2n)  (n, 2n)

Here the diagonals from top left to bottom right are constant.

Proposition 4.2.3. The free semigroupoid algebra £, does not contain any

nilpotent elements

Proof. Let A € Ay with A # 0. By the Fourier expansion of A, there are

constants a,, such that A ~ > a,L,. Let

weA

Sy ={w € A :Jw| =k and a,, # 0}.

Since A # 0, there must be at least one Sj, # (). Let n = min{k : Sy # 0}.
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Suppose that A% = 0. This means A%¢, = 0, so

Z Z awazgzw = 0.

weA z€A

In particular, all terms of length 2n must cancel out. By the minimality of
n, any path of length 2n in A? can only come as the product of two paths of
length n in A.

Consider first the case where n is even. Then (0,n),(n,n) ¢ S,, since
(0,n)* = (0,2n) and (n,n)* = (2n,2n) are not equivalent to any other paths

and could not cancel out. Thus our table from above can be simplified to look

like
(1,n) (2 n) ... (m2,1n) (n-l,n)

(1,n) |(220)  (3,2n) ... (nl,2n) (n, 2n)
2,n) | (3,20) (4, 2n) (n,2n)  (n+1, 2n)
(-2, n) | (n-1, 2n) (n, 2n) (20-4, 2n)  (20-3, 2n)
(n-1,n) | (n, 20)  (n+1,20) ... (20-3,2n) (202, 2n)

But now we can see there is no way for either (2,2n) or (2n — 2,2n) to cancel

out, meaning that (1,n) and (n — 1,n) cannot be in S,,. So we have:

(2,n) ... (n-2, n)
(2, n) (4,2n) ... (n, 2n)
(n-2,n) | (n, 2n) ... (2n-4, 2n)

Now there is no way for (4,2n) and (2n — 4,2n) to cancel out, meaning that
(2,n) and (n — 2,n) cannot be in S,,. Continuing in this manner shows that

S, = 0, a contradiction.
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Now consider the case where n is odd. In this case, the elements (0,2n) =
(n,n)(0,n) and (2n,2n) = (0,n)(n,n) cannot cancel out, so we can conclude
that either (n,n) ¢ S, or (0,n) ¢ S,. Either way one row and column of the
multiplication table can be removed. As an example, let’s look at the case

where (n,n) ¢ S,,. Then we can revise our table to be:

0,m) (1, n) (2, n) (n-2,m)  (n-1, n)
(0,n) | (n,2n)  (n+1,2n) (n+2,2n) ... (20-2,2n) (2n-1, 2n)
(1,n) | (n-1,2n) (n,2n) (o1, 2n) (20-3, 2n)  (2n-2, 2n)
(2,n) | (-2, 2n) (n-l,2n)  (n, 2n) (2n-4, 2n)  (2n-3, 2n)
(n-2,n) | (2,20)  (3,2n)  (4,20) ... (n,2n)  (n+l, 2n)
(n-1,n) | (1,2n) (2, 2n) (3, 2n) ... (n-1,2n) (n, 2n)

Then neither (1,2n) = (n — 1,n)(0,n) nor (2n — 1,2n) = (0,n)(n — 1,n) can
cancel out. So either (n — 1,n) or (0,n) is not in S,. So we can remove
another row and column from the matrix. Continuing in this manner shows
that S,, = 0, a contradiction.

Thus, A2 = 0, and by induction 42" # 0 for all k. Furthermore, if m € N,
then there is some & with 28 > m and A% # 0. So A™ # 0. Thus, A is not

nilpotent. O
Corollary 4.2.4. The free semigroupoid algebra £y, is semisimple.

Proof. As mentioned at the beginning of this section, Ay satisfies (P)(i) be-
cause there are only three minimal paths in zA (namely, z, e, and f). Also,

Proposition [4.2.3] shows that A, satisfies (P)(ii). Thus A satisfies (P), and so

£, is semisimple. N
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4.3 A, is Semisimple for n <8

Recall the 3-loop example from Section where A3 is the category of paths
given by the graph with one vertex x, three edges a, b, and ¢, and the identi-

fications:

o a> =10 =¢?

e ab=bc=ca
e ac=cb=ba

We saw that £,, has a non-zero nilpotent 7' = L, + wlLj + w?L., where w
is a primitive third root of unity. We will now show that £,, is nonetheless

semisimple.
Proposition 4.3.1. The free semigroupoid algebra £y, is semisimple.

