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This work investigates the mechanisms to manipulate and control the magnitudes of Near-Field 

Radiative Heat Transfer (NFRHT) using two-dimensional materials and nanostructured surfaces. 

NFRHT occurs when the geometrical features of the radiating objects or the separation distance 

between interacting bodies are comparable to or lower than the characteristic thermal radiation 

wavelength. NFRHT magnitudes surpass the blackbody limit by several orders of magnitude due 

to phenomena such as photon tunneling and new modes of energy transfer, like surface 

polaritons. Therefore, it is crucial to understand how material properties and surface 

nanostructures affect NFRHT. 

The first part of this work examines the radiative thermal transport between Titanium Carbide 

MXene surfaces. Samples with varying thicknesses of Titanium Carbide MXene were fabricated 

using a layer-by-layer spin-coating technique on quartz substrates. Spectroscopic ellipsometry, 

conducted over a broad spectral range (mid-IR to vacuum ultraviolet), revealed a strong 

correlation between radiative properties and MXene layer thickness. Further calculations of the 

spectral and total radiative heat flux between these samples in the near-field regime 

demonstrated the superior role MXenes can play in controlling radiative heat transfer. 

The second part of this study investigates the near-field radiative response of Cobalt-slanted 

columnar thin films (Co-SCTF) fabricated using glancing angle deposition. Generalized 



ellipsometry was used to determine the geometric structure and anisotropic dielectric properties 

of the nanostructured thin films over the near-IR to mid-IR range. The extracted anisotropic 

complex dielectric function was used to calculate the NFRHT between the samples. The 

numerical results show a periodic trend in the magnitudes of NFRHT over an in-plane rotation of 

the Co-SCTF, with the periodicity varying as the gap distance decreases, allowing better 

interaction of localized modes from the nanostructures. The NFRHT trend over the gap distance 

exhibited similar behavior and higher magnitudes than dielectric materials. 
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Chapter 1: Introduction 

Background in Near-Field Radiative Heat Transfer (NFRHT) 

Thermal radiation is a fundamental mode of heat transfer, where energy is emitted by matter in 

the form of electromagnetic waves. Unlike conduction and convection, thermal radiation does 

not require a medium for propagation. All objects at a non-zero temperature emit thermal 

radiation due to thermally driven random oscillations of electric charges within the material [1–

4]. A fundamental concept in understanding thermal radiation is the blackbody, an idealized 

object that absorbs all incident radiation and re-emits energy solely as a function of its 

temperature. A blackbody in thermal equilibrium emits radiation with a characteristic spectrum 

described by Planck’s Law. Planck’s Law [1,4] defines the spectral radiance of a blackbody 

𝐵(𝜆, 𝑇) at a given wavelength 𝜆 and temperature 𝑇 as:  

 
𝐵(𝜆, 𝑇) =  

2ℎ𝑐2

𝜆5

1

𝑒
ℎ𝑐

𝜆𝑘𝐵𝑇 − 1

 (1.1) 

where, ℎ is Planck’s constant (6.626 × 10−34 J ∙ s−1), 𝑐 is the speed of light in vacuum 

(299,792,458 m/s), and 𝑘𝐵 is Boltzmann’s constant (1.3806 × 10−23 J ∙ K−1). This law is 

fundamental in explaining the spectral density of the radiation emitted by a blackbody in thermal 

equilibrium at a specific temperature. The intensity of Planck radiation peaks at a wavelength 

determined by the object's temperature, known as the characteristic thermal wavelength (λ𝑡ℎ) 

[4,5]. Wien's displacement law states that λ𝑡ℎ is inversely proportional to the temperature  𝑇:  

 λ𝑡ℎ ∙ 𝑇 = 𝑏 (1.2) 

where 𝑏 is the Wein’s displacement constant (2898 μm ∙ K). For instance, at room temperature 

(300 K), the characteristic thermal wavelength is approximately ten micrometers (≈ 10 𝜇𝑚). The 
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Stefan-Boltzmann law, derived from Planck's law, states that the total radiative heat power 

emitted by an object 𝐸𝐵𝐵 is proportional to the fourth power of its absolute temperature: 

 𝐸𝐵𝐵 = 𝜎𝑇4 (1.3) 

where 𝜎 is the Stefan-Boltzmann constant (5.670 × 10−8 W ∙ m−2 ∙ K−4). This law represents 

the maximum emissive power, or blackbody limit, for any object at a given temperature. These 

laws collectively form the basis of far-field radiative heat transfer, which applies under the 

assumption that the distance 𝑑 between the emitting surfaces is much larger than the peak 

wavelengths (𝑑 ≫ λ𝑡ℎ) [6,7]. However, these laws do not fully represent the heat transfer via 

thermal radiation when the distance between the interacting objects becomes comparable to or 

smaller than the characteristic thermal wavelength (𝑑 ≤ λ𝑡ℎ). 

Near-field or nanoscale thermal radiation represents an advanced area within the broader field of 

thermal radiation, where proximity effects and quantum phenomena significantly alter traditional 

laws of blackbody radiation. In the far-field, radiative heat transfer is dominated by propagating 

waves. These waves travel through the medium with an angle of incidence (𝜃𝑖) lower than the 

critical angle (𝜃𝑐𝑟) of the interface (see Figure 1a). However, when 𝜃𝑖 ≥ 𝜃𝑐𝑟, total internal 

reflection occurs generating evanescent waves. These waves propagate parallel to the surface 

with a field amplitude that decays exponentially away from the interface (see Figure 1b). The 

near-field regime is highly dominated by evanescent waves which increase the energy density of 

the system [1,8–10]. Evanescent waves are also the result of other energy modes, such as the 

coupling of electromagnetic waves with oscillating charges on the surface, known as surface 

polaritons (SP) [1,2,8,9]. These SPs can arise from electromagnetic waves interacting with 

phonon modes (or dipoles) in dielectric materials, known as surface phonon polaritons (SPhPs). 
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Electrons can also be excited along the surface of metallic materials due to electromagnetic 

waves causing surface plasmon polariton (SPP). 

 

Figure 1: Representation of electromagnetic waves within two semi-infinite media separated by a vacuum gap. (a) 

Far-field representation where the vacuum gap is larger than the characteristic thermal wavelength. At these 

distances, propagating waves can travel through a vacuum and reach the other surface. (b) Near-field representation 

where the gap distance is comparable to or smaller than the characteristic thermal wavelength. At these distances, 

evanescent waves can be sensed by the other surface. 

The theoretical foundation for understanding near-field thermal radiation is grounded in the 

fluctuation-dissipation theorem (FDT) and fluctuational electrodynamics (FE). FDT explains that 

thermal emission originates from the random motion of charged particles, creating a fluctuating 

current [10,11]. This theorem relates the fluctuations in a system to its response to external 

perturbations. In the context of thermal radiation, FDT describes the stochastic nature of thermal 

emission at the nanoscale, where the discrete fluctuations of electromagnetic fields become 

significant [8]. Combining FDT with Maxwell's electromagnetic wave theory, FE can describe 

both far-field and near-field thermal radiation phenomena. This framework considers the 

electromagnetic field fluctuations generated by thermally induced dipoles within a material and 

how these fields propagate and interact.  

a) b) 
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NFRHT with 2D Materials and Nanostructures 

In recent years, researchers have demonstrated that NFRHT between polar dielectric materials 

can exceed the blackbody limit by several orders of magnitude. These groundbreaking findings 

are now driving the search for the best combinations of materials to maximize and control 

NFRHT. Consequently, researchers are exploring the use of two-dimensional (2D) materials, 

such as graphene [12–14], black phosphorus [15,16], hexagonal boron nitride [12,15], and 

transition metal dichalcogenides (TMDs) [17,18], for near-field thermal radiation. These 

materials possess unique electronic, thermal, and optical properties that can be leveraged to 

enhance and control thermal radiation at the nanoscale [19,20]. 

Several groups have investigated the effects of monolayers of graphene-coated on dissimilar 

materials as a way to alter the optical properties of their systems. Lim et al. [21] investigated the 

effects of monolayers of graphene-coated on doped Si plates. The optical constants of p-type 

doped Si highly depend on the doping concentration and temperature, meaning that at different 

conditions, a mismatch in the SPPs modes may exist that dominates the radiative heat transfer 

rates. To better match these resonant modes, they proposed to use a monolayer of graphene with 

its chemical potential as a tuning parameter. They were able to achieve up to two orders of 

magnitude enhancement using a monolayer of graphene-coated on both surfaces with a chemical 

potential of 𝜇 = 0.3 eV and a p-type doping concentration of 1017cm−3 for both the source and 

receiver. Similarly, others have successfully been able to use a combination of surfaces coated 

with monolayers of graphene to modulate the magnitudes of NFRHT [22–24].   

Similarly, researchers have used a monolayer of black phosphorus (BP). In this case, Ge et al. 

[25] investigate the effects between two suspended black phosphorus sheets. They determined 
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that the radiative heat flux can exceed the blackbody limit over 2 to 4 orders of magnitude for 

separation distances between 10 nm to 100 nm. They attributed this enhancement to the 

excitation of anisotropic and hyperbolic SPP modes. Adding to this, due to the anisotropic 

behavior of BP, they were able to demonstrate a large thermal modulation based on the twisted 

angle of principal axes between the BP sheets. These anisotropic thermal and optical properties 

enable direction-dependent control of radiative heat transfer, which can be advantageous in 

designing thermal rectifiers or directional thermal emitters [16,26].  

As stated before, the implementation of 2D materials has expanded the field of materials 

considered for near-field thermal radiation applications due to their unique optical properties 

such as tunable optical absorption, tunable bandgaps, and support of polaritonic modes 

[13,15,16]. Their high thermal conductivity and tunable emissivity offer solutions for efficient 

heat dissipation in electronic devices, while their strong light-matter interactions and ability to 

support surface polaritons lead to improved sensitivity and resolution in near-field thermal 

imaging [27,28]. Although these materials are strong candidates, researchers have been delving 

deeper, using nanofabrication techniques to develop engineered surfaces to better tailor these 

effects. Metasurfaces and nanostructures offer a higher degree of design flexibility, scalability, 

material versatility, and ease of integration [29,30]. These advantages can simplify the 

development and deployment of advanced thermal radiation technologies, making them a 

potentially more practical and efficient choice for many applications [29–32].  

The exploration of near-field thermal radiation has significantly advanced with the advent of 

metasurfaces and nanostructures such as 1D or 2D nanoarrays, nanogratings, and multilayer 

structures. These engineered structures manipulate electromagnetic waves at sub-wavelength 

scales, leading to a better and more controlled manipulation of their thermal radiative properties. 
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In addition to creating these new surfaces, researchers are discovering new polaritonic modes, 

like localized surface modes, that improve the coupling of resonant modes inherent to the 

materials used [33,34].  

Fernández-Hurtado et al. [35], have shown that metasurfaces of doped Si featuring 2D periodic 

arrays of holes can achieve higher NFRHT magnitudes than smooth Si and SiO2  surfaces. The 

fundamental mechanisms behind this behavior are the presence of broadband SPPs in doped 

silicon and the ability to modify the dispersion relation of these SPPs through nanostructuring. 

Besides the enhancement feature, they could show the tunability capacities of these 

metasurfaces. The peak of spectral heat transfer coefficient (HTC) shifts to longer wavelengths 

as the size of the holes increases. This provides additional evidence supporting the main concept 

of designing metasurfaces to precisely adjust their thermal radiative properties. 

As an alternative nanofabrication method, researchers have experimented with incorporating 

multilayer systems to increase the number of surface modes available for heat transfer due to the 

multiple surfaces. Iizuka et. al [36], examine the effects of a multilayer structure composed of a 

lossless dielectric material and a lossy material unit cell with a smaller periodicity than the 

relevant thermal wavelength. They demonstrated a 40-fold increase in performance compared to 

a bulk system, primarily due to additional surface states that act as intermediaries, allowing 

surfaces distant from the central gap to participate in heat transfer. In other words, the 

enhancement arises from the increase in available surface modes facilitated by the multilayer 

structure. 

