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Recent advances in military technology, such as hypersonic missiles, which can travel
at more than five times the speed of sound and descend quickly into the atmosphere,
give world nuclear superpowers a new edge. These advances up the game for nuclear
superpowers with an extremely rapid, intense burst of military striking capability
to secure upfront gains before encountering potentially overwhelming military con-
frontation. However, this so-called fait accompli has not been systematically studied
by the United States in the perspective of the escalation philosophies of nuclear power
competitors, or the mathematical modeling and visualization of multi-modal escala-
tion dynamics. This gap may hamper any further command and control for nuclear
deployment and decision making for strategic planning in preparation of such scenar-
ios. This thesis aims to bridge the gap by implementing a network approach to model

the escalation dynamics among competing nuclear superpowers.
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Chapter 1

Introduction

To begin modeling the escalation dynamics among several players, the first step is to
create a reasonable scheme that can be used to describe spatial-temporal evolution
and visualization of escalation dynamics. In this project, we target the multiagent
method [3] and algebraic graph theory [12] based on the advisor’s prior research [14].
This is set up as an interconnected, graphical representation by viewing each im-
portant variable in escalation dynamics as an agent, and combining them together
with a networked structure to characterize agents’ interplay. However, this combined
method alone does not specify the microscopic dynamics underlying the graphical
representation, which is crucial for quantitative analysis and visualization of escala-
tion. To solve this issue, game theory and adversarial learning techniques are used to
establish the intrinsic underlying dynamics.

Non-cooperative game theory [19] is a powerful tool to describe the competing
dynamics of multiple agents in the absence of collaboration or communication from
any of the others. In a real-world situation, the arm race among nuclear super-
powers depicts a much more complicated picture than just non-cooperative games.
For instance, it is known that the competing escalation dynamics can be predomi-
nantly described by non-cooperative games. There are certain restrictions in reality

to force nuclear superpowers to compromise at some degree, e.g., availability of en-



riched uranium, sanctions, and arm treaties. Hence, a hybrid game, which consists
of non-cooperative gaming as the primary dynamic, and cooperative gaming as the
secondary dynamic, would be better suited to capture the multi-modal nature of
escalation dynamics. This leads to a multilayer interconnected complex system. Nev-
ertheless, how to synergistically integrate non-cooperative games with cooperative
ones to accurately model intrinsic dynamics of competing escalation remains an open
research area.

One of the intriguing advancements in artificial intelligence in recent years is
the development of generative adversarial networks (GANs) [13] in which two deep
network models are competing against each other to learn how to improve their pre-
diction. This interesting idea sheds some light on the development of a possible
mathematical tools to connect some hidden, conflicting, and correlated variables of
escalation dynamics that cannot be usually represented by means of the existing
physical, statistical, economic, or sociological theories. It presents a possible frame-
work to model complex micro dynamics with certain degree of confidence. However,
the downside of this method is its heavy reliance on large data training sets. When
modeling competing dynamics of nuclear superpowers, such datasets are not always
available. One way of circumventing this difficulty is to use Bayesian learning to
update network models via sparse data. This Bayesian learning concept will lead to
a separate, parallel task of multi-cue multi-choice (MCMC) decision making [10] to
govern the process of network model adaptation.

With the proposed idea of hybrid games and the concept of Bayesian learning, the
detailed microscopic dynamics underlying the multiagent network may be modeled.
However, the real challenge is to put these ideas into work by having a tractable,
computational way to predict what will happen in escalation dynamics. Moreover,

what matters most for applications is to visualize the outcomes for a decision maker to



better understand the context so they may fairly assess the situation. In this project,
a detailed realization of the above ideas under a multilayer multiagent network, cou-
pled with diffusion-based propagation dynamics to model complex interdependency
dynamics of the competing escalation, is presented. Specifically, the upper layer of
the network model represents information gathering, data fusion, and data mining dy-
namics characterized by interplay between the information retrieving network (RN),
information analyzing network (AN), and information formulating network (FN). The
networks are modeled by an input-output cellular network, a Bayesian learning net-
work, and an artificial neural network, respectively.

The top layer includes RN, AN, and FN. The lower layer is comprised of the hybrid
game model associated with factors resulting from the top layer. This two-layer struc-
ture models alternative interdependencies among different agents in the lower layer:
cooperative (pro) interaction and competing (con) interaction. This hybrid game
utilizes a version of the mixed multiagent non-cooperative game and potential-based
cooperative game [5] to decide the likely outcomes. From the multiagent perspective,
this corresponds to two sides of impact from its input: cooperative component and
compromise component. The cooperative component, reflects the steady, coordinated
nuclear deployment strategy in the escalation and is the result of the potential-based
cooperative game modeled by a compartmental network. It is based on the advisor’s
prior work [I4], 22]. The compromise component, depicting negative contribution due
to adversarial effects and competitive dynamics in the escalation, is the result of in-
hibitory effect in a network model. Finally, the overall outcome of the hybrid game

will be the results from both games weighted by their priority.



1.1 Contributions

The work done to create this thesis can be categorized into three different parts:
built upon the advisor’s previous work, new contributions from advisor, and new
contributions from myself. My advisor’s previous work in swarm optimization and
multiagent coordination was the basis of the optimization algorithm that was imple-
mented throughout this project. My advisor began by creating the initial mathemat-
ical framework for each of the networks outlined in the thesis paper. I was able to
assist my advisor in iterating through each of the mathematical frameworks and refac-
toring them to create concise and correct mathematical formulations. This process
allowed me to gain a better of understanding of mathematical modeling and graphi-
cal analysis, while contributing to the thesis. Once the mathematical framework was
completed I created software packages for the networks outlined in this thesis. Taking
the models from the mathematical formulations that can be seen in this paper and
coding them into MATLAB packages was my main contribution to this project. In

addition to these contributions, I also assisted in presenting the model to NSRI.



Chapter 2

Modeling of the positive correlation between relevant factors

Motivated by the intrinsic connection between cooperative control and potential
games [16], a cooperative game model is developed to represent the positive cor-
relation between relevant factors on internal nuclear deployment within each nuclear
superpower. This cooperative game model then serves as a foundation to describe
the non-conflict dynamics among several nuclear superpowers.

To address the dynamic correlation among relevant variables in nuclear escalation,
a dynamic model is proposed for characterizing the transient correlation and steady-
state correlation between different factors.

Modeling the static correlation within one nuclear superpower is outlined as fol-
lows. Consider the following example of a structural equation model (SEM) to rep-

resent a static relationship between five variables x; with five external inputs w;,



i=1,2,....5
T =, (2.1)
To = a- T+ Us, (2.2)
xr3 =b-x9 + us, (2.3)
Ta=¢e- -1 +d- x5+ U, (2.4)
Ts=c-x3+ f 14+ us (2.5)

where a,b,c,d, e, f € R are constant coefficients. Note that the SEM (22.1))—(2.5)) can

be rewritten as the following matrix form

] o000 o] [m] [
T a 0 0 0 Of [z Ug
3] =10 b 0 0 O] |z3| t |us
Ty e 0.d 0 0f [x4 Uy
| 5| 00 ¢ f Of [#5] | us |

In general, suppose that the causal graph for our problem is given by a direct graph
(or digraph) G = (V, E), where V' = {1,...,n} is the index set of nodes or vertexes
representing the relevant variables and E = {(i,j) : i € V,j € V,1 # j} is the set of
ordered pairs (7, j) denoting the directional edge from node j to node i in the digraph

G. Then the corresponding SEM can be written as

Ti = Zaij'xj+ui7 i=1,...,n (2.6)

(i,4)eE

where a;; € R, 4,7 = 1,...,n. To specify the detailed structure of the SEM, one

needs to elaborate both the topology G' and the value of a;;, due to the fact that the



graph information G is implicitly embedded in the model (2.6) alongside a;;. One
way of representing a causal graph G for the SEM is to use the adjacency matrix

C= [Cpq]p,qzl,..,,n S R™™ defined by

1, (pq) €E
0, (p,q) ¢ E

It follows from the definition of C' that ¢,, = 0 for p = ¢, i.e., the adjacency matrix
C is an off-diagonal matrix, where all of its diagonal elements are always zero. Using

the notion of adjacency matrices, one can rewrite (2.6 as
n
xizg aij - Cij-xj+u, t=1,....n (2.7)
=1

which turns the implicit embedding of G into the explicit inclusion of GG in the model.

The matrix form of (2.7) can be written as

X1 1111 Q@12€C12  A13C13 - A1nCin X1 U
X2 A21C21  A22C22  G23C23 -+ A2pCop X2 Uz
T3 | — |G31C31 Q32C32 A33C33 ... (3pC3n xzg| T |us
_xn_ _anlcnl Ap2Cp2  Ap3Cp3z ** - anncnn_ _xn_ _Un_

or equivalently,

r=(AoC)x+u (2.8)

where z = [11,2s,...,2,]7 € R", “o” denotes the Hadamard product (also known

as elementwise product or Schur product), A = [a;lij=1.., € R, and u =



(U1, us, ..., u,]T € R™ Note that the diagonal elements of A o C' are always zero
due to the fact that ¢;; =0 forall:=1,... n.

The problem with the form of is that it is unclear which variable is the input
signal and which variable is the output signal, since the left-hand side and right-hand
side both have x. To make it clear from the system-theoretic perspective, we rewrite

(2.8)) as the following input-output form

z=Wz+u (2.9)
r=z (2.10)
y==zx (2.11)
where 2 = [21, 29, . .., 2,]T denotes the intermediate signal to calculate the state vector

and y = [y1, %2, ..., Yn|" denotes the system output signal that the other agents can

observe, W = (Ao () € R""(G) is a graph-structured off-diagonal matrix given by

the form
0 @12C12  (13C13  **+ Q1pCin
a21C21 0 @23C23 *++ A2pCon
W= a31C31  A32C32 0 <. Q3pC3pn
_anlcnl An2Cpo  Ap3Cpz  * - O |

R™ (@) denotes the set of all off-diagonal matrices with the structural topology
described by G. The left-hand side of f represents the resulted signals
while the right-hand side of f represents the input signals.

In this task, W is estimated under a given graph topology C' by using the in-

formation of N measurements from the output signal y, intermediate signal z, state



vector z, and input signal uw. In this case, W needs to be viewed as the variable
(n? —n unknown coefficients a;;) in . However, the form of does not clearly
show this representation for W as x is presented as the variable and W is presented
as the coefficient matrix. To change this formulation, we denote the N measure-

ments for Y,z, T, U by y[l] = [yllayl27' .- 7yln]T € Rn’ Z[l] = [Zl172l27' . -azln]T € Rn’

zl] = [vp, 20, 2T € R and ull] = [ug, w, ..., u,]T € R, respectively,
l=1,...,N. Define the measurement matrices Y, Z, X, U as follows
Yin Y12 0 UYin
T
Y21 Y22 " Yo Nxn
e L i I LS £
|YN1 YN2 ot YNn |
211 12t Zln
T 221 R22  tct Ron Nxn
Z=z[1] z[2] ... z[N]| = ' o . eR
_ZN1 ZN2 ZNn_
T11 T12 - Tin
T To1 T2 1 Top Nxn
X =lz[1] z[2] ... z[N]| = . o _ eR
_$N1 IN2 - 9€Nn_
Uyp U2 -+ Uln
T
U1 U2 -+ U2p
U= {u[l] u2] ... u[N]] = o | e RV
_UNl uUng - UNn_
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Under these notations, (2.9) can be written as

2[l] = We[l] +ull], I=1,...,N
{z[l] z[2] Z[N]:| =W {a:[l] x[2] ZL‘[N]:| + {u[l] u[2] u[N]}
z[1]  z[2] Z[N]] = [m[l] x[2] . x[N]] W+ [u[l} u[2] u[N]]
or equivalently,
Zt=wXx"'+U" (2.12)
Z=XW'+U (2.13)
X=Z (2.14)
Y =X (2.15)

Hence, or shows a fundamental relationship between the unknown matrix
W and the measurement matrices Z, X, Y, U.

To determine whether has a solution W for given Z, X,Y U, the “vec”
operator is introduced for a matrix A € R™*™ as the vector of dimension nm x 1 by

stacking the columns of A vertically. For example, if

aix aiz2 A3

Q21 Q22 Q23
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then

a11
a21
12
vec A =
22

a13

23

Recall that for A € R™™ X € R™*P and B € RP*?,

vec (AXB) = (B" ® A)vec X

where ® denotes the Kronecker product. Taking the vec operation on both sides of

[212) yields

vec Z' = vec(WX") +vecU"

and hence,

vec ZT = (X ® I,)vec W + vec U™

or equivalently,

vec Zt = (X ® I,)vec (C o A) +vecU" (2.16)

Note that some elements in vec W € R**! are always zero (diagonal ones in W).

Hence, vec W has n? — n free variables.
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The following result is a well-known one in linear algebra.
Lemma 1. Let A € R™™ and b € R™. Then the following statements are equivalent:
i) The equation Az = b has at least one solution x € R™.
ii) rank A = rank {A b] :

iii) There exists y € R™ such that v = A'b + (I, — ATA)y, where AT denotes the

Penrose-Moore inverse of A.

It follows from the above lemmas that (2.16)) has at least one solution S in terms

of vec (C' o A) if and only if

rank (X ® I,,) =rank (X @ I,) vecZ" — vecU™T

Moreover, to find the value of A, this solution S should be compatible with the given

graph topology GG. Such that the equation
CoA=vec S

should have a solution in terms of A for a given C, where “vec™!” denotes the inverse

operation of “vec”. Hence, in this thesis we assume these conditions hold for ([2.12)

or (2.13) under given Z, X, Y, U.
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Chapter 3

Identifying the SEM: A least squares minimization approach

The key to using f for correlation modeling is to find the coefficient matrix
W in the model through the input, output, and interlinked data. We assume that the
observation for the output signal y in contains some additive uncertainty, that
is, let ; denote the observation of the output signal y;, then y; = y; + Ay;, where Ay;
denotes some observation uncertainty due to environmental noise or disturbance for
the ith node in the graph G. Next, it follows from that the ith node updates its
value z; based on the received information, z;, from the jth node. However, such z;
may contain some other type of uncertainty existing in its communication channels.
Let z; denote the received information from the jth node. Then Z; = z; + Az,
where Az; denotes some information transmission uncertainty from the jth node to
the 7th node. We assume that the observation and information transmission among

individual nodes are independent from each other, i.e., Ay; and Ay, are independent,

and Az; and Az; are independent, i # j. In this case, the model (2.9)-(2.11)) with



14

these external impacts can be written as

Z=W(xr+Az)+u (3.1)
x =3 (3.2)
y=a (3.3)
y=y+Ay (3.4)

where Az = [Axy,..., Az, )T, Ay = [Ayy, ..., Ay)Y, 2 = [Z1,...,2,]%, and § =

[gh s ’gn]T.

Note that it follows from (2.9)) and (3.1)—(3.4) that

T=rx4+Ar=2+Ac=W(x+Azx)+u+Az=Wzi+u+ Az

y+Ay=x+Ay=2+Ay=W(x+Az)+u+Ay=Wi+u+ Ay

Y

Then we have

z 1, I, O Az
= Z+ (3.5)
] I, 0 I,| [Ay

As we mentioned before, in general Az and Ay are different because Az is due

to communication uncertainty while Ay is due to observation uncertainty. When

Az = 0 and Ay = 0, it follows from (3.5) that £ = Z and § = Z. Hence, given

N measurements Z[l] = [Ty, g, ..., Tin) T € R™, gll] = [G11, Gr2y - - - Gin) T € R™, and
ull] = [wi, wiz, - - -, u,]" € R™ of Z, g, a possible choice of estimating a;; is to minimize
both || — Z|| and ||§ — Z|| under some norm || - ||. Depending on the norm there could

be a different cost function for estimating a,;. In this project, three most common

choices are considered: 1-norm, 2-norm, and infinity-norm.



