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Timing accuracy of self-encoded spread spectrum

navigation with communication

W. M. Jang

Department of Computer and Electronics Engineering, The Peter Kiewit Institute of Information Science, Technology &
Engineering, University of Nebraska-Lincoln, Omaha, NE 68182, USA; email wjangl@unl.edu

Abstract

The author presents the timing accuracy of self-encoded spread spectrum (SESS) in navigation. SESS eliminates the need for
traditional transmit and receive pseudo noise code generators. As the term implies, the spreading code is instead obtained
from the random digital information source itself. SESS was shown to improve system performance significantly in fading
channels. In this study, the authors investigate the timing accuracy of SESS in comparison to m-sequence and Gold code.
SESS can be an excellent candidate for navigation with communication.

1. Introduction

Recent achievements in wireless technology could promote
a new generation of radar networks, where the communi-
cation message is embedded into the radar waveform [1].
Global positioning system (GPS) also carries 50 bps navi-
gation message through coarse acquisition (C/A) code and
precise (P) code. In self-encoded spread spectrum (SESS) sys-
tem the data bit information is used for generating the user
spreading sequences [2]. At the transmitter, the current bit is
spread by the output of a delay shift register that stores the
previous N bits, so that the current bit information would be
used in the spreading operation of the next N bits. The SESS
spreading and despreading operation is shown in Figure 1.
With iterative detection (ID), the estimate of the current bit
can therefore be updated as the next N bits are received. This
results in an overall diversity gain. SESS ID or the chip-inter-
leaved (CI) SESS ID was shown to improve the bit error rate
(BER) performance significantly in fading channels as illus-
trated in Figure 2 [3]. Figure 3 shows simulation results of
one- to five-user SESS CI with ID with multiple access inter-
ference cancellation [4, 5]. The spreading gain of 64 for SESS
and 63 for m-sequence is employed. We can observe that
five-user SESS with interference cancellation demonstrates
better performance than single-user m-sequence for the bit
energyto- noise ratio (Eb/No) greater than 2 dB. The mul-
tipath channel impulse response of a,6(r) + 0.5 a,0(tr — T/2)
is employed in Figure 4 where o, are Rayleigh fadings, and
T is the bit duration. The second path is delayed by a half bit
time with a half signal amplitude attenuation with respect
to (w.r.t.) the first path. We can see that SESS performance
is superior to m-sequence. In this paper, we investigate the
possibility of SESS application in navigation. Unlike m-se-
quence or Gold code, SESS does not have a regulated auto-

correlation. However, SESS provides the same timing accu-
racy with m-sequence or Gold code.

2. Power spectral density (PSD) of SESS, m-sequence and
Gold code

Owing to the randomness of data bits, the PSD of SESS can
be shown as

T
_rwn2f Le
Sqess(w) = T sinc (w 2) a

where T is the chip duration. Here we assume a rectangular
pulse with the pulse width of T. For the timing accuracy es-
timation, the pulse bandwidth of 1/T_ will be employed af-
ter passing through the low-pass filter for practical applica-
tions. The BER of the CI SESS ID was shown as [3]

1 NN N kT k
Pb=[5(1—m} §< ! )[§<1+m} .

where the processing gain N = T/ T.. Here y is defined as [17]

7.
T+ 7 ©)

where y_ is the average chip energy-to-noise ratio, y . = 2E,/
(NN,). E, is the bit energy and N is the one-sided noise PSD.
Here we assume no self-interference that is negligible any-
way at high signal-to-noise ratio (SNR) as shown in Figure
2. Self-interference effect because of incorrectly detected data
bits at the receiver can also be removed with differential en-
coding [6]. Self-interference can be completely disregarded
especially with 20 repetition codes as in GPS [7].
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Figure 1. Self-encoded spread spectrum system structure.
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Figure 2. Analytical and simulation BER of SESS, single user,
64 chips/bit and Rayleigh fading.