Applications of NFRHT using 2D materials and nanostructures leverage their unique properties 

to enhance and control thermal radiation for various technological advancements. On one side, 

2D materials contribute with their unique intrinsic properties, such as the ability to support 
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polaritonic modes within the mid-infrared range, bandgap tunability, and 2D anisotropic 

properties [37–41]. On the other side, the versatility and customizability of nanostructures can 

better manipulate their properties, such as spectral thermal emission, and the support of tunable 

resonant modes along induced anisotropic properties [29,30,42–44]. Enhanced and tunable 

radiative heat transfer provides more effective thermal management solutions for electronic 

devices. Additionally, precise control over emission spectra and directionality is critical for 

developing high-performance thermal sensors and imaging technologies [29,30]. These 

advancements are essential for pushing the boundaries of current technological capabilities and 

driving innovation in energy, electronics, and sensing applications. 

Objective of the Thesis 

Researchers are continually pushing the boundaries of material capabilities to further enhance the 

control over the magnitudes and spectra of NFRHT. Consequently, this thesis aims to introduce 

MXenes, a new family of 2D materials that exhibit promising characteristics such as tunable 

optical properties and thickness-dependent characteristics. Thus, the first objective of this thesis 

is to theoretically examine the NFRHT behavior of Titanium Carbide (𝑇𝑖3𝐶2𝑇𝑥) MXene. This 

research aims to explore the potential of MXenes in manipulating NFRHT, thereby paving the 

way for future applications of this novel material in advanced thermal management and energy 

conversion systems. 

Numerous nano-engineered surfaces have been studied for NFRHT, showing promising 

manipulative modes that can adjust the behavior and magnitudes of heat transfer. So far, some of 

the nano-engineered surfaces studied have been multilayer media, 1D- and 2D-nanogratings, 

nanoholes, and rough surfaces while there are more nanofabrication techniques available to 
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create these metasurfaces. Among these different nanofabrication technologies is a physical 

vapor deposition process called glancing angle deposition (GLAD). This technique has been 

used to grow self-organized highly spatially coherent 3D geometries at the nanoscale. This 

technique has a high impact on applications in the fields of photonics, nanosensors, and 

plasmonics. Metasurfaces via GLAD have yet to be investigated in the field of NFRHT. 

Therefore, the second objective of this thesis is to examine the anisotropic near-field radiative 

response of slanted columnar thin films using an experimentally extracted optical constant via 

generalized spectroscopic ellipsometry and best-match physical models.  

Organization of the Thesis 

This thesis has the following structure:  

- Chapter 1 presents the theoretical background of NFRHT calculations. This chapter 

introduces the basis of fluctuational electrodynamics and fluctuational 

electrodynamics to interpret the near-field phenomenon. This is followed by the 

description of the analytical method used to calculate NFRHT via dyadic Green’s 

function. The scattering matrix method for 1D-layered isotropic media and the 

modified 4 × 4 transfer matrix method for anisotropic media is also included.  

- Chapter 2 presents a numerical analysis of NFRHT using Titanium Carbide MXene. 

The state-of-the-art NFRHT calculation is used for simple structure configurations 

while the scattering matrix method is used for multilayer media to better display its 

performance. The chapter presents the impact of this new 2D material and its 

potential to enhance the magnitudes of NFRHT between materials.  
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- Chapter 3 presents the idea of NFRHT modulation via anisotropic nanostructures 

made of Cobalt slanted columns fabricated via glancing angle deposition. The 4 × 4 

enhanced transfer matrix method is used to describe the NFRHT dependency on the 

sample orientation. The chapter presents the effects of NFRHT modulation due to 

engineered anisotropic features using columnar nanostructures.  
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Chapter 2: Formulation of Near-Field Radiative Heat Transfer 

Stochastic Maxwell equations and fluctuational electrodynamics.  

The foundation of fluctuational electrodynamics (FE) is the fluctuation-dissipation theorem 

(FDT), in which thermal radiation originated [11]. Electromagnetic fields are generated by the 

out-of-phase oscillations of charges of opposite signs (dipoles) [1,2,8]. When a medium is above 

0 K, thermal agitation causes chaotic movement of charged particles, creating oscillating dipoles. 

These dipoles generate a fluctuating electromagnetic field, known as the thermal radiation field, 

which comes from random thermal motion [8]. From a big-picture perspective, the thermal 

radiation field can be considered an electromagnetic field created by large-scale fluctuating 

currents. The FE framework relies on this macroscopic view, adding fluctuating currents to 

Maxwell’s equations to model the thermally generated electromagnetic field. FE helps us 

calculate the spectral density of thermal radiation in the near-field regime and is crucial for 

modeling radiative heat transfer between closely spaced objects [1,4,10].   

Heat transfer happens between bodies at different temperatures. A central assumption of FE is 

that current fluctuations are defined only by the FDT at the local thermodynamic temperature 

and do not depend on incoming radiation from other objects. In simple terms, the theory works 

for any media in local thermodynamic equilibrium, where you can define an equilibrium 

temperature at any point within the body at any time. FE is essential for solving near-field 

radiation heat transfer issues because it enables the calculation of thermal emission using 

Maxwell's equations, which generally only describe the propagation of electromagnetic waves. 
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The Maxwell equations are expressed as follows [1,8,10]:  

 ∇ × 𝑬(𝒓,𝝎) = 𝑖𝜔𝜇0𝑯(𝒓,𝜔) (2.1) 

 ∇ × 𝑯(𝒓,𝜔) = −𝑖𝜔𝜀(𝜔)𝜀0𝑬(𝒓,𝜔) + 𝑱𝑓𝑙(𝒓,𝜔) (2.2) 

 ∇ ∙ 𝑬(𝒓,𝜔) = 0 (2.3) 

 ∇ ∙ 𝑯(𝒓,𝜔) = 0 (2.4) 

where with the assumption that the materials are non-magnetic. Electromagnetic fields have the 

form 𝑒−𝑖𝜔𝑡 . The term 𝑱𝑓𝑙 corresponds to a fluctuating current density due to electric dipole 

oscillations, which is added to the right-hand side of equation (2.2). This random variable is fully 

defined by its first two moments [8,10]. The first moment is its ensemble average, which is zero. 

This means the average thermally radiated electromagnetic fields are also zero. The second 

moment represents the ensemble average of the spatial correlation function for the fluctuating 

current, is given by the fluctuation-dissipation theorem [11]:  

 
〈𝐽𝛼

𝑓𝑙(𝒓′, 𝝎)𝐽𝛽
𝑓𝑙∗(𝒓′′, 𝝎′)〉 =

4𝜔𝜀0𝜀
′′(𝜔)

𝜋
Θ(𝜔, 𝑇)𝛿(𝒓′ − 𝒓′′)𝛿(𝜔 − 𝜔′)𝛿𝛼𝛽 (2.5) 

where 〈 〉 denotes an ensemble average, the superscript * refers to complex conjugate, α, and β 

are orthogonal components indicating the state of polarization of the fluctuating current, 

𝛿(𝒓′ − 𝒓′′)  and 𝛿(𝜔 − 𝜔′) are Dirac functions, while 𝛿𝛼𝛽 is the Kronecker function. The terms 

Θ(𝜔, 𝑇) is the mean energy of an electromagnetic state at frequency ω and temperature T  

 
Θ(𝜔, 𝑇) =

ℏ𝜔

exp(ℏ𝜔 𝑘𝐵𝑇⁄ ) − 1
 (2.6) 

where 𝑘𝐵 is the Boltzmann constant and ℏ is the reduced Planck constant. The fluctuation-

dissipation theorem is limited to the following assumptions: the media are linear, isotropic, non-

magnetic, and defined by a dielectric function local in space. In addition, the fluctuation-
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dissipation is applicable when the media are in local thermodynamic equilibrium, where an 

equilibrium temperature T can be defined.  

FE is a thorough framework that considers all near-field effects, including evanescent modes. 

Moreover, it aligns with the classical theory of thermal radiation when the sizes of the bodies and 

their distances apart are greater than the characteristic thermal wavelength [10]. 

Dyadic Green’s Function (DGF) 

For a known temperature and specific geometric features, Maxwell’s equations need to be solved 

to obtain the electric and magnetic field distributions. This can be achieved using the dyadic 

Green’s function, which simplifies and compacts the formulations. With the dyadic Green’s 

function, the induced electric and magnetic fields from the fluctuating current density can be 

represented as volume integrals in the frequency domain [1,8,10]:  

 
𝑬(𝒓, 𝒓′, 𝜔) = 𝑖𝜔𝜇0 ∫𝑑𝑉′𝑮̿𝐸(𝒓, 𝒓′, 𝜔) ∙ 𝑱𝑓𝑙(𝒓′, 𝜔)

 

𝑉

 (2.7) 

 
𝑯(𝒓, 𝒓′, 𝜔) = ∫𝑑𝑉′𝑮̿𝑀(𝒓, 𝒓′, 𝜔) ∙ 𝑱𝑓𝑙(𝒓′, 𝜔)

 

𝑉

 (2.8) 

Equations (2.7-8) give the electric and magnetic field observed in a medium of volume V due to 

a current density vector 𝑱𝑓𝑙 located at r’ in a source medium of volume V’. 

In heat transfer calculation, one is interested in calculating the radiative heat flux exchanged by 

the bodies instead of the electric and magnetic fields. The Poynting vector gives the 

instantaneous energy flux carried by a wave as a function of the electric and magnetic fields. The 

emitted energy flux can be expressed by the ensemble average of the Poynting vector,  
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〈𝑺(𝒓,𝜔)〉 =

1

2
𝑅𝑒{〈𝑬(𝒓,𝜔) × 𝑯∗(𝒓, 𝜔)〉} (2.9) 

represents the monochromatic radiative heat flux. Calculation of the radiative heat flux requires 

the cross-spectral density of electric and magnetic field vectors expressed in equations (2.7-8) 

shown as follows:  

 〈𝑬𝑥(𝒓,𝜔) × 𝑯𝑦
∗(𝒓,𝜔)〉

= 𝑖𝜔𝜇0 ∫𝑑𝑉′

 

𝑉

∫𝑑𝑉′′

 

𝑉

𝑮𝑥𝛼
𝐸 (𝒓, 𝒓′, 𝜔)𝑮𝑦𝛽

𝐻∗
(𝒓, 𝒓′, 𝜔) 〈𝐽𝛼

𝑓𝑙(𝒓′, 𝝎)𝐽𝛽
𝑓𝑙∗(𝒓′′, 𝝎′)〉 

(2.10) 

 〈𝑬𝑦(𝒓, 𝜔) × 𝑯𝑥
∗(𝒓,𝜔)〉

= 𝑖𝜔𝜇0 ∫𝑑𝑉′

 

𝑉

∫𝑑𝑉′′

 

𝑉

𝑮𝑦𝛼
𝐸 (𝒓, 𝒓′, 𝜔)𝑮𝑥𝛽

𝐻∗
(𝒓, 𝒓′, 𝜔) 〈𝐽𝛼

𝑓𝑙(𝒓′, 𝝎)𝐽𝛽
𝑓𝑙∗(𝒓′′, 𝝎′)〉 

(2.11) 

where 𝛼 and 𝛽 represent the orthogonal components indicating the polarization state of the 

fluctuating current. Substitution of the FDT (equation 2.5) into equations (2.10-11) provides an 

explicit expression relating the monochromatic radiative heat flux to the local temperature Ts of 

the heat source at 𝑧′ along the z-direction 

 
𝑞𝜔(𝑧′) =

2𝑘0
2Θ(𝜔, 𝑇𝑠)

𝜋
∫𝑅𝑒 {𝑖𝜀𝑠

′′(𝜔) [
𝑮𝑥𝛼

𝐸 (𝒓, 𝒓′, 𝜔)𝑮𝑦𝛽
𝐻∗

(𝒓, 𝒓′, 𝜔)

−𝑮𝑦𝛼
𝐸 (𝒓, 𝒓′, 𝜔)𝑮𝑥𝛽

𝐻∗
(𝒓, 𝒓′, 𝜔)

]}

 

𝑉

𝑑𝑉′ (2.12) 

here, 𝜀𝑠
′′(𝜔) is the imaginary part of the dielectric function of the heat source [45].  