Let the matrices Y, X, Z, U be

o

S

2-Jau
o=y

Y11 Y12
T ~ ~
B Yo1 Y22
gIN]| =
UN1  YN2
T11  T12
T ~ ~
~ To1  T22
Z[N]| =
IN1 TN2
211 212
T ~ ~
~ 221 %22
Z[NJ| =
ZN1 ZN2
U1 Ui2
T
U1 U2
ulN]| =
Un1 UN2

gln

an

YNn
Lin

Ton
TNn
Z1n

Zon

ZNn

c ]RNXn

€ RNXTL

c RNXTL

U1n

Uan,
c ]RNXn

UNn

where Z[l] = [Z11, Zi, - - -, Za] T € R™. Note that it follows from (3.1)) that

or componentwise

212‘ = E a,ij:i'ljjtuli, 1= 1,
(

i,j)EE

2] = Wl

+ ull]

15
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Equation (3.6) has the following matrix form

Z=XWT4+U

Zt=wXT+U"
or

vec ZT = (X ® I,)vec W 4 vec U™

vec Z¥ = ((C o X) ® I,,))vec A+ vec U™

The 1-norm choice is to consider a cost function with the weighted 1-norm given

by the form

J(X Y/ :ZZ)\ |xlz le|+zze|ylz le

=1 i=1 =1 =1

N n
xlz ( Z azymlj + ulz) ‘ + Z Z 92 gl

(i,)€E =1 i=1

- ( Z ijTy +Uli>

(i,9)€EE

where \;, 6; > 0 are the given weights. Then the proposed optimization problem can

be written as

min  Ji(X,Y,U, W)
WeRM*n (@)

and its optimal solution can be denoted by

W*=arg min J(X,Y,UW)

WeRPXn(Q)
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where “arg” refers to the argument of a function, i.e., x* = arg min, f(z) means that
f(@*) = min, f(z).

Lemma 2. For a square matriz M, let trace M denote the sum of all diagonal entries
for M. Then for any matriz A € R™", trace(ATA) = trace(AAT) = ||vec A||3 =

|A||%, where || - || denotes the Frobenius norm.

Proof: Let A = [a;j]i=1,..mj=1...n. We use a fact for the Frobenius Norm || - || that
[All% = trace(AAT) = 37", Y7 af; = (vec A)T(vec A) = |[vec A||3, and a fact for
the trace operation that trace(AB) = trace(BA) for compatible A and B. |

The 2-norm choice is to consider a cost function with the weighted 2-norm given

by the form
Jo(X,Y, U :ZZ (T — Zui 24—2291(@12‘—5@2
=1 i=1 =1 i=1
= @[] - 2 AGEN - 20) + > @l - ) el — z[1)
=1 =1

= (vee XT — vec Z)T(Iy @ A)(vec XT — vec ZT)
+ (vee VT = vee 20" (Iy @ ©)(vee VT — vee 27)
= (vec (XT = Z™) T (Iy ® AT (Iy ® AY?)(vec (XT — Z7T))
+ (vec (YT = Z") T Iy @ YT (Iy @ ©Y2)(vec (YT — Z7T))
= (vec (AYV2(XT = ZT))) Tvec (AY2(XT — ZT))
+ (vec (OV2(YT — ZT)))Tvec (02(YT — Z7))

= [lvec (AYV2(XT = ZT))[I3 + [lvec (0"2(¥T = ZT))13

= trace((X — 2)A(X — 2)") + trace((Y — 2)0(Y — 2)")

where A = diag(Ay, Ay, -+, A,) € R™™ and © = diag(6y,6s,--- ,0,) € R"*™ are both
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diagonal matrices? A1/2 = dla’g(\/A_h \/>\_27 TV >\1’L>7 @1/2 = dlag(\/e_la \/ga ) m)
Using Lemma [2] and the fact that (BT ® A)vec(X) = vec(AXB). By (8.6), J» has

the following equivalent form

"<z

Jo(X,Y U W) = trace((X — Z2)A(X — Z2)") + trace((Y — 2)0(Y — 2))
= trace((X — XWT — U)AX — XWT —0)T)

+ trace((Y — XWT =)oY — XWT —-0)")

which shows that J, is indeed a function of X, Y, U, and W.
The proposed optimization problem is then a least squares minimization (LSM)

problem given by

min  Jy(X,Y,U, W)
WER"X"(G)

and its optimal solution can be denoted by

W*=arg min JS(X,Y,UW)
WeRan(G)

The infinity-norm choice is to consider a cost function with the weighted infinity-

norm given by the form

Joo(f(,f/, U, W) = max max {)\i\a?h- — Ziil, 0il i — éh\}

1<I<N 1<i<n
xlz ( E al]xl] + ulz)
(

i,j)EE

|

) 91 ?jli

= max max
1<I<N 1<i<n

( Z a”m]—l—ulZ)

(i,9)EE
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Then the proposed optimization problem can be written as

min  Jo(X,Y,U, W)
WeRP*Xn(Q)

and its optimal solution can be denoted by

W*=arg min Jo(X,Y,UW)

WeRnXn (G)

The formulation does not consider the case where some data are outliers in X,
Y, and U. To prescreen the observation data, one can use some machine learning
approach such as support vector machine for cluster data pattern recognition. This
will serve as the first step for the SEM-based approach by filtering out some possible
outliers in N measurement data before feeding them into the proposed LSM approach.

Lastly, the optimal solution W* to these optimization problems may not be unique.
In fact, there could exist infinitely many optimal solutions to Ji, Js, or J. Hence,
to narrow down the search for the optimal solution, one can consider some additional

constraint on W such as ||W*||g = min or ||W*||r is a constant.
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Chapter 4

A cooperative game approach to modeling the positive

impact of variable correlation

Although the model in (2.6) gives a fundamental structure for variable correlation,

there are some related open questions.

Q1.

Q2.

The previously proposed LSM approach has a key assumption that the informa-
tion of z; is available for conducting the LSM evaluation as shown in the three
proposed cost functions. According to , the information z; is modeled as
a linear combination of x;, j € N;, where N; = {j € V : (i,j) € E}. So is ;
in terms of ;. In real-world scenarios, the information of x; may not be di-
rectly accessible to node ¢ due to some impact from environmental disturbance,
model uncertainty, data error, data privacy, or data security, and node ¢ can
only use some local sensors to predict x; rather than directly measure x;. In
this case, how can the parameter matrix W be identified in the model

with a possibly imprecise prediction on z;?

In addition, when some measurements are imperfect (e.g., y) and some data
information is not directly accessible at the same time(e.g., z;), how can the

value of the entries for W be estimated?
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To answer these questions, the previously proposed LSM approach is extended
by proposing a coupled optimization problem that includes both the LSM evaluation
and unknown variable prediction. Here the focus is on or to develop a
prediction algorithm beginning with X. Then this prediction is embedded into the

proposed LSM problem.
Consider ([2.13]). Define

X ={X*eRV": X* = arg min X — XWT —Ulr}

Clearly | X = XWT—U|lgp > 0and | X —XWT—U|r = 0ifand only if X = XWT+U.
If z; contains some uncertainty Az;, then the SEM model becomes z = W (z+Ax)+u.

In the case of measurement matrices X, U with the uncertainty matrix AX,
X=X+AX)WT+U

and hence, | X — XWT — Ullr = [[(AX)WT]||p. Alternatively, if y contains some
uncertainty Ay, then the SEM model becomes = + Ay = Wx + u. In the case of

measurement, matrices, X, U with the uncertainty matrix AY’,
X+AY =XWT'+U

In this case, [|[X — XWT — Ullp = ||[AY||p. Finally, if the both x; and y contain

uncertainties, then  + Ay = W (z + Az) 4 u. Similarly,
X+AY = (X +AX)W' +U

Therefore, | X — XWT —Ullr = [(AX)WT — AY||5.
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Lemma 3. X € X if and only if (X — XWT —U)(I, — W) = 0.

Proof: Note that by Lemma [2]
X = XWT —Ullp = ||vec(X (L, = W) = U)o = (I, = W) & In)vec X — vecU|,
Now consider the LSM problem
‘Il]gcigl( (I, = W) ® Iy)vec X — vecU||2
Then vec X is a solution to this LSM problem if and only if
(I, = W) @ In)"[((I, = W) ® In)vec X — vecU] =0
that is,

(L, = W) (I, = W) @ Iy)vec X — ((I, — W)T @ In)vecU = 0

where the fact that (A® B)(C ® D) = (AC) ® (BD) and (A® B)T = (AT @ BT) is
used.

Next, using the fact that (BT @ A)vec X = vec(AX B), it can be seen

0= (I, = W) (I, = W)) @ In)vec X — (I, = W)T & Iy)vec U
= vec (X (I, = W) (I, = W)) = vec (U(I, — W))

= vec(X (I, = W)"(I, = W) = U(I, - W))
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which implies that
XL, - WXL, —W)-U, —W)=0

|
Let V =1, —W. Then X € X if and only if XVTV = UV. Define P = VTV
and Q = UV. Then X (I,, — W)*(I, — W) — U(I, — W) = 0 is equivalent to

XP=0Q
or
(P® Iy)vec X = vecQ

Note that P € R™*" is symmetric and positive semidefinite.

Lemma 4. For any z,y € R", define the inner product < x,y >= yTx. Let A € R™™

and B € R™*". Then
trace(AB) = (vec AT)Tvec B =< vec AT vec B >
Next , let

1
WX, U, W) = 3 <vecX,(P® Iy)vec X > — < vec X, vec(Q >
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Then it follows from Lemma [ that

w(X,U,W)—%<VecX,vec(XP)>—<VecX,vecQ> (4.1)
1

= §trace(XTXP) — trace(X Q) (4.2)

= %trace(XTXVTV) — trace(XTUV) (4.3)

= %trace(XTX(In — WM, —W)) — trace(XTU(I, — W))  (4.4)

_ %trace(([n _WXTX (L, — W)T) — trace((L — W)XTU) (4.5

Lemma 5. XP = Q if and only if X = argmin ycpvxn (X, U, W).
Lemma 6. X € X if and only if X = arg min xegn (X, U, W).

Hence, the mathematical model of positive impact of variable correlation can be
characterized by a coupled optimization problem for simultaneous prediction and

identification:

X" =a min X, UW* 4.6
rg XGRIZVan( ’ ! ) ( )
W arg EII}LIXI}L( )J ( Uw) (4.7)

where a € {1,2, 00}.

Next, a cooperative game is proposed based multiagent coordination strategy
to solve the coupled optimization problem (4.6) and . Motivated by previous
work on bio-inspired consensus [23], a group of M agents representing the candidate
estimates for X and W is considered. Each agent is denoted by XU and WV,
[=1,...,M. The values of X and W are updated numerically by a cooperative
game based, semi-distributed (i.e., distributed-centralized), two-step algorithm. The

first step is a local update formula according to two descent search directions. The
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second step is a cooperative game based agreement algorithm for synchronizing local

updates.

Definition 4.0.1. The derivative ain(X) of a scalar-valued function f(X) of a ma-

trix argument X

9 X)

= [X@li=t1,..mj=1,..n € R™*" is the n x m matriz whole (i, j)th element is 59

G

In this thesis, two types of such algorithms are considered.

Type 1. The first type considers the case where a = 2. In this case, the cost
function Js(+,-,-, W) is differentiable with respect to W. We propose a derivative-
involved semi-distributed algorithm inspired by [23]. The first part of the algorithm

is to update W in two steps:

Wi = Wi ol i XT0W) - W e

w=w menufiy

— Y {—JQ(X&,,Y/ U, W) } oC (4.8)
W= W)
l . m
Wil e |3 - WAL (1.9
mENc(l)U{l}
where £ = 0,1,2,..., {a,(f)}, {5,8)} C R are some parameter sequences. The cou-

pling topology between these candidates is described by a graph G. = (V,, E.),
Vo={1,....M}, BE.={(i,j) :i,j € Voi # j}, and N = {m € V, : (I, m) € E.}
denoting the neighboring set of agent [. In this thesis, we always assume that G. is
undirected and strongly connected.

In this two-step algorithm, the first step consists of two terms. The term

arg min Jg(Xg,z, Y, U W) — VVgl,z
w=w meNPuin
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uses the difference between the local best solution among the neighboring nodes
and the current value of W to update the search for W. It can be interpreted as the
optimal search along the minimum cost level direction, which is roughly close to the

tangent direction of the cost level curve. The term

9 D <
— o XL Y U W)

uses the opposite gradient direction to update the search for W. It can be viewed
as the optimal search along the normal direction of the cost level curve. Then these
updates among all the neighboring nodes will be aggregated to reach a consensus for
the second step update of W.
The update of X is given by a similar two-step algorithm:
X =X o g i o0 W) - X

x=x" meNPuy

(4.10)

. 5(1) 9

k aXT¢(X7 U’ W<2l12+2)

l
X

l . m
X —argun | S0 X - X5 2] (4.11)

meNP Ui}

where {7,(!)}, {5,(;)} C R are some parameter sequences.

The first issue of implementing Type I is to derive the explicit expression of (4.9))
and (4.11)). The following result solves this issue.
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Lemma 7. For any X; e R™*" 1=1,2,... N,

N

1
1 E— . 2 e — .
argrr}%n[ 51 || X XZ||F} =5 E X;

= i=1

Hence, (4.9) and (4.11)) can be alternatively expressed as

l 1 m
I’V<2/12+2 =T ), Z W<2kJ)rl

U]
L+ |Ne| meNPufiy
1
l m
X§12+2 = 1+ (NO Z ng}rl
+|Ne |m€Nc(l)U{l}

The second issue of implementing Type I is to derive the explicit expression for
%JQ(X%, Y, U, W) and MLT@D(X U, VVél,z +9)- The following results give explicit ex-

pressions of these gradients.

Lemma 8. ;2. (X,UW)=XP—-Q=X(I, - W)"(I, - W) - U(I, — W).

oXT

Proof: Note that ¢(X,U, W) = strace(XT X P) — trace(X Q). Next, note that the

following identities hold:

trace(AB) = trace(BA) (4.12)
0
a—Xtrace(AX) =A (4.13)
itraee(AXBXT) =BXTA+ BTXTAT (4.14)

0X

These lead to

9 T
a?trace(AX )=A

0 T Ty AT
Wtraee(BXAX )=BXA+B XA
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Hence, it follows from the above formulas that

0 trace(XTQ) = 4 trace(QX™) = Q

oXT e
0 T 0 T B
aXTtrauce(X XP)= aXTtrace(XPX )=XP+ XP=2XP
Thus,
0 (X, U, W) = 1.9 trace(XT X P) — 0 trace(XTQ) = XP —Q
OXTTN T 20XT OXT B

According to Lemma 3]

0
oXT

T
oo wl)| - x (- wil) (- wil,) v (- W)

!
w=x

and hence, (4.10) becomes

l .
X=X 4o g min G000 WL) - XE)

x=x{" menNPu{y

T
l l l l l l
a0 (- W) (1 WAL ) o0 (1 WAL )

Lemma 9. -2 /,(X,Y,U W) = 2XTXWTA - 2XT(X — U)A + 2X"XWTO —

ow
2XT(Y — U)®.



