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for possible merger, and create the list Ltemp. For every matching
pair in the iteration, a check for possible merger involves:

» Merging the corresponding relay groups. The complexity of this
step is O(|R|).

- If the merger improves the objective value, then the merged
pair is added to Lemp and requires O(1) complexity.

« In case the pair of matchings cannot be merged, then we may
have to add individual matchings to the list Ltemp. This will re-
quire O(|S|?) checks within Lemp to see whether or not the
individual sessions already exist in Liemp.

So, the worst case complexity for creating list Leemp is O(|S|? -
(IRl +181%) = O(ISI| - R| + |S|*).

Sorting of Liemp. Next, we need to sort the list Liemp. This will
have a worst case complexity of 0(|S|?log, |S|?) = 0(|S|? log, |S]).

Creation of list for next iteration. To create the next list of
matching from Leemp, we need to go through all O(|S|?) session
groups in the list Liemp in increasing order of the temporary gain
values. Before moving a matching from Liemp to the new list for
next iteration, we need to check that we are not adding a session
group multiple times in the new list. Checking this will incur an
overhead of O(|S|) per matching. Thus, the total worst case com-
plexity to create the list for next iteration is 0(|S|% - |S]) = O(|S|?).

Finally, as we start from a list of |S| matchings, and ev-
ery improving iteration merge at least two session groups, there
are no more than O(|S|) iterations in the worst case. Thus,
the total complexity of G*M is O(|S| - [IS||R[%+ [S[2[R| + |S[*+
1512 log|S| +1SI%]) = OUISPIRI? + ISP [R| + [S[).

5.5. Further improvements to G2M

Many improvements to the baseline GZM algorithm are possi-
ble. In this section, we discuss two possible improvements.

Recall that in the main program of GZM, we only consider pos-
sible merger of two groups of sessions at a time. It may also be
beneficial to consider three or more groups of sessions at the same
time. This is because that although proposed merger of two groups
of sessions may not improve the objective value, merging of three
or more groups of sessions may lead to an improvement. As an
example, suppose that the proposed merger of matchings (Sy, Rg)
and (81, Rq) will reduce the objective value, and the same situa-
tion will occur if we merge (S, Rq) and (S, Ry), or (Sp, Rg) and
(52, Rz). But if we merge (So, Ro), (Sl, R]), and (32, Rz) all alto-
gether, it may improve the objective value. This feature (i.e., con-
sidering merger of three or more sessions groups) can be easily
incorporated into the main program of G2M.

Another improvement that we can make to G2M is to add more
dynamics in merging during each iteration. In the baseline al-
gorithm, once we merge two session groups, they will never be
separated again, which may limit other opportunities. That is, a
“match-and-never-separate” approach is somewhat rigid and may
miss an optimal solution. As an improvement, we may want to
check whether the objective can be improved by removing some
sessions from the merged group. This can be done by incorporat-
ing a second phase in the main program.

6. Numerical results

In this section, we present numerical results to demonstrate
the performance and efficiency of our GZM algorithm. Our goals
are threefold: (i) to show G2ZM algorithm offers better results than
direct transmission, (ii) to demonstrate that the solutions con-
structed by G2M are close to the optimal solutions obtained by
CPLEX solver [7], and (iii) to show that the running time of G2M is
orders of magnitude lower than CPLEX solver.
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Fig. 11. Ratios between the objective values under GZM and direct transmission.

6.1. Parameter settings

For all network instances used in this simulation study, we as-
sume the transmission power at each node to be 1 W. The avail-
able transmission bandwidth at every node is 20 MHz, and the
variance of white Gaussian background noise at all nodes is 10~10
W. The channel gain between two nodes s and d is modeled as
|heg)? = ||s — d||~*, where ||s — d|| is the distance between s and d
(in meters).

6.2. Results

6.2.1. G®M vs. direct transmission

We consider 100 different randomly generated network in-
stances, each with 30 nodes (7 source-destination pairs and 16 re-
lay nodes). For each instance, the nodes are randomly deployed in
an area of size 1200 m x 1200 m square. We calculate the ob-
jective value for each network instance under both GZM and di-
rect transmission. Fig. 11a plots the ratio of the objective values
obtained under G2M and those under direct transmission when all
the weights in the network are set to 1. Similarly, Fig. 11b plots the
ratio when each session’s weight in the network is randomly cho-
sen between 0 and 1. In Fig. 11a, the average ratio is 2.53 (with a
variance of 2.83); in Fig. 11b, the average ratio is 2.67 (with a vari-
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Fig. 12. Ratio between the objective values under G*M and CPLEX.

ance of 3.98). Note that under any network instance in each figure,
the ratio between the two is no less than 1, due to our design of
the G2M algorithm.

6.2.2. Near-Optimality of G*?M

To validate the performance of GZM, we compare the results
by G2M to the optimal solutions obtained by solving a mathemat-
ical formulation of our session/relay grouping and matching prob-
lem. A mathematical formulation of this problem is given in the
Appendix, which is in the form of 0-1 integer linear program (ILP).

Fig. 12a shows the ratio between the objective values obtained
by G2M over those from CPLEX when the weight of each session
is set to 1. Similarly, Fig. 12b shows the ratio between the two
when the weight of each session is randomly set between [0, 1].
As we can see, the performance of G2M is highly competitive in
both cases. It is 98.8% of optimal on average (with a variance of
0.05) for fixed weights, and 97.7% optimal on average (with a vari-
ance of 0.15) for random weights.

