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Limited performance and reliability of electronic devices at extreme temperatures, 

intensive electromagnetic fields, and radiation found in space exploration missions (i.e., 

Venus & Jupiter planetary exploration, and heliophysics missions) and earth-based 

applications require the development of alternative computing technologies. Thermal 

computing, data processing based on heat instead of electricity, is proposed as a practical 

alternative and opens a new scientific area at the interface between thermal and 

computational sciences. 

We successfully developed thermal AND, OR and NOT logic gates, achieved 

through the coupling between near-field thermal radiation and MEMS thermal actuation. 

In the process, we developed two novel non-linear thermal expansion designs of 

microstructure silicon V-shaped chevron beams which were required to achieve the 

desired thermal AND gate operation. The successful design paves the way to develop full 

thermal logic circuits, so we show the design and simulation of a thermal calculator based 

on binary mathematical computations. This thermal calculator was able to perform the 

addition of two decimal numbers. 

Furthermore, we introduce the microfabrication and characterization of the 

thermal AND and OR logic gates. The thermal AND logic gate consists of two non-linear 

mechanisms using novel and ingenious chevron mechanisms consisting of spring-assisted 



 
 

reduction and cascading chevrons amplification for the reducing and the amplification 

mechanisms, respectively. The experimental results show that we achieved non-linearity 

ratios of thermal expansion  
𝛽

𝛼
 of 0.36 and 3.06 for the reducing and the amplification 

mechanisms, respectively. For the characterization of thermal AND logic gate, for the 

case when the two inputs were at 𝑇𝑚𝑖𝑛 (i.e., 0,0 case), we achieved an effectiveness of 

10.7 % at a heat source temperature of 1549 K. For the thermal OR logic gate, for the 

cases of (1,0) and (0,1), we achieved an effectiveness of 25.3 % and 23.2 % at an input 

temperature of 1324 K and 1391 K, respectively. These results are significant 

breakthroughs in the field of thermal computation science and technology as they 

demonstrate thermal computing at high temperatures based on demonstrated and easy to 

manufacture NanoThermoMechanical logic gates. 
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Chapter 1: Introduction 

1.1. Motivation 

Electronics have limited performance in harsh environments (e.g., elevated 

temperature, external electric fields and ionizing radiation environments) found in many 

engineering applications such as space exploration (e.g., Venus) and geothermal energy 

exploitation deep beneath the earth; consequently, developing alternative computing 

technologies is necessary. Integrated electronic logic circuits are composed of nonlinear 

and switchable electronic elements such as transistors, diodes, and switches. The 

existence of these electronic building blocks achieves the effective transmission of 

electrical power. The traditional linear and passive thermal components, such as thermal 

resistors and capacitors, are not sufficient to introduce an integrated thermal logic circuit. 

It is needed to realize switchable and nonlinear thermal components as their electronic 

counterparts, which leads to tunable thermal control devices and paves the way for 

thermal computation technology and thermal information treatment.  Thermal computing 

has the potential to unlock the mysteries of outer space, explore and harvest our own 

planet’s deep-beneath-the-surface geology, and harness waste heat for more efficient-

energy utilization. 

1.2. Thermal Computation 

Any computational task can be broken down into a series of simple logic 

operations using logic gates. The basic logic gates, which are the building blocks for any 

logic circuit, are the AND, OR and NOT gates. Logic states (i.e., input and output states), 

used in computational operations, can take one of two values, namely, High or Low. The 

high and low are relative, and they are determined by a specified threshold. The more 
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contrast there is between the high and low values, the more robust a logic system is. 

Logic circuits work on the basis of current flow control using for example preferential 

flow resistance elements called diodes. Diodes are devices which allow current to pass in 

one direction (called the diode's forward direction), while blocking it in the opposite 

direction (the reverse direction). In an electrical circuit, the current is the flow of electric 

charges with ONE (1) and ZERO (0) logic states; whereas in a thermal circuit with ONE 

corresponding to the high temperature (𝑇𝑚𝑎𝑥) and ZERO corresponding to the low 

temperature (𝑇𝑚𝑖𝑛), current is represented by the heat flow. 

Heat transfer is the thermal energy flow across the boundaries of a system with a 

spatial temperature difference. There are three main modes for heat transfer: conduction 

through solids and fluids, convection through fluids, and radiation through solids, fluids 

or even vacuum. Due to the recent rapid advancements in microtechnology and 

nanotechnology, the device or structure characteristic length can become comparable to 

the mean free path of the energy and information carriers (electrons, photons, phonons, 

and molecules). Consequently, it is important to understand the microscopic pictures 

behind heat transfer phenomena (i.e., thermal energy transport at micro- and nanoscale).  

Many attempts have been proposed to realize thermal diodes, switches, and transistors [1] 

[2] [3]. By the conduction heat transfer mechanism, researchers realized thermal switches 

and regulators based on the thermal conductivity change of system materials such as: 

vanadium oxide (𝑉𝑂2) due to its metal-insulator transition temperature [4]. In this study, 

it was reported an order-of-magnitude breakdown of the Wiedemann-Franz law at 

temperatures ranging from 240 to 340 K in metallic 𝑉𝑂2 in the vicinity of its metal-

insulator transition. The thermal conductivity of 𝐺𝑒2𝑆𝑏2𝑇𝑒5 can be manipulated based on 
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the switching between the metastable structural states (i.e., amorphous phase, fcc phase 

~130 ℃ and hcp phase ~200 ℃), since the phonon and electron contributions to volume 

and interface heat conduction in the three phases were separated [5] [6]. The measured of 

the thermal conductivity for 𝐺𝑒2𝑆𝑏2𝑇𝑒5 films were reported 0.25 ± 0.05 𝑊/𝑚. 𝐾 for the 

amorphous phase, 0.45 ± 0.09 𝑊/𝑚. 𝐾 for the cubic (fcc) phase, and 1.32 ±

0.18 𝑊/𝑚. 𝐾 for the hexagonal (hcp) phase. Hexadecane/graphite composite materials 

have a variation in thermal conductivity up to 3.2 times near solid-liquid transition 

temperature ~18 ℃ [7]. The graphene was reported to achieve an order of magnitude 

increase in the thermal conductivity and the breakdown of the Wiedemann-Franz law in 

the thermally populated charge-neutral plasma in graphene, and this is due to electrostatic 

gating at liquid nitrogen temperatures ~75 ℃ [8]. Through manipulating the nanoscale 

ferroelastic domain structure of 𝑃𝑏(𝑍𝑟, 𝑇𝑖)𝑂3 film with applied electric fields, the room-

temperature thermal conductivity was reversibly tuned and modulated by 11% [9]. In 

addition, thermal switches and regulators can be realized by solid-solid and solid-liquid 

contact switches and regulators [10] [11].  

By the convection heat transfer mechanism, thermal switches and regulators can 

be realized based on jumping droplets of water on superhydrophobic and 

superhydrophilic surfaces [12]. In the forward direction, the superhydrophobic surface is 

the condenser, so self-propelled jumping drops are returning the working fluid from the 

superhydrophobic condenser to the superhydrophilic evaporator; developing continuous 

phase-change heat transfer. In the reverse direction, the liquid drops are trapped by the 

superhydrophilic condenser, which results in a planar phase-change diode with an 

orientation-independent diodicity of over 100. Another approach to realize thermal 
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switches and regulators is electrowetting. Coplanar electro-wetting-on-dielectric 

configuration was used to realize a liquid-droplet-based thermal switch  [13]. By 

changing the conductive path between two silicon dies using electrowetting to move a 

thin layer of dielectric liquid, OFF/ON thermal resistances ratios of up to 14 were 

reported  [14]. Additionally, applying an electric field was used to turning bubbles on and 

off during boiling using charged surfactants, which resulted in rapid and reversible 

altering of heat transfer performance up to an order of magnitude [15].  

Regarding the thermal radiation mechanism, thermal switches and diodes can be 

realized based on the change of 𝑉𝑂2 emissivity across metal-insulator transition of 𝑉𝑂2 

[16] [17] [18], and the change of the near-field gap size [19] [20]. Most of the proposed 

thermal nonlinear devices are designed based on the material properties transition, which 

limits the operation of the thermal device around certain temperature (i.e. the transition 

temperature) and using a specific material. Until now, no full operating thermal logic 

circuit has been shown. We propose the thermal AND, OR, and NOT logic gates 

achieved through the coupling between near-field thermal radiation (NFTR) and MEMS 

thermal actuation. 

1.3. Analogy Between Thermal Computation and Electronic Computation 

As beforementioned here, logic circuits work on the basis of current flow control 

using for example preferential flow resistance elements called diodes. To create a thermal 

diode, we need to control the resistance of heat flow in response to the heat flow direction. 

Due to the high contrast between the near-field thermal radiation and the far-field thermal 

radiation, here, we employ NFTR through a vacuum to manipulate heat transfer between 

two terminals in the forward as well as in the reverse directions by carefully manipulating 
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the separation gap [19]. Therefore, Forward versus Reverse directions can be achieved by 

switching (i.e., controlling the vacuum gap) between far-field and near-field thermal 

radiation between two terminals, resulting in thermal diodes. Using this concept, our group 

has previously demonstrated, experimentally, high temperature near-field 

NanoThermoMechanical rectification [19]. As shown in Figure 1-1, the thermal diode 

consists of two terminals (upper and lower). Initially, both terminals are at low 

temperatures, 𝑇𝑚𝑖𝑛, separated by a spacing, 𝑑𝑖𝑛𝑖, large enough to suppress any near-field 

radiative heat transfer. The gap also remains the same as both terminals are set to 𝑇𝑚𝑎𝑥. In 

the forward bias, the upper and lower terminals’ temperatures are set to 𝑇𝑚𝑎𝑥 and 𝑇𝑚𝑖𝑛, 

respectively. This causes the upper terminal to move downward, effectively reducing the 

separation gap and significantly increasing the heat transfer rate through NFTR. By 

reversing the heat flow direction by switching the temperatures of the terminals (i.e., 

reverse bias), the terminals move farther apart from each other and therefore reduce the 

heat transfer rate. 

 

Figure 1-1: Schematic drawing of the proposed thermal diode. 

Using the thermal diodes described above, thermal logic gates can be constructed. 

Figure 1-2 shows the analogy between electronic and thermal logic AND gates based on 
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diodes. A simple logic AND gate takes two logic inputs (A and B) and returns an output 

C. Based on the AND gate ‘truth table’, the gate output is ONE (1) (i.e., 𝑇𝑚𝑎𝑥 for the 

thermal gate) only if both inputs are ONEs (𝑇𝑚𝑎𝑥), otherwise it returns an output as 

ZERO (0)( 𝑇𝑚𝑖𝑛). The electrical resistance between the source (i.e., the heat source in the 

thermal gate) and the output terminal C is analogous to a conductive resistance. 

 

Figure 1-2: Analogy between the electronic and thermal logic AND gates. 

Figure 1-3 shows the analogy between electronic and thermal logic OR gates 

based on diodes. A simple logic OR gate takes two logic inputs (A and B) and returns an 

output C. Based on the OR gate ‘truth table’, the gate output is ONE (1) (i.e., 𝑇𝑚𝑎𝑥 for 

the thermal gate) if any input is ONE (𝑇𝑚𝑎𝑥), otherwise it returns an output as ZERO 

(0)( 𝑇𝑚𝑖𝑛). The electrical resistance between the ground (i.e., heat sink in the thermal 

gate) and the output terminal C is analogous to a conductive resistance. 

 

 
   

 

 
 

 

 

 

 
   

 

 
 

 

 

 

 
   

 

 
 

 

 

 

 
   

 

 
 

 

 

 
   

 
    

   
 

 
 

   

 
   

 
   

 
   

 
   

 
    

   
 

 
 

   

 
   

 
   

 
   

 
   

 
    

   
 

 
 

   

 
   

 
   

 
   

 
   

 
    

   
 

 
 

   

 
   

 
   

 
   



7 
 

 

Figure 1-3: Analogy between the electronic and thermal logic OR gate. 

1.4. An Overview on Thermal Radiation 

Thermal emissions from the real macrostructures can be described by comparison 

to the emitted thermal radiation from the blackbody at the same temperature using the 

emissivity of the surface. This classical theory of thermal radiation is referred to as the 

far-field regime of radiative heat transfer (i.e., far-field radiation), where the structure, or 

the separation distance between structures exchanging the radiative energy, is more than 

the dominant wavelength of thermal radiation as predicted by Wien’s law [21]. 

For micro- and nanostructures, where the structures or the separation distances are 

comparable to the dominant wavelength of the thermal radiation (𝜆𝑇ℎ  =
ℏ𝑐

𝑘𝐵𝑇
), the 

microscopic picture behind the transport process should be considered. The exchange of 

radiative heat between bodies basically takes the form of electromagnetic waves (i.e., 

electromagnetic radiation). Electromagnetic radiation is generated by accelerating 

charges (electric or conceptually magnetic charges), whose sources are found in any 

material because of electrons and nuclei with negative and positive charges, respectively. 

According to statistical mechanics and at a finite (non-zero) temperature, the value of 
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each microscopic property of the system, including the velocity of particles comprising 

the material, fluctuates around its macroscopic average. These fluctuations are termed as 

thermal motion, which results in the random mechanical vibrations of the charges (i.e., 

accelerated charges). Therefore, the thermal fluctuation of charges is a mechanism to 

exchange energy via thermal radiative heat transfer. 

Back to the blackbody concept, the maximum possible electromagnetic density 

(energy per unit volume), that can populate inside a cavity with opaque walls, can be 

described as 

 
𝑢𝑣 =

𝜔3

𝜋2𝑐3

1

𝑒
ℏ𝜔

𝑘𝐵𝑇 − 1

ℏ𝜔 =
ℏ𝜔3

𝜋2𝑐3 (𝑒
ℏ𝜔

𝑘𝐵𝑇 − 1)

 
(1-1) 

where 𝑢𝑣 is the spectral electromagnetic energy density (energy per unit volume 

per unit frequency). The first term on the right-hand side of equation (1-1), 
𝜔3

𝜋2𝑐3, is the 

density of electromagnetic states (DOS), which represents the number of possible 

propagating electromagnetic waves/states in a unit volume at a certain frequency. The 

second term, 
1

𝑒

ℏ𝜔
𝑘𝐵𝑇−1

, is the Bose-Einstein distribution, which represents the probability of 

the existence of photons at a certain frequency for a certain temperature. The third 

term, ℏ𝜔, represents the energy of the single photon. 

Electromagnetic waves are divided into two categories: propagating waves and 

evanescent waves. As illustrated in Figure 1-4, The propagating waves (or modes) are 

those modes that extend in space for several wavelengths, so they are transferred from 

one body to another, thus resulting in a net heat transfer. The evanescent waves are those 

waves that have high intensity near the emitter’s surface, and their intensity decays 
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exponentially over a distance of about a wavelength normal to the surface. In the 

blackbody radiation calculations, propagating waves are only considered, and surface 

evanescent waves are ignored since they have no access to the whole vicinity inside the 

enclosure, away from the surface. 

 

Figure 1-4: Schematic of the mechanism of thermal radiation 

On the other hand, in the case of the vicinity comparable to or smaller than the 

characteristic thermal wavelength, the evanescent waves are tunneled and contribute the 

net radiative thermal transport between the structures. This regime is referred to as the 

near-field regime of radiative heat transfer (i.e., near-field radiation), which can greatly 

exceed the far-field blackbody limit. The fluctuation–dissipation theorem (FDT) 

attributes the origin of thermal emission to the random motion of charges, which in turn, 

produces a fluctuating current. Fluctuational electrodynamics, which combines FDT with 

Maxwell’s electromagnetic wave theory, is able to describe both the far-field and near-

field thermal radiation phenomena. Though the time average of the electromagnetic field 

due to the randomly fluctuating current is zero, the energy density can be very high near 

the surface and the Poynting vector depends on the correlation of the fluctuating currents. 
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1.5. Organization of the Dissertation 

This dissertation aims to introduce novel NanoThermoMechanical logic gates, 

achieved through the coupling between near-field thermal radiation and MEMS thermal 

actuation, to be the building blocks of thermal computation technology. The dissertation 

has the following structure: 

• Chapter 2 presents the theoretical background required to cover the topics 

presented in the dissertation. The chapter describes the near-field thermal 

radiation physically and includes an analytical method using dyadic Green’s 

function for calculating near-field thermal radiation.  

• Chapter 3 introduces the design and modeling of thermal AND, OR, and NOT 

logic gates, achieved through the coupling between near-field thermal radiation 

and MEMS thermal actuation. In the process, two novel non-linear thermal 

expansion designs of microstructured chevron beams were developed. The 

chapter also shows the stability of the designed NanoThermoMechanical logic 

gates and their ability to be clustered and used in a full thermal logic operator 

(i.e., a thermal calculator) to perform complex operations. 

• Chapter 4 presents the design, microfabrication, and characterization of the two 

non-linear mechanisms required to achieve the desired thermal AND gate 

operation. The two non-linear mechanisms were microfabricated using novel and 

ingenious chevron mechanisms consisting of spring-assisted reduction and 

cascading chevrons amplification for the reducing and the amplification 

mechanisms, respectively.  
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• Chapter 5 presents the microfabrication and characterization of the 

NanoThermoMechanical AND and OR logic gates. The results of the 

experimental measurements show thermal logic operations can be achieved 

successfully through demonstrated and easy-to-manufacture 

NanoThermoMechanical logic gates. 

• Chapter 6 summarizes the outcomes of the dissertation, and points to future 

research directions based on achievements outlined in the dissertation.   
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Chapter 2: Theoretical Background 

2.1. Fundamentals of Thermal Radiation: Near-Field and Far-Field 

Radiation heat transfer is different from conduction and convection, as the heat 

can be transferred without a medium and propagated in a vacuum. This is because all 

surfaces of finite temperature emit energy in the form of electromagnetic waves 

(photons). In macroscale structures, thermal radiation is treated as incoherent photon 

particles (i.e., rays propagating in straight lines) with the neglect of the phase information 

carried by the electromagnetic waves, and the concepts of geometric optics can therefore 

be used for modeling such a transport mechanism [22]. The photon particles can be 

scattered, absorbed along the path, or enhanced by emission of the medium along the 

propagation direction. Upon reaching a surface, thermal radiation can be transmitted, 

absorbed, or reflected. In addition, thermal radiation calculations in macroscale are based 

on the blackbody concept. A blackbody is defined as the perfect absorber and emitter that 

can absorb all incident radiation at all incidence angles and all wavelengths [21]. 