A sequence of maximal period of N = 2" — 1 generated by
a linear feedback shift register of length n is referred to as a
maximal length sequence or m-sequence. The PSD of a m-se-
quence is shown as [8, pp. 600]

Sinseq(@) = 277( 1+ %) % > 8w — nay)

n=—oo

. 2
x sinc? (%T) — Wﬂﬁ(w) @)

where §(w) is the unit impulse function, @, = 21/T and
sinc(x) = sin(x)/x.
Gold has shown that there exist preferred pairs of m-se-

107§ = 1 user, m-sequence
-8 5users, SESS
-5~ 4 users, SESS
-~ 3 users, SESS
104 -4~ 2users, SESS
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Figure 3. Simulation BER of SESS, chip interleaved ID, inter-

ference cancellation, one to five users, 64 chips/bit and Ray-

leigh fading.
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Figure 4. Simulation BER of SESS, single user, 64 chips-bit and
frequency-selective multipath fading.

quences having three-level cross-correlation function when
the degree n is not an integer multiple of 4 [9]. The m-se-
quences with three-level cross-correlation function is re-
ferred to as the preferred pair. The product code generated
by the preferred pair of m-sequences is referred to as a Gold
code family. The PSD of a Gold code can be obtained as

S0 = | Ryewl-jor)dr -

where R, (1) is the autocorrelation function of the Gold
code generated from the preferred pair with the second m-
sequence shifted by m chips. S (w) is the corresponding
PSD. The autocorrelation of a Gold code has a property of
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R, =R, (N-i)fori=1,..,(N
PSD component of the autocorrelatlon value a”,
with its delays + d", (1< d
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-1)/2 [10]. Therefore the
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Consequently, the PSD of a Gold code can be written as
KW kl{”

m(w) Z ZS’Z; =+ Sy = _i 2 m
—1 =1
X Z Z (w — nw;)sinc ( ﬂ) Cos<277 m ;)
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where s is the PSD component because of the unit autocor-
relation at kT delay with an integer k. K is the number of au-
tocorrelation values with the second m-sequence shifted by
m chips. In fact, K, = 3 for all m. k is the number of p051t1ve
delays that attain the particular autocorrelation value of o L

The average PSD of an ensemble of Gold codes can be
found as

Scod(@) =

Z S()

I"

——Zj R, (7 expl—jwr} dr ©

m=0

00 IN 1
j ZR,"(T)exp —jot}dT

m 0
— j R(T)exp{—jot} dr (10)

where the average autocorrelation R(7) is

Z 5(1-—1T)*A< )

_ 1 N—1
R(T) = N Z Rm(T)

m=0 j=—00
—2j; 8(r—jT,) * A <%)
.
k;o 8(t — kT) * A( ) "
T 1
:< )kZ:wS(T—kT)*A< ) V1)

where * indicates convolution. Here A(r/x) is a triangle
pulse with the unit height and the width of x. We observe
that R(7) is equal to the unity for r = kT with an integer k, and
is periodic with T. The result comes from the fact that the
autocorrelation ensembles are cyclic shifted versions of the
cross-correlation between m-sequences [10, equation (13)]. In
addition, the summation of the cross-correlation for one pe-
riod is equal to the unity [11, equation (3.5)]. Therefore we
obtain the average PSD of Gold codes as

2 1 >
S(w)gos = WTF (1 - m) Z 8w — nay)

. o (NT 2m
X sinc (W) + mé‘(w) (13)

The explicit expression of the average PSD of Gold codes has
not been found in literature to the best of the author’s knowl-
edge. In Appendix 1, we show that the timing accuracy of an
individual Gold code with a different phase shift m from (8)
is asymptotically equal to the timing accuracy from the aver-
age PSD in (13).

3. Timing accuracy of navigation

The rms error (in second) in the measurement of the time de-
lay of radar signal can be expressed as [12, p. 320; 13]

1 1
BVSNR  B2E,/N, (14)

O-t=

where f is called the effective bandwidth and is defined as

foooo sz(w) do 1

2 _ ) @Plw)dew 1 o,
O S 5 s

where S(w) and S are the signal PSD and the signal power,
respectively. In Appendix 2, we show the asymptotic auto-
correlation and PSD for SESS, Gold code and m-sequence as
N — 1. From (1) and (26), we can see that the asymptotic ef-
fective bandwidth is identical for SESS, Gold code and m-se-
quence applying the Riemann integral. Therefore the timing
accuracy of the three sequences is the same asymptotically.
For multiuser and multipath channels, we can replace
the SNR in (14) with signal-to-noise and interference ratio
(SNIR). With K interferers (K + 1 users) and L multipaths, the
SNIR for m-sequence or Gold code can be written as [14, 15]

