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A reduction ¢ of an ordered group (G, P) to another ordered group is an order
homomorphism which maps each interval [1,p] bijectively onto [1,¢(p)]. We show
that if (G, P) is weakly quasi-lattice ordered and reduces to an amenable ordered
group, then there is a gauge-invariant uniqueness theorem for P-graph algebras. We
also consider the class of ordered groups which reduce to an amenable ordered group,
and show this class contains all amenable ordered groups and is closed under direct

products, free products, and hereditary subgroups.
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Chapter 1

Introduction

Cuntz-Krieger algebras and their generalizations (Exel-Laca algebras, graph algebras,
higher-rank graph algebras, etc) are all, broadly speaking, the universal algebras gen-
erated by partial isometries whose range and source projections satisfy certain com-
binatorial relations. But defining these algebras by their universality comes at a cost,
since it becomes difficult to check if any particular collection of partial isometries (a
“representation”) is universal. Mathematicians responded with uniqueness theorems,
conditions on the representation which guarantee that it is universal. A classic exam-
ple is the gauge-invariant uniqueness theorem for graph algebras, which states that
so long as the canonical generators of the algebra are nonzero and there is a gauge
action (meaning an action « of the circle satisfying a,(T,,) = 22T, for any » € T
and path v in the graph), then any other representation of the graph is a quotient of
this representation. This construction and uniqueness theorem has been generalized
to higher rank graphs by Kumjian and Pask [I5], where paths are given lengths in
N¥ instead of N, and an action of TF = zF replaces the gauge action of T = Z.

One might then ask that paths be allowed to have “lengths” in any positive cone
P of a group G. The first attempt at such a generalization was by Brownlowe, Sims,
and Vittadello [3], who studied P-graphs when (G, P) is quasi-lattice ordered, but

surprisingly the authors construct a P-graph algebra which is not universal but co-



universal, meaning it is a quotient of any sufficiently large representation.

In Section 4 of this paper, we build on their work to show that if the grading group
(G, P) is weakly quasi-lattice ordered and has a certain kind of quotient map called
a reduction such that the quotient is amenable, this algebra is both universal and
co-universal. This allows us to generalize the gauge-invariant uniqueness theorems
for graphs and k-graphs (such as [I8, Theorem 2.2] or [I5, Theorem 3.4]) to make a

gauge-invariant uniqueness theorem for P-graphs:

Theorem 4.4.2. Let (G, P) be a weakly quasi-lattice ordered group which reduces to
an amenable ordered group, and let A be a finitely-aligned P-graph. Then there is
exactly one representation (up to canonical isomorphism) of A which is A-faithful,
tight, and has a gauge coaction of G. This representation is universal for tight repre-
sentations and co-universal for representations which are A-faithful and have a gauge

coaction by G.

This diagram provides a visual summary of the result:

A-faithful

. N
bigger | gauge coacting
representations representations
. no gap if
tight (A)
(G, P) reduces to
*
min an amenable group
smaller i
! tight
representationsv

representations
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We believe that the algebra generated by this simultaneously universal and co-
universal representation deserves the title of the Cuntz-Krieger algebra of the P-
graph.

The notion of a reduction of ordered groups is introduced in Section 3, culminating
in this theorem showing that several natural operations on ordered groups preserve

the existence of a reduction onto an amenable group:

Theorem 3.3.1. The class of ordered groups which have (strong) reductions onto
amenable groups contains all amenable ordered groups and is closed under hereditary

subgroups, finite direct products, and finite free products.

In Theorem[4.4.2] being reducible to an amenable group plays the role of amenabil-
ity in guaranteeing a unique representation, but by Theorem [3.3.1] this condition is,
in at least one sense, more robust than amenability. In particular, being reducible
to an amenable group is preserved under free products, whereas being amenable is
almost always destroyed by a free product (for instance if G and H contain copies of
Z, then G * H is not amenable).

The notion of being reducible to an amenable group is sufficiently robust that, as
corollary to Theorem [3.3.1] the important example (Z?*Z,N?N) from the literature
([21, B]) reduces to an amenable group. In Proposition we use this fact in
combination with the results of [3] to show that every Kirchberg algebra in the UCT
class is stably isomorphic to the simultaneously universal and co-universal algebra of
a (N? x N)-graph.

Besides the results listed in Theorem|3.3.1], a great deal is not yet known about how
reductions interact with other group constructions. The limits of our understanding

are discussed in Section B.3
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We hope that this new approach will provide a useful tool for the analysis of P-
graphs and their algebras, and possibly have implications for product systems and

Fell bundles.
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Chapter 2

Background

2.1 Ordered Groups

Ordered groups have been studied in both a context of group theory and operator
theory, and we largely follow the conventions of [3] and [I0, Chapter 32]. The reader
should note that other authors, such as [4], use the term “ordered group” to refer to
a group with a total order, but we follow the convention that the group has a partial

order.

Definition 2.1.1. A positive cone in a group G is a submonoid P such that PNP~! =

{1},

A left-invariant partial order on a group G is a partial order < such that for all

a,b,c € G, a <b if and only if ca < cb.

Fvery left-invariant partial order on a group arises naturally from a positive cone
P by saying that a < b if and only if a='b € P. We will say that an ordered group
(G, P) is a group along with a positive cone, with the implication that the group takes
on a left-invariant partial order in this way.

A group is totally ordered if its partial order is a total order. This is equivalent to

the condition that PU P~' = @G.
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Although our theory of reductions does not require any additional structure on
our ordered groups, the relators for a graph algebra will ask for an additional property

on our orderings from [I0, Chapter 32]:

Definition 2.1.2. We say (G, P) is weakly quasi-lattice ordered (WQLO) if whenever

x,y € P have a common upper bound in P, they have a supremum (least common
upper bound), denoted x\/ y. Note that any upper bound of a positive element is itself

positive by transitivity.

While many mathematicians (including[3], 20}, 22]) worked in the context of quasi-
lattice ordered groups, we have found that the slightly more general condition of
weak quasi-lattice order suffices. The condition of weak quasi-lattice order is also
friendlier than quasi-lattice order since it is entirely a property of the submonoid
P, and therefore one can “forget” the ambient group. The same is not true for
quasi-lattice order. For a more thorough introduction to quasi-lattice order, weak

quasi-lattice order, and their connections, the reader is directed to [10, Chapter 32].
Notation 2.1.3. In this work, we will make use of the following notation:
e N=1{0,1,2,3...} includes 0.

e Given a group G and subset S C G, (S) will denote the group generated by the

elements of S, and S* will denote the monoid generated by the elements of S.

o The identity element in a multiplicative group G will be denoted by 1g, or 1
if the group is clear from context. Less commonly we will denote the identity

element by e.

Example 2.1.4. Let G = ZF, and let P = N¥. Then (G,P) is WQLO. Every

pair of elements p = (p1,...,px) and ¢ = (qu,...,qx) have a supremum p V q =
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(max(p1,q1), ..., max(pg, qx)). (In fact, this ordering is a “lattice order”, meaning
any two elements have both a supremum and an infimum.)

Let G = Fy, = (aq, ..., ai) be the free group on k generators, and let P = {ay, ..., ax }*
be the free monoid generated by the generators of G. Then (G, P) is WQLO, since

any p,q € P have a common upper bound if and only if p < q or ¢ < p, in which case

pV ¢ =max{p,q}.

Notation 2.1.5. Let (G, P) be an ordered group. We use the following standard

notation for intervals: for a,b € G, write

[a,b] :={g € Gla < g < b}.

It is immediate that such an interval is nonempty if and only if a < b. We will

most often be interested in intervals of the form [1, p] for some p € P.

Definition 2.1.6. Let (G, P) and (H,Q) be ordered groups. We say that ¢ : G — H

is an order homomorphism if it is a group homomorphism with o(P) C Q. We will

write ¢ : (G, P) — (H,Q) to denote an order homomorphism.

Order homomorphisms preserve both the group structure and the order structure,

as the following lemma shows:

Lemma 2.1.7. Let (G, P) and (H,Q) be ordered groups, and ¢ : G — H a group

homomorphism. Then ¢ is an order homomorphism if and only if * < y implies

o) < p(y) for all x,y € G.

In particular, if ¢ is an order homomorphism and p € P, then o([1,p]) C [1, ¢(p)].

Proof. If ¢ is an order homomorphism and z < y, then 7'y € P, so p(z7ly) =

o(x) to(y) € Q. Thus ¢(x) < (y).
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Conversely, if ¢ is not an order homomorphism, then there is p € P such that

o(p) € Q. Then 1 <p, and 1y = p(lg) £ ¢(p), as desired.
For the “in particular”, if s € [1,p], then 1 < s < p,s01=p(1) < p(s) < ¢(p),

so p(s) € [1,¢(p)] as desired. O

2.2 (*-algebras

2.2.1 The Factors Through Theorem

The following result is an elementary notion from algebra, which we state here for

completeness since we will make frequent use of it:

Lemma 2.2.1 (Factors Through Theorem). Let A, B, and C' be sets, let f: A — B

and g : A — C be functions, and suppose that f is surjective.

A—f»B

lg ///
=

C
1. Suppose that whenever f(a) = f(a’), then g(a) = g(a’). Then there is a “bonding

map” h : B — C such that ho f = g. In particular, h is (well-)defined by
h(f(a)) = g(a) for all f(a) € B.

2. If A, B, and C are groups, f and g are group homomorphisms, and ker f C
ker g, then hypothesis of (1) that f(a) = f(a') implies g(a) = g(a’) is satisfied.

Therefore, the conclusion of (1) is true.

3. If A, B,C have a binary operation - (respectively a unary operation * ) which is

preserved by f and g, then - (respectively *) is also preserved by h.

Proof. For (1), for all b € B, since f is surjective, there is some a € A such that

f(a) = b. Now, define h(b) = g(a), which is well-defined since if there were some
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other a’ € A with f(a’) = b, then g(a) = g(a’) by hypothesis. That is, we have
defined h by h(f(a)) = g(a), so ho f =g.
For (2), if f(a) = f(d'), then a 'a’ € ker f C ker g, so g(a) = g(a’), as desired.
For (3), let by,bs € B. Since f is surjective, there is some aj,as € A such that

f(ay1) = by, f(az) = by. Then

h(by-by) = h(f(a1)- flaz)) = h(f(ai-as2)) = g(ai - as)
= g(a1) - glaz) = h(f(ar)) - h(f(az)) = h(b1) - h(b2)

and

h(b) = h(f(ar)*) = h(f(a1)) = g(a1) = g(a1)" = h(f(ar))" = h(br)"

as desired.

2.2.2 Universal Algebras

The following construction of a “universal algebra” is a slight simplification of the

one outlined by Blackadar in [2]. We state it here for completeness.

Lemma 2.2.2 (Construction of a Universal Algebra, [2]). Let G = {x,}aer denote
a set of formal symbols, G* = {z} }aer another set of formal symbols over the same
indexing set, and R a set of relators of the form p(zay, ..., Ta,, Th, s ... ), ) = 0 where

p is some polynomial in 2n non-commuting variables and complex coefficients.

We define a representation of (G, R) to be a collection of elements {ya}tacs in a

C*-algebra that satisfy p(Yai, - Yan, Yy s - Y, ) = 0 for each relator in R.
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Suppose that the relators on (G, R) imply that in any representation, the images
of the generators are partial isometries. Then there is a representation {zq}acr Such
that for any other representation {ys}acs there is a surjective x-homomorphism  :

C*({zatacr) = C*({Ya tacr) satisfying zo — Yo

The existence of this surjective x-homomorphism is called the universal property

of C*({za}acr). We call this representation the universal representation and say that

C*({zataer) is the universal algebra for (G, R).

Proof. Let F(G) denote the free %-algebra over C generated by C and G U G* where
the «-map is given by (z,)* =z and (z})* = =, and extended to the entire algebra
via conjugate-linearity and (ab)* = b*a*. Note that any representation ¢ : x, — Y,
of (G, R) extends uniquely to a *-algebra homomorphism @ : F(G) — C*({¥a taci)-
For X € F(G), let || X|| = sup{||l@(X)|| : ¢ arep. of (G,R)}. Note that since
(G,R) can be represented by the zero map, this supremum is bounded below by 0,
and since each generator must be represented by a partial isometry, the image of each
generator has norm 1, and thus the supremum is bounded above by the sum of the
absolute values of its C-coefficients. Thus [|X || is a well-defined, non-negative finite

number.

Let J = {X € F(G) : ||X]| = 0}, and note that J = ﬂ ker ¢ where the

( a rep.
intersection is taken over all representations. Thus .J is the intersection of x-ideals, so

it is a x-ideal. Now let ¢ : F(G) — F(G)/J denote the quotient map, and for all «,

let z, = ¥(z,). For any relator p(z,,, ..., T, , T .75, ) =0 € R, since this relator

*
apr e

is satisfied for every representation, then H!p(:cal, I NN LT ) H| = 0, and thus

*
SO
* * * * _ :

P(Tars s Tag, Thyys oon iy ) € S, 80 P(Zays ooy Zags 25 -0 2, ) = 0. That is, the {24 }aer

satisfy the relators.

Now note that [||-|| is a C*-seminorm, so the norm ||X + J|| := ||| X]| is a well-



18

defined C*-norm on F(G)/J, and thus the completion of F(G)/J with respect to this
norm is a C*-algebra. Thus ¢ : z, — z, is a representation of (G, R).

Now, given any other presentation ¢ : z, — Y, note that kerg = {X € F(G) :
16(X)|| =0} C {X € F(G) : ||X]|| = 0} = kert), so by Lemma [2.2.12), there is a
function on the x-algebras generated by y and z given by y, — z,, and by Lemma
2.2.1(3) applied to +, X, and *, this function is a *-homomorphism, so it extends to

a *-homomorphism 7 : C*({24 taer) = C*({¥a taer) as desired. O

2.2.3 Conditional Expectations

We will also make frequent use of conditional expectations, whose definition we in-
clude here. For a more thorough treatment of conditional expectations, the reader is

directed to [23, Chapter IIL.3], where they are called projections of norm one.

Definition 2.2.3. Let C be a C*-algebra, and D C C a C*-subalgebra. We say a

conditional expectation or projection of norm one is a linear map ® : C' — D such

that:
e O is contractive, meaning ||®(c)|| < ||c|| for all ¢ € C (and is thus continuous).
e O is idempotent, meaning ¢ o ¢ = .
o O(d)=d foralld e D.
If additionally ¢ > 0 implies ®(c) > 0, we say @ is faithful.

Example 2.2.4. In a matrix algebra M, there is a faithful conditional expectation

O given by “restricting to the diagonal”, meaning ®([a;;]) = [b;j] where

0 iy

bij =
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The following result is [24], Theorem 1] and is known as Tomiyama’s Theorem. It
says that a conditional expectation has some additional properties “for free”. Some
authors will define conditional expectations as requiring these properties, and some

will define them to only require the shorter list of conditions (as we have done here).

Theorem 2.2.5 (Tomiyama’s Theorem). If ® : C' — D is a conditional expectation,
then ® is positive, meaning that x > 0 implies ®(x) > 0. Furthermore, ® is a

D-bimodule map, meaning ®(dicds) = dy®(c)dy for all dy,dy € D and c € C.

2.2.4 Tensor Products

Here we will give a very brief introduction to the minimal tensor product. A more
thorough introduction can be found in [23, Chapter 4]. Throughout this paper, as
in much of the coaction literature, we will use unadorned ® for the minimal tensor

product of C*-algebras.

Definition 2.2.6. Given two vector spaces V. and W, we let VO W denote the al-

gebraic tensor product of V. and W, meaning the C-vector space spanned by formal

symbols {v@w : v € V,w € W} with the relations of linearity over either coordinate.

Let A and B be C*-algebras. Then one can give A ® B a x-algebra structure by

(a®b)(d @V) = (ad") @ (b)) and (a @ b)* = a* @ b*.

If m: A — B(H) and p : B — B(K) are representations of A and B on Hilbert
spaces H and KC respectively, then there exists a x-algebra representation m & p :
A® B — B(H ®K) satisfying [(7 @ p)(a@b)] (h @ k) = 7(a)h @ p(b)k for all a €
Abe B,he H,k € K. The minimal norm on A ® B is defined by
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Z m(a;) @ p(bi)

i a; @ b; = sup { ‘}
i=1 min

where the supremum is taken over all representations © and p of A and B, respectively
(and this is indeed a morm which is minimal in an appropriate sense). Note that

la @b, = llall - ||bll (that is, ||-]|,,;, %5 a “C*-cross norm”). The minimal tensor

product A Qmin B is the C*-algebra created by completing A ® B with respect to this
norm. Since all of our tensor products will be minimal, we will henceforth write ||-||

for |||l,in, and A® B for A @un B.

The following result will be used occasionally, and it is a minor variant of [6]

Lemma A.1]:

Lemma 2.2.7. Let ¢ : A — C and ) : B — D be x-homomorphisms of C*-algebras.
Then there is a homomorphism ¢ @1 : A® B — C ® D satisfying (¢ @ ¥)(a ® b) =

o(a) @Y(b). If ¢ and ¢ are nondegenerate (respectively, faithful), then so is ¢ ® 1.

Proof. Consider C' and D as subalgebras (respectively) of their multiplier algebras
M(C) and M (D), and therefore consider ¢ and 1 as mapping into M (C') and M (D),
respectively. By [0, Lemma A.1], there is a *-homomorphism ¢ ® ¢ : A ® B —
M(C ® D) satisfying (¢ ®@¢)(a®b) = p(a) @ (b), and if ¢ and ¢ are nondegenerate
(respectively, faithful), then so is ¢ ® 1.

It then suffices to show that ¢ ® 1) maps into C' ® D properly, instead of mapping
into M(C ® D). But for all a € A,b € B, we have p(a) € C and ¢(b) € D, so
(pRY)(a®b) € CRD for all a € A,b € B. Taking closed spans, we get that for any
r € A® B, we have (p ® ¢)(z) € C x D, as desired. O
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2.3 Connections between Groups and C*-Algebras

In this section we will remind the reader of some of the many connections between
groups and C*-algebras, including group C*-algebras, amenability, Fell bundles, grad-
ings, coactions, and actions. Our context is relatively simple since we are limiting our

attention to discrete groups.

2.3.1 Group C*-algebras and Amenable Groups

The following discussion of group C*-algebras and amenability is adapted from [5]

Chapter VII], to which the reader is directed for a more thorough treatment.

Definition 2.3.1. Let G be a discrete group. Then a representation of G in a C*-

algebra is a collection of unitary operators {uy}gec: such that ugup, = ug, and Uy = Ug-1
forall g,h € G.

Since these relators are all polynomials, then by Lemma[2.2.9 there is a represen-
tation of G which is universal for all representations. We denote it by {U,}gec, and

call C*(GQ) == C*({U, }ge) the full group C*-algebra.

A particularly nice representation of a group G, called the left-reqular representa-

tion of a group, comes from the natural action of G multiplying on itself. In particular,

let {e,}gec denote the standard orthonormal basis for (*(G), and define an operator
Ly by Lyey = €49 for g,q' € G. Then {Ly},ec is a representation of G in B((*(G)).
We call C}(G) := C*({Ly}4ec) the reduced group C*-algebra.

The left-regular representation is more commonly denoted by A instead of L, but
our choice of notation will help avoid ambiguity with paths A € A later in the text.
Note that C*(G) and C;(G) are the closed spans of {U, },ec and {L,},eq, respec-

tively.
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Famously, there are many equivalent definitions of amenability, but for our pur-

poses, this one is the most convenient:

Definition 2.3.2. By the universal property of C*(G), there is a surjective x-
homomorphism 7¢ : C*(G) — C*(G) given by U, — L,. We say that G is amenable

if and only if ™V is injective (and hence an isomorphism,).

Readers more familiar with another definition of amenability may wish to read [5,
Theorem VII.2.5] which proves the equivalence of this definition with a more common
one.

The following remark summarizes some of the well-known results about amenabil-

ity of groups.

Remark 2.3.3. By [5, Proposition VII.2.3], for discrete groups amenability is pre-

served under:

1. Subgroups
2. Quotients
3. Direct Limits

4. Extensions (meaning that if 1 - N — G — H — 1 is a short exact sequence

of groups, with N and H amenable, then G is amenable).

5. Finite direct products (which is immediate from being closed under extensions).

Furthermore, by [5, Proposition VIL2.2], every abelian group is amenable. Every
finite group is amenable since C*(G) and C}(G) have the same finite dimension |G|,

so by the rank-nullity theorem the surjective map ¢ is injective.
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Notably, the free group on two generators is not amenable by [5, Example VII.2.4].
By the subgroup property, any group containing a free group on two (or more) gener-

ators is also not amenable.

2.3.2 Fell Bundles, Topologically Graded C*-algebras, and Coactions

In this section, we will give a short introduction to Fell bundles, topologically graded
C*-algebras, and coactions, and show some of the ways these closely-related structures
overlap. For a more detailed treatment, the reader is directed to [10, 9] for Fell
bundles, [10] for topological gradings, and [6, Appendix A] for coactions.
Throughout this section, all of our groups will be discrete, which simplifies some

definitions. The following is from [10, Definition 16.1]:

Definition 2.3.4. Let G be a discrete group. Let B = {By}sec be a collection of
Banach spaces, and write & for the disjoint union of the {By}geq, called the total
space. Suppose A has a binary operation - called multiplication, and an involution *

which satisfy the following properties for all g,h € G and b,c € A:

8

BgBh - th:

S

. Multiplication is bilinear from By x By, to By,

o

Multiplication on % is associative,

&

[[ocll < 1ol - llell,
€. (Bg)* g Bg—l,
[ Involution is conjugate-linear from By to By,

g. (be)* = c*b*,
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h. b** =D,
i [lo] = (o]l
g 16l = o],

k. b*b >0 in By.
Then we say that B is a Fell bundle over G. We call each B, a fiber.
The following is from [I0, Definitions 16.2 and 19.2]:

Definition 2.3.5. Let A be a C*-algebra, and let G be a (discrete) group. We say that
a (C*-) grading for A is a collection {Ay}4eq of linearly independent closed subspaces
such that EBQGG Ay is dense in A, AgAy C Agp, and Ay C Ag—1 for g,h € G. Each

Ay is called a graded subspace or graded component.

