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Let M be a graded module over a standard graded polynomial ring S. The Total
Rank Conjecture by Avramov-Buchweitz predicts the total Betti number of M should
be at least the total Betti number of the residue field. Walker proved this is indeed
true in a large number of cases. One could then try to push this result further by
generalizing this conjecture to finite free complexes which is known as the Generalized
Total Rank Conjecture. However, Iyengar and Walker constructed examples to show
this generalized conjecture is not always true.

In this thesis, we investigate other counterexamples of the Generalized Total Rank
Conjecture and some of their properties. Under the BGG correspondence, a finite
free graded complex over the exterior algebra with small homology corresponds to a
free complex over the polynomial ring with a small total Betti number. Therefore,
we focus on examples of finite free complexes over the exterior algebra with small
homology. The main examples we consider are Koszul complexes of quadrics, and
we show the Koszul complex of one general quadric and the Koszul complex of two
general quadrics have the smallest possible homology among complexes over the ex-
terior algebra with the same graded Poincaré series. Finally while analyzing these
Koszul complexes, we notice the dimension of their total homology has a nice asymp-
totic behavior and investigate under what conditions other complexes have this same

asymptotic behavior.
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Chapter 1

INTRODUCTION

One way to study a graded module, M, over a standard graded polynomial ring
Sn = k[x1,...,x,], is to study invariants of M. A particular invariant of interest is
the total Betti number of M. The i Betti number of M, denoted 3;(M), is the rank
of the i" free module in the minimal graded free resolution of M (see Definition 2.16)
and the total Betti number of M is ), §;(M). For example, the minimal graded
free resolution of k is the Koszul complex on the generators xy, ..., z,. The i free
)

module in the Koszul complex is S7g which implies

Bi(k) = (?)

Thus, by the Binomial Theorem, the total Betti number of £ is
n
Zﬁz(k) = ZZ:; (z) = 2"
After considering the residue field, the next logical step is to try to understand
the finite length modules of S,,. Recall an S,-module M has finite length if there
exists a filtration

of S,-modules such that M;,1/M; = k. Since we can think of finite length modules



as essentially being built from £, then it is reasonable to predict the Koszul complex
is the smallest possible resolution among all resolutions of finite length modules as

stated in the following well-known conjecture (see [4, 1.4] and [11, Problem 24]):

Conjecture 1.1 (Buchsbaum, Eisenbud, Horocks Conjecture). If M is a non-zero

Sp-module with finite length then

Bi(M) > (ZL)

This conjecture is known as the BEH conjecture and has been proven in a variety
of cases. By the binomial theorem, the validity of the BEH conjecture would imply

the validity of the following weaker conjecture (see [1, Page 148]):

Conjecture 1.2 (Total Rank Conjecture). If M is a non-zero S,-module with finite

length then

Z@(M) > 2"

In [17], Walker proved this conjecture when char k& # 2. One can then try to push
this result further by considering a generalization of the Total Rank Conjecture to
Betti numbers of finite free complexes.

Recall we have the following result (see Theorem 2.17):
Bi(M) = dimy, Tory™ (M, k)
where given a free resolution G of M over S,, we define
Tory™ (M, k) = H;(G ®g, k).

We can generalize this description in order to define the i*" Betti number of a graded

complex F.



Definition 1.3. Let F be a free graded complex over S,, then
Bi(F) = dimy, Tor?™ (F, k)

where

Tor?(F, k) = Hy(F ®g, k).

One could equivalently define the Betti numbers of a complex by defining /3;(F) to
be the rank of the i** free module in a minimal free complex that is quasi-isomorphic
to F.

The Total Rank Conjecture (see Conjecture 1.2) can be generalized to finite free

complexes as follows.

Conjecture 1.4 (Generalized Total Rank Conjecture). If F is a finite free graded
complex over S, such that the total homology H(F) is non-zero and has finite length

then

Zﬂz(F) > 2",

However, Iyengar and Walker [13] showed this conjecture is false in general by

providing a counterexample. They posed the following question.

Question 1.5 ( [13, page 11]). Is there a real number a > 1 such that each finite free

complex F over S, with total homology H(F) non-zero and of finite length satisfies

Zﬁz(F) > a"?

In this thesis, we will investigate this question by analyzing other counterexamples
to the Generalized Total Rank Conjecture that could provide insight on a choice of
a. These counterexamples will arise by considering finite free graded complexes over

the exterior algebra E,, = k(eq,...,e,).



The BGG correspondence allows us to relate complexes of graded free E,-modules
to complexes of graded free S,,-modules. This correspondence is given by two functors
R and L and we have the following useful corollary of the BGG correspondence (see

Section 2.2 for more details).

Definition 1.6. A complex F of graded E,-modules is called perfect if it is quasi-

isomorphic to a finite free graded complex over F,,.

Corollary 1.7. Under the BGG correspondence, a perfect complex F of graded E, -
modules corresponds to a complex G of graded S,-modules with finite length total

homology. In addition
dimy, H(F) = ) 5;(G).

Therefore we can restate Question 1.5 into an equivalent question that is in terms

of the homology of a complex over the exterior algebra.

Question 1.8. Is there a real number a > 1 such that each non-exact perfect complex
F over E, satisfies
dimy, H(F) > a"

or equivalently

1/n

(dimy H(F)) " > a?

In order to more easily discuss results related to this question, we introduce the

following notation.

Definition 1.9. Let F be a finite free complex over the exterior algebra E,, then the
homological growth factor of F is

1/n

HGF(F) = | Y _ dimy (Hy(F))

%



Chapter 2 contains background on relevant topics for this thesis. Since we work
over the exterior algebra which is a graded ring, Section 2.1 covers the necessary def-
initions and results on graded modules and graded complexes. Section 2.2 is devoted
to the BGG correspondence. Even though the material in this section will be rarely
referenced throughout the rest of this thesis, the BGG correspondence is crucial for
motivating our interest in complexes over the exterior algebra with small homology.
Therefore we carefully work out details of the correspondence, some examples, and
proofs of important results including Corollary 1.7 stated above.

In Chapter 3, we begin investigating counterexamples to Conjecture 1.4. Section
3.1 focuses on the Koszul complex of one general quadric which, under BGG, corre-
sponds to the original counterexample given by Iyengar and Walker [13]. Section 3.2
considers the Koszul complex of two generic quadrics. We show that both of these
families of complexes gives counterexamples to the Generalized Total Rank Conjec-
ture. Specifically, we demonstrate that, for some values of n, the homological growth
factor is strictly less than 2. Finally, we notice both types of complexes have the same
asymptotic behavior, namely the homological growth factor is asymptotically at least
2.

While analyzing these complexes, we note there exists a value of n such that the
homological growth factor of the Koszul complex of two generic quadrics is smaller
than every homological growth factor of the Koszul complex of one general quadric.
It is then reasonable to ask, can we find a complex with an even smaller homological
growth factor? Chapter 4 introduces the idea of minimal homology in order to assist

in answering this question.



Definition 1.10. A finite free graded complex F over the exterior algebra has mini-

mal homology if

for any finite free graded complex G over the exterior algebra with the same graded

Poincaré series as F'.

We show the Koszul complex of one general quadric and the Koszul complex of
two general quadrics have minimal homology. Thus there are no complexes with
the same graded Poincaré series as these complexes that have a smaller homological
growth factor.

However this does not imply other types of complexes cannot also have minimal
homology. Since every complex with graded Poincaré series 1+ st2 is a Koszul complex,
then clearly every complex with minimal homology having this graded Poincaré series
is Koszul. However there are complexes with graded Poincaré series 1 4 2st? + st
that have minimal homology and are not Koszul. We give a few examples of such

complexes, and also give the following characterization when n > 9.

Theorem 1.11. Let k be an infinite field and ¥ be a graded complex over the exterior
algebra with graded Poincaré series 1 + 2st®> + st*. If n > 9 and F has minimal

homology then ¥ has the form
—Aq2
A1 <Q1 Q2>
F:E,(—4) —> E, (-2 —% E,

for some nonzero scalar \.

Finally in Chapter 5, we return to analyzing the asymptotic behavior of the homo-

logical growth factor of complexes. As previously mentioned, the homological growth



factor of the Koszul complex of one general quadric and the Koszul complex of two
generic quadrics is asymptotically at least 2. We then generalize this result and show
in Section 5.2 that families of Koszul complexes of a fixed number of quadrics have this
same asympotic behavior and in Section 5.3 that some families of Koszul complexes
of a varying number of quadrics have this same asymptotic behavior.

Koszul complexes are not the only families of complexes whose homological growth
factor is asymptotically at least 2. In Sections 5.2 and 5.3, we give conditions under
which a family of complexes over the exterior algebra has this asymptotic behavior (see
Theorem 5.9 and Proposition 5.12). However, not every complex has this behavior
and Section 5.4 is devoted to giving an example of a family of complexes whose

homological growth factor is asymptotically strictly less than 2.



Chapter 2

BACKGROUND

In this chapter, we cover the necessary definitions and results that are used in the
rest of this thesis. The more experienced reader can skip this chapter and refer back

to it when needed.

2.1 Graded rings

This section contains details about graded modules, complexes and Betti numbers.
Unless stated otherwise, the details and results from this section are from [16].
2.1.1 Modules and complexes

Definition 2.1. A ring R is graded if there exists a collection of subgroups {R;}icz

such that
1. R - @ZEZ Rl
2. RZR] Q Ri+j for all Z,] e Z

Definition 2.2. Let A be a ring. A graded ring R is a standard graded A-algebra if

Ry = A and R is generated by R; as an A-algebra.



Throughout we will assume the ring R is a standard graded k-algebra where £ is
a field. In this case, we also have
m= R, =R
i>1
is the unique homogeneous maximal ideal of R.

The polynomial ring S, = k[zq,...,x,] with deg(z;) = 1 is an example of a
standard graded k-algebra where the it subgroup of S, is the k-vector space spanned
by all the monomials of degree i. Another example is the exterior algebra FE, =
klei,...,e,) with deg(e;) = 1, and the " subgroup of E, is the k-vector space

spanned by all the wedge products of degree 1.

Definition 2.3. An R-module M is called graded if there exists a collection of k-

vector spaces { M, };cz such that
1. M =@, , M, as a k-vector space
2. RZM] Q Mi-l—j for all Z,j €.

In addition, for any p € Z we denote by M(—p) the graded R-module such that
M(—p); = M,;_, for all i € Z.

If a graded module is finitely generated, then we can measure the size of the
module by measuring the size of each of its components. In order to better study the

size of a finitely generated module we can form the Hilbert series of the module.

Definition 2.4. Let M = €, M; be a finitely generated graded R-module. The

function i — dimy (M) is called the Hilbert function of M and the series

har(t) = dimy (M)t
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is called the Hilbert series of M. Note that the Hilbert series of a shifted module is
given by

Poi(—p) () = tPhas(2).
Another way to study modules is to form complexes of modules.

Definition 2.5. A graded complex over R is a sequence of homomorphisms of graded
R-modules

di di
F_>F’H_1;1>F’Z_> 1=

such that d;_1d; = 0 for all ¢ and each d; is a homomorphism of degree 0 (i.e.
deg(d;(f)) = deg(f) for all f € F;). Note the complex F is bigraded as a k-vector
space because each F; is a graded module. Therefore for all 7,
F=@F,
JEL
and an element of F; ; is said to have homological degree 7 and internal degree j.
Example 2.6. Let z1,...,z, € R and let E, = k(ey,...,e,). The Koszul complex

of x1,...,x, over R is
dr da dy
Kosg(z1,...,2,): 0 > F, 5 -+ = F; — Fy =0

where F; is a free R-module with basis {e;, A---Aej, |1 <j; <--- <j; <r}and
the differential is given by
i
di(ejl JARRRNA eji) = Z(_l)p+1xjpej1 ARRENAN gj\p ARERRA €j;
p=1

where €;, means e;, is omitted from the product.

Definition 2.7. The homology in degree i of a complex F is the graded R-module

H;(F) = ker(d;)/ image(d;+1)
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and the total homology is the graded R-module
H(F) = @ H;(F).
Definition 2.8. A graded complex F is ezact if H;(F) =0 for all i.

Proposition 2.9. [If
0—-M —-M-—>M"—0

1s a short exact sequence of finitely generated graded R-modules with degree 0 homo-

morphisms then

hM(t) = hM/(t) + hM//(t).

Given the above proposition, we can define the Hilbert series of a finite free graded

complex.

Definition 2.10. A graded complex over R is finite free if it is a bounded graded

complex of finite rank free R-modules.

Definition 2.11. Let F be a finite free graded complex over R
F:0—-F —-F_ 41— —Fs1—=F;,—0

where F; is in homological degree i. The Hilbert series of F is
he(t) =Y (=1)'hi (D).

Another useful series used to study complexes is the graded Poincaré series.

Definition 2.12. Let F be a graded finite free complex over R. We define its Poincaré

series to be

Pp(t) = rank(F)t

7
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where F; is the free module in homological degree i. Since F; is graded then

Fi =P R(-p)™

PEZL

for some ¢;, > 0. We define the graded Poincaré series to be

Pr(s,t) = Zci7psitp.

%,p
2.1.2 Resolutions and Betti numbers

Definition 2.13. A graded free resolution of a finitely generated graded R-module

M is a finite free graded complex over R
| PRI NS - I AN o8
along with a map € : Fy — M such that the augmented graded complex
o ESE 5 s RS ESMo0
is exact.

We are often interested in the smallest graded resolution of M in the sense that the
ranks of each of its free modules is less than or equal to the rank of the corresponding
free module in any other graded free resolution of M. As we will see in the next

theorem, this notion is equivalent to a graded free resolution being minimal.

Definition 2.14. A graded free resolution F over R is minimal if it satisfies the

condition

di+1(Fi+l) C mF;

for all © where m = R, is the unique homogeneous maximal ideal of R.
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Theorem 2.15. Let M be a finitely generated graded R-module.
1. There exists a minimal graded free resolution of M.

2. Let F be a minimal graded free resolution of M. If G is a graded free resolution
of M then G =2 F&®T for some trivial complex T, and the direct sum s a direct
sum of complexes. Recall a trivial complex is the direct sum of complexes of the

form

0 — R(—p) = R(~p) = 0
that are possibly placed in different homological degrees.
3. Up to isomorphism, there exists a unique minimal graded free resolution of M.
Therefore we can define the following invariant of a graded module.

Definition 2.16. Let F be a minimal graded free resolution of a finitely generated

graded R-module M. The i* Betti number of M over R is

BE(M) := rank(F}).

7

By Theorem 2.15, Betti numbers do not depend on the choice of the minimal graded

free resolution of M, so this is well-defined.

There are also other ways to find the Betti numbers of a module as described in

the following result.

Proposition 2.17. Let M be a finitely generated graded R-module. Then

Bi(M) = dimy Torf (M, k)

= dimy, Ext’ (M, k)
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We can further refine the definition of Betti numbers to get the graded Betti

numbers of a module.

Definition 2.18. Let F be a minimal graded free resolution of a graded finitely
generated R-module M. Since F is graded, then each free module in the resolution

is of the form

Fy = D R(=p)*

pEZ

for some ¢;, > 0. We define the graded Betti numbers of M to be
BZI?P(M) = Ci,p~

Remark 2.19. Since Tor(M, k) and Ext'y(M, k) are graded R-modules we also have

by Proposition 2.17

f (M) = dimy,(Torf (M, k)),, = dim,(Ext’ (M, k)),.

i,p

2.2 The Bernstein, Gel’fand, Gel’fand correspondence

Let S = k[z1,...,x,] be the polynomial ring with deg(x;) = 1 and let E = k(ey, ..., e,)
be the exterior algebra with deg(e;) = —1. This will be the only section where the
exterior algebra will be negatively graded in order to better align with the litera-
ture on the BGG correspondence. Throughout this section, we will cover the main
definitions and the important results related to the BBG correspondence needed to

motivate this thesis. For more details on this correspondence, see [7] or the original

paper [2].
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2.2.1 Properties of the exterior algebra

The exterior algebra E = k(ey,...,e,) is a graded commutative ring with multipli-

cation denoted by A. In particular
1. e, Nej = —e; Ne; for all 4, 5
2. e; Ne; =0 for all 7.

