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Dichroism in double photoionization of H2 molecules by elliptically polarized extreme ultraviolet pulses
is formulated analytically as a sum of atomiclike dichroism (AD) and molecular symmetry-mixed
1 þ
dichroism (MSMD) terms. The MSMD originates from an interplay of 1Σþ
u and Πu continuum molecular
ionization amplitudes. For detection geometries in which the AD vanishes, numerical results for the sixfold
differential probabilities for opposite pulse helicities show that the MSMD is significant in the electron
momentum and angular distributions and is controllable by the ellipticity.
DOI: 10.1103/PhysRevLett.123.143202

Single-photon double photoionization (DPI) of an atom
is a fundamental process in which electron correlation plays
a crucial role [1,2]. For circularly polarized photons, a
circular dichroism (CD) effect was predicted for this
process [3]: the two-electron angular distributions for rightand left-handed circular polarization differ. In general,
dichroic phenomena in photoionization occur for both
achiral targets [3–13] and chiral targets [14–16]. A key
difference is that dichroic effects for achiral targets exist in
the angular distributions, but vanish in the total cross
sections, whereas for chiral targets they exist in both
[12]. Applications of CD effects extend from studying
the structures of proteins (e.g., [17]) to controlling dynamics in chiral molecules (e.g., [18]) or in magnetic materials
(e.g., [19,20]).
Although CD in the DPI angular distributions of He
atoms is well studied both theoretically [3–5,12,13] and
experimentally [6–11], there are very few studies of CD
effects in DPI of the fundamental two-electron molecule,
H2 . Expressions for CD in DPI of H2 have been formulated
[21,22], but no predictions exist for its magnitude.
Measurements of H2 DPI angular distributions have
focused either on comparisons with DPI of He [23,24]
or on two-center interference effects in angular distributions produced by high-energy, circularly polarized photons for the case of extremely unequal electron energy
sharing [25–27]. The former results were fitted well using a
heliumlike theory [28]; the latter results agreed reasonably
well with ab initio calculations that coherently superposed
amplitudes for orthogonal linear polarizations [29].
In this Letter, we provide an analytic formulation for DPI
of H2 in its 1Σþ
g ground state (binding energy Eg ≃ 51.4 eV
and nuclear separation R ≃ 1.4 a:u:) by an elliptically
polarized extreme ultraviolet pulse. We show that the
elliptic dichroism [i.e., the difference of the sixfold
0031-9007=19=123(14)=143202(6)

differential probabilities (SDPs) for opposite pulse helicities] is comprised of two terms: an atomiclike dichroism
(AD) term and a molecular symmetry-mixed dichroism
(MSMD) term. The AD effect, involving only the 1Πþ
u
ionization amplitudes, has the same form as for DPI of He
[3,5,12,13]. In contrast, the MSMD effect originates from
1 þ
an interplay of the 1Σþ
u and Πu ionization amplitudes,
which may be comparable at the low photon energy of
75 eV considered here. Except when the light propagation
direction k̂ is along the molecular axis R, the MSMD effect
is predicted to be nonzero. Moreover, we identify electron
detection geometries in which the AD vanishes, such as in
Figs. 1(a) and 1(b), thus allowing the MSMD to be studied
directly. For those geometries, the MSMD occurs in both