If there is also a conditional expectation ® : A — A. satisfying

a ifa€ A,
(I)((Z): )

0 ifacAyforg#e

then we say that {A,}sec is a topological grading.

Remark 2.3.6. [t is straightforward to verify that if A is a topologically graded C*-
algebra, then its graded components form a Fell bundle. Most of the Fell bundles we

will use arise in this way.

Remark 2.3.7. Given a Fell bundle B, one can construct a “reduced” and “full” cross
sectional algebra representing this bundle, respectively denoted C¥(B) and C*(B) (see
Definition 2.3 of [9] and the comment following it).

By [9, Theorem 3.3], if B is a topologically graded C*-algebra, and B denotes

its associated Fell bundle, then there is a x-homomorphism L : B — C*(B) called
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the left-reqular representation of the Fell bundle. Combining this result with their

Proposition 3.7, L is an isomorphism if and only if the conditional expectation from
the topological grading is faithful.

In a Fell bundle B, the full cross sectional algebra C*(B) has a topological grading,
and the bundle is called amenable if its left-reqular representation L : C*(B) — C(B)

is injective (and hence an isomorphism). The reader may notice the parallel with our

definition of amenability for a group (Definition .

The following two results are respectively [0, Theorem 4.7] and [9, Proposition

4.2]

Lemma 2.3.8. Let G be a discrete amenable group. Then every Fell bundle over G

1s amenable.

Lemma 2.3.9. If B is an amenable Fell bundle, then all topologically graded C*-

algebras whose associated Fell bundles coincide with B are isomorphic to each other.

Finally, we will give a brief introduction to coactions. The following is both the

simplest example of a coaction, and a necessary component of its definition.

Example 2.3.10. If G is a discrete group, then the operators {U,&U, } e C C*(G)®
C*(Q) are a representation of G. Therefore, by the universal property of C*(G), there
is a *-homomorphism 0¢ : C*(G) — C*(G) ® C*(GQ) given by Uy, — U, @ U,,.

Note that letting idg := ide+(q), then (¢ ®idg)ode = (idg ®q) 0dq, which can be
easily verified by checking that both send U, — U,@U,@U, € C*(G)@C*(G)2C*(G).

The following definition of coactions for discrete groups is taken from [7, Section
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Definition 2.3.11. Let G be a discrete group. A coaction of G on a C*-algebra A is
an injective, nondegenerate homomorphism 6 : A — AQC*(Q) satisfying the coaction
identity that (6 ® idg) 0§ = (ida ®dg) 0§ as maps from A into A @ C*(G) @ C*(G),

summarized in this diagram:

A i y A® C*(G)

l& l&@idg

A®CHG) 2% A ® (@) @ C*(G)

In this context, nondegeneracy means that span [6(A)(A @ C*(G))] = A® C*(G).

We call the triple (A, G, ) a cosystem.

If G is discrete, a cosystem has a nice topological grading as described in [20,

Proposition A.3]:

Lemma 2.3.12. Let (A, G,0) be a discrete cosystem, and for g € G let

Ay ={a € Alé(a) =a®U,}.

Then the collection {A,}gec is a topological grading of A. We will write ®4 : A —

A, for the conditional expectation.

Some coactions are particularly nice, having a condition called normality. There
are many definitions of normality, but we will find a definition depending on this

conditional expectation to be the most convenient:

Definition 2.3.13. We say a discrete coaction (A, G, 0) is normal if the conditional

expectation P 4 s faithful.

A more common definition of normality of a coaction (such as [6, Definition A.50]

or the comments preceding Definition 1.1 of [I7]) is that the coaction is normal if and
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only if the map j4 := (idy ®7Y) 0 § is injective. Our definition is proved equivalent
to the more common one in [I7, Lemma 1.4].

For a coaction over a discrete amenable group, this property is automatic:

Lemma 2.3.14. Let (A, G,d) be a cosystem. If G is amenable and discrete, then &

18 normal.

Proof. For a cosystem (A, G, ) over an amenable group, by Lemma there is a
topological grading {A,},ec of A. By Remark these graded components form
a Fell bundle B, and this Fell bundle is amenable by Lemma [2.3.8|

Since B is amenable, by Lemma 2.3.9, A = C7(B). But for any Fell bundle,
C*(B) has a conditional expectation by [9, Proposition 2.9], which is faithful by [9,

Proposition 2.12]. O

Finally, we will show that coactions, topological gradings, and Fell bundles are

equivalent over amenable groups.

Lemma 2.3.15. Let G be an amenable group, and let A be a C*-algebra. Then the

following are equivalent:

1. A has a coaction by G.
2. A has a topological grading {A,}gec-

3. There is a Fell bundle B = {B,},cc whose fibers are linearly independent closed
subspaces of A such that A = C*(B).

And under these conditions, the structures coincide in the sense that the fibers
{B,}sec of the Fell bundle are equal to the graded components {A,}gec, and the

graded components arise from the coaction via Ay ={a € A:6(a) =a® U,}.
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Proof. By Lemma [2.3.12] (1) implies (2).

To show that (2) implies (3), suppose that A has a topological grading {A,}sec-
By Remark these fibers form a Fell bundle. To see that the fibers are linearly
independent, fix a finite sum iagi where each ay, € Ay, for some distinct g, € G,

i=1

and suppose this sum equals 0. Then by [10, Corollary 19.6], there are contractive

linear maps Fy, : A — A, satisfying ng(z ag,) = ag,. But since 0 = Zagi, then

i=1 =1
n

for each g;, we have 0 = ng(z ag,) = ag,;, so each summand is 0, so the graded
components are linearly indepei;ilent. Finally, we must show that A = C*(B). By
Lemma , B is amenable, and by [10, Proposition 19.3], C*(B) is a topologically
graded C*-algebra. Since this amenable bundle coincides with the bundle in A, then
by Lemma A= (C*(B), as desired.

To see that (3) implies (1), suppose that B = {B,}sec is a Fell bundle of lin-
early independent closed subspaces of A such that A = C*(B). Since G is amenable,
C*(G) = C(G), and by Lemma [2.3.8| B is an amenable Fell bundle, so C*(B) =
C*(B). Combining these simplifications with [10, Proposition 18.7], there is an injec-
tive *-homomorphism ¢ : C*(B) — C*(B) ® C*(G) satisfying 6(b,) = b, ® U, for all
g € G and b, € By. It is routine to verify that this is a coaction, and that the graded

parts of this coaction coincide with the original Fell bundle B.

2.3.3 Coactions as Actions of the Dual Group

In this section we will show that if G is discrete and abelian, then a coaction by
G is equivalent to an action by its dual group G. For a non-abelian group, this
correspondence breaks down because there is no dual group.

First, we will remind the reader of actions by groups and dual groups. The
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following definition is well-known, and can be found for instance in the remarks

preceding Proposition 2.1 in [I§]:

Definition 2.3.16. Given a locally compact group G, an action of G on a C*-algebra
A is a strongly continuous homomorphism « : G — Aut(A), the group of automor-
phisms of A. (Here, strong continuity means that for all a € A, the map g — ay(a) is

continuous as a function from G to A.) The trio (A, G, ) is called a (C*-dynamical)

system.

We will now define the dual group. A more detailed treatment of dual groups can

be found in [12], Chapter 1.7].

Definition 2.3.17. Given a abelian locally compact group G, we say that a character
of G is a continuous homomorphism x : G — T, where T = {z € C : |z| = 1}
denotes the unit circle in the complex numbers. The set of characters G forms an
abelian locally compact group called the dual group under the operation (x1*x2)(g) =

X1(9)x2(g) and the topology of uniform convergence on compacta.

Some examples of dual groups are that 7k o Tk , Rk > RF , and that if GG is finite
and abelian then G = G.

The following two theorems are well-known results about the duals of abelian
locally compact groups. They can be found in [12, Theorem 1.85] and [I2, Theorem

1.88] respectively.

Theorem 2.3.18 (Pontryagin duality theorem). An abelian locally compact group is

naturally isomorphic to its double dual by the map g — [x — x(g)]. That is, G = G.

Theorem 2.3.19. If G is a locally compact abelian group, then G is discrete if and

only if G is compact.
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We are now ready to prove the equivalence between coactions and actions by a

dual group.

Lemma 2.3.20. Let G be a discrete abelian group and let A be a C*-algebra. Then
for every C*-dynamical system (A, é, «), there is a unique cosystem (A, G,0) which

satisfies

Ag:{aEA:aX(a)zx(g)~af0rallxe@}
for all g € G. All cosystems by discrete abelian groups arise in this way.

Proof. Since G is abelian, it is amenable. Thus by Lemma [2.3.15] a cosystem is
equivalent to a topological grading whose graded components are the {A,},e¢. By [19,

Theorem 3|, such a topological grading is equivalent to the desired group action. [

2.4 Graphs and P-graphs

Definition 2.4.1. Let (G, P) be an ordered group, and consider P as a category
with one object where the morphisms are the elements of P under their multiplication
structure. A P-graph is a countable category A along with a functor d : A — P with

the unique factorization property: if X € A and py,ps € P with p1ps = d(\), then

there exists unique A1, Aa € A with A = A\ Ay and d(\1) = p1 (and hence necessarily
d()\Q) = pg)

We refer to the morphisms of A as paths, and identity morphisms in A as vertices.

We let A° denote the set of vertices in A, and for p € P, we write A = {u € A :
d(p) = p}. As is common in the literature, we identify the objects in A with the
wdentity morphism at those objects, so we will refer to an object v with its identity

morphism id, interchangeably. Given a path X\ € A, let r(\) denote its range vertex
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and s(\) its source vertex. We write the composition of paths “working backwards” so
that given o, B € A, the product af is defined if and only if s(a) = r(8), in which case

s(aB) = s(B) and r(aB) = r(«). This can be summarized in the following diagram:

()
r\\\
QT e
a) =

s(a) = r(8) «5— s(5)

Remark 2.4.2. The existence of the degree functor and the unique factorization
property gives several nice properties to the graph.

First, A° = {\ € A : d(\) = 1¢}, since for a vertex v, we have v> = v, so
d(v)? = d(v), so d(v) = 1g, and conversely if d(v) = 1g, then r(v)v = v = vs(v) are
two factorizations with the same degrees, so r(v) = v = s(v) and hence v is a vertex.

Second, having a8 = s(8) implies o = = s(f), since then d(a)d(B) = d(s(B)) =
1, so d(a),d(B) €e PN Pt ={1}.

Finally, the category has both left- and right-cancellation. For left cancellation, if
af = av, then this provides two factorizations, so by the uniqueness of the factoriza-
tions, we have B =, and a nearly identical argument shows right-cancellation.

These properties together imply that a P-graph is a category of paths in the sense

of [22]. Our representation of a P-graph will be a special case of their representation
of a category of paths, and the reader is invited to compare our Definitions and

[2.5.5¢c to Theorems 6.3 and 8.2 of [22], respectively.

Definition 2.4.3. Let (G, P) be an ordered group, let A be a P-graph. For a € A,
we write aN = {ap : p € A}.
We can give A a partial order < by saying a < [ if there exists some oy € A such

that acy = 5. That is, a < [ if and only if B € aA.
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We say that o and B have a common extension if there is a y € A such that o <

and B < .

Given «, 8 € A, we say that i € A is a minimal common extension of a and 3 if

1 1s a common extension of a and 3, and for all other common extensions v, v < u
implies v = p. We let MCE(a, ) denote the set of minimal common extensions of

a and 3.

For general ordered groups, the ordering on A may be sufficiently poorly behaved
that there are no minimal common extensions, even if there are common extensions.
However, the humble hypothesis of weak quasi-lattice ordering on (G, P) prevents
this catastrophe, and therefore will recur as a hypothesis in almost all results relating
to P-graphs. The following lemma is the main “entry-point” for the hypothesis of

weak quasi-lattice ordering into P-graphs:

Lemma 2.4.4. Let (G, P) be an ordered group, let A be a P-graph, and o, 5 € A. If

(G, P) is weakly quasi-lattice ordered (WQLO), then:

1. Let MDCE(a, ) = {u € aANBA : d(u) = d(a) Vd(B)} denote the set of
minimal degree common extensions. For every common extension A of a and

B, there is a p € MDCE(«, ) with pn < .
2. MCE(a,8) = MDCE(a, ).

3. For every common extension X\ of a and B, there is a p € MCE(«a, ) with

p< A

4. aANBA = |_| pul\, where | | denotes a disjoint union.
HEMCE(a,B)

Proof. (1) Suppose that A is a common extension of o and 3, so A = aa; = ;.
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Note that d(A) > d(a) and d(\) > d(5), so d(A\) > d(a) vV d(B). Thus by fac-
torization, we may write A\ = ppy where d(pu) = d(a) V d(5). Now, d(u) > d(«),
so p may be additionally factored as p = o’/as, where d(a/) = d(a)). Then we have
A = aay = pp; = 'agpy, meaning we have two factorizations of A whose initial
segments are of equal length d(a’) = d(«). Then by uniqueness of factorizations we
have o/ = a;, so p is an extension of o. Similarly, ¢ will be an extension of 3, so u is a
common extension of & and f of length d(«) V d(5), so p € MDCE(a, ) as desired.

(2) If v € MCE(a, 3), then by (1) there is some p € MDCE(«, ) with u < v.
Then by minimality of v, we have u = v, sov € MDCE(a, ) and thus MCE(a, §) C
MDCE(a, §).

Conversely, if p € MDCE(«, ), suppose there were some v € A with a < v, <
v,v < p. Then by (1), there would be some ' € MDCE(«a, ) with ¢/ < v < p.
Then y/ < p, so we may write us(u) = p = p'py for some p; € A, and since
d(p) = d(a)Vd(S) = d(i'), then by the uniqueness of the factorization we have p = p'.
Then 1 = v, so p is “minimal” in the appropriate sense such that p € MCE(a, 3).
Thus MDCE(a, ) = MCE(a, ).

(3) Immediately follows from (1) and (2).

(4) It is immediate that U,cyropg,s #A © @A N A, and by (3) we have aA N
BA C UMGMCE(aﬁ) A\, so it suffices to show the union is disjoint. To this end, if
w,v € MCE(«,B) and X € pA NvA, then we would have A = pupy = vy, but this
presents two factorizations with equal degrees d(u) = d(a) vV d(S) = d(v), so we must

have g = v. Thus the {uA : p € MCE(a, f)} are pairwise disjoint, as desired. ]

Remark 2.4.5. [t should be noted that much of the literature (e.g. [3, Definition
2.3]) defines MC'E(«, 8) as we have defined M DCE(«, ), which the previous lemma

shows are equivalent. We have chosen to emphasize the definition arising purely from
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the category structure because later we will be considering a category as a P-graph and
as a Q-graph, and this definition clarifies that the category structure does not depend

on the choice of the grading (as long as one exists).

2.5 Representations of P-graphs and P-graph Algebras

Two additional notions will be needed in our study of P-graph algebras.

Definition 2.5.1. Let (G, P) be a WQLO group, and let A be a P-graph. We say
that A is finitely-aligned if for all u,v € A, MCE(u,v) is finite.

We say that a set A C A is exhaustive for a set B C A if for all 5 € B there is

an o € A such that o and B have a common extension.

We are at last ready to define our main object of study, the representations of
P-graphs in a C*-algebra. The following definition is due to [3], with the slight

modification to apply to WQLO groups:

Definition 2.5.2. Let (G, P) be a WQLO group and A a finitely-aligned P-graph. A

representation of A in a C*-algebra B is a functiont : A — B, X+t such that:

(T1) t, =t and t,ty, = Oywty for allv,w € A° (here § denotes the Kronecker delta).

That is, {t, : v € A°} is a collection of pairwise orthogonal projections.
(T2) t,t, =t whenever s(u) =r(v).
(T3) ity =ty for all p € A.

(T4) tutituty = > 4t} for all pv € A
XeMCE(p,v)

We denote by C*(t) the C*-algebra generated by the {t\}rea, and C*(t) is called

a P-graph C*-algebra or just P-graph algebra.
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We require that our graphs be finitely-aligned so that the expression in the (T4)
relator is a finite sum. The fact that an infinite sum of projections does not (usually)
converge in the norm topology is a perennial problem in the field of generalizing Cuntz-
Krieger algebras, and our solution is to limit our attention to the finitely-aligned case
where the issue does not arise.

We will often want to check the properties of C*(¢) on a dense spanning set, so the

following lemma is useful. This result is widely known (see for instance [3, Remark

5.2]).

Lemma 2.5.3. Let (G, P) be a WQLO group, let A a finitely aligned P-graph, and

let t be a representation of a P-graph. Then C*(t) = span{t,tj; : o, 8 € A}.

Proof. Fix some «, 5, u,v € A. If s(a) # s(B) or s(u) # s(v), then by the T1 relator
we have t,t5 = 0 or t,t; = 0 respectively, and in either case (tat3)(t,t;) = 0. If

instead s(«) = s(B) and s(u) = s(v), then

(Lat3)(8a83) = (tal)(t515)(E,85) (E,87) by T3 and T2

= (tal}) > taty ] (tuty) by T4
NEMCE(B,u)

= Z ta(/g—l)\)t,j(u—l)\) by T2 and T3
XeMCE(B,u)

where 71\ denotes the unique path for which 3(87'A\) = A, and similarly p='A
denotes the unique path for which pu(p='A) = A,
This calculation shows that Span{tatz :, 8 € A} is closed under multiplication,

so it is a s-subalgebra of C*(t), and it contains each t, since t, = tat’s‘(a). Thus
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span{tats : @, B € A} is a C*-subalgebra of C*(t) containing all of the generators, so
C*(t) = span{tat}; : o, B € A}.

]

Example 2.5.4. As we have already seen with groups and Fell bundles, a simple
way of representing an object often comes from its own action on itself, and such
an example arises for representations of P-graphs as well. To define the left-reqular

representation of a P-graph A, let H = (?(A), with the typical orthonormal basis

{€a}acn. (Kribs and Power call this the Fock space of A in their papers [13, [1)].)

For pn € A define a “forward shift by p” operator L, by

e if s(p) =r(a)

0 ¢ s(p) #r(a)

Le, =

and extending this linearly. A short computation on the inner product shows that L;,

1s the “backwards shift by p” operator, which is given by

eo if there exists a with pa = B
L;eg =

0 if no such « exists
(noting that if such an « does exist, it is unique by left cancellation).
We will now show that {L,},ecn is a representation of A. The T1 and T2 relations
are immediate.

For the T3 relation, observe that
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as desired.

For the T4 relation, first note that

o ifaepul
L,Leq= )
0 if o & pA
Thus
eo ifa€epuAnvA
L,L,L,Lye, =

0 if o & pANvA

But since pANVA = | |y cpropiuny AN by Lemmal|2.4.4)(4), then if o € pANvA there
exists a unique \g € MCFE(u,v) with a € A\, so Ly, L3 ea = €q, and LyLie, = 0
for x € MCE(u,v)\ Ao. Thus

E LyLie, = eq
AeMCE((p,v)

when a € pANvA, so L, L} L, L, = Z L)L as desired.
AeMCE(p,v)
Thus {L,}uen is a representation, as desired.

There are several additional properties that we will sometimes ask of our represen-
tation. In order, we will ask for our generators to be nonzero, that our representation
preserve its knowledge of the P-graded structure through a certain coaction called
a gauge coaction, and that our representation be “tight” in the sense of [8]. More

precisely:

Definition 2.5.5. Let (G, P) be a WQLO group and A a finitely aligned P-graph.

We say that a representation t of A...
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a. is A-faithful if each ty is nonzero.

b. has a gauge coaction if there is a G-coaction § on C*(t) such that

Ity =ta® Uaen

for all A € A.

c. s tight if whenever p € A and E C pA is finite and exhaustive for uA, we have

[t —taty) = 0.

ackE

(Recall that E is exhaustive for uA if for all v € pA, there is an o € E such
that o and v have a common extension.) This terminology is motivated by [§],
which defines a tight representation of a semilattice. We show in Appendix 1

that this notion of tight is equivalent to the one in [§].

d. canonically covers another representation s if there is a (necessarily surjective)

x-homomorphism from C*(t) to C*(s) given by tx — sx. In such a case, we
will write ©¢ : C*(t) — C*(s) to denote the x-homomorphism, which we call

the canonical covering. The notation wt should hopefully be suggestive of t

“covering” s.

e. is canonically isomorphic to another representation s if there is an isomorphism

between C*(s) and C*(t) given by ty — sy (i-e. if s and t canonically cover each

other).

It should be noted that the conditions (T1)-(T4) and tightness are all polynomial

relations of the form suitable for Lemma (finite-alignment being necessary in
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the case of (T4)). However, A-faithfulness and the existence of a gauge coaction are

not polynomial relators in an obvious way.

Remark 2.5.6. The left-reqular representation L from Example is A-faithful.
Howewver, this representation is as far from tight as possible: given p € A and
E C puA which is finite and exhaustive for uA, H(L#LZ — LoLY) = 0 if and only
if w € E (i.e. when one of the terms of the prozzjit is 0). To see this, note that if
o € pA\ p, then LoLke, =0, so (L, L}, — LoL})e, = e, and thus taking the product
over a € E C pulA\ p, we get that H(LML; — L,L})e, =e, #0.
acE

We will show in Oorollary that L has a gauge coaction if (G, P) has a strong

reduction to an amenable group.

Lemma 2.5.7. Let (G, P) be a WQLO group, and let A be a finitely aligned P-graph.
One may apply Lemma to the relators (T1)-(T4), so there is a representation

of A which is universal.

Proof. Observe that (T1) and (T3) together imply that the generators are partial
isometries. Also, all of the relators are polynomials in the generators (in the case of
(T4), we must note that the expression is finite since the graph is finitely aligned).

Thus there is a universal representation of A. O

Definition 2.5.8. We call the universal representation of a P-graph A the Toeplitz(-

Cuntz-Krieger) representation of A. We will use T to denote this representation, and

write TC*(A) or C*(T) for the algebra generated by it which we call the Toeplitz(-

Cuntz-Krieger) algebra of the graph.

Lemma 2.5.9. Let (G, P) be a WQLO group, and let A be a finitely aligned P-graph.

1. Let Rep(A) denote the set of all representations of A up to canonical isomor-

phism. Then Rep(A) can be given a partial ordering >,., by saying that s >, t
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if and only if s canonically coverst (andt = s if and only if they are canonically

isomorphic).