Consequently, it is known in classical physics that the maximum possible emitted thermal 

radiation is achieved by the blackbody, and its total and spectral characteristics are 

described by the Stefan-Boltzmann law (equation (2-1)) and according to Planck’s law 

(also called Planck distribution) (equation (2-2)), respectively. 

 𝐸𝑏 = 𝜎𝑇4 (2-1) 

 
𝐸𝑏,𝜆 =

ℏ𝜔3

4𝜋2𝑐2 (𝑒
ℏ𝜔

𝑘𝐵𝑇 − 1)

 
(2-2) 
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where 𝐸𝑏 is the total emissive power of a blackbody at temperature 𝑇, 𝜎(=

5.67 × 10−8𝑊/𝑚2𝐾4) is the Stefan-Boltzmann constant, 𝐸𝑏,𝜆 is the spectral emissive 

power (the rate at which radiation of a wavelength is emitted in all directions from a 

surface per unit wavelength interval 𝑑𝜆 about 𝜆 and per unit surface area), ℏ is the 

circular Planck’s constant (i.e., Planck’s constant over 2𝜋), 𝜔 is the frequency of the 

electromagnetic wave (𝜔 =
2𝜋𝑐

𝜆
), 𝑐 is the speed of the electromagnetic radiation 

propagation, and 𝑘𝐵 is the Boltzmann constant. 

The spectrum of electromagnetic radiation is illustrated in Figure 2-1, where the 

intermediate portion of the spectrum (approximately from 0.1 to 100 𝜇𝑚) is referred to as 

the thermal radiation (i.e., the UV and all of the visible and infrared (IR)). Consequently, 

thermal radiation is basically an electromagnetic radiation; consequently, its generation, 

propagation and absorption can be analyzed using basic laws of electromagnetics. Table 

2-1 displays the basic laws of electromagnetics, which were introduced by James Clark 

Maxwell, in four equations set (i.e., Maxwell’s equations) [23]. 

 

Figure 2-1: Electromagnetic spectrum [24] 
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Table 2-1: Maxwell's equations 

Time domain Frequency domain   

𝛁 × 𝑬(𝒓, 𝑡) = −
𝜕𝑩(𝒓, 𝑡)

𝜕𝑡

= −𝜇
𝜕𝑯(𝒓, 𝑡)

𝜕𝑡
 

𝛁 × 𝑬(𝒓, 𝜔) = 𝑖𝜔𝑩(𝒓, 𝜔)

= 𝑖𝜔𝜇𝑯(𝒓, 𝜔) 

Faraday’s 

law 

(2-3) 

𝛁 × 𝑯(𝒓, 𝑡) = 𝑱(𝒓, 𝑡) +
𝜕𝑫(𝒓, 𝑡)

𝜕𝑡
 

= 𝑱(𝒓, 𝑡) + 𝜀̅
𝜕𝑬(𝒓, 𝑡)

𝜕𝑡
 

𝛁 × 𝑯(𝒓, 𝜔) = 𝑱(𝒓, 𝜔) − 𝑖𝜔𝑫(𝒓, 𝜔) 

= 𝜎𝑬(𝒓, 𝜔) − 𝑖𝜔𝜀�̅�(𝒓, 𝜔) 

= −𝑖𝜔(𝜀̅ + 𝑖
𝜎

𝜔
)𝑬(𝒓, 𝜔) 

= −𝑖𝜔𝜀𝑬(𝒓, 𝜔) 

Ampere’s 

law 

(2-4) 

𝛁 ∙ 𝑫(𝒓, 𝑡) = 𝜌𝑒 

𝛁 ∙ (𝜀�̅�(𝒓, 𝑡)) = 𝜌𝑒 

𝛁 ∙ 𝑫(𝒓, 𝜔) = 𝜌𝑒 

𝛁 ∙ (𝜀�̅�(𝒓, 𝜔)) = 𝜌𝑒 

Gauss’s 

law 

(2-5) 

𝛁 ∙ 𝑩(𝒓, 𝑡) = 0 

𝛁 ∙ (𝜇𝑯(𝒓, 𝑡)) = 0 

𝛁 ∙ 𝑩(𝒓, 𝜔) = 0 

𝛁 ∙ (𝜇𝑯(𝒓, 𝜔)) = 0 

Gauss’s 

law 

(2-6) 

 

The current continuity relation can be given as; 

 𝛁 ∙ 𝑱(𝒓, 𝜔) = 𝑖𝜔𝜌𝑒 (2-7) 

The relationship between the electric/magnetic flux densities (𝑫, 𝑩) and the 

electric/magnetic field intensities (𝑬, 𝑯), respectively, can be defined using constitutive 

relations; 

 𝑫 = 𝜀𝑬 (2-8) 

 𝑩 = 𝜇𝑯 (2-9) 

The Fourier transform is applied to convert the components of the fields between 

time domain and frequency domain; 
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 𝑨(𝒓, 𝑡) = 𝑨(𝒓)𝑅𝑒[𝑒−𝑖𝜔𝑡] (2-10) 

where 𝑨 can be any of the fields 𝑫, 𝑩, 𝑬, or 𝑯. 

Electric permittivity 𝜀 and magnetic permeability 𝜇 are employed in Maxwell’s 

equations to define the electromagnetic properties of the material. The electric 

permittivity for isotropic media contains imaginary and real parts (𝜀 = 𝜀̅ + 𝑖
𝜎

𝜔
). The 

imaginary part represents the delay in the polarization response to the applied electric 

field due to both electric conductivity (𝜎) and frequency (𝜔); so this part represents the 

losses to the propagating electromagnetic fields in the material. The relative electric 

permittivity, which is the ratio between the electric permittivity of the material and the 

vacuum, is commonly used and it is known as the dielectric constant, 𝜀𝑟 =
𝜀

𝜀𝑣
= 𝜀�́� + 𝑖𝜀𝑟

′′. 

For the magnetic permeability 𝜇, its value for the majority of materials will be set to that 

of the vacuum, due to the absence of magnetic response; 𝜇 = 𝜇𝑣 = 4𝜋 × 10−7 𝑇𝑚/𝐴. 

The speed of propagation of the electromagnetic radiation 𝑐 (i.e., speed of light) 

and the refractive index of the material 𝑛 can be calculated using electric permittivity and 

magnetic permeability of the material: 

 𝑐 =
1

√𝜇𝜀
 (2-11) 

 𝑛 = √𝜇𝑟𝜀𝑟 (2-12) 

Due to the unity of relative magnetic permeability for nonmagnetic materials, the 

refractive index can be described as: 

 𝑛 = √𝜀𝑟 (2-13) 

In Maxwell’s equations, the sources of electromagnetic radiation are electric 

current density 𝑱 and electric charge density 𝜌𝑒. In thermal radiation, bodies are 
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considered as neutral, so electric charge density is usually zero. Therefore, the electric 

current density is the only source for electromagnetic radiation problems. In thermal 

radiation, the electric current density is randomly fluctuating with dependence on emitter 

temperature through some correlation driven by the fluctuation-dissipation theorem. 

The randomness in the current density in thermal radiation requires a minor 

modification in Maxwell’s equations. Consequently, according to the approach invented 

by Rytov [25], Ampere’s law is modified by adding random current density term 𝑱𝒓, 

which represents the force that raises the fluctuations in electromagnetic fields (i.e., the 

origination of thermal radiation). The inclusion of the random current density term results 

in the stochastic Maxwell’s equations, which are the basis of fluctuational 

electrodynamics. 

The rate of heat transfer by thermal radiation from the emitter to the receiver can 

be calculated using the time-averaged Poynting vector, whose amplitude in a certain 

direction is the radiative heat transfer rate in that direction [23] : 

 〈𝑷(𝒓, 𝜔)〉 =
1

2
𝑅𝑒[〈𝑬(𝒓, 𝜔) × 𝑯∗(𝒓, 𝜔)〉] (2-14) 

The time-averaged values are used since they are the measured values, especially 

if the oscillation frequencies of the fields are above terahertz. In addition, the time-

dependent fields are decomposed in the frequency domain as follows: 

 𝑨(𝒓, 𝑡) = ∫ 𝑨(𝒓, 𝜔)𝑒−𝑖𝜔𝑡 

∞

−∞

𝑑𝜔

2𝜋
 (2-15) 

However, it is preferred to consider only the positive frequencies in thermal 

radiation problems. Therefore, the frequency domain decomposition takes the form, 
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 𝑨(𝒓, 𝑡) = 2 ∫ 𝑨(𝒓, 𝜔)𝑒−𝑖𝜔𝑡 

∞

0

𝑑𝜔

2𝜋
 (2-16) 

Consequently, the time-averaged Poynting vector can be expressed as 

 〈𝑷(𝒓, 𝜔)〉 = 4 ×
1

2
𝑅𝑒[〈𝑬(𝒓, 𝜔) × 𝑯∗(𝒓, 𝜔)〉] (2-17) 

2.1.1. Fluctuation-Dissipation Theorem: Correlating Random Current Density to 

Temperature  

As mentioned hereinbefore, the fluctuation-dissipation theorem governs the 

relationship between the random current density 𝑱𝒓 and the temperature. By applying the 

fluctuation-dissipation theorem to linear systems (i.e., the impedance/resistance is linear 

in the applied force), a relation can be established between thermal fluctuation in a 

certain variable at thermal equilibrium and the impedance of the system to the same 

variable, which dissipates the energy into heat [26].  

Regarding the thermal radiation, all kinds of electromagnetic waves carry energy. 

The electromagnetic waves can be absorbed by a certain material, resulting in the 

dissipation of the electromagnetic waves (i.e., introducing resistance to these waves). 

This is the mechanism to convert the waves’ energy into thermal energy (i.e., heat). 

Moreover, according to the fluctuation-dissipation theorem, there is a reverse process that 

converts this internal thermal energy into random fluctuations that emit electromagnetic 

radiation. 

The fluctuation-dissipation theorem establishes the relationship between the 

ensemble average of the spatial correlation function of the fluctuating electric current 

density 𝑱𝒓, and the emitter’s temperature through 
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〈𝑱𝜶
𝒓 (𝒓′, 𝜔)𝑱𝜷

𝒓∗
(𝒓′′, 𝜔′)〉

=
1

𝜋
(𝜔𝜀𝑣𝜀𝑟

′′(𝜔))Θ(𝜔, 𝑡)𝛿(𝒓′ − 𝒓′′)𝛿(𝜔 − 𝜔′)𝛿𝛼𝛽 

(2-18) 

where 𝑱𝜶
𝒓  is the current density in direction 𝛼 (x, y, or z), Θ(𝜔, 𝑡) is the mean energy of 

Planck’s oscillator, 

 Θ(𝜔, 𝑡) =
ℏ𝜔

𝑒
ℏ𝜔

𝑘𝐵𝑇 − 1

 (2-19) 

Dirac delta functions, 𝛿(𝒓′ − 𝒓′′) and 𝛿(𝜔 − 𝜔′), are indicating that currents are 

uncorrelated in spatial space, and uncorrelated in the frequency domain. 𝛿𝛼𝛽 is the 

Kronecker delta which equals 1 for 𝛼 = 𝛽, and zero otherwise (i.e., isotropic media). In 

addition, the correlation of fluctuating current density is proportional to 𝜔𝜀𝑣𝜀𝑟
′′(𝜔), 

which is the material conductivity (𝜎). The material conductivity determines the 

dissipation to the electromagnetic wave travelling within the material, and higher 

conductivity means generating higher amplitudes of fluctuating current densities at a 

certain temperature (i.e., more dissipative material). Furthermore, increasing the 

temperature results in increasing the mean energy of Planck’s oscillator, which gives rise 

in magnitudes of fluctuating current for conductive materials. 

2.1.2. Eigen-Solutions to Maxwell’s Equation 

Due to the existence of uncorrelated randomly vibrating electromagnetic radiation 

sources within the material, we should consider all the possible temporal and spatial 

frequencies (i.e., frequency in rad/s and wavevector in 1/m) by including all possible 

solutions of Maxwell’s equations for a given configuration of materials. These possible 

solutions can be predicted by solving a source-free version of Maxwell’s equations, 

which are reduced to a Helmholtz equation: 
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 𝛁 × (
1

𝜀
𝛁 × 𝑯(𝒓, 𝜔)) = 𝜔2𝜇𝑯(𝒓, 𝜔) (2-20) 

Assuming dependence on time to be harmonic for all modes, 𝐻𝑖(𝑥, 𝑦, 𝑧, 𝑡) =

𝐻𝑖(𝑥, 𝑦, 𝑧)𝑒𝑖𝜔𝑡 (𝑖 can be replaced with spatial directions x, y and z). A simplified version 

for isotropic media in cartesian coordinates can take the form 

 𝛁2𝐻𝑖 = −𝜔2𝜀𝜇𝐻𝑖 = −
𝜔2

𝑐2
𝐻𝑖 (2-21) 

where 𝐻𝑖 is any component of the magnetic field. This simplified equation can be proven 

to have plane wave solutions on the form [23]: 

 𝐻𝑖 = 𝐴𝑖𝑒𝐤.𝒓 (2-22) 

where 𝒓 is the position vector and 𝐤 is the wavevector which is a representation of the 

wave’s frequency in space (i.e., |𝐤| = 2𝜋/𝜆), where 𝜆 is the wavelength, so the 

wavevector has a magnitude in each of the spatial directions (x, y and z). It is similar to 

temporal frequency (𝜔 = 2𝜋/𝑇) which represents the wave’s frequency in time (𝑇). 

This Helmholtz equation is basically an eigenmode problem, since for a media with given 

properties and at a given temporal frequency (𝜔), there are certain field solutions 𝐻𝑖 

(eigenfunction), and each solution is characterized by a wavevector value 𝑘 (eigenvalue). 

In thermal radiation problems, waves are the heat carriers, so the more allowed 

modes of waves, the more available channels to transfer the energy will be (i.e., the 

higher rate of radiative heat transfer). Based on the eigenvalue problem of the Helmholtz 

equation, each mode can be determined by temporal frequency (𝜔), spatial frequency 

(𝐤), and field solution profile 𝑯(𝑥, 𝑦, 𝑧), which can be identified by the wave’s 

polarization for plane waves in a homogenous media (i.e., transverse electric TE or 

transverse magnetic TM). 
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For an infinite slab in x and y directions, which is radiating heat to a vacuum as 

shown in Figure 2-2, it is convenient to define wavevectors; 𝑘𝑧�̂� and 𝐤𝛒 = 𝑘𝑥�̂� + 𝑘𝑦�̂�; 

according to: 

 |𝐤| = √𝑘𝑥
2 + 𝑘𝑦

2 + 𝑘𝑧
2 = √𝑘𝜌

2 + 𝑘𝑧
2 =

𝑛𝜔

𝑐
 (2-23) 

where 𝑛 is the refractive index of the material through which the wave propagates, and 𝑘𝜌 

is the independent wavevector, parallel to the interface, and invariant in both media (a 

result of the electromagnetic boundary conditions). However, according to the condition 

of the Helmholtz equation for propagating waves, there is some limitation for 𝑘𝜌 to 

sustain a propagating wave (i.e., real number for 𝑘𝑧). The allowed solutions (i.e., modes) 

can be categorized based on their temporal and spatial frequency into four regions. 

 

Figure 2-2: Schematic of modes of thermal radiation 

The first region includes the propagating modes in both vacuum and slab 

(0 < 𝑘𝜌 < 𝜔/𝑐), where these modes can be excited by every vibrating charge within the 

slab. Every dipole inside the bulk of one structure radiates in all directions. Based on the 

basic laws of physics, all the radiation with incident angles less than the critical angle of 
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incidence can propagate in the structure and the vacuum as well. These modes can 

participate in both near and far-field thermal radiation, and the blackbody radiation 

energy density can be calculated by counting the number of the propagating modes per 

unit volume per unit frequency bounded by the light line (𝜔 = 𝑘𝜌𝑐) multiplied by the 

mean energy of Planck’s oscillator. 

The second region includes the propagating modes in the slab, and evanescent in 

vacuum (𝜔/𝑐 < 𝑘𝜌 < 𝑛𝜔/𝑐), where these modes are generated in the case of the 

incidence angle being larger than the critical angle of incidence. These modes represent 

the total internal reflection and can only participate in near-field thermal radiation, since 

they cannot propagate to long distances in vacuum (i.e., evanescent waves). These modes 

can be created in all kinds of structures and are available to all frequencies, so they do not 

cause resonance in heat transfer. 

The third region includes the evanescent modes in the slab and vacuum (surface 

modes) (𝑘𝜌 > 𝜔/𝑐 and 𝑘𝜌 > 𝑛𝜔/𝑐) (i.e., generated at the vicinity very close to 

oscillating charges near the interface), where these modes are confined to the slab-

vacuum interface and are not excited by oscillating charges deep in the bulk of the 

structures. These modes are responsible for spectral selectivity and for the spikes in the 

spectral heat transfer. The fourth region includes propagating modes in the vacuum, and 

evanescent in the slab. These modes are not applicable for all materials since this requires 

an index of refraction less than 1, which happens at very narrow frequency ranges. 

Based on this discussion, evanescent waves can originate from total internal 

reflection or surface waves at the interface. Consequently, if the receiver is brought close 

to the emitter, the evanescent waves can participate in thermal radiation through coupling 
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to other evanescent modes on the receiver’s surface (surface plasmon/phonon polaritons 

or surface modes supported by photonic crystals). Another mechanism for the 

participation of evanescent waves in thermal radiation is through coupling to propagating 

modes inside the receiver’s material (𝑘𝜌 < 𝑛𝜔/𝑐) or inside hyperbolic metamaterial (for 

very large values of the tangential wavevector). 