FIG. 1. Two geometries for detecting the outgoing electron
momenta, p1 and p2 , that allow direct access, measurement, and
control of the MSMD in DPI of fixed-in-space H2 by an
elliptically polarized light pulse whose propagation direction,
k̂kẑ, is perpendicular to the molecular vector, Rkx̂.
(a) Perpendicular electron ejection with p1 kk̂ and p2 in the laser
polarization plane ðϵ̂; ζ̂Þ with spherical angles, θ2 ¼ π=2, φ2 .
(b) Back-to-back electron ejection in the polarization plane with
θ1 ¼ θ2 ¼ π=2 and φ2 ¼ φ1 − π. In all panels, 0 ≤ φ2 ≤ 2π and
we fix k̂kẑ, ϵ̂kx̂, and ζ̂kŷ. The origin of coordinates is at the
center of mass of the nuclei.
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the electron momentum and angular distributions for any
energy sharing and can be controlled by tuning the pulse
ellipticity. These predictions are illustrated by ab initio
fixed-nuclei numerical calculations of the full-dimensional
time-dependent Schrödinger equation (TDSE), as
described in [30]. We note that the detection geometries
used in prior studies of the DPI angular distributions for
H2 [23–29] involve contributions from both AD and
MSMD terms.
For the pulse parameters used here, a perturbation theory
(PT) analysis is valid. For one-photon DPI of H2 by a laser
pulse with peak intensity below 1014 W=cm2 having rightor left-circular polarization (RCP or LCP) and propagating
1 þ
along the molecular axis k̂kR, only transitions 1Σþ
g → Πu
are allowed by electric-dipole selection rules, with
ΔM ¼ þ1 for RCP or ΔM ¼ −1 for LCP. For elliptically
polarized light with k̂ not along R (e.g., k̂⊥R),
1 þ 1 þ
ΔM ¼ 0; 1 transitions 1Σþ
g → ð Σu ; Πu Þ are allowed.
The first-order PT DPI amplitude A for an elliptically
polarized pulse can be parametrized in terms of the vectors
of the problem: i.e., the directions of the electron momenta,
p̂1 , p̂2 , the internuclear axis at the instant of photoionization
(and hence the proton recoil axis), p
R̂,ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
and the
ﬃ polarization
2
vector, e, where e ¼ ðϵ̂ þ iηζ̂Þ= 1 þ η . Here ϵ̂ and
ζ̂ ¼ ½k̂ × ϵ̂ are the major and minor axes of the polarization ellipse, and η is the pulse ellipticity: η ¼ þ1 for a RCP
pulse and η ¼ −1 for a LCP pulse. The result for A is
[28,31]

ΔW ¼ 4Im½a1 a2 Im½ðp̂1 · eÞðp̂2 · e Þ
þ 4Im½a1 bIm½ðp̂1 · eÞðR̂ · e Þ
þ 4Im½a2 bIm½ðp̂2 · eÞðR̂ · e Þ:

From the definition of e above, the factors on the right of
each term in (3) may be expressed in terms of the degree of
circular polarization, ξ ≡ ik̂ · ½e × e  ¼ 2η=ð1 þ η2 Þ,
ξ
Im½ðq̂1 · eÞðq̂2 · e Þ ¼ ðk̂ · ½q̂1 × q̂2 Þ:
2

ΔW ¼ ΔW AD þ ΔW MSMD ;

WðeÞ ¼ ja1 j2 jp̂1 · ej2 þ ja2 j2 jp̂2 · ej2 þ jR̂ · ej2 jbj2
þ 2Re½ða1 a2 Þðp̂1 · eÞðp̂2 · e Þ
þ 2Re½ða1 b Þðp̂1 · eÞðR̂ · e Þ
þ 2Re½ða2 b Þðp̂2 · eÞðR̂ · e Þ;

ð2Þ

where b ¼ b1 ðR̂ · p̂1 Þ þ b2 ðR̂ · p̂2 Þ. Taking the difference
of the SDP (2) for e and e , ΔW ¼ WðeÞ − Wðe Þ, gives
an expression for the absolute elliptic dichroism,

ð5Þ

where ΔW AD is the atomiclike contribution [3,5,12,13],
ΔW AD ¼ 2Im½AΠ;1 ðχÞAΠ;2 ðχÞξk̂ · ½p̂1 × p̂2 ;

ð6Þ

and where ΔW MSMD is unique to the molecule,
ΔW MSMD ¼ ξk̂ · fc1 ½p̂1 × R̂ þ c2 ½p̂2 × R̂g
¼ ξ½R̂ × k̂ · fc1 p̂1 þ c2 p̂2 g;