2. There is a bijection U from Rep(A) to ideals in TC*(A) given by t — ker 7/,

which is order-reversing in the sense that t <,., s <= V(t) D U(s).

Proof. For (1), we must check the partial order properties of reflexivity, transitivity,
and antisymmetry.

Certainly each representation canonically covers itself by the identity map, so <,,
is reflexive.

If t <,ep s and s <,, 7, then there are canonical coverings « : C*(r) — C*(s)
and 77 : C*(s) — C*(t). Then the composition 7] := 7§ o 7/ is a canonical covering
of t by r, so t <, 7, giving transitivity.

If t <,cp s and s <,, t, then there are canonical coverings 7f : C*(s) — C*(¢) and
7t . C*(t) — C*(s). Composing these maps in either direction shows that they fix
each generator, and therefore are the identity maps. Therefore 7§ and 7 are inverses
and hence canonical isomorphisms.

Thus <,, is indeed a partial order, as desired.

For (3), it is certainly true that ¥ is a well-defined function from Rep(A) to
{ideals in TC*(A)}.

We will first check that if s,t € Rep(A), then t <,., s <= U(t) D U(s). If
t <,ep S, then there is a canonical covering 7§ : C*(s) — C*(t), and since mjom! = 7/,
then U(t) = kerw] D 7/ = WU(s). Conversely, if U(t) D ¥(s), then by Lemma

s

applied to ] and 7/, there is a *-homomorphism 77 : C*(s) — C*(t) with
miom] = 7] so 7 is a canonical covering and t <,., s. This completes the proof that

¥ is order-reversing.
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Now to show that ¥ is a bijection, if W(s) = W(t), then by the above s <,., t and
t <;ep S, 80 s =t and hence W is injective. For surjectivity, if J <7 C*(A) is an ideal,
represent A by X\ — T, + J. Then this representation has kernel J, so ¥ is surjective,

as desired. [

As a consequence of this, representations have the order structure of the family of
ideals of an algebra, and in particular have a lattice order (where meet and join are

represented by intersection and addition of ideals).

Remark 2.5.10. A-faithfulness is a “largeness” condition in that if s <t and s is
A-faithful, then so is t.

Tightness is a “smallness” condition in that if s <t and t is tight, then so is s.

2.5.1 Gauge coactions and Coactionization

It may not be obvious what role “has a gauge coaction” plays: is it saying a repre-
sentation is “large” or “small”?

The following proposition is a tangled web of results, but it shows that the exis-
tence of a gauge coaction is properly considered a “largeness” condition: any repre-
sentation can be “lifted” (1) to have a gauge coaction (4), the lifted version covers
the original (2) and is the smallest gauge coacting representation to do so (6), and
they are isomorphic if and only if the original had a gauge coaction (5). We also sim-
plify the notion of a gauge coaction by showing that any homomorphism satisfying
ty = 1y @ Ugn) is automatically a gauge coaction (3), and show that a representation

is A-faithful or tight if and only if its coactionization is (7).

Proposition 2.5.11. Let (G, P) be a WQLO group, and let A be a finitely aligned

P-graph. Let t be a representation of A.



42

1. There is a representation t' of A given byt = t)\ ® Uyy)-
2. There is a canonical covering t' — t.

3. If there is a x-homomorphism § : C*(t) — C*(t) ® C*(G) satisfying 6(ty) = t},

then § is a coaction, and hence a gauge coaction.
4. t' has a gauge coaction.
5. t is canonically isomorphic to t' if and only if t has a gauge coaction.

6. If s < t, then s < t', and in particular for any representation s, s’ is the

smallest gauge coacting representation that covers s.
7.t is A-faithful (respectively, tight) if and only if t is.

Due to these properties, we believe that t' deserves to be called the coactionization

of t.

Proof. The proof of (1) is a routine confirmation of the T1-T4 relators, which we

include here. We have:
T1: Lt = (ty @ U.)(tw @Ue) = tytyy @ Uy = Oy ity @ Up = 0yt

T2: it = (t® Ug)(ty ® Ugy) = (tuty) @ UayUaq)
=t @ Uggu) =1,
T3: tL*t:L = (t# X Ud(u))*(tu ® Ud(ﬂ)) = t:t“ ® U;(M)Ud(u)

= lo ®Ue =1,

T4: t;tl*t;tg = (ty ® Ud(,,))(ty X Ud(,,))*(tu %Y Ud(y))(tu ® Ud(u))*
= (Wtitt)@U.= Y HBel
AeMCE(p,v)
= ) H#
XeMCE(p,v)

all as desired.
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For (2), let V' denote the trivial representation of G (given by V;, = 1 € C for
all ¢ € G). Then by the universal property of C*(G), there is a covering map
7 C*(G) — C given by #¥/(U,) =V, = 1.

Now by Lemma m, there is a map ide« ®@nj) : C*(t) @ C*(G) — C*(t) @ C

satisfying

(idC*(t) ®7Tg)<tl)\) = (1dC*(t) ®7Tg)(t)\ ® Ud(,\))

- Ll

By identifying C*(t) with C*(¢) ® C in the natural way, this gives the desired
canonical covering.

For (3), we must check that ¢ is injective, nondegenerate, and satisfies the coaction
identity of Definition To this end, note that if ! is the canonical covering
from the previous part, then ﬂfl o = idg(), so 0 must be injective. To check

nondegeneracy, we must check that

span [0(C())(C*(1) © C7(G))] = C*(1) © C7(G).

To this end, note that for all ¢ € G and p,v € A,

5@8(#))(%6 ® Ug) = (tS(u) & Ul)(tut; ® Ug) = tutz ® Ug-

That is, {t,t; @ U, : p,v € A,g € G} C o(C*(t))(C*(t) ® C*(G)). But since
C*(t) = span{t,t} : p,v € A} and C*(G) = span{U, }4cq, then these simple tensors

have dense span C*(t) ® C*(G). Thus
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C*(t) ® C*(G) = spanf{t,t;, @ Uy} uvengec = 5pan [0(C* (1)) (C*(t) ® C*(Q))]

as desired.

Finally, it suffices to check the coaction identity on each generator ¢,,. To this end,

(O®idg)0d)(t,) = (8 ®@ide)(ty ® Ua)
= 1 ® Vg ® Ugu)
= 1 ® 06 (Uaq)
= ((ide=@) ®06)(tx @ Uau))

= ((ide=() ®d¢) 0 0)(t,)

as desired.

For (4), recall that there is a coaction dg : C*(G) — C*(G)®C*(G) given by U, —
U, ®U,. By Lemma [2.2.7 we may define § : C*() ® C*(G) — C*(t) ® C*(G) ® C*(G)
by 6 = idgs () ®dg. Let 0 = 5

5(t/) = 5(t>\ ® Ud()\)) =i ® 5G(Ud()\)) = ® Ud()\) X Ud(,\) = tl)\ & Ud()\).

Thus by (3), ¢ is a gauge coaction of C*(t).
For (5), if t is canonically isomorphic to #', then there is a homomorphism between

their C*-algebras given by ¢y — t) = ty ® Ugny. By (3) this is precisely a gauge



45

coaction.

For (6), if s < t, recall that 7% denotes the canonical covering. Then by Lemma
there is a *-homomorphism 7%, : C*(¥') — C*(s') given by 7%, = ! ® ide+(q)
and it is immediate that this is a canonical covering. For the “in particular”, if s <t¢
and t has a gauge coaction, then ¢ = ¢’ by (5), so s’ <t/ = ¢, and thus s < t, as
desired.

For (7), observe that for a fixed A € A,

2 2 * * 2
N7 = [t @ Uaey || = 18382 @ 1| = [[E58a]l = [[Ea

so any t) is 0 if and only if £ is 0. Thus ¢ is A-faithful if and only if ¢’ is A-faithful.

For tightness, fix a ¢ € A and finite £’ C pA which is exhaustive for yA. Then

(gtt )@1

= [T tuts”

ack

Ht,ut/*_ ala

ackE

and in particular te " —t " =0if and only if | | tut,* —tats™ = 0, as desired.
ptu T lala plu
ack aceE

]

Finally, note that property (3) says that the notion of coaction is dramatically
simplified when considering just gauge coactions. Indeed, the necessary and sufficient
condition to having a gauge coaction is that the map t\ — t\ ® Uy extends to a

s-homomorphism on C*(t).
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2.6 The Classical Gauge-Invariant Uniqueness Theorem

In this section we will introduce the gauge-invariant uniqueness theorem for directed
graphs (what we would call N-graphs), and explain how we hope to generalize it.

The following definitions and theorems are adapted from Chapters 1 and 2 of [I§].

Definition 2.6.1. A directed graph is a tuple E = (E°, E',r, s) where E° and E* are
countable sets, and r,s : E* — E° are functions. We think of E° as the set of vertices
in our directed graph, E' as our set of edges, and r and s as the range and source
maps for E'. We say a directed graph is row-finite if for each v € V', |r~(v)| < oo.

A Cuntz-Krieger E-family of a row-finite directed graph (E°, E',r, s) is a collection

of operators {P,},epo U {Se}ecr in a C*-algebra such that {P,},cpo are a family of

pairwise orthogonal projections, and
(CK1) Py =SS, for all e € E' and

(CK2) P, = Z SeS¥ whenever r~1(v) is nonempty.
e€cE!
r(e)=v
The reader may wish to compare this definition to the definition of a representation

of a P-graph (Definition 2.5.2)). Having done so, there are a few differences that we

will wish to reconcile.

Remark 2.6.2. Given a directed graph (E°,E',r,s), forn > 1 we let E" =
{(e1,€2,..n) ¢ s(e)) = r(eiyr) forl < i < n}p. Then E* = (J,5,E" forms
an N-graph in a natural way, where the operation is concatenation of tuples, and

d(eq,...,en) =n. This N-graph is always finitely aligned, since for any N-graph,
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{a} ff<a
MCE(a,B)=q{8} ifa<p

0 otherwise

so |[MCE(a,p)| <1< oo.

Any Cuntz-Krieger E-family extends to a representation of E* by S, eo,..en) =
SeSey---Se, . In proving this, the (T1) and (T2) relators are immediate, the (T3)
relator follows rapidly from (CK1), and the (T4) relator follows from the expression
above for MCE(a, ).

One should note that the (CK2) condition is analogous to tightness, since for any
vertez v, v~ (v) is finite and exhaustive for vA, and since {SeSk}ee,—1(y) are pairwise

orthogonal projections, then

II (P.P;—5.5:) =0 if and only if P, = ) S.S;.
ecr—1(v) ecE!
r(e)=v
In other words, the (CK2) condition is saying that the representation is tight in
the case that p € A° and E C A'. Since every path in an N-graph can be uniquely

factored into paths of length 1, tightness in all cases is equivalent to this.

Due to this last point, readers should be aware that in the literature represen-
tations of directed graphs (and higher rank graphs) are what we would call tight
representations.

In the notation of [18], C*(E) denotes the universal tight representation of E, and
if {T}}oepo U{Qc}tecr is a Cuntz-Krieger E-family, then nr g : C*(E) — C*(T, Q)

denotes the canonical covering.
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The foundational result we wish to generalize is this, as stated in [I8, Theorem

2.2]:

Theorem 2.6.3 (Gauge Invariant Uniqueness Theorem for Graphs). Let E =
(E°, E',r,s) be a row-finite directed graph, and suppose that {T,}yepo U {Qc}eer
1s a Cuntz-Krieger E-family in a C*-algebra B with each Q,, # 0. If there is a contin-
uous action B : T — Aut B such that 8.(T.) = 2T, for everye € E* and 3.(Q,) = Q,

for every v € E°, then wr.q is an isomorphism of C*(E) onto C*(T, Q).

Remark 2.6.4. The reader may recognize many of the hypotheses of Theorem |2.6.
from our earlier list of terminology for representations (Definition m The state-
ment Q, # 0 for v € E° implies that T, # 0 for all p € E*, so it is equivalent to our
A-faithfulness. The continuous action [ is called a gauge action and is equivalent by
Lemma to a gauge coaction. Also recall that tightness is a built-in hypothesis
in the representations considered in [18].

Therefore, we may restate Theorem[2.6.3 like so: for any N-graph, there is exactly
one A-faithful, tight, gauge coacting representation up to canonical isomorphism.

What we mean by a gauge invariant uniqueness theorem for P-graphs is a similar
statement: for any P-graph, there is exactly one A-faithful, tight, gauge coacting
representation up to canonical isomorphism.

We have already seen that in generalizing from N-graphs to P graphs, we needed
an additional hypothesis (finite alignment). We will see in Lemma that such a
gauge invariant uniqueness theorem need not be true in general, so another hypothesis
is needed. We spend Chapter 3 developing this hypothesis on (G, P), and then in
Chapter 4 prove a gauge invariant uniqueness theorem for P-graphs that satisfy this

new hypothesis.
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Chapter 3

Reductions of Ordered Groups

In this section we will develop the notion of a reduction of an ordered group. Roughly
speaking, a reduction occurs when a positive cone P in a group G does not carry
“enough” information about the group, and one is able to replace (G, P) with some
(H, Q) while preserving the essential properties that will be required for a P-graph
(namely, the structure of intervals [1,p]). A special case of a reduction (called a
“strong reduction”) is when one can embed the positive cone P in another group H

such that this embedding extends to an order homomorphism from (G, P) to (H, P).

3.1 Definition and Basic Properties

Definition 3.1.1. An order homomorphism ¢ : (G, P) — (H, Q) is a reduction if for

all p € P, ¢ is a bijection between the interval [1,p] :={x € P:1 < x < p} and the

interval [1,0(p)] :={y € Q: 1 <y < p(p)}.

We say that ¢ is a strong reduction if ¢ |p: P — Q is a bijection between P and

We say (G, P) has a (strong) reduction to an amenable group or (strongly) reduces
to an amenable group if there is an amenable group H, a positive cone () C H, and

a (strong) reduction ¢ : (G, P) — (H, Q).
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Intuitively, a reduction is a map that preserves the order structure of (G, P)
“locally”, meaning on every interval. For strong reductions, the reader should think
of them as arising from embedding the positive cone P in two distinct groups (G, P)
and (H, P) such that there is a homomorphism from one to the other taking P to

itself bijectively.

Example 3.1.2. Let G = (a,b), the free group on two generators. If P = {a,b}*, then
define ¢ : (G, P) — (Z,N) by ¢(a) = ¢(b) = 1, which is an order homomorphism.
Then ¢ is a reduction since, for example, it maps the interval [e,abba] =
{e,a,ab, abb, abba} bijectively onto the interval [p(e), p(abba)] = [0,4] ={0,1,2,3,4}.
Since 7, is amenable, then this shows that (G, P) reduces to an amenable group.
Howewver, ¢ is not injective even when restricted to P, as p(a) =1 = ¢(b), so ¢

15 not a strong reduction.

It may not be immediately obvious from the definition that a strong reduction is

a reduction, so we will prove this as a short lemma:
Lemma 3.1.3. Let ¢ : (G, P) — (H, Q) be a strong reduction. Then it is a reduction.

Proof. We must show that if ¢ is bijective as a map from P to @), then it is bijective
from [1,p] to [1,p(p)] for each p € P. Fixing a p € P, since [1,p] C P, then ¢ is
injective on [1, p|, so it suffices to show it is surjective onto [1, p(p)].

To this end, fix some ¢, € [1,¢(p)]. Since ¢1 < p(p), there is a g2 € @ such that
0192 = ¢(p). Now since q1, g2 € @ and @ is a bijection from P to @, there is a py, ps €
P such that ¢(p1) = ¢ and p(p2) = g2. Then p(p) = Q12 = w(p1)p(p2) = P(P1p2).
Since p1ps € P and ¢ is injective on P, then p1ps, = p, so p; € [1, p], and in particular
there is a p; € [1,p| such that ¢(p;) = ¢1. That is, ¢ is a bijection from [1,p| onto
[1,¢(p)], as desired. O
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We’ll now provide several alternative characterizations of being a reduction and a

strong reduction.

Proposition 3.1.4. Let ¢ : (G, P) — (H,Q) be an order homomorphism. Then the

following are equivalent:

1. ¢ s a reduction in the sense of Definition|5.1.1,.
2. dg = |p: P — Q is a functor that makes P into a Q-graph.

3. Forall g € Q,p € P such that ¢ < ¢(p), there exist unique py,ps € P such that

p1p2 =p and o(p1) = q.

4. For each nonempty interval [x,y] C G, ¢ is an order isomorphism between [z, y|

and [p(), (y)].

5. The following two statements together:

a) SNkerp = {1} where S = J,cp[1,p][1,p] 7"

b) For allp € P, o([1,p]) = [1,¢(p)]-

Proof. Fix ¢ : (G, P) — (H,Q) an order homomorphism. We will prove that (2) =
3)=(1)=(4) = (2) and (1) < (5).

(2=3) Fixqe @, pe P with ¢ < p(p) = dg(p). Then since P is a (Q-graph, we
can uniquely factorize p as p = p;py where ¢ = dg (p1) = ¢(p1), as desired.

(3 = 1) Fix p € P. By Lemma [2.1.7, ¢([1,p]) C [1,¢(p)]. It then suffices to
show that if ¢ € [1,p(p)], then there exists a unique s € [1,p] with ¢(s) = ¢. To
this end, if ¢ € [1, p(p)], then by (3), there exists py,ps € P such that p;p, = p and
with ¢(p1) = ¢. Then p; € [1,p], so p; is such an s. If there were some p} € [1,p]

with ¢(p1) = ¢(p}), then by the former, there exists p, € P with p|p) = p, so by the
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uniqueness condition of (2), we have p| = p; and p), = ps, and thus our p; is unique,
as desired.

(1 = 4) Fix x,y € G, and suppose the interval [z,y] = {z € G : z < z < y}
is nonempty. Since this interval is nonempty, then v < y, so 1 < 271y, and we will
write p = 271y € P. By left-invariance, < z < y if and only if 1 < 271z < 271y,
so [z,y] = z[1,27y] = z[1, p|. By left-invariance, z[1, p] is order-isomorphic to [1, p|,
and ¢(z)[1, ¢(p)] is order-isomorphic to [1,¢(p)], so it suffices to show that [1,p] is
order-isomorphic to [1,¢(p)]. By (1), ¢ is a bijection between [1,p] and [1, ¢(p)], so
it suffices to show that s <t <= ¢(s) < ¢(t) for s,t € [1,p]. The = direction
is immediate from Lemma . For the other direction, suppose s,t € [1,p] and
©(s) < p(t). Then p(s) € [1,¢(t)], and by (3), ¢ maps [1, ¢] surjectively onto [1, ()],
so there exists some s" € [1,t] such that ¢(s') = ¢(s). But s’ € [1,¢] C[1,p], and ¢ is
injective on [1,p], so 8’ = s. Thus s € [1,¢], so s < t.

(4 = 2) Certainly d, := ¢ |p is a functor from P to Q. It then suffices to check
unique factorization. To this end, suppose p € P and ¢y, ¢ € ) with dg (p) = q1¢o.
Then ¢ € [1,d5(p)] = [1,¢(p)], so by (4) there is a unique p; € [1,p] with ¢ =
o(p) = dg(pl). Since p; < p, then py := p;'p € P. Thus p is uniquely factorized as
p = pipe with dg(p1) = a1.

(1 = 5a) Suppose that s € S Nkerg. Then s = gr~! where ¢, € [1, p| for some
p € P. Then o(r) = ¢(s)e(r) = ¢(sr) = ¢(q). By (1), ¢ |p, is injective, so ¢ = r
and thus s = gr~! = 1, as desired. .

(1 = 5b) is immediate from the fact that ¢ is a bijection between the intervals
[1,p] and [1, p(p)].

(5= 1) Fix p € P. By Lemma2.1.7, ©([1,p]) C [L, »(p)]. It then suffices to show
that if ¢ € [1,p(p)], then there exists a unique s € [1,p] with ¢(s) = ¢q. By (5b),

there exists at least one s € [1, p] with ¢(s) = ¢. Assume for the sake of contradiction



23

that there were distinct s1,55 € [1,p] with ¢(s1) = ¢ = ©(s2). Then s;5," € ker .
But since s155' € [1,p][1,p]7! € S, then by (5a) we have s15;,' = 1, 50 51 = 85, a
contradiction of distinctness. Thus ¢ is bijective as a map from [1, p] to [1, ¢(p)].

]

Lemma 3.1.5. Let (G,P), (H,Q) be ordered groups, and ¢ : G — H a group

homomorphism. The following are equivalent:

1. @ is a strong reduction in the sense of Definition |3.1.1).

2. ¢ |p is an order isomorphism from P to Q.

Proof. (2 = 1) is immediate.

(1 = 2) Since ¢ |p is already a bijection, we must show that for p,ps € P,
P < ps < ¢(p1) < o(p2). The = direction is immediate from Lemma [2.1.7 For
the other direction, suppose that ¢(p1) < ¢(p2). Then there is a ¢ € @ such that
©(p1)qg = ¢(p2). Since @ is a surjection from P to @, there exists a p € P such that
©(p) = q, and hence ¢(p1p) = p(ps2). Since ¢ is injective on P, then p;p = po, and

thus p; < po, as desired. O

While the theory of reductions of ordered groups can be entirely severed from the
amenability of the groups involved, it is perhaps unsurprising that a reduction to an
amenable group will allow us to do more interesting analysis of the C*-algebras of
P-graphs that will appear in later sections.

The following example shows that the existence of a reduction to an amenable
group (or even a non-injective reduction!) depends on not just the group G, but also

the positive cone P.
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Example 3.1.6. Let G = (a,b), the free group on two generators. If P = {a,b}",
then we’ve seen that (G, P) is an ordered group which reduces to an amenable group
via the map ¢ : (G, P) — (Z,N) given by (a) = ¢(b) = 1.

Suppose that (G, R) is a total ordering on a group (meaning that RUR™ = G in
addition to RONR™' = {1}). Then for any reduction ¢, by Proposition[3.1.4(5), since
S =U,erll,r][1,7]7t = G, then ker p = ker o NG = {1}. That is, every reduction ¢
18 1njective.