Enhancement of near-field thermal radiation can only be achieved by increasing 

the number of participating modes (i.e., increasing the allowed evanescent modes). The 

enhancement can be achieved through two broad approaches: by increasing the modes 

that are evanescent in vacuum and structures (surface phonon/plasmon polaritons and 

photonic crystals), and by increasing the modes that are evanescent in vacuum and 

propagating in structures by using hyperbolic metamaterial (i.e., much higher available 

wavevectors than isotropic media). 

Surface phonon and plasmon polaritons are surface waves, since they can 

propagate and be confined along the interface but evanescent in both media around the 

interface. These surface waves (i.e., polaritons) are a result of coupling between the 

electromagnetic radiation and waves of charge oscillations at the interface. If this charge 

is formed by free electrons (i.e., metals and doped semiconductors), the surface wave is 

called surface plasmon polariton (SPP). If the charges are the ions of a dielectric, the ions 

and the electromagnetic waves couple to high frequency phonon waves (i.e., optical 

phonons); then the surface wave is called surface phonon polariton (SPhP). 

2.2. Near-Field Thermal Radiation Calculation using Dyadic Green’s Function 

Several numerical and analytical techniques have been proposed to solve 

stochastic Maxwell’s equations and calculate the associated Poynting vector [27] [28] 
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[29] [30]. This dissertation uses one of the most convenient approaches, which is dyadic 

Green’s function technique using the method of potentials [31] [32]. The dyadic Green’s 

function technique is based on generating expressions of the fields and energy flux in 

terms of current source and scattering properties of the structures in order to average the 

quantities based on averaging the fluctuating thermal current density. 

Gauss’s law (𝛁 ∙ 𝑩(𝒓, 𝜔) = 0), which mathematically indicates that the magnetic 

flux density is a conservative vector field, can be related to the vector potential or 

magnetic vector potential 𝑨(𝒓, 𝜔) as 

 𝑩(𝒓, 𝜔) = 𝛁 × 𝑨(𝒓, 𝜔) (2-24) 

Similarly, Faraday’s can be represented as 

 𝛁 × (𝑬(𝒓, 𝜔) − 𝑖𝜔𝑨(𝒓, 𝜔)) = 0 (2-25) 

Using the vector identity that the curl of a gradient of a scalar function results in 

zero (i.e., 𝛁 × (𝛁. ∅) = 0), the following relation can be driven from equation (2-25): 

 𝑬(𝒓, 𝜔) − 𝑖𝜔𝑨(𝒓, 𝜔) = −𝛁. ∅e (2-26) 

where ∅e is the electric scalar potential. By substituting in Ampere’s law, a relationship 

between electric scalar potential and magnetic vector potential can be established as 

follows: 

 𝛁 × 𝑯(𝒓, 𝜔) = −𝑖𝜔𝜀𝑬(𝒓, 𝜔) + 𝑱𝒓(𝒓, 𝜔) (2-27) 

 𝛁 × (𝛁 × 𝑨(𝒓, 𝜔)) = −𝑖𝜔𝜀𝜇(−𝛁. ∅e + 𝑖𝜔𝑨(𝒓, 𝜔)) + 𝜇𝑱𝒓(𝒓, 𝜔) (2-28) 

 𝛁 × 𝛁 × 𝑨(𝒓, 𝜔) = 𝑖𝜔𝜀𝜇𝛁. ∅e + 𝜔2𝜀𝜇𝑨(𝒓, 𝜔) + 𝜇𝑱𝒓(𝒓, 𝜔) (2-29) 

Using the vector identity 𝛁𝟐𝑨 = −𝛁 × 𝛁 × 𝑨 + 𝛁𝛁 ∙ 𝑨 and using the wavevector 

relation 𝑘2 = 𝜔2𝜀𝜇, 

 𝛁𝛁 ∙ 𝑨(𝒓, 𝜔) − 𝛁𝟐𝑨(𝒓, 𝜔) = 𝑖𝜔𝜀𝜇𝛁. ∅e + 𝑘2𝑨(𝒓, 𝜔) + 𝜇𝑱𝒓(𝒓, 𝜔) (2-30) 
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 (−𝛁𝟐 − 𝑘2)𝑨(𝒓, 𝜔) = 𝑖𝜔𝜀𝜇𝛁. ∅e + 𝜇𝑱𝒓(𝒓, 𝜔) − 𝛁𝛁 ∙ 𝑨(𝒓, 𝜔) (2-31) 

 (𝛁𝟐 + 𝑘2)𝑨(𝒓, 𝜔) = 𝛁𝛁 ∙ 𝑨(𝒓, 𝜔) − 𝑖𝜔𝜀𝜇𝛁. ∅e − 𝜇𝑱𝒓(𝒓, 𝜔) (2-32) 

Based on Lorentz gauge [32] [33], 

 𝛁 ∙ 𝑨 = 𝑖𝜔𝜀𝜇∅e (2-33) 

So  

 𝛁𝛁 ∙ 𝑨 = 𝑖𝜔𝜀𝜇𝛁. ∅e (2-34) 

By substituting in equation (2-32), 

 (𝛁𝟐 + 𝑘2)𝑨(𝒓, 𝜔) = −𝜇𝑱𝒓(𝒓, 𝜔) (2-35) 

which is an inhomogeneous Helmholtz equation. Using Green’s function, 𝑨(𝒓, 𝜔) can be 

expressed as 

 𝑨(𝒓, 𝜔) = ∫ 𝜇𝑱𝒓(𝒓′, 𝜔)𝑔(𝒓, 𝒓′, 𝜔)

 

𝑉

𝑑𝑉′ (2-36) 

The integral is over the volume 𝑉 where the current source is located. The 

Green’s function 𝑔(𝒓, 𝒓′, 𝜔) represents the response in 𝑨(𝒓, 𝜔) at location 𝒓 due to an 

impulse unit current localized at a certain location 𝒓′ (represented by Dirac delta 

function). The Green’s function can be calculated independently from the current through 

the inhomogeneous Helmholtz equation (2-35), 

 (𝛁𝟐 + 𝑘2)𝑔(𝒓, 𝒓′, 𝜔) = −𝛿(|𝒓 − 𝒓′|) (2-37) 

Using the definitions in equations (2-34) and (2-36), the electric field at location 𝒓 

can be represented in terms of a current source at location 𝒓′ by substituting in equation 

(2-26), 

 𝑬(𝒓, 𝜔) = 𝑖𝜔𝜇 [1 +
1

𝑘2
𝛁𝛁 ∙] ∫ 𝑱𝒓(𝒓′, 𝜔)𝑔(𝒓, 𝒓′, 𝜔)

 

𝑉

𝑑𝑉′ (2-38) 
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And using the definitions in equations (2-24) (i.e., the magnetic vector potential) 

and (2-36),  the magnetic field can be evaluated as 

 𝑯(𝒓, 𝜔) = ∫ 𝛁 × 𝑱𝒓(𝒓′, 𝜔)𝑔(𝒓, 𝒓′, 𝜔)

 

𝑉

𝑑𝑉′ (2-39) 

The Green’s function value obtained from equation (2-37) is based on impulse 

current source and has a polarization in a certain direction. Using the same equation for 

the other two directions, we get the vector format of electric and magnetic fields in terms 

of Green’s function as follows: 

 𝑬(𝒓, 𝜔) = 𝑖𝜔𝜇 ∫ 𝑔(𝒓, 𝒓′, 𝜔) [�̿� +
1

𝑘2
𝛁𝛁] ∙ 𝑱𝒓(𝒓′, 𝜔)

 

𝑉

𝑑𝑉′ (2-40) 

 𝑯(𝒓, 𝜔) = 𝛁 × ∫ 𝑔(𝒓, 𝒓′, 𝜔)�̿� ∙ 𝑱𝒓(𝒓′, 𝜔)

 

𝑉

𝑑𝑉′ (2-41) 

where �̿� is the dyadic idem factor (�̿� = �̂��̂� + �̂��̂� + �̂��̂�), which results in a 3 × 3 identity 

matrix for cartesian coordinates. So, electric and magnetic dyadic Green’s functions can 

be defined as: 

 �̿�𝒆(𝒓, 𝒓′, 𝜔) = 𝑔(𝒓, 𝒓′, 𝜔) [�̿� +
1

𝑘2
𝛁𝛁] (2-42) 

 �̿�𝒎(𝒓, 𝒓′, 𝜔) = 𝛁 × (𝑔(𝒓, 𝒓′, 𝜔)�̿�) (2-43) 

Because the dyadic Green’s function is a 3 × 3 matrix, as each column represents 

the response to a component of the electric current in a certain direction, the matrices of 

Green’s functions are turning now to tensors (i.e., Green’s tensors). By replacing the 

electric/magnetic field’s intensity with its representation in terms of the electric/magnetic 

dyadic Green’s functions, the Poynting vector can be expanded on the form, 
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〈𝑷(𝒓, 𝜔)〉 = 4 ×
1

2
𝑅𝑒[〈𝑬(𝒓, 𝜔) × 𝑯∗(𝒓, 𝜔)〉]

= 2 𝑅𝑒[〈�̂�(𝐸𝑦𝐻𝑧
∗ − 𝐸𝑧𝐻𝑦

∗) + �̂�(𝐸𝑧𝐻𝑥
∗ − 𝐸𝑥𝐻𝑧

∗)

+ �̂�(𝐸𝑥𝐻𝑦
∗ − 𝐸𝑦𝐻𝑥

∗)〉] 

(2-44) 

where each component of electric field or magnetic field can be represented in terms of 

the dyadic Green’s function form, 

 

𝐸𝑚 = 𝑖𝜔𝜇 ∫(𝐺𝑚𝑥
𝑒 �̂� + 𝐺𝑚𝑦

𝑒 �̂� + 𝐺𝑚𝑧
𝑒 �̂�) ∙

 

𝑉

(𝐽𝑥
𝑟�̂� + 𝐽𝑦

𝑟�̂� + 𝐽𝑧
𝑟�̂�)𝑑𝑉′

= 𝑖𝜔𝜇 ∫(𝐺𝑚𝑥
𝑒 𝐽𝑥

𝑟 + 𝐺𝑚𝑦
𝑒 𝐽𝑦

𝑟 + 𝐺𝑚𝑧
𝑒 𝐽𝑧

𝑟)

 

𝑉

𝑑𝑉′

= 𝑖𝜔𝜇 ∫ 𝐺𝑚𝑝
𝑒 𝐽𝑝

𝑟

 

𝑉

𝑑𝑉′ 

(2-45) 

By substituting in the expression of the Poynting vector in equation (2-44), the 

Poynting vector that represents the radiative heat flux due to thermal fluctuating current 

source can be expressed by [31]: 

 

〈𝑷(𝒓, 𝜔)〉

= 2 𝑅𝑒 {𝑖𝜔𝜇 ∫ [∫ [(

   �̂�(𝐺𝑦𝑛
𝑒 𝐺𝑧𝑗

𝑚∗ − 𝐺𝑧𝑛
𝑒 𝐺𝑦𝑗

𝑚∗)

+�̂�(𝐺𝑧𝑛
𝑒 𝐺𝑥𝑗

𝑚∗ − 𝐺𝑥𝑛
𝑒 𝐺𝑧𝑗

𝑚∗)

+�̂�(𝐺𝑥𝑛
𝑒 𝐺𝑦𝑗

𝑚∗ − 𝐺𝑦𝑛
𝑒 𝐺𝑥𝑗

𝑚∗)

) 〈𝐽𝑛
𝑟(𝒓′, 𝜔)𝐽𝑗

𝑟∗
(𝒓′′, 𝜔)〉]

 

𝑉

𝑑𝑉′′]

 

𝑉

𝑑𝑉} 

 

(2-46) 

By calculating the correlation for fluctuating random current 

〈𝐽𝑛
𝑟(𝒓′, 𝜔)𝐽𝑗

𝑟∗
(𝒓′′, 𝜔)〉 (i.e., equation (2-18)) and the dyadic electric and magnetic Green’s 

function, the heat flux for any radiative heat transfer problem can be calculated.  
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〈𝑷(𝒓, 𝜔)〉 =
2𝜔2𝜀𝑣𝜇

𝜋
 𝑅𝑒 {𝑖 ∫ [∫ [(

   �̂�(𝐺𝑦𝑛
𝑒 𝐺𝑧𝑗

𝑚∗ − 𝐺𝑧𝑛
𝑒 𝐺𝑦𝑗

𝑚∗)

+�̂�(𝐺𝑧𝑛
𝑒 𝐺𝑥𝑗

𝑚∗ − 𝐺𝑥𝑛
𝑒 𝐺𝑧𝑗

𝑚∗)

+�̂�(𝐺𝑥𝑛
𝑒 𝐺𝑦𝑗

𝑚∗ − 𝐺𝑦𝑛
𝑒 𝐺𝑥𝑗

𝑚∗)

) 𝜀𝑟
′′(𝜔)Θ(𝜔, 𝑡)𝛿(𝒓′

 

𝑉

 

𝑉

− 𝒓′′)𝛿𝑛𝑗] 𝑑𝑉′′] 𝑑𝑉′} 

(2-47) 

By setting Kronecker delta to 1  and changing the dummy variables 𝑛 and 𝑗 into 

another third dummy variable 𝛼 (i.e., 𝛿𝑛𝑗 = 1 if 𝑛 = 𝑗, and 0 otherwise), summing over 

the three values (i.e., x, y and z), and replacing the 𝜔2𝜀𝑣𝜇 with 𝑘𝑣
2 (the square of the 

wavevector magnitude in vacuum), the Poynting vector can be expressed as follows: 

 

〈𝑷(𝒓, 𝜔)〉 =
2𝑘𝑣

2

𝜋
 𝑅𝑒 {𝑖 ∫ [∫ [(

   �̂�(𝐺𝑦𝛼
𝑒 𝐺𝑧𝛼

𝑚∗ − 𝐺𝑧𝛼
𝑒 𝐺𝑦𝛼

𝑚∗)

+�̂�(𝐺𝑧𝛼
𝑒 𝐺𝑥𝛼

𝑚∗ − 𝐺𝑥𝛼
𝑒 𝐺𝑧𝛼

𝑚∗)

+�̂�(𝐺𝑥𝛼
𝑒 𝐺𝑦𝛼

𝑚∗ − 𝐺𝑦𝛼
𝑒 𝐺𝑥𝛼

𝑚∗)

) 𝜀𝑟
′′(𝜔)Θ(𝜔, 𝑡)𝛿(𝒓′

 

𝑉

 

𝑉

− 𝒓′′)] 𝑑𝑉′′] 𝑑𝑉′} 

(2-48) 

2.2.1. Radiative Heat Transfer in 1D Setting 

For 1D layered media, the electric and magnetic dyadic Green’s functions can be 

estimated analytically, and hence the corresponding heat flux can be obtained [34]. For 

infinite problem in both x and y directions, and by considering the z component of the 

Poynting vector, the formula for radiative heat flux at location 𝑧𝑐 can be reduced to: 

 𝑞(𝑧𝑐 , 𝜔) =
2𝑘𝑣

2Θ(𝜔, 𝑡)𝜀𝑟
′′(𝜔)

𝜋
 𝑅𝑒 {𝑖 ∫(𝐺𝑥𝛼

𝑒 𝐺𝑦𝛼
𝑚∗ − 𝐺𝑦𝛼

𝑒 𝐺𝑥𝛼
𝑚∗)

 

𝑉

𝑑𝑉′} (2-49) 

The index 𝛼 indicates the summation over the three orthogonal direction (x, y and 

z). By assuming a uniform temperature and a material homogeneity of the emitting layer, 

Θ and 𝜀𝑟
′′ will be uniform over the emitter and can be taken out of the integral. 
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The dyadic Green’s function can be represented as the sum of plane waves that 

are periodic in the xy plan that have an amplitude dependent on z. Plane waves are the 

natural solutions for the Helmholtz wave equation in homogeneous medium. To 

decompose the dyadic Green’s function �̿� into its plane wave components, spatial Fourier 

transform is used as follows [34] [35]: 

 �̿�(𝒓, 𝒓′, 𝜔) = ∫ �̿�(𝐤𝛒, 𝑧𝑐 , 𝑧′, 𝜔)𝑒𝑖𝐤𝛒∙(𝑹−𝑹′)

∞

−∞

𝑑𝐤𝛒

(2𝜋)
 (2-50) 

where 𝑹 = 𝑥�̂� + 𝑦�̂�, 𝐤𝛒 = 𝑘𝑥�̂� + 𝑘𝑦�̂�, and accordingly 𝑑𝐤𝛒 = 𝑑𝑘𝑥𝑑𝑘𝑦, �̿� is the Weyl 

component of dyadic Green’s function, and it is a matrix similar to �̿�. The difference 

between them is that �̿� predicts the electric/magnetic field response to an impulse current 

localized at 𝑧′ for only one value for the wavevector 𝐤𝛒, while �̿� returns the response for 

the resultant of all the components of the wave (i.e., integrated over all values of 𝐤𝛒). 