In addition, £ is graded with E = @, E; where E; is the k-vector space spanned by
all wedge products of degree i. Recall we are assuming deg(e;) = —1 for all 1 < i < n,

so E =@, ,E_;.
Remark 2.20. E is a finite dimensional k-vector space with

dim, E_; = (") .
1

Remark 2.21. Homy(E, k) is a graded left E-module with Homy (E, k) = @, Homy(E_;, k)

and E-module structure given by xh(e) = h(eAx) for allz,e € E and h € Homg(FE, k).

Proposition 2.22. Let E = k(ey, ..., e,) be the exterior algebra with deg(e;) = —1.
Then
Homy(E, k) = E(—n)

as left graded E-modules.

Proof. First note the map (—, —) : E x E — k given by
(e,x) = coefficient of ey A -+~ Ae, ineAx
is k-bilinear, and thus gives a k-linear map ¢ : E(—n) — Homy(E, k) defined by

p(z) = le = (e, )],
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We claim ¢ is a graded left E-module isomorphism. Let z,y € E then notice

[zo(y)] (e) = p(y)(eAx) = (e Az y) = (e,x Ny) = p(z Ay)(e).

Thus ¢ is a left E-module homomorphism.

Now supppose z € E is homogeneous of degree —d. Thus z € E_; = E(—n),_q.
Note ¢(z) # 0 only on Ey_,, so ¢(z) € Homg(E4_,, k) = Homy(E, k),,_q. Therefore

@ is degree preserving, so ¢ is a left graded E-module homomorphism.

It remains to show ¢ is bijective. Since ¢ is a k-linear map and dimy F(—n)) =
dimy, Homy(E, k) then it sufficies to show ¢ is injective. First let us prove the follow-

ing claim.

Claim 1: For all nonzero « € FE there exists e € E such that (e, z) # 0.
Let x € E be nonzero. For a subset I C [n], set e; = e;; A --- A e;, when

I:{il,...,ig} and i1 < ... < 4p. Then

for some a; € k with a; # 0 for some I C [n]. Let d = min{|I| | a; # 0} and let

J C [n] be such that |J| = d and a; # 0. Then notice
eppg AT = Faz(er A . Aey)

because e\ s A arey = 0 for all I # J. Since ay # 0, then (ep,)\ s, ) # 0 so we have

proven our claim.
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Now suppose x1,x2 € E such that ¢(z1) = @(x2). Then (x1,e) = (x3,€) for all
e € E which implies (z; — x9,e¢) = 0 for all e € E. Then by Claim 1, 7 — 25 =
0 so z; = x3. Thus ¢ is injective, so we conclude ¢ is a left graded E-module

isomorphism. O
Corollary 2.23. FE is injective as a left E-module.

Proof. By [3, Lemma 3.1.6], Hom(E, k) is an injective left F-module. Thus by

Proposition 2.22, F is an injective left EF-module. O

2.2.2 Defining the functors

Definition 2.24. Suppose P = (P, P; is a graded E-module and define L(P) to be

the graded complex of S-modules
LP): 5 S0P S@ Py S
where Y(f @p) =D ,(z:f ® e; Ap) and S ®, F; is in homological degree j.
Remark 2.25. By the definition of L(P), we have the following equality
L(P(—a)) = X*L(P).
Generalize this definition to a graded complex of EF-modules in the following way.
Definition 2.26. Suppose we have a graded complex of EF-modules
F:ooo Fyy — F— e

Applying L to each module in F gives the following double complex
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o — S R (Fz’—i-l)j — 5 ® (Fz‘+1)j—1 -

e —— S ®y (F);

S®k (Fi)j—l ..

where the vertical maps are induced by the differential of F and the horizontal com-
plexes are the complexes L(F;) defined in Definition 2.24. Define L(F) to be the total

complex of this double complex.

Proposition 2.27. L is a functor from the category of graded complexes of E-modules

to the category of graded complexes of S-modules.

The functor L has a right adjoint functor R which can be defined in an analogous

way.

Definition 2.28. Let M = @, M, be a graded S-module and define R(M) to be

the complex of graded F-modules
R(M) : -+ 2 Homy(E, My) % Homy(E, May1) S -+
where ¢(a) = [e — >, z;a(e; Ae)] and Homy(E, M) is in homological degree —d.
Remark 2.29. By the definition of R(M), we have the following equality
R(M(—a)) = *R(M).

This definition generalizes to graded complexes of S-modules in the same way as

L in Definition 2.26.
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Definition 2.30. Let G be a graded complex of S-modules. Define R(G) to be the

total complex of the double complex formed by applying R to each module in G.
Proposition 2.31. R s a functor from the category of graded complexes of S-modules
to the category of graded complexes of E-modules.

2.2.3 Examples

In order to better understand these functors, we have provided a few examples below.

Example 2.32. Let E = k{ej,es) and S = k[xq, x2]. Then L(FE) is the complex
O-)S@kk£>5®kE_1 i)S@kE_Q—)O

Note each module in this complex is a free S-module and the differential acts on the

basis elements in the following way
Y(1®1) =2 ®e + 22 ® e

¢(1®61):I1®€1/\61+I’2®62/\€1:—ZE2®€1/\62
w(1®€2):$1®€1A€2+x2®62/\62:x1®€1/\€2
¢(1®61A62):0.

Thus we have the following isomorphic complex

X1

T2 (—132 131)

0— S y 52 s S —0

which is Homg(Kosg (21, x2), S), and it is quasi-isomorphic to X 72k.
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We can also consider the dual of E as a k-vector space which we denote as E* :=

Homy(E, k). Since E* = E(—2) by Proposition 2.22, then we have
L(E*) 2 L(E(-2)) = Y’L(E) ~ 2*(X7%k) = k.

Example 2.33. Let £ = k(ej,es) and S = k[xy,2z5]. Then R(k) is the following
complex

0 — Homg(E, k) — 0.
Therefore R(k) = E* := Homy(E, k). By Example 2.32 we conclude
L(R(k)) =L(E") ~k
and
R(L(E")) ~R(k) = E™.

Example 2.34. Let F = k(ej,es), S = k[r1, 23], and w = e; A eg. Consider the

Koszul complex

w

Kosgp(w) : E(2) — E.
In order to find L(Kosg(w)), we first consider the double complex

0 Suk—SQLE | — SQRE_ 5 —0

N

0—’S®kk*>S®E_1*>S®E_2 0

Using the calculations in Example 2.32 and the fact

idew(lel)=1®e Aey

we have the following isomorphic double complex
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Thus L(Kosg(w)) is isomorphic to the total complex of this double complex which is

given by the following complex

T —X2 X1 1
) 0 0 —I1
0 ) 0 0 —T2 . (O i) —I'l)
0— 9 > S° > S° » S — 0.

2.2.4 Relevant results

As seen in the above examples, the functors L and R do not define an equivalence of
categories between the category of graded complexes of E-modules and the category
of graded complexes of S-modules. However by refining these categories so that
quasi-isomorphisms become isomorphisms, we have an equivalence of categories as

desired.

Theorem 2.35 ( [7, Corollary 2.7]). The functors R and L define an equivalence of
categories

D*(S-mod) = D°(E-mod)

where D°(S-mod) (or D*(E-mod)) is the derived category of bounded complexes of

finitely generated S-modules (or E-modules).
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In addition, we relate the homology and Betti numbers of these complexes using

the following results.

Proposition 2.36. If F is a complex of graded E-modules and G is a complex of

graded S-modules then
1. Hi(R(G)); = Tory ;(k,G);
2. Hy(L(F)); = Ext'/ (k, F);

Proof. This proof is an extension of the proof of [7, Proposition 2.3] which is the

equivalent result for modules.

Part (1):
Let E* := Homy(FE, k) denote the k-vector space dual of E. As demonstrated in
Example 2.32, L(E*) is isomorphic to the Koszul complex which is a minimal free

resolution of k£ over S. Thus

Tor?

i+j(k’ G)] — HH—](L(E*> ®S G)] (221)

Now for all a, R(G,) is the complex of E-modules
R(G.,) : - % Homy(E, (Gu)y) % Homy(E, (Ga)pir) % - -
where ¢(a) = [e — >, z;a(e; Ae)]. Since
Homy,(E, (Ga)s) = Homy(E, k) @5 (Ga)y = E* @1 (Ga)s
then R(G,) is isomorphic to

S By (Ga)s % B o (Ga)otr g
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where ¢(a ® g) = 3, e; A a ® x;9. Thus R(G) is isomorphic to the total complex of

the following double complex

P E* ®k (Ga+1)b _— E* ®k‘ (Ga+1>b+1 e

o — B Ry (Ga)b

E* ®k (Ga)b—l-l [N

where the horizontal maps are gg and the vertical maps are id ® dg. This implies

R(G); = @E* QK (Ga)ai-

Also

(L(E") @5 G)ir; = D L(E)irj-0 ®s Go = D(E)irja @k S

a

as S-modules, so

R(G)ij = EP(E)itja @k (Ga)ai = (L(E") @5 Giyj

a

as S-modules. Note L(E*) ®¢ G is isomorphic to the total complex of the following

double complex

e (E*)d—a Sk Ga+1 —_— (E*)d—a—l Rk Ga+1 ...

T (E*>d7a ®k’ Ga EE—— (E*)df(lfl ®k GCL —_— e e .
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where the horizontal maps are gz~5 and the vertical maps are id ® dg which are the same

maps as in the double complex that gives R(G). Therefore using (2.2.1) we conclude
Hi(R(G)), = Hypy (LEY) @5 G), = Tors,, (b, G),
as S-modules.
Part (2):
Note R(S) is the following complex
0 — Homg(E, Sp) — Homg(E,S;) — -+ .

Since Homy(E,S;) = Homy(E ®; S, k) where Sf = Homyg(S;, k) then applying

Homy(—, k) to R(S) gives the following complex
o= E® ST = E®, Sy — 0

which is the minimal free resolution of k over E. Therefore Homg(R(S), k) is a

minimal free resolution of k over E. Then by definition
Exti (k, F) = H™ (Hompg(Homg(R(S), k), F);. (2.2.2)
Now for all a, L(F,) is the complex of S-modules
L(F,) : - Y S @ (Fa )b % S @ (Fa)b—1 LAy

where Y(s® f) = >, xz;s®e; A f. Then by definition L(F) is the total complex of the

following double complex
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> S @k (Fus1)o — S @ (Fat1)p1 — -+

"—’S®k(Fa)b

S Ry (Fa)bq —_

where the horizontal maps are 1) and the vertical maps are id ® dr which means
L(F); = @ S @k (Fa)i-a-
Also
Hom  (Homy (R(S), k), )™ = @) Homp(E @ Sf,; 4, Fu)

= @HomE(E, Homk(S;‘+j_a, F,))
= @ Homk(Si*H,a, Fy)
= @ Sitj—a Ok Fy.

as F-modules, so

L(F);; = @ Sitj—a Ok (Fo)ica = (HomE(Homk(R(S), k), F)H—j)

J
as E-modules. Note Homg(Homy(R(S), k), F) is isomorphic to the total complex of

the following double complex
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T Sdfa Rk FaJrl - Sd7a+1 Rk FaJrl -

'%Sdfa(nga Sd*a+1®k‘Fa4’“'

where the horizontal maps are v and the vertical maps are id ® dr which are the same

maps as in the double complex that give L(F). Therefore using (2.2.2) we conclude
H;(L(F)); = H™ (Hompg(Hom,(R(S), k), F)); = Exti}’ (k, F);.
O

Definition 2.37. A complex F of graded E-modules is called perfect if it is quasi-

isomorphic to a finite free graded complex over E.

Corollary 2.38. Under BGG, a perfect complex F of graded E-modules corresponds

to a complex G of graded S-modules with finite length total homology. In addition

dimy, H(F) = Z Bi(G).

The following is a proof of only the forward direction because the other direction

is not as relevant for this thesis.

Proof. Under BGG, quasi-isomorphic complexes map to the same complex. Therefore
we may reduce to the case where F is a bounded complex of graded free E-modules
of finite rank. Finite rank free F-modules are injective because F is injective as an

E-module by Corollary 2.23. Thus

Bty ( F); = ' (Homp(k F)),
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which has finite dimension as a k-vector space for all 7 and j. Also since F is bounded,
then H;;;(Homg(k,F)); = 0 for all but a finite number of pairs (7, 5). Then by part
(2) of Proposition 2.36, H;(L(F)); = 0 for all but a finite number of pairs (¢, j). Thus
G := L(F) has finite length homology.

Moreover, part (1) of Proposition 2.36 gives
Hi(F); = Hi(R(L(F))); = Tor} ;(k, G); = Biy;;(G)

which implies

dimy H(F) = 3 5:(G).
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Chapter 3

KOSZUL COMPLEXES OVER THE EXTERIOR
ALGEBRA

We begin investigating Question 1.8 by considering counterexamples to Conjecture
1.4. The original counterexample given by Iyengar and Walker in [13] is a complex
over the polynomial ring and, under BGG, it corresponds to the Koszul complex
of a general quadric over the exterior algebra E, = k{ei,...,e,). Throughout the
rest of this thesis, we are assuming deg(e;) = 1 and a quadric is a homogeneous
element of degree 2. Section 3.1 is devoted to analyzing this original counterexample.
In particular we will show the Koszul complex of a general quadric over E, has
homological growth factor (see Definition 1.9) less than 2 for large enough n.

We then produce a new counterexample in Section 3.2 by considering the Koszul
complex of two generic quadrics over the exterior algebra F,,. We analyze these Koszul
complexes by looking at a lower and upper bound of its homological growth factor.
Using these bounds, we conclude that the homological growth factor of the Koszul
complex of two generic quadrics is less than 2 for some n. In fact, we observe that
the smallest homological growth factor of a Koszul complex of two generic quadrics
appears to be less than the smallest homological growth factor of a Koszul complex

of one general quadric.
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3.1 Koszul complex of one quadric
Let k be a field and let E,, = k(eq, ..., e,). Consider the Koszul complex
Kos, (w) : E,(—2) = E,
where w € F, is a quadric.

Definition 3.1. Consider the affine space Al(f) over the field k (i.e. A£2> is the set

of all (})-tuples of elements of k). Let O : A,gg> — (E,)2 be the function defined by

@((wij>1§i<j§n) = Z wije; N €j.

1<i<j<n

Remark 3.2. O is bijective.

Proposition 3.3. Let k be a field. There exists a Zariski open set U of A,Sz) such

that for w € (E,)s the following are equivalent
1. we o)

2. the map p; : (En(—2)); = (E,); which is given by p;(x) = wx is injective for

i < [5] +1 and surjective fori > |5 | + 2.

Moreover, if n is even and chark = 0 or chark > ”TH then U 1is nonempty and if n

15 odd and char k = 0 then U is also nonempty.