ð7Þ
ð8Þ

with the coefficients cj (j ¼ 1, 2) given by
cj ¼ 2Im½AΠ;j ðχÞf½AΣ;1 ðχÞ − AΠ;1 ðχÞðR̂ · p̂1 Þ
þ ½AΣ;2 ðχÞ − AΠ;2 ðχÞðR̂ · p̂2 Þg:

The coefficients aj , bj are related to the notation of
Ref. [28] as follows: aj ≡ AΠ;j , bj ≡ AΣ;j − AΠ;j , and
j ¼ 1, 2. The dynamical amplitudes AΠ;j and AΣ;j are true
scalar functions of χ ≡ ðp1 ; p2 ; R; u; u1 ; u2 Þ, where
u ≡ ðp̂1 · p̂2 Þ, u1;2 ≡ ðR̂ · p̂1;2 Þ, and p1;2 are the magnitudes of the electron momenta. The amplitudes AΠ;j and
AΣ;j depend upon the pulse parameters except for the
carrier-envelope phase (CEP), ϕ.
The amplitude (1) is valid for any orientation of the
vectors p̂1 , p̂2 , and R̂. Using Eq. (1), a general parametrization of the SDP, WðeÞ ¼ jAj2 , has the form

ð4Þ

Using (4), the elliptic dichroism (3) can be expressed as

A ¼ e−iϕ f½a1 ðχÞðp̂1 · eÞ þ a2 ðχÞðp̂2 · eÞ
þ ðR̂ · eÞ½b1 ðχÞðR̂ · p̂1 Þ þ b2 ðχÞðR̂ · p̂2 Þg: ð1Þ

ð3Þ

ð9Þ

Both the AD (6) and MSMD (7) terms are proportional to
ξk̂, the time-odd pseudovector of the incident light pulse
that is responsible for dichroic effects [12]. The vector
structures of the AD and MSMD terms ensure that both
ΔW AD and ΔW MSMD are time-even true scalars. Also,
Eqs. (6)–(9) demonstrate that the AD effect stems from
interference of the atomiclike 1Πþ
u continuum amplitudes,
while the MSMD effect involves interference of the
1 þ
molecular 1Σþ
u and Πu continuum amplitudes.
Analysis of Eqs. (6)–(9) gives selection rules specifying
when the AD and/or MSMD effects vanish. The AD (6)
vanishes when (i) Im½AΠ;1 ðχÞAΠ;2 ðχÞ ¼ 0, which is the
case for equal energy sharing (EES), since AΠ;1 ¼ AΠ;2 for
p1 ¼ p2 , and is also the case for the approximate representation of the outgoing electrons by plane waves,
since then both AΠ;1 and AΠ;2 are real [13], and
(ii) k̂ · ½p̂1 × p̂2  ¼ 0, which is the case for detection of
one of the electrons along k̂ [e.g., p̂1 kk̂ in Fig. 1(a)], for k̂
lying in the detection plane, and for collinear detection of
the electron momenta [e.g., p̂1 ¼ −p̂2 in Fig. 1(b)]. The
MSMD (8) vanishes when (iii) ½R̂ × k̂ ¼ 0, which is the
case for k̂kR̂, (iv) ½R̂ × k̂ · p̂1;2 ¼ 0, which is the case
when both the molecular axis R̂ and the beam direction k̂

143202-2

PHYSICAL REVIEW LETTERS 123, 143202 (2019)
and 2(c), and Figs. 2(b) and 2(d). Owing to the broad
bandwidth Δω ≃ 18 eV of the attosecond pulses, the two
photoelectrons share the excess energy 0.1 ≤ E ≤ 41.6 eV.
Figures 2(a) and 2(b) show results for unequal energy
RCP
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-1
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þ ½ð1 − lÞ=2jAΠ ðχÞj2 sin2 φ2 sin2 θ2
þ ð1=2ÞΔW ⊥
MSMD ;