Proof: Note that

Jo(X,Y, U, W) = trace((X —U — XWHAX —U — XWHT)
+trace((Y —U — XWHOY —U - XwhHT)
= trace((X — U)A(X — U)") + trace( XWTAW X ™)
—trace((X — U)AWXT) — trace(XWTA(X — U)")
+ trace((Y — U)O(Y — U)T) + trace(XWTOWXT)

—trace((Y — U)OWX™) — trace(XWTO(Y — U)1)
Using (4.12)—(4.14)) and the fact that trace A = trace AT, we have

9 T _ 0 T T
aI/thrauce(XVV AWX") = aWtraee(AWX XWH)
= XTXWTA+ XTXWTA

=2XTXWTA

ow

ow ow
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(4.15)

(4.16)

itmce(XVVT@VVXT) =2XTxw'e

itrace((X —~U)AWXT) = itrauce(XT(X —~U)AW) = XT(X -~ U)A

%trace(XWTA(X - = itmce((x ~UAWXT) = XT(X - U)A

ow

ow

ow

itrace((y —ewxh =x%"y -v)e

itrace(VVXT@(Y -U) =Xy -U)6
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Hence,

%Jxx Y, U W) =2XTXWTA - 2XT(X - U)A +2XT"XWTe - 2XT (Y —U)6O

According to Lemma [9]

D) 3
O (xY Y., W)‘

5 = 2(Xo) X W) A = 2(X5) T (X! — U)A

+2(X5)TXR(W)TO — 2 X)) (Y - U)e
and hence, becomes

WO — W 4 [ g min J2<xg,gy,y,w>_m;,g]oo

w=w{" meNPuy
-2 | XX WA - (X)X - 00
XX W6~ (XU - v o

The third issue of implementing Type I is to determine {ak 1 {Bkl)} {7 } and

{(5k }. One way of determining these parameter sequences by using the steepest
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descent idea. First, it follows from (4.15|) that for any K, L € R"*" and any «a, § € R,

Jo(X,Y, U W + aK + L) = trace((X — U)AX — U)T)
+ trace(X (W + aK + BL)'A(W + aK + SL)XT)
— trace((X — U)A(W + aK + BL)XT)
— trace(X (W + aK + BL)"A(X — U)1)
+ trace((Y — U)O(Y — U)1)
+ trace(X (W + aK + BL)TO(W + aK + BL)XT)
— trace((Y — U)O(W + oK + BL)XT)

— trace(X (W + aK + BL)TO(Y — U)T)

Lemma 10. For any K, L € R™" and any o, 5 € R,

%JQ(X,Y, U W +aK + 8L)

= 2a - trace( X KT (A + ©)KX") + 283 - trace(X K" (A + ©)LXT)
+ 2trace(X KT (A + ©)WXT)
— 2trace((X — U)AKXT) — 2trace((Y — U)OKX™)

0

%JQ(X,Y, UW + oK + BL)

= 2a - trace(X LT (A + ©)KXT) + 23 - trace(X LT (A + ©)LXT)
+ 2trace(X LT (A + @)W X ™)

— 2trace((X — U)ALX™) — 2trace((Y — U)OLXT)



Proof: Note that

aitrace(X(W +aK + BLY'AW + aK + BL)XT)
o

= trace(% (X(W + aK + BL)TA(W + oK + 5L)XT)>

= trace( X KTA(W + aK + BL)XT + X(W 4+ aK + BL)"AKXT)
=2a - trace( X KTAKX ") + 23 - trace(X K "TALX ") + 2trace( X KTAW XT)

aioztmce((X — U)AW +aK + BL)XT) = trace((X — U)AKX™)

Similarly,

%trace(X(W +aK + BL)TO(W + aK + BL)XT)

=20 - trace( X KTOK XT) 4+ 23 - trace(X KTOLX ™) + 2trace( X KTOW X T)

aitrace((Y —~U)O(W + aK + BL)X") = trace((Y —U)OKXT)

«



and

%trace(X(W + ok +BL)TAW + oK + BL)XT)
0

= trace(% (X(W +aK + BL)"A(W + aK + 5L)XT))

= trace(XLTA(W + aK + BL)XT + X(W + aK + BL)'ALX™)
= 20 - trace( X L'AK X™T) + 28 - trace(X LY ALX ™) + 2trace(X LTAW XT)

%trace((X — U)A(W +aK + BL)XT) = trace((X — U)ALX™)

%trace(X(W +aK +BL)'O(W +aK + BL)XT)
)

_ trace<% (X(W + aK + BL)TOW + oK + BL)XT)>
= trace(XLTO(W + aK + BL)X* + X(W + aK + BL)TOLXT)
=20 - trace(XLTOK X™) + 2 - trace(XL"OLX™) + 2trace( X LTOW XT)

%trace((Y —U)O(W +aK + BL)XT) = trace((Y — U)OLXT)

Therefore, putting everything together yields

0
A (YU W + aK + BL)

= 2o - trace( X KT (A + ©)KX™) + 23 - trace( X K" (A + ©)LXT)
+ 2trace( X KT (A + )W XT)
— 2trace((X — U)AKX™) — 2trace((Y — U)OKX™)

0

%JQ(X, Y, U W + aK + L)

= 2a - trace(X LT (A + ©)K X ") + 283 - trace(X LT (A + ©)LXT)
+ 2trace(X LT (A + ©)WX™)

— 2trace((X — U)ALX™T) — 2trace((Y — U)OLX™)

33
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Now Lemma [10| is used to find out {ag)} and {5,(;)}. To this end, define

KéQ = arg min Jg(Xél,z,f/, UWwW)— VVg,z
w=w menPufn

10—~ o vow)|

oW W)
= —2( X)) X5 (WE)TA +2(X5)T(X5) — U)A
— 2(XI)TXQ(WE)TO + 2(XO)T(V - U)e
AY 5, = trace( X5) (Ky) (A + ©) K3 (X5)")
AL 5y = trace(X5) (KT (A + ©) LG (X5))
AY) 5y, = trace(XR(LE)T (A + ©) KL (X))

AS) . = trace(X5) (LY T (A + ©)LS) (X5)T)

B, = trace( X5 (K5)) T (A + ©) Wi (X)T) — trace((XY, —

— trace((Y — U)@Kéi)(Xég)T)

B, = trace( XS (LENT(A + ©) W (XU)T) — trace((X5) —

— trace((Y — U)@Lél;i(Xélﬁ)T)

U)AKY (X5)T)

U)ALS) (X5)™)

Here Oz,(f) and 5,21) are chosen so that ng,g 1 minimizes JQ(Xél,z, Y, U, W) when W is

replaced by VV(ZQ +1- Then

a (l)

(Xélkv? U, W<2lk +ak)K2k ‘*’B )
k

Jo(X5), Y. U, Wo) + o K§) + 8" LY) = 0
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l ! ! ! !
A g0 + A 5 + By = 0

® 0 ) @ 0
Agl ony” + Agg By + By, =0

Using the Cramer’s rule, these two equations can be solved for oz,(f) and ﬁ,(f):

l l
~Bi Al

)

=10 O] l I l l
O BQQ"C AQ?J"C . Bé,)%AB,Zk - Bi,)%A;g,Zk
ko N0 ) O] O]
AW AW AL 21 A 01 — Aot 2k AT2.0k
11,2k ‘4122
0] 0
Agior Aok
! !
Ally, —Bi
0 =10 1 I l !
o At ok By ok B Bi,)%Agl),Zk - Bé,)%Agl),Zk
ko N0 O O] O]
AW AW At 2k A 01 — Adi 2k Av2.0k
11,2k ‘4122
O] 0
Agior Aok
a
where is a 2 by 2 determinant whose result is ad — bc.
c d

O]
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To determine ~,” and 5,(5), we will take a similar approach to the above method.

First, it follows from (4.1)) that for any R, S € R¥*" and any «, 3 € R,

V(X +aR+ BS, U W)= %trace((X +aR+ B (X +aR + BS)P)—

trace((X + aR + 35)TQ)
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Lemma 11. For any R, S € RN*" and any o, 8 € R,

%1/1()( +aR+ BS,U,W) = a - trace(R*RP) + 3 - trace(RT SP)
+trace(RT X P) — trace(R'Q)

%w(X +aR+ BS,U,W) = a-trace(STRP) + 3 - trace(STSP)

+trace(STXP) — trace(STQ)

Proof: Note that

a%¢(x +aR+ S, U W) = %trace(RT(X + aR + BS)P)
+ %traee((X + aR + BS)TRP) — trace(RTQ)
= trace(R" (X + aR + BS)P) — trace(R' Q)
= «a - trace(RTRP) + B - trace(R* SP) + trace(R* X P)
— trace(RTQ)
%¢(X +aR+ BS,UW) = %trace(ST(X +aR + BS)P)
+ %trace((X + aR + BS)TSP) — trace(STQ)
= trace(S" (X + aR + 8S5)P) — trace(S' Q)
= a - trace(STRP) + 3 - trace(STSP) + trace(ST X P)

— trace(STQ)
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Now Lemma [10| is used to find out {7,(;)} and {5,&1)}. Define

Ryl =arg  min (XU Wyl,) — X

x=x{" menPu{n
9 ) ) 1)
= _Xék (In - ngz) (In - Wékﬂ)

oXT

(5~ WL, )
(D) 1) ' 1)
Py = < VV(2k+2> (In - W/<2k+2)
l l
o =01 WL, )

l [ [ l
EY,, = trace((RY) TR PY)

Séic) = @D(X, U, Wgﬁu)

1
X

By 5, = trace(Ry) S Py)

By}, = trace((SY)"RY PY))

By, = trace((Sy) " Sy Py)

Fy), = trace((RY))" Xy) Py)) — trace((RY)"QY))

! l ! l l !
Py, = trace((SY) " X5 PY)) — trace((S5)T QL)

Here we choose 'ylgl) and 51(;) so that Xgllzﬂ minimizes (X, U, VV;QH) when X is

replaced by X;k +1- Then we have

1) (l) @ 0 o) D)
(ng g Pop 40,755, U, W<2k+2) =

Q

7
0
Ao ('Xglk + (l)R(l) + 5(l)S2k:’ U W<2lk+2)

Qv

N
Oy
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namely

! ! l l !
B\ + Eipody) + Fiy, =0

o 0 @ 50 (1)
Eylox e + Eag o010y + Fogp, =0
Again, using the Cramer’s rule, we can solve these two equations for 7,(!) and (5,(;):

l !
~Fio B

)

() @ ! ! l I
) sz% Egs o F2(,%kE§2),2k - Fl(,%kEé;,%
T = BEON0) 0 O (4.17)
Eﬁ)% Eg) o By opEoag o, — Eoy o By o
O )
Eoion Eog o
l !
Eil),Zk _Fl(%k
Eyly —F3 rY W pW
5}({;) _ : ; _aePorok 2,2k 11 2k (4.18)

O] O] O] O]
b p0 By opEoag o, — Eoy o By o
11,2k 12,2k

0] 0]
E2172k E22,21<:

Type II. The second type considers the case where a = 1 or co. In this case, the
cost function J, (-, -, -, W) is not differentiable with respect to W. We propose a non-
smooth semi-distributed algorithm inspired by [14]. The first part of the algorithm

is to update W in two steps:

! l l . Ny !
2,2+1 = 2,2 + oz,g) {arg min Ja()dz,z,Y, UW)— 2,2] o(C
w=w" meNPufiy

+ BI(J) {arg min Ja(Xg,Z, Y, U W) — I’Véﬂ oC
W=w" meNPu{l},s=0,1,...k

l . m
W —aremin| X IW - WAL

meNPu{i}
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Here the term

arg min Ja(Xg,z,,f/, UW)— Wé’,ﬁ
w=w" meNPuiy
represents the difference between the local best solution among node [’s neighbors at

the moment and the node I’s current state in GG.. The term

arg min Ja(Xg,z, Y, U W) — ng,z
wW=w{" meNPU{1},s=0,1,....k
represents the difference between the global best solution among node [’s neighbors
up to now and the node [’s current state in G..
Since J, (-, -, -, W), a € {1, 00}, is not differentiable with respect to W, one cannot
use Lemma |10| to determine 04,(;) and B,il). Instead a heuristic approach is taken by
()

selecting small positive values for a;’ and B,(J).

Then the update of X is given by a similar two-step algorithm:

l l l . l l
X = X0 oy i OG0 WAL - X

x=x0" meNufiy

- 5,(;) {arg min (X, U, I}V(zl124r2) - Xg’z}

X=X\ meNPUfi},s=0,1,...k

l . m)
Xy o | 31X - XL

mGN«El)U{l}

The parameters ’y,g) and (5,(;) can determined by a similar approach which results in

1’ and |D with one minor change on Sélk) given by

Sy = arg min G(X, U, Wyip) = X

X=X meNPUfi},s=0,1,...k
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Chapter 5

A non-cooperative game approach to modeling the negative

impact on variable correlation

In the cooperative game, there are two types of uncertainty existing in the model :
Ay; and Ax;. More importantly, it is assumed there is no deterministic or stochastic
property or structure for them. They are just part of the information embedded in
the measurement X and Y. Once the relevant data for 1) is obtained, uncertainty
may exist in the measurement and the proposed cost function Ja(f( , Y/, UW), ac€
{1,2,00} was to minimize its impact on the model (2.6).

To model the non-cooperative game for , a different setup from the cooper-
ative game is considered. In this setup, when each player sends its information to
another player, they intentionally distort their information by adding extra pertur-

bation [I5]. In particular, each player i € {1,...,n} sets the output

Yi = 2z +w;

where w; is independent and identically distributed (i.i.d.) with zero mean and vari-
ance o2.
Unlike [I5], here z; is not independent of neighboring state uncertainty Ax;,

(1,7) € E. In fact, since z; = Z(m)eEaijij +u; and Z; = z; + Axj, it follows
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that

2z = Z QijTj + Z i AT + U

(i,7)EFE (4,7)EF

which leads to

Ui = Z a;;T; + Z a;; Az + w; + u;
(i.j)eE (i.j)eE
Here z; and w; are both deterministic. The above equation reveals an interesting fact
that g; has two types of uncertainty: w; and Z(i, Der a;jAx;. The first uncertainty
w; is set up by player ¢ itself while the second one, Z(i, Der a;jAz;, is induced by the
neighboring state uncertainty, Az;.

In general, a player intends to protect its real information by adding a perturbation
to publicly available data during nuclear escalation. This translates into the language
in the model that the uncertainty level for both w; and Ax; can be manipulated. Each
player can manipulate the uncertainty level for both w; and Ax; so that g; is distorted
jointly by player ¢ and all the other neighboring players j, (i,7) € E.

To deal with this more involved case, assume Az; is i.i.d. with zero mean and

variance X?, w; and Az, are independent, and 7,s = 1,...,n. Furthermore, assume

1) the noise level for w; can be intentionally manipulated so that ¢? varies in the

2 2

o 2
min’ ¥ min

interval [o +02..], where 02, denotes the inherent minimal noise level

and o2 denotes the maximally manipulated noise level;

max

2) the noise level for X? can be intentionally manipulated so that it varies in the
interval X2, X2in + Xae), Where x2. denotes the inherent minimal noise level

and x2 .. denotes the maximally manipulated noise level. Assume that o2

min?
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2

2 2
Xinins Oimaxs a0d X, are known.

Let E denote the expectation operator. In summary, the new model with stochas-

tic uncertainty for the non-cooperative game becomes

Zi = Z aij:ij+u,~, ’izl,...,n (51)
(1,)€E

i =x; + A (5.2)

Ui = 2z +w; (5'3)

where w; and Ax; satisfy

Elw] =0, Ew!]=07, Eww]=0, i#j (5.4)
BlAs] =0, El(Ac)’)= ¢ Edn,An]=0, i#j  (55)
Elw;Azs] =0, i,s=1,...,n (5.6)

Next, let u;, k; > 0 be chosen later and consider N repeated measurements for

each z;, y;, and u;, denoted by Zy;, 9;;, and u;;. Similar to the cooperative game case,
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we consider a LSM function given by

N n 2
JQ(X,?,U, W) = ZZMz {gjh — ( Z (lijJN?lj + ulz>:|

=1 i=1 (i,j)EE
n 2
+ Z Z Ki {%li — ( Z ;T + Ulz)]
=1 i=1 (i,j)EE

= trace((Y —U — XWT)®Y —U — Xw™h)T)
+trace(X —U — XWHU(X —U — Xw™)T)
= trace((Y —U — XWHT(Y -U - XWT)d)

+trace((X — U = XWHT(X —U - XWhw)

where ® = diag(y,...,un) and U = diag(ky,...,k,). Since X and Y now are

stochastic, we are interested in averaging out the stochastic effect and calculating
E[J!J (Xv ?7 U7 W)]
Lemma 12.