Proof. Let w € (E,)2. For each i, fix the standard bases for the vector spaces
(E.(—2)); and (E,);. Let M;(w) denote the matrix representing the k-linear trans-
formation

pi + (En(=2))i = (En);

with respect to the chosen bases. Note the entries of M;(w) depend on the coefficients

of w but not on any elements of F,,.
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The map p; is injective for ¢ < | 5] + 1 and surjective for ¢ > [ %] 4 2 if and only

if the rank of M; is maximal; that is rank M; = min{dimy(E,(—2));, dimy(E,);}. Set
r; = min{dimy(E,(—-2));, dimg(E,);}

and let I, (M) be the ideal generated by the r; x r; minors of M for any matrix M.
Also let X; be the matrix obtained from M;(w) by replacing each coeflicient w;; of w

with the variable x;;. Then

w satisfies (2) < rank M;(w) =r; for all0 <i <n
< I, (M;(w)) #0 for all 0 <i <n

=0 Hw) g V(I (X;) forall0 <i<n

S0 (w) gV (n] I, (Xi)
i=0
Set U = AP\ V (V" L,(X;)) then U is a Zariski open set in A) and by the
argument above w satisfies (2) if and only if ©7!(w) € U. Thus w satisfies (2) if and
only if w € ©(U).

Now suppose n is even, so n = 2m for some m. By [5, Proposition A.2], if
chark =0 or chark > 3! then w = )", e9;_1€y; satisfies (2). Therefore w € O(U),
so U is nonempty.

Finally suppose n is odd. By [15, proof of Theorem 5.2], if chark = 0 then the
element @ which is the sum of all monomials in E,, of degree 2 satisfies (2). Therefore

w € U, so U is also non-empty in this case. O

Definition 3.4. If n is even then assume char k = 0 or chark > "TH and if n is odd
then assume chark = 0. An element w € (E,)s is general if w € ©(U) where U is

the non-empty Zariski open set given in Proposition 3.3.
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Proposition 3.5. Let w € E, be a general quadric. If n is even, then n = 2m for

some m and

2 2
dimy, H (Kosgm (1)) = < :;:1 ) |

If n is odd, then n =2m+ 1 for some m and

. 2m + 2
dimy, H(Kosgp,11(w)) =2 ( 1 )

Proof. This proof is an extension of the proof of [13, Proposition 2.1] which proves
the even case for w = Z?:l €2€2i—1.

By definition, w € O(U) where U is the non-empty Zariski open set given in
Proposition 3.3. Therefore i; : (E,(—2)); — (E,); is injective for i < [2] + 1 and

surjective for ¢ > [ %] + 2 which implies
dimy ker(u;) =

and

dimy, coker(w); =

First suppose n is even, so n = 2m for some m. Then

dimy, H (Kosg,(w)) = Z dimy, coker(p;) + dimy, ker(s;)

)

S () 5 () - ()
)G+ ()
- ( T:Ln—F 1 ) '
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Now suppose n is odd so n = 2m + 1 for some m. Then

dimy H (Kosg,11(w)) = Z dimy, coker(p;) + dimy, ker(u;)

_’”Z*:l om+1\  (2m+1 +2§1 2m+1\  (2m+1
- i i—2 . i—2 i
=0 i=m-+2
(<2m+1> <2m+1))
9 +
m m+ 1

5 2m+ 2
m+1/

Corollary 3.6. Let n > 8 and w € E,, be a general quadric then
HGF (Kos,(w)) < 2.

Proof. This proof is an extension of the ideas in [13, Remark 2.5] which prove the

case when n is even.

First notice for n = 8 and n = 9, Proposition 3.5 gives the equalities

10
dim, H(Kosg(w)) = (5) =252 < 28
and
. 10 9
dimy, H(Kosg(w)) = 2 5= 504 < 2°.

Now suppose n > 10. If n = 2m for some m then by Proposition 3.5 and Stirling’s

approximation

2m + 2

) S — (3.1.1)
m+ 1 m(m+ 1)

dimy, H(Kos (w)) = (
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Now if n = 2m + 1 for some m then we also have by Proposition 3.5 and (3.1.1) that

2m + 2
dimy, H (Kosa, =2 < 22mtlL
imy, H(Kosgy,i1(w)) (m +1 )

We conclude for n > 8

1/n

HGF(Kos, (w)) = (dimy, H(Kos,(w))) "" < 2.

]

Therefore Corollary 3.6 shows Kos, (w) is a counterexample to Conjecture 1.4
for n > 8. Also, computations performed using Macaulay2 [9] indicate the smallest

homological growth factor occurs when n = 24 and in this case

96\ /24
HGF(Kosg(w)) = (13> ~ 1.961. (3.1.2)

Even though this family of complexes has homology smaller than predicted by

Conjecture 1.4, its homological growth factor is eventually increasing. In particular,

the homological growth factor will asymptotically approach 2.

Corollary 3.7. For all n, let K,, = Kos, (w) for any general quadric w € E,, then

lim HGF(K,) = 2.

n—oo

Proof. First note by Corollary 3.6, HGF(K,,) < 2 for n > 8. Thus

limsup HGF(K,,) < 2.

n—oo

Now suppose n is even, so n = 2m for some m. Proposition 3.5 gives

o2m + 2) 1/2m

. 1/2m
(dlmk H(Kgm)> = ( 1
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and by using the bounds given by Stirling’s approximation we have the inequality

m 1/2m 1/2m
(Zm + 2) v 8ymer L _8vT
m+1 “\e2ym+1 B ezy/m + 1 .

Since lim,, o0 (m + 1)Y/™ = 1, then

2m + 2\ /2" gz \"
lim inf ( ) > lim 2 (—) = 2. (3.1.3)

m—00 m+ 1 T m—oo e2v/m—+1

Thus
liminf HGF (Ky,) > 2.

m—0o0

Now suppose n is odd, so n = 2m + 1 for some m. Proposition 3.5 gives

- 9 9 1/(2m+1)
(dlmk H(K2m+1>)1/2 +1 — 21/(2m+1)( m+ ) .

m—+1

Then (3.1.3) implies

(2m+1)/2m
9 9\ I/ @m+1) 9 9\ 1/2m
liminf(mjL ) = lim <m—|— > > 2.

Thus
lim inf HGF (Kop,11) = lim inf 21/

m—00 m—00

> 2.

9m + 2 1/(2m+1)
( m—+1 )

Therefore in both cases we have shown

lim inf HGF(K2m+1) 2 2

n—oo

so by the Squeeze Theorem, we conclude

lim HGF(K2m+1> = 2.

n—o0
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3.2 Koszul complex of two quadrics

Let wy,wy € E,, = k{eq,...,e,) be quadrics and consider the Koszul complex

wq (wl wz)
2

Kos, (w1, wy) : Bp(—4) ~——25 B, (-2)2 ~— /3 |,

Recall by Definition 1.9 the homological growth factor of this complex is given by

1/n

HGF(Kos,(wy,ws)) = (dimy, H(Kos, (wy, w,))) .

In order to analyze the homological growth factor of these complexes, we will focus
on the dimension of the total homology of Kos,, (wy,ws). First consider the following

useful results about the homology of Kos, (wy, ws).

Lemma 3.8. Let wy,ws € E,, be quadrics. Consider the maps

o )

a: B, (-2 —5F,
Wy
w1y
B: E,(—4) — E,(—2)?

then dimy, ker(f) = dimy, coker ().

Proof. Consider the map of vector spaces

(e )

v~ g
The following is an exact sequence of vector spaces

0 — ker(y) = E? 5 E, — coker(y) — 0. (3.2.1)
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Since every short exact sequence of vector spaces is split exact, applying Homy(—, k)

to (3.2.1) gives the following exact sequence of k-vector spaces

Homy, (v,k)
k(

0 + Homy(ker(v), k) < Hom(E2, k) Homy (E,, k) < Homy(coker(), k) < 0
which is isomorphic to

0 + Homy(ker(v), k) < E2 LB, Homy(coker(7), k) < 0

because E, is a finite-dimensional k-vector space. Therefore ker(f) = Homy(coker(7), k),

and

dimy, ker(f) = dimy Homy (coker (), k) = dimy, coker() = dimy coker(a).

Proposition 3.9. Let wi,wy € E, be quadrics then
dimy, H (Kos, (wq, =4di .
imy, H (Kos, (wy,ws)) imy, (03]
Proof. Let a and f be the maps given in Lemma 3.8. Then
dimy, H (Kos,(wy,w,)) = dimy, coker(a) 4+ dimy, ker(«v) — dimy image(8) + dimy, ker(3).
By the Rank-Nullity Theorem, we have the equalities

dimy, ker(a) + dimy image(a) = dimy, E? = 2dim;, E, (3.2.2)

and

dimy, ker(3) + dimy, image () = dimy, E,,. (3.2.3)

By subtracting (3.2.3) from (3.2.2) we obtain

dimy ker(a) — dimy, image(f) = dimy coker(a) + dimy ker(3),
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which implies
dimy, H (Kos,, (w1, ws)) = 2 (dimy, coker(a) + dimy, ker(5)) .

Then by Lemma 3.8, we conclude

Ey,

(w1, wa)

dimy, H(Kos, (w1, wy)) = 4 dimy, coker(«) = 4 dimy,

]

Therefore finding the dimension of the total homology of Kos, (w;,w,) can be
reduced to finding the dimension of E,, /(wi,ws). In order to find the dimension, we
can focus on finding the Hilbert series (see Definition 2.4) of E,,/(wy,wy). However,
the Hilbert series of E,,/(wy,ws) is not known and challenging to compute (see [6]),

so we instead consider coefficient-wise bounds on the Hilbert series of E,, /(wq, ws).

3.2.1 Lower bound

First let us consider a coefficient-wise lower bound of the Hilbert series of E,, /(w;, ws)
where wy,wy € F, are quadrics. This lower bound is the exterior algebra version of

a lower bound given by Froberg in the commutative setting (see [8]).

Definition 3.10. Given a polynomial ¢(t) = ag + a1t + - -+ + a,,t"™ let [g(t)] mean
truncation before the first non-positive term. Therefore [g(t)] = ag+ait+---+a; 1t/

where a; < 0 and a; > 0 for all 7 < j.

Example 3.11. Let g(t) = 1+ 3t + 2 — 4¢3 + 8t* then [g(¢)] = 1 + 3t + 2.
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Lemma 3.12. Let w € E,, be a general quadric as in Definition 3.4 then
hi, ) (t) = [(1+8)"(1 = t7)].

Proof. Consider the map
pi - (En(=2))i = (En)i-

Since w is general then, by Definition 3.4, y; is injective for ¢ < |4 |41 and surjective

for i > | %] +2. Thus

=) i< |5+l
dimy, coker(p;) = (Z) (Z— ) |5
0 i> (2] +2.

Since

E
dimy, ( . ) = dimy, coker(1;)

we conclude g, juy)(t) = [(1+8)"(1—t?)] because (7) —(,",) < 0fori > [2]+2. O

Definition 3.13. Suppose f(t) = > a;t" and g(t) = Y, bit" with a;,b; € Z. Let

f(t) = g(t) if a; > b; for all 7.

Proposition 3.14. Let wi,wy € E, be quadrics with wy general as in Definition 3.4.

Then we have the coefficient-wise lower bound
RE, fwiws) = [(1+ )2 (1= £%)7].

Proof. Consider the following exact sequence

By
(wy)

Then Proposition 2.9 gives the equality

(-2) = — — 0.

0 — ann(ws)(—2) — (w1)  (wy,ws)

N jwr2) () = i ) ) =Rz o) )+ Rann(uws) () = B, /() (8) (1) + Rann ) (£) .
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Since Nann(uw,)(t) = 0, then hg, /(wrw,) (t) = RE, jwy) (t)(1 — t*) which implies

R o) (8) = [P, o) (D (1 = 7]

Then Lemma 3.12 gives

N, ) (8) = [[(L+8)"(1 = 3)](1 —%)] . (3.2.4)

Therefore it remains to show

[A+" =] =] = [A+5)"(1—#)7].

Let
L+)"1-2) =) at'
then
(L+0"(1 =) =) (a; — a)t’
SO

[(14)"(1 — t%)?] chtl

where ¢; = a; — a;—2 if a; > a;_o for all j <14 and 0 otherwise. In addition

[(1+8)"(1 — )] thl

where b; = a; if a; > 0 for all j <4 and 0 otherwise. Thus
[(L+0)"(1 = )1+ %) = Z(bi —bio)t’
and
[[(1+ )" (1 — 2)]( Zdt’
where d; = b; — bj_y = a; — a;—2 if a; > a;_5 and a; > 0 for all 7 <4 and 0 otherwise.

Let 79 be the first index where a;, < 0, then notice we also have a;, < a;,—2. Therefore
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d; = a; — a;—5 if a; > aj_o for all j < ¢ which implies d; = ¢; for all <. Thus we
conclude

[T+ -1 -] = [ +t)"(1—t?)?]

which means (3.2.4) gives

hEn/(w17w2)(t) = [(1 + t>n(1 - t2)2] )

Definition 3.15. Let b(n, s) be the s coefficient of [(1 +¢)"(1 — t?)?].

The following table contains the values of b(n, s) for n < 20. These numbers are

lower bounds for the coefficients of the Hilbert series of E,,/(wy, ws).

n/s |0 1 2 3 4 5 6 7 8 9
3 1] 3 1 0 0 0 0 0 0 0
4 |11 4| 4 0 0 0 0 0 0 0
5 | 115 8 0 0 0 0 0 0 0
6 |[1] 6 | 13 8 0 0 0 0 0 0
7117 |19 21 0 0 0 0 0 0
8 | 1] 8| 26 40 15 0 0 0 0 0
9 |11 9| 34 | 66 95 0 0 0 0 0
10 | 1] 10| 43 | 100 | 121 22 0 0 0 0
11 |1 11| 53 | 143 | 221 143 0 0 0 0
12 | 1|12 | 64 | 196 | 364 364 0 0 0 0
13 |1 13| 76 | 260 | 560 728 364 0 0 0
14 | 1|14 | 8 | 336 | 820 | 1288 | 1092 0 0 0
15 | 115|103 | 425 | 1156 | 2108 | 2380 884 0 0
16 | 1|16 | 118 | 528 | 1581 | 3264 | 4488 | 3264 0 0
17 | 1|17 | 134 | 646 | 2109 | 4845 | 7752 | 7752 | 1938 0
18 | 1|18 | 151 | 780 | 2755 | 6954 | 12597 | 15504 | 9690 0
19 | 1119169 | 931 | 3535 | 9709 | 19551 | 28101 | 25194 | 3230
20 |1 (20| 188 | 1100 | 4466 | 13244 | 29260 | 47652 | 53295 | 28424

Table 3.1: The values of b(n, s) for n <20
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Definition 3.16. Let k = C. A list of elements wy, ws, ..., w,. € E, are generic if all
the coefficients of wy, wo, ..., w. with respect to the standard basis are algebraically

independent over Q.

Proposition 3.17. The lower bound of Proposition 3.14 is not tight. In fact, if
k = C and wy,ws € E, are generic quadrics then for n > 11 the Hilbert series of

E,./ (w1, ws) is not equal to [(1+t)"(1 — t?)?].

Proof. Note (141)"(1—t*)* = (1 —2t> +¢*) > _, (})t". We will consider when n is
odd and when n is even separately.

First suppose n = 2m. Then the m'* coefficient of (1 + ¢)?™(1 — t2)? is

(o) =2(s) + ()

By rewriting the binomial coefficients as factorials and simplifying we have the fol-
lowing equality

|

() =)+ () =
(

o
2m)!

~—

—8m” + 36m” + 68m + 24)

+

~—

i (—4)(2m + 1)(m + 1)(m — 6).

+

m!(m
Therefore the m!" coefficient is negative if m > 6 and zero if m = 6. This implies the
m" coefficient of [(1+ )™ (1 — ¢?)?] will be 0 for m > 6. However the m'" coefficient
of Ny, j(wiws) (t) 8 2™ by [6, Proposition 6.