Proof. We will show that Aj satisfies (P). First note that Aj satisfies (P)(i)
because there are only four minimal paths in A (namely, x, a, b, and c).

To show let Aj satisfies (P)(ii), let T' = oy Ly, + aoly, + -+ + anly, €
£a, be non-zero with |w;| = -+ = |w,|. Since Az has only three distinct
paths of any given length, we know in fact that T" = a1 L, or T' = L, +
YyLygn—1 + zLegn—1 for z,y,z € C. Clearly L, is not nilpotent, so assume
T =xLgn + yLygn—1 + 2Legn—1 for z,y,2 € C and n > 1.

Assume first that n is even. We have the following multiplication table:

a” ba" ! cqn!

n 2n ba2n71 Ca2n71

ban—l ba2n—1 Ca2n—1 a?n

Canfl Ca’2n71 a2n baanl
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Soif T'= x Ly + yLygn—1 + zLegn-1, then

T? = (2% 4 2yz) Lazn + 22y + 2%) Lygon—1 + (202 + y*) Legon-1.

Thus, T2 = 0 if and only if

2 4+ 2yz =0
20y + 22 =0
22z 4+ y* =0,

which implies x =y = 2 = 0.

Thus, T2 # 0, and T2 has the form 2’ Ly2n + 9 Lyg2n—1 + 2’ Leg2n—1, and thus
is still a sum of terms with even-length paths. So the same argument applies
repeatedly, showing that for all k, T # 0. If T = 0 for any m, then for
2% > m, we would have T = 0, a contradiction. So 7' is not nilpotent.

Now suppose again that T' = xLgn + yLpgn-1 + 2Legn—1, but now n is odd.
Then L,T = xLyn+1 + yLpgn + 2Leqn is a sum of even length terms, so by the
previous argument, L,T" is not nilpotent. Thus, A3 satisfies (P)(ii).

Therefore, A3 satisfies Property (P), and thus is semisimple. O
The argument can be generalized in the following way:

Proposition 4.3.2. The free semigroupoid algebra £y, is semisimple for n <

8.

Proof. Consider the category of paths A, from Section [3.4] with one vertex
x, n edges ey, e, ..., e,_1, and the identifications e;e; = e;ysej4¢ for all 7, 5, ¢,

taken mod n. If k is even, then the product of two standard-form elements
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eieg ! and ejef ! s

eielg_lejelg_l = eieoejegk_?’
— ejen_ e
2n—1
= €€
(S k-1
Thus, given the element T' = Y x;e;e5 ~, we have
i=0
n—1
2 E: 2 : k—1
T = Tilj€iti€q -
=0 i+j=t

So T? = 0 if the system of equations given by
n—1
{Z rixeg_; =0:£=0,1,...,n—1; subscripts taken mod n}
i=0

has only the trivial solution. When this is the case, as it is for at least n <8,

the same argument for the n = 3 case shows that A,, is semisimple. [
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Chapter 5

Reflexivity

In this chapter, we will first prove some general results for reflexivity which
are based on those in Kribs and Power’s papers [7], [§]. However, their main
result on reflexivity depends on the reflexivity of free semigroupoid algebras of
single-vertex graphs and single-vertex higher rank graphs. Therefore, Sections
.2| and are dedicated to proving reflexivity for the single-vertex categories
of paths from Section [3.4]

5.1 General Results

The following definition is an adjustment of the Double Pure Cycle Property
for graphs, Definition [2.5.1]

Definition 5.1.1. Say that a vertex v in a category of paths A has double
pure cycles if there exist cycles A\; # Ao at v such that Ajp; # Aops for all
w1, 2 € Ao Then A satisfies the Double Pure Cycle Property if for every
w € A% there exists A, € A such that s()\,) = w and 7()\,) has double pure

cycles.

Example 5.1.2. Any single-vertex graph with two or more edges satisfies the

Double Pure Cycle Property in this sense, as does a single-vertex higher-rank
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graph with at least two edges of the same color. An example of a category of
paths that is not a higher rank graph and satisfies this property is the category
of paths A with one vertex x, three edges e, f, and g, and the identification
e? = f2 Then e and g are non-equal cycles satisfying eu; # guo for all
pas p2 € A

Neither the example from Section nor the examples from Section (3.4

satisfy this Double Pure Cycle Property, however.