E[J,(X,Y,U,W)] = trace((Y — U — XWD)d(Y — U — XWT)T)

+trace((X —U — XWHU(X —U - XWHT) + F(W)

where

n

FW) = NZ(U?M +x?K;) + N - trace(diag(x3, - , x2)WH(® + V)W)

=1

— 2N - trace(diag(x3, - , x2)W ')
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Proof: Note that

~

J(X, Y, U W) = trace(Y —U — XWHT(Y - U - XWT)d)

+trace((X — U = XWHT(X —U - XWTw)
and

Y -U-XWHTY -U-XWH = -0U)"Y -U)+ WXTXW"
—2(Y —U)TXWT
=YY + U0 - 2Y'U + WXTXWT
—YTXWT 4 2UuTXWT
X -U-XWHTX-U-XWH=(X-U)TX-U)+WXTXWT
—2(X —U)'XWT
= X"X 4+ U —2X"U + WXTXWT

2 XTXWT L ouTxXWT

Since X = X + AX and Y =Y + AY, it follows that E[X] = X and E[Y] =Y.

Furthermore,

E[X"X] =E[X"X +2X"AX + (AX)TAX] = X"X + N - diag(x}, -+ , x2)
EYTY] =E[Y"Y +2YTAY + (AY)TAY] = Y'Y + N - diag(o7, -+ , 02)

rn

EY'X] =E[Y'X + (AY)'X + YTAX + (AY)'AX] = VX



Then we have

E[(Y —U - XWH'Y —U = XWH®] = Y"Y® + N - diag(o?, - - -
+UTU® —-2Y'U®

+WXTXWTo
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o)

rYn

+ N - Wdiag(xi, -, x;) W' ®

— YT XWTe + 20T XW T D

= trace((Y — U — XWT)

oY —-U - XWwHT
+ N Z afui
=1

+ N - trace(diag(x?, - - -

X)WTRW)
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E[(X —U - XWHTX —U - W] = XTXV + N - diag(x?, -+ . x2)¥

=4

+UMUV - 2XTUW
+WXTXWTY

+ N - Wdiag(x7, -, x2)WU
—2XTXWTP

— 2N - diag(x?, -+, xp) WP
+2UTXWTY

= trace((X — U — XWT)

(X -U—-XWwhHh

+N Z X3k
i=1
+ N - trace(diag(x?, - -+, x2)WTUW)

— 2N - trace(diag(x3,- -, x2) W)

LU W) = trace((Y —U — XWHeY —U — XwhHT)
+trace((X —U — XWHU(X —U - XWHT)
+ N Z o?p; + N - trace(diag(x?,--- , x\2)WTOW)
=1

+ NZ X?ki + N - trace(diag(x?, - -- , x2)WTUW)

i=1

— 2N - trace(diag(x3, - , x2) W)
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Thus, E[Jg(f( Y, U, W)] consists of two parts: the deterministic LSM function

trace((Y —U — XWHo(Y —U — XWTHT)+

trace((X — U — XWT)\II(X _U— XwT)T)

and the cost due to the uncertainty impact F'(W). It is clear that the deterministic
LSM is independent of o7 and x?. It is more used to describe the cooperative part of
variable correlation as formulated before. On the other hand, F(W) is related to o?
and x?. Hence, for the proposed non-cooperative game that can intentionally modify
the variance of data, F'(W) is one metric which measures the degree of manipulation.
Motivated by this observation consider the following general optimization problem

min F(A)

where A can choose any element in R™*", not restricted to the ones who have the

same topology as G.

Lemma 13. Let A* = argming F(A). Then

n 2.9
Xi Ki

F(A*) =N o2u; + %K) — N
() = N Dl o) = N D

=1

Proof: Let X = diag(x?,---,x2). Then the solution to the original optimization

problem miny F'(A) is the same as the solution to the following optimization problem

mjn trace [XAT(® + ¥)A — 2XAT V]
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Note that

9 trace[XAT(@ + W) A] = - trace|(® + W) AXAT] = 2XAT(® + 0)

DA A
9 [XATY] = 9, [WAX] = 9, [XUA| =
9A ace = 9A race 9A race

Hence,
a%trace [XAT(® + U)A — 2XAT U] = 2XAT(® + ) — 2XV
Setting this equation to be zero yields
2XAT(® 4+ U) — 2XU =0
and hence,
A* = (o + ) 1w

Substituting this A* into F'(A) yields

F(A*) = NZ(U?/LZ' +x?K;) — N - trace(X(® + ¥)10?)
=1

=N (o7 + x}r:) NZ X+/<az

i=1 i—1 P

Now choose
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Y X,Y,U,W)] so that the first

to normalize variance manipulation in the cost E[.J,(

term in F'(A) becomes a constat
n

NZ(CEZM +XFRi) =
=1

i=1

The rest term of F/(A) becomes

+ Kml’_‘

L
2
7

X <

n 2,2
Xiki
o 1, 1
i=1 o}

—N
7 M ki =

Motivated by the above formulation, we can define a non-cooperative game whose

players can intentionally change o? and X? so that the variance of w; and Az; are

manipulated due to data privacy and security concerns

G = (V.([1/o*, 1]", [1/x*, 1)), (F)iev)

n}, where each player i € V
) [1/(X3n1n +

mln]

is denoted as the game with a set of players V' = {1
chooses its action pair (p;, ¢;) in its action set ([1/(c%;, + 02..),1/c

s

Xinas)s 1/ X)) to minimize the following cost
2nN

j((pu qi)? (p—ia Q—z)) = Ci”(pz: qz)”f
[sznirv X12nin + X12nax]

where ¢; > 0, £ > 1, and o? € [02,,,02., +02..], Xi €
Di :1/01‘2
q; :1/X22
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Standard notation, (p_;, q_;), is used to denote the collection of action pairs for all
players except 1.
In summary, the non-cooperative game based approach is to solve a zero-sum

game whose local optimization problem for each agent ¢ is given by

min J;((ps, ¢), (P—is q—i)) (5.7)

(pi,qi)

that is, one needs to solve the following n local optimization problems simultaneously

min J1((p1,q1), (P-1,9-1))

(p1,q1

min Jo((p2, ¢2), (P-2,q-2))

(p2,92)

min_ 7, ((Pns Gn)s (P—n> q-—n))

(Pn,qn)

Note that [|(z,y)[le = (|z|* + [y|*)/* for 2,y € R. Then |[(pi, ¢:)ll; = Ipil* + |g:l" In
this project, we consider ¢ € {1,2}.
An approach similar to the Type II algorithm is used to develop a numerical

optimization solver for (p;,¢;). In particular, the following two-step algorithm (I =
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1,..., M) is proposed:

! I !
(Pz( %k-‘,—l? qz( 2)k+1) (pf ;kzv qz( ;k)

I ! I
+ 04( ) [arg min Ji((pi, 4i), (p(—)i,Zk:’ q(—Z%))

(piai)=(p 0 o) meNED U{Ly
(OIS0
(pz 2k 4; 2k>:|

l i : :
+ 5](6) [arg min \Z((pia Qz‘)> (pg,zw q(fg,%))
(pi>q:)= (pﬁ?ﬁvqf”;i) meN U{l},s=0,1,...k

! !
(pg %k’ qz( %k)}

(pl( %k-‘,—Q? ql( §k+2) = arg guqn) [ Z H (pi7 QZ) (pz( 2k+1 4; 2k+1) H
T meN®u

i=1,...,n, k=0,1,2,...

Once the best result for (p;, ¢;) are obtained, the result will be used to 1) generate
a set of measurements X and Y based on the best 0? = 1/p; and x? = 1/¢;, and
2) replace the diagonal elements in ® and ¥ in the LSM function Jg(f( Y U, W) by
setting p; = p; and K; = q;.

Next, this updated LSM function with new & and ¥ will be used to solve the
following optimization problem

in  E[J,(X,Y,UW
e [Jo(X, Y, U, W)]

to obtain the best W*. This can be done by using a similar two-step numerical
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algorithm:
Wélk):—l—l W<2lk + ak |: g 'Il E[JQ<X7 }77 U7 W)] - VV;Q} o C
w=wr meNPufiy

+ 6”{ E[J,(X,Y,U,W)] - W%ﬁ} oC

min
W:Wé’:),meNél)u{lLs:Ql ..... k

l . m
W —aremin | Y IW - WAL

meNP U1y

When implementing this algorithm, one needs the information of X and Y due to the

fact that
E[‘]g (X7 5}7 U7 W)]

contains the deterministic cost

trace((Y —U — XWHe(Y —U — XW™H)T)

ttrace((X —U — XWHU(X - U — XWHT)
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Then Y and X are given by

Elgi] Elgie] --- Elfi] Yi Y2 0 YUn
Y:E[}}]: E[?]zl] E[@m] E[ﬂzn] _ Y Ya2 - Un
_E[ﬂm] Elyne] --- E[@?Nn]_ Y1 Y2 Un
1
1
=1 ®ly1 Yo e yn]
1
E[(Z’H] E[i’lg] E[i‘ln] 1 T2 -+ Tp
X:E[X]: E[fi‘gl] E[ii‘gg] ]E[i’gn] _ r1 X9 -+ Tp
_]E[SZ’Nl] E[fNQ] E[‘%Nn]_ _371 To - Zl,’n_
1
1
= ® [xl T xn]
1

where x; and y; can be approximated by using the measurement data z;; and g;; as
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follows

ZIH

ZIH

-y

Finally, let W}, denote the estimated coefficient matrix via the proposed coopera-

tive game approach and W  denote the estimated coefficient matrix via the proposed
non-cooperative game approach. Then the overall estimate to consider both pro and
con correlation effects between variables is given by the following form

W= (1—d)W", +dW;

pro con

(5.8)

where d € [0, 1] is an index representing the probabilistic chance of leaning toward the
pro or con effect for W. For example, for the balanced case of 50% of the pro effect
and 50% of the con effect, one can choose d = 0.5. Alternatively, for the case of 30%
of the pro effect and 70% of the con effect, one can choose d = 0.7. One key aspect
of determining such d for nuclear competing modeling is that the value of d may be
dynamically changing due to the escalation process. In this case, d = d; is not fixed
and needs to be adjusted within several possible choices. For example, d could be
varying among 0.2, 0.5, and 0.8, depending on the situation assessment and human
decision maker’s perception. To address this issue, a human-cognition-in-the-loop

decision-making method to dynamically update d will be introduced later..
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Chapter 6

Simulations of Cooperative and Non-cooperative (Games

In this section, the preliminary simulation details and results for the proposed multi-
agent hybrid game are outlined. The software, MATLAB R2021b, is used to apply
and test the proposed game approaches by means of randomly generated data.

The cooperative game was simulated as follows. First, an input U = [Uyjliz1,.. Nj=1,..n
to the model is considered. For this simulation, U € R¥*" is a randomly generated
matrix whose entries are randomly chosen in the interval [1, 10]. Here, n is is the num-
ber of escalation factors considered and N is the number of different measurements
for those escalation factors. Continuing on, X, Y, and Z are all matrices that are ini-
tialized prior to the simulation where X, Y, and Z € RV*", X = [ Xijlizt, Nj=1,..m
is initialized then Z and Y are calculated using Equations and respec-
tively. The initial values of the parameters outlined in this section are shown in Table
. Next, the topology of C'is shown in Figure and A = [a;j]; j=1,..n 1s initialized,
where C' and A € R™". Now, W can be calculated as the Hadamard product of
A and C. Next, the algorithm uses a two-step optimization formulation where each
agent [ is in the set of M number of agents. The weights for each optimization,
A € R™™ and © € R, are the given. Here, A and © are diagonal matrices whose
values on the diagonal are equal to A and 6 as shown in Table [6.1} Next, each of the

parameter sequences, «, [3, §, and v, was set to a small value. Lastly, the neighboring
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Figure 6.1: Graph topology of C.

set of agent [ is N., and the number of elements in N, is 2 for each agent.

The algorithm ran for £ iterations where k£ <10000. In order to obtain a better
estimation of the value for Wp,,,, the process was repeated until there were 20 runs that
reached convergence. The topology of the matrix Wi, is shown in Figure[6.2] This
figure shows that the proposed algorithm will converge and give credible information
for random inputs. The topology shown here is equivalent to the SEM —.

While random values were used for the initial simulation above, nuclear competing
factors can be adapted to fit into the algorithm. Here, five competing factors (n = 5)
are considered: defense budget, number of aircraft, ground vehicles, sea vessels, and
military personnel, for the proposed model. It was assumed that during a nuclear
competing escalation, the proposed SEM has the graph topology given by Figure6.1],

that is, the additional defense budget for countering nuclear escalation is mainly allo-
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Table 6.1: Parameter Inputs to the Proposed Algorithm

Parameter Name Parameter Value

Ui; 1:10
N 1
n )
Xij 1
A 1
A 1
0 1
o .001
15} .001
) .001
¥ .001
M 4
N 2

cated to aircraft for conducting a lot of surveillance and reconnaissance; the number
of ground vehicles serving as possible reinforcement should correlate and match pro-
portionally with the number of aircraft; the number of sea vessels is strongly related
to both the defense budget and the number of ground vehicles; and the deployable
military personnel are closely related to the number of ground vehicles and sea ves-
sels, while the Air Force crew are hard to be recruited in a short period of time due
to their existing surveillance and reconnaissance duties and the number limitation on
pilots. Each competing factor is a component value in X for a given agent [. Using
this information, the next simulation was run with the nuclear competing factors.
The initial value of X is a random value drawn between the minimum and maximum
parameter values shown in Table and U is a zero matrix. In order to obtain a
higher convergence rate for the algorithm, the values of X were normalized to values
between 0 and 1. The scaling factors are also shown in Table[6.2] The topology of the

algorithm was kept constant and the simulation ran until 20 convergence results were
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1.2495

11.9250

3.2291

Figure 6.2: Graph topology of Wpyo with the weights on each edge.

output. The average of these 20 runs was re-scaled according to the scaling factors in
Table . Here, the resulting X in Equation gives the convergent outcome of
the players in the cooperative game. Specifically, X, shown in Equation , gives a
steady-state value of nuclear competing factors for player 1 after gaming, indicating
an equilibrium pattern for military deployment and resource allocation. The result-
ing matrix Wy, for this cooperative game is shown in Equation (6.2). Here, Wi,
gives the weight matrix that optimizes the cooperative game for each player. Thus,

the obtained model (2.6) has the following specific form to quantify the correlation



60

between these five factors:

X[2] = 2.4543 - X[1]
X[3] = 1.2465 - X[2]
X[4] = 5.8648 - X[1] + 2.0378 - X|3]

X[5] = 2.0442 - X[3] + 0.8173 - X[4]

where the coefficients represent the degree of correlation between relevant competing
factors.