In particular, taking G = Fy and R a total ordering on G (such as the ordering
arising from the Magnus expansion given in [4, Section 3.2]), (Fa, R) cannot reduce

to an amenable group since the range group of a reduction will always contain a copy

Of FQ.

Example 3.1.7. For any group (G, P), idg is a reduction, so if G is amenable, idg

1 a reduction to an amenable group.

Example 3.1.8. Let G = (a,b), the free group on two generators and P = {a,b}*.
One can give a strong reduction of (G, P) onto the amenable group H = BS(1,2) =
(c,tltc = 2t). Let Q = {t,ct}*, which is a positive cone in BS(1,2), and let ¢ :
(G,P) = (H,Q) by p(a) = ct,p(b) = t. Certainly ¢ is an order homomorphism.
Then one may verify that ¢ is bijective from P to @ in this way: if (p1) = ¢(p2),
then write this word in H as c't?. It must be that j is the length of py and the length
of pa, so p1 and py have equal length. Then, i will be the number that comes from
substituting 1 for a and 0 for b in the original word and interpreting the result as a
binary number. Two binary numbers with the same number of digits are equal if and
only if their digits are equal, so it must be that py = ps. Thus ¢ is injective on P,

and hence bijective on P, meaning ¢ is a strong reduction.

The following result shows that reductions preserve weakly quasi-lattice order.
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Lemma 3.1.9. Let ¢ : (G, P) — (H,Q) be a reduction. Then:
1. If (H,Q) is WQLO, then so is (G, P).
2. If o(P) = Q and (G, P) is WQLO, then so is (H, Q).

Proof. For (1), assume for the sake of contradiction that (H, Q) is WQLO but (G, P)
is not. Then there are x,y € P with a common upper bound but no least common
upper bound. That is, there are upper bounds by > by > bs > ... such that x,y < b;
for all 7 € N.

For all i € N, since 1 <z < b;, then 1 < b;. In particular, b; € [1,b] for all i € N.
Also note that z,y € [1,by].

Now, since ¢ is a reduction, ¢ is an order isomorphism from [1, ;] to [1, ¢(b1)], so
in @, ¢(by) > p(be) > ... is a strictly decreasing sequence of common upper bounds
of p(z) and ¢(y). This contradicts the fact that (H, Q) is WQLO.

For (2), assume for the sake of contradiction that o(P) = @ and (G, P) is WQLO
but that (H, Q) is not WQLO. Then there are z,w € ) with a common upper bound
but no least common upper bound. That is, there are upper bounds ¢; > ¢y > ¢3 > ...
such that z,w < ¢; for all i € N.

For all i € N, since 1 < z < ¢;, then 1 < ¢;. In particular, ¢; € [1,¢;] for all i € N.
Also note that z,w € [1, ¢1].

Now, since p(P) = @, there is some p € P such that ¢(p) = ¢;. Since ¢ is a
reduction, ¢ is an order isomorphism from [1,p] to [1,¢(p)] = [1,1]. Let z, y, and
b; denote the unique elements in [1, p] such that ¢(x) = z,¢(y) = w, and ¢(b;) = ¢
for all © € N. Then in P, by > by > bs... is a strictly decreasing sequence of common

upper bounds of x and y. This contradicts the fact that (G, P) is WQLO.
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Remark 3.1.10. There is a notion of amenability for semigroups, and (G, P) may
strongly reduce to an amenable group even if neither G nor P is amenable as a group
or semigroup (respectively). For example, in (Fy, Py), the free group on 2 generators
with positive cone Py which is the free monoid on 2 generators, we will show that
(Fy, Py) strongly reduces to (Z 1 Z,NUN), which is amenable, but Fy is famously not
amenable, and Py is also not amenable as a semigroup.

The fact that Py is not amenable but can be embedded in an amenable group has

been known for more than half a century. In [11)], the author shows an embedding of

P, into 721 7°.

3.2 Constructions

In this section, we will show that the notion of “(strongly) reduces to an (amenable)
group” behaves well with the usual group theory constructions such as composition,

hereditary subgroups, direct products, and free products.

3.2.1 Composition

Lemma 3.2.1. A composition of (strong) reductions is a (strong) reduction. That
is, if ¢ : (G, P) = (H,Q) and ¢ : (H,Q) — (F, R) are two (strong) reductions, then

o is a (strong) reduction.

Proof. Suppose ¢ : (G,P) — (H,Q) and ¢ : (H,Q) — (F,R) are two reductions.
Then we will show that 1 o ¢ is a reduction.

Certainly, 1) o ¢ is an order homomorphism, so by Lemma (3), we must show
that for all p € P, ¢ o ¢ bijectively maps [1, p|] onto [1,%(¢(p))].

To this end, we know that ¢ : [1,p] — [1,¢(p)] is bijective, and ¢ : [1,(p)] —

[1,4(p(p))] are bijections since ¢ and 1) are reductions, so therefore their composition
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is a bijection, as desired.
For the composition of strong reductions, if ¢ : (G, P) — (H,Q) and ¢ : (H,Q) —
(F, R) are two strong reductions, then ¢ maps P bijectively onto Q and ¢ maps Q

bijectively onto R, so ¥ o ¢ maps P bijectively onto R, as desired.

3.2.2 Hereditary Subgroups

In the context of ordered groups, the “correct” notion of a subgroup is often a hered-
itary subgroups in the sense of [3, Corollary 5.6]. In this section we will remind the

reader of the definition and some basic results about the concept.

Definition 3.2.2. Given an ordered group (G, P), if @ C P is a subsemigroup, we
say that Q 1is hereditary in P if p1,ps € P, p1ps € Q implies that py,ps € Q.

If (G, P) is an ordered group, we will say that (H,Q) is a hereditary subgroup if

H is a subgroup of G, Q is a subsemigroup of P N H, and Q is hereditary in P.

Lemma 3.2.3. Let (H, P) be an ordered group, and Q) C P a hereditary subsemi-
group. For the sake of clarity, let <p and <g denote the orderings on G arising from
P and @), respectively. Then for all g € Q and p € P, 1 <p p <p q if and only if
1<qgp<qgq

In particular, for q € Q, the intervals [1,ql<, and [1,ql<, are equal as sets.

Proof. Fix some q € Q,p € P.

Suppose 1 <p p <p q. Then p € P and there exists an s € P such that ps = q.
Since ¢ € @ and @ is hereditary, then this implies that p,s € ), so 1 <g p < ¢, as
desired.

Suppose 1 <g p <g ¢q. Then p € @) and there exists an s € () such that ps = gq.

Since Q C P, then 1 <p p <p ¢, as desired.
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The “in particular” part is immediate.

]

Lemma 3.2.4. Let (G, P),(H,Q) be ordered groups, and ¢ : G — H a homomor-
phism. Let H' = ¢o(G), Q' = ¢(P), and let ¢’ denote the codomain restriction of ¢

to the codomain H'. Then the following are equivalent:

1. ¢ is a reduction.

2. (H',Q’) is a hereditary subgroup of (H,Q) and ¢’ is a surjective reduction of
(G, P) onto (H', Q).

Proof. (1 = 2) If ¢ is a reduction, we will first show that )" = p(P) is a hereditary
subsemigroup of Q. If ¢ = ¢(p) € ¢(P), and r’ = ¢ for some r,7’ € @, then
r € [1,¢(p)], so by Proposition M(S), there exists a unique s € [1,p| such that
¢(s) = r. Then ¢(s)r’ = ¢(p), so ' = (s~ 'p). Since s < p, then there exists
s' € P such that ss’ = p, so " = ¢(s’). Thus r,7" € p(P), so ¢(P) is a hereditary
subsemigroup of Q.

Since additionally H < H and Q" < Q N ¢(G), then (H',Q’) is a hereditary
subgroup of (H, Q).

To show that ¢’ is a surjective reduction, it is immediately surjective since its
codomain was restricted to the image. Now fix a p € P. Since ¢ is a reduction, then
by Proposition [3.1.4] (3), ¢ maps [1, p] bijectively onto [1, ¢(p)]. By Lemma [3.2.3] we
have [1, p(p)] = [1, ¢'(p)] as sets, so ¢’ maps [1, p| bijectively onto [1,¢'(p)]. Then by
Proposition [3.1.4] (3), ¢’ is a reduction.

(2= 1) Fixap € P. Since ¢’ is areduction, then by Proposition[3.1.4)(3), ¢’ maps

[1, p] bijectively onto [1,¢'(p)]. By Lemma we have [1,¢'(p)]<q = [1,¢(p)]<q
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as sets, so ¢ maps [1, p] bijectively onto [1,¢(p)]. Then by Proposition [3.1.4] (3), ¢ is
a reduction.

]

Lemma 3.2.5. Let (G, P) be an ordered group and (H,Q) a hereditary subgroup of
(G, P). Then the inclusion map i : (H,Q) — (G, P) is a reduction.

Proof. Observe that the inclusion map, restricted to its image, is the identity map,
and thus a surjective reduction. Then the inclusion map is a reduction by Lemma
B.2.4

O

We can now conclude that “reduces to an amenable group” is closed under taking

hereditary subgroups.

Corollary 3.2.6. Let (G, P) be an ordered group and (H,Q) a hereditary subgroup of

(G, P). If (G, P) reduces to an amenable group, then (H,Q) reduces to an amenable

group.

Proof. Let i : H — G denote the inclusion map, which by the previous lemma is a
reduction.

If : (G,P) — (F,R) is a reduction to an amenable group, then poi: (H,Q) —
(F, R) is a composition of reductions, and hence a reduction by Lemma . It has

amenable range, so it is a reduction to an amenable group. O

3.2.3 Direct Products

Now, we’ll show that reductions respect direct products, which implies that “reduces
to an amenable group” is preserved under direct products.

First, let us check that direct products preserve WQLO:
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Lemma 3.2.7. Let (G, P) and (H,Q) be ordered groups. Let P x @ denote the
submonoid of G x H generated by (the canonical copies of) P and Q). Then (G X
H,P x Q) is an ordered group, and if (G, P) and (H,Q) are WQLO, then so is
(G x H,PxQ).

Proof. By definition, P x Q is a submonoid of G x H, and it is immediate that
PxQN(PxQ)'=PnPHx QN ={lg}x{lg}, so (Gx H P xQ)is
an ordered group.

If (G,P) and (H,Q) are WQLO, then one may quickly confirm that given

(p1,q1), (P2, q2) € P x @, their least upper bound is (p; V pa2, 1 V ¢2).
L]

Lemma 3.2.8. Fori = 1,2, let (G;, P;) and (H;,Q;) be ordered groups, ; : G; — H;
a homomorphism. Let G = G1 x G, and similarly define P, H,(Q). Then there is a
homomorphism ¢ : G — H given by ¢(g1,92) = (v1(q1), v2(92)), and ¢ is an order

homomorphism (respectively, reduction or strong reduction) if 1 and ps both are.

Proof. The existence of such a homomorphism is an elementary fact of group theory.

If 1, p2 are both order homomorphisms, then ¢;(P;) C @1 and @o(P,) C Qs, so
O(P1 X Py) C1(P1) X oa(Py) C Q1 X @2, as desired.

If vy, 9 are both reductions, then we will use Proposition m (3) as our notion
of a reduction, so it suffices to show that for all p; € Py, ps € P, [(1,1),(p1,p2)] is
mapped bijectively onto [(1,1), (p1(p1), v2(p2)]. But in (Gy x Go, P; X P»), we have
that [(1,1), (1, z2)] = [1, 1] X [1, x2], so we know that ¢ = @1 X 9 bijectively carries
[(1,1), (1, p2)] = [1, 1] ¢ [1, 23] onto [(1,1), (91 (1), ¢2(p2))] = [1, 1(p)] % [1, 2 p2)]
as desired.

If 1, o are both strong reductions, then ¢ and ws map P; and P; bijectively onto

@1 and Qs respectively, so for all ¢ = (¢1,q2) € @ there is a unique p; € Py, py € Py
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such that ¢1(p1) = q1, Y2(p2) = qo, and hence p = (p1, p2) is the unique element of P
with ¢(p) = ¢, so ¢ is a bijection from P to @, as desired.
]

Corollary 3.2.9. If (G1, P1), (Ga, P») are ordered groups which reduce to amenable

ordered groups, then (G1 X Ga, Py X Py) reduces to an amenable group.

Proof. For i = 1,2, let ¢; : (G;, P;) — (H;,Q;) denote the reduction of (G;, P;) to an
amenable ordered group.

By the previous Lemma, we know that (G x Gy, Py x P) reduces to (Hy x Ha, Q1 X
()2). Since H; and Hy are amenable, then H; X Hj is amenable, so this is a reduction

to an amenable group. O

3.2.4 Free Products

In this section we will show that the class of groups which have reductions to amenable
groups is closed under (finite) free products. That is, we will show that if (G, P) and
(H, Q) reduce to amenable groups, then (G x H, P * ()) also reduces to an amenable
group.

This will consist of two steps, analogous to Lemma |3.2.8] and Corollary from
the direct product case. A free product analogue of Lemma [3.2.8| is straightforward.
However, in the free product case, an analogue of Corollary is more difficult,
since the free product of two amenable groups is almost never amenable. Therefore,
our second step is longer.

Given ordered groups (G, Py) and (Gy, P,), we denote by P; * P, the submonoid
of Gy * Gy generated by the naturally embedded copies of P; and P,. First, we will

prove a lemma characterizing the order on (G * Gy, Py % Py):
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Lemma 3.2.10. Let (Gy, P,),(Ge, Py) be ordered groups, and let (G,P) = (G *
Gg, Pl k PQ)

1. For p € P, we may write p = p1ps...pan, where p; € Py if i is odd, and p; € Py if

1 even, and p; # 1 for 1 <i < 2n.

2. This representation of p is unique. That 1s, there is exactly one such choice of
n and elements p; such that p; € Py if i is odd, and p; € P if i even, and p; # 1

for1l <11 < 2n.

3. Given such a representation p = pips...pan, we have [1,p] = Uf:l X;, where

X = pl-"pi—l[lapi]-

4. Given such a decomposition [1,p| = Ufﬁl X, ifae X; and b € Xj fori < j,

then a < b.

Proof. For (1), by definition every element of P can be written as a product of
elements of P, and P». If two consecutive elements are from the same P;, they can
be combined, and if any intermediate term is a 1, it can be removed and the now-
consecutive terms combined. Finally, if necessary a term of 1 can be put at the
beginning or end of the expression to make the alternating product begin with a term
from P, and end with a term from P,.

For (2), this representation is unique because of the Normal Form Theorem for
Free Products ([I6, Chapter IV, Theorem 1.2]).

For (3), fix a p = p1pa...p2n. It is immediate that each X; is a subset of [1, p], so
it suffices to show containment in the other direction. To this end, suppose ¢ € [1, p],
so g € P and p = gqr for some r € P. Then writing ¢ = ¢1...qo;, and r = rq...r9;, We
have that p = pips...pon = q1...Gamr1...72. We now have a few cases depending on

whether or not ¢.,, and r; are the identity.
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® (o, = 1,71 = 1: Then p = p1ps...pan = q1...Q2m—_172...72; is the unique alternat-

ing presentation with nonidentity terms, so p; = ¢, p2 = @9, etc. In particular,

q=q1-@am-1 = D1---P2m—1 € Xom = D1---P2m—1[1, Doam]-

® ¢o, # 1,71 # 1: Then p = p1ps...pon = q1...Q2m71.--Tok is the unique alternating

presentation with nonidentity terms, so p;1 = ¢1,p2 = o, etc. In particular,

q=q1--Qom = D1---P2m € Xom = P1...P2m—-1[1, P2m].

® G2, # 1,71 = 1: Then p = p1pa...p2n = ¢1...(@2mT2)73...72x is the unique alter-
nating presentation with nonidentity terms, so p; = q1, p2 = @2, etc, ending with
Pom = Gamr2. Thus o € [1,pam]; 0 ¢ = q1.--q2m = P1P2---P2m—1G2m € Xom =

P1---P2m—1 [17 me] .

® go, = 1,7 # 1: Then p = pips...pon = @---Gom—2(qom—_171)r2...T2% is the
unique alternating presentation with nonidentity terms, so p; = q1,p2 = ¢o,
ete, ending with Pom—1 = Q2m—-171- Thus Qam—1 € [1>p2m71]7 50 4 = q1---Qom—1 =

P1P2---Dom—2Gom—1 € Xom—1 = P1---Dam—2[1, Pam—1].

In all four cases, ¢ is in some Xj, so [1,p] = U2221 X;, as desired.
For (4), note that for each y € X, we have pips...pi-1 < y < pipe...pi, 80 a <

piD2...Pi < pip2...pj—1 < b, as desired. O
We can now confirm that weak quasi-lattice order is preserved under free products.

Lemma 3.2.11. If (Gy, P1) and (Gs, P2) are ordered groups (respectively, WQLO

groups) then so is (Gy x Ga, Py x Py).

Proof. 1t (G1, P1) and (Gs, Py) are ordered groups, then by definition P, x P; is a
submonoid of G * H. We must now check that (P, * P5) N (P, *x P)~' = {1}, or

equivalently that if a,b € P, x P, with ab = 1, then a = b = 1. But if ab = 1,
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then by writing a = p1ps...p2, and b = q1¢s...q2;, as in the previous theorem, then
1 = ab = p1p2...p2n¢1G2..-G2m- By the Normal Form Theorem for Free Products ([16],
Chapter IV, Theorem 1.2], a reduced sequence in a free product can equal 1 if and
only if its length is 1, so all the p;s and ¢;s in the products must cancel with each
other. But since each term of the product is positive, they can only cancel if each
term is equal to 1. Thus a = b = 1, as desired, so (G * Gg, P} x P3) is an ordered
group.

If (Gy,P) and (Gg, Py) are WQLO, we will check that (G x Gy, Py x Py) is
WQLO. To this end, fix some y;,yo € P, * P, and suppose ¥,y have some com-
mon upper bound y3 € P, x P,. By part (1) of the previous lemma, we can write
Y3 = P1P2P3---Pon—_1P2n, Where each p; € Py for 2 odd and p; € P, for ¢ even. By part
(3) of that lemma, [1,y3] = Uf:l X; where X; = py...p;i—1[1, p;]. Since y1,92 € [1,y3],
then y; € X;,y2 € X for some 7, 7 < 2n. Without loss of generality, suppose 7 < j.

If i < j, then by part (4) of the previous Lemma, we have y; < ys, so y1 V42 = ¥a.

If i = j, then y1,90 € X; = p1...pi1[1, pi], so there are 1,79 such that y; =
P1---pi—171 and ys = p1...p;_1ry Where r, 1o € Py if ¢ is odd, and ry, 1, € Ps if 7 is even.
In either case, py...p;—1(r1 V 1r9) will be the supremum of y; and ys.

O

We will now show that if two groups have a reduction, their free product reduces

to the free product of the reductions.

Lemma 3.2.12. Fori = 1,2, let p; : (G, P;) — (H;,Q;) be a reduction. Then let

G=G %Gy, P=P xP,,H=H;xHy, and Q) = Q1 * Q,

and let ¢ : G — H be the homomorphism satisfying ¢ |q,= ;i for i = 1,2. Then
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v: (G, P)— (H,Q) is a reduction.

Proof. Certainly, ¢ is a homomorphism. By Proposition [3.1.4] (3), it suffices to show
that for all p € P, the interval [1, p| is mapped bijectively onto [1, p(p)].

Fix some p € P, and then by Lemmal|3.2.10, we may write p = p1ps...p2, Where p; is
in P ifiis odd, and in P if i is even. Then [1,p] = Ufﬁl X;, where X; = py1...pi—1[1, pi-

Now, for 1 < i < 2n, let ¢; = p1(p;) if ¢ is odd, and ¢; = pa(p;) if 7 is even. Thus
©(p) = q1.--Gon. Note that for 1 < i < 2n, ¢; # 1 since p; # 1 and by Proposition
3.1.4] (4), both 1 and @9 send strictly positive elements to strictly positive elements.

Thus ¢(p) = ¢1..-qon is the unique way to write p(p) € @ as an alternating
product of non-unit elements, so by Lemma , [1,0(p)] = U, V; where V; =
¢1---¢i—1]1,¢;]. But since p; and ¢y are reductions, we know that each X; is carried
bijectively to its Y;, so it suffices to explain why bijectivity is preserved when taking
the union of the X; and Y;s. It is immediate that the map from |JX; to JY; is
surjective.

For injectivity, first note that for 1 <i < j < n,

;

0 j>i+1

YinY;={q..q} j=i+1

Y; =7

and similarly,

XinX; =S {pi.p} j=i+1
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Then, if p(s1) € Y; and ¢p(s2) € Y; for s1,55 € [1,p] such that p(s1) = ¢(s2),
either 7 = 7 so s1, 59 € X; and thus by injectivity on X; we have s; = s5, or j =i+ 1,
so ©(s1) = @(S2) = q1.--Gi, SO $1 = S3 = p1...p;. In either case, s; = Sy, so we have
injectivity of ¢. Thus ¢ is bijective on [1, p] as desired, so it is a reduction.

O

This completes the first step, showing that if two groups have reductions to
amenable groups, their free product reduces to a free product of amenable groups.
Now comes the harder step: showing that a free product of amenable groups reduces
to an amenable group!

The key is a construction from group theory called a wreath product. Recall the

following definition of a wreath product:

Definition 3.2.13. Let G and H be groups. Let

G" = {f: H— G a function|supp(f) is finite}

where supp(f) = {h € H : f(h) # 1}, and give G a group structure by pointwise
multiplication. Note that G¥ is isomorphic to a direct sum of |H| copies of G, hence
the notation.

Give G? an action o : H — Aut(G™) by translation: [an(f)] (W) = f(R7'H).

Then we define the (restricted) wreath product to be the semidirect product GIH =

G %, H, so there is a (split) short exact sequence:

1-Gf 5 GI'H— H—1.

The following remark establishes the basic properties of wreath products, and are

all routine to verify.
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Remark 3.2.14. For each g € G and h € H, let g, denote the function in G

g h=1"n
given by gon(h') = . Then there is a natural embedding of G into Gt H

1 h#N
by g — (g01,,,1y) and there is a natural embedding of H into GUH by h — (1gu, h).

In a slight abuse of notation, we will write g or g, for the embedded element of G in

G U H, and write h for the embedded element of H in G H.