Proposition 5.1.3. Suppose that A is a countable category of paths which sat-
isfies the Double Pure Cycle Property. Then £5 contains a pair of isometries

with mutually orthogonal ranges.

Proof. With the adjusted definition of double pure cycles, this follows by the
same proof as Proposition [2.5.2] The key step is shows that, for vertex v with
double pure cycles A\; # Ao, the operators L/\zf », and Lymy, are orthogonal for
k # m. That is, for all 1, us € A, we must show Moy # A" Aapo. But this

follows directly from the adjusted definition of double pure cycles. m

Given a category of paths A, recall from Definition that Al is the
category of paths with the same vertex set A°, but all the paths are oriented

in the opposite direction. This is called the transpose of A.

Theorem 5.1.4. If A is a countable category of paths with a non-degenerate
degree functor such that A' satisfies the Double Pure Cycle Property, then £,

18 reflexive.

Proof. Since £} is unitarily equivalent to 58, = £/, by the unitary from Corol-
lary [2.3.10] we know that £} contains a pair of isometries with mutually

orthogonal range. Thus by Bercovici’s Theorem, £, is reflexive. O]



Definition 5.1.5. We say v is a radiating vertex if for all A € A, r(A) = v

implies s(\) = v.

Proposition 5.1.6. Suppose that A is a category of paths with a non-degenerate

degree functor such that each radiating vertex v satisfies

(a) for the category of paths A’ consisting of v and all paths p = vpv in A,

we have £/ is reflexive

(b) if p1 and ps are loops at v and wy and wy are paths with source v, then

Wiy F Wafly.
Then £, is reflexive.

Proof. With the restrictions given here, the proof of Theorem 6.4 from [§]

applies. ]

Corollary 5.1.7. If A is a finite category of paths with a non-degenerate degree

functor, then £y is reflexive.

Proof. Since A is finite, A does not contain any loops or cycles. The semi-
groupoid algebra of a single vertex with no edges is C, which is reflexive.

Thus, all vertices of A satisfy the conditions of Proposition [5.1.6] O

5.2 Aj is Reflexive

By knowing which single-vertex categories of paths have reflexive free semi-
groupoid algebras, we can use Proposition to analyze the reflexivity of
multiple-vertex categories of paths. It is still unknown whether £,, is reflexive

for the two-loop example from Section [3.3} however, as we will prove in the
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rest of this chapter, the family of single-vertex categories of paths described
in Section |3.4]is reflexive for all n. In this section, we focus on the n = 3 case.

As in Section let A3 be the category of paths with one vertex z, three
edges a,b, and ¢, and the identifications a®> = b?> = ¢, ab = bc = ca, and
ac = cb = ba. In order to show that £,, is reflexive, we will characterize the
structure of elements of £,, with respect to a particular basis, then show that
T € Alg Lat(£4,) has the same structure. To this end, let w be a primitive
third root of unity. Note that w + w? +1 = 0. Then the following is an

orthogonal basis for Hy,:

hy = &+&+&
1= &twé+wi

ki = &+ w?& +wée

h2 = £a2 + gba + £ca
j2 = 6(12 + w2€ba + wgca

k2 - £a2 + nga + w2§ca

hop_1 = Eqzn—1 + Epgan—1 + Egon—2
Jon—1 = Egzn-1 + Wpg2n—2 + w2fca2n—2

kop_1 = Egon-1 + w2€ba2n72 + W& g2n—2

hgn = £a2n + gba2n—l + fcazn—l
j2n = 5@2” + W2€ba2”*1 + Wé-caQ"*1

kon = Egon 4+ wWpg2n—1 + wzfcaznfl
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Lemma 5.2.1. For an arbitrary element A = tL, + ) (anan + YpLpgn—1 +

n=1

ZnLcanfl) in Lp,, the matriz form ofA‘{ﬁw}L with respect to the basis above is:

tI 0 0 0 0

S, tI 0 0 0

T, T, tI 0 0
A‘{&}L:

Sy Sy Sy tI 0

T, T3 T Ty tI

where I is the 3 x 3 identity matriz,

Tp + Yn + 2n 0 0
Sy = 0 Ty + WYp + w32, 0
0 0 T, + WYy + w2
and
Tn + Yn + 2n 0 0
T, = 0 Ty, + WY + W2 0
0 0 Ty + Wy, + w2,

Proof. For n > 0, let ),, be the projection onto edges of length n. Then, with

respect to the above basis, we have

1 00 1 00
QoanLleQowm—1=10 1 0|, Qm+1LaQan=1]0 1 0
001 00 1
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i 1 0 0 ] i 1 0 0 ]
QaulpQan1=10 w 0 |, Qumi1lsQ2a.=|0 w? 0
0 0 w? 0 0 w

i 1 0 0 ] i 1 0 0 ]
QuLlcQan-1=10 w? 0|, Qumt1LQ2.=]0 w 0
0 0 w 0 0 w?

O

Remark 5.2.2. Notice that given any constants k, A\, u € C, the system of

equations

K=x+y—+z
A=+ wy +w’z

u:x+w2y+wz

has a unique solution x, y, z. Thus, the above form of A is equivalent to saying

that for all m > n, there exist constants Ky, n, Apm.n, hm,n € C such that

Rnmn 0 0 Rm,n 0 0

and Rmn = Rm+4+1,n+1, )\m,n = Um+1,n+1; kmn = )\m—i-l,n—l-l'

Lemma 5.2.3. Let T € Alg Lat(£y,). Then the matriz form of T|{5 yo with
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respect to the basis above is:

tI 0 0 0 0
Sox tI 0O 0 0
8371 33’2 tl 0 0

L=
) Sy Saz Saz tI 0
Ss1 Sso Ssz Ssa tl
Omn 0 0
where I is the 3 x 3 identity matriz and S, , = 0 Bmn 0
0 0 Ymn

Proof. The £,-invariant subspaces M, = span{h,, : m > n}, M; = span{j, :
m > n}, My = span{k, : m > n} are each also invariant for 7. So for m > n,

there exist constants o, n, Bm.ns Ym,n such that

QmT(hn) = O‘m,nhm

Thus
(TS | 0
QunTQ, = 0 Bm,n 0
0 0 Ymn

Furthermore, note that since 7' € Alg Lat(£,,), the £5,-invariant subspace
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M., generated by h,, + j, + k, is also invariant for T'. Now, for all { € M,,:

<<a hn> = <Ca]n> = <C7 kn>

Thus

Le., Opp = Bn,n = Tn,n- []

The next step is to prove that for any 7" € Alg Lat(£,,), there is some

A € £, such that T|{€ o = A

This will be shown in Lemma [5.2.5]

{&3t

However, an important piece of the proof of that lemma is the following lemma:

Lemma 5.2.4. Let A be a subalgebra of B(H). If M is a subspace of H such
that A‘M is reflexive, then for all T € Alg Lat(A), there exists A € A such
that T|,, = Al ,,-

Proof. Let T € Alg Lat A, and suppose that My C M is an invariant subspace
for .A}M. Then for all A € A, A|py(My) C My. lLe., letting Py be the
projection onto M:

APy (Mg) C M.

But since My = Py My, this means A(My) € M,. So M, € Lat A. Hence,
T(My) € My. Again, since My = Py My, this means

T|,,(Mo) C M.

So M is invariant for T’M, for all My € Lat A|M. Since A}M is reflexive,
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this implies that T| IVES A| o+ Thus, there is some operator A € A such that

T|M = A\M. O

Lemma 5.2.5. Let T' € Alg Lat(£y,). There is some A € £, such that

T =A

{&a}+

{&att”
Proof. Let T € Alg Lat(£,). Given the matrix form for 7' from Lemma [5.2.3]
we need to show for all m > n, that oy, = ms1n415 Bmn = Ymtint1, and
Ymn = Bm+1nt+1. We will first show that au,, = Qi1 nt1-

Let M), be the £j,-invariant subspace of H,, generated by h;. Then
M,, has orthogonal basis {hy, hs, hs, ...}, and L,, Ly, and L. all act as the

unilateral shift on M;. So SA} M, >~ £, and thus is reflexive. By Lemma

5.2.4] there is some A € £, such that A}Mh = T‘Mh. Since A € £,,, there

are constants A, such that
QnieA(hy) = Ahyye forallm >1,0>0.