Table 6.2: Nuclear Competing Factors X

Parameter Label = Parameter Name Parameter Value Scaling Factor

min max

Defense Budget X[1] 6.34e8  7.405ell lel2
Aircraft X[2] 6.7l  1.323e4 leb
Ground Vehicles X[3] 1.195e3  5.301e4 leb
Sea Vessels X[4] 0 4.90e2 le3
Military Personnel X1[5] 2.593e5  2.2455e6 le7

3.46e10

1.292¢4

X = | 1.305e4 (6.1)
3.882¢2

5.809e6
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0 0 0 0 0
3.3849 0 0 0 0
Woro = 0 094840 0 0 (6.2)

5.6293 0 1.4917 0 0

0 0 1.8239 1.0384 0

Following the cooperative game, the non-cooperative game was simulated as fol-
lows. First each players action pair (p;,g;) was initialized as a random value in the
interval [0,1], where ¢ = 1,...,n. Here, n is the number of players in the non-
cooperative game. Then, the graph topology of C'is setup. The topology is equal to
the topology in the cooperative game and can be seen in Figure [6.1] Next the initial
W was calculated, just as in the cooperative game. The initial values for these param-
eters and the remaining parameters that were used are shown in Table[6.3] Next, the
algorithm uses a two-step optimization formulation to solve for the action pair. Here
each agent [ is in the set of M number of agents. Then, the algorithm uses another
two-step optimization formulation to solve for W.,. To solve this optimization, z;
and y; are formulated according to Equations and .

The non-cooperative game ran for k iterations where £ <10000. In order to obtain
a better estimation of the value for W, the process was repeated until there were
20 runs that reached convergence. The resulting matrix W, for this non-cooperative
game is shown in Equation (6.3). Here, W gives the weight matrix that optimizes

the non-cooperative game for each player.
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Table 6.3: Parameter Inputs to the Proposed Algorithm

Parameter Name Parameter Value

D 0:1
C; 1
N 1
n 5
l 1
jj 1
a .001
B .001
1) .001
M 4
IN,| 2
0 0 0 0 0
0.4736 0 0 0 0
Weon = 0 053780 0 0 (6.3)
.04973 0 0.5431 0 0

0 0 0.5540 0.4938 0

Finally, with W, and W, Equation (5.8) can be used to find the value of W for
agents competing in a mixed game consisting of both cooperative and non-cooperative
gaming. Here, d is equal to .5, which weights the cooperative and non-cooperative

game evenly. The value of W is shown in Equation (6.4)).



0
1.9292
W = 0

3.0633

0

0

0
0.74310

0

0

0 0
0 0
0 0
1.0174 0

0

1.1890 0.7661 0O
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(6.4)

The above results for Wy, Weon, and W outline relationship among competing

agents in a cooperative and non-cooperative gaming scenario. By comparing W,

and Weon, it can be be seen that the values of W), are greater than Wc,,. This

outcome was expected, as agents that partake in a cooperative game will form a

greater positive correlation among one another. During this simulation, the value of

W is the average of Wy,o, Weon, since d is .5. To play a more dynamic game, the the

value of d can be varied as the game is played. The simulations for Task 2 will explore

this dynamic game by formulating d according to a multi-cue multi-choice model.
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Chapter 7

Modeling the human behavior involved in decision making

dynamics on different factors during escalation

The middle layer model utilizes a decision tree graph, a multirace network, and
diffusion-based integrator dynamics together to mimic multiplayer decision making
behavior with different degrees of adversarial structures among nuclear superpow-
ers. The competing escalation dynamics are captured not only from an informatics
perspective but also from a sociological perspective.

The human decision-making dynamics are modeled via multi-cue multi-choice
tasks. The human decision-making behavior is incorporated into escalation dynamics
by using a decision tree based multi-cue multi-choice task model to weigh in. To start
with, we first introduce the multi-cue multi-choice task model for decision making.
This multi-cue, multi-race model is a combination of a neural network with a multi-
agent, multitask modeling idea. It describes the dynamic evolution of probabilistic
information, quantified by a decision variable similar to Shannon Entropy in infor-
mation theory, for making decision on different choices under difference cues. Before
the model is introduced, some existing decision-making models are reviewed.

First, single-cue two-choice tasks are outlined. Here, mathematical representations

of the human decision-making process analyze the simple two-alternative forced choice



— ACC/OFC <«—>» LC-NE

> 91,92, - ,qm.-

> ai,as, ...,am,. T T T

SN O T S MV\J\\'\.\

’ v
-

Evidence Sj

Cue order and
time schedule

Decision Variable

Time Schedule

Figure 7.1: Ilustration of the MCMC' task process. The model is governed by multiple O-U
processes with external evidence S; in multiple pools. The LE-NE method with ACC/OFC'is used to
adjust the cue order q.,, selection strategy parameters a,,, and time schedule t; for multiple pools. vg
and 1 are excitatory and inhibitory gains that represent mutual inhibition between different pools.

(2AFC) decision task [2]. Using the optimal sequential probability ratio test [6],
the process on its continuum limit converges to a drift diffusion model if symmetric
threshold is assumed. In this case, the decision variable for a noisy evidence can
be modeled by a one-dimensional Wiener process bounded by positive and negative
thresholds where an integrator accumulates the difference between two choices [2].
In order to reflect the effect of bounded accuracy and forgotten information, the
drift diffusion integrators [2] are considered imperfect and leaky in the form of the
Ornstein-Uhlenbeck (O-U) process. Although these models capture simple human
decision making [2], they are only valid for 2AFC tasks, not for more general MCMC
tasks [20].

Next, multi-cue two-choice tasks will be outlined. Here, real-world decision-

making applications involve several cues [20]. One method of modeling multi-cue
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tasks is to combine and integrate all cues in favor of each choice into a single source
of evidence, ensuring that this source is used throughout the decision process. More
involved treatment includes separate processes for each cue. Two important aspects
of this approach are the order of considering the cues and the process time devoted
to each cue. The time frame of this decision process can be divided into subintervals
with different lengths during which the attention focus is only one cue. This method
can address multiple cue issues. However, it is restricted to two alternative choices
and fails with three or more choices.

Next, single-cue multi-choice tasks are outlined. One method of modeling multi-
choice tasks is to separate leaky competing integrators and represent each choice with
mutual inhibition [21] [7, 8, I7]. Each integrator gathers information in favor of or
against the associated choice based on the value of the cue and the dynamics of each
integrator governed by the O-U process. This method can overcome the drawback of
two-choice modeling. However, it loses the ability to describe multi-cue tasks.

Lastly, multi-cue multi-choice tasks are outlined. In preliminary work [11], 9, [10],
a new leaky integrator race model was proposed to capture the dynamics of strategy
selection in multi-cue multi-choice (MCMC) tasks, continuously changing from com-
prehensive optimization (i.e., weighted-additive (WADD)), to simple heuristics (i.e.,
take-the-best (TTB)). This model, shown in Fig. [7.1} combines the multi-cue model,
multi-choice task, reaction time, and order scheduling concept to evaluate the impact
on the corresponding integrator at different time intervals. This scenario is quite
common when a decision maker faces different situations and prioritizes some tasks
by weighing the associated choices based on different cues. A neuromorphic approach,
the locus coeruleus-norepinephrine (LC-NE) method [9], was used in this model to
influence the decision-making outcome by controlling the excitatory and inhibitory

gains signaled from the orbitofrontal cortex (OFC) and the anterior cingulate cor-
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tex (ACC) in the brain. Although this theoretical model includes physiological and
psychological impacts on human decision making in an innovative way; it remains
unclear whether it traces real human decision making behavior under stress.

A MCMC task based method is proposed to determine d in in an intelligent
and adaptive way. That is, the determination of d is through deep reinforcement
learning and the value of d is updated through an adaptive, iterative way to keep
up with the changes of MCMC task conditions and competing escalation situations.
Specifically, d is updated by a discrete MCMC model for mimicking human decision
making. To derive such a model, a fundamental 2AFC task is reviewed.

A review of continuous-time 2AFC Models is as follows. Assume that for a task
there are two choices S1 and S2 and evidence e presented in favor or against each
choice. Conditional probabilities p(e|S1) and p(e|S2) are probabilities (with mean
p and variance o2 ) of observing evidence e under the occurrence of S1 or S2. Then

the Bayes law gives

p(S1]e) = eI SDP(SL)

p(e)
Define the likelihood ratio as
p(e|S1)
LR(e) =
= pels2)
Assuming independent evidences we have
N
p(Slle;...e plen | S1)
LR(e) = AN Reeld
(€) p(S2|e;...e };[1 (en]52)
Taking logarithm on both sides yields
plen | S1)

I"=10"Y 4 log =L
plen|52)
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where

10 = S 1o K5

Now let 61" has finite mean p and variance 0. Define a family of random func-

tions, indexed by M =1,2,... of t € [0,T], where T is large enough, as follows

k k
T 1 r _
5 (0I" — p) + i ;:1 OI"  where k = | Mt/T|

r=1

1
VM
where |-| denotes the floor function. For any M, I™(t) has the mean value of u|t/T |
and variance o2|t/T']. According to Donsker invariance principle and the law of large

number,

[M?UW(t)—i-,ut as M — oo

The above expression means converge in distribution and W is standard Wiener

process. Hence, modeling the 2AFC task is given by the drift diffusion model (DDM)
de = pdt + odW(t)
where z is called decision variable, which can be viewed as a continuum version of
M.
The general solution to the DDM with the initial condition z(0) = 0 is given by

p(x,t) = N(ut, oV'1))

where N'(u,0?) denotes the normal distribution with mean p and variance o?. If
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pi(ei|Si) ~ N (s, o), then

plei] S1) = exp{—(e; — pu1)%/207%}

1
vV 2mo?

pled]52) = mir—a exp{—(es — 12)/20}

Assume that the drift term is not constant and depends linearly to the decision

variable in the DDM. Then the O-U process is modeled as

de = (p + Az)dt + odW

For A < 0 the process is stable and the time dependent probability of x converges to
stationary normal distribution with mean of —u/\ and variance of —o?/2\.
The discrete-time version of 2AFC models can be derived based on the following

setup.

e Markov process X,,, is a random variable over time interval [0, ¢].

The time is divided into subintervals of length 7.

e Process makes a step change at 7, 27, 37, ...

e The size of steps are assumed to be +A = v/t with probabilities Dij-
e The state space of the process is given by S = {—kA, ..., —A,0,+A, ..., +kA}.
e k= |t/7] is the number of time steps and £kA are the boundaries showing the

decisions S1 and S2 respectively.

Using the above setup, the transition probability matrix of the discrete-time process
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is given by the form

Pr|o
R1Q

P =

where the entries of P are described in detail by

1 m=2k+1 2 3 ... m — 2 m—1
absorbing S1 — 1 1 0 0 0 0 0
absorbing S2 —m 0 1 0 0 0 0
2 P21 O] pa1 po3 0 0
3 0 O] psa1 P33 0 0
m— 2 0 0 0 0 ... Pm—2m—2 Pm—2m-1
m— 1 0 Pm—1,m 0 0 ... Pm—1im—2 Pm—1m—1

Assuming the initial condition of Z, the probability and expected time to reach

each decision are given by:

[P(Sl),p(SQ)] = Z(] _ Q)—lR

[E(T/S1),E(T/82)] = 7[Z(I - Q)R] o [p(S1), p(52)]
The increment of the process from time n to n + 1 is given by:

Xn+1_Xn: n+1, n=123,...

t/T

Xt/T = Z Zi
=1

where Z; are independently and identically distributed. Assume p[Z; = +A] = p[Z; =
—A] =0.5. Then

E(X,,) =0, Var(X;,) = (t/7)Var(Z;) = tA°/T =t
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Now letting 7 — 0, this random walk model converges in distribution to standard
Wiener process W(t) which from central limit theorem has normal distribution with
zero mean and ¢ variance.

Markov processes with continuous-time sets and continuous state space are called
diffusion processes and the standard Wiener process is the simplest diffusion process.

The Wiener process with drift is given by the form
V(t) = pt + o W(t)
where o is a positive number. Also
AV(t)=V(t+71)—=V(t) = pr + cdW(t)
The DDM can be modeled by Markov chains with transition probabilities

(-7
(547

Dii—1 =

N~ DN =

Dii+1 =

with /7 = A/o and (—1//7) < p/o < (+1/4/7) to keep the p between zero and
one. Note that here it is assumed p; = 0 or the process is not allowed to stay in the
current stage at the next time step. If the process is allowed to stay at the same state
at any time step, the Birth-Death process is characterized in continuous domain by
the Ornstein-Uhlenbeck (O-U) process.

The velocity of information accumulation is assumed to be damped proportional

to the current state while the new random information is added, given by the form

Xt+71)=01—=79)Xt)+V(t+71)
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or in the difference form

dX(t) = -1y X))+ V(t+71)

Let V(t) be a Wiener process with drift 6 and diffusion coefficient o2. Then

dX(t) = (6 —vX(t))T + cdW(t)

where the transition probabilities are given by

L (1 RN ) =

2 o

i (1 + 5—7(—16?7-2&-(1'—1)& \/F) if j —i=+1
Pij =
1-1 if j =i

0 otherwise

A = aoy/7, and a > 1 is a free parameter to restrict p; ; in between zero and one.
The discrete-time MCMC race model for descirbing MCMC tasks in nuclear com-
peting dynamics can be derived in the following way. For given S choices, the process

of evidence accumulation for MCMC tasks is governed by the O-U process:

dX(t) = X(t +7) — X(t) = —rD()X(t) + V(t + 1)

where X and V denote the vector form of X and V', respectively. Each drifted Wiener

process V; has the mean of §; and variance of o?

dX(t) = (de, — TX(1))7 + AW (1)
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where X € R¥ is column vector, I and ¥ € R%* are S by S matrices and e, is a
1 X s column vector with all elements equal to one.
When discrete MCMC tasks are modeled, a few points that need to be considered

are listed as follows.

e If the approach of discretization is the same as the two-choice model, conven-
tional Sth order Markov chain of m states which has O(m?) state variables and

therefore parameters is obtained.

e The number of transition probabilities (to be estimated) increases exponentially

with respect to the order S (the number of choices) of the model.

e Circumventing this curse of dimensionality is done by autoregressive model

estimation.

By definition an autoregressive process is a random process that its value in each
time step is linearly dependent on its own previous values plus a stochastic term. The

notion AR(p) indicates an autoregressive process of order p defined as:

X)) =+ 3 6K+ W)

i=1

in which ¢; are the parameters of the model, ¢ is a constant and W(t) is white noise.
It is easy to see that the O-U process in discrete time can be modeled by AR(1) by

rearranging the equation
Xt+1)=pt+(1—7)X(t)+cW(t)

Let x*)(n) € R™ be the state probability distribution vector of the kth sequence

at time n, where m denotes the number of cues. If the kth sequence is in state j with
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probability one, then we say

Moreover, we model the state transition as a compartmental system given by

S
xD(n+1) = )\ij(jj)X(j)(n) + Z P(jk))\jkx(k) (n)
k=1,k#j
where PU7) € R™*™ is one step transition matrix of the state from the jth sequence to the

state of the ith sequence,

S
Ngp>0, 1< k<8, Y dAp=1 forj=12...,5
k=1

This model means that the state probability distribution of the jth chain at time (n + 1)
depends only on the weighted average of itself, P(jj)x(j)(n), and other chains, PU*)x(*) (n),

at time n. Its vector form is given by

O] AP AP AP ] [xD(n)
x@(n+1 A1 P Ao P2 Ao PCY | | xP)(n)
X(n+1)= <, : = ( = QX(n)
xO(n+1)| [ A PEY AgoPEY L AgePEI | xS (n) |
(7.1)

Since all );; are assumed to be nonnegative, the model only considers positive correlation
among sequences. This means an increase in a state probability in any of the sequences at
time n can only increase the state probabilities at time n + 1.