RCP
1

Here r1 and r2 are the electron coordinates for an origin at
the center of mass of the nuclei; ΨC ðr1 ; r2 ; R; T þ T p Þ is
the doubly ionized part of the wave packet Ψðr1 ; r2 ; R; tÞ
solution of the TDSE at a time T p ≥ 25 a:u: after the end of
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a pulse with duration T ≃ 331 as; and Φp1 ;p2 is the field-free
double-continuum final state with excess energy E approximated by a product of two Coulomb waves with
charge Z ¼ 2 [34,35]. The six-cycle cosine-squared
pulse has carrier frequency ω ¼ 75 eV, peak intensity
I ¼ 50 TW=cm2 , and CEP ϕ ¼ 0. Results for the geometry
in Fig. 1(b) are given elsewhere.
Our TDSE results (12) for the p2 distributions in the laser
polarization x–y plane produced by RCP and LCP
attosecond pulses are shown respectively in Figs. 2(a)
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p2,x (a.u.)

-1

where l ≡ ðe · eÞ ¼ ð1 − η Þ=ð1 þ η Þ is the linear polarization degree. [Note that RCP (LCP) corresponds to ξ ¼
þ1ð−1Þ and l ¼ 0, while linear polarization corresponds
to ξ ¼ 0 and l ¼ 1.] Observe that the first two terms in (11)
are invariant to ξ → −ξ (or η → −η) while the third term
[∝ ΔW ⊥
MSMD (10)] changes sign. Thus, it is the third term
that is responsible for the MSMD effect in the momentum
distribution (11), as demonstrated numerically by our
TDSE results in Fig. 2 for the geometry in Fig. 1(a), in
which p1 ⊥p2 and p1 kk̂kẑ.
Our numerical SDP results for a pulse with elliptical
polarization e are obtained by the projection [30,31],
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1

1

p2,y (a.u.)

2

ð11Þ

0
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where AΣ ðχÞ ≡ AΣ;2 ðχÞ and AΠ ðχÞ ≡ AΠ;2 ðχÞ for the geometry in Fig. 1(a), and AΣ ðχÞ ≡ AΣ;2 ðχÞ − AΣ;1 ðχÞ and
AΠ ðχÞ ≡ AΠ;2 ðχÞ − AΠ;1 ðχÞ for the geometry in Fig. 1(b).
For these two geometries, the SDP W ⊥ ðeÞ in Eq. (2) is

0

-1
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ΔW ⊥
MSMD

0

(b)

1

p2,y (a.u.)

lie in the detection plane, and (v) c1 ¼ c2 ¼ 0, which
occurs when the molecular axis is perpendicular to the
detection plane (R̂ · p̂1;2 ¼ 0). Note that ΔW (5) vanishes
for the case of EES and detecting the electrons in the plane
perpendicular to the molecular axis, which fact can thus
serve as a probe of molecular orientation. Averaging
ΔW (5) over the molecular orientation reduces its vector
structure to the same form as for the AD effect [21,33].
To study the MSMD, we choose detection geometries in
which k̂⊥R [such as in Figs. 1(a) and 1(b)] so that the
AD (6) vanishes according to selection rule (ii). For those
geometries, using Eqs. (8) and (9) the MSMD becomes

1

0

1

p1_|_p2
EES

(h)

0

-1

ξ=−0.38
-1

0

1

p2,x (a.u.)