Substituting by the expanded dyadic Green’s function in the heat flux in 1D setting, the 

integral along the volume will be converted into an integral over the distance in z 

direction as follows: 

 

∫(𝐺𝑥𝛼
𝑒 𝐺𝑦𝛼

𝑚∗ − 𝐺𝑦𝛼
𝑒 𝐺𝑥𝛼

𝑚∗)

 

𝑉

𝑑𝑉′

= ∫ ∫ (
𝑔𝑥𝛼

𝑒 (𝐤𝛒, 𝑧𝑐 , 𝑧′, 𝜔)𝑔𝑦𝛼
ℎ∗ (𝐤𝛒, 𝑧𝑐 , 𝑧′, 𝜔)

−𝑔𝑦𝛼
𝑒 (𝐤𝛒, 𝑧𝑐, 𝑧′, 𝜔)𝑔𝑥𝛼

ℎ∗ (𝐤𝛒, 𝑧𝑐, 𝑧′, 𝜔)
)

∞

𝒌𝝆=−∞

𝑑𝐤𝛒

(2𝜋)

𝑧2
′

𝑧′=𝑧1
′

𝑑𝑧′ 

(2-51) 

Due to the azimuthal symmetry of the 1D problem, the wavevector 𝐤𝛒 is more 

convenient to be transformed to polar coordinates, 
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 ∫ 𝑑𝐤𝛒

∞

𝒌𝝆=−∞

= ∫ ∫ 𝑑𝑘𝑥𝑑𝑘𝑦

∞

𝑘𝑦=−∞

∞

𝑘𝑥=−∞

= ∫ ∫ 𝑘𝜌𝑑𝑘𝜌𝑑𝜃

2𝜋

𝜃=0

∞

𝑘𝜌=0

= 2𝜋 ∫ 𝑘𝜌𝑑𝑘𝜌

∞

𝑘𝜌=0

 (2-52) 

Therefore, the Poynting vector can be expressed in z direction (i.e., radiative 

energy flux in z direction) at location 𝑧 = 𝑧𝑐 due to a fluctuating current source 

distributed over the emitter (i.e., from 𝑧′ = 𝑧1
′  to 𝑧′ = 𝑧2

′ ), and kept at temperature 𝑇: 

 

𝑞(𝑧𝑐 , 𝜔)

=
𝑘𝑣

2Θ(𝜔, 𝑡)𝜀𝑟
′′(𝜔)

𝜋2
 𝑅𝑒 {𝑖 ∫ ∫ (

𝑔𝜌𝛼
𝑒 (𝑘𝜌, 𝑧𝑐 , 𝑧′, 𝜔)𝑔𝜃𝛼

ℎ∗ (𝑘𝜌, 𝑧𝑐 , 𝑧′, 𝜔)

−𝑔𝜃𝛼
𝑒 (𝑘𝜌, 𝑧𝑐 , 𝑧′, 𝜔)𝑔𝜌𝛼

ℎ∗ (𝑘𝜌, 𝑧𝑐 , 𝑧′, 𝜔)
)

∞

𝑘𝜌=0

𝑘𝜌𝑑𝑘𝜌

𝑧2
′

𝑧′=𝑧1
′

𝑑𝑧′} 
(2-53) 

The procedure to compute the Weyl component of dyadic Green’s function 𝑔 

incorporates plane wave scattering calculations in 1D layered media [34] [36]. The near-

field thermal radiation 1D problem can be described based on one of three configurations, 

which are thermal radiation between a semi-infinite body and a slab, two slabs 

submerged in vacuum, or two semi-infinite bodies. 

2.2.2. Radiative Heat Flux Inside a Slab Due to Emitting Semi-Infinite Body 

For the radiative heat flux inside a slab due to an emitting semi-infinite body, as 

presented in Figure 2-3, it is required to calculate near-field thermal radiation absorbed 

locally by a semiconductor material to generate photocurrent. The Weyl component of 

dyadic Green’s function can be separated in an exponential term, and can be expressed in 

the form [36] 

 𝑔𝑗𝛼
𝑒 (𝑘𝜌, 𝑧𝑐, 𝑧′, 𝜔)𝑔𝑗𝛼

ℎ∗(𝑘𝜌, 𝑧𝑐 , 𝑧′, 𝜔) = 𝑔𝑗𝛼
𝑒 (𝑘𝜌, 𝑧𝑐 , 𝜔)𝑔𝑗𝛼

ℎ∗(𝑘𝜌, 𝑧𝑐 , 𝜔)𝑒2𝑘𝑧
′′𝑧′

 (2-54) 

where 𝑗 and 𝛼 can take any of the three directions 𝜌, 𝜃, and 𝑧. By performing the 

integration of equation (2-53) along 𝑧′ analytically, the heat flux can be represented as: 
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𝑞1→3(𝑧𝑐 , 𝜔)

=
𝑘𝑣

2Θ(𝜔, 𝑡)𝜀𝑟
′′(𝜔)

𝜋2
 𝑅𝑒 {𝑖 ∫ (

𝑔1→3,𝜌𝛼
𝑒 (𝑘𝜌, 𝑧𝑐 , 𝜔)𝑔1→3,𝜃𝛼

ℎ∗ (𝑘𝜌, 𝑧𝑐 , 𝜔)

−𝑔1→3,𝜃𝛼
𝑒 (𝑘𝜌, 𝑧𝑐 , 𝜔)𝑔1→3,𝜌𝛼

ℎ∗ (𝑘𝜌, 𝑧𝑐 , 𝜔)
)

∞

𝑘𝜌=0

𝑘𝜌

𝑘𝑧1
′′ 𝑑𝑘𝜌} 

(2-55) 

where 𝑘𝑧1
′′  is the imaginary part of the z component of the wavevector in the emitter 

media. 

 

Figure 2-3: Thermal radiation inside a slab due to emitting semi-infinite body. 

2.2.3. Radiative Heat Flux between Two Slabs Separated by Vacuum 

For the radiative heat flux between two slabs separated by vacuum, as presented 

in Figure 2-4, by substitution with appropriate Green’s function components and 

integrated analytically over 𝑧′, the heat flux absorbed by a receiver slab can be derived 

from equation (2-53). The integration over 𝑘𝜌 is separated into two intervals: the first 

interval (𝑘𝜌 ≤ 𝑘𝑣) represents the contribution of propagating waves in heat transfer, and 

the second interval (𝑘𝑣 < 𝑘𝜌 < ∞) represents the contribution of the evanescent waves. 
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The total radiative heat flux absorbed is the sum of heat flux due to propagating waves 

𝑞𝑎𝑏𝑠
𝑝𝑟𝑜𝑝

 and evanescent waves 𝑞𝑎𝑏𝑠
𝑒𝑣𝑎𝑛 [36]: 

 𝑞𝑎𝑏𝑠
𝑝𝑟𝑜𝑝

=
Θ(𝜔, 𝑇1)

4𝜋2
∫ ∑

(1 − |𝑅1
𝛾

|
2

− |𝑇1
𝛾

|
2

) (1 − |𝑅3
𝛾

|
2

− |𝑇3
𝛾

|
2

)

|1 − 𝑅1
𝛾

𝑅3
𝛾

𝑒2𝑖𝑘𝑧2𝑑𝑐|
2

𝛾=𝑇𝐸,𝑇𝑀

𝑘𝑣

𝑘𝜌=0

𝑘𝜌𝑑𝑘𝜌 (2-56) 

 𝑞𝑎𝑏𝑠
𝑒𝑣𝑎𝑛 =

Θ(𝜔, 𝑇1)

𝜋2
∫ ∑

𝐼𝑚(𝑅1
𝛾

)𝐼𝑚(𝑅3
𝛾

)

|1 − 𝑅1
𝛾

𝑅3
𝛾

𝑒2𝑖𝑘𝑧2𝑑𝑐|
2

𝛾=𝑇𝐸,𝑇𝑀

∞

𝑘𝜌=𝑘𝑣

𝑒−2𝑘𝑧2
′′ 𝑑𝑐𝑘𝜌𝑑𝑘𝜌 (2-57) 

 

Figure 2-4: Thermal radiation between two slabs surrounded and separated by vacuum 

where 𝛾 represents the polarization (TE or TM), and the summation sign indicates 

summing the contributions from both TE and TM waves. The z component of wavevector 

in the vacuum 𝑘𝑧2 can be calculated from 

 𝑘𝑧2 = √𝑘𝑣
2 − 𝑘𝜌

2 (2-58) 

The imaginary part of 𝑘𝑧2 is 𝑘𝑧2
′′ , and 𝑑𝑐 is the thickness of the gap separating the 

two films. Reflectance and transmittance of slab 1 (i.e., emitter) and 3 (i.e., receiver) are 

represented by 𝑅1, 𝑅3, 𝑇1 and 𝑇3, respectively. They can be evaluated from 
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 𝑅𝑗
𝛾

=
𝑟𝑗−1,𝑗

𝛾
+ 𝑟𝑗,𝑗+1

𝛾
𝑒2𝑖𝑘𝑧𝑗𝑡𝑗

1 + 𝑟𝑗−1,𝑗
𝛾

𝑟𝑗,𝑗+1
𝛾

𝑒2𝑖𝑘𝑧𝑗𝑡𝑗
 (2-59) 

 𝑇𝑗
𝛾

=
𝑡𝑗−1,𝑗

𝛾
+ 𝑡𝑗,𝑗+1

𝛾
𝑒𝑖𝑘𝑧𝑗𝑡𝑗

1 + 𝑟𝑗−1,𝑗
𝛾

𝑟𝑗,𝑗+1
𝛾

𝑒2𝑖𝑘𝑧𝑗𝑡𝑗
 (2-60) 

where 𝑗 is the media index for which reflectance and transmittance are calculated, and 𝑡𝑗 

is the media thickness. Fresnel reflection and transmission coefficients 𝑟1,2
𝛾

 and 𝑡1,2
𝛾

, 

respectively, are from media #1 (i.e., emitter) to media #2 (i.e., vacuum), and they can be 

calculated from, 

 𝑟1,2
𝑇𝐸 =

𝑘𝑧1 − 𝑘𝑧2

𝑘𝑧1 + 𝑘𝑧2
 (2-61) 

 𝑟1,2
𝑇𝑀 =

𝜀𝑟2𝑘𝑧1 − 𝜀𝑟1𝑘𝑧2

𝜀𝑟2𝑘𝑧1 + 𝜀𝑟1𝑘𝑧2
 (2-62) 

 𝑡1,2
𝑇𝐸 =

2𝑘𝑧1

𝑘𝑧1 + 𝑘𝑧2
 (2-63) 

 𝑡1,2
𝑇𝑀 =

2𝑛1𝑛2𝑘𝑧1

𝜀𝑟2𝑘𝑧1 + 𝜀𝑟1𝑘𝑧2
 (2-64) 

where 𝑛 is the complex index of refraction, which is the square root of the complex 

dielectric constant from 𝑛 = √𝜀𝑟. 

2.2.4. Radiative Heat Flux between Two Semi-Infinite Bodies 

For the radiative heat flux between two semi-infinite bodies, as presented in 

Figure 2-5, the calculations can be similar to the case of radiative heat flux between two 

slabs; by finding the limit where 𝑡1 → ∞ and 𝑡3 → ∞. Consequently, the transmissivity of 

both slabs will be zero (𝑇1
𝑇𝐸, 𝑇1

𝑇𝑀, 𝑇3
𝑇𝐸, and 𝑇3

𝑇𝑀), and the Fresnel reflection coefficients  

of the interfaces at ±∞ will also be zero (𝑟0,1
𝑇𝐸, 𝑟0,1

𝑇𝑀, 𝑟3,4
𝑇𝐸, and 𝑟3,4

𝑇𝑀). The total radiative 
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heat flux absorbed is the sum of heat flux due to propagating waves 𝑞𝑎𝑏𝑠
𝑝𝑟𝑜𝑝

 and evanescent 

waves 𝑞𝑎𝑏𝑠
𝑒𝑣𝑎𝑛 [36]: 

  𝑞𝑎𝑏𝑠
𝑝𝑟𝑜𝑝

=
Θ(𝜔, 𝑇1)

4𝜋2
∫ ∑

(1 − |𝑟2.1
𝛾

|
2

) (1 − |𝑟2.3
𝛾

|
2

)

|1 − 𝑟2.1
𝛾

𝑟2.3
𝛾

𝑒2𝑖𝑘𝑧2𝑑𝑐|
2

𝛾=𝑇𝐸,𝑇𝑀

𝑘𝑣

𝑘𝜌=0

𝑘𝜌𝑑𝑘𝜌 (2-65) 

 𝑞𝑎𝑏𝑠
𝑒𝑣𝑎𝑛 =

Θ(𝜔, 𝑇1)

𝜋2
∫ ∑

𝐼𝑚(𝑟2.1
𝛾

)𝐼𝑚(𝑟2.3
𝛾

)

|1 − 𝑟2.1
𝛾

𝑟2.3
𝛾

𝑒2𝑖𝑘𝑧2𝑑𝑐|
2

𝛾=𝑇𝐸,𝑇𝑀

∞

𝑘𝜌=𝑘𝑣

𝑒−2𝑘𝑧2
′′ 𝑑𝑐𝑘𝜌𝑑𝑘𝜌 (2-66) 

 

Figure 2-5:Thermal radiation between two semi-infinite bodies separated by vacuum 
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Chapter 3: Thermal Calculator 

The contents of this chapter have previously appeared in the following 

publication:  

Hamed, A., Elzouka, M., and Ndao, S., 2019, “Thermal Calculator,” International Journal 

of Heat and Mass Transfer, 134, p. 359-365. 

Mahmoud Elzouka contributed in the mathematical modeling of the near-field 

thermal radiation 

3.1. Abstract 

Thermal computing is a promising alternative to electronics which typically fail in 

harsh environments such as high temperatures and ionizing radiation. In this work, we 

built and simulated a thermal calculator based on thermal logic gates that can perform 

similar operations as their electronic counterparts. We present the design and modeling of 

thermal AND, OR, and NOT logic gates, achieved through the coupling between near-

field thermal radiation and MEMS thermal actuation. In the process, we also developed 

two novel non-linear thermal expansion designs of microstructured chevron beams.  

These results are significant breakthroughs in the field of thermal computational science 

and technology as they demonstrate thermal computing at high temperatures based on 

demonstrated and easy to manufacture NanoThermoMechanical diodes and transistors. 

3.2. Introduction 

Limited performance and reliability of electronic devices at extreme temperatures, 

intensive electromagnetic fields, and radiation found in space exploration missions (i.e., 

Venus & Jupiter planetary exploration, and heliophysics missions) and earth-based 

applications require the development of alternative computing technologies. In the 
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pursuit of alternative technologies, research efforts have looked into developing thermal 

memory and logic devices that use heat instead of electricity to perform computations.  

Our group has experimentally demonstrated the world’s first high-temperature thermal 

rectifier through near-field thermal radiation [19]. However, a rectifier is just one piece of 

the puzzle. Modern integrated electronic logic circuits are constructed from nonlinear and 

switchable electronic elements such as transistors, diodes, and switches. Similarly, 

thermal circuits will require nonlinear thermal components such as thermal diodes and 

transistors such as the ones proposed in the present work. 

Any computational task can be broken down into a series of simple logic 

operations performed by logic gates. The basic logic gates, which are the building blocks 

for any logic circuit, are the AND, OR, and NOT gates. Logic states (i.e., input and 

output states) used in computational operations can take one of two values, namely, High 

or Low. The more contrast there is between the high and low values, the more robust a 

logic system is. Logic circuits work on the basis of current flow control using, for 

example, preferential flow resistance elements called diodes. Diodes are devices which 

allow current to pass in one direction (called the diode's forward direction), while 

blocking it in the opposite direction (the reverse direction). In an electrical circuit, logic 

states are 1 and 0 and the current is the flow of electric charges. In a thermal circuit, 1 

corresponds to the high temperature (𝑇𝑚𝑎𝑥) and 0 corresponds to the low temperature 

(𝑇𝑚𝑖𝑛), while the current is represented by the heat flow. 

Many designs have been proposed to realize thermal diodes, switches, transistors, 

and thermal logic gates [1] [2] [3]. Taking advantage of the non-linear behavior of the 

temperature / phase dependent thermal conductivity of certain materials, researchers have 
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successfully demonstrated thermal switches and regulators. Of particular interest is the 

use of materials such as 𝑉𝑂2 [4], 𝐺𝑒2𝑆𝑏2𝑇𝑒5 [5] [6], hexadecane/graphite composite 

materials [7], graphene [8], and 𝑃𝑏(𝑍𝑟, 𝑇𝑖)𝑂3 ferroelectric [9]. Tailoring heat conduction 

through solid/solid and solid/liquid physical contact has also been proposed to achieve 

thermal switches and regulators [10] [11]. Beside conduction, convection heat transfer 

mechanisms have been employed to emulate thermal switches and regulators; these 

include jumping water droplets on superhydrophobic and superhydrophilic surfaces [12], 

electrowetting [13] [14], and electric field assisted evaporation [15]. Thermal radiation 

[19] [16] [17] [18] [20] [37], on the other hand, seems to be the most promising 

approach; however most of the current proposed thermal devices are limited to a small 

operating temperature range or specific materials.  Clearly, there is enough challenge 

already in developing individual thermal rectifiers or diodes, seemingly making illusive 

the realization of an operating thermal logic circuit. This may have been true until now, 

as we show in this chapter the design and modeling of a full thermal adder which works 

over a wide range of high temperatures and with virtually any material.  This new 

development is an extension of our Near-Field Thermal Radiation (NFTR) based 

NanoThermoMechanical diode [19]. Here, we extend the concept to design thermal logic 

AND, OR, and NOT gates. We show the stability of NanoThermoMechanical logic gates 

and their ability to be clustered and used in a full thermal logic operator to perform 

complex operations. 