Consider the following expression as a term being negatively correlated with x

1

m —

(1 —x(n+1))



5

where 1 € R™ is a column vector of all ones, i.e., 1 = [1,...,1]T € R™, and (m — 1) is

for normalization factor for number of state m > 2. Now the model ([7.1) is extended to

consider both negative and positive correlations as follows

where

and

<D (n +1)] <D (n) ] 1 x((n)
x®(n+1 x®(n 1—x@(n
B P01 BT ()
: m—1
_X(S) (n+1)] _X(S) (n) 11— x9)(n)
M POD N T Al
U et Ag 2 P22 Ao 51
| Asal Asol Ags P59 |
_)\1,71P(11) A1,—ol A1,—sI ]
Ao 1T Ay 2P Ao sl
AT =
| Asal Ag ol As,—s P59 |

for Aij > 0fori=1,2,...,8, j=+1,42,...,£8 and 37 Aij + 37 \i—j = 1. The

matrix form of this extended model can be written as

X(n+1)=

m —

1
HxX(n)—l—ilelEMSX(n)—kb

(7.2)
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where H = block[Hj;] is a block matrix whose (7, j)th block is given by

(Nij — 2zdypl) if =

(Niy — 2= 1)1 otherwise

and J = block[J;;] is also a block matrix whose (4, j)th block is given by

Ni—j PO if =3
Jij:

N1 otherwise

Recursively using this model,

X(n+1) = My"VX(0) + Y Mbb

k=0
where MQ = I.
If for certain matrix norm || - ||, we have ||Mg|| < 1, then this extended model reaches
a stationary distribution. For instance by considering || - ||oc norm which is defined as

n
[[M|loc = max > 1My
j=1

for some matrix M = [M;;], we have

lim X(n) = lim » Mgb = (I - Ms) 'b

n—oo n—0o0

Also note that

Nie—k
-1

Ak—i
M < L kTt
1Moo < 1211?5)(5 m Aki m—1

>

ki

Akl —

which helps control the rate of convergence by setting the right hand side less than some
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specific value 0 < ¢ < 1.

To estimate the parameters of this model, the final stationary distribution, namely
X = (f((l), . ,&(5 )), and state transition probability matrices P(#), should be given. These
parameters can be calculated from previously recorded data of the sequences by solving the

following constrained optimization problem

S
> b =%y (7.3)

1 k=1

min
A+ A 4

S
Jj=

where || - ||1 is the 1-norm,

and

pUD if j =k
Aj =
I if j £k
subject to the following constraints
s
1=> Ne=0, Vji=12....5 (7.4)
k=1
s
1= Nk=0, Vi=12,...,8 (7.5)
k=1
—Np <0, Vek=+41,...,4S, j=1,2,...5 (7.6)
)\k,—k )\k,—i .
m)\k’k_m—l +§ Ahi————|—¢<0 fori,k=12....5 (7.7)

where ¢ € (0,1) is given.

The mid-layer update strategy using the discrete MCMC Model is outlined as follows.

Consider a dynamically adjusting, human-intelligence-involved decision-making strategy for
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updating an extended version of (5.8) by using the proposed discrete MCMC model (|7.2))
and the optimization problem (7.3). Since m (= n) cues and S choices together for decision
making, it would be more suitable to extend (5.8]) to the case where d is a diagonal matrix

instead of a scalar. Specifically, consider the following extension of (5.8]):

W = (I, — )W, +dW,, (7.8)

where d = diag(di1, -+ ,dn,) € R™™ is a diagonal matrix. Further assume that the

diagonal elements d;; of d are dynamically adjusting and their values, can be chosen in the

convex set conv{dgl), e ,dgs)} at every time instant ¢ = 0,1,2, ..., where d,gj) is a scalar
satisfying
S . .
SNal =1, dVe0,1], i=1,....n (7.9)
j=1
and
s ‘ s
conv{d",...,dM =S NdP N e 0,1,Y N =1 (7.10)
=1 =1

()

The probability of choosing dij for d;; at time instant ¢ is denoted by XZ(-j ) (t), i.e.,

pldi =d)y =xPD@), i=1,....n, j=1,....8, t=0,1,2,...

Define
EX0) [ (t)]
) )
X(J)(t) _ 2 (t) , X(t) _ (t)
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and we assume that the evolution of X(t) satisfies (7.2)), i.e.,
1
X(t+1)=H ><X(t)+—1J x1=MsX(t)+b (7.11)
m—

The final stationary distribution for X(¢) is assumed to be known and given by

%M
%2 '
= A X
where xV) = [fcgj), L XDIT € R satisfies
S . .
YoxP =1, %P efo1], i=1...n (7.12)
=1

That is, the final probabilistic distribution of choosing dgj ) to exhibit some fixed pattern is
optimal. For example, if more non-cooperative effect on d is desired, then the corresponding
final probability will be greater than that of the cooperative choice. Now the proposed
update strategy becomes solving the optimization problem subject to —.

Let
A= (AT, AD)
and

b — %94

E
]«

Ju(A) = ‘

<
Il
—_
i
—_
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Then (7.3 can be rewritten as

min Jys(A)
A

subject to

where g(-) denotes the left-hand side of and (7.5)), and h(-) denotes the left-hand side
of and .
To solve this optimization problem, we follow the similar bio-inspired, multiagent coor-
dination idea to propose the following two-step algorithm for solving :
Az(’,l%k—i-l = [\Egk +ap) [arg _min T (As) — [\z(l%k;}
Ai=R{3) meNP oty

+00 [arg . min Tu(Ai) = A%, ]
A=A  meN: U{l},s=0,1,....k

1,2s?

1 . O
Appp =argmin| 3" A=A I2],
meNPU{l}

i=1,...,n, l=1,...,M, k=0,1,2,...

When updating A; using the first step algorithm, one needs to check its compatibility with
the constraints 7. Specifically, restrict A\j+p € [0,1], j,k = 1,...,5, k # j, so
that Y5 psy Njek < 1 for every j = 1,...,S. Then let Ajsj = 1 — Y5 4 Aja for
every j = 1,...,S. Such choice of A\ 41, j,k=1,...,5, will satisfy f. Next, put
this choice into the left-hand side of to see if the inequality is satisfied. If yes, then
continue evaluating the cost function and updating A. If not, then this selection process is

repeated until a compatible choice for 1' is found.
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Once the MCMC model (|7.11]) is determined by the above optimization problem, dy-
namically update W as follows

W = (I, — d)Wr, +dW;:

pro con’

t=0,1,2,... (7.13)

where d = diag(dy1, - ,dnyn) is updated by using either the weighted additive (WADD)

strategy
S
=Y dxPw), i=1,...n (7.14)
7=1

so that d;; € conv{dz(-l), ce dgs)}, or the take-the-best (TTB) strategy

dii = dgs), s € {m : Xgm)(t) = max {X ( )}} (7.15)

1<5<8

so that d;; € {dgl), . ,dl(-s)} C conv{dl(-l), . ,dgs)}. The WADD strategy mimics the
human decision making under the normal situation while the TTB strategy mimics the
human decision making under the emergency situation. Depending on the extent of nuclear
escalation, d could be updated by the WADD at steady-state times, while the TBB strategy
may take over it when the situation becomes tense.

The SEM in is a fixed-structure model whose structural graph topology between
different factors is given. Such a model becomes problematic when the correlation between
these factors is either unclear, a priori, or dynamically changing. One possible scenario for
this situation is that the nuclear deployment needs to be adjusted as the nuclear competing
race intensifies or weakens. Some strongly correlated factors may become less dependent
now, or vice versa. In this case, the graph topology C' in is not given or the weight
matrix A is not fixed anymore. Previously it was assumed that C' was given for . Now

this assumption is dropped by proposing a method to identify possible topology matrix

C and calculate weight matrix A simultaneously by using the input, the output, and the
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measurement or estimation data for (2.7]).

Specifically, consider the model

=Y diyFjtuw, i=1,....n (7.16)
J=1j#1

Z; =z + Ax; (7.17)

Ui = zi + Ay; (7.18)

where there is no topological constraint. Instead, the idea is to identify possible graph
topology for this model by determining d;; through the input data u;, the data received
and/or estimated from all other nodes Z;, and the output data g;.

Identifying possible C' = [c¢ijlij=1,..n, cii = 0, is straightforward: If d;; # 0, i,j =
1,...,n, i # j, then ¢;; = 1. Otherwise, if d;; =0, 4,5 = 1,...,n, 4 # j, then ¢;; = 0. That
is, if the identified weight between two nodes of a graph is nonzero, then it is highly possible
that there is a link between these two nodes. Otherwise, there may not be a reliable link
between these two nodes. Of course, there is a small chance that while the real topology is
one graph, the generated graph induced by d;; may not be the same due to some numerical
errors on d;;. Hence, to validate whether this idea would generate a reasonable topology
for , one needs to define an appropriate validation metric.

We consider how a perturbation in the model f will affect the generated
C. An important observation is that if the generated graph C is a reliable one, then the
small perturbation for Z; and g; in — should not lead to a major change of its
topological structure. Let D = [d;j]ij=1,..n, dii = 0, be an identified matrix for (7.16)—

1) through Z;, ¥;, and w;. Moreover, let D = [Jij]i,jzl,,,,,n, d;; = 0, be an identified



83

matrix for the perturbed model

2 = z": a?ijﬁ:j—i—ui, i=1,...,n (7.19)
=1

& = i + 0 (7.20)

Ui = Yi + 0Yi (7.21)

Tj = xj + Ax; (7.22)

Ui = zi + Ay, (7.23)

through Z;, 9;, and u;, where 0% and 6¢; denote the small variation of Z; and g;, respectively.
Finally, let C be the graph topology generated by D and C be the graph topology generated
by D through the above proposed rule. Then the rigorous definition of the validation metric

M, is given by

o je-cy
M, = lim - 7.24
o5 00) 167, 59)| (7.24)

where 02 = (621, ...,0%,) and 0§ = (091,...,0yy,). Clearly M, > 0 and the smaller value
My, can achieve, the better result C can generate. Ideally for M, = 0, such a generated
C should be a reliable one. Practically if M, does not exceed some small threshold, i.e.,
M, < e << 1, then we think such a generated C is a reasonable estimate. Also in practice,
it is hard to evaluate the limit in this definition, often one can take an approximate form

L lIle—a

My ~ —————
1062, 67)

(7.25)

for some small % and 07.
The method of identifying D and D will be similar to that of identifying W in 1)

(2.11) by using the proposed cooperative game and non-cooperative game approaches.
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Specifically, D is updated by

D= (I, —d)D%,, +dD,, (7.26)

pro

where d is updated by the proposed WADD or TTB strategy, DX . is the result of the

pro

cooperative game approach for the model (7.16)—(7.18)), and D}, is the result of the non-

cooperative game approach for the model 1}1' Similarly, for D = (I, — d)f);‘)ro +
dD;

con?

cooperative game approach for the model 1)1 , and [):on is the result of the non-

cooperative game approach for the model ([7.19)(7.23). Once we obtain D = [d;;]; j=1,...n,

dii = 0, and D = [dij]i,jzl,...,m diy = 0, C = [¢ijlij=1,..,n and C = [€ijlij=1,..n can be

d is updated by the proposed WADD or TTB strategy, D# . is the result of the

pro

obtained as follows:

1, dij #0 X 1, dij #0
Cij = ,  GCij =
0, dij =0 0, dij =0



85

Chapter 8

Simulations of Multi-cue Multi-choice Tasks

In this section, the preliminary simulation details and results for the proposed human de-
cision making dynamics are outlined. The algorithm formulated above, Modeling Human
decision-making dynamics via multi-cue multi-choice tasks is simulated to show its effec-
tiveness. The software MATLAB R2021b is used to apply and test the proposed approaches
by means of randomly generated data.

To dynamically adjust the decision making strategy, simulations were done by imple-
menting the proposed discrete MCMC and the optimization problem . The im-
plementation of this model is as follows. First, input parameters were set for the discrete
time 2AFC model. The Markov process is over the time interval [0,¢] and divided into
sub-intervals of length 7. The size each sub-interval is +£A, and the state space is given by
S. Then, k is number of time steps in the process and m is the size of the state space. These
inputs can be seen in Table

Now, the discrete time 2AFC model is applied to the discrete time MCMC model. The
matrix form of this model is outlined in Equation . Here, H and j are formulated given
a random \ matrix and P, where
if j=1

1
m

Pl —

0 otherwise



86

Table 8.1: Parameter Inputs to the Proposed Algorithm

Parameter Name Parameter Value

1

1

t/T

Vit
[—1,0,1]
2k + 1

S aa -

Next, the discrete time MCMC model was optimized using the two step bio-inspired,
multiagent coordination algorithm, that is similar to Section [6] The initial parameters for
the optimization can be seen in Table[8.2] Here, M is the number of agents, and « and ¢ are
the learning rates. Some initial parameters for Equation are also outline in Table
Here, x*) and x) are the state probability distribution vectors. With this information,

the MCMC model was able to be optimized.

Table 8.2: Parameter Inputs to the Proposed Algorithm

Parameter Name Parameter Value

M 4
«Q .01
§ 01
o) 0,1,1]
z0) 0,1,1]

Following the optimization, d is updated using the WADD strategy. Given a dU) of 1 /3,
d;; was found and can be seen in Equation (8.1)). To achieve a d vector in the set [0, 1], d;;

is normalized using the softmax function. The final d can be seen in Equation ({8.2]).

1.0909
diz = | 1.3645 (8.1)
1.0465



d=

0.3057
0.4019

0.2924
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Chapter 9

Modeling the intertwined dynamics of the top network layer,
the middle network layer, and bottom network layer to the

hybrid game model

The hybrid game model or bottom level characterizes the interconnected dynamics that
bring the top layer model, the middle layer model and the bottom layer model together to
function as a unified, coupled spatialtemporal process featuring intrinsic escalation dynamics
by means of Al, acyclic graphs, and a compartmental network approach.

The mathematical modeling of the top level consists of the information retrieving net-
work (RN), information analyzing network (AN), and information formulating network
(FN) for processing input data. An input-output cellular neural network (CNN) model is
proposed for RN, a Bayesian belief network (BBN) model is proposed for AN, and a deep
neural network (DNN) model is proposed for FN.

The purpose of RN is to convert non-visual spatial information of data into geometric
maps, which can facilitate the generation of the ultimate visual map for escalation competing
dynamics. This job can be done by utilizing a CNN. In this thesis, first-order cell dynamics

and linear interactions are used. The state equation of a cell in position (,j) is given by



89

the following nonlinear differential equation

dzi‘ t .o .o .o
(k,1)EN (4,5) (k,)EN(4,5)
(9.1)
1
s () = 5 (I=35(0) + al = |z55(0) = al ) (9:2)

where w;;(-), 2;;(t), and y;;(-) are the input, the state, and the output of the cell in position
(i,7), respectively; the indices k and [ denote a generic cell belonging to the neighborhood
N(i,j) of the cell in position (i,7), v(i,J;k,l) denotes the bias of CNN for position (i, 7)
associated with the neighboring cell (k,[), and a > 0 denotes the value of the state at which
the output hits the (upper) threshold.

In this project, the models and are used to describe the data processing
dynamics of raw spatial data before feeding it into the SEM . The output of and
serves as part of the input data to the SEM .

The purpose of AN is to predict temporal evolution of data and generate a synthetic
counterpart. The most common approaches for doing this, such as Kalman filtering and
particle filtering, can all be unified under the same framework—-BNNs. The standard con-
struction of a BBN assumes prior expert knowledge of the underlying domain. The first
step is to build a directed acyclic graph, followed by the second step to assess the condi-
tional probability distribution in each node. Specifically, let G(X, E') denote an annotated
directed acyclic graph, where the nodes are random variables X; € X. Furthermore, let
0; = p(X; | Ancestors(X;)) be the probabilistic conditional distributions defined for each Xj.