Now suppose n = 2m + 1. Then the (m + 1)% coefficient of (1 4 ¢)*™ (1 — %)% is

2m+1 2m+1 2m+1
-2 + :
m+ 1 m—1 m—3
By rewriting the binomial coefficients as factorials and simplifying we have the fol-

lowing equality
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2m+1 2m +1 2m +1 (2m +1)! 3 9
—2 = —8m° —4 28 24
(m+1) <m—1)+<m—3> Gt D a1 (87— A 28m o+ 24)

B (2m + 1)!
(m+D(m+4)

!(—4)(2m +3)(m+1)(m — 2).

Therefore the (m+1) coefficient is negative if m > 2 and zero if m = 2. This implies
the (m + 1)% coefficient of [(1 + ¢)*"™1(1 — ¢*)?] will be 0 for m > 2. However the

(m + 1) coefficient of kg, /(wwe)(t) is 1 by [6, Proposition 6]. O
Remark 3.18. Using a similar argument, one can show when n = 2m then the
(m — )™ coefficient of (1 + )™ (1 — 2)2 will be

(2m)!
(m =)l (m+j+4)

(=4)2m + 1) (m +1)(m — 2(j% + 45 + 3))
which is zero or negative when m > 2(5% + 45 + 3). Also when n = 2m + 1 then the
(m + 1 — j)™" coefficient of (1 + t)>™ (1 — )2 will be

(2m +1)!
(m—j+ Dl (m+j+4)!

(—4)(2m +3)(m + 1)(m — 2(j* + 3j + 1))
which is zero or negative when m > 2(j% 4+ 35 + 1).

Finally, consider the following result about the asymptotic behavior of the lower

bound.
Proposition 3.19. Let b(n, s) be the s coefficient of [(1 + t)"(1 — t*)?]. Then
1/n
hgglf (Z b(n,s)) > 2.

Proof. Note (1 4+ t)"(1 — %) = (1 — 2¢> + t*) 37, (7)t* so the s™ coefficient of

(1+6)"(1 — £2)% is
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Now let us consider the even and odd case separately. First suppose n = 2m. As
demonstrated in Remark 3.18, the (m — j)™ coefficient of (1+¢)?"(1—#2)? is negative

or zero for m > 2(j% + 45 + 3). This implies

Sz 3 (1) 2(2) < ()
Cr) e G = ()= ()

(2 $6(2m + 1)(m +1).

m)!
ml(m + 3)!

By using the bounds given by Stirling’s approximation, v/2rm™1/2e=™ < m! <

m+1/26—m

em , we have the following inequalities

(2m)! V21 (2m) 2t/ 2e=2m
6(2 1 l)———F— > 6(2 1 1
( m+ )<m T ) l(m + 3) ( m+ )(m + )emerl/Qefme(m + 3)m+7/267m73
22mmm
Therefore
1/2m
2m1/2
1/2m 1/2m
(Z b(2m, 3)) > (2m + 1)V (m 4 1) T 3 (o T Y

Since lim,,_. m'/™ = 1, we conclude

1/2m
>
I%Iglgf (Zb (2m s) > 2.

Now suppose n = 2m + 1. As demonstrated in Remark 3.18, the (m + 1 — )

coefficient of (1 + ¢)*™*1(1 — ¢?)? is negative or zero for m > 2(j* + 35 + 1). This
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implies
T om 1 om + 1 om + 1
b(2 1 > -2
oz 3 () =) ()
2m +1 2m +1 2m +1 2m + 1
pr— + —_— JR—
(m+1) ( m ) (m—1> (m—Z)
(2m+1)!
= — 42 .
m!(m + 3)! (2m +3)

By using the bounds given by Stirling’s approximation, we have the following inequal-
ities
’27?(2m + 1)2m+3/2672m71
em™t1/2e=me(m + 3)m+7/2¢—m—3
<2m + 1)2m+3/2
mm+1/2(m + 3)m+7/2
22m+1mm+1/2

(m —+ 3)m+7/2°

@m+1! 4(2m + 3)

4(2m + B)W Z

> (2m + 3)

> (2m +3)

Therefore

1/(2m+1) o 1/2
1/(2m+1)
(Z b(2m + 1, 3)) > (2m + 3) (m + 3)1/2(m + 3)3/@m+D)

Since lim,,_0 m'/™ = 1, we conclude

1/(2m+1)
lim inf (Z b(2m + 1, s)> > 2.

m—r0o0
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3.2.2 Upper bound

Now let us consider a coefficient-wise upper bound for the Hilbert series of E,, / (w1, ws)

which is found by relating the coefficients of the Hilbert series to lattice paths.

Definition 3.20. Let a(n, s) be the number of lattice paths inside a (n 4+ 2 — 2s) X
(n + 2) rectangle that start at the bottom left corner and end at the top right corner

with moves of two types: (z,y) = (r+ 1,y + 1) or (z,y) = (z — 1,y + 1).

Example 3.21. Let n = 4,s = 1 then the following is an example of a valid lattice

path counted by a(4,1).

Theorem 3.22 ( [6, Theorem 5]). Let k = C and let wy, wq € E,, be generic quadrics
(see Definition 3.16). The dimension of the s graded component of E,/(wy,ws) is

at most a(n, s). Therefore we have a coefficient-wise upper bound

hEn/(wl,wg)(t) = Z a(n, S)ts.

In order to calculate a(n,s), we form a bijection between the lattice paths de-

scribed above to another type of lattice paths whose cardinality is easier to compute.

Definition 3.23. A lattice path stays weakly below (or weakly above) the line y =

max + b if for each point (g, yo) on the lattice path, yo < maxy + b (or yo > mxg +b).
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Proposition 3.24. Let Py be the lattice paths which are inside a (n+2—2s) X (n+2)
rectangle and start at the bottom left corner and end at the top right corner with
moves of two types: (x,y) — (x + 1,y + 1) or (x — 1,y +1). Let P, be the lattice
paths which start at (0,0) and end at (s,n — 2 + s) and stay weakly below the line

=x+n+2—2s and weakly above y = x with moves of two types: (x,y) — (x+1,y)

or (z,y) = (z,y +1). Then Py and Py have the same cardinality.

The following example demonstrates how to transform a P; path into a P, path,

and provides intuition for the proof of this proposition.

Example 3.25. Suppose n = 6,s = 2 and consider the P, lattice path in Figure 3.1

which is inside a 4 x 8 rectangle.

Figure 3.2

Figure 3.1
By changing every move of type (z,y) = (z+ 1,y + 1) to (z,y) — (z,y + 1) and
every move of type (z,y) — (x — 1,y + 1) to (z,y) = (z + 1,y) we get the P, path
in Figure 3.2 which is drawn in blue. Note the path stays between the diagonal lines

y =x + 4 and y = x which are drawn in red, so it is indeed a valid P, path.

Proof of Proposition 3.24. Throughout this proof, we will use the following notation.

Let R moves be of type (x,y) — (z+1,y+1), L moves be of type (z,y) — (z—1,y+1),
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U moves be of type (z,y) — (z,y + 1) and O moves be of type (z,y) — (x + 1,y).
Therefore any P; path has just R and L moves and any P, path has just U and O
moves.

Consider the function f : P, — P, given by taking a P, path and changing all
R moves to U moves and all L moves to O moves as demonstrated in Example 3.25.
We first show f is well-defined.

Suppose P is a P; path. Note in any P; path the number of L moves is s and
the number of R moves is n +2 —2s+ s = n+ 2 — s. Since P stays inside the
(n+2—2s) x (n+2) rectangle, while traveling along P, for 0 < ¢ < n — 2 the number
of R moves is always greater than or equal to the number of L moves after a total of
7 moves. Also the number of R moves is always less than or equal to n + 2 — 2s plus
the number of L moves after a total of ¢ moves.

Now consider f(P) which is a lattice path that starts at (0,0) and ends at
(s,n—2+s). While traveling along f(P), for 0 < i < n—2 the number of U moves is
greater than or equal to the number of O moves after a total of i moves which means
f(P) stays weakly above the line y = z. Also the number of U moves is less than or
equal to n 4+ 2 — 2s plus the number of O moves after a total of ¢ moves which means
f(P) stays weakly below the line y = x + n+ 2 — 2s. Therefore f(P) is a P, path, so
f is well-defined.

Now define the function g : P, — P; by taking a P, path and changing all R
moves to U moves and all L moves to O moves. By a similar argument, g is also
well-defined. Since f and g are clearly inverses, we have demonstrated a bijection

between P; paths and P, paths. O

Given this bijection, we may now use the following results to calculate a(n, s).
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Theorem 3.26 ( [14, Theorem 10.3.3]). Leta+t>b>a+r andc+t>d > c+r.
The number of all paths from (a,b) to (c,d) staying weakly below the line y = x +t
and weakly above the line y = x + r is given by

S () e ).

keZ
Corollary 3.27.
n+ 2 n—+2
aln, 5) _% ((s—k(n+4—23)) a (n+3—s—k(n+4—2s)>)
or equivalently
n+ 2 n—+2
aln, s) = % ((s—k(n+4—2s)) a (s— 1—|—k(n+4—25)>) '
Proof. Let a=b=0,c=s,d=n+2—s,t=n-+2—2s and r = 0. Then the lattice
paths described in Theorem 3.26 are the P, lattice paths. By Proposition 3.24, a(n, s)
is the number of P, lattice paths. Thus the result follows immediately from Theorem

3.26. u

Therefore we now have an upper bound for the Hilbert series of E,, /(wq,w,) that

is easily calculated.

Remark 3.28. [t is conjectured the upper bound given in Theorem 3.22 is an equality
(see [6, Conjecture 1]).

This conjecture is currently still an open problem, but it is known that a(n,s) is
equal to the dimension of the s graded component of E, /(w;,ws) for certain values

of s.
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Proposition 3.29 ( [6, Proposition 7]). Let k = C and let wy,wy € E, be generic

quadrics. If s < |5] +1 then

() o= () 222 ()

We provide a different proof of this result.

Proof. First note by Proposition 3.14,
Bt ) = (14 )" (1= £)7

and when s < [%]+1 then the s coefficient of [(14¢)"(1—t?) is (7) —2(,",) +(,",)-

o (o). 2 (1) =202 ()

By Theorem 3.22, we know dimy(E, /(wy,ws))s < a(n, s) so it remains to show

n n n
= -2 :
o= (0) =2 25) (1)
By Corollary 3.27,

aln, s) = ,CEZZ ((s - k(Zii—%)) N <s —1 +Z(Zi4— 2s)>> - (329)

Notice if k¥ > 2 then

Thus

s—k(n+4—-2s)<s—n—24+s=3s—n—-4<n+3-n—-4=-1<0.
and

s—1+k(n+4—-2s)>s—1+2(n+4—-2s)=2n+7-3s>2n+7—n—3 >n+2.
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This implies that if & > 2 then
n+2 n+ 2 _0
s —k(n+4—2s) s—1+k(n+4-2s))
Also if £ < —2 then
s—k(n+4—-2s)>s+2n+8—-4s=2n+8—-3s>2n+8—n—-3>n+2.
and
s—1+kn+4—-2s)<s—1-n—-44+2s=3s—n—-5<n+3-n—-5<0.
This implies if £ < —2 then

<s—k(zjri—zs)) - <s—1+Z(—7§i4_28>) =0

Therefore when using 3.2.5 we only need to consider when —2 < k£ < 2. Now by

Pascal’s identity the following equality holds

<s—k(zii—2s)) - ($—1+Z(:L_—2F4—23))

- (s—k(nj—4—23)) +2(s—1—k(z+4—2s))

+<s—2—k(Z+4—25)) a (5—1—|—k(z+4—23)>
_2<s—2+k(z+4—23)> a (3—3—1-/{(2—1-4—23))

Using this equality and the fact we may restrict to —2 < k < 2, (3.2.5) becomes the

= (1) =2(20) (1)

desired equality
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The following table contains values of a(n,s) calculated using the formula for
a(n, s) given in Corollary 3.27. Note these numbers are upper bounds for the coefhi-

cients of the Hilbert series of E,,/(wy, ws).

n/s | 0] 1 2 3 4 5 6 7 8 9 10
3 | 1] 3 1 0 0 0 0 0 0 0 0
4 |14 4 0 0 0 0 0 0 0 0
5 | 1] 5 8 1 0 0 0 0 0 0 0
6 |1] 6 | 13 8 0 0 0 0 0 0 0
71 7] 19 21 1 0 0 0 0 0 0
8 | 1] 8 | 26 | 40 16 0 0 0 0 0 0
9 |11 9| 34| 66 55 1 0 0 0 0 0
10 | 110 | 43 | 100 | 121 32 0 0 0 0 0
11 |1 11| 53 | 143 | 221 144 1 0 0 0 0
12 |1 12| 64 | 196 | 364 | 364 64 0 0 0 0
13 11113 ] 76 | 260 | 560 728 377 1 0 0 0
14 |1 14| 89 | 336 | 820 | 1288 | 1093 128 0 0 0
15 | 1|15 | 103 | 425 | 1156 | 2108 | 2380 | 987 1 0 0
16 | 1|16 | 118 | 528 | 1581 | 3264 | 4488 | 3280 256 0 0
17 |1 |17 | 134 | 646 | 2109 | 4845 | 7752 | 7753 | 2584 1 0
18 |1 |18 | 151 | 780 | 2755 | 6954 | 12597 | 15504 | 9841 512 0
19 | 119|169 | 931 | 3535 | 9709 | 19551 | 28101 | 25213 | 6765 1
20 | 1] 20| 188 | 1100 | 4466 | 13244 | 29260 | 47652 | 53296 | 29524 | 1024

Table 3.2: The entries are the values of a(n, s) for n < 20.

3.2.3 Bounding the homological growth factor

Throughout this section let & = C and let wy,wy € E, be generic quadrics. Recall

the homological growth factor of Kos, (wy,ws) is defined to be

HGF(Kos,(wy, ws)) = (dimy, H(Kos, (wy, ws))) n

and Proposition 3.9 states

E,
dimy, H(Kos, (w;,ws)) = 4 dimy, (wrw3)
1, W2
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Theorem 3.22 and Proposition 3.14 gives

b(n,s) < dimy B < a(n,s)
2

(wb w2)

which implies

1/n

1/n
<4Zb(n,s)> SHGF(Kosn(wl,wg))g<4Za(n,s)> . (3.2.6)

The following table contains the values of these bounds on the homological growth
factor of Kos, (w;,ws) which can be calculated using the values of a(n,s) given in

Table 3.2 and the values of b(n, s) given in Table 3.1.

n | (A%, bn, )" | (4%, aln, )"
3 2.714 2.714
4 2.449 2.449
5 2.237 2.268
6 2.196 2.196
7 2.119 2.126
8 2.087 2.09
9 2.057 2.059
10 2.03 2.037
11 2.02 2.021
12 1.996 2.007
13 1.997 1.998
14 1.983 1.988
15 1.98 1.982
16 1.974 1.976
17 1.969 1.972
18 1.967 1.968
19 1.961 1.965
20 1.961 1.963

Table 3.3: The entries in the middle column give a lower bound and the entries in the right
column give an upper bound on the homological growth factor of Kos,, (w1, ws).

As seen in this table, there are values of n such that the upper bound is smaller

than 2 which implies there are values of n such that HGF(Kos, (wy, wy)) < 2. This
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immediately gives the following result.

Theorem 3.30. Let k = C and let wy,wy € E,, be generic quadrics. Then Kos, (wy, ws)

s a counterexample to Conjecture 1.4 for 13 < n < 20.

In addition, computationally the smallest value for the upper bound appears to hap-
pen when n = 37 and in this case (43, a(n,s))" = 1.9507. In addition, the
smallest value for the lower bound appears to happen when n = 36 and in this case
(432, b(n, s))/" = 1.9489. These calculations along with further computations of the

upper bound of HGF(Kos, (w;,ws)) lead to the following conjecture.