3.3. Mathematical Modeling of the Near-Field Thermal Radiation 

Near-field thermal radiation is a mode of transferring heat via thermal radiation 

between two surfaces, which occurs when the vacuum gap separating them becomes 
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comparable to the radiation wavelength. The NFTR between two planar surfaces is 

calculated using the following formalism [38, 39]: 

 𝑄1→2(𝑇1, 𝑇2, 𝐿) =  ∫
𝑑𝜔

2𝜋
[Θ(𝜔, 𝑇1) − Θ(𝜔, 𝑇2)]𝜏1→2(𝜔, 𝐿)

∞

0

 (3-1) 

 
Θ(𝜔, 𝑇) =

ℏ𝜔

exp (
ℏ𝜔
𝑘𝑏𝑇

) − 1
        

(3-2) 

where Θ(𝜔, 𝑇) is the energy of harmonic oscillatoar at frequency 𝜔 and temperature 𝑇, ℏ 

is the circular Planck’s constant, 𝑘𝑏 is the Boltzmann constant, and 𝜏1→2(𝜔, 𝐿) is the 

spectral transmissivity in radiative transfer between the two planar surfaces separated by 

𝐿. The spectral transmissivity is given by, 

 𝜏1→2(𝜔, 𝐿) =  ∫
𝑘𝑝𝑑𝑘𝑝

2𝜋
𝜉(𝜔, 𝑘𝑝)

∞

0

 (3-3) 

where 𝑘𝑝 is the parallel component of the wavevector and 𝜉(𝜔, 𝑘𝑝) is the energy 

transmission coefficient, and it is defined by equation (3-4) for propagating waves and 

(3-5) for evanescent waves: 

 𝜉(𝜔, 𝑘𝑝 ≤ 𝜔 𝑐⁄ ) = ∑
(1 − |�̃�1

(𝜇)
|

2

) (1 − |�̃�2
(𝜇)

|
2

)

|1 − �̃�1
(𝜇)

�̃�2
(𝜇)

𝑒2𝑗𝑘𝑧𝐿|
2

𝜇=𝑠,𝑝

 (3-4) 

 𝜉(𝜔, 𝑘𝑝 > 𝜔 𝑐⁄ ) = ∑
4𝐼𝑚 (�̃�1

(𝜇)
) 𝐼𝑚 (�̃�2

(𝜇)
) 𝑒−2|𝑘𝑧|𝐿

|1 − �̃�1
(𝜇)

�̃�2
(𝜇)

𝑒−2|𝑘𝑧|𝐿|
2

𝜇=𝑠,𝑝

 (3-5) 

where �̃�1
(𝜇)

 and �̃�2
(𝜇)

 are polarization dependent reflection coefficients of the two half 

spaces, 𝜇 = 𝑠 (or 𝑝) refers to transverse electric (or magnetic) polarization, and 𝑘𝑧 is the 

z-component of the wavevector in vacuum, where z is the direction normal to the two 

planar surfaces. Using a gold surface as an example, the dielectric function for the gold 
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follows the Drude model given by ε(𝜔) = 𝜀∞ −
𝜔𝑝

2 

ω2−𝑗𝜔Γ
, where 𝜔𝑝 = 9 [𝑒𝑉] =

1.3673𝑒 + 16 [𝑟𝑎𝑑 𝑠⁄ ] is the plasma frequency, Γ = 35 [𝑒𝑉] = 5.3174𝑒 + 13[𝑟𝑎𝑑 𝑠⁄ ] 

is the collision frequency or frictional coefficient, and 𝜀∞ = 1. Figure 3-1 shows the net 

radiative heat transfer between two gold surfaces as a function of a separation gap. As 

can be seen from the figure, NFTR’s intensity has an accelerated increase with decreasing 

a separation gap. The increased NFTR intensity results from the tunneling of the 

evanescent surface waves between the two surfaces at separation gaps below 0.5 𝜇𝑚 

[40].  

 

Figure 3-1: Effect of the separation distance between two gold terminals on the net 

radiative heat transfer. 

3.4. Thermal Diode 

As mentioned herein-before, diodes are the building blocks of logic gates. To 

create a thermal diode, we need to control the resistance of heat flow in response to heat 

flow direction. In our previous work [19], we achieved rectification through the coupling 

between NFTR and the size of a micro/nano gap separating two terminals engineered 

(e.g., MEMS thermal expansion) to be a function of heat flow direction. As shown in 
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Figure 3-2, the thermal diode consists of two terminals (upper and lower). Initially, both 

terminals are at low temperatures, 𝑇𝑚𝑖𝑛, separated by a spacing, 𝑑𝑖𝑛𝑖, large enough to 

suppress any near-field radiative heat transfer. The gap also remains the same as both 

terminals are set to 𝑇𝑚𝑎𝑥. In the forward bias, the upper and lower terminal temperatures 

are set to 𝑇𝑚𝑎𝑥 and 𝑇𝑚𝑖𝑛, respectively. This causes the upper terminal to move 

downward, effectively reducing the separation gap and significantly increasing the heat 

transfer rate through NFTR. By reversing the heat flow direction and by switching the 

temperatures of the terminals (i.e., reverse bias), the terminals move farther apart from 

each other and therefore reduce the heat transfer rate, effectively achieving thermal 

rectification. 

 

Figure 3-2: Schematic drawing of a NFTR thermal diode. 

3.5. NanoThermoMechanical AND Logic Gate 

Using the thermal diode described above, thermal logic gates can be built. Figure 

3-9 shows the analogy between electronic and thermal logic AND gates based on diodes. 

A Simple logic AND gate takes two logic inputs, A and B, and returns an output C. 

Based on the AND gate ‘truth table’, the gate output is 1 (i.e., 𝑇𝑚𝑎𝑥 for the thermal gate) 

only if both inputs are 1’s (𝑇𝑚𝑎𝑥), otherwise it will return an output as 0 ( 𝑇𝑚𝑖𝑛). The 
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electrical resistance between the source (i.e., the heat source in a thermal gate) and the 

output terminal C is analogous to a conductive resistance.  

 

Figure 3-3: Analogy between electronic and thermal logic AND gates. 

Based on the fore mentioned principles, a thermal AND gate is constructed using 

a combination of two thermal diodes and a fixed-value conduction thermal resistance as 

shown in Figure 3-4. The upper terminals of the two thermal diodes are connected 

together to a fixed conductive resistance (i.e., solid beams with tailored thermal 

conductance) which is connected to the heat source. The temperature of each of the lower 

terminals of the thermal diodes can be controlled independently by choosing to connect 

the terminals to either the heat source (𝑇𝑚𝑎𝑥) or the heat sink (𝑇𝑚𝑖𝑛). The temperature of 

the output terminal C is a result of the heat balance between the inward heat flow from 

the heat source and the outward heat flows to the lower input terminals (A and B). The 

heat balance at C is given by: 

 𝑄𝑐𝑜𝑛𝑑,𝑆→𝐶 = 𝑄𝑟𝑎𝑑,𝐶→𝐴 + 𝑄𝑟𝑎𝑑,𝐶→𝐵 (3-6) 

 
𝑇𝐶 = 𝑇𝑚𝑎𝑥 −

(𝑄′′
𝑟𝑎𝑑,𝐶→𝐴 + 𝑄′′

𝑟𝑎𝑑,𝐶→𝐵)

𝑘𝐴𝑐𝑜𝑛𝑑

𝐿𝐴𝑟𝑎𝑑

 
(3-7) 

where  
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 𝑄𝑐𝑜𝑛𝑑,𝑆→𝐶 =
𝑘𝐴𝑐𝑜𝑛𝑑

𝐿
(𝑇𝑚𝑎𝑥 − 𝑇𝐶) (3-8) 

 𝑄′′
𝑟𝑎𝑑,𝐶→𝐴

(𝑇𝐶 , 𝑇𝐴, ∆𝐶𝐴)

=  ∫
𝑑𝜔

2𝜋
[Θ(𝜔, 𝑇𝐶) − Θ(𝜔, 𝑇𝐴)]𝜏𝐶→𝐴(𝜔, ∆𝐶𝐴)

∞

0

 

(3-9) 

 𝑄′′
𝑟𝑎𝑑,𝐶→𝐵

(𝑇𝐶 , 𝑇𝐵, ∆𝐶𝐵)

=  ∫
𝑑𝜔

2𝜋
[Θ(𝜔, 𝑇𝐶) − Θ(𝜔, 𝑇𝐵)]𝜏𝐶→𝐵(𝜔, ∆𝐶𝐵)

∞

0

 

(3-10) 

where 𝑄𝑐𝑜𝑛𝑑,𝑆→𝐶 is the conductive heat transfer from the heat source to the output 

terminal C; 𝑄𝑟𝑎𝑑,𝐶→𝐴 is the radiative heat transfer between C and A terminals in the first 

thermal diode; 𝑄𝑟𝑎𝑑,𝐶→𝐵 is the radiative heat transfer between C and B terminals in the 

second thermal diode; 𝑘, 𝐴𝑐𝑜𝑛𝑑, and 𝐿 are the thermal conductivity, cross sectional area, 

and length of the rods that connect the heat source and output terminal C, respectively; 

and ∆𝐶𝐴 and ∆𝐶𝐵 are the separation distances between output terminal C and input 

terminals A and B, respectively. 

 

Figure 3-4: Schematic drawing and thermal circuit of the proposed thermal logic AND 

gate by employing the linear (monotonic) thermal expansion of the terminals. 
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Using a linear thermal expansion of silicon V-shaped chevron beams, Figure 3-5 

shows the effect of the 
𝑘𝐴𝑐𝑜𝑛𝑑

𝐿𝐴𝑟𝑎𝑑
 conductance design parameter on the temperature of the 

output terminal C for the three cases of the thermal logic AND gate operated between 

𝑇𝑚𝑎𝑥 = 700 𝐾 and 𝑇𝑚𝑖𝑛 = 600 𝐾. When both inputs are at 𝑇𝑚𝑎𝑥, the output is at 𝑇𝑚𝑎𝑥 as 

expected. However, when one of the inputs is at 𝑇𝑚𝑖𝑛, the temperature of the output 

thermal remains significantly higher than 𝑇𝑚𝑖𝑛. We define the effectiveness, 𝜖, of the 

thermal logic AND gate as, 

 𝜖 =  
𝑇𝑐 −  𝑇𝑚𝑖𝑛

𝑇𝑚𝑎𝑥 −  𝑇𝑚𝑖𝑛
 (3-11) 

An ideal thermal logic AND gate should demonstrate 𝜖 = 0 for all cases except 

when both inputs are at 𝑇𝑚𝑎𝑥, for which case 𝜖 should be ideally equal to 1. The results in 

Figure 3-5 show that the proposed thermal AND gate does not achieve, efficiently (i.e., 

𝜖 =  0.43 when both inputs are at 𝑇𝑚𝑖𝑛), the required output from the gate. Additionally, 

as the conductance between the heat source and the output terminal C increases, the logic 

AND gate deviates further from its truth table. 

 

Figure 3-5: Effect of the conductance parameter on the thermal logic AND gate in the 

case of linear thermal expansion. 
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The reason for the failure to achieve the required functionality of the proposed 

thermal AND gate is the direct result of the heat balance (conduction from source, 

radiation with A, and radiation with B). For example, if 𝑇𝐴 = 𝑇𝑚𝑖𝑛 𝑜𝑟 𝑇𝐵 = 𝑇𝑚𝑖𝑛, we find 

that 𝑇𝐶 < 𝑇𝑚𝑎𝑥, and this is because the separation distance between the diode’s terminals 

C, and A or B, is not at its minimum separation distance to achieve near-field radiation. 

Likewise, if 𝑇𝐴 = 𝑇𝑚𝑎𝑥 𝑜𝑟 𝑇𝐵 = 𝑇𝑚𝑎𝑥, we find that 𝑇𝐶 > 𝑇𝑚𝑖𝑛, and this is because the 

separation distance between the terminals C, and A or B, is not at its maximum 

separation distance to achieve far field radiation. To resolve these two problems, the 

output upper terminal C needs to be at its bottom position when 𝑇𝐴 = 𝑇𝑚𝑖𝑛 𝑜𝑟 𝑇𝐵 = 𝑇𝑚𝑖𝑛, 

regardless of terminal C temperature. In addition, terminals A and B need to be relatively 

far away from terminal C when 𝑇𝐴 = 𝑇𝑚𝑎𝑥 𝑜𝑟 𝑇𝐵 = 𝑇𝑚𝑎𝑥, regardless of terminal C 

temperature. To achieve the above-mentioned characteristics, both upper and lower 

terminals need to be designed to feature non-monotonic thermal expansions. 

Figure 3-6 shows schematic drawings of the modified thermal AND gate at room 

temperature, minimum operating temperature, and maximum operating temperature. The 

upper terminal is designed to feature a reduced (
𝛽

𝛼
< 1) thermal expansion while the 

lower terminals experience amplification (
𝛽

𝛼
> 1) between 𝑇𝑚𝑖𝑛 and 𝑇𝑚𝑎𝑥. We achieved 

the required thermal expansion mechanisms as shown in 

Figure 3-7 using novel and ingenious chevron mechanisms consisting of spring-

assisted reduction and cascading chevrons amplification for the lower and upper 

terminals, respectively. To ensure the structural integrity of the proposed chevron design, 

Finite Element Analysis simulations were carried out using COMSOL Multiphysics® 

over the range of expected operating temperatures. Results of the mechanical stresses for 
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both the upper and lower terminals show that the calculated stresses are safely below the 

mechanical failure limit of the silicon chevrons. Figure 3-8 shows the results for the 

modified thermal logic AND gate using the above described chevron thermal expansion 

profiles. As can be seen from the results, we were able to successfully develop a thermal 

logic AND gate with effectiveness, 𝜖, between 0.01 and 0.1 (for highest studied 

conductance). 

 

Figure 3-6: Schematic drawings of the thermal logic AND gate at different operating 

temperatures with a reducing expansion mechanism for the upper terminal and 

amplification expansion mechanism for the lower terminals. 
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Figure 3-7: The von Mises stresses and displacement as a function of temperature for the 

non-linear thermal expansion mechanisms: (a) the reducing and (b) the amplification 

expansion mechanisms. 

 

Figure 3-8: Effect of the conductance parameter on the modified thermal logic AND gate 

employing a reducing expansion mechanism for the upper terminal and amplification 

expansion mechanism for the lower terminals. 
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3.6. NanoThermoMechanical OR Logic Gate 

 Figure 3-9 shows the analogy between electronic and thermal logic OR gates 

based on diodes. A simple logic OR gate takes two logic inputs, A and B, and returns an 

output C. Based on the OR gate ‘truth table’, the gate output is 1 (i.e., 𝑇𝑚𝑎𝑥 for thermal 

gate) if any of the input terminals is 1 (𝑇𝑚𝑎𝑥), otherwise it will return an output of 0 

( 𝑇𝑚𝑖𝑛). The electrical resistance between the ground (i.e., the heat sink in a thermal gate) 

and the output terminal C is analogous to a conductive resistance. 

 

Figure 3-9: Analogy between electronic and thermal logic OR gates. 

Figure 3-10 shows a thermal OR gate that is constructed using a combination of 

two thermal diodes and a fixed-value conduction thermal resistance. The lower terminals 

of the two thermal diodes are connected together to a fixed conductive resistance (i.e., 

solid beams with tailored thermal conductance), which is connected to the heat sink. The 

temperature of each of the upper terminals (inputs) of the thermal diodes can be 

controlled independently by choosing to connect the terminals to either the heat source 

(𝑇𝑚𝑎𝑥) or the heat sink (𝑇𝑚𝑖𝑛). The upper terminals are designed using a linear thermal 

expansion of silicon V-shaped chevron beams, while the lower terminals are fixed. The 

temperature of the output terminal C is a result of the heat balance between the inward 
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heat flows from the upper input terminals A and B and the outward heat flow to the heat 

sink. The heat balance at C is given by: 

 𝑄𝑐𝑜𝑛𝑑,𝐶→𝑆 = 𝑄𝑟𝑎𝑑,𝐴→𝐶 + 𝑄𝑟𝑎𝑑,𝐵→𝐶 (3-12) 

 
𝑇𝐶 = 𝑇𝑚𝑖𝑛 +

(𝑄′′
𝑟𝑎𝑑,𝐴→𝐶 + 𝑄′′

𝑟𝑎𝑑,𝐵→𝐶)

𝑘𝐴𝑐𝑜𝑛𝑑

𝐿𝐴𝑟𝑎𝑑

 
(3-13) 

where  

 𝑄𝑐𝑜𝑛𝑑,𝐶→𝑆 =
𝑘𝐴𝑐𝑜𝑛𝑑

𝐿
(𝑇𝐶 − 𝑇𝑚𝑖𝑛) (3-14) 

 𝑄′′
𝑟𝑎𝑑,𝐴→𝐶

(𝑇𝐴, 𝑇𝐶 , ∆𝐴𝐶)

=  ∫
𝑑𝜔

2𝜋
[Θ(𝜔, 𝑇𝐴) − Θ(𝜔, 𝑇𝐶)]𝜏𝐴→𝐶(𝜔, ∆𝐴𝐶)

∞

0

 

(3-15) 

 𝑄′′
𝑟𝑎𝑑,𝐵→𝐶

(𝑇𝐵, 𝑇𝐶 , ∆𝐵𝐶)

=  ∫
𝑑𝜔

2𝜋
[Θ(𝜔, 𝑇𝐵) − Θ(𝜔, 𝑇𝐶)]𝜏𝐵→𝐶(𝜔, ∆𝐵𝐶)

∞

0

 

(3-16) 

where 𝑄𝑐𝑜𝑛𝑑,𝐶→𝑆 is the conductive heat transfer from the output terminal C to the heat 

sink, 𝑄𝑟𝑎𝑑,𝐴→𝐶 is the radiative heat transfer between A and C terminals in the first thermal 

diode, 𝑄𝑟𝑎𝑑,𝐵→𝐶 is the radiative heat transfer between B and C terminals in the second 

thermal diode, and ∆𝐴𝐶 and ∆𝐵𝐶 is the separation distance between output terminal C and 

input terminals A and B, respectively. 
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Figure 3-10: Schematic drawing and thermal circuit of the proposed thermal logic OR 

gate. 

Figure 3-11 shows the effect of the 
𝑘𝐴𝑐𝑜𝑛𝑑

𝐿𝐴𝑟𝑎𝑑
 conductance design parameter on the 

temperature of the output terminal C for the three cases of the thermal logic OR gate 

operated between 𝑇𝑚𝑎𝑥 = 700 𝐾 and 𝑇𝑚𝑖𝑛 = 600 𝐾. Based on the effectiveness of the 

thermal logic gate defined in equation (3-11), an ideal thermal logic OR gate should 

demonstrate 𝜖 = 1 for all cases except when both inputs are at 𝑇𝑚𝑖𝑛, for which case 𝜖 

should be ideally equal to 0. The results in Figure 3-11 show that we successfully 

developed a thermal logic OR gate with effectiveness, 𝜖, between 0.97 (for highest 

studied conductance) and 0.995, for the cases when any input is at 𝑇𝑚𝑎𝑥. 
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Figure 3-11: Effect of the conductance parameter on the thermal logic OR gate. 