Thus,

QnitT(hyn) = Mhpye forallm >1,0>0.

This means ¢th diagonal of 3 x 3 blocks in the matrix decomposition of T all
have the same (1, 1)-entries. In particular, a,, = Qmi1.+1 for all m > n.

Now consider the subspace of H,, given by

M, = {Z)\n(jn thngr) 0 YAl < oo}.
n=0 n=1

This space is invariant for £,, because

La(jn + kn-‘,—l) - jn—‘rl + kn+2 S Mla



5

and for n odd,

Lb(]n + kn-i—l) = w(jn-&-l + kn+2) € Ml
Le(jn 4 kns1) = 0 (Jns1 + kns2) € My

whereas if n is even, then
Ly(jin + k1) = @ (a1 + knsz) € My

Le(jn + kns1) = W(ing1 + knga) € M.

Thus, M is also invariant for 7. Notice that for all ( € M, and n > 1,

(C,n) = (C, kpir). Tt follows that
<T(]n + kn-i-l)a ]m> = <T(]n + kn+1)7 km+1>7

that is to say, /Bm,n = Tm+1n+1-

Similarly, using the £4,-invariant subspace

Ma = { S0l ) 30 Pl < 0
n=0 n=1

we can show that 7,,, = Bnt1.n+1. This proves the lemma. O

We need three more results before the final theorem. Two can be found in

Douglas’ Banach Algebra Techniques in Operator Theory [0):

e Proposition 4.6: If T € B(H), then ker T' = (range T*)* and ker T* =

(range T)*.

This implies range T* = (ker T)*.
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e Proposition 4.42: If T' € B(H) and M is a closed subspace of H, then

M is invariant for T if and only if M* is invariant for 7.

The last result we need concerns the following vectors, for 0 < |¢] < 1:

(even length terms);  (odd length terms)

0o 00
2n . I 2n—1
Aa = 590 + E € §a2”7 AE = E € 5@2"*1
n=1 n=1
oo 0o
B, = fx + E €2n§ba2n71; B; = E 62n_1£ba2n72
n=1 n=1

) )
CE = fx + E €2ngca2n—1; C; = E €2n71€ca2n_2

Lemma 5.2.6. Let R € Alg Lat(£y,). For 0 < |e| < 1, the subspace M =

span{ Ac, Be, Ce, AL, BL, CL} is invariant for £, and hence for R*.

Proof. Note that

Li(AL) = <A,
Li(B.) = <C!

L:(C.)=¢B.

a

LZ(Aa) - 5B£
LZ(B€> - 5A'€

LZ(Ca) - 50;

Ly (AD) = eA.
Ly(B) = eCe

Li(CY) = €B:

Ly(A7) = eB:
Ly(B7) = eA.

Ly(CY) = eCe
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Li(A) = eC! Li(AL) = C.
Li(B.) = ¢B. Li(B.) = ¢B.
Li(Ce) = eAL Li(C7) = eA.

Thus, M is invariant for Lj, Lj, and L7, and hence for £} . By Proposition
4.42 from [6], this means M* is invariant for £,,. Thus M+ is invariant for

R*, and M is invariant for R. O
Finally we can prove that this semigroupoid algebra is reflexive:
Theorem 5.2.7. £, s reflezive.

Proof. Let T' € £,,. Lemma implies that there is some A € Alg Lat £,,
such that T'— A is equal to 0 on {&, }+. Let R = T—A. Then R € Alg Lat(£,,),

R’{g = 0, and there are constants {py }wea, such that

Ré = pubu

wEA3

We want to show that p, = 0 for all w € As.
Using Proposition 4.6 from [6], we know that if R # 0, then range R* =
(ker R)* = span(¢,). Thus, R*(A.) = k&, for some k. But also, R*(A.) is a

linear combination R*(A.) = AaA: + AgB: + A\c¢C: + NAL + Ny BL + \.CL.
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So for w # x:
(
2"\ 4 cw = a®
eI\, rw =gt
2" \p cw = ba*!