Conjecture 3.31. Let k = C and let wy,wy € E,, be generic quadrics. Then
HGF(Kos,(w,ws)) < 2

when n > 15 and

HGF(Kos,(wy,ws)) > 1.9489

for all n.

Finally we observe the homological growth factor of Kos, (wy,wy) has a similar
asymptotic behavior as Kosg,(w) discussed in Section 3.1 in the sense that the ho-

mological growth factor of Kos, (w;,ws) is asymptotically at least 2.

Proposition 3.32. For all n, let K,, = Kos,(wy,ws) for any quadrics wi,ws € E,

with wy general (see Definiton 3.4). Then

limint HGF(K,,) > 2.

n—0o0

Proof. The homological growth factor of K,, has the following lower bound

1/n
HGF(K,) > <4Zb(n,s)>



which was given in (3.2.6). By Proposition 3.19

1/n 1/n
.. — s 1/n >
llgggf (4 Z b(n, s)) hrIzggf 4 (Z b(n, s)) > 2.

Therefore

n—oo n—oo

1/n
liminf HGF(K,,) > liminf <4 Z b(n, s)) > 2.

o4
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Chapter 4

MINIMAL HOMOLOGY

In order to answer Question 1.8, one would like to find the smallest possible total
homology of a graded complex over the exterior algebra. This is a difficult task,
so we proceed by fixing a particular graded Poincaré series and determine which
complexes have the smallest possible total homology amongst those complexes having

that Poincaré series.

Definition 4.1. A finite free graded complex F over the exterior algebra has minimal

homology if

for any finite free graded complex G over the exterior algebra with Pg(s,t) = Pg(s,t).

Recall Pg(s,t) is the graded Poincaré series of F (see Definition 2.12).

In Section 4.1, we show Koszul complexes of one general quadric have minimal
homology. In fact, Proposition 4.3 demonstrates these are the only complexes with
graded Poincaré series 1 + st? that have minimal homology. Then in Section 4.2, we
show Koszul complexes of two general quadrics also have minimal homology. However,
there are other complexes with Poincaré series 1 + 2st? + s?t* that have minimal

homology and we give a characterization of these complexes when n is large enough.
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4.1 Koszul complex of one quadric
Let k be a field and let E,, = k(eq, ..., e,). Consider the Koszul complex
Kos, (w) : E,(—2) = E,
where w € F, is a quadric.
Remark 4.2. Kos,(w) has the following graded Poincaré series
Pxos,(w)(s,t) =1+ st

Proposition 4.3. Kos,, (w) has minimal homology if and only if w is a general quadric

as in Definition 3.4.
Proof. Let w € E, be a quadric and consider

Kos, (w) : B,(=2) = E,,.
For all 7, consider the map

pi t (Bn(=2)); = (En)i-

Note

dimy (H (Kos, (w))); = dimy, ker(u;) + dimy, coker(u;)

then by the Rank-Nullity Theorem

dimy, ker(p;) + dimy, coker(u;) = ( " 2) — rank(u;) + <n> — rank(p;)
i— i

(17_12) + (?) — 2vank(p;).

dimy (H (Kos, (w))); = ( " 2) + (ZL) — 2rank(j;)

7 —

Therefore
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which implies the smallest possible value of dimy(H (Kosy,(w))); occurs when the
rank of y; is as large as possible, namely when g; is injective for i < [§] + 1 and
surjective for ¢ > [ %] 4 2. By Proposition 3.3, this occurs if and only if w is general.
Thus dimy H (Kos, (w)) is as small as possible if and only if w is general.

Note that any finite free graded complex over F, with graded Poincaré series
1+ st? is a Koszul complex of the form Kos,, (w) for some quadric w € E,. Thus we

conclude Kos, (w) has minimal homology if and only if w is a general quadric.

O
4.2 Koszul complex of two quadrics
Now let wq,wy € E, = k(eq, ..., e,) be quadrics and consider the Koszul complex
—wy
wq <w1 w2>
Kos, (wy,wy) : Bp(—4) ——% E,(-2)? ~—% E,.
Remark 4.4. Kos, (wy,ws) has the following graded Poincaré series
Prosn(wrun)(8:1) = 1+ 2st* + s°t1
Lemma 4.5. For any integers r and s, there exists a Zariski open set Uy ofA,(}) XA,EQ)

such that

| ( En >
dimy <r
(wh 'LUQ) s

if and only if (© 1 (wy), 0 (wy)) € Us where O : A](}) — (Ey)2 s the bijection given

in Definition 3.1.
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Proof. Let wy,ws € (E,)s. For each i, fix the standard bases for the vector spaces
(E.(—2))? and (E,)s. Let My(w,wy) denote the matrix representing the k-linear

S

transformation

ps + (Ean(=2))s =———— (E2n)s

s

with respect to the chosen bases. Note the entries of M,(w;,ws) depend on the

coefficients of wy, wy but not on any other elements of Fs,,. Then

o (G )
dimy, <r
(wl,wz) s

if and only if dimy, coker(us) < r if and only if dimy coker(M(wy,ws)) < r. Since

dimy, coker(M, (w1, ws)) = (Z) — rank (M, (wy, wy))

then dimy, coker(M,(wy, ws)) < 7 if and only if rank(M,(wy, w2)) > () —r. Let I,(M)
be the ideal generated by the t x t minors of M for any matrix M. Also let X, be
the matrix obtained from Mg (wy,ws) by replacing each coefficient of wy, we with a

variable. Then

E
dimy, ( = > < r < rank(M(wy, we)) > (n) —r

(w1, ws) S

~ [(:) (Ms(wl,wg)) 7é 0

o (O 04 7 (10 0x)

n

Set U = Ai(Q) \V ([(n)_T(XS)> then U; is a Zariski open set in Ai(z) and by the

(o)
dimg | ———— ] <r
(w17w2> s

if and only if (©@7!(wy), 0" (wy)) € Us. O

argument above
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Proposition 4.6. Let k be an infinite field and let

E,
(q17 C]2)

r = min {dimk L € (En)g} .

Then there exists a non-empty Zariski open set U of A,EQ) X A,EQ) such that

By,

(w1, ws)

dimy, =r

for all wy,wsy € (E,)2 with (07 w,),0 (w,)) € U.

ry = min {dimk ((qip)l 1g; € (En)z}

then by Lemma 4.5 there exists a Zariski open set Uy of A,EQ) X A,EQ) such that

dimy, < rg
(w17 'Z,UQ) s

for all wy,wy € (B, )2 with (07 (w;), ©~(wy)) € U,. Note by definition of r,, we also

dimy, >r
(w1> wz) s

E
dlmk ( - ) =Ts
(wh w2) s

for all wy,ws € (E,)2 with (07 (w1), 07 (wy)) € Us.

Proof. Let

have

for all wy,wq € (E,)a2, S0

Then let U = (i_, Us. Note Uy is non-empty for 0 < s < n by definition of r,.
Therefore U is the finite intersection of Zariski open sets and thus a Zariski open
set. Also U is non-empty because k being infinite implies a finite intersection of non-

empty Zariski open sets is non-empty. Finally the definition of U implies that for all



0 < s < n we have the following equality

E
dimy, ( - > =7,
(wl, w2) s

for all wy,wy € (E,)s with (07 (wy), ©® (wy)) € U. Since

E, -
r = min {dimk tq; € (En)g} = T
(71, G2) —0
because U is nonempty, then
E,
dimy, =r
(wh w2)

for all wy,wy € (E,)2 with (07 (w), 0" (wy)) € U.

60

[]

Definition 4.7. Let k be an infinite field. A pair of elements wy, ws € (E, ), are said

to be general if (07 (wy),0 (wy)) € U where U is the non-empty Zariski open set

given in Proposition 4.6.

Proposition 4.8. Let wy,wy € E, be general quadrics, then Kos, (wy,ws) has mini-

mal homology.

Proof. Suppose F is a graded complex of the form

F:0— B, (—4) % E,(-2?2 % B, - 0.

Let

r = min {dimk ﬁ
q1, 42

RS (En)z}

and let ¢1,¢2 € E, be quadrics such that image(dy) = (¢1,g2). Then

E,
((Ih QQ)

dimy, Hy(F) = dimy, > .
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Now consider the k-vector space dual of F

dg di

F*:0— (BE,)" = (B.(=2)%)" = (B, (—4))" = 0

where (—)* denotes the k-vector space dual. Since (E,)* = Homy(E,, k) = E,(n) (by
the positive graded exterior algebra version of Proposition 2.22), then F* is isomorphic

to the complex
0= (E)n) % Bytn+2)? 5 Ey(n+4) — 0.

The graded shifts of the modules in F* imply dj can be represented as a matrix of

two quadrics say g3, q4 € E,,. Then image(d}) = (g3, ¢4) which implies

Thus using the fact dimy Hy(F) = dimy Hy(F) + dimy H2(F) we conclude
dimy H(F) = 2(dimy, Hy(F) 4 dimy, Hy(F)) > 4r.

Now suppose wy,wy € E, are general quadrics, so dimy E,,/(wy, ws) = r by Defi-

nition 4.7. Then Proposition 3.9 gives

E,

dimy, H(Kos,, (w1, wy)) = 4di — 4r.
imy, H(Kos, (wy,ws)) imy, (wr.03) r
Therefore
dimy H (Kos, (wy, ws)) < dimy, H (F)
so by definition Kos, (wy, ws) has minimal homology. O

As discussed in Section 3.2, Kos, (w;,wy) produces a counterexample to Conjec-
ture 1.4 for certain values of n when wy,ws are generic. Since Kos,(w;,ws) has

minimal homology, then there does not exist a complex with graded Poincaré series
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1+ st? 4 5%t that will have smaller total homology and thus produce a stronger coun-
terexample. However, Koszul complexes are not the only complexes with minimal

homology.

Example 4.9. Let ¢1,¢9, € E, be quadrics and let A be a nonzero scalar. Consider

the graded complex

—Ag2

Aq1 <CJ1 Q2>
2

F:E,(-4) —> E,(-2)* ——> E,.

Since F is isomorphic to Kos, (1, ¢2), the homology of F is the same as the homology

of Kos,(q1,¢2). Thus if ¢, go are general then F will have minimal homology.

Definition 4.10. A complex is called Koszul up to a scalar if it has the form as in

Example 4.9 with \ # 0.

We now show that for large enough n, all complexes over E,, with minimal ho-

mology are Koszul up to a scalar. We first need the following lemma.

Lemma 4.11. Let g1, g2, q3 and g4 be quadrics such that the sequence of maps

qs3

q4 (Ch CI2>
2

0— E,(-4) ——= E;(-2) ———— E, =0
form a graded complex. If

i (), = (3) ()

then g3 = —Aqa and q4 = Aq1 for some scalar X (i.e. the complex is Koszul up to a

scalar or g3 = q4 = 0).
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Proof. Suppose

q3

4 (Q1 CI2)
0— E,(—4) —> E2(-2) ——> E, =0
is a complex. Then ¢,q3 + g2q4 = 0. Consider the following exact complex
0 — ker(¢) = (E2)2 % (En)s — (Bu/(01,a2)), = 0

where ¢ = (Ch qz) . By assumption dimy, ((q%g))él - (Z) - 2(’;) + 1, so

dimy, (ker(¢)) = dimy, (En/(q1, ¢2)) , — dim(E, )4 + dim(E}),

~(6) () - 6) )

= 1.

Since ¢1q3 + q2q4 = 0 then (g3, q4) € ker(¢). However we also have (—gq,q1) € ker(¢)

and dimy ker(¢) = 1. Thus g3 = —Ag2 and g4 = Aq; for some scalar \. O

Remark 4.12. Let q1,q2,q3,q912 € FE, be quadrics. In the case, g3 = q4 = 0 the
complex

g3

q4 <Q1 Q2>
2

F:0— Ey(—4) ~—L B2(—2) ~— s B, —0

will not have minimal homology because for any general quadrics wi,wy € E,,

E,
dimy, Hy(F) = dimy, E,, > dimy, (. 02)
1, W2

and

dlmk Ho(F) = dlmk —<q1 q2) = —<w1 w2> .
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Thus

dimy H(F) = 2 (dimy, Ho(F) + dimy H5(F)) > 4 dimy, = dimy, Kos,, (w1, wy).

(w1, ws)
Theorem 4.13. Let k be an infinite field and F be a graded complex over E, with
graded Poincaré series 1+ 2st> + st*. If n > 9 and F has minimal homology, then F

18 Koszul up to a scalar.

Proof. Since Pg(s,t) =1+ 2st? + st*, F is a graded complex of the form
a3
44 <Q1 Q2>

0— E,(-4) —> E*(-2) ———%> E, =0

for some q1,q2,q3,q4 € E,. Using a similar argument as in the proof of Proposition

3.9, we can show
dimy, H(F) = 2 (dimy, Hy(F) + dim;, H(F)) .

Note Hy(F) = E,./(q1,g2) and Lemma 3.8 gives

q E,
dimy, Hy(F) = dimy ker = dim;, coker (q4 _q3) = dimy,
qa (Q37 CI4)
Therefore
E E
dim; H(F) = 2 ( dim, ——— + dim —”> 4.2.1
« H(E) ( S T g (4.2.1)

Since F has minimal homology, then
dimy, H(F) < dimy, H(Kos, (wy, ws))

where wq,wy € E, are general quadrics as in Definition 4.7. Then by Proposition 3.9
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and (4.2.1), we have the inequality

B,

dimy —= . (4.2.2)
((h, C_Iz) (Q3> Q4) (wb wz)

Since wq, we € F,, are general quadrics,
dim < dimp ——
g (wy,wq) ~ " (q1, q2)

and
E, )

dim;, ———— < dimj, ———.
(w1, w2) (q37 Q4)

These inequalities, along with (4.2.2), imply the following equalities must hold:

dim dim 4.2.3
g (w17w2) g <QI7QZ) ( )
and
E E
(wh w2) (QS, CI4)

In addition, notice the proof of Proposition 4.6 gives

E E
dimy (_) < dim, (_)
(wh w2) s (Qh QQ) s

for all 0 < s < mn. Thus (4.2.3) implies

(wl,w2) s (Q1,Q2) s

for all 0 < s < n. In particular when n > 9

dime (res), = dme (G ), = (3) —2(5) +

by Proposition 3.29. Therefore Lemma 4.11 determines F is Koszul up to a scalar or

qs = q4 = 0. However if g3 = ¢4 = 0 then F would not have minimal homology by
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Remark 4.12. Thus F must be Koszul up to a scalar. O

Notice the above result holds only when n > 9. When n < 8, there exist complexes

that are not Koszul up to a scalar and have minimal homology.

Example 4.14. Let n = 6 and consider the sequence of maps

q3

q4 <Q1 Q2)

0— Eg(—4) —— EGQ(—Q) — 5 FEg—0
where

g1 = €162 + €3e4 + €566
1
g2 = €162 + 56364 — €566

g3 = €164 + €g€e5 + €366

gy = €164 — 26265 — €3€¢.

Notice ¢1¢3 + g2q4 = 0 so this is in fact a complex. Using Macaulay?2 [9], we verify the
dimension of the total homology of this complex is the same as the dimy Kosg(wy, ws)
for generic wq, we which can be calculated using Tables 3.1 and 3.2. Thus the complex

described above has minimal homology.