Then a Bayesian belief network uniquely specifies a joint distribution given by
n
p(X1, X, ..., Xn) = [ [ p(Xi | Parents(X;))

i=1

The joint probability can be expanded by the Bayes chain rule as follows under the Markov
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assumption (each variable is independent of its non-descendents, given its parents)

n

p(Xl,XQ, ce ,Xn) = 1_‘[])()(Z ’Xl,XQ, ce 7Xi—1)
=1

While the probabilistic framework for BBN is intuitive, it is hard to express this for-
mulation into a compact, computational form like to unify CNN, BBN, and DNN
together. Reference [4] developed a new approach for inference in BNN by using the idea
of partial differentiation for multivariate polynomial functions. It is motivated by the ana-
logue of chain rules under partial differentiation operation and the Bayes law. Moreover,
it presents a mathematical model for dynamic analysis of the AN layer and 2D /3D map
generation for visualization.

To elaborate this model, variables are denoted by upper-case letters (A) and their values
by lower-case letters (a). Sets of variables are denoted by bold-face upper-case letters
(A) and their instantiations are denoted by bold-face lower-case letters (a). Next, let
F = {X}UU be the family of variable X and let f = zu be a corresponding instantiation.
Then use 0 and/or 0,y to represent the conditional probability p(x |u). Moreover, x ~ f

will mean that instantiations x and f are consistent.

Definition 9.0.1 ([4]). Let N' be a BNN with variables X = X1,..., X, and families

Fi,...,F,. Then

Fhain08) => I 0 I M= (9.3)

x fi~x XTi~X

is called the canonical polynomial of BNN N, where \;, are called evidence indicators and
¢, are called network parameters. A quantification © of a BNN is a function that assigns
a value O(f) to each instantiation £ of family ¥. The value of indicator A\, at instantiation

e, denoted e(x), is 1 if x is consistent with e, and is 0 otherwise. The value of polynomial



F under evidence e and quantification © is defined as

]:(e, @) = f(/\xl = e(azi), in = @(fl))
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Let e be an instantiation of evidence, E be a set of evidences, and X be a set of variables.

Then e — X denotes the subset of instantiation e pertaining to variables not appearing in

X. For each instantiation e and quantification ©, the polynomial (9.3) can be evaluated

to compute the probability of e for given ©. Often F(e) will be written instead of F(e, ©)

when no ambiguity is anticipated.

The polynomial framework (9.3|) possesses the following key properties for BNNs, which

show some similarity between calculus operation and conditional probability.

Theorem 9.0.1 ([4]). Let N be a BNN representing probability distribution p(-) and having

canonical polynomial F. Then the following statements hold:

1) For every evidence e and quantification ©,

F(e,©) =pl(e]O)

2) For every variable X, family F, and evidence e,

0F(e,0O)
Oy
0F(e,®) p(f,e|O)

a0:  O(f)

:p(m,e—X!@)
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3) For every pair of variables X # Y, pair of families F1 # Fa, and evidence e,

0?F(e,0)

m _p(a?,y,e—XY|@) (9-8)

0?F (e, 0) _ p(z,fi,e — X |9O) (9.9)
O\ 00f, O(fy) '

9*F(e,0)  p(fi,f2,e]|0)

= 9.10
00¢, 00, O(f1)O(f2) ( )
4) For X ¢ E,
OF (e)
OAg:
= Gz A1
ale) = 2= (o11)
5) For every variable X, family F, and evidence e,
0F (e
ple—X) = m( ) (9.12)
OF(e)
p(x|e—X):% (9.13)
Zx d)fx)
OF (e,©)
00
f = £ f .14
p(E]e.0) = o) (914

Next, the model is extended to the dynamic case where it involves temporal evo-
lution of variables. Specifically, two kinds of continuous-time Markov processes are cond-
sidered for each variable X; = X;(t), i.e., jump processes and diffusion processes. Jump
processes assume that in a small time interval there is an overwhelming probability that the
state will remain unchanged; however, if it changes, the change may be radical. Diffusion
processes are represented by diffusion and by Brownian motion; there it is certain that
some change will occur in any time interval, however small; only, here it is certain that the
changes during small time intervals will be also small.

For Markov jump processes, the state space €; for each variable X; is (finitely or in-

finitely) countable. In this case, the time evolution of variable X; = X;(t) € €; can be
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described by the Kolmogorov forward and backward equations as follows

0 t)
pxys mest VAL (t), zyeQy, t>s5>0, i=1,...,n (9.15)
z€Q;
0 t)
pa:y i Z Apo(8)pay(sit), xy € (9.16)
z€Q;

where pgy(s;t) = p(z,s;y,t) denotes the probability that the system in state x € €; at
time s jumps to state y € ; at later time t > s, t > s > 0 are the final and initial times,
respectively, and A;(t) = [Azy(t)]zy=cn, is the transition rate matrix (also known as the

generator matrix) for variable X;, which satisfies

Ops
Awy(t) = auy (t; U) uet’ Ayz(t) >0,y 7é zZ, Y,z € Qia Z Ayz(t) =0
2€Q;

For diffusion processes, the state space §; for each variable X; is a continuum. In this
case, the time evolution of variable X; = X;(t) € ; can be described by the Kolmogorov
equations as well. If we assume the variable X;(t) evolves according to the stochastic

differentiable equation

dX;(t) = p(Xi(8), )t + o (Xi(), AW (1), ¢ > s (9.17)
then
2
9 pla, 1) = — - (e, (e, 1] + 5 5l (e )p 1) (9.18)

for t > s, with the initial condition p(z, s) = ps(z); and

0 0 1, 0?
~ 57 p(z,s) = u(m,s)%p(x,s) + 5 (x,s)@p@,s) (9.19)

for s < ¢, with the final condition p(z,t) = pi(x).
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Informally, the Kolmogorov forward equation addresses the following problem. There
is information about the state x of the system at time s (namely a probability distribution
ps(z)); we want to know the probability distribution of the state at a later time ¢t > s. A
similar remarks holds for the Kolmogorov back equation.

These Markov processes described by the Kolmogorov equations are applied to the

polynomial framework of BNNs. Specifically, it follows from the Bayes law, (9.5), and
(0-11) that

oF(e)
pla) = ple | hple) = 5 Fle) = 5 [ (9:20)

If p(z) involves a time evolution process, i.e., p(z) = p(x,t), depending on whether it is
a jump process or a diffusion process, either or is satisfied in forward time,
or, either or is satisfied in backward time. In this project, two forward time
processes are taken for a case study. Thus, for the jump process in forward time, the

dynamic model for BNNs is given by

DaONDE 2= DN

i

3 . 2 .
Fle sit) TFESY 4 1), wye t>530, i=1,...n  (921)

For the diffusion process, the dynamic model for BNNs is given by

0?F(e,t) 0 OF(e,t) 10271, OF (e, t)
AN A7 HE |y o HE T > 22
N0t gz 1155, }+2a ;o) s |tz (9.22)
with the initial condition p(z,s) = %‘i’s) In the simulation verification, the diffusion

process will be considered and p(z,t) = p > 0 and o(z,t) = o > 0 will be assumed
for simplicity. Obviously (9.22) is a partial differential equation. One needs to develop

numerical approaches such as finite elements to solve it. The output of this equation gives

OF

numerical values of af\i’t) and F (e, t), which are the same as p(x,t) and p(e, t), respectively.

They are used to calculate the expectation of variables X; under evidence e. The result
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is a time-series prediction of synthetic data serving as the input dataset for the non-fixed-
structure SEM.

The purpose of FN is to transform data from the existing domain to another domain
to better visualize its hidden feature by conducting discrete convolution and averaging
operation. This can be done through an ¢-layer, feed-forward DNN, which is given by the

form

wo = U (9.23)
w; = CI)i(Wiwi_l + bi) (9.24)
Yy = Wg+1’w[ + bg+1 (925)

where u € R™ denotes the input to DNN, w; € R™ denote the outputs from the ith
layer of DNN, ¢ = 1,2,...,¢, and y € R™+1 denotes the final output from DNN. The
operations for each layer of DNN are defined by a weight matrix W; € R™*"i-1_hias vector
b; € R™ and activation function ®; : R™ — R™. The activation function ®;(-) is applied
elementwise, that is, ®;(v) = [¢(v1),...,d(v,,)]T, where ¢ : R — R is a selected scalar
activation function, e.g., ReLU ¢(v) = max(0,v), sigmoid ¢(v) = 1/(1 4+ e™"), hyperbolic
tangent ¢(v) = tanh(v), etc.

Note that f is a set of equations implemented at the same time step, that

is, they should be understood as

wo(t) = u(t) (9.26)
wi(t) = ®;(Wiwi-1(t) + b;) (9.27)
y(t) = Weprwe(t) + begr (9.28)

where t > 0. Depending on the application, ¢ for a DNN could vary from one to a hundred.
A similar remark holds for n;. In this thesis, we take £ = 3 and n; = n = 5 as an example

to simulate the whole process, i = 0, 1,2, 3,4. The output of this DNN model serves as part



of the input data to the SEM (2.6]).
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Chapter 10

Implementation of BBN

Bayes Theorem (BT) provides a way to calculate the probability of a hypothesis based on
its prior probability, the probabilities of observing various data given the hypothesis, and
the observed data itself. Here, P(h) is the initial probability of the hypothesis h and P(D)
is the prior probability that data D will be observed. Next, the probability P(h|D) that h
holds given the observed training data D. P(h|D) is called the posterior probability of h,
because it reflects the confidence that h holds seeing the training data D [I§]. Bayes theorem
is the cornerstone of Bayesian learning methods because it provides a way to calculate the
posterior probability, from the prior probability P(h), together with P(D) and P(D|h).

Bayes Theorem is outlined below:

D|h)P(h)

Py = 2 D) (10.1)

Consider a set of Hypotheses H, where a maximum a posteriori (MAP) is finding the
most probable hypothesis h € H given the observed data, D. Then the MAP can be

determined using Equation [10.1] as follows:

harap = argmin P(h|D)

heH
=ar minw
~Yeen P(D) (102)

= argmin P(D|h)P(h)
heH
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In this case, it is assumed that every hypothesis in H is an equally probable priori.
For this case, Equation can be simplified to find the most probable hypothesis. Here,
P(D|h) is the likelihood of data, D given h. Thus, any hypothesis that maximizes the

likelihood will be the maximum likelihood (ML) as shown below:

harr = argmin P(D|h) (10.3)
heH

BT is then be used to formulate a BBN. A BBN describes the probability distribution
governing a set of variables by specifying a set of conditional independence assumptions
along with a set of conditional probabilities. In general, a Bayesian belief network rep-
resents the joint probability distribution by specifying a set of conditional independence
assumptions (represented by a DAG), together with sets of local conditional probabilities.
Each variable in the joint space is represented by a node in the Bayesian network. For
each variable two types of information are specified. First, the network arcs represent the
assertion that the variable is conditionally independent of its nondescendants in the network
given its immediate predecessors in the network. X is a descendant of, Y, if there is a di-
rected path from Y to X. Second, a conditional probability table is given for each variable,
describing the probability distribution for that variable given the values of its immediate
predecessors [I8]. Then a BBN uniquely specifies a joint distribution.

A BBN can also be used for inference given observed values of other variables. Infer-
ence is used to find the probability distribution for a target variable, which specifies the
probability that it will take on each of its possible values given the observed values of the
other variables. However, before this is possible the BBN must be trained.

The EM algorithm is used in training the BBN. The EM algorithm is used to learn in the
presence of unobserved variables. The EM algorithm can be used even for variables whose
value is never directly observed, provided the general form of the probability distribution
governing these variables is known. The maximum likelihood hypothesis minimizes the sum

of squared errors over m training instances. Here, D is a set of instances generated by a
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probability distribution that is a mixture of k£ distinct normal distributions. One of the
k distributions is selected, and a single random instance x;, the sum of squared error is
minimized by the sample mean [I8]. This process is repeated to generate a set of data and

can be seen in the equation below:

m
Wprr = arg min Z(azz — u)? (10.4)
=1

Continuing with the EM algorithm, assume z; is the observed variable in the description,
and z;1 and z;2 indicate the normal distribution that was used to generate the value x;. Here,
z;j has the value 1 if z; was created by the jth normal distribution. Otherwise, it will have
a value of 0. Here, x; is the observed variable and z;; and z;2 are hidden variables. If the
values of z; and z;2 were observed, Equation [10.4] could be used to solve for the means
and ps. However, this is not the case so the EM algorithm is used. The EM algorithm
searches for a maximum likelihood hypothesis by repeatedly re-estimating the expected
values of the hidden variables given its current hypothesis. The ML hypothesis is then
re-calculated using the expected values for the hidden variables. The EM two step process

is outlined next. First the expected value of z;; is calculated:

= (10.5)
Zi:l P(:L‘ = $i|:u = Hn

In the next step, E[z;] is used to derive the ML hypothesis b’ = (u}, ). The ML

hypothesis can be seen below:
= >iey Bleijlw;
T X Blay]

A Gaussian Mixture Model (GMM) assumes the data to be segregated into clusters in

(10.6)

such a way that each data point in a given cluster follows a particular Multi-variate Gaussian
distribution and the Multi-Variate Gaussian distributions of each cluster is independent of
one another. To cluster data in such a model, the posterior probability of a data-point

belonging to a given cluster given the observed data needs to be calculated. A method to
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perform this is BBNs.

A GMM was implemented using a BBN to generate synthetic data. The purpose of the
GMM model is to classify countries into distinct categories. Once classified, synthetic data
can be created based on these classified countries.

The data used in this problem can be found on World Bank Open’s website [1]. To train

the model, three different training inputs were used:
e Countries Gross Domestic Product (GDP)
e Countries Population (POP)
e Countries Military Expenditures (ME)

Data for these training inputs came from 183 countries spanning 11 years from 2009
to 2020. The data is split into 4 different classes according to the GDP of that country.
Since this model is proof of concept, splitting the countries into classes is arbitrary. When
real world data is implemented using this model, classifying each county will be done by an
expert with extensive knowledge.

The model of the GMM will be outlined next. The structure of the model can be seen
in Figure [10.1] Here, node 1 is class for each country. Nodes 2, 3, and 4 are the discrete
components that can be used to classify nodes 5, 6, and 7. Nodes 5, 6, and 7 are Gaussian
values that correspond to GDP, POP, and ME. This model is referred to as a conditional
Gaussian model because there are directed edges from the discrete nodes (2, 3, 4) to the
continuous nodes (5, 6, 7).

The model then was trained using the EM algorithm outlined earlier in this section.
Once trained, the model is able to generate synthetic data from the conditional probabilities
of each class.

The results from the GMM model are outlined below. Figure has 2 plots. The top

plot shows the scaled training data that was used to train the model. The bottom plot show
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N

the synthetic data from the model that was output when the training data was sampled

Figure 10.1: DAG of Model

using the trained GMM.

Figure shows the the model when the testing data set was run through it. The top
plot is the test data that was fed into the GMM and the bottom plot shows the synthetic
data that was output from the GMM.

Figure gives the probability distribution of each class from the test data,

P(class|evidence)

This probability distribution gives the probability that each country will be in a certain
class given the test data as evidence.