Since the dyadic Green’s function depends on the geometry of the physical system, the following 

sections will briefly describe the dyadic Green’s functions for two representative structures, i.e., 

for two semi-infinite media and multilayered media.  
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Weyl’s representation of the DGF for isotropic media 

Let’s consider a one-dimensional layered medium, as represented by Figure 2. The complex 

wavevector for an arbitrary layer-l is defined as 𝒌𝑙 with 𝒌𝑙
2 = 𝜀𝑙𝑘0

2  where 𝑘0 = 𝜔/𝑐0 is the 

wavevector in a vacuum. Here, 𝑐0 is the speed of light in vacuum and 𝜔 is the angular frequency. 

A cylindrical coordinate system is utilized for the space variable 𝒓 = 𝜌𝝆̂ + 𝑧𝒛̂, where the ρ-

direction is parallel to the interface and the z-direction (propagation direction) is perpendicular to 

the interface. Thus, 𝒌𝑙 = 𝑘𝜌𝝆̂ +  𝑘𝑧𝑙𝒛̂ and 𝑘𝑧𝑙 = √𝒌𝑙
2 − 𝑘𝜌

2 = √𝜀𝑙𝑘0
2 − 𝑘𝜌

2, where 𝑘𝜌 is the 

magnitude of the in-plane component that is always a real value and the 𝑘𝑧𝑙 is the magnitude in 

the propagation direction. Since only real and positive frequencies (𝜔) are considered, 𝑘0 is 

always positive and real. Following the rules for electromagnetic waves propagating along 

interfaces, the amplitude parallel to the interface must not change, meaning that 𝑘𝜌 is always 

real. Therefore, the magnitude of the wavevector along the propagation direction, 𝑘𝑧𝑙 =

√𝜀𝑙𝑘0
2 − 𝑘𝜌

2, will be real when 0 ≤ 𝑘𝜌 ≤ 𝜔/𝑐0 and purely imaginary when 𝑘𝜌 > 𝜔/𝑐0.  

Figure 2: Illustration of the plane wave propagating through a system of two semi-infinite bodies separated by a 

vacuum gap distance d. 
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To convert radiative heat flux into a one-dimensional geometry, the dyadic Green’s functions can 

be expressed as an integral of plane waves using the Weyl representation:  

 

𝑮̿𝐸,𝐻(𝒓, 𝒓′, 𝜔) = ∫
𝑑𝒌𝜌

4𝜋2
𝒈̿𝐸,𝐻(𝒌𝜌, 𝑧𝑐, 𝑧

′, 𝜔)

∞

−∞

𝑒𝑖𝒌𝜌(𝑹−𝑹′) (2.13) 

where  𝑑𝒌𝜌 = 𝑑𝑘𝑥𝑑𝑘𝑦, 𝑧′ is the location of the source layer,  𝒈̿𝐸,𝐻 is the Weyl component of the 

dyadic Green’s function, 𝑹, and 𝑹′ are the parallel and perpendicular components of the position 

vectors of the observation and source points, respectively. Substitution of equation (2.13) into 

equation (2.4) in polar coordinates gives the monochromatic radiative heat flux at 𝑧𝑐 along the z- 

direction in terms of the Weyl components of the dyadic Green’s function [45]:  

where 𝛼 involves the summation over the three orthogonal components. This is the 

representation of the contributions of both, propagating and evanescent waves, i. e. 𝑞𝜔(𝑧𝑐) =

 𝑞𝜔
𝑝𝑟𝑜𝑝(𝑧𝑐) + 𝑞𝜔

𝑒𝑣𝑎𝑛(𝑧𝑐). An explicit expression has been derived to separate the contributions of 

propagating waves and evanescent waves to the spectral heat flux, respectively [10,46]:  

 

𝑞𝜔,13
𝑝𝑟𝑜𝑝(𝑧𝑐) =

[𝛩(𝜔, 𝑇1) − Θ(𝜔, 𝑇3)]

4𝜋2
∫ 𝑘𝜌 ∙ 𝒁13

𝑝𝑟𝑜𝑝
𝑑𝑘𝜌

𝑘0

0

 (2.15) 

 

𝑞𝜔,13
𝑒𝑣𝑎𝑛(𝑧𝑐) =

[𝛩(𝜔, 𝑇1) − Θ(𝜔, 𝑇3)]

𝜋2
∫ 𝑘𝜌 ∙ 𝒁13

𝑒𝑣𝑎𝑛 ∙ 𝑒−2𝑘𝑧2
′′ 𝑑𝑑𝑘𝜌

𝑘∞

𝑘0

 (2.16) 

 

 

𝑞𝜔(𝑧𝑐) =
𝑘0

2Θ(𝜔, 𝑇𝑠)

𝜋2
 

× 𝑅𝑒 {𝑖𝜀𝑠
′′(𝜔)∫ 𝑘𝜌𝑑𝑘𝜌 ∫𝑑𝑧′

 

𝑧

∞

0

[
𝑔𝜌𝛼

𝐸 (𝑘𝜌, 𝑧𝑐, 𝑧
′, 𝜔)𝑔𝜃𝛼

𝐻∗
(𝑘𝜌, 𝑧𝑐, 𝑧

′, 𝜔)

−𝑔𝜃𝛼
𝐸 (𝑘𝜌, 𝑧𝑐 , 𝑧

′, 𝜔)𝑔𝜌𝛼
𝐻∗

(𝑘𝜌, 𝑧𝑐, 𝑧
′, 𝜔)

]} 

(2.14) 



16 

 

As seen in equation (2.16), the near-field effects due to the evanescent modes are clearly 

represented by the exponentially decaying term 𝑒−2𝑘𝑧2
′′ 𝑑. The terms  𝒁13

𝑝𝑟𝑜𝑝
 and 𝒁13

𝑒𝑣𝑎𝑛 are the 

exchange functions or energy transmission coefficients that represent the probability of energy 

transfer due to propagating modes and evanescent waves (photon tunneling). These probabilities 

are expressed as follows:  

 
𝒁13

𝑝𝑟𝑜𝑝 = ∑
(1 − |𝑟21

𝛾
|
2
)(1 − |𝑟23

𝛾
|
2
)

|1 − 𝑟21
𝛾
𝑟23

𝛾
𝑒2𝑖𝑘𝑧2𝑑|2   

𝛾=𝑇𝐸,𝑇𝑀

 (2.17) 

 
𝒁13

𝑒𝑣𝑎𝑛 = ∑
Im(𝑟21

𝛾
)Im(𝑟23

𝛾
)

|1 − 𝑟21
𝛾
𝑟23

𝛾
𝑒2𝑖𝑘𝑧2𝑑|2   

𝛾=𝑇𝐸,𝑇𝑀

 (2.18) 

From equation (2.17), representing the propagating waves, the term 1 − |𝑟2𝑗
𝛾
|
2

= 1 − 𝜌𝜔,2𝑗
′𝛾

=

𝛼𝜔
′𝛾

 can be seen as the spectral absorptance of layer 𝑗 where 𝜌𝜔,2𝑗
′𝛾

 is the spectral reflectivity. 

Following Kirchhoff’s Law of thermal radiation, the spectral absorptance is equal to the spectral 

emissivity i.e., 𝛼𝜔
′𝛾

= 𝜀𝜔̃
′𝛾

. Therefore, these terms describe the spectral far-field emissivity of the 

source emitting layer and the spectral far-field absorptivity of the receiving absorbing layer. 

Similarly, for the evanescent waves shown in equation (2.18), the terms Im(𝑟2𝑗
𝛾
) represent the 

near-field spectral emissivity and absorptivity [8,47]. The denominator of equations (2.17-18) 

has a Fabry-Perot resonator as it accounts for the wave interference and multiple reflections of 

the configuration.  

Field amplitudes via S-Matrix 

Figure 3 will be used to better represent the general form to calculate the spectral radiative heat 

flux emitted from a source layer of defined thickness 𝑧𝑠+1 − 𝑧𝑠 at a point 𝑧𝑐 in layer l is given as 

[45]: 
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𝑞𝜔,𝑠𝑙(𝑧𝑐) =
𝑘0

2Θ(𝜔, 𝑇𝑠)

𝜋2
 

× 𝑅𝑒 {𝑖𝜀𝑠
′′(𝜔)∫ 𝑘𝜌𝑑𝑘𝜌 ∫ 𝑑𝑧′

𝑧𝑠+1

𝑧𝑠

∞

0

[

𝑔𝑠𝑙𝜌𝜌
𝐸 (𝑘𝜌, 𝑧𝑐, 𝑧

′, 𝜔)𝑔𝑠𝑙𝜃𝜌
𝐻∗

(𝑘𝜌, 𝑧𝑐, 𝑧
′, 𝜔)

+𝑔𝑠𝑙𝜌𝑧
𝐸 (𝑘𝜌, 𝑧𝑐, 𝑧

′, 𝜔)𝑔𝑠𝑙𝜃𝑧
𝐻∗

(𝑘𝜌, 𝑧𝑐, 𝑧
′, 𝜔)

−𝑔𝑠𝑙𝜃𝜃
𝐸 (𝑘𝜌, 𝑧𝑐, 𝑧

′, 𝜔)𝑔𝑠𝑙𝜌𝜃
𝐻∗

(𝑘𝜌, 𝑧𝑐, 𝑧
′, 𝜔)

]} 

(2.19) 

where 𝑔𝑠𝑙𝜌𝜌
𝐸 𝑔𝑠𝑙𝜃𝜌

𝐻∗
+ 𝑔𝑠𝑙𝜌𝑧

𝐸 𝑔𝑠𝑙𝜃𝑧
𝐻∗

 represents a function to correlate the TM-polarized waves from 

the source point 𝑧′ to 𝑧𝑐 and 𝑔𝑠𝑙𝜃𝜃
𝐸 𝑔𝑠𝑙𝜌𝜃

𝐻∗
 for TE-polarized waves.  

For this case, the source layer emits waves in the forward (z-positive) and backward (z-negative) 

directions from point z’ within the source layer s. The energy emitted from the source layer s is 

represented as the contribution of the multiple points within 𝑧𝑠 to 𝑧𝑠+1. The radiative heat flux 

calculated at 𝑧𝑐 is the sum of the contribution of all the multiple points within layer s. 

The field amplitudes within each layer are the result of multiple reflections within the interfaces. 

The coefficients A and B represent the amplitudes of waves traveling forward and backward, 

respectively, as the result of the forward emission of the source layer. Likewise, the coefficients 

C and D represent the amplitudes of waves traveling forward and backward, respectively, as the 

result of the backward emission of the source layer.  

        

              
              

              
              

   

        +     +       

 

      

Figure 3: One-dimensional layered media representation with their corresponding field amplitudes due point (z’) in the 

source layer (s) emitting in the forward and backward directions. The radiative heat flux is calculated at a point (zc) in 

layer l. 