Now note that

[O‘h2<g(5h1)] (h3) = géhl(hglh?))
(
g hi=hy'h;

1 hy # hy'hs
\

.

g h2h1 = h3
1 hohy # hy
\
= GOnyn, (h3)

so unbinding the hs, we have that o, (gon,) = Gon,n, - Now,

ha(gom)hy' = (1a, h2)(90n,, 1) (1, hy ')
= (le ha)(gon hy')
= (la, ha)(gon,, h3")
= (an,(90n), 1n)

= gathl
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Since GH is generated by the goy, then together (the embedded copies of) G and
H generate GV H.

Given P, Q) positive cones in G, H, we let P! Q) denote the monoid generated by
the naturally embedded copies of P and QQ within G H.

With these natural embeddings of G and H into Gt H, by the universal property of
free products of groups, we get a homomorphism ¢ : Gx H — Gl H given by sending
(the naturally embedded copies of) G and H to (the naturally embedded copies of)
G and H. We will call this the natural homomorphism of G« H into GV H. Since
G H is generated by G and H, it is immediate that the natural homomorphism is
surjective. For the same reason, P x (Q will be mapped surjectively onto P Q. We
will show later that ¢ : (Gx H,Px Q) — (GUH,P1Q) is a strong reduction.

Finally, note that every element of GH can be written as a (possibly empty) product
of a finite number of g;0n, where each g; is nonunital and each h; is distinct, and this
presentation is unique up to a permutation of the g;0p,. Note that the element g;op,
commutes with the element g;0n, as long as h; # hj. When f € GH is written as

f = g10n,...9x0p, where the h; are distinct, then

g fh=mh

g2 if h=hy
f(h) =

gn ifh=hy

1 otherwise

\

Finally, we will remind the reader of this fact about amenability of wreath prod-

ucts:

Lemma 3.2.15. Let G and H be amenable groups. Then G H is amenable.
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Proof. Recall that the class of amenable groups are closed under finite direct sums,
direct limits, and extensions.

From our definition of the wreath product, there is a short exact sequence

1-Gf 5 GI\H— H—1.

Recall also that G is isomorphic to the direct sum of |H| copies of G. Thus G
is a direct limit of {G"},en. Since amenable groups are closed under finite direct
sum and G is amenable by hypothesis, then each G™ is amenable, and since amenable
groups are closed under direct limit, then G is amenable.

Also, H is amenable by hypothesis, so G{ H is an extension of an amenable group
by an amenable group. Thus G ! H is amenable.

O

Now, we will have two results that establish why ¢ : (G * Go, P, x Py) — (G711

Go, P11 P,) is a reduction.

Lemma 3.2.16. Let (G1, P1) and (Ga, Py) be ordered groups, and let p = p1py...pa, €
Py P, be an element such that p; € Py for i odd and p; € Py for i even and p; # 1
for 1 < i < n. Then, as an element of Pl Py C G X Ga, p = (f, p<an) where

D<on = D2P4...Pan and
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D1 th‘ = 1G2
D3 if h = po
Ds if h = papy

P2n—1 Zf h = pa...pan—2

1 otherwise

\

Proof. By elementary algebra, we may rewrite the product p = p1paps...po, as:

D = p1paps--Pan = D1(Papspa ). (PaPa---Dan—2Don 1D o--D5 Dy ) (Papa---Pan)

With the shorthand that p<gp = 1y and p<g; = pops...pa; for 1 < i < n, we then

have that

p= [(Pgoplp;(l))(p§2psp§)(p§4p5p;1;)---(p§2n—2p2n—1p;5n,2)] P<on-

Let f = (p<op1p=p) (P<2psp<s) (P<apsp<y)---(P<2n—2P20-1P<3,_3) be the bracketed

term, so then p is represented in sz X Go by (f,p<on). It then suffices to show that
f assumes the values as claimed.

Recall that for ¢ odd, p; is embedded as p;d;,, and for 7 even, p; is embedded
as an element of Go. By the calculation in the above remark, we then have that
pgm‘Pzin;%i = P<2i (P21+151H)p;§¢ = P2it10p_y;, 80 f = (P16p_o) (P30py) -+ (P2n—10p sy, _,)-

Note that p<sito = Dp<2iP2it2, and since py;o > 1 for 0 < ¢ < n — 1, we have

that p<o; < p<oiyo for 0 < i < mn — 1, and in particular the p<y; are distinct (except
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pOSSibly that P<on—2 = p§2n)-

Since the {p<o, ..., p<an—2} are distinct, then by the above remark, we know that

f = (pl(spgo) (p35p§2 ) e (an*15pg2n72)

is the unique representation of f as a product of g;0,, (except possibly that the pid,_,

term is equal to 1), so

D1 it h = p<o

Ps3 if h = P<2

Pon—1 it h = P<on—2

1 otherwise

as desired.

]

Proposition 3.2.17. Let (G1, P1), (Go, P2) be two ordered groups. Let ¢ denote
the natural homomorphism from Gy x Gy onto Gy Gs. If p,q € P := P, x P, and

o(p) = »(q), then p = q.

In particular, ¢ is a strong reduction of G1 x Gy onto G111 Gs.

Proof. Since p,q € P, then by Lemma we may write p = pips...pa, where p; is
in P if 7 is odd, and in P; if 7 is even, and all p; # 1 for 1 < i < n. Similarly, we may
write ¢ = q1qs...qa;, Where ¢; is in Py if ¢ is odd, and in P, if 7 is even, and all p; # 1
for 1 <i<m.

Now, by the previous Lemma, we may write ¢(p) = (fp,P<2n) and ¢(q) =

(fq> C]§2m) where P<2i = P2P4---P2iy 4<2i = G244-.--G2i,
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(pl if h=1g, (ql if h =1g,

Pp3 if h = py g3 it h=qo

Ps if h = paps a5 if h = q2q4
fol) =8 and f,(h) =

Pon-1 it h = pa..pan 2 Gm-1 M h=q..qam2

\ 1 otherwise \ 1 otherwise

Since ¢(p) = ¢(q), then f, = f,, sop1 = 1. Furthermore, {p2, popu, ..., P2...Dan—2} =

supp(fp) \ {1} = supp(fy) \ {1} = {¢2, @24, ..., 2...q2am—2}, and these sets are strictly

increasing sequences, so it must be that n = m and py = @2, paps = ¢2q4, and
so on. By cancelling common terms, we get that py; = ¢9; for 1 < ¢ < n. Re-
turning to our expressions for f, and f;, we can now compare their values at py =
G2, P2Ps = G2q4, etc to get that ps = ¢3,p5 = @5, and so on. Finally, recall that
(fpsP<2n) = ©(p) = ©(q) = (f4,q<2n) 50 p<an = g<2, and by cancelling the common
factor of ps...pop—2 = q2...q2,—2, We have that po, = qa,,.

Thus for all 1 <17 < 2n, we have that p; = ¢;, so p = ¢, as desired.

For the “in particular”, by Corollary it suffices to show that ¢ is a bijection
of P, x P, onto P;! P,. It is immediate that ¢ is surjective, and by the previous part
of the proposition it must be injective. Thus ¢ is a bijection of P, x P, onto P P,

so  is a strong reduction as desired.

We have done the hard work already, so we may now reap our rewards:
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Proposition 3.2.18. Let (G, P), (H,Q) be ordered groups, and suppose that G and
H are amenable. Then the natural homomorphism ¢ : (GxH, PxQ) — (GUH, P1Q)

1s a strong reduction to an amenable group.

Proof. By Propositon [3.2.17, ¢ is a strong reduction. By Lemma [3.2.15] G ¢ H is

amenable, so ¢ is a strong reduction to an amenable group.

And combining this with a previous result gives:

Corollary 3.2.19. The class of ordered groups which reduce to an amenable group

15 closed under finite free products.

Proof. 1t suffices to check two-term free products. Suppose that (G, P;) and (Ga, P»)
are ordered groups with reductions ¢1, g2 to amenable groups (Hy, Q1) and (Hs, (Q)2)
respectively. Let G = Gy x Gy, P = Py x P, H = Hy * Hy, and Q = Q1 x Q5.

Now by Lemma[3.2.12]there is a reduction ¢ of (G, P) onto (H, Q). By Proposition
, since (H, Q) is the free product of two amenable groups, then there is a strong
reduction ¢’ : (Hy*x Hy, Q1% Q2) — (HiUHs, Q11Q2) where Hq! Hy is amenable. Then
Yo (G,P) — (F,R) is a composition of reductions, hence a reduction by Lemma

3.2.1 and since its range is amenable, (G, P) reduces to an amenable group. O

3.3 Summary

To summarize our results on reductions to amenable groups:

Theorem 3.3.1. The class of ordered groups which have (strong) reductions onto
amenable groups contains all amenable ordered groups and is closed under hereditary

subgroups, finite direct products, and finite free products.
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Proof. If (G, P) is an ordered group with G' amenable, then ids : (G, P) — (G, P)
is a reduction to an amenable group, so every amenable ordered group contains a
reduction to an amenable group.
We’ve seen that this class is closed under hereditary subgroups in Corollary [3.2.6]
direct products in Lemma [3.2.9] and free products in Corollary [3.2.19]
O

Corollary 3.3.2. Let G =Z? xZ and P = N*> xN. Then (G, P) strongly reduces to

an amenable group.

Proof. By Proposition [3.2.17, (Z? * Z,N? % N) strongly reduces to (Z? Z,N? I N),
which is amenable by Lemma |3.2.15] O

Although the theory we have developed gives a rich class of examples of groups
which reduce to amenable groups, there are still many open questions worthy of

exploration:

Question 3.3.3. Are there any ordered groups that reduce to an amenable group, but

do not strongly reduce to an amenable group?

Question 3.3.4. Is the class of ordered groups which reduce to amenable groups
closed under other group theoretic constructions (direct limits, HNN extensions, amal-

gamated free products, graph products, etc)?

For the latter question, we would conjecture that the answer is yes, and that this

should follow from this class being closed under quotients by “positive relators”:

Conjecture 3.3.5. Let (G, P) be an ordered group. Let p1,ps € P be incomparable
(meaning p1 £ pa and py 2 p2), and let N denote the normal subgroup of G generated

by pipy*. Then:
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a. If (G, P) reduces to an amenable group, then (G /N, P/N) reduces to an amenable

group.

b. If (G, P) strongly reduces to an amenable group, then (G/N,P/N) strongly

reduces to an amenable group.

Of these two sub-conjectures, (b) seems more plausible: one could imagine “car-
rying the quotient forward” into the reduction. However, attempting that in the case
of a non-strong reduction of (a) seems more difficult. For instance, we've seen that
(Fy, P,) reduces to (Z,N), and taking p; = ab, p» = ba results in the relator ab = ba,
so Fy/N = 72 and P,/N = N? but (Z* N?) does not reduce to (Z,N) or any quotient
thereof. While (Z?,N?) reduces to a different amenable group (itself), it is not clear

in general how one would avoid this type of issue.
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Chapter 4

Gauge-Invariant Uniqueness for P-graphs

In this section, our goal is to prove a gauge-invariant uniqueness theorem for P-graphs:
there is exactly one representation of a P-graph which is A-faithful, tight, and has
a gauge coaction. However, we will show in Lemma that the gauge-invariant
uniqueness theorem can fail in general, so we require an additional hypothesis. That
additional hypothesis is that (G, P) can reduce to an amenable ordered group, and
we will prove a gauge-invariant uniqueness theorem for such P-graphs in Theorem

4.4.2

4.1 A Co-Universal Algebra

In this section, we will prove a weaker form of a gauge invariant uniqueness theorem
which says that there is exactly one representation of a P-graph which is A-faithful,
tight, and has a normal gauge coaction. This result is a slight generalization of [3),
Theorem 5.3| to the context of weakly quasi-lattice ordered groups.

To prove this, we define and study the balanced algebra of a representation, cul-
minating in Theorem [4.1.15] which classifies the balanced algebras of a graph.

To give a brief summary of the argument:

1. Use the structure of “infinite paths” in A to construct a tight, A-faithful repre-
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sentation called the ultrafilter representation f.

2. For a representation ¢, we define the balanced algebra B(t) = span{t,t} : d(u) =
d(v)} (Lemma [4.1.7). If there is a gauge coaction on ¢, there is a conditional

expectation ®, : C*(t) — B(t) which is given by

ttr it d(p) = d(v)
By(t,t7) =4 ,

0 otherwise

and this conditional expectation is faithful if and only if the gauge coaction is
normal (Lemmal4.1.8)). We define a balanced covering to be a map ¢’ : B(t) —

B(s) given by t,t} — s,s5.

3. Recalling that T denotes the Toeplitz representation of A from Definition [2.5.8]
in Theorem [4.1.15 we show that ker)/ is generated by the “bolts” and range
projections it contains. Using this, we show in Lemma [4.1.16| that any tight

representation is balanced covered by any A-faithful representation.

4. In Lemma |4.1.21| we show that in the presence of appropriate coactions, we can

lift a balanced covering to a covering of the entire algebras.

5. Finally, we show in Theorem that there is a unique tight, A-faithful
representation with a normal gauge coaction, and that this representation is
co-universal for A-faithful coacting representations in the sense of [3 Theorem

5.3].

4.1.1 The Ultrafilter Representation

In this subsection, we construct the ultrafilter representation f of a P-graph A, and

demonstrate that it is A-faithful and tight. This construction follows the one in [3]
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Section 3] and is included here for completeness.

Definition 4.1.1. Let (G, P) be a WQLO group, and A a finitely aligned P-graph.
Recall that A has a partial order given by a < 3 if f € al.

A filter of A is a nonempty subset U C A such that:

(F1) If p e U and X\ < p, then A € U

(F2) If u,v € U, there exists a A € U such that p < X and v < \.

Given a filter U, it is nonempty so it contains some p. By F1, r(u) € U, and by
F2 since no distinct vertices have a common extension, then r(u) is the only vertex
in U. Therefore, for any p,v € U, r(u) = r(v), so we write v(U) for this unique
vertex.

A ultrafilter of A is a maximal filter. We denote the set of filters by A and the set

of ultrafilters by //ioo.
Lemma 4.1.2. Every filter is contained in an ultrafilter.

Proof. The proof is a standard Zorn’s Lemma argument: fix a filter U, and let /A\U =
{V € A:UC V}. We will show that Ay contains a maximal element by Zorn’s
lemma, and that this maximal element of /A\U is also maximal in A.

To apply Zorn’s Lemma, we must check that Ay = {Ve A:UC V'} is nonempty
and that chains in /A\U have an upper bound in /A\U. The former is immediate since
U € Ay. If Cis a chain in Ay, then let W = J,., V, which we will show is a filter.
To check F1, if p € W and v < p, then p € V for some V € C, so v € V and thus
v e W. To check F2, if y,v € W, then u € Vi, v € V; for some Vi, V5 € C. Since
C is a chain, either V; C V5 or V5, C Vj. Without loss of generality assuming the

former, we have that u, v € V5, so there is some A € Vo, C W with pu, v < X as desired.
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Since W also contains U, then W & /A\U, so by Zorn’s Lemma KU contains a maximal
element U..

Finally, we will show that U,, is an ultrafilter, meaning that we will check that
U is maximal in A. If it were not, there would be some V' 2 U, D U, but then we'd
have V € KU, so U, was not maximal in _/A\U, a contradiction. Thus Uy, is indeed
maximal in /A\, so Uy € /A\oo as desired.

]

Lemma 4.1.3. Let U be an ultrafilter, and suppose p € U, E C ul, and that E is

exhaustive for pA. Then ENU is nonempty.

Proof. We split into two cases: U is finite and U is infinite. If U is finite, it has a
greatest element w by F2. Since p < w, then w € pA, and since F is exhaustive
for puA there is some o € E with MCE(a,w) # (. That is, we can find some
p € MCE(a,w), so define U = {v : v < }. Then U’ is a filter containing U, and
since U was an ultrafilter then U’ = U. Thus § € U and by F1, a < 8 € U, as
desired.

Suppose instead that U is infinite. Since A is countable, so is U, so let give U an
enumeration U = {vy, 1, ...} and without loss of generality suppose p = v1. By the
F2 property, for each n € N, we may choose an 7, such that n, ; <7, if n > 1 and
v; <y, for all 1 <4 < n. Then in particular {n, },en is a rising sequence of elements
of U such that n, € puA for all n, and by the F1 property A € U if and only if A < n,
for some n. Finally, we may assume that the sequence {n, }nen is strictly increasing
by passing to a subsequence.

Now, for each n,, since 1, € pA and F is exhaustive is uA, there is an «,, € F
such that 7, has a common extension with «a,,. But E is finite, so one o € E must

appear infinitely many times in the sequence {a;, }en. Thus there are infinitely many
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n with M CE(n,, «) nonempty. Our goal now is to show that « € U by constructing
a potentially bigger ultrafilter that contains «, but since U is already an ultrafilter it
must be that « is already in U.

To this end, for i < j, if A\ € MCE(n;,«), we can factorize A = (¢’ where
d(¢) = d(n;) V d(«), which implies ( € MCE(n;, «), and therefore A € (A for some
¢ € MCE(n;,«). Thus

MCE(@m;,0) = |J  [MCE(n;,a) N¢Al.

CEMCE(n;,o)

Considering i as fixed but taking the union over all j > i, we have that

U]\/[C’E('r]j,a) = U U [MCE(n;,a) N¢A]

j2i JZi \CEMCE(n;,a)

— U (U MCE(n;,a) N §A>

CEMCE(n;,a) \j=i

Since infinitely many MCE(n;, «) are nonempty and the sequence {n,}nen is
strictly increasing, the lefthand side is infinite, and thus the righthand side must have
one of the terms szi MCE(n;,a)NCA being infinite. In particular, when ¢ = 1, there
is some (; such that MCE(n;,a) N (1A is infinite. Then we may repeat a version of

this argument: we have

UJMCEm,a)nca= | (U MCE(n;,a)N¢AN ¢1A>

7>2 CEMCE(n,0) \j>2
so one of the terms (J;., MCE(n;,a) N (AN ¢ must be infinite, so we take ¢y to
be the element of MCE(ny,«) giving that infinite term. Next, since (; < (o then

GANG = GA, and we may repeat this process inductively.
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In this way we create a sequence {(, }nen with ¢, € MCE(n,, ) and ¢, < (, for
all n. Finally, let Uy, = {\ : A < (, for some n € N}. Then it is immediate to verify
that U, is a filter. Furthermore, if A € U, then A < 1, for some n, so A < n, < (,,
so A € Uy,. That is, U C U, but U was an ultrafilter, so it must be that U = U.
Since a < (7, then o € U, = U, as desired.

In either case, we have shown that there is some o € ENU. O
The following result is |3 Lemma 3.4]:

Lemma 4.1.4. Let (G, P) be a WQLO group, A a finitely-aligned P-graph, A € A
and let U and V' be filters. If r(U) = s(\) and if X € V', we define

AU = U{agx\,u} and

pnelu

NVi={peA: peV}

Then X\ -U and X* -V are filters and if U and V' are ultrafilters, then so are A - U
and \* - V. Finally, \* - (A-U)=U and A- (\*- V)=V,

We are now ready to define our A-faithful tight representation by letting A act by

translation on its set of ultrafilters:

Lemma 4.1.5. Let (G, P) be a WQLO group, and A a finitely-aligned P-graph. For

o~

A € A, define an operator f\ € B(*(Ay)) by

exv ifr(U) =s(A)
frev = .
0 otherwise
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Then f is a representation of A which is A-faithful and tight. We call f the

ultrafilter representation.

Proof. Defining the operators f), as given above, a typical inner product argument

ext.V ifAeV
shows that fiey =

0 otherwise

To check the T1 operator, it is immediate that if v € A°, then f, is a projection,
namely a projection onto the subspace spanned by the set of ultrafilters containing
v. To show that the {f,},epr0 are orthogonal, first note that this family commutes,
and fix distinct v,w € A°. For any ultrafilter U, r(U) is the unique vertex contained
in U, so either v € U or w ¢ U. In the former case, f,f,ey = 0 and in the latter case
fofwer =0, so in either case f,f, = fufo = 0.

The T2 operator is immediate.

The T3 operator is immediate from the previous lemma.

For the T4 operator, observe that f)f} is projection onto the ultrafilters contain-
ing A. Therefore, f,f}f,f, is projection onto the ultrafilters containing y and v. By
the F2 and F1 properties, such an ultrafilter would contain some A € MCE(u,v). In
fact, it would contain exactly one such term, since if it contained two distinct Ay, Ay €
MCE(u,v), by the F2 property it would contain a common extension of A; and A,
but no such extension exists by the uniqueness of factorizations. Thus the set of ultra-
filters containing ;1 and v is precisely the disjoint union of the ultrafilters containing

a A€ MCE(u,v). As operators, this is to say that f,.f:f. f; = Z Ix.
AeMCE(p,v)
Thus f is indeed a representation.

To show that f is A-faithful, fix some A € A. Since {s(\)} is a filter, then by
Lemma [4.1.2 there is an ultrafilter U containing s(\), in which case r(U) = s(\).

Then, fy-ey =exv # 0,50 fr #0.
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To show that f is tight, fix some u € A and E C puA which is finite and exhaustive

for uA. Let B = H(fuf: — faf2) be the corresponding bolt (see Definition [4.1.10)).

acl
We’ll now show that for any ultrafilter U, Bey = 0, and this implies that B = 0 as

desired.

First, if U does not contain p, then it also does not contain any of the a € E, so
fufnev = 0= fofreu, and thus Bey = 0.

If instead U does contain p, by the previous lemma, then U contains one of the

acF.

Then, since pu,a € U, fufrev = ey = fofaU, so Bey = H(fuf; — fafi)eu = 0.

aclE
We have now shown that Bey = 0 for all ultrafilters U, so B = 0 as an operator

in B(2(As)). Thus f is tight.
0

Since the ultrafilter representation is A-faithful and tight, it is natural to ask if
it also has a gauge coaction. The answer is often no, as we will show in the next

example.