Figure show the synthetic from the GMM. The top plot shows synthetic data with-
out any Gaussian noise added to it. The bottom plot shows synthetic data with Gaussian
noise added to it. In this way, synthetic data can be generated to create synthetic coun-
tries. These synthetic countries can then be fed into the bottom layer and used to verify

the escalation dynamics model.
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Chapter 11

Dynamics for Relevant Variables in SEM

The SEM gives a stationary correlation relationship between relevant factors in esca-
lation dynamics. However, it does not demonstrate any dynamic effects that these factors
may exhibit during the nuclear race escalation process. In this thesis, the focus is on the
linearized, first-order approximation of nuclear competing dynamics at the bottom layer.
To characterize dynamic evolution of these factors in the first order, first view as a

limiting equation for certain time-varying process, that is,

limsup fi(zi(t)) = 0 = — limsup x;(¢) (11.1)
t—o0 t—o00
+ Z a;jlimsup x;(t) + limsupu;(t), i=1,...,n (11.2)
t—00 t—r00

(i,5)EFE

for some function f; : R — R, under the assumption that —oo < limsup,_, ., x;(t) < 400
and lim sup,_, . u;(t) = u;.

Focusing on first-order dynamics, f;(-) can be chosen as

fi(z) = % + Aix (11.3)

where A; > 0 is a parameter to be determined later. In this case, dropping off the limit
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operation on both sides of ([11.2)) yields

dx(;t(t) + Ajzi(t) = —x4(t) + Z aijxj(t) + ui(t), t>0, 2=1,...,n (11.4)
(i,9)eE
Rearranging ([11.4]) yields
dzi(t) _ —(Ai+1- Y ag)m®) + D laga(t) - aywi()] + uilt) (11.5)
dt = ) YN EZ iglj igdi i\l), .
(i,j)€E (i,9)eE

t>0, i=1,...,n (11.6)

Letting o; := A; +1 — Z(i,j)eE a;j. Then

diL‘i (t)
dt

= —O‘iil‘i(t) + Z aij[:vj(t) — l’z(t)] + ui(t), t>0, 1=1,...,n (11.7)
(3,7)EE

which has the form of compartmental models. Now choose A; to satisfy

Aiz‘l— Z Qg

(i,9)EF

. i=1,....n (11.8)

so that o;; > 0. This implies that the rate of change for x; always has a dissipation term
—0;x; to counter its growth and to ensure the finiteness of lim sup,_, . x;(t). Moreover, the
term 3°; e aij[z;(t) — @i(t)] is the cooperative component, which can be rewritten as a

potential-based cooperative game as follows

> afes®) =) = 5o | 5 X aulay®) - a0 (11.9)

(3,5)EE (3,5)EE

The term —oy;x;(t) has an inhibitory effect [9] in the network, which can be viewed as
the compromise component. In this thesis, the model ((11.7) is used to depict intertwined

dynamics among relevant variables at the bottom level.
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Chapter 12

Developing a topological energy level method to draw the
energy-like level contour of interested variables for

visualization

The proposed multiagent multilayer model has a capability of projecting interested con-
tributors and related variables onto some topological planes for visual illustration of such
intertwined dynamics. The first method is to map relevant variables onto some topological
planes at the existing model framework. This job can be done through a straightforward
way since the proposed model has a linear matrix structure. The second method is a dy-
namical system and control theory inspired approach by finding multi-level energy cost
curves. In this approach, we view the proposed model as a dynamical system governed by
differential and/or difference equations. According to the Hamilton’s principle in dynamical
system theory and Nash equilibria in non-cooperative game theory, the possible propagating
dynamics for the proposed model is the one that minimizes the energy cost associated with
the Hamiltonian or energy Casimir function. Hence, by plotting the different energy-like
levels, one can visualize how the escalation dynamics evolves over time and space.

The matrix decomposition method for visualization of static multiagent network models

is as follows. Consider the matrix form of the SEM ({2.6). Then

r=Wzx+u
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It is known in matrix analysis that the QR decomposition of W can lead to

W =QHQ"

where @ € R™*"™ is an orthogonal matrix and H € R™*" is an upper Hessenberg matrix,

i.e., H has the following specific form:

hit hi2 hiz -+ -+ hiy
hor hoy o - han
H—
0 0 ha - R
B 0 0 o 0 hn,nfl hnn_

Hence,

QU,-—H)Q'r=u

(I, — H)QTz = QTu

Now let the coordinate transformation be

z=Q%z, uw=Q%

Then

(I, —-H)x=u (12.1)
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that is,
r . T (5
1—hi1  —hiz —hiz - N —hin
. . . j2 ﬂz
—hgo1  1—ho . g g —han
. . . fs 113
0 —hg3o . g g —h3n . ]
: = : (12.2)
0 0 —hys —han
jnfl Z_Lnfl
0 0 te 0 _hn,n—l 1- hnn
- - Tn U,
Expanding this equation componentwise yields
(1 — h11)Z1 — higZa — hi3Z3 — -+ — b p—1Tn—1 — hinTp = W (12.3)
—h21Z1 + (1 — ho2)To — ho3Ts — -+ — ho n—1ZTp—1 — hopnTpn = Us (12.4)
—h32f2 + (1 - hgg)fg — = h37n_1.fn_1 - hgni‘n = Uus (12.5)
_hn—l,n—an—Q + (1 - hn—l,n—l)-fn—l - hn—l,n-fn = Up—1 (126)
_hn,n—lfn—l + (1 — hnn).f'n = Up (12.7)

Thus, for fixed @;, these equations generate multiple hyperplanes that can be used for

visualization. This process is recursively going backward based on these equations. More

specifically, it starts with the bottom equation

This equation gives a straight line for 2D visualization of (Z,_1, Z,) under fixed @,. Moving
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up, the next equation is
_hn—l,n—an—Q + (1 - hn—l,n—l)fn—l - hn—l,nin = Up—1

which gives a plane for 3D visualization of (Z,—2,Z,—1,%,) under fixed u,_;. Following
this procedure with some variable elimination, one can obtain a 2D or 3D visualization for
any pair (Z;,Z;) or triple (Z;,Z;,Zj) in the transformed space, i # j # k, 4,5,k =1,...,n.
However, this method still does not solve the problem of visualizing (z;, z;) or (x;,z;, zk)
in the original space, i # j # k, i,j,k=1,...,n.

If I,, — H is nonsingular, then we have
r=Qz=QI,— H)'Q"u

which means that for given wu, such z is uniquely determined. Let e; € R™ denotes the

column vector whose ith element is 1 and the rest are zero. Then it follows that

ri=elr=elQ(,— H) 'Q"u
Therefore, visualizing (z;,x;) or (z;,;, ) becomes plotting

(ef QUn — H)7'Q M u,e] Q(I, — H)"'Q"w)
or

(ef QL — H)'Qu, e Q(I, — H)'Qu, el Q(I,, — H)'QTw)

as u = » .., e;u; varies in the space span{ei,...,e,}. The invertibility check of I, — H
would be easier due to the upper Hessenberg form of H.

If I, — H is singular, then we have to use the above derived equations to visualize the
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original SEM model. This is due to the fact that the solution to (I, — H)Z = @ in terms
of T is not unique for given u. In this case, start with by fixing u and Z,, to solve
ZTp—1. Then moving up to to obtain Z,_o. Bottoming up this process will lead to
z for given u and Z,. Next, incrementally change the value of Z,, and repeat this process
to obtain another Z. After several rounds of computation, a series of & denoted by Z[l],
[l =1,...,N is obtained. Then plotting (eiTQ:i[l],e]TQj[l]) or (eiTQa’:[l],eJTQi[l],eEQf[Z])
sequentially for [ =1,..., N will generate the 2D or 3D map for visualization of (z;,z;) or
(xi, xj, k).

The energy-level method for visualization of dynamic multiagent network models is
as follows. The proposed energy-level method for visualization targets various dynamic
models as first-order differential equations in different layers. It uses the concept of energy-
like functions such as Casimir or Hamiltonian functions in dynamical systems and optimal
control theory, and maps the differential dynamics onto a manifold defined by contours of
Casimir or Hamiltonian functions. This can help easily visualize the change of competing
dynamics along the gradient direction of Casimir or Hamiltonian functions in the simulation.
In this project, focus is on the first-order dynamics . The key here is to find such an
appropriate Casimir or Hamiltonian function. To this end, a new notion of energy-Casimir

functions to facilitate such a searching process.

Definition 12.0.1. A continuously differentiable function C' : R™ — R is an energy-Casimir

function of if it is nonincreasing along the flow of for some fized u = ug € R,

that is,

<0

U=ug

C'(x)f (2, u)

where C'(x) = 8%561), r = [x1,...,7,]T € R™ denotes the state vector for , U =

[u,...,u,]t € R™ denotes the input vector for , flzou) = [fr(z,ur), ..., folz,un)]T,
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and

filw i) = —oumi + > ag(z; — ) +w
(ij)eE

The following result gives a way to find appropriate energy-Casimir functions.

Theorem 12.0.1. If there exist an n x n symmetric matrizc P = P and an n x n positive

semidefinite matriz Q = QT > 0 such that for every x € R®,

Of (x,up) Of (x,up) T
axP+P<m:> <-q (12.8)

holds for some fized ug € R", then C(x) = f¥(x,ug)Pf(x,up) is an energy-Casimir func-

tion.

Proof: Note that the time derivative of C(x) = f*(x,up)Pf(x,up) along the trajectories

of (11.7) with u = ug is given by

C(a) = C'(2) f (2, uo)

= 2fT(1:, uo)Paf(gJ’fLO)f(L uo)
T
ZfW%w)a%ng+P<W%fw>]ﬂ%w)

< — (@, u0)Qf (x,uo)

<0

Hence, by definition, C(z) = fT(x,uo)Pf(x,ug) is an energy-Casimir function for .
|

Note that C(x) = fT(x,ug)Pf(z,up) can be written as C(z) = & T Pi for with u =
ug. Since P is symmetric, it has the diagonal decomposition form P = STdiag(\1,...,\,)S.
Hence, C(z) = Y% | \ifs?, where [f1,...,f,]T = Si. Therefore, the physical meaning of

this energy-Casimir function is the “kinetic energy” of the system ([11.7]).
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Since f(x,up) can be written as

fz,up) = —Az — oz + Wa + ug

where A = diag(Ay,...,A,). Then

M =—A—T,+WT
Ox
Hence, (12.8) becomes
(—A—L,+WHP+PA-1L,+W)+Q<0 (12.9)

which is a linear matrix inequality (LMI). This inequality can be solved by using the MAT-
LAB LMI toolbox. The following result gives a sufficient condition for this LMI to have a

unique solution.

Theorem 12.0.2. Let C € R*™. If the pair (—A — I,, + W, C) is observable, then

(AL, +WOHP+PA-L,+W)+Q=0 (12.10)

has a unique solution P = PT > 0, where Q = CTC.

Proof: This is a standard result for the Lyapunov equation in control theory. Hence, the
proof is omitted. u
The observability of (—A — I, + W, C) can be checked via the rank condition or the

PBH test in control theory as follows.

Theorem 12.0.3. The following statements are equivalent:
1) The pair (—A — I, + W, C) is observable.

sly,+A+1,— W
2) For any X\ € C, the rank of is m.

C
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C

C(—A-IL,+W)
3) the rank of ' is n.

C(=A—1In+ W)”’l_
Proof: This is a standard result in control theory. Hence, the proof is omitted. |

Since there is freedom to choose A, it is possible to satisfy the observability condition
for given C'. For example, C' = I,, always satisfies the observability of (—A — I,, + W, I,,).

The energy-Casimir method describes the dynamic evolution of “kinetic energy” of the
system. However, it does not include any indication on the system state performance. Next,
another energy-like function is presented, Hamiltonian function. As an enhanced version of
energy-Casimir functions to embed the information of system state performance. The idea
of this method comes from optimal control theory where a Hamiltonian function is used to
find out optimal control laws via the Hamilton-Jacobi-Bellman equation.

To find a Hamiltonian function, the first step is to define a performance cost function

for (11.7), which is given by an integral form

J= [ L), ut)dt (12.11)

to

where %y is the initial time, z(¢) € R"™ denotes the state vector for (11.7), and u(t) €
R™ denotes the input vector for (11.7)). The choice of L(z,u) could be quadratic, e.g.,
L(z,u) = TRix + uT Rou for Ry = Rif > 0 and Ry = R;f > 0, or non-quadratic, e.g.,

L(z,u) = Pyx 4+ Pau, or the mixture of the quadratic and non-quadratic terms.

Definition 12.0.2. Let p € R®. Then H(z,u,p) = L(z,u) + pT f(x,u) is called a Hamil-

tonian function for .

This definition is quite general since p is arbitrary. To narrow down the search for
a useful Hamiltonian function, let C' : R™ — R be an energy-Casimir function. Then

H(z,u) = L(z,u) + C'(z)f(x,u) is an energy-Hamiltonian function for (11.7)) associated
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with the energy-Casimir function C(z). It embeds both C(z) and L(z,u) into a single
expression for visualization.
Let H(x) := H(z,u)|y=y,- Then the pair (x;,x;) can be visualized in 2D space or the

triple (x;, z;,zx) in 3D space by plotting the energy-Casimir level set

{(xi,xj) ER2:C(azl,...,xi,...,xj,...,a:

n) =ceR
wl:ClERJ#i?j?l:lr“?n

(12.12)

3.
{(xi,acj,wk) eR:C(x1,. -, Tiy o, Ty Ty oo, Ty

) =ceR
x=c €R,l#1,5,k,l=1,...n

(12.13)

or the energy-Hamiltonian level set

{(wi,ajj) ER?: H(xy, .. Ty ey Ty ey T

n) =ccR
x=c ERI#1,5,l=1,...,n

(12.14)

3.
{(xi,xj,a;k)ER cH(z1, .o Ty Ty Ty, T

n) =ceR
r=cERI#1,5,k,l=1,...,n

(12.15)
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Chapter 13

Conclusion

This thesis outlined a way to describe the spatial-temporal evolution and visualization of
escalation dynamics with multiple players. In this project, multiagent coordination and
algebraic graph theory based on the advisor’s prior research [14] was implemented to set up
an interconnected, graphical representation of multiple agents interacting within a hybrid
game. The hybrid game, which consists of non-cooperative gaming as the primary dynamic,
and cooperative gaming as the secondary dynamic, was used to capture the multi-modal
nature of escalation dynamics. This led to a multilayer interconnected complex system to
model intrinsic dynamics of competing escalation.

In addition to the hybrid game, a three layer approach to prepare data before being
input into the model was constructed. The three layers included a retrieving network, an
analyzing network, and a formulating network. The hybrid game model associated with
these factors resulting from the three layer network provided alternative interdependencies
among different agents in the hybrid game: cooperative (pro) interaction and competing
(con) interaction. This hybrid game provided the perspective of the two sides of impact
from their input: cooperative component and non-cooperative component. The cooperative
component, reflected the steady, coordinated nuclear deployment strategy in the escalation
and was the result of the potential-based cooperative game. The non-cooperative compo-
nent, depicted the negative contribution due to adversarial effects and competitive dynamics

in escalation, was the result of inhibitory effects in the network model. Finally, the overall
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outcome of the hybrid game was the results from both games weighted by their priority.
The weight of this priority is determined by the multi-cue multi-choice (MCMC) decision
making [I0]. This allowed the network to govern the process of network model adaptation
by mimicking how a human makes decisions in these same scenarios. Finally, a topological
energy level method was developed to draw the energy-like level contour of the network
model for visualization by the user of the system.

Simulations provided in this thesis were used to verify the mathematical models were
implemented correctly and performed as expected. The hybrid game was simulated to
verify the cooperative and non-cooperative aspects of each game gave convergent and ex-
pected results. The MCMC model and analzing network were also simulated to verify their
effectiveness. At the time of writing the retrieving network, formulating network, and visu-
alizations were not yet simulated. However, from the simulations completed it was verified
that the hybrid gaming, MCMC model, and analyzing networks performed as expected.
Upon the completion of the remaining simulations, a software package that encompasses
each of these aspects will be formulated. The software package can be used to describe the

escalation dynamics among different nation in escalation scenarios.
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