18 

 

The coefficients 𝐴𝑙, 𝐵𝑙, 𝐶𝑙, and 𝐷𝑙 for an arbitrary layer “l” can be found using the transfer 

matrix (T-matrix) method [48]. Numerical instabilities have been found when employing the T-

matrix for NFRHT calculations due to the out-of-scale values for the wavevector. This instability 

has been controlled using a modified version of the T-matrix called the scattering matrix (S-

matrix). The idea of the S-matrix is to calculate separately the outgoing and incoming wave 

amplitudes in each interface to mitigate the instabilities [45,49,50]. The coefficients can be found 

separately for the forward-emitting (𝐴𝑙 and 𝐵𝑙) and backward-emitting (𝐶𝑙 and 𝐷𝑙). For the 

analysis, let’s only consider 𝐴𝑙 and 𝐵𝑙. The coefficients for the semi-infinite media 1 and l are 

related using the following S-matrix:  

 
[
𝐴𝑙

𝐵1
] = 𝑆(1, 𝑙) [

𝐴1

𝐵𝑙
] (2.19) 

where 𝑆(1, 𝑙) is the 2 × 2 S-matrix between layers 1 to 𝑙. The coefficients for each layer are 

calculated using consecutive relationships between layers. Using the definition of the T-matrix in 

terms of the incoming and outgoing wave amplitudes, the components of the 2 × 2 S-matrix for 

the next layers are expressed as follows:  

 
𝑆11(1, 𝑙 + 1) =

𝑆11(1, 𝑙)𝑡𝑙,𝑙+1𝑒
𝑖𝑘𝑧𝑙𝑡𝑙

1 − 𝑆12(1, 𝑙)𝑟𝑙,𝑙+1𝑒2𝑖𝑘𝑧𝑙𝑡𝑙
 (2.20) 

 
𝑆12(1, 𝑙 + 1) =

𝑆12(1, 𝑙)𝑒2𝑖𝑘𝑧𝑙𝑡𝑙 − 𝑟𝑙,𝑙+1

1 − 𝑆12(1, 𝑙)𝑟𝑙,𝑙+1𝑒2𝑖𝑘𝑧𝑙𝑡𝑙
 (2.21) 

 
𝑆21(1, 𝑙 + 1) =

𝑆11(1, 𝑙 + 1)𝑆22(1, 𝑙)𝑟𝑙,𝑙+1𝑒
𝑖𝑘𝑧𝑙𝑡𝑙

𝑡𝑙,𝑙+1
+ 𝑆21(1, 𝑙) (2.22) 

 
𝑆22(1, 𝑙 + 1) =

𝑆22(1, 𝑙) [𝑟𝑙,𝑙+1𝑆12(1, 𝑙 + 1) + 1]𝑒𝑖𝑘𝑧𝑙𝑡𝑙

𝑡𝑙,𝑙+1
 (2.23) 
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where 𝑡𝑙,𝑙+1is the Fresnel’s transmission coefficient and 𝑟𝑙,𝑙+1is the Fresnel’s reflection 

coefficient, and 𝑡𝑙 is the thickness of the layer 𝑙. The initial values for the S-matrix components, 

regardless of what the initial layer will start using the following values: 

 
[
𝑆11(1,1) 𝑆12(1,1)
𝑆21(1,1) 𝑆22(1,1)

] = [
1 0
0 1

] (2.24) 

For better representation, here is the scattering matrix of the initial fields across the interface of 

layer 1 and 2 where the variable 𝑙 = 1. Here, 𝑆(1,2) is represented as:  

 
[
𝑆11(1,2) 𝑆12(1,2)
𝑆21(1,2) 𝑆22(1,2)

] = [
𝑡12 𝑟21

𝑟12 𝑡21
] (2.25) 

Note: The thickness of the layer seen in the exponential term on equation (2.20-23) is assumed to 

be zero for adjacent layers as this represents the interaction between the interfaces. As seen in 

equation (2.25), the diagonal terms describe the transmission through the interface while the off-

diagonal terms describe the interface's reflection coefficients.  

The representation shown in Figure 4 clearly shows the interaction between the incoming and 

outgoing waves through the S-matrix across the interface of layer 1 and 2:  

 
  
𝐴2 = 𝑡12𝐴1 + 𝑟21𝐵2 
𝐵1 = 𝑟12𝐴1 + 𝑡21𝐵2

  ⇒    [
𝐴2

𝐵1
] = 𝑆(1,2) [

𝐴1

𝐵2
] (2.26) 

Figure 4: Representation of the scattering matrix elements between layers 1 and 2. The incoming and outgoing 

waves to the interface are represented with green and red arrows, respectively. 
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Calculation for the field amplitudes 

For the NFRHT calculations in this work, there is no external source of energy. Therefore, the 

coefficients corresponding to external waves, as seen in Figure 5, will be set to zero, meaning 

𝐴1 = 𝐶1 = 𝐵𝑁 = 𝐷𝑁 = 0. 

Emitting Thin Film 

As seen in Figure 5, layer 𝑠 emits waves of unit amplitude in both forward and backward 

directions. First, let’s consider the coefficients 𝐴𝑙 and 𝐵𝑙 for the source layer when emitting in 

the forward direction. Considering the layers 1, 𝑠, and 𝑁, there are four unknowns which are 𝐵1, 

𝐴𝑠, 𝐵𝑠 and 𝐴𝑁. To determine these field amplitudes, there are two relationships to make via the 

S-matrix: between layers 1 and 𝑠, and between layers 𝑠 and 𝑁.  

The relationship between layer 1 and s is given as follows:  

 𝐴𝑠 = 𝑆12(1, 𝑠)𝐵𝑠 (2.27) 

 𝐵1 = 𝑆22(1, 𝑠)𝐵𝑠 (2.28) 

The relationship between layer s and N is given as follows:  

Figure 5: Representation for an emitting thin film. 
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[
𝐴𝑁

𝐵𝑠
] = [

𝑆11(𝑠, 𝑁) 𝑆12(𝑠, 𝑁)
𝑆21(𝑠, 𝑁) 𝑆22(𝑠, 𝑁)

] [𝐴𝑠 + 𝑆+

0
]    ⇒    

𝐴𝑁 = 𝑆11(𝑠, 𝑁)(𝐴𝑠 + 𝑆+) 

𝐵𝑠 = 𝑆21(𝑠, 𝑁)(𝐴𝑠 + 𝑆+)
 (2.29) 

When determining the coefficients of layer 𝑁, the presence of the emitting source layer 𝑠 must 

be considered, as layer 𝑁 is located at a position 𝑧 greater than 𝑧′. The amplitude of the source at 

the boundary 𝑧𝑠 in layer 𝑠 is given by 𝑆+ = 𝑒𝑖𝑘𝑧𝑠𝑡𝑠,+
′

 where 𝑡𝑠,+
′ = 𝑧𝑠+1 − 𝑧𝑠. Combining 

equations (2.27) and (2.29) results in:  

 
𝐵𝑠 = 

𝑆21(𝑠, 𝑁)𝑆+

1 − 𝑆21(𝑠, 𝑁)𝑆12(1, 𝑠)
 (2.30) 

Starting with equation (2.30), the coefficients for forward emitting fields in layers 1, 𝑠, and 𝑁 

can be found. Now, let’s consider the coefficients 𝐷𝑙 and 𝐶𝑙 for the source layer when emitting in 

the backward direction. Similar to the forward emitting scenario, there are four unknowns which 

are 𝐷1, 𝐶𝑠, 𝐷𝑠 and 𝐶𝑁. The field amplitudes can be determined with the S-matrix between layer 1 

and 𝑠, layers 𝑠 and 𝑁. 

The relationship between layer 1 and 𝑠 is given as follows:  

 
[
𝐶𝑠

𝐷1
] = [

𝑆11(1, 𝑠) 𝑆12(1, 𝑠)
𝑆21(1, 𝑠) 𝑆22(1, 𝑠)

] [
0

𝐷𝑠 + 𝑆−]    ⇒    
𝐶𝑠 = 𝑆12(1, 𝑠)(𝐷𝑠 + 𝑆−) 
𝐷1 = 𝑆22(1, 𝑠)(𝐷𝑠 + 𝑆−)

 (2.31) 

When determining the coefficients of layer 1, the presence of the emitting source layer 𝑠 must be 

considered, as layer 1 is located at a position 𝑧 lower than 𝑧′. The amplitude of the source at the 

boundary 𝑧𝑠 in layer 𝑠 is given by 𝑆− = 𝑒𝑖𝑘𝑧𝑠𝑡𝑠,−
′

 where 𝑡𝑠,−
′ = 𝑧𝑠 − 𝑧𝑠+1. The relationship of the 

amplitude fields between layers 𝑠 and 𝑁 are given as follows:  

 𝐶𝑁 = 𝑆11(𝑠, 𝑁)𝐶𝑠 (2.32) 

 𝐷𝑠 = 𝑆21(𝑠, 𝑁)𝐶𝑠 (2.33) 
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Using equations (2.31) and (2.33) gives:  

 
𝐶𝑠 =

𝑆12(1, 𝑠)𝑆−

1 − 𝑆12(1, 𝑠)𝑆21(𝑠, 𝑁)
 (2.34) 

The coefficients for the backward emitting fields in layers 1, 𝑠, and 𝑁 can be found starting with 

equation (2.33).  

Emitting Semi-Infinite Medium 

The formulation becomes simpler when using a semi-infinite emitting source. Assuming that the 

emitting semi-infinite media is layer 1, then all 𝐶𝑙 and 𝐷𝑙 coefficients are zero due to no emitting 

waves in the backward direction from the source layer.  

Then, considering layers 1 and 𝑁 as shown in Figure 6, there are just two unknown fields to find 

(𝐵1 and 𝐴𝑁) that can be determined using the S-matrix relation between layers 1 and 𝑁:  

 
[
𝐴𝑁

𝐵1
] = [

𝑆11(1, 𝑁) 𝑆12(1,𝑁)
𝑆21(1, 𝑁) 𝑆22(1, 𝑁)

] [𝑆
+

0
]    ⇒    

𝐴𝑁 = 𝑆11(1, 𝑁) 
𝐵1 = 𝑆21(1, 𝑁)

 (2.35) 

where the amplitude of the emitting semi-infinite medium is 𝑆+ = 1. For more details on the 

algorithm needed to calculate the NFRHT problem using the S-matrix approach, see Ref. [45]. 

Figure 6: Representation for an emitting semi-infinite medium. 
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Weyl components of the DGF 

Emitting Thin Film 

Equation (2.19) has an integration over the volume of the emitting body which has a finite 

thickness of 𝑡𝑠 = 𝑧𝑠+1 − 𝑧𝑠, therefore, the limits of integration for the upper and lower 

boundaries are: 𝑧𝑠+1 = 𝑡𝑠 and 𝑧𝑠 = 0, respectively. This integration has been performed 

analytically over the Weyl components at 𝑧𝑐 = 𝑧𝑙 with respect to 𝑧′ present in Ref. [47]. It is 

important to mention that while this integration can be performed numerically, it comes with the 

downside of increasing the necessary computational time [45]. The representation of the Weyl 

components of the DGF has been simplified for the cases used in this work.  

The Weyl component of the DGF for a film emitter in terms of TM- and TE-polarization, 

respectively: 

 𝑔𝑠𝑙𝜌𝜌
𝐸 𝑔𝑠𝑙𝜃𝜌

𝐻∗
(𝑘𝜌, 𝑧𝑐 = 𝑧𝑙, 𝜔) + 𝑔𝑠𝑙𝜌𝑧

𝐸 𝑔𝑠𝑙𝜃𝑧
𝐻∗

(𝑘𝜌, 𝑧𝑐 = 𝑧𝑙 , 𝜔) 

=
𝑖𝑘𝑧𝑙𝑘𝑙

∗

8𝑘𝑧𝑠
′ 𝑘𝑧𝑠

′′ 𝑘𝑙|𝑘𝑠|2|𝑘𝑧𝑠|2
×

[
 
 
 
 
 𝑘𝑧𝑠

′ (𝑒2𝑘𝑧𝑠
′′ 𝑡𝑠 − 1)(|𝑘𝑧𝑠|

2 + 𝑘𝜌
2)(−|𝐴𝑙

𝑇𝑀|2)

+𝑖𝑘𝑧𝑠
′′ (𝑒−2𝑖𝑘𝑧𝑠

′ 𝑡𝑠 − 1)(|𝑘𝑧𝑠|
2 − 𝑘𝜌

2)(𝐴𝑙
𝑇𝑀𝐶𝑙

𝑇𝑀∗
)

+𝑖𝑘𝑧𝑠
′′ (1 − 𝑒2𝑖𝑘𝑧𝑠

′ 𝑡𝑠)(|𝑘𝑧𝑠|
2 − 𝑘𝜌

2)(𝐴𝑙
𝑇𝑀∗

𝐶𝑙
𝑇𝑀)

+𝑘𝑧𝑠
′ (1 − 𝑒−2𝑘𝑧𝑠

′′ 𝑡𝑠)(|𝑘𝑧𝑠|
2 + 𝑘𝜌

2)(−|𝐶𝑙
𝑇𝑀|2) ]