R™(0)2E, /N,
+ 2k Yy B (1/NDREW/N,) (16

SNIR, ; =

where a,, is the fading of the Ith path of the kth user. R™(0) is
the power of the received signal of the desired user at the re-
ceiver input as shown in Appendix 3. The SNIR for SESS can
be obtained as [16, p. 117]

R™(0)2E, /N,
L+ S0 S a(1/N)2E,/N,)  (17)

because of its pure randomness in spreading sequences.
Note that interference is larger in SESS since the autocorrela-

SNIR

sess T
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tion or the cross-correlation is not regulated in SESS. The av-
erage timing accuracy in multiple access and multipath fad-
ing channels can be obtained as an expectation of (14) w.r.t.
fadings and time delays using (16) and (17) and the PSD in
multipath fading channels derived in (32) in Appendix 3.

4. Numerical results

The m-sequences corresponding to primitive polynomials,
(45)g and (67)4 in the octal notation, form a preferred pair
with the code length N = 31. The autocorrelation of the resul-
tant Gold codes is three-valued with -9, 7, and 21. Consid-
ering (8), for example with m = 1, the autocorrelation values
area = 7/31, al2 =-1/31, and a13 = —9/31. The delays of the

; { B_ T 1
autocorrellatlon value of a | are d 0= 5,d 0= 7,d 5= 10, d =
12, and d 5= 14. The PSD of a set of Gold codes form =1, 3,
and 16 is plotted in Figure 5 using (8). Although the PSD plot
is quite different for different m, all have the same rms value
of the timing accuracy of 2.167e - 7, which is slightly smaller
than 2.169e - 7 obtained from the average PSD in (13). The
results are illustrated in Table 1 for SNR = 10 dB. In calcu-
lation of the timing accuracy, we consider the bandwidth
of 1/T, after the square pulse passing through the low-pass
filter. Therefore we take the limit of the integration in (15)
from =27/ T_to 2r/T. We also show that the average of the
individual PSD in (8) is equivalent to the PSD of the aver-
age autocorrelation in (13) already for N = 31 as shown in
Figure 6. Therefore we can use the PSD of the average au-
tocorrelation to obtain the timing accuracy of Gold code.
This result remarkably simplifies our discussion on the rms
value of the timing accuracy of Gold code for a larger pro-
cessing gain. In Table 2 we show the effective bandwidth p

1

0.25 Y T T T T

O average of individual PSD

— PSD of average i I

PSD

35

Figure 6. Average PSD of Gold codes using (8) and (13),
(45)g, and (67)g, N = 31.

and the rms value of the timing accuracy for C/A code (N =
1023, T =1 ms) and P code (N = 10,230, T = 1 ms) in GPS us-
ing SESS, m-sequences, and Gold codes. We assume additive
white Gaussian noise (AWGN) channels for a GPS operating
SNR of 10 dB. A typical GPS receiver will update the display
no more than twice a second, so the pulses from the corre-
lator can be averaged over a period of a half second, which
will decrease the rms error by V500 [7]. SESS, m-sequences,
and Gold codes already show the same rms values of 6.6

: Table 2. Rms error of timing accuracy (0,), AWGN channel,
gl : peer SNR =10 dB, GPS
i © m=3
| ¥ m=16 | B, o, SESS m-sequences  Gold codes
08 ]
4 B(C/ A code) 2.1533e6 2.1545e6 2.1533e6
0rf r 0,(C/ A code) 6.5677e -9 6.5641e -9 6.5677¢ -9
| b (P code) 2.1533e7 2.1534e7 2.1533e7
i st (P code) 6.5677e -10  6.5672e -10  6.5677e - 10
|
Table 3. Rms error of timing accuracy (0,), multiple access and
multipath channel, K = 4 (five users), L=2,t, = T/2, 0, =1, a,
=0.5,SNR =10 dB and GPS
B, o, SESS m-sequences  Gold codes
B(C/ A code) 2.1348e6 2.1554e6 2.1533e6
. 0,(C/Acode) 6.1035e-9 5.8687e-9 5.8745e - 9
R B B(P code) 2.1388e7 2.1534e7 2.1529¢7
0,(P code) 59322e -10 5.874le-10  5.8753e - 10
Figure 5. Power spectral densities of Gold codes, m =1, 3, 16,
(45)g, and (67)g, N = 31.
Table 1. Rms error of timing accuracy (¢,), Gold codes, N =31, SNR = 10 dB
B, o, m=0 m=1 m=2 m=3 m=16 Average PSD
B(C/A code) 6.52521e4 6.52521e4 6.52521e4 6.52521e4 6.52521e4 6.52135e4
0,(C/ A code) 21673e -7 21673e -7 2.1673e -7 2.1673e -7 21673e -7 2.1686e - 7
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and 0.66 ns for C/A code and P code, respectively. In Table
3, we employ five-user multiple access system with the mul-
tipath channel impulse response of §(7) + 0.5 6(r — T/2) since
GPS signal from satellites in medium earth orbit (MEO) at a
nominal altitude of 20,200 km is not significantly subject to
fading. Table 3 presents 6 ns for C/A code, and 0.6 ns for P
code for the three spreading codes. Comparing Tables 2 and
3, we observe that multipath gain can outweigh multiple ac-
cess and multipath interference because of the large process-
ing gain.