Example 4.1.6. Let (G, P) be a WQLO group, and suppose that P is directed, mean-
ing that any two elements of P have a common upper bound. Fxamples of directed
positive cones include N* and any total order. Then letting A = P, A itself is a filter,
so N is the unique ultrafilter. Thus /AXOO = {A}, so the ultrafilter representation is
gwen by f, =1 for all p € A. In particular, the ultrafilter representation fails to have
a gauge coaction if there are distinct p,v € A = P, since such a coaction 6 cannot

send f, = f, to the distinct elements f, @ Uy, and f, @ Ug).
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4.1.2 Balanced Algebras and Balanced Coverings

We will now discuss a particularly nice AF subalgebra of a P-graph algebra. Our
approach in this section mimics [3 Section 4], although we use slightly different

notation.

Lemma 4.1.7. Let (G, P) be a WQLO group, A a finitely-aligned P-graph, and t a
representation of A. Then B(t) = span{t,t} : d(u) = d(v)} is a closed x-subalgebra
of C*(t). We call B(t) the balanced (sub)algebra.

Proof. Tt is immediate that B(t) is a closed x-invariant subspace, so it suffices to
check that it is closed under multiplication. To this end, suppose ,t;,t,t; satisty
d(p) = d(v) and d(«) = d(3). Then,

() (1al}) = () (1t (1)

= (i) Y, tt)(tath)

AeMCE(v,a)

- Z tu-10)T5(-1x)
AeMCE(v,a)

where v\ denotes the unique path such that v(r~'A) = X\ and similarly o'\

denotes the unique path such that a(a™'A) = A. Then note that

d(p(v='\)) = d(p)d(v) " d(A) = d(A) = d(a)d(8)d(A) = d(a(57N))

so the product is in B(t) as desired. O
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In the following lemma, we rephrase Lemma [2.3.12] for the context of a gauge

coaction on a P-graph C*-algebra:

Lemma 4.1.8. Let (G, P) be a WQLO group, A a finitely-aligned P-graph, t a rep-
resentation of A and suppose t has a gauge coaction §. Then there is a conditional

expectation O, : C*(t) — B(t) such that

Gty ifd(u) = d(v)
Q. (t,t)) = )

v

0 otherwise
Proof. Let A = C*(t). For any p,v € A, observe that d(t,t}) = t,t5 @ Ug(uyaw) -1, 50
tuty € Aggyaw)-1- Then t,t) € A, if and only if d(u) = d(v), so B(t) = A..
Let ®; : C*(t) — B(t) be the conditional expectation arising from Lemma [2.3.12]
If d(p) = d(v), then t,t;, € A., and ®, fixes its range space, so ®.(t,t}) = t,t;. If
d(p) # d(v), then t,t;, € A, for g = d(p)d(v)™" # e, and by Lemma 2.3.12 @,
vanishes on all A, for g # e, so ®,(t,t}) =0, as desired.

]

Recall from Definition [2.3.13| that ®, is a faithful conditional expectation if and

only if § is a normal coaction.

Definition 4.1.9. Let (G, P) be a WQLO group, A a P-graph, and s,t two rep-

resentations of A. Let us say that a balanced covering is a (necessarily surjective)

x-homomorphism ¥t : B(t) — B(s) given by

¢§ (tutD = 8.5,

for all p,v € A with d(p) = d(v).
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If such a x-homomorphism exists, we will write t >, s. It is immediate that >y
1s reflexive and transitive, but it may not be a partial ordering since it may not be
antisymmetric (that is, there may be two representations whose balanced algebras are
isomorphic, but which are not canonically isomorphic as representations). If t >py s
and s >pq t, we will write t =y s, and say that their balanced algebras are canonically

1somorphic.

When there may be ambiguity between a balanced covering a canonical covering,
we will write >,, to clarify that we mean a canonical covering of the full P-graph C*-
algebra. Note that a canonical covering gives rise to a balanced covering by restricting
the canonical covering to the balanced algebra. That is, ¢ >,., s implies t >4 s. The

converse can fail, but we prove a partial converse in Lemma 4.1.21]

4.1.3 The Kernel of ]

This section is devoted to proving the following fact which is our Theorem [4.1.15}
letting 7 denote the Toeplitz representation from Definition [2.5.8] then for any rep-
resentation ¢, ker] is generated (as an ideal) by the “bolts” (see Definition
and 7,7, it contains. This is our analogue of [3, Theorem 4.9], although slightly
generalized to allow the ker )/ to contain 7,7".

This result is highly involved in the sense that the proof is many times longer than
the statement. The key to the argument is to show that the property “kerw/ N A
is generated by the bolts and 7,7, it contains” is preserved under direct limits, and
that this property is true for a dense collection of subalgebras A C B(7). This will

take several lemmas to establish.

Definition 4.1.10. Let (G, P) be a WQLO group, let A be a finitely aligned P-graph

and let t be a representation of A. We will say that a bolt in C*(t) is an element of
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the form

H (tutz - tat:y)

aeE

where p € A and E C pl is finite and exhaustive for uA. We say it is a proper bolt

if EC s(p)A\ s(p).

The term “bolt” comes from a tortured metaphor: a representation is tight if all

of its bolts are fastened down (i.e. equal to 0).

Lemma 4.1.11. Let (G, P) be a WQLO group, let A be a finitely aligned P-graph,
and let t a representation of A.

Let {A,}nen be an increasing sequence of subalgebras of B(T), and let A =
m. Suppose that for each n € N, kery] N A, is generated by the bolts and

7.7 it contains. Then ker Y] N A is generated by the bolts and T. T} it contains.

Proof. Let J = ker )] N A which is an ideal in A, and let I denote the ideal generated
by the bolts and 7,7 contained in .J. Certainly I C J, and it suffices to show I = J.

By [5, Lemma I11.4.1],

J=Jn4,)

neN

But note that JN A, =kery)] N AN A, =kery] NA,, so JN A, is generated by
the bolts and 7,7, it contains. Such a bolt or 7,7 is certainly in J 2 J N A,, and

thus J N A,, C I, and taking the union and closure, we have

I2Jn4a)=1J

neN

so I = J as desired.
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We will now build towards our dense family of subalgebras.

Definition 4.1.12. Let (G, P) be a WQLO group, let A be a finitely aligned P-graph,
and let S C A. We will say that S is MCE closed if for all p,v € S, MCE(u,v) C S.

We will say that S is substitution closed if for all p,v € S with d(pn) = d(v) and

s(pu) = s(v), and for all a € A, we have that pa € S implies v € S.
For S C A, we will write D(S) = {d(p) : p € S}.

As we will see in the next lemma, the condition that S is MCE closed and sub-
stitution closed is the correct condition in order to make Ag = span{7,7, : p,v €

S,d(u) = d(v)} a subalgebra of the balanced algebra.

Lemma 4.1.13. Let (G, P) be a WQLO group and let A be a finitely-aligned P-graph.
For each S C A, let Ag =span{7,7,) : p,v € S,d(n) = d(v)}. Then:

1. If S is MCE closed and substitution closed, then Ag is a closed *-subalgebra of
B(T).

2. If S is MCFE closed and substitution closed, and D(S) = {d(u) : u € S} contains
a minimal element m, then S = {pu € S : d(pn) # m} is MCE closed and

substitution closed.

3. Let S, D(S),m, and S’ be as above. For any representation t of A, if u,v €
A"NS ={X € ANS : d(\) = m} with s(u) = s(v), thent,t; € ] (Ag/) implies
that either t, = 0 or there is a finite set E C pA NS’ which is exhaustive for

A\ such that the bolt B = H(tutz — tall) is equal to 0.
ack

Proof. (1): It is immediate that Ag is a closed *-invariant subspace of B(7). It then

suffices to check that it is closed under multiplication. If 7,7, 7,75 € Ag, then
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(TLTNTTE) = (TT7) Y. TI(TT5)

ANeMCE(v,a)

- Z Tuw=0Tags-13)-

AeMCE(v,a)

Note that since S is MCE closed, then each A € MCE(v,«) is in S, and since
S is substitution closed, then pu(v~'A),a(f~'A) € S. Thus (T, T))(TaT5) € As, as
desired.

(2): Given p,v € S’ MCE(u,v) C S since S is MCE closed, and for A €
MCE(u,v), we have d(\) > d(p) # m, so d(\) # m, so A € S'. Similarly, given
W, pe, v € S" with d(p) = d(v), we have that va € S since S is substitution closed,
but d(va) = d(pua) # m, sova € S'. Thus S’ is MCE closed, and substitution closed.

(3): Suppose that t,t;, € ¢/ (Ag/) = span{tath : o, f € &', d(e) = d(5)}. Then
there is an element of span{t,tj : o, 8 € S’ d(a) = d(B)} within a distance of 1 of
t,ty, which is to say. there are ¢; € C and «y, 5; € S" with d(«;) = d(5;) such that
writing « = ¢t} — Z Cita;ts,, then [|z]| < 1.

i=1
Now, let y = t,t;z, we have ||y[| < [t ]I” - ||z]| < 1, and

n
y =ttt (tut; - Zcitait};)
=1
= tuth =Y citutita,t],
=1
= tut; — Z Z Citalg(a—12)

=1 Ae MCE(oy,p)

N
= tuth =Y citaty,
j=1
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where the last line is simply relabelling the previous line. Note that the sum is still
indeed finite since A is finitely aligned. Also, since S is substitution closed and MCE
closed, then \;,m; € S for all j. Since d();) > d(a;) # m and m was minimal, then
d(A\;) # m and thus A\; € S’. Also, \; is a common extension of p and some «;, so
Aj € pA.

Now let E' = {\y, ..., Ax}, which is finite and satisfies £ C pAN S’ by our previous
remarks. Suppose for the sake of contradiction that £ were not exhaustive for pA.
Then there would be some v € pA such that MCE(y, ;) = 0 for all a; € E. Then,

1)yl < It llyll < 1, and

N
(tvti)y = (tvti)(tut; - Z Cjt)\jtm)
j=1

= Lttt

since each MCE()\;,y) = 0 for 1 < i < N. Next, since v € puA, then v = py’ for

some 7" € A, so we may simplify this expression to

() (b)) =ty ottt = tyoith,

which is a partial isometry. Since partial isometries have norm either 0 or 1, and

we've seen it has norm less than 1, we have that 0 = t,,t;_,, and since s(uy') =

s(u) = s(v) = s(vy'), we have 0 = ty(uuy) = tsu) = t,tu = t,, showing that either £
is exhaustive or ¢, = 0, as desired.

Finally, we wish to show that B = 0, where B is the bolt B = H(t#tz — 0ty).

\EE
To this end, we will make a similar argument that By is a partial isometry of norm

less than 1, so it must be 0. The latter is immediate: ||By| < ||B] - [ly|]| < 1. Now
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let us simplify the expression By:

7j=1
N N
= Btyt; - ¢ (H(t“t; - %Q)) ta,tn;)
j=1 k=1
N N
==B%ﬁ—E)HOIWﬁ—UJw>«%ﬁ—%ﬁﬁMﬁM
=1 \k#j
N
= Bty —> 0
j=1
— Bt}

where the main simplification occurs since (¢,t;, — tx;3 )ty =ty — £y, = 0.
Thus By = Bt,t}, so it is again a partial isometry of norm strictly less than 1,

v

and thus By = 0. Finally, since Bt,t;, = 0, then

0 = (Btut,)(Btut,)
= Bt,tit,t,B

= Bt,t.B

*

and recalling that B is a subprojection of ¢,

we have that 0 = B, completing the
proof of (3).

]

The next lemma shows that a sufficient collection of Ag have the property that
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Ags Nkert)/] is generated by the bolts and 7.7, s it contains.

Lemma 4.1.14. Let (G, P) be a WQLO group and let A be a finitely-aligned P-graph.
For each S C A which is MCE closed and substitution closed, let As = span{7,7, :
w,v € S,d(p) = d(v)}. Lett be a representation of A, and let 1] : B(T) — B(t)
be the balanced covering. If D(S) = {d(n) : u € S} is finite, then keryy] N Ag is

generated (as an ideal) by the bolts and T, Ts it contains.

Proof. Given a MCFE-closed and substitution closed subset S C A, let Jg denote
ker @Z)tT N Ag, which is an ideal in Ag. Let Is denote the ideal in Ag generated by the
bolts and 7,7,'s contained in Js. Then certainly I5 C Jg, and our claim is equivalent
to proving that Jg/Is = 0.

We proceed by induction on |D(S)|. In the base case of |D(S)| = 0, the claim is
trivial since Ag = Jg = Ig = 0.

In the inductive case, suppose that |D(S)| > 0, and that the claim is true for all
D" with |D’| < |D(S)|. Since D(S) is finite, it has some minimal element m. First
consider the case where S™ = { € S : d(u) = m} is finite. Note that S™ is itself
substitution closed and M C E-closed and that Ag = Ag + Agm.

Fix some x + Ig € Js/Ig, in which case x € Jg. Since x € Jg C Ag = Ag/ + Agm,
we may write x = x,, + x’, where z,, € Agm and =’ € Ag. Additionally, since Agm
is finite dimensional, then we may write x,, = Z ci'T, T, where d(p;) = d(v;) = m
for all 7. There are potentially many such repreisziltations of x + Ig as xp, + 2’ + Is.
We will assume without loss of generality we have chosen the decomposition with the
fewest terms in the sum xz,, = Z ci Ty, T,;, and our goal is to show that in fact there

i=1
are zero terms in the sum and thus z,, = 0.
n

To this end, suppose for the sake of contradiction that z,, = Z c¢i'T.. T, has a

=1
nonzero summand, and without loss of generality that it is the first summand. That
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is, suppose ¢ 7,7, # 0.

Now,

(77417*) (7;17:;) = (Z MZT* +x > (7;17:)

- T (T,

Since o € Js C ker 1)/, by applying ker )] to both sides, we have that

0= Czt,ultzl + wzﬁ(<7;17;¢*1>x/<71-/17:;>>

so solving for ¢ we have

#11/7

but 2’ € Ag/, and Agm Asr C Agr, so the righthand side is an element of 17 (Ag). Now
by part (3) of Lemma [4.1.13| we have either ¢,, = 0 or there is a finite exhaustive
set £ C A with d(a) € S\ {m} for all @« € E, and such that the bolt B =

l_I(t,“t;1 — tat)) is equal to 0.
aclk

In the former case, 7,7 € Is, so taking y = (T, 7,)T,T,); = 1T, T, we

H1 T

have y € Ig, so x + Is = (z,, — y) + 2’ + I5 is a decomposition with one fewer terms

in the sum z,, — y, a contradiction. In the latter case, H (Toa T, — TaTy) is a bolt
ackE
in kerm/, so By = H(ﬁl’n*l —T.7T;) € Is. Let y = BT, 7, and then we may
ack
write x + Ig = x,,, — y + 2’ + Is which will have zeroed out the 17y, T, summand in

the x,, term (while possibly adding more terms to the 2’ part, which is acceptable),
again a contradiction.

In either case, we found a contradiction with x,, being the representative with the



94

fewest summands. Thus x,, had no terms in its summation, and thus x,, = 0. That
is to say, * = x,, + ' = 2/, where 2’ € Ag, and therefore x € Ag N kertT = Jg. By
the inductive hypothesis, since D' = {d(u) : p € S’} = D(S) \ {m} has fewer terms
than D(S), we have that Js» = Ig so z + Ig € I + Is = Ig, so Js C Ig, as desired.

Now in the case that S™ is not finite, we let F}, be an increasing sequence of finite
subsets of S™ with S™ = J F,, in which case S'UF,, is MCE closed and substitution-
closed, so the previous case applies to Agyp,. But Ag = m, and so the

general case follows from Lemma [4.1.11} O
We can now add a second dash of Lemma [4.1.11| to get our desired result:

Theorem 4.1.15. Let (G, P) be a WQLO group and let A be a finitely-aligned P-
graph. Lett be a representation of A, and 1] : B(T) — B(t) be the balanced covering.

Then ker )] is generated (as an ideal) by the bolts and T.7Ts it contains.

Proof. As above, for any S C A, let D(S) = {d(p) : p € A}. Note that taking a
substitution preserves the degree of a path, and taking minimal common extensions
of paths can take joins of degrees (that is, replace paths of length p and ¢ with paths
of length p Vv q). Therefore, if F* C A and S is the set of all paths in A obtained by
taking substitutions and MCEs of F', then D(S) C {p1 Vpa V...V p, : p; € D(F)}.
In particular, if F is finite, then |D(S)| < 2/Fl < 0o, so any finite F' C A is contained
in a set S C A which is MCE closed and substitution closed and for which D(S) is
finite.

Since A is countable, we can enumerate the elements as A, Ao, .... For each n € N,
let F,, = {A1,..., \n}, and let S,, denote the set of all paths in A obtained by taking
substitutions and MCEs of F,,.

Then S, is substitution closed and MCE closed and by the above argument,
D(S,) < oc. Therefore, by Lemma [4.1.14] kerv)/ N Ag, is generated by the bolts and
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7.7, it contains.

But recall that B(T) = span{7,7, : d(u) = d(v)}, and for any p,v € A with
d(pn) = d(v), since we have an enumeration, there exists some m,n € N with p =
Am, V' = Any 80 [,V € Fraximm) C Smax(mm)s 50 T, T, € Ag

UnEN Asn .
Then by Lemma [4.1.11} ker¢)/ N B(T) = kert)/ is generated by the bolts and

Thus B(T) =

max(m,n) "

’7;7;* it contains. O

The above result classifies ideals in the balanced algebra B(7), and when combined
with the Factors Through Theorem (Lemma [2.2.1]) shows that two balanced algebras
are isomorphic if and only if they have the same set of bolts and range projections

which are set equal to 0. We make use of this fact in the following lemma:

Lemma 4.1.16. Let (G, P) be a WQLO group, A a P-graph, and let s and t be two

representations of (G, P). Then

1. If t is tight and s is A-faithful, then t <py s.

2. If t and s are both tight and A-faithful, then t =y s.

Proof. For the first claim, let 7 denote the universal representation of A. Then,
there are balanced coverings ! : B(T) — B(s) and ¢/ : B(T) — B(t). We wish
to use the Factors Through Theorem (Lemma to conclude there is a balanced
covering ¢; : B(s) — B(t) given by s,s} — t,t;, which we can do if and only if
ker ¢y C ker )] .

By Theorem ker 1] and ker ] are generated by the bolts and 7.7, they
contain. Since s is A-faithful, its kernel contains no 7,7 (and possibly some bolts),
and since t is tight, its kernel contains every bolt (and possibly some 7;7;*) Thus

ker @DST C ker w;r , 80 t <pu S as desired.
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For the second claim, by applying (1) twice, we have t <p,; s and s <py ¢, so

t gbal S. ]

4.1.4 Normalizations of Coactions

We will now touch briefly on the normalization of a coaction. For a more thorough

introduction, the reader is directed to [6, Appendix A.7]

Remark 4.1.17. Given a discrete coaction (A, G,0), define ja: A — A® CHG) by
ja = (idg ®7Y) 0§, which is a *-homomorphism.

Let A" = ja(A) =2 A/kerja. Then by Lemma A.55 and Definition A.56 of [G]
there is a coaction (A™, G, ") which is normal, and such that j4 is 6-0" equivariant,
meaning that 0" o ja = (ja ® idg) 0 d. We call (A", G,0™) the normalization of
(A,G,9).

Note that [6] uses a definition of normality which is equivalent to ours, but not
identical. Readers may wish to read [17, Lemma 1.4] for a proof of the equivalence of

the two definitions.

The following lemma is analogous to Lemma [2.5.11|but refers to a “normalization”
process for representations instead of a “coactionization” process. Note that while
coactionization made the representation larger with respect to <,,, normalization

will make the representation smaller.

Lemma 4.1.18. Let (G, P) be a WQLO group, and A a P-graph. Lett be a repre-

sentation of A with a gauge coaction 6. Then,

1. Letju : C*(t) — C*(t)" denote the quotient map taking the cosystem (C*(t), G, )
to its normalization (C*(t)", G, "), and for X € A let ty := ja(ty). Thent is a

representation of A.
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2. There is a canonical covering t — t.

3. The coaction 6™ on C*(t) is normal and is a gauge coaction.

4. t is canonically isomorphic to t if and only if & is a normal coaction.

5. There is a balanced covering ! : B(t) — B(t), which is a balanced isomorphism.
6. t is A-faithful (respectively, tight) if and only if t is.

Definition 4.1.19. We call the representation t the given in the previous lemma the

normalization of t.

Proof of [{-1.18. (1) The fact that ) is a representation is immediate since it is the
image of a representation under a homomorphism.

(2) ja is a canonical covering.

(3) 0™ is normal by construction. To show it is a gauge coaction, recall from Defi-
nition A.56 and Lemma A.55 of [6] that the canonical covering j is 6-6" equivariant,

meaning that 0" o j4 = (ja ® idg) 0 §. Then, for any p € A,

0"(t,) = 6"(ja(ty))
= (ja®idg)od(t,)
= (ja®ide)(t, ® Ug)

- f# ® Udu)

as desired.
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(4) By [I7, Lemma 1.4], a coaction is normal (in the sense of its conditional
expectation ® being faithful) if and only if j4 is injective, which is equivalent to j4
being a canonical isomorphism.

(5) The balanced covering ¢} exists because it is a restriction of the canonical
covering j4 from part (2). Since it is a balanced covering, it is surjective, so it
suffices to show ¢! is injective. To this end, recall that ¢f = ja | and that
ja = (idy @7¥)0d. Now for z € B(t) we have 6(z) = 2@ U,, s0 ja(x) = ((idg ®7Y) 0
d)(z) =x®L, = x®1. Then since ||| is a C*-cross norm, ||ja(z)| = ||z||- ||1]| = ||z|],
so v = 0 if and only if ¢i(z) = ja(x) = 0, as desired.

(6) Having proven (5), this is immediate: since tightness is a relation among
elements of the balanced algebra, t is tight if and only if 7 is tight. Similarly, ¢ is
A-faithful if and only if every ¢) # 0 if and only if every ¢3¢y # 0, which is a relation
among elements of the balanced algebra, so t is A-faithful if and only if # is.

]

Corollary 4.1.20. Let (G, P) be a WQLO group, and let A be a finitely aligned
P-graph. For any A-faithful, tight representation t of A, the normalization of the

coactionization of t is a A-faithful, tight representation with a normal gauge coaction.