 
 
 
 
 

 

(2.36) 

 

𝑔𝑠𝑙𝜃𝜃
𝐸 𝑔𝑠𝑙𝜌𝜃

𝐻∗
(𝑘𝜌, 𝑧𝑐 = 𝑧𝑙, 𝜔)  =

𝑖𝑘𝑧𝑙
∗

8𝑘𝑧𝑠
′ 𝑘𝑧𝑠

′′ |𝑘𝑧𝑠|2
×

[
 
 
 
 𝑘𝑧𝑠

′ (𝑒2𝑘𝑧𝑠
′′ 𝑡𝑠 − 1)(|𝐴𝑙

𝑇𝐸|2)

+𝑖𝑘𝑧𝑠
′′ (𝑒−2𝑖𝑘𝑧𝑠

′ 𝑡𝑠 − 1)(𝐴𝑙
𝑇𝐸𝐶𝑙

𝑇𝐸∗
)

+𝑖𝑘𝑧𝑠
′′ (1 − 𝑒2𝑖𝑘𝑧𝑠

′ 𝑡𝑠)(𝐴𝑙
𝑇𝐸∗

𝐶𝑙
𝑇𝐸)

+𝑘𝑧𝑠
′ (1 − 𝑒−2𝑘𝑧𝑠

′′ 𝑡𝑠)(−|𝐶𝑙
𝑇𝐸|2) ]

 
 
 
 

 (2.37) 
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Emitting Semi-Infinite Medium 

Similarly, to the emitting thin film case, the integration over the semi-infinite volume has been 

performed analytically for the semi-infinite medium. The integration is performed with the 

following assumption with respect to 𝑧′ of the Weyl components of the DGF [45]: 

 𝑔𝑠𝑙𝑖𝛼
𝐸 (𝑘𝜌, 𝑧𝑐, 𝑧

′, 𝜔)𝑔𝑠𝑙𝑗𝛼
𝐻∗

(𝑘𝜌, 𝑧𝑐, 𝑧
′, 𝜔) = 𝑔𝑠𝑙𝑖𝛼

𝐸 (𝑘𝜌, 𝑧𝑐, 𝜔)𝑔𝑠𝑙𝑗𝛼
𝐻∗

(𝑘𝜌, 𝑧𝑐, 𝜔)𝑒2𝑘𝑧𝑠
′′ 𝑧′

 (2.38) 

Then, the integration is calculated with the upper and lower limits of integration for the 

boundaries are: 𝑧𝑠+1 = 0 and 𝑧𝑠 = −∞, respectively, resulting in the following expression:  

 
𝑞𝜔,𝑠𝑙(𝑧𝑐 = 𝑧𝑙) =

𝑘𝑣
2𝛩(𝜔, 𝑇𝑠)

2𝜋2
 

× 𝑅𝑒 {𝑖𝜀𝑟𝑠
′′ (𝜔)∫

𝑘𝜌𝑑𝑘𝜌

𝑘𝑧𝑠
′′

[+

𝑔𝑠𝑙𝜌𝜌
𝐸 (𝑘𝜌, 𝑧𝑐 = 𝑧𝑙 , 𝜔)𝑔𝑠𝑙𝜃𝜌

𝐻∗
(𝑘𝜌, 𝑧𝑐 = 𝑧𝑙, 𝜔)

𝑔𝑠𝑙𝜌𝑧
𝐸 (𝑘𝜌, 𝑧𝑐 = 𝑧𝑙 , 𝜔)𝑔𝑠𝑙𝜃𝑧

𝐻∗
(𝑘𝜌, 𝑧𝑐 = 𝑧𝑙 , 𝜔)

−𝑔𝑠𝑙𝜃𝜃
𝐸 (𝑘𝜌, 𝑧𝑐 = 𝑧𝑙, 𝜔)𝑔𝑠𝑙𝜌𝜃

𝐻∗
(𝑘𝜌, 𝑧𝑐 = 𝑧𝑙, 𝜔)

]
∞

0

} 

(2.39) 

where the expression for each TM- and TE-polarized Weyl component is the following [45]:  

 
𝑔𝑠𝑙𝜌𝜌

𝐸 (𝑘𝜌, 𝑧𝑐 = 𝑧𝑙 , 𝜔) =  
𝑖𝑘𝑧𝑙

2𝑘𝑠𝑘𝑙
(𝐴𝑙

𝑇𝑀) (2.40) 

 
𝑔𝑠𝑙𝜃𝜌

𝐻 (𝑘𝜌, 𝑧𝑐 = 𝑧𝑙, 𝜔) =  
𝑘𝑙

2𝑘𝑠
(−𝐴𝑙

𝑇𝑀) (2.41) 

 
𝑔𝑠𝑙𝜌𝑧

𝐸 (𝑘𝜌, 𝑧𝑐 = 𝑧𝑙, 𝜔) =  
𝑖𝑘𝑧𝑙𝑘𝜌

2𝑘𝑧𝑠𝑘𝑠𝑘𝑙
(−𝐴𝑙

𝑇𝑀) (2.42) 

 
𝑔𝑠𝑙𝜃𝑧

𝐻 (𝑘𝜌, 𝑧𝑐 = 𝑧𝑙 , 𝜔) =  
𝑘𝑙𝑘𝜌

2𝑘𝑠𝑘𝑧𝑠
(𝐴𝑙

𝑇𝑀) (2.43) 

 
𝑔𝑠𝑙𝜃𝜃

𝐸 (𝑘𝜌, 𝑧𝑐 = 𝑧𝑙, 𝜔) =  
𝑖

2𝑘𝑧𝑠
(𝐴𝑙

𝑇𝐸) (2.44) 

 
𝑔𝑠𝑙𝜌𝜃

𝐻 (𝑘𝜌, 𝑧𝑐 = 𝑧𝑙 , 𝜔) =  
𝑘𝑧𝑙

2𝑘𝑧𝑠
(𝐴𝑙

𝑇𝐸) 
(2.45) 
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NFRHT formulation for anisotropic media 

Based on equation (2.14) which expresses the electric and magnetic fields via the DGF and FDT, 

the NFRHT between anisotropic media is represented by the following expression [13,51,52]:  

 
𝑞 =  

1

8𝜋3
∫ [𝛩(𝜔, 𝑇1) − Θ(𝜔, 𝑇2)]𝑑𝜔∫ ∫ [𝜉(𝜔, 𝑘𝜌, 𝜙)

∞

0

2𝜋

0

∞

0

𝑘𝜌]𝑑𝑘𝜌𝑑𝜙 (2.46) 

where 𝜙 is the azimuth angle corresponding to the angle of the plane of incidence. The term 

𝜉(𝜔, 𝑘𝜌, 𝜙) is the energy transmission coefficient (ETC) or the phonon tunneling probability 

which can be expressed as [13]:  

 
𝜉(𝜔, 𝑘𝜌, 𝜙) = {

Tr[(𝐈 − 𝐑𝟐
∗ 𝐑𝟐 − 𝐓𝟐

∗𝐓𝟐)𝐃(𝐈 − 𝐑𝟏
∗ 𝐑𝟏 − 𝐓𝟏

∗𝐓𝟏)𝐃
∗],     kρ < 𝑘0

Tr[(𝐑𝟐
∗ − 𝐑𝟐)𝐃(𝐑𝟏 − 𝐑𝟏

∗ )𝐃∗]𝑒−2|𝑘𝑧2
′′ |𝑑,                       kρ > 𝑘0

 (2.47) 

The reflection and transmission coefficients are calculated at different values of the azimuth 

angle 𝜙 to cover a full rotation of the incident angle due to the anisotropy behavior of the 

material. Note that Tr(∙) represents the trace of a matrix and (*) represents the conjugate 

transpose. 𝐈 is a 2 × 2 unit matrix and the matrix 𝐃 = (𝐈 − 𝐑𝟏𝐑𝟐𝑒
2𝑖𝑘𝑧2𝑑)

−1
. The reflection and 

transmission matrices are represented as:  

 
𝐑𝑙 = [

𝑟𝑠𝑠
𝑙 𝑟𝑠𝑝

𝑙

𝑟𝑝𝑠
𝑙 𝑟𝑝𝑝

𝑙 ],       𝐓𝑙 = [
𝑡𝑠𝑠
𝑙 𝑡𝑠𝑝

𝑙

𝑡𝑝𝑠
𝑙 𝑡𝑝𝑝

𝑙 ]. (2.48) 

The first and second letters in the subscript of each coefficient indicate the polarization state of 

the incident wave and the reflected (or transmitted) wave, respectively. These coefficients can be 

obtained using the modified 4 × 4 transfer matrix method [13] or by their explicit expressions for 

each case [20,51,52]. The transmission matrix 𝐓𝑙 = 0 if the body has an optically large thickness 

to be considered a semi-infinite medium.  
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Chapter 3: NFRHT with Titanium Carbide MXene (Ti3C2Tx) 

Introduction 

NFRHT occurs when radiative heat transfer happens between objects separated by distances 

comparable to the characteristic thermal wavelength . In this regime, heat transfer magnitudes 

can surpass the blackbody limit due to additional energy transfer modes [46,53]. NFRHT has 

garnered significant interest lately due to its applications in various recent technologies, 

including sensing devices, nanoscale energy harvesting, and optoelectronic devices. An active 

research area on this field focuses on better controlling these heat flux magnitudes [12,14,23,25]. 

Researchers have suggested using new materials with unique optical properties to better manage 

these energy transfer modes. As a result, two-dimensional (2D) materials like graphene 

[19,21,24], black phosphorus (BP) [15,26], and hexagonal boron nitride (hBN) [12,54] have been 

extensively studied for their novel thermal and optical properties. 

MXenes, a new family of 2D materials, comprising transition metal carbides, nitrides, or 

carbonitrides, have garnered significant attention since their discovery in 2011. Since the 

discovery of 𝑇𝑖3𝐶2𝑇𝑥 as the prototypical MXene, it has been the subject of extensive 

investigation, revealing a range of tunable optical properties, including emissivity, controllable 

bandgap [55–57], and surface plasmon (SP) resonances [58–60]. The exploration of the tunable 

SP resonance of 𝑇𝑖3𝐶2𝑇𝑥 MXene across a wide spectral range (from 2 to 6 µm) has highlighted 

its potential in manipulating the optical response within the mid-IR spectrum [61]. The tunability 

of SPs has made MXenes valuable for surface-enhanced Raman spectroscopy (SERS) [62], 

where thicker 𝑇𝑖3𝐶2𝑇𝑥 MXene films exhibit enhanced charge transfer effects and absorption in 

the NIR. Additionally, MXenes have showcased exceptional capabilities in thermal camouflage, 
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suitable for reducing radiation temperature through low mid-IR emissivity – attributes that 

contribute to multifunctionality, including discreet Joule heating and superior electromagnetic 

interference shielding efficiency [63,64].  

The present study focuses on the NFRHT between Titanium Carbide MXene surfaces in a one-

dimensional multi-layered structure. The complex dielectric function is the main property needed 

to fully characterize the optical behavior of the system. To this aim, samples were fabricated 

with various thicknesses of Titanium Carbide MXene on quartz substrates. The complex valued 

dielectric function of these samples was determined via spectroscopy ellipsometry, revealing a 

strong correlation between the radiative properties and the thickness of the MXene layers. The 

spectral and total net heat flux is calculated via DGF for FE where the scattering matrix method 

is employed to calculate the field amplitudes in each layer.  

Theoretical Framework 

The schematic for this work is presented in figure 8 and 9, where all the interfaces are assumed 

to be perfectly smooth surfaces. Each layer is described with its corresponding optical property 

represented by the complex-valued dielectric function 𝜀𝑙(𝜔) =  𝜀𝑙
′(𝜔) + 𝑖𝜀𝑙

′′(𝜔). 

Figure 7: (a) Real and (b) imaginary part of the complex dielectric function of Titanium Carbide MXene.  
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 The dielectric function for Silicon Carbide (SiC), Silicon Dioxide (SiO2), Gold (Au), Copper 

(Cu), Platinum (Pt), Graphene and hexagonal Boron Nitride (hBN) can be found in the literature 

[13,22,65,66]. The dielectric function for MXene is presented in Figure 7 measured over thin 

films and bulk-like films.  