0= (R"(A.),&w) =

eI\t w = ba®?

e e Tw=ca

2n—1y/ . 2n—2
| € Ao

Soda=Ag=Ac=XN, =Nz =X,=0, and so R*(A.) = 0.
Now we will find R* explicitly. Let R, = > pwéw. Let p € Az and let

weA

h=3 Auw € Ha,. Then

weA
(R*€u, h) = (64, T'h) = (€, RAEs) = (6 M RE) = Aap = (P h).
Thus, R*{, = p,&:- So, for any 0 < |¢| < 1:
R(A) = R* (& + i €% Eq2n)
=1
= (P + i e pan ) &
=1

But also, we’ve shown that R*(A.) = 0. So in fact

Pz + i €2 Pgan = 0.
n=1

This holds for all 0 < |¢| < 1. So we have a power series equal to 0 on the set
D\ {0}. This implies that p, = py2n = 0 for all n.

Similarly, by looking at R* applied to AL, we can show that p,2.-1 = 0 for
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all n, and by looking at R* applied to B, B., C., and C’, we can show that
Poan—1 = Pean—1 = 0 for all n > 0. Thus, R=0. So T € £,,. n

5.3 A, is Reflexive

Let n > 2 and let A,, be the category of paths described at the end of Section
3.4 which has one vertex x, n edges eg,eq,...,e, 1, and the identifications
exerre = epepryp for 0 < k. 0,r < n, with all subscripts taken mod n. In
particular, notice that this implies that ef = €7 for all j, and hence ef commutes
with all paths. Furthermore, epe; = e,_;eg for all j. Using these identities, we
can write any path in the form e;ef. This means A, has n paths of length £,
for any k.

The following proof that £, is reflexive is a generalization of the proof that
L, 1s reflexive. When n = 3, this proof is exactly the same as the previous
proof.

Let w be a primitive nth root of unity. Because of the orthogonality relation

y

n—1 :
-, noij=j
Ewﬂkoﬂk: , forj, i €{0,1,....n—1}
k=0 0 :j#£7

of nth roots of unity, the matrix U whose (j, k)th entry is U, = (w’)*, is an
orthogonal matrix. Thus, if we associate e; to the (j + 1)th standard basis

vector of C", then the columns of U define vectors in Hy,,:

U=|hy by B3 ... b " |-
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More specifically:

h8 = 560 + 561 + £62 ot gen71
h(% = geo + W€e1 + w2€62 +--+ wn—lgen_l
h% - geo + W2€e1 + (w2>2§ez +oeet (w2>nilfenf1

\ hg_l = &, T+ wnilgq + (wn71)2€62 et (wnil)nilgen—l

and these vectors are all orthogonal. Next, define, for £ > 1:

B9 = LE h
hi, = Leyho
h2 = Lk h2

n—1 _ 17k 11n—1
hk - Leoh’O

These vectors are also orthogonal. Furthermore, hi and hj, are orthogonal if
k # (, because hi is a sum of terms associated to paths of length £, and
7 is a sum of terms associated to paths of length ¢. Thus, the vectors

{hi}kzo,jzl,...,nfly along with &, form an orthogonal basis for H,,.

Lemma 5.3.1. For an arbitrary element A = > AyLy, in £y, the matriz
weA,

form of A’{E " with respect to the above basis is:



A}{ﬁz}l -

Ry,

and

I 0 0 0 0
R, M1 O 0 0
T 17 NI O 0
Ry Ry Ry NI O
T4 T3 TQ T1 /\x]
0 0 0 0
Q-1 0 0 0
0 Qfp—2 0 0
0 0 Q-3 0
0 0 0 Qg2
0 0 0 0
0 0 0 0
a1 0 0 0
0 oare O 0
0 0 agg 0
0 0 0 k2
0 0 0 0

A n—1
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with

n—1

Ag,j = Z(wr)j)\ereg'

r=0
Proof. Let r € {0,...,n — 1}. We will first determine how L., acts on these

basis elements. If &k is odd, then:

= L' hg!
- ngjl (560 + wm§e1 + (wm)2§62 +oee (Wm)n_lgen_l)
= gelgﬂ + Wmé-engrlel + (wm)2§elg+162 4+t <wm)n_1§e’g“en_1

= felgw + ngelelgﬂ -+ (wm)2562615+1 + 4 (wm)n_lf k41

en—1€;

and so for 0 < r < n:

Lerhm = LerL}go (geo + wm§e1 + (wm)2§e2 +oee (wm)n—lgenl)
- Ler (€6§+1 + wmgegel + (wm)QgegEQ + e + (wm)n_lfegen_l)
= Ler <€e§+1 + wmgen_wlg + (wm)Qgen_ze’g +oe (wm)n_lfelelg)

2 —1
= é.erel(§7L1 + wmgerenfleg + (wm> Seren,26§ +oee (wm)n 567»6165

= SeTelgH + wmier_(n_l)ezgﬂ + (w™)%¢ w1 4 (W) k1

€r—(n—2)€g er—1€q
= §6T6§+1 + wmferﬂelgﬂ + (wm)Zf k1 4o (wm)”_1§ k41

er+2€g er—1€g
_ ryn—mjigm
= (w") k+1



So for k£ odd, we have

10 0 0 0 0 |
0 (W)™t 0 0 0 0
0o 0 (W) 0 0 0
Qrr1Le, Q=10 0 0 (w3 0 0
0 0 0 0 W2 0
(00 0 0 0 (W)

Similarly, if k£ is even, then:

W = LA g
- L]ec(j_l (feo + wm€61 + (wm)Qgez +-+ (wm)n_lfen—1)
= §e§+2 + wm§e§+1el + (wm)2§€§+1€2 + - (wm)n_lfegﬂen_l

= felgu + ngen_le’g“ + (wm)Qfen_Qezgﬂ + ot (wm)n_lgelegﬂ
and so for 0 < r < n:

Le, by = Le, L, (feo + W+ (W) e (w’")“‘lfenl)
= L, (ﬁegﬂ W, + (W) Epe, + o F (wm)"_lfegen_l)
= L, (fe§+1 W e + (W) Eopep + o F (wm)"lfen_leg)
=&, ottt F W ook + (W) 6 apek + o (W) T e, ek

=& bt FWTE ki (W), ke e (WT)TIE

67«+160

mipm

= (w") k+1

k+1

83
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So for k even, we have

1 0 0 0 0 0
0 (W) 0 0 0 0
0 0 (W)? o0 0 0
Qrt1Le, Q=10 0 0 (W)* ... 0 0
0 O 0 0 o (wr)n? 0
0 O 0 0 0 (wr)nt
O
Remark 5.3.2. Note that given constants x°, k!,..., k"1 € C, the system of
equations
n—1
a=$
r=0
n—1
— Zw”)\er
r=0
n—1
I{Q — Z(wr)QAer
r=0
n—1
Iin_l — (wr)n—l/\er
r=0

has a unique solution. Thus, the above form of A is equivalent to saying that
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for all m > k,
Rk 0 0 H?n,k 0 0
0 Rk .- 0 0 /iin k 0
QrAQk = ) ) . ) ;o QmAQy =
0 0 - Rik 0 0 ce /ﬂnmjkl

J ; Jo_ nd
where r;, , € Csatisty ;, = K,,7) 50

Lemma 5.3.3. Let T € Alg Lat(£a,). Then the matriz form of T|{€ n with

respect to the above basis is:

NI 0 0 0 0
Roy AI 0 0 0
Rsy Rss MNI 00

Tl =
Ry1 Rap Ras A 0
Rs1 Rso Rss Rsa Al
where ) )
0w 0 .0
0 L ... 0
Rm,k - .
o 0 ... B

Proof. Since T € Alg Lat(£,,), the £, -invariant subspaces given by M; =
span{ hi }x>o are each also invariant for T. So for m > k, there exist constants
5,11716 € C such that

QmT(h@ = fﬁ,khfn
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Thus ) )
Blm 0 ... 0
0 /}rl’k o .. 0

0 0 By

Furthermore, note that since T' € Alg Lat(£,,, ), the £, -invariant subspace

n—1
M, generated by > hi is also invariant for 7. Now, for all { € My, (¢, h}) =
=0

<<7 hi) == <C7h271>‘ ThllS,

n—1

((S ) = () == (r(

J]=

hi),h;;—1>.

j=0
ie. ﬁgk = Blik == ,7;7;1, for all k£ > 0. O]

Lemma 5.3.4. For any T € Alg Lat(£y,), there is some A € £y, such that
=A

T|{§x}J_ {&}+"

Proof. Given the matrix form for 7" from Lemma [5.3.3) we need to show that
for all m > k, and all j from 0 to n — 1, that ,85;17,? = ﬁfnjiHl. First, consider
when j = 0.