Proof. Recall that ¢’ denotes the coactionization of ¢ as in Lemma [2.5.11] and let ¢
denoting the normalization of ¢’ as in Lemma [4.1.18, By those two lemmas, ¢ has a

normal gauge coaction, and since t is A-faithful and tight, so is v, m

4.1.5 The Co-Universal Algebra

The following result shows that a balanced covering extends to a covering of the entire

algebras in the context of a normal coaction:



99

Lemma 4.1.21. Let (G, P) be a WQLO group, let A be a finitely-aligned P-graph,
and let s and t be two representations of A. If s <pu t, s and t have gauge coactions,

and the gauge coaction on s is normal, then s <., t.

Proof. Our argument will make use of several functions, organized according to the

following diagram (which will commute):

T

CHT) s C*(t) =25 B(t)

| |
v~ 3wy

s

C*(s) 2 y B(s)

Here T denotes the universal representation of A, and 7] and 7/ are the canonical
coverings of C*(t) and C*(s) respectively. We wish to show the existence of the
canonical covering 7. The algebras B(t) and B(s) are the balanced subalgebras
as in Lemma and the maps ®; : C*(t) — B(t) and &, : C*(s) — B(s) are
the conditional expectations arising from Lemma [£.1.§f From that lemma, these

conditional expectations satisfy

Lty it d(p) = d) s i d(p) = dw)
Dy (t,t)) = and similarly ®,(s,s;) = :

0 otherwise 0 otherwise

Also note that by Definition [2.3.13] ®, is faithful because the gauge coaction on
s is normal. Finally, ¢! is the balanced covering that exists because t >, s.

We will now verify that this diagram commutes. That is, we will show that

t T T
Y,oPom, =dsom,) .
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Since C*(T) =span{7,7, : p,v € A} and all the maps are linear and continuous,
it suffices to check that the two functions agree on each 7,7,. To this end, we fix

some u,v € A, and we have

Plo®om[ (T,T)) = wio®y(t,t)
_ tuty if d(p) = d(v)

0 otherwise
sustif () = d(v)
0 otherwise
d
d

soml (T.T))

as desired.
We will now show that ker 7/ C kern/. To this end, suppose that = € kern/.

Then z*x € ker 7/, so

0 = ¢lodon (z*2)

ol (z*2)

and since 7/ (z*z) > 0 and @, is faithful, then we must have that 7/ (z*z) = 0, so

7/ (x) = 0, and thus x € ker 7/ as desired.

S

Thus by Lemma m (the Factors Through Theorem), there exists a map

satisfying 7/ = 7! o 7/, from which it is immediate that 7 is a canonical covering.
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Thus s <, t.

]

Now we may prove the main theorem of this section, which is a slight generalization
of [3 Theorem 5.3] from the context of quasi-lattice ordered groups to weakly quasi-

lattice ordered groups. We have also rephrased the result:

Theorem 4.1.22. Let (G, P) be a WQLO group, and let A be a finitely aligned P-
graph. If s is a A-faithful, tight representation with a normal gauge coaction, and t
is a A-faithful gauge-coacting representation, then s < t.

In particular, there is a unique representation S of A which is A-faithful, tight,
and has a normal gauge coaction, and S <t for any A-faithful gauge-coacting repre-

sentation t.

We write C?. (N) for C*(S), and call C,,,

(A) the co-universal algebra of the

graph.

Proof. Suppose that s was a A-faithful, tight representation with a normal gauge
coaction, and that ¢ was any A-faithful gauge-coacting representation. Since s is
tight and ¢ is A-faithful, by Lemma [£.1.16], s <y, t. Then since s has a normal gauge
coaction and t has a gauge coaction, by Lemma [£.1.21] s <., t.

To show the existence of such an S, recall that f denotes the ultrafilter represen-
tation from Lemma [{.1.5, which is A-faithful and tight by that lemma. By Corollary
, S = }v’ is a A-faithful, tight representation with a normal gauge coaction.

If t were another A-faithful, tight representation that had a normal gauge coaction,
then by the first part of the claim t <,., S and S <,¢, ¢, s0 t =, S. That is, S is

unique up to canonical isomorphism.
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4.2 The Tight Algebra

The following result is a relatively straightforward combination of the properties of

* ..(A) and the construction of a universal algebra (Lemma [2.2.2]).

min

Proposition 4.2.1. Let (G, P) be a WQLO group, and A a finitely-aligned P-graph.

1. There is a tight representation T of A which is universal for tight representa-

tions. We will denote the algebra generated by this representation as Cg;.ght(A).

2. There is a canonical covering 7§ = Cyipy(A) = Cry(A).

3. T is N-faithful.
4. T has a gauge coaction 6.

5. The gauge coaction d on C’;‘ight(A) is normal if and only if Tk is an isomorphism,

in which case C}; ,(A) = C i (A).

6. If 6 is normal, there is a gauge-invariant uniqueness theorem of this form: if

t is another A-faithful, gauge coacting, tight representation, then CY. (A) is

canonically isomorphic to C*(t).

Proof. For (1), the relators (T1)-(T4) and the tightness condition are all polynomial
relations in the generators, and (7'1) and (7'3) together imply that all the generators
are partial isometries, so by Lemmal[2.2.2] there is a universal C*-algebra for such tight
representations. Let us denote this representation by 7" and the algebra it generates
by C’t*ight(A)'

For (2), by Theorem the representation S which generates C},.(A) is a
tight representation, so by the universality of T, there is a canonical covering 75 :

lignt(N) = C7(T) = C*(5) = Cpin(A).
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For (3), by Theorem [£.1.221), S is A-faithful, so each Sy is nonzero, and since
7&(Ty) = Sy, then each Ty is nonzero as well.

For (4), let 7" denote the coactionization of 1" given by Proposition 2.5.11] By
part (7) of that proposition, since T' is tight, then 7" is also tight, and therefore by
the universality of T, there is a canonical covering Ty +— 1§ = T\ ® Uq(r), which is
the desired gauge coaction.

For (5),if S = T, then the gauge coaction on T is normal since the gauge coaction
on S is normal. Conversely, if the gauge coaction on T is normal, then by the
uniqueness part of Theorem , the canonical covering 7% is an isomorphism.

For (6), suppose that § is normal and ¢ is a A-faithful gauge coacting, tight rep-
resentation. Then by the universality of C}; ,,(A) = C*(T), T >, t (here we are
using the partial order notation of Lemma . Similarly, by the co-universality of

v in(A) = C*(S), t >, S. Finally, by (5) since § is normal, then 7' = S. Putting
these together, we have that S=T >,.,t >,,, 5,50t = S.

]

This is a pleasant result if § is normal, but there are examples arising from non-

amenable groups where ¢ is not normal:

Lemma 4.2.2. Let (G, P) be a group with a total ordering (meaning G = PUP™! in
addition to PN P~ = {1}), and let A = P, thought of as a small category with one
object and with degree functor idp. Then any tight representation t of A = P extends

tg ifge P

uniquely to a unitary representation t of G by t, = .
t;_l 'Lfg € P_l
Therefore, Cy;,,(A) = C*(G), and in particular the gauge coaction on Cy, ,,(A)

s normal if and only if G is amenable.
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Proof. Let (G, P) be a group with a total ordering, and let A = P, thought of as a
small category with the natural degree functor. Let ¢ be a tight representation of P.

We will first show that ¢, is a unitary for each p € P. For all p,q € P, max(p, q) >
P, q, so p and g have a common extension. That is, every p € P is exhaustive for P, so
by tightness, we have that 1 = t.t7 = ¢t} for all p € P. Since also tt; = tsp) =te = 1
by the (T3) relator, this says that the ¢,s are unitaries.

~ ~ tg itge P
Now, extend ¢ to ¢ on all of G = PU P~ by t, = , O equiva-
t ifge P!

lently ¢, = t, and £, = t; for p € P. We wish to show that # is a representation of

all of G. To this end, it suffices to check that it is a group homomorphism, and since
it extends a representation of P, it suffices to check that multiplication is correct for
one element in P and one element in P!,

To this end, suppose p,q € P. We have several cases depending on which products

are positive. If 1 < p~tq, then

tyity = Uity = tityty1g = th1g = ty1g

and if instead 1 > p~tq, then 1 < ¢~ !p, so

p—1lg = t;tq = (tqtqflp)*tq = t:;flpt:;tq = t;71p == l?pflq

For products the other way, if pg~! > 1, then

fpfq—l = tpt; = tpq—1tqt; =tlpg-1 = Lqu—l

while if pg~! < 1, then ¢p~! > 1, so
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tplgr = tpth = ty(typ1ty)" = tytits, o =11 1 =yt

2 pYqp
so in either case tyt,~1 = t,,-1. Thus ¢ is indeed a representation of G.
To show that ¢ is the unique extension of ¢ to a unitary representation of G, observe

that if £ were another such representation, then for all p € P, 1 = tpfpfl =tpty)-1, SO
since t, is a unitary we get that ) = fp—l, sot=t.

Thus the algebra generated by the universal tight representation 7' is the algebra
generated by the universal group representation. That is, C}; ,,,(A) = C*(G), and the
gauge coaction on C; ,,(A) is the standard coaction dg on C*(G) given in Example
2310

Now for normality, by Lemma [2.3.14] if G is amenable, then all of its coactions
are amenable, and in particular ds is amenable. Conversely, if the gauge coaction
on Cf; 1, (A) = C*(G) is normal, then considering {CUy}ec as a topological grading
over G with conditional faithful expectation, by [9, Proposition 3.7], C*(G) is natu-
rally isomorphic to C*({CU, },ec) = C}(G), so the full and reduced C*-algebras are

isomorphic and thus G is amenable.

[]

Corollary 4.2.3. If (G,P) = (Fy, R) where R a total ordering on G such as the
Magnus expansion given in Section 3.2 of [{)], then Cf, , (A) & Cri(A). Since both
fiont(N) and C3 . (A) are A-faithful, tight, gauge coacting representations, there is

m

no gauge-invariant uniqueness theorem for this R-graph.

Proof. By the previous lemma, C7; ;,(A) = C*(G), and by Proposition Chignt(A)
is a tight, A-faithful representation of A with a gauge coaction. Since G' = F; is not
amenable, the gauge coaction is not normal. But by part (5) of |4.2.1] since the gauge

coaction is not normal, then 7% is not an isomorphism, so C*, (A) is another tight,

min
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A-faithful representation of A with a gauge coaction, but which is not canonically
isomorphic to Cy; ;,,(A).

]

The reader may recognize the ordered group (F», R) from Example earlier in
this manuscript, where we used it as an example of an ordering that had no reduction
to an amenable group. This recognition may ignite a spark of hope: perhaps the
existence of a reduction to an amenable group prevents the obstruction seen in the
previous lemma and guarantees that J is normal. We shall see in the next section

that this is indeed the case.

4.3 Reductions and Representations

In this section, we develop the notion that if (G, P) reduces to (H, @), then P-graphs

are (Q-graphs and they have the same representations.

Remark 4.3.1. In this section, we will be considering a category A as a graph with
respect to more than one semigroup (ex: as a P-graph and as a Q-graph). In cases

where there may be confusion, we will write C*

min

(A, P) and Cy, (A, P) to indicate

the semigroup P, and so on for other semigroups.

First we will show that if A is a P-graph, and (G, P) has reduction (H, @), then

A is also a (Q-graph in a natural way.

Lemma 4.3.2. Let (G, P) be an ordered group, and let (H,Q) be a reduction of
(G, P) with degree functor dg : P — Q. Then a P-graph A with degree functor d% is

also a Q-graph with degree functor d = dg ods.

Proof. Certainly, d maps A into @), so, it suffices to check that A has unique factor-

ization with respect to d.
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Let A € A, and ¢ € @ satisfy ¢ < d()\). We must show that there is a unique
a, 3 € A such that A = a8 and d(a) = q.

For existence, since dp(A) € P is a path of length df(dp(\)) = d(X) > ¢, then
by unique factorization of dg, there exist unique p,p; € P such that pp; = d3()\)
and df;(p) = q. Then p < dj(X), so by unique factorization of dp, there exist unique
a, B € A such that aff = pp; and di(a) = p. Then d(a) = df(dp(e)) = df(p) = g,
so the desired «, 3 exist.

For uniqueness, if o/, 5" € A were two other paths with A = o/f" and d(/) = ¢,
then dp(\) = d%(a/)d%(8") would be a factorization of d’s(\) where the first term has
degree df,(dp(/)) = d(e/) = ¢, so by uniqueness of the factorization of df,, we have
that d%(a’) = p. Then by the uniqueness of the factorization d, we have o/ = «, as
desired.

O

Next, we will show that whether A is regarded as a P-graph or a Q-graph, it has

the same representations.

Lemma 4.3.3. Let (G, P) and (H, Q) be two WQLO groups, and A a small category
with two functors dy : A — P and d% : A — Q such that A is a P-graph with respect

to d% and a Q-graph with respect to dg. Then,
1. A is finitely-aligned as a P-graph if and only if it is finitely-aligned as a Q-graph.

2. The (T1)-(T4) relators are the same for A independently of being a P-graph or

a Q-graph.
3. A representation is tight independently of A being a P-graph or a Q-graph.

Proof. For (1), recall that MCE(u,v) depends only on the category structure of A

by definition, so it is finite regardless of the degree functor given to A.
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Similarly for (2) and (3), the T1-T4 and tightness relations as written only depend

on the category structure of A.

]

Corollary 4.3.4. Let (G, P) and (H,Q) be two WQLO groups, and A a small cate-
gory with two functors d% : A — P and dg : N — Q such that A is a finitely-aligned
P-graph with respect to d and a finitely-aligned Q-graph with respect to dg. Then

Crignt (A, P) is canonically isomorphic to Cf (A, Q).

Proof. Let a and b be the universal tight representations of A as a P-graph and
Q-graph, respectively, so that C}; ,,(A, P) = C*(a) and C} ;,,(A, Q) = C*(b).

By the previous Lemma, both the ays and the bys satisfy the equivalent T1-T4
and tightness relators, so by their respective universal properties, there are canon-
ical covers taking a) + by and by — a,, which are inverses, and hence canonical

isomorphisms. O

Lemma 4.3.5. Let ¢ : (G, P) — (H,Q) be a reduction of WQLO groups. Let A be
a finitely-aligned P-graph, and t a representation of A. If t has a gauge coaction by
G, then it has a gauge coaction by H (when A inherits the structure of a Q-graph as
described in .

In particular, if § is the gauge coaction by G, then € := (ide=) ®@)od is the gauge

coaction by H, where ¢ : C*(G) — C*(H) is given by Uy — Vi) -

Proof. First let us fix some notation. Let {U,},ec and {V},}ren denote the universal
unitary representations of G and H respectively, so that C*(G) and C*(H) are the
closed span of the U, and V},, respectively. Let § denote the gauge coaction on C*(?),
d% the degree function on A as a P-graph, and recall that the degree functor on A as

a Q-graph was d5 = ¢ o d5.
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Then we have that g — V[ (4) is a unitary representation of G, so by the universal
property of C*(G), there is a *-homomorphism ¢ : C*(G) — C*(H) given by U, —
Vg We will prove that there is a gauge coaction of H on C*(t) given by € :=
(ide=) ®@) o 6. First note that by Lemma , there is such a function ¢, it is a
s-homomorphism, and it maps C*(t) — C*(t) ® C*(H).

But now observe that

e(ty) = (ida®@)0d(ty)
= (ida®@)(tr ® Ups(n)
= @ Voanw)

= h®Vayn

so by Proposition [2.5.11|(3), € is a gauge coaction by H, as desired. O

4.4 Gauge-Invariant Uniqueness for Ordered Groups which

Reduce to Amenable Groups

The following is the mathematical core of our gauge-invariant uniqueness theorem:

Proposition 4.4.1. Let (G, P) be a WQLO group and suppose there is a reduction
to an amenable group ¢ : (G, P) — (H,Q). Then for any finitely-aligned P-graph A,

the following are canonically isomorphic:
a. C’;‘ight(/\, P).

b. Cigni(A, Q).

c. C*

min

(A, P).
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e. C*(t), where t is any representation of A as a P-graph which is tight, A-faithful,

and which has a gauge coaction by G.

Proof. For the sake of abbreviation, let us denote the representations generating

Ozzkight(Aa P)a O:ight(Aa Q)> C:nm(A7 P)> and O;un

(A, Q) as A, B, C, and D, respectively.

Our argument is organized by the following diagram:

5 o .
C*(A) = C:ight(A7 P) —— C*(B) = Ctight(A7Q)

|2 [
C*(C) = CianlA, P) —"5 C*(D) = G4, Q)

All arrows here denote canonical coverings.

The map 74 exists and is an isomorphism by Corollary .

The maps 74 and 75 are the canonical coverings of Proposition [4.2.1(2). Since
H is amenable, then by Lemma the gauge coaction by H on Cf; (A, Q) is
normal, and so w5 is a canonical isomorphism by Proposition m (5).

Combining these two, we have that A= B = D.

The map 7% arises from the work established in the previous lemmas: by Lemma
C*(C) carries a gauge coaction by H. Since also C' is A-faithful by , then
(A, Q), there is a canonical covering 7& : C*. (A, P) —

man

by the minimality of C7 ..
Crin(A, Q).

Now, with the order notation of Lemma , we have that A >,., C >,., D =
B= A s0 A2 B=(C = D. That is, (a.)-(d.) are canonically isomorphic.

For (e.), we have that A >,., t >,., C = A by the respective universality and
co-universality of C*(A) and C*(C), so A=t =C. O

One nice outcome is that this result is independent of the amenable group (H, Q)

and the reduction ¢, and simply requires that one exist. In particular, we have a
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gauge-invariant uniqueness theorem for WQLO groups which have a reduction to an

amenable group:

Theorem 4.4.2. Let (G, P) be a weakly quasi-lattice ordered group which reduces to
an amenable ordered group, and let A be a finitely-aligned P-graph. Then there is
exactly one representation (up to canonical isomorphism) of A which is A-faithful,
tight, and has a gauge coaction of G. This representation is universal for tight repre-
sentations and co-universal for representations which are A-faithful and have a gauge

coaction by G.

Proof. Let T be the universal tight representation as in Proposition [4.2.1] (1), so
C*(T) = Cfypy(A). By that theorem, T'is A-faithful, tight, and has a gauge coaction.
It is also universal for tight representations.

By Proposition 4.4.1, C*(T) = C7,,,(A), so T is co-universal for representations
which are A-faithful and have gauge coaction.

To see that T is the unique representation (up to canonical isomorphism) which is
A-faithful, tight, and has a gauge coaction, if there were such another representation ¢,
it would be covered by T (since t is tight, and 7" is universal for tight representations)
and it would cover T' (since t is A-faithful and has a gauge coaction and T is co-
universal for such representations). Thus ¢t = T

O

Remark 4.4.3. In the case that (G, P) reduces to an amenable group, we believe that
the C*-algebra generated by this unique A-faithful, tight, gauge coacting representation

deserves the title of the C*-algebra of the graph. We will write C*(A) for this algebra.
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4.5 Additional Results in the case of a Strong Reduction

In this section we will consider what further results can be provided about a P-graph

algebra under the assumption that (G, P) strongly reduces to an amenable group.

Lemma 4.5.1. Let (G, P) be a WQLO group, and suppose (G, P) has a strong reduc-
tion to an amenable group. Then every gauge coaction on a finitely-aligned P-graph

18 normal.

Proof. Let ¢ : (G, P) — (H,Q) be the strong reduction where H is amenable. Fix
some finitely-aligned P-graph A and a representation s of A which has a gauge coac-
tion by G.

Then by Lemma s has a gauge coaction by H. For sake of clarity, let
®, and €25 denote the conditional expectations on C*(s) as in Lemma which
respectively arise from its G-coaction and H-coaction.

By Lemma [2.3.14] since H is amenable, then {2, is faithful. Our desired result is
that ®, is faithful.

To this end, it suffices to show that Q; = &4 as maps on C*(s), and since C*(s) =
span{s,sj : a, 3 € A} and both functions are continuous and linear, it suffices to

check that 2, = &, on a single term SaSh-

Recall that by Lemma [2.3.12 we have

sasy  if d(a) = d(B)

0 if d(er) # d(5)

D, (sass) =

and
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sash  if p(d(@)) = @(d(B))

Qs(5a55) = :
0 if p(d()) # (d())

But ¢ is a strong reduction, so for the positive elements d(«),d(3) € P, we have
d(ar) = d(p) if and only if p(d(a)) = (d(8)).

Thus 2, = &, on each spanning element, so they are equal as functions, and thus
®, is faithful, so s is normal.

]

Lemma 4.5.2. Let (G, P) be a WQLO group with a strong reduction onto an amenable
group, let A be a P-graph, and let s be a representations of (G, P). If s is A-faithful,

has a gauge coaction, and every proper bolt in s is nonzero, then s = T .

Proof. Since T covers s, it suffices to show that ker 7/ = 0.

To this end, consider the diagram

CH(T) -2 B(T)
lw? . lw?

C*(s) —2 B(s)

which commutes by a routine computation on the spanning elements 7,7, .

T

Fix some z € ker 7/ = 0. Then 7/ (z*x) = 0, so

0= &,(n] (z"x)) = ¥] (Pr(a"x)).

s

Now by Theorem , since kery/ is generated by the bolts and T.Trs it
contains, and by the hypotheses on s this kernel contains no proper bolts or 7, o
then we have ker ] = 0, and thus ®7(z*z) = 0.

By Lemma ®7 is faithful, so 2*x = 0 and thus 2 = 0. Thus ker 7/ = {0},

as desired. 0
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Corollary 4.5.3. Let A be a finitely-aligned N? x N-graph. Then any gauge coaction

by G = Z? x 7 is automatically normal.

Proof. Recall that (Z*%Z, N*xN) strongly reduces to (Z*1Z, N*}N), which is amenable.
Then by Lemma [£.5.1] the gauge coaction is normal.
]

Lemma 4.5.4. Let (G, P) be a WQLO group and suppose that (G, P) has a strong
reduction to an amenable group. Let A be a finitely-aligned P-graph, and let t be a

representation of A. Then the following are equivalent:
1. t has a gauge coaction by G

2. There is a bounded linear map ®; : C*(t) — B(t) satisfying

Lty ifd() = d(v)

0 if d(p) # d(v)

0, (tutzt) -

Proof. (1 = 2) If t has a gauge coaction, then such a map ®, exists by Lemma .