3.7. NanoThermoMechanical NOT Logic Gate 

The logic NOT gate implements logical negation, which inverts the input signal 

of the gate. Figure 3-12 shows a schematic drawing of the designed thermal NOT gate 

consisting of a heat source supported by silicon V-shaped chevron beams, a fixed heat 

sink, and two silicon V-shaped chevron beams to support the output terminal. These two 

chevrons are at the input temperature; the thermal expansion of the input chevrons is 

based on the input temperature of the thermal NOT gate. The output terminal is 

connected to a fixed conductive resistance, which is connected to the input chevrons. The 

heat balance at the output is given by: 

 𝑄𝑟𝑎𝑑,𝑂→𝐿 = 𝑄𝑐𝑜𝑛𝑑,𝐼→𝑂 + 𝑄𝑟𝑎𝑑,𝐻→𝑂 (3-17) 

 
𝑇𝑂 = 𝑇𝐼 −

(𝑄′′
𝑟𝑎𝑑,𝑂→𝐿 − 𝑄′′

𝑟𝑎𝑑,𝐻→𝑂)

𝑘𝐴𝑐𝑜𝑛𝑑

𝐿𝐴𝑟𝑎𝑑

 
(3-18) 

where  

 𝑄𝑐𝑜𝑛𝑑,𝐼→𝑂 =
𝑘𝐴𝑐𝑜𝑛𝑑

𝐿
(𝑇𝑂 − 𝑇𝐼) (3-19) 
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 𝑄′′
𝑟𝑎𝑑,𝑂→𝐿

(𝑇𝑂, 𝑇𝐿 , ∆𝑂𝐿)

=  ∫
𝑑𝜔

2𝜋
[Θ(𝜔, 𝑇𝑂) − Θ(𝜔, 𝑇𝐿)]𝜏𝑂→𝐿(𝜔, ∆𝑂𝐿)

∞

0

 

(3-20) 

 
𝑄′′

𝑟𝑎𝑑,𝐼→𝑂
(𝑇𝐼 , 𝑇𝑂, ∆𝐼𝑂) =  ∫

𝑑𝜔

2𝜋
[Θ(𝜔, 𝑇𝐼) − Θ(𝜔, 𝑇𝑂)]𝜏𝐼→𝑂(𝜔, ∆𝐼𝑂)

∞

0

 
(3-21) 

where 𝑄𝑐𝑜𝑛𝑑,𝐼→𝑂 is the conductive heat transfer from the input chevrons to the output 

terminals, 𝑄𝑟𝑎𝑑,𝑂→𝐿 is the radiative heat transfer between the output terminal and the heat 

sink, 𝑄𝑟𝑎𝑑,𝐻→𝑂 is the radiative heat transfer between the heat source and the output 

terminal, and ∆𝑂𝐿 and ∆𝐼𝑂 are the separation distances between the output terminal and 

the heat sink and source, respectively. 

 

Figure 3-12: Schematic drawing and thermal circuit of the proposed thermal logic NOT 

gate. 

Figure 3-13 shows the effect of the 
𝑘𝐴𝑐𝑜𝑛𝑑

𝐿𝐴𝑟𝑎𝑑
 conductance design parameter on the 

temperature of the output terminal for the two cases of the thermal logic NOT gate 

operated between 𝑇𝑚𝑎𝑥 = 700 𝐾 and 𝑇𝑚𝑖𝑛 = 600 𝐾. An ideal thermal logic NOT gate 

should demonstrate 𝜖 = 1 when the input is at 𝑇𝑚𝑖𝑛, and 𝜖 = 0 when the input is at 𝑇𝑚𝑎𝑥. 

The results in Figure 3-13 show that we successfully developed a thermal logic NOT gate 
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with effectiveness, 𝜖, between 0 and 0.03, when the input is at 𝑇𝑚𝑎𝑥, and 𝜖 between 0.97 

and 1, when the input is at 𝑇𝑚𝑖𝑛. 

 

Figure 3-13: Effect of the conductance parameter on the thermal logic NOT gate. 

3.8. NanoThermoMechanical Calculator 

The successful design of basic thermal logic gates (i.e., AND, OR, and NOT 

gates) paves the way to develop full thermal logic circuits. Here, we present the design 

and simulation of a thermal calculator based on binary mathematical computations. The 

basis of the binary mathematical computations is the full adder, whose inputs are two 

binary bits and a carry-in bit, and its outputs are a sum bit and carry-out bit. Figure 3-14 

shows the schematic drawing of the designed thermal full adder, which is a combination 

of AND, OR and XOR gates. Table 1 shows the results of creating a thermal full adder 

based on 𝑇𝑚𝑎𝑥 = 700 𝐾, 𝑇𝑚𝑖𝑛 = 600 𝐾 and a conductance parameter of 1 𝑊/𝑚2. 𝐾; the 

table compares the results with an ideal full adder. By determining the high and low logic 

states by specified thresholds, ‘high’ state represents 𝑇 > 𝑇𝑚𝑎𝑥 − 0.25(𝑇𝑚𝑎𝑥 − 𝑇𝑚𝑖𝑛) and 

‘low’ state represents 𝑇 < 𝑇𝑚𝑖𝑛 + 0.25(𝑇𝑚𝑎𝑥 − 𝑇𝑚𝑖𝑛). Table 3-1 indicates the successful 

development of the thermal adder. 
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Figure 3-14: Schematic drawing of the thermal full adder. 

Table 3-1: The ‘Truth Table’ for an electrical and a thermal full adder; units of 

temperatures are in degree Kelvin. 

Electrical full adder Thermal full adder 

𝑨 𝐵 𝐶𝑖𝑛 𝑆𝑈𝑀 𝐶𝑜𝑢𝑡 𝐴 𝐵 𝐶𝑖𝑛 𝑆𝑈𝑀 𝐶𝑜𝑢𝑡 

0 0 0 0 0 600 600 600 603.4 600.7 

0 0 1 1 0 600 600 700 690.2 601.8 

0 1 0 1 0 600 700 600 696.2 601.5 

0 1 1 0 1 600 700 700 603.1 698.0 

1 0 0 1 0 700 600 600 696.2 601.5 

1 0 1 0 1 700 600 700 603.1 698.0 

1 1 0 0 1 700 700 600 603.5 699.5 

1 1 1 1 1 700 700 700 688.0 699.5 
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Next, we developed a thermal calculator to perform the addition of two decimal 

numbers. Figure 3-15 shows a schematic drawing of the full thermal calulator performing 

the addition of 154 and 433. These decimal numbers are first converted to thermal 

binaries (i.e., 1 ≡ High temperature or H; 0 ≡ Low temperature or L) resulting in 

HLLHHLHL and HHLHHLLLH thermal binary numbers, respectively [41]. The sum of 

these two thermal binary numbers is the thermal binary number HLLHLLHLHH 

(1001001011), which is equivalent to decimal number 587.  

 

Figure 3-15: Schematic drawing of the NanoThermoMechanical calculator including a 

series of thermal full adders. 

3.9. Conclusions 

In this chapter, we introduced the basic building blocks of the thermal 

computation technology. We introduced the design and modeling of 

NanoThermoMechanical AND, OR and NOT logic gates achieved through the coupling 
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between near-field thermal radiation and MEMS thermal actuation. In the process, 

NanoThermoMechanical AND logic gate requires nonlinearity in the terminals’ thermal 

displacement. We introduced the design of the two non-linear mechanisms using novel 

and ingenious chevron mechanisms consisting of spring-assisted reduction and cascading 

chevrons amplification for the output and the input terminals, respectively. The 

successful design of the basic thermal logic gates, which paves the way to develop full 

thermal logic circuits (i.e., thermal calculator). The results are significant breakthroughs 

in thermal computing science & technology as they demonstrate thermal computing at 

high temperatures based on demonstrated and easy to manufacture 

NanoThermoMechanical diodes and transistors. 
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Chapter 4: Nonlinear Thermal Expansion of MEMS 

Chevron  

The contents of this chapter have been submitted for publication in Journal of 

MicroElectroMechanical Systems. 

4.1. Abstract 

Today’s electronics cannot perform in harsh environments (e.g., elevated 

temperatures and ionizing radiation environments) found in many engineering 

applications. Thermal computing, data processing based on heat instead of electricity, is 

proposed as a practical alternative and opens a new scientific area at the interface between 

thermal and computational sciences. Previously, we presented the design and modeling of 

a NanoThermoMechanical AND logic gate, achieved through the coupling between near-

field thermal radiation and MEMS thermal actuation [42]. In the process, we developed 

two novel non-linear thermal expansion designs of microstructure silicon V-shaped 

chevron beams which were required to achieve the desired thermal AND gate operation. 

In this work, we introduce the design, fabrication, and characterization of the two non-

linear mechanisms using novel and ingenious chevron mechanisms consisting of spring-

assisted reduction and cascading chevrons amplification for the reducing and the 

amplification mechanisms, respectively. The results show non-linearity can be achieved 

successfully through demonstrated and easy-to-manufacture chevron mechanisms. 

4.2. Introduction 

Many engineering applications performed in harsh environments, such as intensive 

electromagnetic fields, radiation found in space exploration missions (i.e., Venus & Jupiter 
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planetary exploration, and heliophysics missions), and earth-based applications, require the 

development of alternative computing technologies. Developing thermal logic devices that 

use heat instead of electricity to perform computations is proposed as a practical solution. 

Our research group invented a thermal rectifier through the coupling of near-field thermal 

radiation (NFTR) in a vacuum and thermal actuation of a V-shaped (chevron beams) 

actuator [19]. The NFTR transfers heat via thermal radiation between two surfaces 

separated by a very small vacuum gap (i.e., comparable to the radiation wavelength). 

NFTR’s intensity exponentially increases with a decreasing separation gap. The increased 

NFTR intensity results from the tunneling of the evanescent surface waves between the 

two surfaces at separation gaps below 0.5 𝜇𝑚 [42]. We extended this concept to build and 

simulate a thermal calculator based on NanoThermoMechanical logic gates that can 

perform similar operations as their electronic counterparts, achieved through the coupling 

between near-field thermal radiation and MEMS thermal actuation. In the process, we 

developed two novel non-linear thermal expansion designs of microstructured chevron 

beams: the reducing and the amplification expansion mechanisms [42]. 

Thermal actuators have been demonstrated to be compact, stable, producing large 

actuation force, requiring low operating voltage, simple in design and integration, and 

easily microfabricated [43] [44]. Hence in the field of microelectromechanical systems 

(MEMS), thermal actuators have been used in applications such as micro grippers [45] [46] 

[47] [48] [49] [50] [51] [52], switches [53] [54] [55], relays [56], resonators [57], chemical 

[58] and physical [59] sensors, nanopositioners [60], in-situ microscopy [61] [62] , and 

thermal rectifier [19].  Thermal actuation is based on thermal expansion due to applying 

heat to the actuator, so the strain in the actuator is transduced to mechanical displacement 
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by the structure and configuration of the thermal actuator. Many configurations have been 

proposed in the literature, these include U-shape [56] [63] [64] [65], V-shape [19] [43] [51] 

[53] [54] [55] [60] [62] [66] [67], Z-shape [44] [68] [69], and compliant actuators [70] 

[71]. 

Non-linearity in actuation of MEMS devices are essential in many applications, 

such as a self-regulating valve at certain temperatures [70], bandwidth-tolerant vibration 

energy harvesting [72], and an electrostatic kinetic energy harvester [73]. Hence, various 

studies have introduced nonlinear actuators in a variety of configurations such as: thermal 

buckling of nickel beams [70], and nonlinear or softening springs [72] [73] [74]. Our non-

linear thermal expansion mechanisms were achieved using novel and ingenious chevron 

mechanisms consisting of spring-assisted reduction and cascading chevrons amplification. 

In this chapter, we introduce the design, fabrication, and characterization of these two novel 

non-linear thermal expansion mechanisms. The results demonstrate the capability of 

achieving non-linear expansion based on easy-to-design and easy-to-manufacture 

microstructured chevron beams. In addition, the microstructures can be tailored to achieve 

non-linearity with different degrees and at different desired conditions. 

4.3. Design and Modeling 

Based on the concept of coupling NFTR and thermal actuation of a chevron beam 

actuator, a thermal AND gate can be constructed using a combination of two thermal diodes 

and a fixed-value conduction thermal resistance (i.e., solid beams with tailored thermal 

conductance) as shown in Figure 4-1 [42]. The upper terminals (output) of the two thermal 

diodes are connected together to a fixed conductive resistance, which is connected to the 

heat source. Consequently, the temperature of the output terminal C is a result of the heat 
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balance between the inward conduction heat flow from the heat source (𝑄𝑐𝑜𝑛𝑑) and the 

outward radiation heat flows (𝑄𝑟𝑎𝑑,𝑁𝐹 𝑜𝑟 𝑄𝑟𝑎𝑑,𝐹𝐹) to the lower input terminals (A and B). 

To achieve the required functionality of the AND gate, output upper terminal C needs to 

be at its bottom position when 𝑇𝐴 = 𝑇𝑚𝑖𝑛 𝑜𝑟 𝑇𝐵 = 𝑇𝑚𝑖𝑛, regardless the temperature of 

terminal C, to achieve the minimum separation distance between terminals (i.e., near-field 

thermal radiation). In addition, terminals A and B need to be separated by large enough gap 

from terminal C (i.e., far-field thermal radiation) when 𝑇𝐴 = 𝑇𝑚𝑎𝑥 𝑜𝑟 𝑇𝐵 = 𝑇𝑚𝑎𝑥, 

regardless the temperature of terminal C. In other words, nonlinearity in the terminals’ 

thermal displacement is required. The upper terminal (output) of the thermal AND gate 

must feature a reducing (
𝛽

𝛼
< 1) thermal expansion while the lower terminals (inputs) must 

experience amplification (
𝛽

𝛼
> 1) as illustrated in the ideal schematic shown in Figure 4-1. 

𝛼 represents the displacement rate of the terminal between 𝑇𝑟𝑜𝑜𝑚 and 𝑇𝑚𝑖𝑛, and 𝛽 is the 

displacement rate of the terminal between 𝑇𝑚𝑖𝑛 and 𝑇𝑚𝑎𝑥. 

 

Figure 4-1: Schematic drawing of the thermal AND logic gate with reducing expansion 

mechanism for the upper terminal and amplification expansion mechanism for the lower 

terminals. 
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The reducing mechanism can be achieved by spring-assisted chevron beams. The 

terminal surface is connected to the chevron beams and separated by a small gap from a 

spring-loaded stopper. Through initial heating, the terminal surface is displaced downwards 

with a certain expansion rate 𝛼 due to the thermal expansion of the chevron beams. Further 

heating to a certain designed temperature, the chevron comes in contact with the spring-

loaded structure which reduces the expansion rate of the terminal surface to 𝛽 (𝛽 < 𝛼) 

proportional to the spring constant and effectively achieving the desired reducing 

mechanism. As for the amplification mechanism, it can be achieved via two interlocked 

cascading chevrons with different arm lengths and separated by a small gap. The terminal 

surface is connected to the short arms chevron. Through heating, the terminal surface is 

displaced downwards with a certain expansion rate 𝛼, smaller than the expansion rate of 

the long arms chevron. Further heating to a certain designed temperature causes the two 

chevrons to interlock and for the terminal surface to expand at a higher rate 𝛽, (𝛽 > 𝛼), 

effectively achieving the desired amplification mechanism. 

To ensure the structural integrity of the proposed silicon-based chevron design, 

finite element analysis simulations are carried out using COMSOL Multiphysics® over 

the range of expected operating temperatures. A solid mechanics model and heat transfer 

model are coupled to solve for von Mises stresses, temperature distribution, and 

mechanical displacements. The Solid mechanics interface is based on solving the 

equations of motion together with a constitutive model for a solid material. In our case of 

considering the geometric nonlinearity, the second Piola-Kirchhoff stress tensor and the 

Green-Lagrange strain tensor are used. The equation of motion can be written in the 

following form: 
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 0 = 𝑭𝑉 + ∇. 𝐹𝑆 (4-1) 

where 𝑭𝑉 is a body force with components in the current configuration “the body force is 

given with respect to the undeformed volume; the gradient operator is taken with respect 

to the material coordinates”, 𝐹 is the deformation gradient, and 𝑆 is the second Piola-

Kirchhoff stress tensor. Hook’s law relates the stress tensor to the elastic strain tensor 

using this constitutive equation: 

 𝑆 = 𝑆𝑒𝑥 + 𝐶: 𝜀𝑒𝑙 = 𝑆𝑒𝑥 + 𝐶: (𝜀 − 𝜀𝑖𝑛𝑒𝑙) (4-2) 

where 𝑆𝑒𝑥 is the extra stress contribution from initial stresses and viscoelastic stresses, 𝐶 

is the 4th order elasticity tensor, ": " stands for the double dot tensor product, and 𝜀𝑒𝑙 is the 

elastic strain: the difference between the total strain 𝜀 and the inelastic strains 𝜀𝑖𝑛𝑒𝑙. The 

strains are related to the gradients of the displacements as the following: 

 𝜀 =
1

2
[(∇𝐮)𝑇 + ∇𝐮 + (∇𝐮)𝑇∇𝐮] (4-3) 

The detailed temperature distribution through the numerical domain is solved by 

using this governing equation: 

 −∇. 𝑘(𝑇)∇𝑇 = 𝑄 (4-4) 

where 𝑘 is the material thermal conductivity and 𝑄 is a heat source or sink. Constant 

temperature boundary conditions are considered for the fixed supports (base temperature) 

and the chevron beams. To consider the thermal expansion in the microstructured 

chevron beams, the coupling between the heat transfer and solid mechanics models 

happens through the thermal strain equation: 

 𝜀𝑡ℎ = 𝛼(𝑇 − 𝑇𝑟𝑒𝑓) (4-5) 
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where α is the coefficient of the thermal expansion, 𝑇 is the actual temperature, and 𝑇𝑟𝑒𝑓 

is the strain reference temperature. Figure 4-2 shows the results of the numerical 

simulations along with computational domain and boundary conditions. As shown on the 

plots, reducing and amplification Non-linear thermal expansion mechanisms are 

achieved. The non-linear thermal expansion ratio 
𝛽

𝛼
 for the reducing and the amplification 

mechanisms are 0.39 and 2.94, respectively. Results of the mechanical von Mises stresses 

for both mechanisms are plotted on insets of Figure 4-2.  It was found that in both cases, 

calculated stresses are safely below the mechanical failure limit of the silicon chevrons. 