The first case (C1) evaluated will be a system of two semi-infinite media of the same material. 

The second (C2) and third case (C3) consists of a thin film of thickness 𝑡 coated on a SiC slab. 

The NFRHT is calculated following FE theory were the Maxwell equations are augmented by a 

stochastic current density that accounts for the random fluctuations of charges due to thermal 

agitation. FDT links this stochastic current source term with the local temperature of the emitting 

body. The spectral radiative heat flux between these two bodies is calculated using the time 

average z-component of the Poynting vector and by then applying the FDT where the DGF are 

calculated for a specific geometry and boundary conditions [10,47]:  

Figure 8:  Schematic of the systems used for this work. (a) Case 1: Two semi-infinite media of the same material. 

(b) Case 2: Thin film of finite thickness 𝑡 coated on a SiC slab. (c) Case 3: Thin film of finite thickness t coated on 

both SiC slabs. All separated by a vacuum gap distance 𝑑. 
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𝑞𝜔
𝑝𝑟𝑜𝑝 =

[𝛩(𝜔, 𝑇1) − Θ(𝜔, 𝑇3)]

4𝜋2
∫ 𝑘𝜌 ∙ 𝒁13

𝑝𝑟𝑜𝑝𝑑𝑘𝜌

𝑘0

0

 (3.1) 

 

𝑞𝜔
𝑒𝑣𝑎𝑛 =

[𝛩(𝜔, 𝑇1) − Θ(𝜔, 𝑇3)]

𝜋2
∫ 𝑘𝜌 ∙ 𝒁13

𝑒𝑣𝑎𝑛 ∙ 𝑒−2𝑘𝑧2
′′ 𝑑𝑑𝑘𝜌

𝑘∞

𝑘0

 (3.2) 

Where the total heat flux is the sum of the contributions of the propagating evanescent waves, i. 

e. 𝑞𝜔,𝐶 = 𝑞𝜔,𝐶
𝑝𝑟𝑜𝑝 + 𝑞𝜔,𝐶

𝑒𝑣𝑎𝑛. The corresponding energy transmission coefficients (𝒁𝑖𝑗
𝑝𝑟𝑜𝑝,𝑒𝑣𝑎𝑛

) are 

expressed as:  

 
𝒁13,𝐶3

𝑝𝑟𝑜𝑝 = ∑
(1 − |𝑅1

𝛾
|
2
− |𝑇1

𝛾
|
2
)(1 − |𝑅3

𝛾
|
2
− |𝑇3

𝛾
|
2
)

|1 − 𝑅1
𝛾
𝑅3

𝛾
e2𝑖𝑘𝑧2𝑑|2   

𝛾=𝑇𝐸,𝑇𝑀

 (3.3) 

 
𝒁13.𝐶3

𝑒𝑣𝑎𝑛 = ∑
Im(𝑅1

𝛾
)Im(𝑅3

𝛾
)

|1 − 𝑅1
𝛾
𝑅3

𝛾
e2𝑖𝑘𝑧2𝑑|2   

𝛾=𝑇𝐸,𝑇𝑀

 (3.4) 

Where 𝑅𝑙
𝛾
 and 𝑇𝑙

𝛾
 represent the reflection and transmission coefficients with polarization state 𝛾, 

respectively. The expressions for these coefficients are as follows:  

 
𝑅𝑙

𝛾
=

𝑟𝑙−1,𝑙
𝛾

+ 𝑟𝑙,𝑙+1
𝛾

e2𝑖𝑘𝑧𝑙𝑡𝑙

1 + 𝑟𝑙−1,𝑙
𝛾

𝑟𝑙,𝑙+1
𝛾

e2𝑖𝑘𝑧𝑙𝑡𝑙
 (3.5) 

 
𝑇𝑙

𝛾
=

𝑡𝑙−1,𝑙
𝛾

𝑡𝑙,𝑙+1
𝛾

e𝑖𝑘𝑧𝑙𝑡𝑙

1 + 𝑟𝑙−1,𝑙
𝛾

𝑟𝑙,𝑙+1
𝛾

e2𝑖𝑘𝑧𝑙𝑡𝑙
 (3.6) 

where 𝑟𝑖𝑗
𝛾
 and 𝑡𝑖𝑗

𝛾
 are the Fresnel reflection and transmission coefficients of the interface between 

layer 𝑖 and 𝑗, respectively. These coefficients are represented by:  

 
𝑟𝑖𝑗

𝑇𝐸 =
𝑘𝑖𝑧 − 𝑘𝑗𝑧

𝑘𝑖𝑧 + 𝑘𝑗𝑧
 (3.7) 

 
𝑟𝑖𝑗

𝑇𝑀 =
𝜀𝑗𝑘𝑖𝑧 − 𝜀𝑖𝑘𝑗𝑧

𝜀𝑗𝑘𝑖𝑧 + 𝜀𝑖𝑘𝑗𝑧
 (3.8) 
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𝑡𝑖𝑗
𝑇𝐸 =

2𝑘𝑖𝑧

𝑘𝑖𝑧 + 𝑘𝑗𝑧
 (3.9) 

 
𝑡𝑖𝑗
𝑇𝑀 =

2𝜀𝑗𝑘𝑖𝑧

𝜀𝑗𝑘𝑖𝑧 + 𝜀𝑖𝑘𝑗𝑧
√

𝜀𝑖

𝜀𝑗
 (3.10) 

Note: Equations (3.3-4) represent the exchange functions for semi-infinite medium coated with a 

thin film, as represented in case C3. For the case of only semi-infinite medium, like case C1, 

𝑡𝑙 → ∞. This will cause the exponential term (e𝑖𝑘𝑧𝑙𝑡𝑙), drop to zero as 𝑡𝑙 → ∞. Therefore, 𝑇𝑙
𝛾

→

0, while 𝑅𝑙
𝛾

→ 𝑟𝑙−1,𝑙
𝛾

 which will then match what is reported in literature for the energy 

transmission coefficients for NFRHT between two semi-infinite media: 

 
Figure 9: (a) Rectification case using a movable medium body made two thin films of MXene and SiC 

Representation the forward bias (a) where one of the SiC slabs is coated by a double film of MXene and SiC and the 

reverse bias (c) where one of the SiC can be assumed to only be coated by a MXene film.  
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Case C2 will use the transmission coefficients representation from equations (3.3-4) for the thin 

film coated SiC slab and equations (3.11-12) for the SiC slab.  

The proposed rectification concept is illustrated in Figure 9(a) where the system consists of two 

semi-infinite media fixed at the ends of the system. The middle movable layer consists of a 

double film of MXene, and Sic. The middle layer is assumed to make full contact with one of the 

fixed SiC slabs transforming it into a fully new medium. When moving the middle layer and 

attaching it to the right side, the system will by a bare SiC slab and a multilayer coated SiC slab 

separated by a vacuum gap. This first configuration creates a multilayer structure where the SiC 

slab and the SiC thin film share similar resonant modes causing a higher magnitude of NFRHT. 

Thus, this will be considered as the forward bias. When the middle layer is attached to the left 

side, the system will be a bare SiC slab and a coated SiC slab with a thin film of MXene. This 

configuration brings an asymmetry on the resonance modes of the materials, causing a lower 

magnitude of NFRHT. The rectification effect is then achieved by creating an on- and off-

resonance with the modes of the SiC slab. It is crucial to acknowledge that although the 

configuration proposed by the theoretical model may be challenging to achieve with current 

nanofabrication techniques, the insights from the proposed mechanism can better showcase 

capabilities of this new material. 

 

 

 
𝒁13,𝐶1

𝑝𝑟𝑜𝑝 = ∑
(1 − |𝑟21

𝛾
|
2
)(1 − |𝑟23

𝛾
|
2
)

|1 − 𝑟21
𝛾
𝑟23

𝛾
𝑒2𝑖𝑘𝑧2𝑑|2   

𝛾=𝑇𝐸,𝑇𝑀

 (3.11) 

 
𝒁13,𝐶1

𝑒𝑣𝑎𝑛 = ∑
Im(𝑟21

𝛾
)Im(𝑟23

𝛾
)

|1 − 𝑟21
𝛾
𝑟23

𝛾
𝑒2𝑖𝑘𝑧2𝑑|2   

𝛾=𝑇𝐸,𝑇𝑀

 (3.12) 
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The performance of the system will be quantified by a rectification percentage:  

 𝑅[%] =
𝑞𝑓 − 𝑞𝑟

𝑞𝑓
× 100% = 1 −

𝑞𝑟

𝑞𝑓
× 100% (3.13) 

where 𝑞𝑓 and 𝑞𝑟 are the forward and reverse bias neat heat fluxes, respectively. These 

magnitudes of heat flux are calculated using the 1D layered media using DGF and S-matrix [45]. 

For all the cases, the emitting body will be considered as the one attached with the middle layer, 

therefore, the emitting body for the forward bias is the multilayered coated SiC slab and the 

emitting body for the reverse bias is the coated SiC slab with a thin film of MXene. The net heat 

flux towards the SiC slab for the forward bias can be expressed as the sum of the contributions of 

each layer [22,67], i. e., 𝑞𝑓 = 𝑞4→1 + 𝑞3→1 + 𝑞2→1 = 𝑞432→1, and similarly for the reverse bias, 

𝑞𝑟 = 𝑞12→4 + 𝑞3→4 = 𝑞123→4 following the numbering scheme described in Figure 9(a). The 

contribution for the SiC slab and thin film will be considered as a single SiC slab. 

The calculations for the spectral heat flux 𝑞𝜔,3→1, 𝑞𝜔,2→1, and 𝑞𝜔,3→4 are performed using the 

spectral heat flux due to an emitting thin film along the z-direction:  

 
𝑞𝜔,𝑓𝑖𝑙𝑚(𝑧𝑙) =

𝑘0
2[𝛩(𝜔, 𝑇𝑠) − 𝛩(𝜔, 𝑇𝑙)]

𝜋2
 

× 𝑅𝑒 {𝑖𝜀𝑠
′′(𝜔)∫ 𝑘𝜌𝑑𝑘𝜌 ∫ 𝑑𝑧′

𝑡𝑠

0

∞

0

[

𝑔𝑠𝑙𝜌𝜌
𝐸 (𝑘𝜌, 𝑧𝑙 , 𝑧

′, 𝜔)𝑔𝑠𝑙𝜃𝜌
𝐻∗

(𝑘𝜌, 𝑧𝑙 , 𝑧
′, 𝜔)

+𝑔𝑠𝑙𝜌𝑧
𝐸 (𝑘𝜌, 𝑧𝑙, 𝑧

′, 𝜔)𝑔𝑠𝑙𝜃𝑧
𝐻∗

(𝑘𝜌, 𝑧𝑙, 𝑧
′, 𝜔)

−𝑔𝑠𝑙𝜃𝜃
𝐸 (𝑘𝜌, 𝑧𝑙 , 𝑧

′, 𝜔)𝑔𝑠𝑙𝜌𝜃
𝐻∗

(𝑘𝜌, 𝑧𝑙, 𝑧
′, 𝜔)

]} 

(3.14) 

where 𝑞𝜔,𝑓𝑖𝑙𝑚(𝑧𝑙) represents the spectral heat flux calculated at layer 𝑙, and 𝑡𝑠 is the thickness of 

the emitting source layer. Consequently, the calculations for the spectral heat flux 𝑞𝜔,4→1 and 

𝑞𝜔,12→4 are performed using the spectral heat flux due to an emitting semi-infinite along the z-

direction:  
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𝑞𝜔,𝑏𝑢𝑙𝑘(𝑧𝑙) =

𝑘0
2[𝛩(𝜔, 𝑇𝑠) − 𝛩(𝜔, 𝑇𝑙)]

2𝜋2
 

× 𝑅𝑒 {𝑖𝜀𝑠
′′(𝜔) ∫

𝑘𝜌𝑑𝑘𝜌

𝑘𝑧𝑠
′′

[+

𝑔𝑠𝑙𝜌𝜌
𝐸 (𝑘𝜌, 𝑧𝑙, 𝜔)𝑔𝑠𝑙𝜃𝜌

𝐻∗
(𝑘𝜌, 𝑧𝑙, 𝜔)

𝑔𝑠𝑙𝜌𝑧
𝐸 (𝑘𝜌, 𝑧𝑙, 𝜔)𝑔𝑠𝑙𝜃𝑧

𝐻∗
(𝑘𝜌, 𝑧𝑙 , 𝜔)

−𝑔𝑠𝑙𝜃𝜃
𝐸 (𝑘𝜌, 𝑧𝑙 , 𝜔)𝑔𝑠𝑙𝜌𝜃

𝐻∗
(𝑘𝜌, 𝑧𝑙, 𝜔)

]
∞

0

} 

(3.15) 

where 𝑞𝜔,𝑏𝑢𝑙𝑘(𝑧𝑙) represents the spectral heat flux calculated at layer 𝑙. 