Example 4.15. Let n = 8 and consider the sequence of maps

q3

qa <Q1 CI2>
2

0 — By(—4) ~—25 B2(~2) ~—725 By -0
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where

¢1 = €162 + e3eq + €566 + 7€y

G2 = €169 + 2ezeyq + 3eseg + dereg

q3 = e1eo — 9egey — 1leseqg — 1lereg

qs = 2e16o + degey + deseg + 2eeg
Note ¢1g3 + ¢2g4 = 0 so this is in fact a complex. Using Macaulay2 [9], we verify the
dimension of the total homology of this complex is the same as the dimy Kosg(wy, ws)

for generic wy, we which can be calculated using Tables 3.1 and 3.2 and [6, Proposition

6]. Thus the complex described above has minimal homology.

Recall by Theorem 4.13, that for n > 9 if the complex

qs3

q4 <Q1 CI2>

0— E,(—4) —> E*(-2) ———%> E, =0

has minimal homology then it is Koszul up to a scalar. If we restrict to the case that
q1, Q2 are generic quadrics, then we determine a characterization for when the above

sequence of maps is even a complex.

Proposition 4.16. Let k = C and let q1,q2 € E,, be generic quadrics. If n > 9 then

the sequence of maps

qs

q4 <Q1 CJ2>
2

0— E,(-4) —> E.,(-2) ————— E, —0

15 a complex if and only if it is Koszul up to a scalar or g3 = q4 = 0.

In order to prove this result, we consider the cases when n is even and when n
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is odd separately. We will first consider the case when n is odd. Before proving the

desired result, we need the following technical lemma.

Lemma 4.17. Let k = C and let ¢1,q2 € E, be generic quadrics. If n =2m + 1 for

some m > 4 and the sequence of maps

qs3

q4 <Q1 Q2>
2

0= Eopy1(—4) —= E5, 1 (=2) ———= Eypi1 — 0

form a graded complex, then there is a change of variables such that

m m

q1 = E €iCm+it+1 q3 = E bi€iCmti
i=1 i=1
m m

G2 = E €iCm+i qs = g Ci€i€m4i+1-

i=1 =1

for some scalars b;, ¢;.

Proof. By [6, Theorem 3], there is a change of variables such that ¢; =Y . | €;€mpit1
and ga = Y 1| €i€m4i. SUPPOSE g3 = ZK]. b; jeie; and ¢ = Zi<j c; jeie; and note the
sequence of maps

qs

44 <Q1 Q2>

0 — Fy,(—4) —% E3 (=2) ———2% Ey, = 0

forms a complex if and only if q1q3 4+ g2q4 = 0.

Claim 1: If 1 < i < j < 2m + 1 such that e;e; is not of the forms e;ep, 411 or

€iCm+i then bi,j =Cj; = 0.
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Case m > 5: Let 1 <14 < j < 2m + 1 such that e;e; is not of the forms e;ep,1it1
or €;emi. Then choose 1 < ¢ < m such that ¢ & {1 —1,4,7 — 1,7, — 1 —m,i —
m,j—1—m,j—m}. Note we can always choose such an ¢ because at most 4 choices
for 1 < ¢ < m are eliminated by the second condition and m > 5. Then consider
the monomial ese,4¢41€;€5. The coefficient of this monomial in ¢1¢3 is b, ; and the
coefficient in ¢oqy is 0. Thus in order for ¢1¢3 + g2¢4 = 0 we must have b; ; = 0.

Let 1 <14 < j <2m+1 such that e;e; is not of the forms e;e,,+i+1 or e;em,1;. Then
choose 1 < ¢ < msuch that ¢ & {i,i+1,7,j+1,i—m,i—m+1,7—m,j—m+1}. Note
we can always choose such an ¢ because at most 4 choices for 1 < ¢ < m are elimi-
nated by the second condition and m > 5. Then consider the monomial ese,,¢e;€;.
The coefficient of this monomial in g;¢3 is 0 and the coefficient in ¢2q4 is ¢; ;. Thus in

order for q1g3 + g2q4 = 0 we must have ¢; ; = 0.

Case m = 4: Let 1 < ¢ < j < 9 such that e;e; is not of the form e;en,qit1
or of the form e;e, ;. If there is 1 < ¢ < 4 such that ¢ & {i — 1,4,j — 1,7,i —
5,i—4,j —5,j — 4} we obtain b;; = 0 by the same argument as above. However
there are cases where the second condition eliminates all 4 choices for ¢, namely
(1,7) € {(2,4),(2,8),(4,6), (6,8)}. Therefore when (7, j) & {(2,4),(2,8), (4,6), (6,8)}
then b, ; = 0. Similarly we know ¢; ; = 0 when (7, 7) € {(1,3), (1,8), (3,6), (6,8)}.

Thus it remains to show b; ; = 0 when (7, j) € {(2,4),(2,8),(4,6),(6,8)} and ¢; ; =
0 when (7, 7) € {(1,3), (1,8), (3,6), (6,8)}. First suppose (i, ) € {(2,8), (4,6), (6,8)}.
Then consider the monomial e;_sej11¢;e;. The coefficient of this monomial in ¢;qs
is b; ; and the coefficient in goqq is —¢; ;+1. Since (4,7) € {(2,8),(4,6), (6,8)}, then
(1,7 +1) € {(2,9),(4,7),(7,9)} and in all these cases we know ¢; j+1 = 0. Therefore
in order for ¢i¢3 + ¢2q4 = 0 we must have b, ; = 0.

Next let us show by 4 = 0. Consider the monomial e;egeses. The coefficient of this
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monomial in g;qs is b4 and the coefficient in ¢uqy is —c1 4. We know ¢;4 = 0 so in
order for ¢1q3 + ¢2q4+ = 0 we must have by 4 = 0.

Now suppose (7, 7) € {(1,8),(3,6), (6,8)} and consider the monomial e;_4_1€;_1€;€;.
The coefficient of this monomial in ¢1g3 is —b; ;1 and the coefficient in g.q is ¢; ;.
Since (i, 7) € {(1,8),(3,6),(6,8)}, then (i,7—1) € {(1,7),(3,5), (6,7)} and in all these
cases we know b; ;11 = 0 by our argument above. Therefore in order for ¢1¢3+¢2qs = 0
we must have ¢; j = 0.

Finally let us show ¢; 3 = 0. Consider the monomial esegejes. The coefficient of
this monomial in ¢;q3 is —b; 4 and the coefficient in g2q4 is ¢1,3. We know by 4 = 0 so
in order for ¢iqs + g2q4 = 0 we must have b; 3 = 0.

Thus we have proven Claim 1.

Claim 2: b;; = 0 when 1 <17 < j < 2m + 1 and e;e; is of the form e;e,, i1 and

¢ij =0 when 1 <i<j<2m+1 and e;e; is of the form e;ep,4;.

Let 1 < ¢ < m and choose 1 < ¢ < m such that ¢ ¢ {i,i — 1}. Consider the
monomial ege,, 1p11€;€m4i11. The coefficient of this monomial in ¢;q3 is
bim+it1 + bemre+1 and the coefficient in gaqs is —¢; mie41 if £ =7+ 1 and 0 otherwise.
By Claim 1, ¢; 41 = 0 because £ & {i,i— 1}. Therefore in order for ¢1q3 + ¢2gs = 0
we must have
bim+it1 + bemyerr = 0.
Next consider the monomial ey 1€,,1¢12€i€m1iv1. The coefficient of this monomial in

¢193 18 i myit1 + bry1 myrro and the coefficient in gogs is —¢;mqeq2 if € = ¢ — 2 and

0 otherwise. By Claim 1, ¢; 4012 = 0 because ¢ ¢ {i,i — 1}. Therefore in order for
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q193 + ¢2q4 = 0 we must have

bim+i+1 + bey1merq2 = 0.

Finally consider the monomial eje,, p1€r116m1012. The coefficient of this monomial
in qi1qg3 1S bemtetr1 + bey1mrer2 and the coefficient in goqq is —cypim+2. By Claim 1,

coo+m+2 = 0. Therefore in order for ¢1¢s + g2q4 = 0 we must have

bemte+1 + bo1myer2 = 0.

Thus we have the following system of equations

bimtit1 + bemger1 =0
bim+it1 + beg1mye2 =0

bemte+1 + brv1myer2 = 0.

The tivial solution is the only solution to this system, so we conclude b; 4,41 = 0 for
all 1 <7 <m.

By a very similar argument we also conclude ¢; ,,,4; = 0 for all 1 <7 < m which
proves Claim 2.

Therefore Claim 1 and Claim 2 imply ¢3 and g4 are of the following form

m
q3 = E bi€iemti
i=1

m
qqs = E Ci€iCm4i+1-
i=1

which proves the desired result. O
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Proof of Proposition 4.16 when n is odd. Let n = 2m+1 for some m > 4. By Lemma

4.17, we may assume ¢i, ¢2, q3 and g4 have the following form

m

m
q1 = g €iCm+it1 q3 = E bi€iCmti
i=1

i=1
m m

g2 = E €iCm+i qqs = E Ci€iCm4it1-
i=1 i=1

for some scalars b;, ¢;. Note the sequence of maps

q3

44 <C]1 Q2>

0 — Eyp(—4) —2 B3 (=2) ~—+25 Ey, — 0

forms a complex if and only if ¢1q3 + g2q4 = 0.

We claim b; = b; for all 1 <14 < j < m. We will first consider when m > 5. Let
1 <i < j < mand choose 1 < ¢ < m such that ¢ &€ {i,i — 1,75,7 — 1}. Note we
can choose such an ¢ because m > 5. Consider the monomial ese,, s11€;€,4;. The
coefficient of this monomial in ¢;q3 is b; and the coefficient in g¢oq4 is ¢,. Therefore
in order for ¢i1q3 + ¢2q4 = 0 we must have b; + ¢, = 0 which implies b; = —c¢;. Next
consider the monomial es€,,1¢y1€;€mj. The coefficient of this monomial in ¢, g3 is b,
and the coefficient in ¢»qy is ¢,. Therefore in order for ¢1g3 + ¢2q4 = 0 we must have
b; +c, = 0 which implies b; = —¢, = b;. Thus we conclude b, = b; for all 1 <i,57 <m
with ¢ # j, and thus g3 = b1¢s.

Now let us consider when m = 4. Let 1 < i < j < 4. If there exists 1 < ¢ < 4
such that ¢ & {i,i—1, j, j— 1} then by the same argument as above we obtain b; = b;.
The only case when we cannot choose such an ¢ is when ¢ = 2 and j = 4. For every
other pair 4, 7, we may use the same argument as when m > 5 to conclude b; = b,.
In particular this means by = b3 and b3 = by, so by = bs. Therefore b; = b; for all

1 <1<y <4, and thus g3 = b1gs.
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By a similar argument, we can also show ¢; = ¢; forall 1 <i < j <msoq = c1¢i.
In addition notice our argument above further proves b; = —¢, for all 1 < ¢,/ < m.
Therefore there exists a scalar A = —b; = ¢; such that g3 = —Agy and ¢4 = A\q;.

]

Now let us consider the case when n is even. Before proving the desired result in

this case, we need the following technical lemma.

Lemma 4.18. Let k = C and let ¢, q2 € E,, be generic quadrics. If n = 2m for some

m >4 and the sequence of maps

q3
q4 <Q1 Q2>
0 — Eyp(—4) — E2 (—2) ———% Ey, — 0

form a graded complex, then there is a change of variables such that

m m
1 = E €2;—-16€2; q3 = E bieai_16€
i=1 i=1

m m
g2 = E Ai€2;—1€24 qs = E Ci€2;—1€2;.
i=1 i=1

for some scalars a;, b;, c; where a; # 0 for all i and a;, # a; for all v # j.

Proof. By [6, Theorem 3], there is a change of variables such that ¢; = >\ | e9;_1€9;
and go = Y ", a;es_1e2; where a; # 0 and a; # a; for all i # j. Suppose g3 =

Zi<j b jeie; and ¢ = Zi<j c; jeie; and note the sequence of maps

qs
q4 <Q1 C]z)
0 — Eyp(—4) — E2 (—2) ——% Eyp, — 0

forms a complex if and only if ¢1q3 + g2q4 = 0.
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Let 1 <7 < j < 2m such that e;e; is not of the form ey;_1e9 and choose 1 <
(1,05 < m such that ¢, # ¢y and 26,205 ¢ {i,1+ 1,7,7 + 1}. Note that such a pair
1 < /1,45 < m exists because the last condition eliminates at most 2 options from
the m choices and m > 4.

Consider the monomial ey, _1e9¢,€;¢;. The coefficient of this monomial in g;¢3 is
b;; and the coefficient in goq4 is ay,¢; ;. Thus, in order for q1gs + ¢2q4 = 0, we must
have

bij +agcij; = 0.

Now consider the monomial ey, _1€2,€;¢;. The coefficient of this monomial in gq3 is
b; ; and the coefficient in gqqs is ae,c; ;. Thus, in order for ¢igs + g2q4 = 0, we must
have

bi,j + @chi,j = O

If ¢; ; # 0 then ay, = _Cb” = ay, which contradicts that ay, # as,. Therefore ¢; ; =0
2,7
which implies b; ; = 0.
Thus we have shown b; ; = ¢; ; = 0 for all 1 <7 < j < 2m such that e;e; is not of

the form ey;_q1e9;. This implies g3 and g4 are of the form

m

q3 = E biegi—1€2
i=1
m

qs = g Ci€2i—1€2;.

=1

which proves the desired result. O]
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Proof of Proposition 4.16 when n is even. Let n = 2m for some m > 5. By Lemma

4.18, we may assume ¢i, ¢2, q3 and g4 have the following form

m m
q1 = E €2;—1€2; q3 = E bieai_1€
i=1 =1

m m
g2 = E A;i€2;—1€24 q4s = E Ci€2;—1€2;.
i=1 i=1

where a; # 0 for all < and a; # a; for all @ # j. Therefore the sequence of maps

q3

44 ((h C_I2>

0 — Eop(—4) — E3 (=2) ——— Ey,, = 0
forms a complex if and only if ¢1q3 + ¢g2q4 = 0 if and only if
bi + bj + a;Cj + a;C; = 0 (424)

for all 1 <7 < j < m. Then let M,, be the coefficient matrix for this linear system.
Note there are (7;) equations and 2m unknowns which are the b;’s and ¢;’s. Therefore
M, has (7;) rows and 2m columns. In particular the entry of M,, in the row (i, )
and column [ is

1 ifl<mandl=jor:

a; ifl>mandl =1

a; ifl>mandl=j

0 otherwise
\

We prove the rank of M, is 2m — 1 by induction. First suppose m = 5 and consider

the matrix My shown below.
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011000 a3 ap 0 0

Ms = (4.2.5)
010100 a 0 ag 0
010010 az 0 0 a
001100 0 aj az 0
001010 0 a5 0 as
00011 0 0 0 a5 ay

The matrix Ms does not have full rank because there are an infinite number of solu-
tions to the corresponding linear system, namely for any scalar A we know b; = Aa;
and ¢; = —\ for all 7 is a solution. This corresponds to the case when ¢3 = —Age and
¢4 = Aq1. Therefore the rank of M; is at most 9. Using Macaulay2 [9], we calculate

the minor given by deleting the first column and last row, which is

—4ai’a2a4 + 4a%a§a4 + 4a?a3a4 — 4a1a§a3a4 — 4a§a§a4 + 4a1a2a§a4

+ 4a‘z’a2a5 — 4a%a§a5 — 4a?a3a5 + 4a1a§a3a5 + 4a%a§a5 — 4a1a2a§a5
and this factors as
—4CL1(CL1 — ag)(al — CL3)(CL2 — CL3)(CL4 — CL5).

Since the a;’s are all distinct and nonzero, the above polynomial is nonzero which

implies M5 has a nonzero 9 x 9 minor and thus has rank 9.
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Now let m > 5 and suppose M,,_; has rank 2m — 3. First note that, similar to
the m = 5 case, for any scalar A we have b; = \a; and ¢; = —\ for all 7 is a solution
and this corresponds to the case when ¢3 = —Ags and g4 = Aq;. Therefore M,, has
rank at most 2m — 1.