6.2.3. Time complexity

We now compare the time complexity between the G2M algo-
rithm and the CPLEX solver. Due to its polynomial complexity, we
find that the running time of G2M is orders of magnitude faster
than CPLEX, which has an exponential time complexity to solve an
integer linear program. As an illustration, we start with a network
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Fig. 13. Comparison of running time between G?M and CPLEX. (Note the difference
in scales on both x- and y-axis in the two figures.)

having only one session, and add more relays and sessions to grow
the network size. For each network instance, we compare the time
required to find the solution by G*M and that by the CPLEX solver.
Fig. 13a shows that the time required to get the solution under
G2M when the network size grows from 2 to 100. On the other
hand, Fig. 13b shows the time required to obtain optimal solutions
from CPLEX when the network size grows from 2 to 38. Note that
the y-axis in Fig. 13b is in log scale rather than the linear scale in
Fig. 13a.

7. Related work

Although CC has been an active research area for many years
(see, e.g.[1,5,8,9,12-15,17,28,31,37],), recent advances in employing
NC in CC (so-called NC-CC) has created a new research paradigm
for the communication network community. To date, research on
NC-CC is still in its early stage and results remain very limited
[4,19,25,33,36,38]. In [4], Bao and Li were the first to employ NC-CC
in a multi-source single-destination network. Their focus was on
developing coding mechanisms that could be used by the source
nodes to cooperate with each other. In [19], Peng et al. consid-
ered a network with a single relay node and multiple source-
destination pairs, and studied the outage probability of the entire
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network when NC-CC is employed. Sharma et al. [25] also con-
sidered a network with a single relay node and multiple source-
destination pairs, and derived the data rate equations for individ-
ual sessions under NC-CC. Xiao et al. [33] considered a two-source
single-destination network and showed that NC can help CC reduce
packet error rates. In [36] and [38], the NC-CC framework was lim-
ited in exploiting NC only in case of bi-directional traffic and by us-
ing a single relay node. We have shown in this paper that NC-CC is
beneficial in unidirectional traffic as well, and multiple relay NC-CC
can be significantly better than single relay NC-CC. As a result, lim-
iting the work to bi-directional traffic only and the use of a single
relay node limits the potential gains of their approach in an ad-
hoc network. In fact, a common limitation of all these prior efforts
is the use of only a single relay node. As a result, they could not
benefit from any performance gains that can be offered by multiple
relay nodes. NC-CC with multiple relay nodes was first explored by
Sharma et al. very recently [27], where they showed that a proper
choice of a group of relay nodes could have a significant impact
on NC-CC's performance. However, the problem on how to group
sessions, relay nodes, and match them together remains open. This
paper is the first attempt to address this important problem.

8. Conclusion

In this paper, we studied how NC-CC behaves when multiple
relay nodes are employed. We derived closed form equations for
mutual information and achievable data rate for each session un-
der such setting. Our derivation was based on generalizing the
three-node relay channel model with multiple relays and then
taking consideration of multiple sessions. Our results in this pa-
per offer an important building block on the theory of NC-CC. To
demonstrate the application of our theoretical result, we solved a
joint optimization problem in multiple dimensions, such as ses-
sion grouping, relay node grouping, and matching of session/relay
groups. After showing that this problem was NP-hard, we pre-
sented a polynomial time heuristic algorithm to this problem. Us-
ing simulation results, we showed that the proposed algorithm
is highly competitive and efficient: it is able to offer a perfor-
mance close to a centralized solver while being orders of magni-
tude faster.
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Appendix

A mathematical formulation of session/relay grouping and
matching problem. A feasible session group (with respect to a re-
lay group) is defined as a group of sessions sharing the relay group
under NC-CC where the weighted sum of session rates in the group
is not less than the weighted sum of session rates under direct
transmission. So, we denote Ig; as the set of all feasible session
groups for the relay group R; € R. The size of the set Ir; can be

exponential in the worst case. We further denote jfz"j C Ig; as the

set of feasible session groups that contain the source node s;. Thus,
.
we have s s JR‘j = TIg;.

We use the notation G € S to denote some group of sessions.
We define a binary variable X%j as follows:

1 if session group G uses relay group
R; for NC-CC, G € Ig,,
0 otherwise.

G _
an—

Since a source node s; can be in at most one session group, we
have:

D IR

RieN:  gegy
J

(sieS), (22)

where N; is the set of relay groups (among all possible relay
groups) that are feasible for at least one session group.

Note that by (22), a session can belong to only one session
group, and there exists |S| source nodes. Thus, the number of
groups that may be ultimately formed associated with any of the
relay groups is at most |S|. Further, note that (22) is not prohibit-
ing relay nodes from participating in multiple relay groups, neither
is it prohibiting multiple session groups to use same relay groups.

For the objective of maximizing the sum of weighted rates
among all source nodes in the network, we can formulate the ses-
sion/relay grouping and matching problem as follows:

Maximize Z Z Z X%/ - W; - Cne-ce (5i. G, R, di)
sieS RjeN; gEJ;i
il
H1-> > X%j -w; - Cp(s;, dy)
RjieN: GEJ;I'
Rj
subject to Yo D> X =1 (i€ 8)
RjieN; gejf?ij
Xg,- c{0,1}, (RieR.G e Ix,).

Note that the objective function contains the sum of two differ-
ent terms for every source node s; in the network. The first term
is the achievable rate under NC-CC while the second term contains
the achievable rate under direct transmission; only one of these
two terms will be non-zero and taken into the summation over
sjeS.

The above optimization problem is a 0-1 integer linear pro-
gramming (ILP) problem, with an exponential number of variables
(X%j) in the worst case. Due to the combinatorial nature of the

problem, any alternative formulation will also involve integer (or
binary) variables in it.
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