𝑇𝑠 and 𝑇𝑙 represent the temperatures of the source and receiving layer, respectively. The 

temperature of the middle layer will be fixed to be the higher temperature. This means that the 

SiC slab attached to the middle layer will have the same temperature, while the SiC slab at the 

other end has the lower temperature.  

Results and Discussion 

For the case C1, both surfaces are assumed to be semi-infinite, with their respective temperatures 

to be 𝑇1 = 300 𝐾 and 𝑇3 = 370 𝐾. The net radiative heat flux for this is reported in Figure 10, as 

function of gap distances 𝑑. The plot incorporates the cases for dielectrics and metallic surfaces 

for better comparison. As seen in Figure 10, the behavior of 𝑇𝑖3𝐶2𝑇𝑥 MXene falls in between the 

magnitudes of the other metallic surfaces. Even though, this material is well known for its 

metallic-dielectric transition on its optical properties, the trend resembles the features of metallic 

surfaces, which are different from the dielectrics as that linear increase of heat flux with respect 

to gap distance is attributed to the bulk SPhPs which are not present in a metallic material, like 

𝑇𝑖3𝐶2𝑇𝑥 MXene []. At gap distances far from 100 nm, the magnitudes of heat flux tend to be 

above the magnitudes of the other metals used in this study. At gap distances lower than 100 nm, 

the metallic surfaces, including 𝑇𝑖3𝐶2𝑇𝑥 MXene, show a weaker relation to the gap distance. As 

mentioned in Ref. [66], the saturation of the heat flux with respect to gap distance for the 
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metallic cases has close relation to the energy transmission coefficient for evanescent TE modes 

(𝒁13
𝑝𝑟𝑜𝑝,TE

), where this coefficient depends on the wavevector in vacuum (𝑘), as shown in 

equation (3.16):  

 𝒁13
𝑝𝑟𝑜𝑝,TE ∝ {Im[𝑟𝑖2

𝑇𝐸]𝑒−𝑘𝑑}2  (3.16) 

where 𝑟𝑖2
𝑇𝐸 is the Fresnel reflection coefficient for TE waves in the vacuum and layer 𝑖 interface. 

It can be seen from this equation (3.16) that the energy transfer coefficient will decrease as the 

gap distance decreases, knowing that Im[𝑟𝑖2
𝑇𝐸] does not increase with increasing wavevector (𝑘). 

It has been shown that there is a cutoff wavevector 𝑘𝑐𝑢𝑡𝑜𝑓𝑓 ≈ 𝜔𝑝 𝑐0⁄ , having 𝜔𝑝 as the 

plasmonic frequency of the material, where the . 𝑑𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 = 1 𝑘𝑐𝑢𝑡𝑜𝑓𝑓⁄ = 𝑐0 𝜔𝑝⁄  where for semi-

infinite 𝑇𝑖3𝐶2𝑇𝑥 MXene slabs 𝑑𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 ≈ 160 nm, where for Au is 30 nm and for Pt is 17.8 nm. 

This can be clearly seen in Figure 10 as why the values of 𝑇𝑖3𝐶2𝑇𝑥 MXene has an earlier plateau 

trend compared to the other metals.  

Figure 10: Net heat flux as a function of gap distance for two similar semi-infinite media using dielectrics and 

metallic surfaces. 
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For case C2 (represented in Figure 7b), the same temperature biased from the previous case is 

used here. The material 𝑴 for the coated films is 𝑇𝑖3𝐶2𝑇𝑥 MXene and other 2D materials, hBN 

and Graphene, for better comparison. Figure 11 shows the net radiative heat flux as a function of 

gap distance 𝑑 for the three cases using a coated thin film of thickness 𝑡 = 10 𝑛𝑚. For the case 

of a coated SiC slab, the magnitudes of heat flux for the case using hBN dominate over using  

𝑇𝑖3𝐶2𝑇𝑥 MXene are Graphene. The SPhPs for hBN and SiC have a better coupling which causes 

higher magnitudes even with an asymmetry on the structure. For the case of two coated SiC 

slabs, the magnitudes of heat flux are higher for the case using  𝑇𝑖3𝐶2𝑇𝑥 MXene and hBN thin 

films. The high magnitudes using hBN thin films are due to the hyperbolic phonon polaritons 

(HSPhPs) resonance that are within the mid-IR range along with the SPhPs of SiC [12,15,68]. 

Figure 11: Net heat flux as a function of gap distance for (a) a SiC slab and a coated SiC and (b) for two coated SiC 

slabs. The coatings used have a thickness of 10 nm. 

For the rectification case, the forward bias and reverse bias are represented in Figure 12 (solid 

lines and dashed lines, respectively). The forward bias shows and increment on the values of heat 

flux below the 200 nm gap distances which can be represented by the coupling of the SPhPs of 

the thin film. This resonance not only happens at one of the interfaces of the material but at both 
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of the interfaces. Meaning that at smaller gaps, the SiC slab can sense the SPhPs of the interface 

between the SiC thin film and the 𝑇𝑖3𝐶2𝑇𝑥 MXene. Also, it is seen from the forward case that for 

gap distances bellow 40 nm, the magnitudes of heat flux are not dependent on thickness due to 

the fact that the phonon interaction between the SiC slab and SiC thin film that dominate over 

the presence of a metallic thin film. For the reverse scenario, for gap distance below 200 nm 

shows that the 𝑇𝑖3𝐶2𝑇𝑥 MXene film continues to break the symmetry within the phononic 

resonances of the system. Despite the asymmetry, the magnitude of heat flux continues to 

increase in the reverse bias as an effect of the SiC slabs surface modes are able to get through the 

𝑇𝑖3𝐶2𝑇𝑥 MXene thin film. As a result, the magnitudes of rectification are above 80% at gap 

distance bellow 200 nm.  

 

 

 

Figure 12: (a) Net heat flux as a function of gap distance for the forward bias (solid lines) and reverse bias (dashed 

lines) at different 𝑇𝑖3𝐶2𝑇𝑥 MXene thin film thickness. (b) Rectification percentage as a function of gap distance for 

the different thicknesses.  
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Conclusion 

In summary, the impact of 𝑇𝑖3𝐶2𝑇𝑥 MXene in NFRHT for semi-infinite and thin film media have 

been investigated. For the case of semi-infinite slabs of 𝑇𝑖3𝐶2𝑇𝑥 MXene, the magnitudes of heat 

flux report a trend similar to other metallic surfaces. The magnitudes start to plateau at 

𝑑𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 ≈ 160 nm which is larger in comparison to other metals. In the case of 𝑇𝑖3𝐶2𝑇𝑥 MXene 

thin films, the magnitudes are within the magnitude of hBN and Graphene thin films. The 

coupling between  𝑇𝑖3𝐶2𝑇𝑥 MXene and the SPhP of SiC is not as strong as it is for the hBN thin 

film case where HSPhPs modes are also present. The rectification case was evaluated using a 

system with a moveable film of SiC and 𝑇𝑖3𝐶2𝑇𝑥 MXene films which causes and on- and off-

resonance coupling between the SiC slabs. The forward bias at smaller gap distances shows an 

increase in magnitudes of heat flux with respect to gap distance independent of the 𝑇𝑖3𝐶2𝑇𝑥 

MXene film thickness. As for the reverse bias, the 𝑇𝑖3𝐶2𝑇𝑥 MXene film controlled the 

magnitudes of heat flux from the SiC slabs by breaking the symmetry in the resonant modes. 

This work shows the capabilities that  𝑇𝑖3𝐶2𝑇𝑥 MXene can be used for NFRHT in order to 

manipulate the magnitudes of heat flux compared to other 2D materials and metallic surfaces.  
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Chapter 4: NFRHT with Cobalt Slanted Columnar Thin Films 

Introduction 

Surface roughness, patterning, and nanostructures have been employed to precisely adjust 

radiative responses, particularly spectral and directional properties. Advances in microfabrication 

and enhanced computing capabilities have enabled more systematic studies on how 

microstructures and material properties influence thermal emission and absorption characteristics 

[29,30]. Glancing angle deposition (GLAD) is a promising nanofabrication technique that 

produces spatially coherent, highly porous, super lattice-type three-dimensional 

nanomorphologies  [69,70]. This bottom-up physical vapor deposition technique uses particle 

flux at an oblique angle of incidence along with a precise sample manipulator, allowing for the 

fabrication of versatile 3D nanostructures on a wafer-scale substrate [70,71]. Generalized 

ellipsometry, a highly effective non-invasive optical technique, is used to determine the 

anisotropic optical properties of complex nanostructured thin films and to extract structural 

parameters through best-match model analysis [72–74].  

Sculptured thin films via GLAD exhibit unique properties that can potentially make them highly 

effective for manipulating NFRHT. Slanted columnar thin films, angled relative to the substrate, 

create a birefringent medium. This anisotropy enables the control of the polarization and 

propagation direction of electromagnetic waves. The structural design allows for the excitation 

of tailored resonant modes [75–77]. These resonances can be engineered by adjusting the angle, 

height, and periodicity of the columns [78]. The unique properties of anisotropic metasurfaces 

fabricated via GLAD are critical for advancing technologies that rely on NFRHT. The ability to 

control the direction, polarization, and resonant modes of thermal radiation enhances the 
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efficiency and performance of TPV systems by optimizing the emission spectra to match 

photovoltaic cell characteristics [79,80]. In thermal management, these metasurfaces can be used 

to facilitate efficient heat dissipation and localized heating or cooling, addressing critical 

challenges in electronic device reliability.  

This study numerically investigates the NFRHT between two slanted columnar thin films made 

of cobalt separated by a vacuum gap. The NFRHF is calculated at different gap distances. Also, 

the modulation of NFRHF by controlling the relative rotation angle between the receiver and the 

emitter is investigated. The calculations performed in this study are based on the fluctuation-

dissipation theorem combined with the modified 4 × 4 transfer matrix method. By adopting the 

enhanced matrix approach, this method is capable of calculating the NFRHT between two 

homogeneous media well as stratified media efficiently while avoiding the problem of numerical 

overflow when dealing with evanescent waves [13].   

 

Figure 13: Schematic of NFRHT between two Co-SCTF. The rotation angle (α) is measured along the z-axis.  
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Theoretical Framework 

The numerical analysis of the NFRHT with Co-SCTF is performed with two parallel surfaces 

with the nanostructures facing each other at a gap distance 𝑑, represented by figure 10. The Co-

SCTF were growth on a Silicon substrate. Therefore, the structure considered for this study is a 

semi-infinite medium coated with a thin film. The structural parameters, like column slanting 

angle (𝜃𝑠) and thin film thickness (𝑡), along with the wavelength dependent dielectric function 

were determined by a homogeneous biaxial layer approach (HBLA) physical model 

incorporating the data gathered experimentally via generalized spectroscopy ellipsometry [81]. 