Now notice M,,_ is a submatrix of M,, because the linear system that corresponds
to M, contains the equations that make up the linear system that corresponds to
M,,_1. One can obtain the matrix M,,_; from M,, by deleting every row that has a
nonzero entry in columns m, 2m and by deleting columns m, 2m. For example, notice
we can obtain My from Mjy (see (4.2.5) for Ms) by deleting columns 5,10 and rows
4,7,9,10.

Let ry,...,r, be the rows of M,, that correspond to the rows that make up the
submatrix M,,_1. Since M,,_; has rank 2m — 3 by assumption then some subset of
size 2m — 3 of these rows are linearly independent. Without loss of generality we may
assume ry, ..., Iy, 3 are linearly independent. Next let s; and s, be the two rows of

M, that correspond to the equations

by + b, +anci +aic, =0

by + b, + o + asc,, =0
We want to show ry,...,rs,_3,81,8s form a linearly independent set. Suppose
Mri + ...+ Y2m-3r2m-3 + Y2m—281 + Y2m-182 = 0 (4.2.6)

for some ;. Note this sum is a vector of length 2m and the m!* and the (2m)®"

entries of this vector are

Yom—20m + Vom-10m = 0

Yom—2a1 + Yom—1a2 = 0
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because the m™ and (2m)™ entries of r; are 0 for all 1 < i < £. From the first

equation, since a,, # 0 we conclude 75,2 = —72,,—1 S0 our second equation becomes

’)/gm_1<—a1 + (12) = 0.

Since a; # ay then o, 1 = Yo,—2 = 0. Therefore (4.2.6) becomes

M1+ -+ Y2m—3T2m—3 T V2m—281 + V2m—182 = V11 + ... + Y2m—3T2m—3 = 0.

Since ry,...,rs, 3 are linearly independent, we conclude +; = 0 for all . Thus
ry,...,Ts, 3,81,Ss form a linearly independent set which implies M,,, has rank 2m —1.

Since M,, has rank 2m — 1 then the solution set of the linear system of equations
(4.2.4) has dimension 1. Thus the only solutions correspond to ¢35 = —Ag2 and

qs = A\q; for some constant \. O

The following also proves Proposition 4.16 in the even case but only when n > 12.

It has been included because it utilizes a different approach.

Alternate proof of Proposition 4.16 when n is even. Let n = 2m for some m > 6. By

Lemma 4.18 we may assume

m m

q1 = E €2;,—1€2; q3 = E biegi_1€2;
i=1 i=1
m

m
g2 = g A;€2;—1€2; s = E Ci€2;—1€2;.
i=1

=1

where a; # 0 for all < and a; # a; for all @ # j. Therefore the sequence of maps

44 <Q1 Q2>

0 — Eyp(—4) — E3 (—2) ———% Ey,, — 0
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forms a complex if and only if ¢1q3 + g2q4 = 0 if and only if
bi + bj + (liCj + (IjCz‘ = O (427)

for all 1 <17 < 57 < m. These equations form a linear system of (’;) equations and
2m unknowns which are the b;’s and ¢;’s. Let C' = ( B A) be the coefficient matrix

where the entry of B in row (i, 7) and column [ is

1 ifl=jo0rl=1
0 otherwise

and the entry of A in row (7, j) and column [ is

¢

aj lfl:Z

0 otherwise

\

We claim the rank of C' is 2m — 1. Consider R = k[zy,...,xy]/(x3,...,22) and let

m

51 = Z ZT;
i=1
m

ly = Z a;T;
i=1

Then B represents the map given by multiplication on R by ¢; and A represents the
map given by multiplication on R by ¢ with respect to the monomial basis of R.
Moreover since a; # 0 and dimy Ry = (7;) > m = dimy R; because m > 6 then

by [10, Corollary 3.28] these maps are injective. Therefore

rank(C) = dimg(¢1 Ry + (2 Ry)

= dlmk(&Rl) + dlmk(ngl) — dlmk(flRl N EQRl).
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Since dimy(¢; Ry) =
rank(C) = m +m — dimy (1 Ry Nl Ry). (4.2.8)

Note (145 € {1R1 N3 Ry, so the dimension of /1 R; N/y Ry is at least one. We will show
the dimension is exactly one by proving ¢, Ry N s Ry = spany (£145).
Consider S = R/f; then S = k[zy,... 2y 1]/ (23,...,2%,_,, [?) where L = z; +

» Ym—1»

To+ ...+ Tpoy. Let K = ker(5; =N Sy) and consider the complex
0— K(=1) = S(=2) & 5 = S/(ty) = 0

which is exact. The Socle Lemma [12, Corollary 3.11] says a(K(—1)) > a(soc(S/{3))
where, for a graded module M, (M) = min{d | M, # 0} is the initial degree of M
and soc(M) ={w € M | x;w = 0 for all i}.

Suppose a(K) = 1. Then a(K(—1)) = 2 which implies a(soc(S/¢2)) = 1, so there

exists ¢ € Sy such that fx; = 0 for all 7 in S/¢;. Note

S/l 2 klxy, ... Tmos]/(23, ... 22, L* L?)

'y Ym—2

for some linear forms L, Le klxi,...,Tm_2]. Thus

&Ei S (l‘%,.,,, Lop— 27L2 L2)
forall 1 <i < m—2.Since {lx1,...,lx, 2} is linearly independent in /{[:cl, ey T2,
we extend it to a minimal generating set {¢x1, ..., 0z, o, f, g} of (x3,... 22, _,, L? L L?).
Thus

(x%,..., mQ,LZ L2) (1, ..., lxm—a, f,9) C (L, f,9).

2 2

However ht(z2,... 22, _,, L? L?) = m — 2 because 2,...,22,_, is a regular se-

quence and ht(¢xy, ... lxy,_o, f,g) < ht(l, f,g) < 3. Therefore when m > 6 we have
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reached a contradiction. Thus we must have a(K) > 1 which implies ker(.S; =X
Sy) = 0. Note if £ € Ry such that ¢, € ¢, Ry, then ¢ € ker(S, b, Sy) = 0. Therefore
¢ € span(¢;) which implies ¢1 Ry N 3Ry = span(¢10s).

Thus the dimension of ¢; Ry N 2Ry is exactly one, so by (4.2.8) the rank of C' is
2m — 1. This implies the solution set of the linear system of equations (4.2.7) has
dimension 1. In particular the only solutions correspond to when g3 = —Agy and

qs = A\qq for some constant \. O
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Chapter 5

ASYMPTOTIC BEHAVIOR OF HOMOLOGICAL
GROWTH FACTORS OF FAMILIES OF COMPLEXES

Recall both the Koszul complex of one quadric (see Corollary 3.7) and the Koszul
complex of two quadrics (see Proposition 3.32) have a homological growth factor
that is asymptotically at least 2. In this chapter, we will continue to investigate
the asymptotic behavior of Koszul complexes of quadrics over the exterior algebra
utilizing a different technique. In Section 5.1, we outline the general ideas of this
technique. Then in Sections 5.2 and 5.3 we use this technique to argue that various
families of Koszul complexes of quadrics have a homological growth factor that is
asymptotically at least 2.

Koszul complexes are not the only complexes that have this asymptotic behavior.
In Sections 5.2 and 5.3, we also discuss some conditions under which a family of
complexes over the exterior algebra has homological growth factor asymptotically at
least 2. However, not every family of complexes has this asymptotic behavior and we

give an example that illustrates a different behavior in Section 5.4.
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5.1 Lower bound on total homology via Hilbert series and

complex norm

In order to discuss the behavior of the homological growth factor of certain complexes,
we will consider a lower bound of the total homology of a complex via the complex
norm of its Hilbert series. The Hilbert series of a complex is defined in Definition
2.11.

Suppose F is a finite free graded complex over F,,. We relate the Hilbert series of

F to the Hilbert series of its homology in the following way.

Lemma 5.1. Given a finite free graded complex ¥ over E, (or more generally a

bounded complex of finite dimensional k-vector spaces), we have the following equality

he(t) = (=1 ha, ) (t).

)

Proof. Let F be a finite free graded complex so F is of the form

dm dy— ds ds
F:0-F™F_,—. =L F,"5F =0

for some r > s. For all s < i < r, let Z; = ker(d;) and B; = image(d;y1), o

H,(F) = Z;/B; (see Definition 2.7). Consider the following short exact sequences

and

By Proposition 2.9, Hilbert series is additive on short exact sequences. Thus

hZi (t> = th‘ (t) + hHi(F) (t)
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and
hi,(t) = hz(t) + hp, ,(1).
This implies
hi,(t) = hp,(t) + hp,_, (t) + hu,m) (L) (5.1.1)
Then by Definition 2.11 and (5.1.1), we conclude

he(t) =Y (=1)'hi, (1)

7

= (=1) (hp,(t) + hp,_, () + g, ) (1))

7

= Z(—l)ihHi<F)(t)-

]

The previous lemma yields a lower bound on the total homology of a finite free
graded complex. In the following, ||-|| : C — Rs( denotes the norm of a complex

number.

Lemma 5.2. Let F be a finite free graded complex over E, then
dimy, H(F) > HhF(z)H
forall z € S' ={z € C:|z| = 1}.

Proof. For f(t) =", a;it" € Q[t], let L(f(t)) := > 7" ;lai|. The triangle inequality

gives

a; 2"

Il < X ||| = Ylailllll = Ylail = £0(2) (5.1.2)

for any z € S*.

Now suppose F is a finite free graded complex over E,,. Then Lemma 5.2 and the



85

Triangle Inequality yield

e ()| =[S (=1 R, (2) ng(_lyhm(F)@H.

)

By (5.1.2), there is an inequality
|10 ()| < £ e (1)) = dlim. F1(F)

so we conclude

[he(2)|| < Zdimk H;(F) = dim;, H(F).

Example 5.3. Consider the Koszul complex of one quadric w € E,
Kos,(w): 0 — E,(-2) —» E, — 0.

Since hg, (t) = (1 +1¢)", then

hicosn () (t) = hp, (t) — hp, (0)1* = (1 — *)(1 +t)".
Therefore Lemma 5.2 gives

dimy, H(Kos,,(w)) > || hkos, ) (2)|| =11 = 22|11 + =||"

for all z € S*.
Example 5.4. Consider the Koszul complex of two quadrics wy,ws € E,

Kos, (wi, ws) : 0 = E,(—4) = E,(-2)* = E, — 0.
Since hg, (t) = (1 +t)", then

Akos (wn wa) (t) = B, (t) — 2hp, ()t + hp, ()t = (1 = 26% + t1)(1 + )"
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Therefore Lemma 5.2 gives
dimy, H (Kos, (wr, ws)) > || hkos, (wws) (2) || =1 — 227 + 2| [I11 + 2"
for all z € S*.

In the above examples, we explicitly state the lower bound on the total homology.
Notice the lower bounds have similarities because the Hilbert series of both have a
factor of (1 +¢)™ and the other factor is a polynomial that records the ranks and the
degrees of the generators of the free modules in the complex. In other words, the
second factor is the graded Poincaré series (see Definition 2.12) evaluated at s = —1.
This remains true for all bounded graded free complexes over F,, which gives a more

explicit lower bound on the total homology.

Definition 5.5. Let F be a bounded graded finite free complex over F,, and define
gr(t) := Pp(—1,1)
where Pg(s,t) is the graded Poincaré series of F (see Definition 2.12).

Proposition 5.6. Given a finite free graded complex ¥ over E,,
dimy, H(F) > HgF(Z)H 11+ ="
for all z € St.
Proof. Let F be a finite free graded complex over FE,
F:0-F,—...>F —F—0.

Each Fj is free, so F; = @, ey Ey* (—p) where ¢;,, = 0 for all but finitely many p € N.
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Since hg, = (1 +t)",

hi(t) =) hpen (D = (140" cipt”

pEN peEN
which implies
he(t) =Y (=1)'hr(t) = (1+5)" > > (=1)ci,t” = gr(t)(1+ )"
i=0 i=0 peN

Then Lemma 5.2 gives
dimy, H(F) > ||he(2)|| =||ge(2)||IIL + 2"

for all z € S™. O]

5.2 Koszul complex of a fixed number of quadrics

Let Kos,(ws,...,w.) be the Koszul complex of ¢ quadrics wy, ...,w. € E,. First let
us analyze families of Koszul complexes where the number of quadrics remains fixed,

while the number of generators, n, of the exterior algebra FE,, varies.

Lemma 5.7. Let ¢ be an integer. Then

Proof. The i*" module of Kos,(wy, ..., w.) is F; = (E(—Qi))(é?). Thus

gontnwa(2) = 0 () = 3 () e ==y
[

Note since c is a fixed integer and independent of n, then gkos, (w;,..w.)(t) is the

same for any value of n. Using this fact, we argue the asymptotic behavior of the
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homological growth factor of Kos, (wy, ..., w.) is consistent with the cases ¢ = 1 (see

Corollary 3.7) and ¢ = 2 (see Proposition 3.32).

Proposition 5.8. Let ¢ be a fized integer and for all n, let K,, = Kos,(wy, ...

for any list of quadrics wy,...,w. € E,. Then

liminf HGF(K,,) > 2

n—oo

Proof. Recall

1/n

HGF(K,) = (dimk H(Kn))
Then Proposition 5.6 and Lemma 5.7 yield
al€ n 1/n
HGF(K,) > (1= 22| 1+ 21"

—||1 = 22|11 + 2|

=11 = 2] ™1 + 2|
for all z € S*. Thus

liminf HGF(K,) > Lm |1 — 2|1 + 2|/ = |1 + z||
n—oo

n—oo

for all z € S, Since the maximum value of |1 + z|| is 2 for z € S1, we conclude

liminf HGF(K,,) > 2.

n—oo

The key fact in the above argument is that gk, (uw,

77777

, We)

O

we)(t) does not depend on

n. Therefore, we can generalize Proposition 5.8 to any family of complexes such that

gr(t) is the same for any F in the family and, in particular, it does not depend on n.
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Theorem 5.9. Suppose for each n that ¥, is a finite free graded complex over E,,

and for all n that hg, (t) = g(t)(1 +t)" for some fired non-zero g(t). Then

liminf HGF(F,,) > 2.

n—o0

Proof. Since hg, (t) = g(t)(1 +t)™ then g, (t) = g(t) for all n. By Proposition 5.6,
dimy, H(Fa) > [|g(2) |11+ 2[I"
for all z € S*. This gives a bound on the homological growth factor of F,,
HGF(F,) = (dim H(F,)"" > ||g(2)]| " |11 + 2|

for all z € S'. Since g(t) # 0, for all € > 0 there exists z € S' sufficiently close to
1 such that ||1+ z|| > 2 — € and ¢(z) # 0. Thus Hg(z)Hl/n > 1 — e for n sufficiently
large which implies

HGF(F,) > (1—¢)(2—¢)

for n sufficiently large. Since this holds for all € > 0, we conclude

liminf HGF(F,,) > 2.

n—o0

O

In addition to analyzing the asymptotic behavior of the homological growth factor
of Kos,, (w1, ...,w.), we determine when the homological growth factor could be less
than 2 and thus possibly produce a counterexample to Conjecture 1.4. We also find

a lower bound on the homological growth factor of Kos, (ws,...,w.).
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Proposition 5.10. Let ¢ and n be fized integers, let wyq,...,w. € E, be quadrics,

and let = c¢/n. If € > 22763, then
HGF(Kos,(wy,...,w.)) > 2

and for all € > 0,
HGF (Kos,(wy,...,w.)) > 1.93185.