Let Mg be the £y, -invariant subspace of H,, generated by hJ. Then M,

has orthogonal basis {hg, h{, hJ, ...}, and each L., acts as the unilateral shift

on My. So £y, }Mo =~ ¢, and thus is reflexive. By Lemma [5.2.4] there is some

A € £, such that A!MO = T’MO. Since A € £, there are constants )\, such
that

QrieA(hY) = M\ehy, forall k>1,0>0.

Thus,
QT (hY) = Nehy,, forallk>1.0>0.
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This means the /th diagonal of n x n blocks in the matrix decomposition of T
all have the same (1, 1)-entries. In particular, 87, , = 89,1 44, for all m > k.

Now let j € {0,1,...,n — 1} and consider the subspace of H, given by:

M; = {ZAk(hJ hed) > Il < oo}.
k=0 k=1

This space is invariant for £, because for r € {0,1,...,n — 1}, if k is odd,
then

Le, (B, + hid) = ()" (hfy + hid) € M;,
while if k is even, then
Le, (hi + h:;{) = (Wr)j(hiJrl + h;:%) € Mj'

Thus, M; is also invariant for 7". Notice that for all ( € M, and m > 0,

(C,hl) = (¢, hl 7). Tt follows that:
(T(hy + B 1), W) = (T (B + i) )

that is to say, /Bfnk = ﬁ;:rjlkﬂ This proves the lemma. O

The last result we need concerns the following vectors, for 0 < |e| < 1:

oo
=&+ Z €2k§eje(2)k71 (terms associated to edge e; and even-length paths)
k=1

Z e (k-2 (terms associated to edge e; and odd-length paths)
k=1

Lemma 5.3.5. Let R € Alg Lat(£4). For 0 < |g| < 1, the subspace M =
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span{vl,w! : j =0,1,...,n— 1} is invariant for £, , and hence for R*.

Proof. Recall that subscripts referring to edges are taken mod 7, and so e,e; =
e,—jeo for all r,j. Thus, if we also take the superscripts of v/ and w! to be
mod n, we have

L (v])=ew7eM
Li (wl)=evl7 € M.

*
er?

Thus, M is invariant for each L7 , and hence for £} . By Proposition 4.42
from [6], this means M* is invariant for £,,, and thus M+ is invariant for R*

and hence M is invariant for R. [
Finally we can prove that this semigroupoid algebra is reflexive:
Theorem 5.3.6. £,, is reflexive.

Proof. Let T' € £,,. Lemma implies that there is some A € Alg Lat £,
such that T — A is equal to 0 on {{,}*. Let R = T — A. Then that R €

Alg Lat £,,, Rl{é e =0, and there are some constants {p, wea, such that

Rgm = Z pwgw-

weA

We want to show p, = 0 for all w € A,,.
Using Proposition 4.6 from [6] we know that if R # 0, then range R* =

(ker R)* = span(&,). Thus, R*(vi) = k€, for some k. But also, R*(v!) is a

n—1
linear combination R*(vl) = > Mol + A wt. So for p # a:
=0
g2\ = epeF for some £, k

0= (R*(v]),&) =
21N = eped? for some £, k
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Thus, \{ = X\, =0 for all £. So R*(v?) = 0.
Now we will find R* explicitly. Let R, = > puwéw. Let p € A, and let

wEAn

h= 3 Aubw € Ha,. Then

weAy,
<R*§u7h> - <§/u Rh> - <£#7R)\z§a:> - <£m /\nga:> = m - <m€ma h)‘

Thus, R*¢, = p,&:. Now we have, for any 0 < [¢] < 1

R (v]) = R* (& + Y ™€, 2e)
k=1

= (et )G
k=1

But also, we’ve shown that R*(v!) = 0. So in fact

m + Z€2kpejegk—1 =0.
k=1

This holds for all 0 < |e| < 1. So we have a power series equal to 0 on the set
D\ {0}. This implies that p, = Peezi-1 =0 for all k > 0.

Similarly, by looking at R*(w?), we can show that Peezi—2 =0 for all £ > 0.
Thus, R=0. SoT € £,,. O
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