FIG. 2. TDSE results (12) (in units of 10−8 a:u:) for the p2
distributions in the polarization xy plane for DPI of H2 by a right(column 1) or left-handed (column 2) elliptically polarized (REP
or LEP) attosecond pulse, with k̂⊥R (indicated by the dumbbell
shape), for the geometry in Fig. 1(a). The circular polarization
degree is ξ ¼ 1 (rows 1,2), ξ ¼ 0.8 (row 3), and ξ ¼ 0.38
(row 4). The two electrons share the excess energy 0.1 ≤ E ≤
41.6 eV in the ratio ε ≡ E1 =E: row 1 (UES), ε ¼ 25%; rows
2,3,4 (EES), ε ¼ 50%.
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sharing (UES) fixed at ε≡E1 =E ¼ 25%, whereas Figs. 2(c)
and 2(d) show results for EES, i.e., ε ¼ 50%. For each
energy sharing, the p2 distributions produced by the RCP
[Figs. 2(a) and 2(c)] and LCP [Figs. 2(b) and 2(d)] pulses
are mirror images of one another, due to the MSMD effect.
One observes that each of the p2 distributions in Figs. 2(a)–
2(d) exhibits a distorted dipolelike pattern tilted at an angle
to the molecular x axis, with the UES case showing the
greatest distortion. These features of our TDSE results may
be interpreted using PT formulas (10) and (11) as resulting
from an interplay between the ionization amplitudes AΣ ðχÞ
and AΠ ðχÞ, where χ ¼ ðp1 ; p2 ; R; 0; 0; cos φ2 Þ, which have
comparable magnitudes [30] but enter (11) with different
angular dependences. For both EES and UES, the 1Πþ
u
contribution [second term in (11)] has a dipolelike shape
along the y axis (see Fig. 4 in Ref. [30]). The 1Σþ
u
contribution [first term in (11)] exhibits a four-lobe shape
along the molecular x axis for EES (as found in [34–36])
and a six-lobe shape for UES (as shown by Fig. 4 in
Ref. [30]). Moreover, the ratio (about 2) of the magnitudes
1 þ
of the 1Πþ
u and Σu amplitudes is a bit higher for EES than
for UES. Thus, for ξ ¼ 1 the smaller contribution of the
1 þ
Σu amplitude is less visible for EES than for UES. For
both UES and EES cases, the MSMD term (10),
∝ ξjAΠ ðχÞAΣ ðχÞj sin ψ, where ψ is the relative phase of
the amplitudes, induces a counterclockwise (for ξ ¼ þ1) or
clockwise (for ξ ¼ −1) rotation relative to the y axis.
The relative contributions of the AΣ and AΠ amplitudes in
(11) may be controlled by varying the pulse ellipticity η.
For circular polarization, l ¼ 0, so that the first and second
terms in (11) have the same coefficient, 1=2. As η decreases
from unity, l increases, thus increasing the AΣ contribution
in the first line of (11) and decreasing the AΠ contribution in
the second line. Our TDSE results for EES in Figs. 2(e) and
2(f) for ξ ¼ 0.8 (η ¼ 0.5) and in Figs. 2(g) and 2(h) for
ξ ¼ 0.38 (η ¼ 0.2) show the dramatic change in shape
of the p2 distributions as η varies. The decrease of ξ from
unity to 0.38 changes the distribution from the dipolelike
shape in Figs. 2(c) and 2(d) to the yin-yanglike pattern in
Figs. 2(g) and 2(h).
The MSMD effect is also clearly seen in the energyintegrated angular distributions obtained from the p2
distributions in Figs. 2(a) and 2(b) or Figs. 2(c) and
2(d), as shown for opposite helicities in Fig. 3(a) for
UES and Fig. 3(b) for EES. Their difference (i.e., the
energy-integrated MSMD) is shown in Fig. 3(c) for both
EES (ε ¼ 0.5) and UES (ε ¼ 0.25). The energy-integrated
MSMD curves in Fig. 3(c) exhibit inversion symmetry;
hence, they vanish if integrated over φ2, as is characteristic
of dichroic phenomena from achiral targets. One sees
also that the angular structure of the energy-integrated
MSMD depends upon the energy sharing. For both EES
and UES, there are five common geometrical 0’s at
φ2 ¼ 0; π=2; 3π=2; π; 2π, originating from 0’s of the
sinð2φ2 Þ factor in ΔW ⊥
MSMD (10). While dynamical 0’s

Energy-integrated MSMD [10-8 (a.u.)]