 

Figure 4-2: The von Mises stresses and displacement as a function of temperature for the 

non-linear thermal expansion mechanisms: (a) the reducing and (b) the amplification 

expansion mechanisms. 



62 
 

4.4. Microfabrication Process 

The proposed microdevices were fabricated using cleanroom standard 

microfabrication techniques starting with a four-inch-diameter <100> silicon on insulator 

(SOI) wafer. The SOI wafer consisted of a 400-μm thick handle silicon substrate, a 1-μm 

thick buried silicon dioxide layer, and a 20-μm thick boron-doped silicon device layer. 

Figure 4-3 shows the steps of the process flow adopted for the fabrication of the non-linear 

thermal expansion mechanisms; in addition, the figure presents schematic of the proposed 

microdevices including fabricated dimensions. Following a cleaning step of the wafers, a 

0.5-μm thick silicon dioxide film (acting as an electrical insulator) was thermally grown 

by wet oxidation in a furnace at 1100 C° (Figure 4-3b) on both sides of the wafer. On the 

substrate’s backside, an additional 3-μm thick film of silicon dioxide was deposited via 

plasma-enhanced chemical vapor deposition (PECVD) to serve as an etching mask in 

subsequent backside etch steps. The microheaters (200-nm thick platinum and 10-nm thick 

tantalum as adhesion layer) were formed on top of the device layer using lift-off and E-

beam evaporation as shown in Figure 4-3c. Following the formation of the microheaters, 

the suspended structures (Figure 4-3d), were formed through steps of reactive ion etching 

(to remove the 0.5-μm thick thermal silicon dioxide layer) and deep reactive ion etching of 

the silicon device layer. To release the final structures, backside etching was performed on 

the silicon dioxide, the silicon handle wafer, then the buried oxide (Figure 4-3e). 
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Figure 4-3: Fabrication steps and schematic of the two non-linear thermal expansion 

mechanisms: (a) the reducing and (b) the amplification expansion mechanisms. 

Figure 4-4 shows the successful microfabrication of the proposed reducing and the 

amplification mechanisms. 

 

Figure 4-4: SEM images of the micro-structured thermal logic AND gate: a) the reducing 

and b) the amplification mechanism. 
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4.5. Experimental Procedure and Measurements 

The non-linear thermal expansion mechanisms characterization and temperature 

measurements were performed inside a vacuum probe station at vacuum levels below 10−5 

mbar; this eliminated convection and conduction heat losses. The platinum microheaters 

patterned on the chevron beams and terminals of the mechanisms were powered 

independently via two source-meter units (Keithley 2602 B and Keithley 2611 B). The 

microstructures’ temperatures were determined from knowing the electrical resistance of 

the microheaters through a careful temperature coefficient of resistance (TCR) calibration. 

To acquire a stable TCR relationship, we annealed the microheaters many times by setting 

the chuck temperature to 750 K and supplying the maximum allowable current to the 

microheaters. The TCR calibration was carried out by varying the temperature of the chuck 

(which holds the microdevice inside the vacuum chamber) from room temperature to 750 

K and measuring the corresponding microheaters’ electrical resistances. Then, the 

resistance of each microheater was fitted to the corresponding temperature using a 

quadratic relationship [75]. The TCR measurements and relationships for both 

mechanisms’ microheaters are shown in Figure 4-5. 

 

Figure 4-5: TCR calibration for the microheaters of: a) the reducing and b) the 

amplification mechanisms. 
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In the experiments, electrical current was supplied gradually through the 

microheaters over the mechanisms by steps of 0.1 or 0.25 𝑚𝐴. The voltage, resistance, and 

dissipated power of the microheaters were measured at each step of supplied current. 

According to the technique published by Moffat [76] and based on the datasheet documents 

of the source-meters [77] [78], the uncertainties in the voltage, current, resistance, and 

dissipated power were estimated at the range of 0.05-0.06 𝑉, 0.6-0.7 𝜇𝐴, 18-248 Ω, and 

0.001-0.5 𝑚𝑊, respectively. In addition, at each step, the displacement of the mechanisms 

was estimated by tracking their motions using the optical microscope attached to the 

vacuum probe station. The images captured by the microscope were analyzed using 

MATLAB to estimate the terminals’ relative displacements. Due to the high electric 

resistances of the heaters, the experiments were performed at high chuck temperatures; this 

helped to reduce the required power to actuate the mechanisms. Figure 4-6 presents the 

motion evolution of the non-linear expansion mechanisms ((a) the spring-assisted 

reduction and (b) the cascading chevrons amplification) with increasing microstructure 

temperature. By increasing the supplied current, the temperature of the reducing 

mechanism increases, so the chevron beams are displaced downwards; the gap reduces. At 

a temperature of 861 K, the gap vanishes and the spring-assisted structure presence results 

in reducing the thermal expansion rate of the beams and that of the terminal surfaces as 

well. For the amplification mechanism, the initial increase of temperature results in 

displacing the short and long beams downwards, where the long beams are displaced by 

higher expansion rate; the gap reduces. Consequently, at a temperature of 873 K, the gap 

vanishes, and the interlocking of cascading structures results in magnifying the thermal 

expansion rate of the short beams and that of the terminal surfaces as well. 
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Figure 4-6: The motion evolution of the non-linear expansion mechanisms over the range 

of the operating temperatures: a) the spring-assisted reduction and b) the cascading 

chevrons amplification mechanisms. 

In Figure 4-7, the relative displacements of the terminal surfaces (circled in the 

inset) are plotted as a function of temperature. The results show that we achieved 

experimentally non-linearity ratios of thermal expansion  
𝛽

𝛼
 of 0.36 and 3.06 for the 

reducing and the amplification mechanisms, respectively. It is worth mentioning that 

parameters such as the beams lengths and chevron angles and the initial gaps can be tailored 

to achieve a specific non-linearity ratio (
𝛽

𝛼
) or temperature threshold (i.e., temperature at 

which displacement slope begins to change). 
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Figure 4-7: The relative displacement of both the non-linear expansion mechanisms over 

the range of the operating temperature: a) the reducing and b) the amplification 

mechanisms. 

4.6. Conclusions 

In this chapter, we presented the design, modeling, fabrication, and 

characterization of two novel non-linear thermal expansion designs of microstructure 
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silicon V-shaped chevron beams. The desired non-linearities of the mechanisms were 

achieved using easy-to-fabricate chevron mechanisms consisting of spring-assisted 

reduction and cascading chevrons amplification. The success in achieving the desired 

non-linearities of the expansion mechanisms enables the fabrication of the thermal AND 

gate with high effectiveness; hence, paving the path for the eventual realization of 

thermal computing. 
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Chapter 5: NanoThermoMechanical AND and OR Logic 

Gates 

The contents of this chapter will be submitted for publication in Nature Scientific 

Reports. 

5.1. Abstract 

Today’s electronics cannot perform in harsh environments (e.g., elevated 

temperatures and ionizing radiation environments) found in many engineering 

applications. Based on the coupling between near-field thermal radiation and MEMS 

thermal actuation, we presented the design and modeling of NanoThermoMechanical 

AND, OR, and NOT logic gates, and we showed their ability to be combined into a full 

thermal adder to perform complex operations. In this work, we introduce the fabrication 

and characterization of the first ever documented Thermal AND and OR logic gates. The 

results show thermal logic operations can be achieved successfully through demonstrated 

and easy-to-manufacture NanoThermoMechanical logic gates. 

5.2. Introduction 

Today’s electronics have limited performance and reliability in harsh 

environments (e.g., elevated temperatures and ionizing radiation environments) found in 

many engineering applications such as space exploration (e.g., Venus) and geothermal 

energy exploitation deep beneath the earth; consequently, developing alternative 

computing technologies is necessary. Thermal computing, data processing based on heat 

instead of electricity, is proposed as a practical solution and opens a new scientific area at 

the interface between thermal and computational sciences. The traditional linear and 

passive thermal components, such as thermal resistors and capacitors, are not sufficient to 
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introduce an integrated thermal logic circuit. It is needed to realize switchable and 

nonlinear thermal components as their electronic counterparts, which leads to tunable 

thermal control devices and paves the way for thermal computation technology and 

thermal information treatment. 

Many designs have been proposed to realize thermal diodes, switches, transistors, 

and thermal logic gates [1] [2] [3]. Researchers have successfully demonstrated thermal 

switches and regulators by taking advantage of the non-linear behavior of the temperature 

/ phase-dependent thermal conductivity of certain materials [4] [5] [6] [7] [8] [9], 

tailoring heat conduction through solid/solid and solid/liquid physical contact [10] [11], 

and manipulating convection heat transfer mechanisms [12] [13] [14] [15]. Thermal 

radiation [16] [17] [18] [19] [20] [37]on the other hand seems to be the most promising 

approach; however, most of the currently proposed thermal devices are limited to a small 

operating temperature range or specific materials. Clearly, there are enough challenges 

already in developing individual thermal rectifiers or diodes, seemingly making illusive 

the realization of an operating thermal logic circuit. Previously, we built and simulated a 

thermal calculator based on clustered NanoThermoMechanical logic gates that could 

perform similar operations as their electronic counterparts. We presented the design and 

modeling of NanoThermoMechanical AND, OR, and NOT logic gates, achieved through 

the coupling between near-field thermal radiation (NFTR) and MEMS thermal actuation 

[42]. NFTR transfers heat via thermal radiation between two surfaces separated by a very 

small vacuum gap (i.e., comparable to the radiation wavelength). NFTR’s intensity 

increases exponentially with a decreasing separation gap. Based on this design, we 
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present here the fabrication and characterization of the NanoThermoMechanical AND 

and OR logic gates. 

5.3. Design and Methodology 

Based on the concept of coupling NFTR and thermal actuation of a chevron beam 

actuator, thermal AND and OR gates are constructed using a combination of two thermal 

diodes and a fixed-value conduction thermal resistance (i.e., solid beams with tailored 

thermal conductance) as shown in Figure 5-1 [42]. For the AND gate, the upper terminals 

(output) are connected together to a fixed conductive resistance, which is connected to 

the heat source. Consequently, the temperature of the output terminal C is a result of the 

heat balance between the inward conduction heat flow from the heat source (𝑄𝑐𝑜𝑛𝑑) and 

the outward radiation heat flows (𝑄𝑟𝑎𝑑,𝑁𝐹 𝑜𝑟 𝑄𝑟𝑎𝑑,𝐹𝐹) to the lower input terminals (A and 

B). To achieve the required functionality of the AND gate, output upper terminal C needs 

to be at its bottom position when 𝑇𝐴 = 𝑇𝑚𝑖𝑛 𝑜𝑟 𝑇𝐵 = 𝑇𝑚𝑖𝑛, regardless the temperature of 

terminal C, to achieve the minimum separation distance between terminals (i.e., near-

field thermal radiation). In addition, terminals A and B need to be separated by large 

enough gap from terminal C (i.e., far-field thermal radiation) when 𝑇𝐴 = 𝑇𝑚𝑎𝑥 𝑜𝑟 𝑇𝐵 =

𝑇𝑚𝑎𝑥, regardless the temperature of terminal C. In other words, nonlinearity in the 

terminals’ thermal displacement is required. The upper terminal (output) of the thermal 

AND gate must feature a reduced (
𝛽

𝛼
< 1) thermal expansion while the lower terminals 

(inputs) must experience amplification (
𝛽

𝛼
> 1), where 𝛼 is the displacement rate of the 

terminal between 𝑇𝑟𝑜𝑜𝑚 and 𝑇𝑚𝑖𝑛, and 𝛽 is the displacement rate of the terminal between 

𝑇𝑚𝑖𝑛 and 𝑇𝑚𝑎𝑥.  



72 
 

The reducing mechanism can be achieved by spring-assisted chevron beams. The 

terminal surface is connected to the chevron beams and separated by a small gap from a 

spring-loaded stopper. Through initial heating, the terminal surface is displaced 

downwards with a certain expansion rate 𝛼 due to the thermal expansion of the chevron 

beams. Further heating to a certain designed temperature, the chevron comes in contact 

with the spring-loaded structure which reduces the expansion rate of the terminal surface 

to 𝛽 (𝛽 < 𝛼) proportional to the spring constant and effectively achieving the desired 

reducing mechanism. As for the amplification mechanism, it can be achieved via two 

interlocked cascading chevrons with different arm lengths and separated by a small gap. 

The terminal surface is connected to the short arms chevron. Through heating, the 

terminal surface is displaced downwards with a certain expansion rate 𝛼, smaller than the 

expansion rate of the long arms chevron. Further heating to a certain designed 

temperature causes the two chevrons to interlock and for the terminal surface to expand at 

a higher rate 𝛽, (𝛽 > 𝛼), effectively achieving the desired amplification mechanism. 

For the OR gate, the lower terminals (output) are connected together to the heat 

sink through a fixed conductive resistance. Consequently, the temperature of the output 

terminal C is a result of the heat balance between the inward heat flows 

(𝑄𝑟𝑎𝑑,𝑁𝐹 𝑜𝑟 𝑄𝑟𝑎𝑑,𝐹𝐹) from the lower input terminals (A and B) and the outward heat flow 

to the heat sink (𝑄𝑐𝑜𝑛𝑑). The temperature of each of the input terminals can be controlled 

independently by choosing to connect the terminals to either the heat source (𝑇𝑚𝑎𝑥) or the 

heat sink (𝑇𝑚𝑖𝑛). 
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AND 

  

OR 

 

 

Figure 5-1: Schematic drawings of the thermal AND and OR logic gates with the heat 

transfer circuits. 

5.4. Microfabrication Process 

The proposed microdevices were fabricated using cleanroom standard 

microfabrication techniques starting with a four-inch-diameter <100> silicon on insulator 

(SOI) wafer. The SOI wafer consisted of a 400-μm thick handle silicon substrate, a 1-μm 

thick buried silicon dioxide layer, and a 20-μm thick boron-doped silicon device layer. 

Figure 5-3 presents schematic of the proposed microdevices including fabricated 

dimensions. Figure 5-3 shows the steps of the process flow adopted for the fabrication of 
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the NanoThermoMechanical logic gates. Following a cleaning step of the wafers, a 0.5-

μm thick silicon dioxide film (acting as an electrical insulator) was thermally grown by 

wet oxidation in a furnace at 1100 C° (Figure 5-3b) on both sides of the wafer. On the 

substrate’s backside, an additional 3-μm thick film of silicon dioxide was deposited via 

plasma-enhanced chemical vapor deposition (PECVD) to serve as an etching mask in 

subsequent backside etch steps. The microheaters (200-nm thick platinum and 10-nm 

thick tantalum as adhesion layer) were formed on top of the device layer using lift-off and 

E-beam evaporation as shown in Figure 5-3c. Following the formation of the 

microheaters, the suspended structures (Figure 5-3d), were formed through steps of 

reactive ion etching (to remove the 0.5-μm thick thermal silicon dioxide layer) and deep 

reactive ion etching of the silicon device layer. To release the final structures, backside 

etching was performed on the silicon dioxide, the silicon handle wafer, then the buried 

oxide (Figure 5-3e). 
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Figure 5-2: Schematic of the proposed NanoThermoMechanical a) AND and b) OR logic 

gates. 

 

Figure 5-3: Microfabrication steps of the NanoThermoMechanical AND and OR logic 

gates. 
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We designed three photolithography masks: platinum microheaters, silicon front 

side microstructures, and silicon backside etching. These masks were employed through 

the microfabrication process flow adopted to fabricate the designed thermal gates. Figure 

5-4 and Figure 5-5 show the successful microfabrication of the thermal AND and OR 

gates, respectively, including the reducing and the amplification mechanisms for the 

thermal AND gate. 

 

Figure 5-4: SEM images of the micro-structured thermal logic AND gate including: a) 

the reducing and b) the amplification mechanism. 
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Figure 5-5: SEM images of the micro-structured thermal logic OR gate including two 

inputs (chevron beams) and output (fixed terminals). 

5.5. Experimental Procedure and measurements 

The characterization and heat transfer measurements of the thermal logic gates 

were performed inside a vacuum probe station at vacuum levels below 10−5 mbar, in 

order to eliminate convection and conduction heat losses. The platinum microheaters 

patterned on the mechanisms were powered independently via two source-meter units 

(Keithley 2602 B and Keithley 2611 B). The microstructures’ temperatures were 

determined from knowing the electrical resistance of the microheaters through a careful 

temperature coefficient of resistance (TCR) calibration. To acquire a stable TCR 

relationship, we annealed the microheaters many times by setting the chuck temperature 

to 750 K and supplying the maximum allowable current to the microheaters. The TCR 

calibration was carried out by varying the temperature of the chuck (which holds the 

microdevice inside the vacuum chamber) from room temperature to 750 K and measuring 

the corresponding microheaters’ electrical resistances. Then, the resistance of each 
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microheater was fitted to the corresponding temperature using a quadratic relationship 

[75]. Figure 5-6 and Figure 5-7 show the TCR measurements and relationships for the 

microheaters of the AND and OR thermal gates, respectively. 

 

Figure 5-6: TCR calibration for the microheaters of the AND thermal gate for: a) the heat 

source, b) the output and c) the input. 
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Figure 5-7: TCR calibration for the microheaters of the OR thermal gate for: a) the input 

1, b) the input 2 and c) the output. 