5. Conclusions

SESS can be a good candidate for navigation with commu-
nication in fading channels such as indoor navigation, con-
struction site or battle field navigation. SESS shows re-
markable SNR enhancements in fading channels without
compromising the timing accuracy compared with other tra-
ditional spreading codes such as m-sequence or Gold code.
Moreover, if the large SNR gain in SESS can be available in
the signal tracking stage, the time accuracy can be notably
improved.
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8. Appendix 1

8.1 Independence of the timing accuracy of S, (®)

The PSD of a Gold code, Sm(v) in (8) can be rewritten as

S(w) = WW i 8w — nw, )sinc’ (%T)
i
x| 1+ ;Za’” Zcos(27r W ) s

Asymptotically as N — oo, the factor 2711/ N in the cosine ar-
gument is uniformly distributed between -7 and . Conse-
quently, its asymptotic effective bandwidth can be obtained
from (15) as

o Y @nm/T)sinc’ (nm/N)
mll_rpoo B = 3% sinc*(nm/N) (19)

The result indicates that the timing accuracy of a Gold code
is asymptotically independent of a chip shift of m. The effec-
tive bandwidth of the average PSD of Gold codes from (13)
can be shown as

) Qnw/ Ty sinc*(nw/N)
S esinc*(nm/N)+N/(N> —=1)  (20)

n=—0o0

2
Bave =
Therefore

. 2 . 2
Jim 5, = lim B
1)

9. Appendix 2

9.1 Asymptotic equivalence of the timing accuracy of SESS

The autocorrelation of SESS employing a rectangular pulse

can be shown as
T
R... =Al—
sss(7) (2 T, c) (22)

The autocorrelation of m-sequence and the average autocor-
relation of Gold code are
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1 T 1 T
R0 = (1 +N>A(2TC> v =7 ®

1 T 1
Rt = (153 (5F) 5

respectively, with the period of T. Therefore we can see that
asymptotically (N — o)
A}me Rmseq(T) = ]\}gnoo RGold(T)
- i 8(r— nT) % Al —
S 2T, (25)

The corresponding asymptotic PSD can be found as
Jim Spq(@) = im Sg(@)

= T,
= 777 :Z: ( )T sinc ( 7“)
(26)
10 Appendix 3

10.1 Autocorrelation and PSD in multipath fading channels

With the multipath fading channel impulse response, h(t) =
2. o, 0(t — t), the received signal without noise can be writ-
ten as

s(0) =Y ap(t—1) @)

where p(t) is the transmitted signal. «, and ¢, are the ith path
fading and time delay, respectively. The corresponding auto-

correlation can be obtained as

R (7) = js@s@ o
- jz Z aop(t — 1)p(t — t; — 1) dt (28)
i
= DR+ 3D R+ @)

i j#I

= ZazR(T) + Z Zal

i j>i

+ Z Z o,a;R(—t; + 7) (30)

ij<i

where b=t and R(r) is the autocorrelation of p(t). The
Correspondmg PSD can be written as

S () = ZaS(w)-l—ZZaaS(w)exp{ jtyw)
i j>i
+ZZaaS(w)exp{ _] W} (31)
i g<i
—Za S(w)+2ZZaaS(w)COS( ) (32)
i j>i

where S() is the PSD of p(t).
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