(2 = 1) If such a ®, exists, then by Theorem 19.1 and Definition 19.2 of [10],
writing B, = span{t,t} : d(u)d(v)~' = g}, we have that B = {B,},cc are linearly
independent and form a topological grading of C*(t).

In particular, B is a Fell bundle, and we can form the cross-sectional algebra C*(B)
as in Remark . Each graded component B, is naturally embedded in C*(B), so
for each A € A, let s\ denote the operator arising from embedding ¢\ € By into
C*(B).

But one may immediately check the T1-T4 relators to check that {s)}iea is a
representation of A in C*(B). Note that since the {s)}\ca generate each fiber By,
then they generate all of C*(B), so C*(B) = C*(s).
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Our goal is now to show that s has a gauge coaction and that s = t. For the

former, by [17, Proposition 3.3|, there is a coaction ¢ on C*(B) satisfying

d(b)=b® U, for allbe By, g € G.

In particular, since sy € By, then §(s)) = sy ® Ugn), s0 ¢ is a gauge coaction
on s.

Now we must show that s = ¢. By [10, Theorem 19.5], since C*(¢) is a topologically
graded C*-algebra, with grading B there is a commutative diagram of surjective x-

homomorphisms

C*(B) = C*(s) L » C*(B)
L y
C(t)

where L denotes the regular representation from [10, Definition 17.6] (in that defini-
tion, this map is called A, but we have changed its name to avoid confusion with the
P-graph A).

Recall that C*(B) is topologically graded with conditional expectation ®,. Since
G strongly reduces to an amenable group, then by Lemma the gauge action s
is normal and thus the conditional expectation @y is faithful. But by [10, Proposition

19.6], the kernel of the regular representation L is given by

ker(L) = {z € C*(B) : &4(z"x) = 0}

and since @ is faithful, then ker L = {0}. Since L is injective and L = v o x’, then

7t is injective, so s = ¢, so ¢ has a gauge coaction as desired.
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The reader should note that if such a bounded linear map exists, then there is a
gauge coaction, so that bounded linear map is the conditional expectation of Lemma
2312

The next result shows that if you represent a P-graph on a Hilbert space in such
a way that the Hilbert space also has a “P-grading” which interacts with the grading

on A in a natural way, then this representation has a gauge coaction.

Lemma 4.5.5. Let (G, P) be a WQLO group and suppose that (G, P) has a strong
reduction to an amenable group. Let A be a finitely-aligned P graph. Let t be a
representation of A in B(H) for some Hilbert space H, and suppose that H = D, p H,

such that t,H, C Hapyp for all p € A, p € P. Thent has a gauge coaction.

Proof. By Lemma [£.5.4] it suffices to show that there is a bounded linear map ®; :
C*(t) — B(t) satisfying

Gty i d(n) = d(v)

v

Q,(t,t)) = )
0 ifd(n) #dW)

For each p € P, let @), € B(#H) denote the projection onto H,. Then define

Dy (v) = § QprQp
peP
WOT limit

which is bounded and converges in the weak operator topology because the {Q),}pep

are pairwise orthogonal projections. We then wish to show that

Gty i d(u) = d(v)
(I)t@ut;) =

0 ifd(p) #d(v)

for all pu,v € A.
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To this end, fix some ¢ € P, h, € H,, and x € H. Then we have that

(Pi(tut))hg,x) = Z (Qptut, Qphg, T)
peEP
WOT limit

= <thutquhqv )

= <thut;hqa )

since Qph, = 0 if p # ¢q. Since our choice of x € H was arbitrary, we may unbind the
x term, so we have shown that ®,(¢,t})hy = Q4t,t5hy.
But note that t,t5h, € Haae)-1q and ¢ = d(p)d(v)~q if and only if d(p) = d(v),

SO

Gitsh, i d(u) = d(v)
Dy (tut, ) hg = Qqlutyhg = :

0 if d(p) # d(v)
Since this is true for each ¢ € P and h, € H,, and the H, span all of H, we may

unbind the h, to get that

bty i d(p) = d(v)
Oy (tyty) =

0 ifd(p) #d(v)
as desired.

]

Corollary 4.5.6. Let (G, P) be a WQLO group and suppose that (G, P) has a strong
reduction to an amenable group. Let A be a finitely-aligned P-graph. Then L = T,
where L denotes the reqular representation of A and T denotes the Toeplitz represen-

tation of A.
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Proof. To show that L is universal, by Lemma it suffices to show that L it is
A-faithful, has a gauge coaction, and that every proper bolt is nonzero. By Remark
[2.5.6, L is A-faithful and its proper bolts are nonzero.

To show that L has a gauge coaction, we will appeal to Lemma [4.5.5l Recall that

L is a representation in B(£?(A)) by

o if 5(1) = r(a)
0 it s(u) # r(a)

Therefore, writing A? = {¢ € A : d(u) = p}, we can see that (>(A) = @, p (2(AP),
and a simple calculation shows that L,¢*(AP) C ¢2(A“®P). Therefore, by Lemma
4.5.5, L has a gauge coaction.

Thus by by Lemma[£.5.2) L = T.

[

The following result shows that if A has no “infinite paths”, then the ultrafilter

representation is the universal tight representation.

Lemma 4.5.7. Let (G, P) be a WQLO group and suppose that (G, P) has a strong
reduction to an amenable group. Let A be a finitely-aligned P-graph. Recall that A
has a partial order given by o < B if B € aA. Suppose that with respect to this partial
order, every chain in A has an upper bound in A. Then the ultrafilter representation

f of A is the universal tight representation of A.

Proof. By our gauge-invariant uniqueness theorem for P-graphs, it suffices to show
that f is A-faithful, tight, and has a gauge coaction. The former two properties are
shown in Lemma [£.1.5] It then suffices to use Lemma to show that f has a

gauge coaction.



119

To this end, we wish to show that the ultrafilters in f correspond to maximal
paths in A. More formally, for each path a € A, let U, = {p € A : p < a}. Itis
straightforward to check that U, is a filter, and that it is an ultrafilter if and only if
« is maximal. We wish to show that all ultrafilters in A are of the form U,.

Fix some ultrafilter U. If U is finite, it must contain a maximal element «, in
which case U = U,. If instead U is infinite, since U C A is countable, we may
enumerate U = {ay, }nen. Inductively define a sequence {f,}neny € U by 81 = oy,
and for n > 1, let 8, be a common upper bound of 3, ; and «,, which is guaranteed
to exist by the 2 property of filters. Note that U = J~, Ug, .

Then {8, }nen is a chain in A, so by our hypothesis, it has an upper bound 5 € A.
Then Uz D Ug, for all n, and since U = |J,—_, U, , then Uz D U, and since U is an
ultrafilter, U = Ug, as desired.

Therefore, we can partition the set of ultrafilters by the degree of their unique
maximal element. That is, writing A?. = {U, € Ay : d(a) = p}, we have Ay, =

| A? _and therefore

peP ~ o0

() = P rAr).

peEP

Finally, a simple calculation shows that f,2(A2,) C 2(A%*?), so by Lemma m,

f has a gauge coaction, as desired.

]

Example 4.5.8. Let G = BS(1,2) = (c,t|ltc = ¢*t), and let P = {c,t}*. Note
that BS(1,2) is amenable, and therefore has a strong reduction to an amenable group

(itself). Define a P-graph A as in this diagram:
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C1

(%] > Uy
c2 c3
V3 > U4 > Us

so A = {vy,v9, 03,04, U5, 1, C2, C3, L1, to, Cot1, C3Co, C3Cat1 = C1ta}, where the range and
source maps are as indicated in the diagram, the operation is concatenation of paths,
and the degrees are given by d(v;) = 1, d(¢;) = ¢, d(t;) = t, and so on.

Since A is finite, all chains have an upper bound, so by Lemmal[{.5.7, the ultrafilter
representation is the universal tight representation and the set of ultrafilters is in
bijection with the maximal paths in A. Thus Koo = {v1, c1,t1, catq, c3eaty = tacr}, so
C*(f) is represented on a 5-dimension vector space and C*(f) C Ms, the space of 5-
by-5 matrices. A direct calculation with respect to the basis {€y,, €c,, €ty Cepty s Ceserty =

€tye, } Shows that

Joo = En
Jo = Ea
fo = En
Jeot, = En
Jtoee = Em

where E;; denotes the matriz consisting of all Os except for a single 1 in the ith

row and jth column (a matriz unit). Since these matriz units generate Ms, then

Cr(f) = C*(A) = Ms.

It is notable that the results in this section apply only to groups with strong reduc-
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tions, instead of any reduction. The only “bottleneck” for this is Lemma [4.5.1} which
says that gauge coactions are normal when (G, P) strongly reduces to an amenable
group. We conjecture that a (non-strong) reduction to an amenable group would

suffice:

Conjecture 4.5.9. Let (G, P) be a WQLO group, let A be a finitely aligned P-graph,
and suppose (G, P) reduces to an amenable group. Then every gauge coaction on a
representation of A is normal.

Therefore, the other results in this section only require the hypothesis that (G, P)

reduces to an amenable group.

4.6 Applications to Kirchberg Algebras in the UCT Class

Definition 4.6.1. A C*-algebra A is called a Kirchberg algebra if it is purely infinite,

simple, nuclear, and separable.
A C*-algebra is said to be in the UCT class if it satisfies the hypotheses of the
universal coefficient theorem. (For a more thorough treatment, the reader is directed

to the introduction of [1)]).

Proposition 4.6.2. Let A be a Kirchberg algebra in the UCT class. Then there is a

finitely aligned N? x N-graph such that A is stably isomorphic to C*(A).

Proof. By [3, Corollary 6.3], there is a finitely aligned N? * N-graph A such that A

is stably isomorphic to C%. (A). But since N? x N strongly reduces to an amenable

min

group by Corollary [3.3.2 then C¥. (A) = C*(A) by the gauge-invariant uniqueness
theorem for P-graphs (Theorem [4.4.2)). Thus A is stably isomorphic to C*(A). O
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Chapter 5

Appendix 1: Tight Representations

In this section, our goal is to justify our use of the term “tight” in the context of
representations of P-graphs by showing that a representation is tight in the sense of
Definition M(c) if and only if it corresponds to a tight representation of a semilattice
in the sense of Exel’s definition in [§].

In this section, we fix (G, P) a WQLO group, A a finitely-aligned P-graph, and
t: A — C*(t) a representation. We will often write g, = 3.

It can be easy to be confused about what symbols denote paths, sets of paths,
and sets of sets of paths. To avoid confusion, we will try to stick to the convention
that greek letters like o denote paths in A, lower case letters (and pA where p € A)

denote subsets of A, and capital letters denote collections of subsets.

5.1 Background

Recall the following definition of the tightness from [2.5.5(c), slightly modified to keep

with our notation for this section:

Definition 5.1.1. A representation t of a graph A is tight if for every u € A and

finite z C uA\ which is exhaustive for u\, we have that
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H(qu —Ga) =0

acz

where gy = tt}.

This condition was referred to a tightness before, but in this section will be referred
to as H-tightness to avoid confusion.

The following terminology is from [8, Section 2]:

Definition 5.1.2. In [8]’s context, a partially ordered set contains a smallest element,
denoted 0. A semilattice is a partially ordered set where for all x,y € X, the set
{z € X : z < z,y} has a maximum element, denoted x \y. That is, x ANy is the
infimum of x and y, and every two elements have an infimum (although it may be 0).

Given, x,y € X, we say x and y are disjoint and write x 1 y if there is no nonzero

z € X with z < x,y. Otherwise we say that x and y intersect, and write x M y.

Definition 5.1.3. Let E be a semilattice. Given finite X,Y C E, let EXY denote

the subset of E given by

EXY ={;,eE:2<zVrec X,z LlyVWyeY}

Given any subset F' C E, we shall say that a subset Z C F' is a cover for F if,

for every nonzero x € F there exists z € Z such x and z have a common extension.

Definition 5.1.4. Let o0 : E — B be a representation of a semilattice E in a Boolean
algebra B. We shall say that o is tight if for every finite subsets X, Y C E and for

every finite cover Z for EXY | one has that

\/ o(z) > /\ o(x) A /\ =0 (y).

2€Z zeX yey
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Since the reverse inequality is always true, tightness is equivalent to equality in

this expression.

To avoid confusion with H-tightness, we will refer to this notion of tightness as

E-tightness.

5.2 Building our Semilattice

We’ll now define our semilattice £ and develop its basic properties.

Remark 5.2.1. Given A, let E(A) = {U;_, &/ : a; € A} denote the collection
of finite unions of als, ordered under containment. When A is clear from context,
we will write E for E(A). The empty set serves as the zero element for E, and two
elements a,b of E have a least lower bound aNb, which is also in E by finite alignment
of A. Thus F is a semilattice.

Recall that A s given a partial ordering < by o < B if and only if 8 = aay. Note
that o < B if and only if BA C aA.

For a € E, we let m(a) = {& € a : a minimal in a} denote the set of mazimal
elements of a (with respect to the ordering on A). For any a € E, we may write a =
Ui, aiA for some a; € A, so it follows that m(a) C {c,},, so m(a) is finite. Note

also that m(a) is empty if and only if a is empty. Finally, note that a = | al.

aem(a)
So in this way, m provides a unique representation of each element of E, and provides

a bijection between E and the set of finite, pairwise incomparable subsets of A.

If t be a representation of A, let g, = t,t} for all @ € A, and let By C C*(t) be
the Boolean algebra generated by 1 and {¢, : @ € A}, where ¢, A ¢5 = ¢aqs.

Finally, given such a representation t, define o, : £ — B; by
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oy a= U al — \/ tall, = \/ Ja-

aem(a) aem(a) aem(a)
When the representation ¢ is clear from context, we will write o and B for o; and B;,

respectively.

5.3 Technical Lemmas

Lemma 5.3.1 (Intersection Criterion). If a,b € E, then amb if and only if there are

a € m(a), 5 € m(b) such that aom B (in the sense of having a common extension in

A).

Proof. Observe that anNbd = J ) aANBA, so the lefthand side is nonempty

aem(a),BEm
if and only if one of the terms on the righthand side are nonempty. But aA N BA is

nonempty if and only if o has a common extension with 5. O

Lemma 5.3.2. Let Z be a finite cover of EXY. Then there is another finite cover

Z" of EXY such that every element of Z' is of the form oA, and \/ .,z =\ ,c 5 7.

Proof. Let B = m(J,., 2) and let Z' = {BA : 3 € B}. Then by construction B and
hence Z" are finite sets, and by our initial remark on m, we know that (J,., z =V, ., 2
can be reconstituted from its minimal elements in the sense that \/,_, z = \/ ., 2.

It then suffices to show that Z’ is a cover of EXY. To first show that it is contained
in EXY we know that if SA € Z’, then 8 € B, so 8 must be minimal in some 2, € Z.
Then forallz € X andy €Y, A < zp < z,and ANy < z20Ay=0,s0 fA < x
and SA Ly forallz € X,y €Y. Thus Z' C EXY,

To show it covers, fix some nonzero w € EXY. Then since Z covers EXY | there is

a z € Z such that z M w. Then by the intersection criterion, there is a yu € m(z),v €
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m(w) such that uM@v. Since u € m(z), then pA < Jyzep BA, so there is some 5 € B
with 6 < p. Then f M v, so SAMw. Thus Z' is a finite cover.

]

Lemma 5.3.3. Let X, Y C FE be finite sets. Then there is a finite set Y' C E such

that EXY = EXY' and Y' C EX9,

Proof. By the remark in [§] following Definition 2.5, we may assume without loss of
generality, that X = {z}, a singleton. Let Y/ = {y Az : € X} which is finite. Then
by construction, i =y Az < x for all 5 € Y’, so Y’ C EX?. It then suffices to show
that EXY = pXY

If we EXY then w <z and forally € Y, w L y, so w Ay = 0, and thus
wAy =wAyAz=0forally eY’ Thuswe EXY.

Conversely, if w € EXY' then w <z and forally € Y, w Ly, sowAyAz=0.
Butw <z, sowAyArx=(wAz)Ay=wAy=0,s0we EXY.

Thus EXY = EXY' as desired. O

Lemma 5.3.4. Let p € A and B C pA be finite. Then q, = V,BeB qp if and only if

0= H(qu_qﬁ)'

BeB

Proof. The result follows from a chain of equivalences:

qu = \/Qﬁ

BeB
0 = q.— \/ qp by subtraction
BeB
0 = /\ (gu — qp) by De Morgan’s laws
BeB

0 = H(qu — gg) by definition of /\
BeB
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5.4 The Proof of Equivalence

Here we prove the following proposition. The main interest is the equivalence of the

first and last criteria, and the middle statements are there to ease the proof.

Proposition 5.4.1. Ift is a representation of A, and o = o, is the associated repre-

sentation of the semilattice E = E(A), then the following are equivalent:

1. o is a tight representation in the E-sense.
2. o is a tight representation in the E-sense when'Y = ).
3. o is a tight representation in the E-sense when Y = and X = {uA}.

4. t is a tight representation in the H-sense.

Proof. Certainly (1) = (2) = (3). We will prove four non-obvious directions: (3) =
(4), (4) = (3),(3) = (2) and (2) = (1).

(3) = (4) Fix some p € A. We wish to show that if B C uA is exhaustive, then
Zp = {BA : € B} is a finite cover of EF{rA} 0 In particular, given such an exhaustive
B, if w € EAN is nonzero, then taking a € m(w), o € w < pA, so a € pA, so since
B is exhaustive there is a § € B such that a m 3, and by the intersection criterion,
BA mw. Thus Zp covers.

Then by (3), we have that \/__, o(2) = o(uA) and substituting o(z) = o(BA) =

qs and o(pA) = gy, we have

\/QBZQM

BeB
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which is equivalent to H-tightness by Lemma [5.3.4]

Given such an exhaustive B, if w € E#AH is nonzero, then taking o € m(w),
a € w < plA, so a € uA, so since B is exhaustive there is a § € B such that am 3,
and by the intersection criterion, A M w. Thus Zg covers.

(4) = (3) Fix some g € A. We wish to show that if Z C EAM is a finite
cover, then Bz = (J,., m(z) is a finite exhaustive subset of pA. In particular, given
a € pA, we have that aA € B so there is z € Z such that z @ aA. Then by the
intersection property, there is a § € m(z) such that 5mM«. Thus By is exhaustive for
A, as desired.

Then, by (4), and Lemma we have that

dp = \/ ag-

BEBz
Substituting o(uA) = g, and o(SA) = gg, then regrouping the terms on the right,

we have that

o(uh) = \/ o(8A)

BEBz

=V Vo

2€Z Bem(z)

= VeV o

2€Z  pem(z)

= Vo)

z€Z

as desired.

(3 = 2) Let X C E and let Z be a finite cover of EX?. By the remark in
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[8] following Definition 2.5, we may assume without loss of generality that X is a
singleton, since otherwise we may replace X with {zn} wWhere 2pin = A, cx -

Let Z be a finite cover of EX?. By Lemma , we may assume without loss of
generality that Z = {81A, ..., 5,A} for some f,....,5, € A. Let B = {f,...0,} and
A =m(z).

Now, for each o € A and g € B, let Z,5 = {yA : v € MCE(«,3)}. Note that
Zqp 1s finite and YA € Z, 5 is in aA N BA.

We wish to show that for fixed g € B, |J Zap is a cover for EBA0 and for

acA
fixed a € A, that (Jgcp Za,p is a cover for E{eA Each is a finite union of finite sets,
hence finite, and is contained in the appropriate space. It then suffices to show that
they are covering.

For the former set, fix some nonzero w € E¥¥M?  Since w is nonzero, there is
some i € m(w). Then pA < w < A <z, 80 pA Nz = pA < 0o, so pA M z, and
thus there is @ € m(x) such that M «. That is, @ and p have a common extension
v. Since [ is a prefix of u, then v is a common extension of o and 8 as well. Thus
some prefix of v is ay € MCFE(a, ), so v is a common extension of both v and p.

That is, YA M w, and YA € Z, 5. Thus |, 4 Za s is a cover for BV as desired.

acA

For the latter set, fix some nonzero w € E{ARY Then we know that w < aA < x,
so w € EX? and because Z is a cover, there is some SA € Z with w @ SA. Then
by the intersection criterion, there is a p € m(w) such that g m g. That is, u and
8 have a common extension v. However, o < p as w € Et*M? 5o v is a common
extension of 5 and «, and thus has a prefix which is some v € MCE(f,«). Thus v
is a common extension of y and v, so w M yA, and YA € Zy 5. Thus Ugcp Zos is a

cover for E1eAH0 as desired.

Now, using (3), the fact that these two sets cover gives us that
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o(al)
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=/ e
7€Uaca Za,p

=V Vet
acAveMCE(a,B)

=V o
'YGUBGB a,B

-V V ot

BEB veMCE(a,B)

Finally, using the fact that z = (J ., @A, we have that

\/ o(al)

VIV Voo
acA \ peEByeMCE(,B)
VIV Voo

BeB \acAyeMCE(a,B)

\/ o(8A)

BeB

V o(2)

ze€Z

which is the E-tightness condition for EX?,

(2= 1) Let X,Y C E be finite, and let Z be a finite cover of EXY. By Lemma

5.3.3, we may assume that Y is a subset of EX?. Let Z/ = ZUY. We claim that 2’
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is a finite cover of EX?. In particular, given w € EX?_ if w 1 y for all y € Y, then
w € BEXY sowmz for some 2 € Z C Z'. If instead w Y y for some y, then w My for
somey €Y C 7.

Then by (2), we know that

\/ o(Z) = /\ o(x)

ez’ zeX

and meeting with A .y =0 (y), we have that

( \/ 0(2’)) AN\ o) = N a@) A N\ —oy)

zlez’! yey zeX yey

Simplifying the lefthand side, we have that

(\/ a<z'>) A ol =

ez’ yey

Now, for a fixed z € Z,y € Y, and for any o € m(z), 8 € m(y), we have that
a L B,50qags = 0. Then o(aA) A=0(BA) = ga(l —qs) = Ga, s0 0(2)V -0 (y) = o(2).
Thus
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V (a<z> ) w<y>) VS

z2€Z yey z2€Z

so by transitivity,

Vo) = N\ o) a N\ —oly)

z€Z zeX yey

as desired. This completes the proof that (2) implies (1).
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