Throughout the experiments, the electrical current was supplied gradually through 

the microheaters over the mechanisms by a step of 0.1 or 0.25 𝑚𝐴. The voltage, 

resistance, and dissipated power of the microheaters were measured at each step of the 

supplied current. According to the technique published by Moffat [76] and based on the 

datasheet documents of the source-meters [77] [78], the uncertainties in the voltage, 

current, resistance, and dissipated power were estimated in the ranges of 0.05-0.06 𝑉, 

0.6-0.7 𝜇𝐴, 165-350 Ω, and 0.1-0.6 𝑚𝑊, respectively. Due to the high resistances of the 

heaters, the experiments were performed at high chuck temperatures, which helped in 

reducing the required power to actuate the mechanisms. Moreover, our vacuum probe 

station includes four probes, so just two heaters could be characterized simultaneously. 

Consequently, for the thermal AND logic gate, we could just present thermal results for 
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the case when the two inputs were at 𝑇𝑚𝑖𝑛 (i.e., 0,0 case), since two probes were used for 

supplying the heat source heater and the other two probes were used for measuring the 

output heater. As shown in Figure 5-8, the effectiveness is represented as a function of 

the heat source temperature. We define the effectiveness, 𝜖, of the thermal logic gates as 

𝜖 =
𝑇𝑜𝑢𝑡− 𝑇𝑚𝑖𝑛

𝑇𝑚𝑎𝑥− 𝑇𝑚𝑖𝑛
, where 𝑇𝑜𝑢𝑡 is the output terminals temperature, 𝑇𝑚𝑖𝑛 is the minimum 

operating temperature (i.e., the chuck temperature) and 𝑇𝑚𝑎𝑥 is the maximum operating 

temperature (i.e., the heat source temperature). It can be illustrated that the higher the 

heat source temperature, the lower the effectiveness that can be achieved. The 

effectiveness decreased from 17.9 % to 10.7 % by increasing the heat source temperature 

from 930 K to 1549 K. This is because at a higher heat source temperature, the output 

terminals get closer to the input terminals and near field radiation effects become 

important. 

 

Figure 5-8: The effectiveness of the NanoThermoMechanical AND gate over the range of 

the heat source temperature for the case (0,0). 
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For the thermal OR logic gate, two probes were used for heating one of the two 

inputs, and the other two probes were used for measuring the temperature of the output 

heater. Consequently, temperature results for the cases of (1,0) and (0,1) could be 

presented for the thermal OR logic gate. The effectiveness of the gate for these two cases 

is shown in Figure 5-9a and Figure 5-9b as a function of the input temperature. It can be 

illustrated that the higher the input temperature, the higher the effectiveness that can be 

achieved. For the (1,0) case, the effectiveness increased from 13.5 % to 25.3 % with 

increasing input temperature from 943 K to 1324 K. For the (0,1) case, the effectiveness 

increased from 12.0 % to 23.2 % with increasing input temperature from 931 K to 1391 

K. This is because at a higher input temperature, the input terminals get closer to the 

output terminals, making near-field radiation the dominant heat transfer mechanism. 

The ratio between 𝑄𝑜𝑢𝑡 (the net power transferred to the output terminals) and 𝑄𝑖𝑛 

(the supplied power to the input terminals) is shown in Figure 5-10a and Figure 5-10b. It 

is illustrated that by increasing the input temperature, the ratio of the powers increases 

because of the near-field radiative heat transfer. This ratio can be enhanced by reducing 

the conduction losses through the microdevice supports and the radiation losses to the 

chamber. It is worth mentioning that by conducting the experiment of the (1,1) case, 

where the two inputs are powered to high temperature, the effectiveness is expected to 

reach higher values. 
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Figure 5-9: The effectiveness of the NanoThermoMechanical OR gate over the range of 

input temperatures for: a) case (1,0) and b) case (0,1). 
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Figure 5-10: The ratio of the output net power to the input power of the 

NanoThermoMechanical OR gate over the range of input temperatures for: a) case (1,0) 

and b) case (0,1). 

5.6. Conclusions 

In this paper, we presented the design, microfabrication and characterization of 

first ever documented thermal AND and OR logic gates. The desired non-linearities of 

associated NanoThermoMecahnical mechanisms were achieved using novel, ingenious, 
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and easy to fabricate chevron mechanisms consisting of spring-assisted reduction and 

cascading chevron amplification. The success of the current experiments in achieving 

relatively high logic gate effectiveness has paved the path to the future dawn of thermal 

computing. 
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Chapter 6: Conclusions and Recommendations 

This dissertation has introduced near-field thermal radiation coupled with MEMS 

thermal actuation to build NanoThermoMechanical logic gates operated at high 

temperatures. These NanoThermoMechanical logic gates are the building blocks of the 

thermal computation technology, which is a promising alternative to electronics that 

typically fail in harsh environments such as high temperatures and ionizing radiation. 

First, we introduced the idea of creating a thermal diode to control the resistance of heat 

flow in response to heat flow direction. Using the thermal diode, we developed the design 

and modeling of NanoThermoMechanical AND, OR and NOT logic gates. In the process, 

NanoThermoMechanical AND logic gate requires nonlinearity in the terminals’ thermal 

displacement. We developed two novel non-linear thermal expansion designs using novel 

and ingenious microstructured chevron mechanisms consisting of spring-assisted 

reduction and cascading chevrons amplification for the output and the input terminals, 

respectively.  

The simulation results of the NanoThermoMechanical AND logic gate show that 

we were able to successfully develop a thermal logic AND gate with effectiveness 

between 0.01 and 0.1 (with the highest studied conductance), for 𝑇0,0, 𝑇1,0 and 𝑇0,1 cases. 

For the NanoThermoMechanical OR logic gate, we successfully developed a thermal 

logic OR gate with effectiveness between 0.97 (for highest studied conductance) and 

0.995, for the cases when any input is at 𝑇𝑚𝑎𝑥. For the NanoThermoMechanical NOT 

logic gate, the effectiveness is between 0 and 0.03, when the input is at 𝑇𝑚𝑎𝑥, and 

between 0.97 and 1, when the input is at 𝑇𝑚𝑖𝑛. For all thermal logic gates, as the 
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conductance increases, the thermal logic gates deviate slightly away from their ideal truth 

table. Based on the successful design of the basic thermal logic gates, we showed their 

ability to be combined into a full thermal calculator to perform the addition of two 

decimal numbers based on binary mathematical computations. 

The concept of NanoThermoMechanical AND and OR logic gates have been 

shown experimentally by fabricating proof-of-concept microdevices via cleanroom 

standard microfabrication techniques starting with a four-inch-diameter <100> silicon on 

insulator (SOI) wafer. First, we investigated experimentally the non-linearity of the two 

novel non-linear thermal expansion mechanisms employed in the 

NanoThermoMechanical AND gate. The desired non-linearities of the mechanisms were 

achieved using easy-to-fabricate V-shaped chevron mechanisms consisting of spring-

assisted reduction and cascading chevrons amplification for the reducing and the 

amplification mechanisms, respectively. The results show that we achieved 

experimentally non-linearity ratios of thermal expansion  
𝛽

𝛼
 of 0.36 and 3.06 for the 

reducing and the amplification mechanisms, respectively. It is worth mentioning that 

parameters such as the beams lengths and chevron angles and the initial gaps can be 

tailored to achieve a specific non-linearity ratio (
𝛽

𝛼
) or temperature threshold (i.e., 

temperature at which displacement slope begins to change). 

Furthermore, we investigated experimentally the thermal computation of the 

NanoThermoMechanical AND and OR logic gates. We investigated the case (0,0) of the 

thermal AND logic gate, and we achieved an effectiveness of 10.7 % at a heat source 

temperature of 1549 K. For the thermal OR logic gate, for the cases of (1,0) and (0,1), we 
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achieved an effectiveness of 25.3 % and 23.2 % at an input temperature of 1324 K and 

1391 K, respectively. These results are significant breakthroughs in the field of thermal 

computation science and technology as they demonstrate thermal computing at high 

temperatures based on demonstrated and easy to manufacture NanoThermoMechanical 

logic gates. 

Through the quest to realize this dissertation, I can list the following areas that 

need the scientific and engineering community attentions: 

• We need to develop smaller NanoThermoMechanical Logic gates in order to 

enhance the dynamic interaction between near-field thermal radiation and 

expansion in microstructure. This can be achieved through advancements in 

microfabrication technologies that enable the minimum feature (i.e., separation 

distance between terminals) to be less than 0.5 𝜇𝑚. This helps to tailor the beams 

to have shorter sizes (i.e., smaller microdevices).  

• We need to develop structures/materials that can achieve the enhancement of 

near-field thermal radiation at micrometric distance, rather than nanometric. This 

can be achieved through employing meshed photonic crystals, but the challenge 

that it enhances both the near-field and the far-field thermal radiation [79]. 

Meanwhile, we need more contrast between the near-field and the far-field 

thermal radiation (i.e., forward and backward directions) to achieve more robust 

logic system. 

• We need to develop mechanisms and structures to support terminals exchanging 

near-field thermal radiation that are robust, compact and feature low thermal 

conductance. Based on the results in chapter 3, lower thermal conductance results 
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in enhancement of the NanoThermoMechanical logic gates performance (i.e., 

effectiveness). 

• Regarding the design of the microheaters, the electrical resistance should be high 

enough to improve the accuracy of the measurements. Meanwhile, the resistance 

should be low enough to reduce the required voltage to actuate the mechanism, 

also the actuation can be activated at lower chuck temperatures. Additionally, 

during the annealing process, the resistances reach higher values (about two or 

three times) compared to their values after the microfabrication, and this must be 

considered during the design of the heater. 

• Another idea is to design the microheaters of the two inputs to be electrically in 

series, so two probes can be used to operate the two microheaters simultaneously. 

• Regarding the experimental procedure and measurements, to reduce the radiation 

losses, the vacuum station is recommended to be heated up to the same 

temperature as the chuck temperature. This indicates that the surrounding 

temperature is the same as the heat sink, which mimics the harsh environments 

that the thermal computation technology targets. 

• We need to investigate thermal communication technology (data traffic). The 

challenge is how to generate pulses (ON-OFF) using heat instead of electrical or 

laser sources. 
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Appendix: Uncertainty Analysis 

In our experiment for measuring thermal expansion mechanisms, we have the 

following uncertainties:  

1-  Uncertainty in electrical measurements for current, voltage, resistance and dissipated 

power, denoted by 𝛿𝐼, 𝛿𝑉, 𝛿𝑅, and 𝛿𝑃, respectively, for all microheaters: 

 Electrical measurements were performed using Keithley SourceMeter 2602B and 

2611B. The uncertainty in measured voltage and measured current was adopted from the 

datasheet document ‘Model 2601B, 2602B and 2604B System SourceMeter® 

Specifications’ and ‘Model 2611B, 2612B and 2614B System SourceMeter® 

Specifications’ [77] [78]. 

Current 

Range  

Uncertainty of measured 𝛿𝐼 (2602B 

Model) 

Uncertainty of measured 𝛿𝐼 (2611B 

Model) 

≤ 100 𝜇𝐴 0.02 % + 25 𝑛𝐴 0.02 % + 25 𝑛𝐴 

≤ 1 𝑚𝐴 0.02 % + 200 𝑛𝐴 0.02 % + 200 𝑛𝐴 

≤ 10 𝑚𝐴 0.02 % + 2.5  𝜇𝐴 0.02 % + 2.5  𝜇𝐴 

 

Voltage 

Range  

Uncertainty of measured 𝛿𝑉 (2602B 

Model) 

Uncertainty of measured 𝛿𝑉 (2611B 

Model) 

≤ 1 𝑉 0.015 % + 200 𝜇𝑉  

≤ 6 𝑉 0.015 % + 1 𝑚𝑉  

≤ 40 𝑉 0.015 % + 8 𝑚𝑉  

≤ 2 𝑉  0.02 % + 350 𝜇𝑉 
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≤ 20 𝑉  0.015 % + 5 𝑚𝑉 

≤ 200 𝑉  0.015 % + 50 𝑚𝑉 

 

The uncertainty in the calculated resistance and power were calculated using the 

technique published by Moffat [76]: 

𝛿𝑅 = √(
𝜕𝑅

𝜕𝑉
𝛿𝑉)

2

+ (
𝜕𝑅

𝜕𝐼
𝛿𝐼)

2

= √(
1

𝐼
𝛿𝑉)

2

+ (−
𝑉

𝐼2
𝛿𝐼)

2

 

𝛿𝑃 = √(
𝜕𝑃

𝜕𝑉
𝛿𝑉)

2

+ (
𝜕𝑃

𝜕𝐼
𝛿𝐼)

2

= √(𝐼𝛿𝑉)2 + (𝑉𝛿𝐼)2 

 

2-  Uncertainty in chuck temperature measurement (denoted by 𝛿𝑇𝑐ℎ): 

Chuck temperature measurements were performed using the Lake Shore 

temperature controller (335 series). We used a resistance temperature detector (RTD) made 

of platinum, with a positive temperature coefficient (PTC). The temperature measurement 

error was adopted from the user’s manual [80], which was 62 mK for a temperature range 

below 300 K, and 106 mK otherwise.   

3-  Uncertainty in the correlation between the microheater resistance and its temperature 

(denoted by 𝛿𝑇𝐶𝑅)  

The temperature coefficient of resistance (TCR) is calculated from the experimental 

relationship between the microheater resistance and its corresponding temperature (i.e., 

chuck temperature). The TCR relation was found by regression analysis; by fitting the 

experimental data points corresponding to microheater resistance and its corresponding 
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temperature (i.e., chuck temperature) to a linear relationship. The uncertainty in the TCR 

at each point (𝛿𝑇𝐶𝑅) was assumed to be the maximum of the two values; 𝛿𝑇, and 𝛿𝑅 ×
𝑑𝑇

𝑑𝑅
. 

𝑑𝑇

𝑑𝑅
 was determined by the TCR relationship (i.e., the slope of the fitting curve). 

4-  Uncertainty in estimating the mechanism’s temperature (denoted by 𝛿𝑇)  

During heat transfer experiments, the microheater temperature was estimated from 

resistance measurement. The uncertainty of estimated temperature can be evaluated from 

the relationship 𝛿𝑇 = 𝛿𝑅 ×
𝑑𝑇

𝑑𝑅
+ 𝛿𝑇𝐶𝑅. 

5-  Uncertainty in estimating mechanism’s displacement (denoted by 𝛿∆)  

 The images captured by the microscope were analyzed by MATLAB to estimate 

the distance displaced by the mechanisms’ terminals. The distance between the terminal 

surface and a certain surface reference in the microstructure is expressed in pixels of the 

captured image. Before supplying the current through the microheater, the measured 

distance is considered the minimum distance 𝐷𝑚𝑖𝑛 of the terminal surface. By supplying 

the current gradually, the distance 𝐷 increases due to the displacement of the terminal 

surface. The maximum distance 𝐷𝑚𝑎𝑥 measured by supplying the maximum current 

through the microheater. The relative displacement ∆ and its uncertainty are defined as: 

∆=
𝐷𝑚𝑎𝑥 − 𝐷

𝐷𝑚𝑎𝑥 − 𝐷𝑚𝑖𝑛
 

𝛿∆= √(
𝜕∆

𝜕𝐷
𝛿𝐷)

2

+ (
𝜕∆

𝜕𝐷𝑚𝑖𝑛
𝛿𝐷𝑚𝑖𝑛)

2

+ (
𝜕∆

𝜕𝐷𝑚𝑎𝑥
𝛿𝐷𝑚𝑎𝑥)

2
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𝛿∆

= √(
−1

𝐷𝑚𝑎𝑥 − 𝐷𝑚𝑖𝑛
𝛿𝐷)

2

+ (
𝐷𝑚𝑎𝑥 − 𝐷

(𝐷𝑚𝑎𝑥 − 𝐷𝑚𝑖𝑛)2
𝛿𝐷𝑚𝑖𝑛)

2

+ ((
1

𝐷𝑚𝑎𝑥 − 𝐷𝑚𝑖𝑛
−

𝐷𝑚𝑎𝑥 − 𝐷

(𝐷𝑚𝑎𝑥 − 𝐷𝑚𝑖𝑛)2
) 𝛿𝐷𝑚𝑎𝑥)

2

 

where 𝛿𝐷, 𝛿𝐷𝑚𝑖𝑛, and 𝛿𝐷𝑚𝑎𝑥 are estimated to be 1 pixel each. 

6- Uncertainty in estimating the thermal gate’s effectiveness (denoted by 𝛿ε)  

The effectiveness, 𝜀, of the thermal gate and its uncertainty are defined as: 

𝜀 =  
𝑇𝑜𝑢𝑡 − 𝑇𝑚𝑖𝑛

𝑇𝑚𝑎𝑥 −  𝑇𝑚𝑖𝑛
 

𝛿𝜀 = √(
𝜕𝜀

𝜕𝑇𝑜𝑢𝑡
𝛿𝑇𝑜𝑢𝑡)

2

+ (
𝜕𝜀

𝜕𝑇𝑚𝑖𝑛
𝛿𝑇𝑚𝑖𝑛)

2

+ (
𝜕𝜀

𝜕𝑇𝑚𝑎𝑥
𝛿𝑇𝑚𝑎𝑥)

2

 

𝛿𝜀 = √(
1

𝑇𝑚𝑎𝑥 − 𝑇𝑚𝑖𝑛
𝛿𝑇𝑜𝑢𝑡)

2

+ (
𝑇𝑜𝑢𝑡 − 𝑇𝑚𝑎𝑥

(𝑇𝑚𝑎𝑥 − 𝑇𝑚𝑖𝑛)2
𝛿𝑇𝑚𝑖𝑛)

2

+ (
𝑇𝑚𝑖𝑛 − 𝑇𝑜𝑢𝑡

(𝑇𝑚𝑎𝑥 − 𝑇𝑚𝑖𝑛)2
𝛿𝑇𝑚𝑎𝑥)

2
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