PHYSICAL REVIEW LETTERS 123, 143202 (2019)

30

0

1

RCP

210

0

330
240

300
270

Energy sharing sensitivity
ε=0.5
ε=0.25

(c)
1

0

-1

0

45

90 135 180 225 270 315 360

Azimuthal angle ϕ2 (deg)

Ellipticity Sensitivity
1

ξ=1
ξ=0.8
ξ=0.38

(d)

0

ξ=0

-1

0

45

EES

90 135 180 225 270 315 360

Azimuthal angle ϕ2 (deg)

FIG. 3. (a) Energy-integrated angular distributions for RCP
(solid line) and LCP (dashed line) obtained from the SDPs shown
in Figs. 2(a) and 2(b) for UES; (b) Corresponding results for EES
from Figs. 2(c) and 2(d); (c) Energy-sharing sensitivity of the
energy-integrated MSMD [obtained as the RCP-LCP difference
of the results in each of (a) and (b)]; (d) Dependence of the
energy-integrated MSMD for EES on the degree of circular
polarization ξ.

are absent for EES in Fig. 3(c), four dynamical 0’s at
φ2 ≃ 33°, 147°, 213°, 327° are found for UES, which stem
from 0’s of the dynamical factor Im½AΠ ðχÞAΣ ðχÞ in
ΔW ⊥
MSMD (10). Dynamical 0’s and their sensitivity to
excess energy and energy sharing have been predicted
[4,11,13] and measured [11] for CD in He by monochromatic circularly polarized fields.
The φ2 -dependence of the energy-integrated MSMD for
the three values of jξj used in Fig. 2 for the case of EES is
shown in Fig. 3(d). In agreement with the PT formula (10),
Fig. 3(d) shows that the energy-integrated MSMD scales
linearly with ξ. (This result holds also for any UES case.)
Also, TDSE results (not shown) confirm that the MSMD
scales linearly with the peak pulse intensity I, in agreement
with the PT formula (10) since
pﬃﬃ each amplitude in the factor
Im½AΠ ðχÞAΣ ðχÞ scales as I . To quantify the MSMD, the
normalized energy-integrated MSMD can be evaluated.
The MSMD is large for any energy sharing, but is larger for
EES than for UES, reaching a maximum of 70% for the
EES case in Fig. 3(d).
In summary, we have formulated the dichroism in singlephoton DPI of H2 by an elliptically polarized ultrashort
pulse as a sum of AD and MSMD terms. For detection
geometries in which the AD term vanishes, we have
predicted analytically, and numerically confirmed, that
the MSMD effect is significant in both the momentum
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and angular distributions and controllable by the pulse
ellipticity. The MSMD effect originates from an interference of the AΠ and AΣ amplitudes and depends linearly on
the pulse degree of circular polarization, ξ, on the pulse
peak intensity, and on sin ψ, where ψ is the relative phase of
the two amplitudes. It occurs for any electron energysharing configuration and for all incident laser beam
propagation directions k̂ except for k̂kR. Although attosecond pulses were used in our calculations (and isolated
attosecond pulses with controlled polarization have been
realized [37]), our PT analysis applies for any pulse
duration. Note that vibrational or rotational motions occur
typically on timescales respectively of 10−13 s or 10−10 s
[38] so that the molecular symmetries would be unchanged
for pulses of a few fs, although the vibrational motion may
affect the MSMD magnitude. Longer pulse durations,
allowing for rotational motion, would necessitate averaging
the PT results over molecular orientation, as noted above.
Experiments for DPI of aligned H2 molecules by circularly
polarized light [25–27], which have noted evidence of CD
in the electron angular distributions, can confirm our
predictions for AD and MSMD effects by using the
detection geometries specified in this work.
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