 The complex-value dielectric tensor of the Co-SCTF is expressed in terms of the three major 

cartesian dielectric polarizability axes represented by (𝑎, 𝑏, 𝑐) coordinates forming an 

orthorhombic system [42]: 

 

𝜀 = [

𝜀𝑎 0 0
0 𝜀𝑏 0
0 0 𝜀𝑐

] (4.1) 

A transformation from the polarizability axes to the cartesian coordinates is needed for the 

mathematical model used in this work. The rotation matrix 𝑩 represents the coordinate 

transformation from (𝑎, 𝑏, 𝑐) coordinates to the (𝑥, 𝑦, 𝑧) coordinates [48,82]: 

Figure 14: Representation of the polarizability coordinates for Co-SCTF. 
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𝑩 =  [

cos 𝜙𝐸 cos𝜓𝐸 − sin𝜙𝐸 cos 𝜃𝐸 sin𝜓𝐸 −cos𝜙𝐸 sin𝜓𝐸 − sin 𝜙𝐸 cos 𝜃𝐸 cos𝜓𝐸 sinϕE sin 𝜃𝐸

sin𝜙𝐸 cos𝜓𝐸 + cos𝜙𝐸 cos 𝜃𝐸 sin𝜓𝐸 −sin 𝜙𝐸 sin𝜓𝐸 − cos𝜙𝐸 cos 𝜃𝐸 cos𝜓𝐸 −cosϕE sin 𝜃𝐸

sin 𝜃𝐸 sin 𝜓𝐸 sin 𝜃𝐸 cos𝜓𝐸 cos 𝜃𝐸

] (4.2) 

where (𝜙𝐸 , 𝜃𝐸 , 𝜓𝐸) are the Euler angles. The transformation from (𝑎, 𝑏, 𝑐) coordinates to the 

(𝑥, 𝑦, 𝑧) coordinates can represented as:  

 

[

𝜀𝑥𝑥 𝜀𝑥𝑦 𝜀𝑥𝑧

𝜀𝑦𝑥 𝜀𝑦𝑦 𝜀𝑦𝑧

𝜀𝑧𝑥 𝜀𝑧𝑦 𝜀𝑧𝑧

] = 𝑩 [

𝜀𝑎 0 0
0 𝜀𝑏 0
0 0 𝜀𝑐

] 𝑩𝑇 (4.3) 

Based on the electric and magnetic fields via the DGF and FDT, the NFRHT between anisotropic 

media is represented by the following expression [13,51,52]:  

 
𝑞 =  

1

8𝜋3
∫ [𝛩(𝜔, 𝑇1) − Θ(𝜔, 𝑇3)]𝑑𝜔∫ ∫ [𝜉(𝜔, 𝑘𝜌, 𝜙) ∙

∞

0

2𝜋

0

∞

0

𝑘𝜌]𝑑𝑘𝜌𝑑𝜙 (4.4) 

where 𝜙 is the azimuth angle and 𝜉(𝜔, 𝑘𝜌, 𝜙) is the energy transmission coefficient (ETC) or the 

phonon tunneling probability which can be expressed as [13]:  

 
𝜉(𝜔, 𝑘𝜌, 𝜙) = {

Tr[(𝐈 − 𝐑𝟑
∗ 𝐑𝟑 − 𝐓𝟑

∗𝐓𝟑)𝐃(𝐈 − 𝐑𝟏
∗ 𝐑𝟏 − 𝐓𝟏

∗𝐓𝟏)𝐃
∗],     kρ < 𝑘0

Tr[(𝐑𝟑
∗ − 𝐑𝟑)𝐃(𝐑𝟏 − 𝐑𝟏

∗ )𝐃∗]𝑒−2|𝑘𝑧2
′′ |𝑑 ,                       kρ > 𝑘0

 (4.5) 

Figure 15: Complex-valued dielectric function for the Co-SCTF determined by spectroscopic 

ellipsometry via HBLA showing the (a) real and (b) imaginary part. 
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𝐈 is a 2 × 2 unit matrix and the matrix 𝐃 = (𝐈 − 𝐑𝟏𝐑𝟐𝑒
2𝑖𝑘𝑧2𝑑)

−1
. The reflection and 

transmission matrices are represented as:  

 
𝐑𝑙 = [

𝑟𝑠𝑠
𝑙 𝑟𝑠𝑝

𝑙

𝑟𝑝𝑠
𝑙 𝑟𝑝𝑝

𝑙 ],       𝐓𝑙 = [
𝑡𝑠𝑠
𝑙 𝑡𝑠𝑝

𝑙

𝑡𝑝𝑠
𝑙 𝑡𝑝𝑝

𝑙 ].  (4.6) 

These coefficients are obtained using the modified 4 × 4 transfer matrix method [13] but they  

could also be obtained by their explicit expressions for each case [20,51,52]. The transmission 

matrix 𝐓𝑙 = 0 if the body has an optically large thickness to be considered a semi-infinite 

medium.   

Results and Discussion 

In this study, the temperature of the two bodies is set at 𝑇1 = 370 K and 𝑇3 = 300 𝐾. The 

structure parameters of the Co-SCTF extracted via HBLA are the slanting angle of the columnar 

structure 𝜃𝑠 = 59° and thickness (height) of the sculptured film 𝑡 = 235 𝑛𝑚. The NFRHF is 

calculated in terms of the gap distance d and rotation angle α around the z-direction which is the 

propagation direction of radiative heat transfer. Only one of the bodies is rotated while the other 

remains in a fixed position. The cases shown in Figure 16 are for 10 nm, 100 nm, and 1000 nm 

gap distance with respect to the rotation angle. As seen in the case with the larger gap distance, 

the magnitudes of heat flux across the system tend to show a periodic trend where the maximum 

is established at 0 degrees and a minimum at 180 degrees meaning that there is a better matching 

within the two bodies when the nanostructures are aligned compared to when they are 

misaligned. As the gap distance decreases, as seen in the case of 100 nm, the values for the 

minimum heat flux tend to shift from 180 degrees to values between 90 and 135 degrees. Along 

with this behavior, there is a new peak of heat flux happening at 180 degrees. This shows that 
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now that other than the alignment within the structures like how it is happening at 0 degrees, the 

nanostructures can sense the fields localized at the tip of the nanostructures. These fields could 

be caused by induced dipole moments that are normally seen in this type of structure. The 

slanted columnar structures introduce anisotropy, which affects how electric fields interact with 

the material. When an electromagnetic wave impinges on the nanostructure, the slanted columns 

induce dipole moments that are directionally dependent [83]. These induced dipoles can resonate 

at specific frequencies, significantly enhancing the local electromagnetic fields. This effect is 

seen in the case where the gap distance is 10 nm, seen in Figure 16. At this distance, the structure 

effects are stronger due to the similarity of sizes between the geometrical features and the 

relative distance between the surfaces. Figure 17 shows the periodical behavior of the normalized 

net heat flux within this Co-SCTF as a function of gap distance. The trend tends to drastically 

change within the 10 nm to 100 nm range as the induced fields from the nanostructures of both 

bodies better interact with each other. It is also interesting to notice that below the 100 nm range, 

the point where the minimum heat flux was due to misalignment of the nanostructures, 

transitions into another maximum point.  

 

Figure 16: Net heat flux between Co-SCTF at 10 nm, 100 nm, and 1000 nm of vacuum gap distance.  
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At distances between 10 nm to 100 nm, the net heat flux already exceeds what is normally 

expected for metallic surfaces, as seen in Figure 18. The enhancement of the magnitudes of heat 

flux can be case of enhanced electromagnetic field confinement [78,84–86]. The unique 

morphology of these structures enhances the confinement of electromagnetic fields at the 

surfaces, increasing the local density of states. As the gap distance decreases, this enhancement 

increases as there is a better coupling between the resonances of the structural features.  

 

Figure 17: Contour map of normalized heat flux as a function of rotation angle 𝛼 and a gap distance 𝑑. 



45 

 

 

Figure 18: Net heat flux as a function of gap distance for the Co-SCTF in comparison with Co thin films (red) and 

bulk surfaces (blue) as well as SiC surfaces (green). The horizontal dashed line represents the blackbody limit. 

Conclusion 

The effects of NFRHT using slanted columnar thin films made of Cobal were investigated as 

well as the effects on orientation of the nanostructures and gap distance between the surfaces. 

The results show a periodical trend as a function of gap distance. At large gap distances 𝑑 >

100 𝑛𝑚, the maximum and minimum net heat flux is achieved when both surfaces are aligned 

and misaligned (by 180 degrees), respectively However, for gap distances between 10 𝑛𝑚 <

𝑑 < 100 𝑛𝑚, the trend changes causing a transition of the minimum heat location at 180 degrees 

to be a maximum at closer gap distances.  Overall, the magnitudes of heat flux are higher 

compared to bare slabs and thin films of Cobalt showing an enhancement due to the tailoring of 

the optical properties due to the nanostructures. The results obtained in this study may provide 

better understanding of the capabilities of slanted columnar thin films in modulating NFRHT 

between anisotropic surfaces.  
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Summary and Outlook 

This thesis explores advanced mechanisms for manipulating Near-Field Radiative Heat Transfer 

(NFRHT) using two-dimensional materials and nanostructured surfaces. The focus of the study 

is on understanding how these materials and structures can better manipulate the magnitudes of 

radiative heat transfer in the nanoscale regime. The research is divided into two main parts, each 

addressing a different material system: Titanium Carbide MXene and Cobalt Slanted Columnar 

Thin Films (Co-SCTF). 

In the first part of the thesis, the radiative thermal transport properties of Titanium Carbide 

MXene are investigated. For this study, Titanium Carbide MXene samples of varying 

thicknesses were fabricated using a layer-by-layer spin-coating technique on quartz substrates. 

Spectroscopic ellipsometry was performed over a broad spectral range, from mid-infrared to 

vacuum ultraviolet, to determine radiative properties of the MXene layers. 

The findings revealed that the thickness of the MXene layers significantly influences their 

radiative properties. Calculations of the spectral and total radiative heat flux between these 

samples in the near-field regime showed that MXenes could play a superior role in controlling 

radiative heat transfer compared to traditional materials. The ability to manipulate NFRHT using 

MXenes opens up possibilities for enhanced thermal management in electronic devices and other 

applications where efficient heat dissipation is crucial. 

In the case presented in this thesis, the characterization of its radiative properties was conducted 

using a colloidal solution of nanosized flakes. However, there is potential for more precise 

characterization. Future studies should perform optical characterization on individual flakes of 

this 2D material to gain a deeper understanding of its properties based on the number of 
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monolayers and the behavior of a single layer. This would provide more detailed insights into 

how the thickness of MXene influences its radiative heat transfer capabilities. 

The second part of the thesis examines the near-field radiative response of Cobalt Slanted 

Columnar Thin Films (Co-SCTF). These films were fabricated using glancing angle deposition, a 

technique that allows for the formation of nanostructured surfaces with specific geometric 

configurations. Generalized ellipsometry was used to determine the geometric structure and 

anisotropic dielectric properties of the Co-SCTF over the near-infrared to mid-infrared range. 

The research showed that the NFRHT magnitudes between Co-SCTF exhibited a periodic trend 

over an in-plane rotation of the films. This periodicity varied with the gap distance between the 

films, allowing for better interaction of localized modes from the nanostructures. Theoretical 

calculations indicated that the NFRHT between Co-SCTF could reach higher magnitudes than 

those observed in dielectric materials, highlighting the potential of these nanostructured surfaces 

in advanced thermal applications. 

Further research on the structural and material properties of Co-SCTF should include the effects 

of using semiconductor materials like silicon. Additionally, exploring other geometric structures 

such as boomerangs and zigzag shapes could provide insights into how these parameters 

influence radiative heat transfer. The intrinsic properties of semiconductors suggest that such 

studies could reveal even higher magnitudes of radiative heat flux exchange, enhancing the 

potential applications of these materials in thermal management technologies. 

This research contributes to the growing body of knowledge on how 2D materials and 

nanostructures can be used to manipulate thermal radiation at the nanoscale. The findings 

suggest that the unique properties of Titanium Carbide MXene and Co-SCTF can be harnessed to 
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control radiative heat transfer in ways that were not previously possible with conventional 

materials. This has implications for the development of more efficient thermal management 

systems in electronic devices, as well as for other applications where precise control of heat 

transfer is essential.
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