Proof. Let z € S! then Proposition 5.6 and Lemma 5.7 gives the following lower

bound

HGF (Kos,(wn,..,we)) = (|1 = 21+ 27) "
=1 = 2|1+ 2]

=11 — 2] fI1 + ="

Let s =||1 — z|| and r =||1 + z||. Since z € C, then z = a + bi for some a,b € R. In

addition, a? + b?> = 1 because z € S'. Thus
P=l+a+bi’=0+a)?+0=1+2a+d>+0*=2+2a
and similarly
S=|l—a+bil’=01—-a)?+0*=1-2a+a*+b=2-2a.
Then r? = 4 — s? which implies
HGF (Kos, (w1, ..., w.)) > s'(4 — 2)1/2,
Let f(s) = s‘(4 — s?)(“*1)/2 where s € [0,2] because z € S'. Therefore

HGF (Kos,(wy,...,w.)) > f(s) (5.2.1)
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for all s € [0,2]. We are interested in finding the maximum value of f(s) on s € [0, 2],

so we find the critical points of f(s). Note

f/(s) _ 654_1(4 o S2>(z+1)/2 _ (£+ 1)5“1(4 . 82)(5—1)/2
— Sé—l(4 _ 82)(6_1)/2@(4 _ 82) _ (E—i— 1)82)

= 574 — ) V240 — (204 1)?)

Thus the critical points are 0, 2, 2 f;l Since f(s) > 0on [0,2] and f(0) = f(2) =0,

4

f has a global maximum at 2 AR

and hence the maximum value of f is f(2y/557)-

Let g(¢) = f(2 #;1) — 2 then using Mathematica [18], we graph ¢ and find g

has a root at ¢ & 0.227627. Moreover, from the graph below we determine g(¢) < 0 if
¢ € (0,0.22762) and g(¢) > 0 if ¢ € (0.22763,2).

4L

0.5 1.0 1.5 2.0

Figure 5.1: Graph of g(¢) = f(2 ﬁ) -2
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Thus f(2 2z+1> > 2if £ € (0.22763,2), so it remains to show f (2,/%;1) > 2 for

¢ > 2. Notice

02 4 g g\ D2
2£+1> <2£+1)
£+1>’f/2(£+1>1/2
2£+12£+1 20+ 1
(+1 \V?
(2 +2 ) (£+ )>

‘
/ C i\ 1/2
2z+2) <2>

¢
Since (2—€> is increasing and ¢ > 2, we conclude

T+
( 20 \" 2.2\
N— | >vo[-=) >ve(2E) e
(o) () > (22 -
Therefore (5.2.1) implies

¢

> | >
HGF (Kos,(wy,...,w.)) > f (2 2€+1) > 2

for £ > .22763.

Now let us consider when ¢ < .22763. Using the Mathematica [18] FindMinimum

function, we find the minimum value of f(2 occurs when ¢ = \/Lg —%

l
5071

In addition, f(2 > 1.93185 when ¢ = 1 — 3. Thus (5.2.1) implies

2€+1)

[ ¢
> — | > 1. .
HGF(Kos,(wy,...,w.) > f (2 TR 1) > 1.93185

%I

for all ¢ > 0.

~ 0.07735.
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5.3 Koszul complex of a varying number of quadrics

Let Kos,(wy,...,w.,) be the Koszul complex of ¢, quadrics wy,...,w., € E,. Now
let us analyze families of Koszul complexes where the number of quadrics is dependent
on the number of variables of the exterior algebra. We divide our analysis into three
cases: the number of quadrics grows super-linearly (see Proposition 5.11), sub-linearly
(see Corollary 5.13), or linearly (see Remark 5.14) with respect to the number of
variables of the exterior algebra.

First consider the case when the number of quadrics grows super-linearly, that is

there exists some fixed ¢ > 0 and r > 1 such that ¢, > ¢n" for all n.

Proposition 5.11. Let ¢ > 0 andr > 1 be fized. For alln, let K,, = Kos, (w1, ..., w,,)

for any list of quadrics wy, ... ,w., € E, where c, > {n". Then
liminf HGF(K,,) = cc.
n—oo

Proof. Recall

1/n

HGF(K,) = (dim; H(K,))

By Proposition 5.6 and Lemma 5.7 we have the lower bound
aqe 1/n
HGF(K,) > (\\1 — 2|+ z||">
for all z € S*. In particular this is true when z = 4, and, in this case, we have
c 1/n
HGF(K,) > (||1 — 2| +¢\|") = 9en/n\/3

Since ¢,, > ¢n" then

HGF(K,) >2"""V2 > ot
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Note r > 1, so r — 1 > 0 which implies

liminf HGF(K,,) > liminf 2" = co.

n—o0 n—oo

]

Next consider the case when the number of quadrics grows sub-linearly, that is
cn < In” for some ¢ > 0 and 0 < r < 1. This case can be considered more generally

and is addressed in the following result.

Proposition 5.12. Suppose F,, is a finite free graded complex over E, with
he, (t) = (1= )" g, (t)(1 +1)"
where u : N — N is a function. Assume

1. coefficients of g,(t) are positive and

2. liminf, ;ﬂ(—’f) < 00 for some € > 0.

Then
liminf HGF(F,,) > 2.

n—o0

Proof. Suppose g,(t) = ag + a1t + ... + aqt?. Note if z € S' is such that —7/2d <

arg(z) < m/2d then Re(z") > 0 for all 0 < i < d, and
|9n(2)|| = Re(gn(2)) = ao > 1. (5.3.1)

By assumption there exists ¢ > 0 such that liminf, . “1(721 < 00. Fix z, € S! such

n

€/2

that Re(z,) = 1 —27""". Then lim, . Re(z,) = 1, so —7/2d < arg(z,) < m/2d
for large enough n. Since arg(z’) = iarg(z,), then —7/2 < arg(z!) < 7/2 for large

enough n and for all 0 < i < d. Therefore Re(z!) > 0 for large enough n and for all
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0 < < d, so Proposition 5.6 and (5.3.1) gives
u(n)/n 1/n u(n)/n
HGF(F,) > |1 = 20 |||V 1+ 2all 2 11 = 2l 1 + 24

for large enough n. Then

u(n)logy[|1 = zaf| | nlogy|[L + 2l
n n

log, HGF(F,,) > (5.3.2)

for large enough n. Thus (5.3.2) implies

log,||1 — log, |1
log, HGF(Fn) > u(n) og2|| Zn|| N n og2|| +Zn||
n n
u(n)logy(1 — Re(zn)) n nlogy(1+ Re(z,))
n n

u(n)(—n/?
( )(n ) )

—u(n .
— nTe/Q) + 10g2(2 -2

vV

€/2

)

€/2

for large enough n. Then

liminflog, HGF(F,) > liminf (—U_(n) +log,(2 — 2_ne/2)>
n

n—00 n—00 1—¢/2
o —u(n) 1 nel?
= hgggjlf ( o e +log,(2 — 2 )) :

Since lim inf,,_,o % < 0o and liminf, . —5 = 0 we conclude

.. .—u(n) 1
R e e

= 0.

Also

lim inflog,(2 — 27""*) = 1

n—oo
so we conclude

liminflog, HGF(F,) > 1

n—oo
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which implies

liminf HGF(F,) > 2.

n—o0

]

Corollary 5.13. Let ¢ > 0 and 0 < r < 1 be fized. For alln, let K,, = Kos, (w1, ..., w,,)

for any list of quadrics wy, ... ,w., € E, where c, < {n". Then

liminf HGF(K,,) > 2.

n—o0

Proof. Proposition 3.14 and Lemma 5.7 gives
ey () = (1 = £2)5 (1 87" = (1= 0 (14 ) (1 + 1"

Let u : N — N be given by u(n) = ¢, and let g, (t) = (1 +¢). Since 0 < r < 1, there

exists € > 0 such that 1 — e > r. Thus

u(n c n"
liminf —= = liminf — < lim =0.
n—oo M€ n—oo Nt€ n—oo M1€
Then apply Proposition 5.12 to attain the desired result. O]

Finally consider when the number of quadrics grows linearly, that is ¢, = ¢n for

some ¢ > 0.

Remark 5.14. Let ¢ > .22763 be fized. For all n, let K,, = Kos,(wy,...,w.,) for

any list of quadrics wy, ..., w., € E, where ¢, = {n. By Proposition 5.10, we know
HGF(K,) > 2.

which implies

lim HGF(K,) > 2.

n—oo

The case when ¢, = {n for some 0 < ¢ < .22763 is still open.
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5.4 Family where the homological growth factor is asymp-

totically strictly less than 2

As seen in the previous sections, there are many families of graded complexes over
E,, where the homological growth factor is asymptotically at least 2. However this is
not true for every family of graded complexes over F,,. Before discussing an example

to demonstrate this fact, we first prove a couple results.

Lemma 5.15. For all 0 < i < ¢, let C; be a finite free graded complex over the
exterior algebra E;, = k{e;1,...,€in). Then C; ®y ... R C. is a finite free graded

complex over the exterior algebra E , ®y, ... Qp E.pn with cn variables.

Proof. By induction we just need to show this is true for ¢ = 2.

First note Ey, ®k Faop = k{e11,...,€1n,€21,-..,€2,) is an exterior algebra with
2n variables.

Claim 1: Suppose F} is a graded free £} ,-module and F5 is a graded free Ej ,-

module then F} ®; F; is a graded free module over £, ®p Fa .

We have Fi = @,.; E1n(—a) for some ¢, € N and Fy = @,y Ean(—b)% for

some d € N. Therefore

Fy @ by = @ Eyp(—a)™ | @y @ By (—b)®

a€Z beZ
= @ (Bin(-a)* @4 Bon(~0)")
a,be’Z
= @ (E1,n(—a) Ok EQ,n(—b))cadb
a,be’Z

= @ @ (El,n Ok EQ,n) (—p)ca

PEZ a+b=p
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Since (El,n Ok EM) (—p)c® is a graded free module over E; , ® E,, and the direct
sum of graded free modules is a graded free module then we conclude F; ®; F3 is a

graded free module over F , ®; Es,. Thus we have proven Claim 1.

Now suppose F}; is the it" free module of C; and F; ; is the 5" free module of Cs.
By definition of tensor product of complexes, the i** module of the complex C; ®; Cs
is

@ Fi o @ Fo .

l+m=i

Claim 1 gives F o ® Fy,, is a graded free module over E) , ®; E,, which implies

@ Fiy @y Fom
l+m=i
is a graded free module over E , ®j Es .

Now let d¢, and d¢, be the differentials of C; and Cs respectively. By definition

of the tensor product of complexes the differential of C; @ C, is given by

dC1®C2 (l’, y) - (dC1 (‘T)? y) + <_1)deg(w) <I7 dC2 (y)

Since d¢, and dc, both have degree 0, then d¢, gc, also has degree 0. Finally since Cq
and Cy are finite complexes then C; ®;, C, will clearly be a finite complex. Therefore

C; ®; Cy is a finite free graded complex over E ,, ®j Es . O

Lemma 5.16. In the setting of the previous lemma, the following equality holds
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Proof. By induction we just need to show this is true for ¢ = 2.

Recall the Kiinneth Theorem gives

H;(Cy &, Cy) = EP(H;(C)) @ Hj—i(Cy))

i

of k-vector spaces. Thus

dlmk H Cl Rk CQ Zdlmk Cl Rk Cz)

— Z Z dimy, H;(C,) dimy, H;_;(Cy)
i J

[

Proposition 5.17. Let F be a bounded finite free graded complex over the exterior

algebra E,,. Then for any integer c
HGF(F®%) = HGF(F).

Proof. By Lemma 5.15
F=F@, F@p...0F

c times

is a graded complex over the exterior algebra with cn variables and Lemma 5.16 yields

dimy, H(F®°) = H dimy H(F) = (dimy, H(F))°.
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Therefore

HGF(F®) = (dimy, H(F®))""
= ((dimy H(F))*) /"
— (dimy, H(F))""

= HGF(F).

]

Finally let us consider an example of a family of complexes whose homological

growth factor is less than 2.

Example 5.18. Let K = Kosyy(w) for any general quadric w € E,, (see Definition
3.4). By (3.1.2) in Section 3.1, HGF(K) is at most 1.97. Then by Proposition 5.17,
HGF(K®°) is also at most 1.97 for all ¢. Therefore

lim inf HGF(K®) < 1.97 < 2.

Cc— 00
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Chapter 6

OPEN PROBLEMS

Recall one of the main goals of this thesis is to analyze examples of finite free graded
complexes that correspond to counterexamples of the Generalized Total Rank Con-
jecture (see Conjecture 1.4). In particular, we are interested in being able to answer

the following open question.

Question 6.1. Is there a real number a > 1 such that each non-exact perfect complex
F over E, satisfies

dimy H(F) > a"

or equivalently

HGF(F) > a?

This thesis focuses mostly on the analysis of Koszul complexes of quadrics over
the exterior algebra, and there are still many open questions about these complexes.
As discussed in Section 3.2, one can find bounds on the Hilbert series of E,, /(wy, ws)
which give bounds on the homological growth factor of the Koszul complex of two

generic quadrics.

Conjecture 6.2 ( [6, Conjecture 1]). Let wy,wqy € E, be generic quadrics. The upper

bound on the Hilbert series of E, (w1, wse) given in Theorem 3.22 is an equality.
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In addition, computations of the bounds of the homological grwoth factor of the
Koszul complex of two generic quadrics suggests the following conjecture is true, but

the validity is still not known.

Conjecture 6.3. Let k = C and let wi,ws € E, be generic quadrics. Then
HGF (Kos,(wy,ws)) < 2

when n > 15 and

HGF (Kos,(wy,w,)) > 1.951

for all n.

However by Proposition 5.10, we can use the lower bound via Hilbert series and
the complex norm discussed in Section 5.1 to determine that if wq,...,w. € E, are

quadrics then

HGF (Kos,(w,...,w.)) > 1.93185.

Therefore, a = 1.93185 answers Question 6.1, but only for Koszul complexes of
quadrics. It is possible that this lower bound could be improved which leads to

the following question.

Question 6.4. Let wyq,...,w. € E, be quadrics. Is the lower bound
HGF (Kos,(wy,...,w:)) > 1.93185

gien in Proposition 5.10 tight or can one find a better lower bound?

In order to further investigate Question 6.1, one could first further investigate the
minimal homology of Koszul complexes. By results in Section 4.1 and 4.2, we know

the Koszul complex of one general quadric and the Koszul complex of two general
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quadrics has minimal homology, but Koszul complexes of a larger number of quadrics

have not yet been considered.

Question 6.5. Let wy,...,w. € E, be quadrics. Is there a generality condition on

Wy, ..., W such that Kos,(wy, ..., w.) will have minimal homology?

If Kos,,(wy, . ..,w.) has minimal homology, then a = 1.93185 would answer Ques-
tion 6.1, but only for any finite free graded complex that has the same graded Poincare

series as a Koszul complex of quadrics.

Finally, this thesis contains analysis of the asymptotic behavior of the homological
growth factor of families of Koszul complexes. Section 5.2 focuses on families of the
Koszul complexes where the number of quadrics is independent of the number of

variables, and Proposition 5.8 gives

liminf HGF(K,,) > 2

n—oo

where ¢ is fixed and K,, = Kos, (w1, ...,w,.) for any list of quadrics wy,...,w. € E,.
Then Section 5.3 contains analysis of families of Koszul complexes where the number
of quadrics is dependent on the number of variables, and in most cases we show these

families have similar asymptotic behavior. However, there is one case still open.

Question 6.6. Let 0 < ¢ < .22763 be fized. For all n, let K,, = Kos, (w1, ..., we)

for any list of quadrics wy, ..., wy, € E,. Does the following lower bound hold

liminf HGF(K,,) > 27

n—o0
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