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CARTAN TRIPLES

ALLAN P. DONSIG, ADAM H. FULLER, AND DAVID R. PITTS

ABSTRACT. We introduce the class of Cartan triples as a generalization of the notion of a Car-
tan MASA in a von Neumann algebra. We obtain a one-to-one correspondence between Cartan
triples and certain Clifford extensions of inverse semigroups. Moreover, there is a spectral theorem
describing bimodules in terms of their support sets in the fundamental inverse semigroup and, as
a corollary, an extension of Aoi’s theorem to this setting. This context contains that of Fulman’s
generalization of Cartan MASAs and we discuss his generalization in an appendix.

1. INTRODUCTION

As observed in the seminal work of Feldman-Moore [14, 15], when a von Neumann algebra
contains a Cartan MASA, strong structural results about the algebra may be obtained. However,
many von Neumann algebras do not contain a Cartan MASA; the first examples were found in [32].
Determining which von Neumann algebras have a Cartan MASA and when it is unique is an
important question and has attracted significant attention; for two examples, see [27, 28]. Part
of the interest is that Cartan MASAs are closely connected to crossed product decompositions, as
indeed is clear from the work of Feldman-Moore.

Recall a Cartan MASA D in a von Neumann algebra M is a maximal abelian subalgebra with
two additional properties: it is regular, that is, the span of its normalizers is weak-* dense in M;
and there is a faithful, normal conditional expectation from M to D.

In this paper, we study a much larger family of regular abelian von Neumann subalgebras of von
Neumann algebras. Specifically, if M is a von Neumann algebra, we consider an abelian and regular
subalgebra D C M such that there is a faithful normal conditional expectation onto the relative
commutant D¢ of D in M. Because D€ plays an important role in the structure of the algebras, we
name it N and call (M, N, D) a Cartan triple.

In our previous work [12], we showed that Cartan MASAs can be described in terms of certain ex-
tensions of inverse semigroups. In the setting of Cartan triples, our main result is a correspondence
between Cartan triples and a larger class of extensions of inverse semigroups

pgis.

Further, we obtain a Spectral Theorem for N-Bimodules and a version of Aoi’s theorem in this
context of Cartan triples. Although some of the methods from [12] extend naturally, significant
modifications are needed. For example, for Cartan triples, P is not usually an abelian inverse
semigroup, but rather is Clifford, that is, the idempotents of P commute with all elements of P.
Various generalizations of MASAs have been considered in the literature. For example in [13],
Ruy Exel connects the existence of a suitable non-abelian generalization of a MASA in a separable
C*-algebra to a reduced crossed product decomposition of the containing algebra. Instead of the
inverse semigroup approach considered here, Exel considers a Fell bundle over an inverse semigroup
as the classifying structure. The appropriate variant of Exel’s notion of a generalized Cartan
subalgebra in the von Neumann algebra setting is a full Cartan triple, meaning D is the center of
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N (see Definition 2.3]). Our approach using extensions of inverse semigroups for classification, while
related to Fell bundles, is rather different.

Another generalization, also related to crossed product decompositions, has been considered by
Igor Fulman in [17]. Fulman’s generalization of a Cartan MASA is, in our terms, a Cartan triple
with an additional condition, the existence of a subgroup of the unitaries in M that normalizes
D, contains the unitaries of N, and has a suitable fixed point property. We show in Appendix A
that this additional condition can be characterized as the existence of a lift of an inverse semigroup
homomorphism from § into the partial automorphisms of the Cartan triple. Crossed products
by inverse semigroups were first introduced by Nandor Sieben in [29] using such a semigroup
homomorphism into the partial automorphisms of a C*-algebra. Thus, Fulman’s condition can
be interpreted naturally as saying that the containing algebra is a crossed product by a suitable
inverse semigroup. Fulman’s starting point was to generalize the Feldman-Moore characterization
of Cartan subalgebras [14], [15] using measured equivalence relations. While some of our results
resemble Fulman’s, ours are more general, perhaps because of the comparative simplicity of the
inverse semigroup approach used here.

We now discuss our results and their motivation in more detail. We associate to each Cartan
triple an extension of inverse semigroups, P < G — 8 where 8 is a fundamental inverse semigroup,
that is, the only elements commuting with the idempotents of 8, denoted &£(8), is £(8) itself, and
P is Clifford, meaning all elements of P commute with €(S). To be an extension, the restriction
to idempotents of the maps above must be isomorphisms. It is well known that every inverse
semigroup § may be represented as such an (idempotent-separating) extension; see [21] p. 141].

To construct the extension from a Cartan triple, take P to be the partial isometries in N that
normalize D and G to the partial isometries in M that normalize D, with P < G the inclusion map.
To construct 8, we identify elements with the same action on the idempotents, i.e., we quotient by
the Munn congruence.

In [12], the inverse semigroup P was abelian and we required that the character space of &(P)
was hyperstonean. In that case, it was easy to recover D from P, as the continuous functions on
the character space of E(P).

Here, we need a condition that allows us to again recover D¢ = N from P: P arises as the partial
isometries in a von Neumann algebra N which normalize a fixed von Neumann subalgebra of the
center of N. In this case, we say that P is an N-Clifford inverse monoid (Definition 2.7]).

To see the need for this condition, consider the (degenerate) Cartan triple, (M,M,CI). In this

case, the associated extension has the form U(M) iq U(M) — CI. However, there are von Neumann
algebras not isomorphic to their opposite algebras [10]. The unitary groups of such an algebra and
its opposite are isomorphic, so if the extension was defined purely in terms of inverse semigroups
(and without our stronger condition) it would be possible for non-isomorphic triples to produce the
same extension.

With these definitions in hand and the construction of an extension from a triple (as outlined
above), we show that Cartan triples are isomorphic if and only if their extensions are (in a suitable
sense) isomorphic, Theorem

To obtain the converse, we construct a Cartan triple from an extension in Section [3l This is more
subtle, and we build on the strategy of our previous paper. In particular, we use the order structure
of 8 to construct a reproducing kernel Hilbert N-bimodule, 2. We then define a representation, A,
of G, Theorem B.2] by partial isometries on 2. After tensoring this representation with a faithful
normal representation of N to obtain a suitable representation of § (Theorem B.2]), we define the
Cartan triple of an extension in terms of the double commutants of G, P, and their (common)
idempotents (Definition [4.1]). In Theorem .11l we complete the circle of ideas by showing that the
extension associated to the Cartan triple constructed is (isomorphic to) the original extension.



In Section Bl we begin a study of the N-bimodules in a Cartan triple (M, N, D). For our strongest
results we require that D be as large as possible, that is, D is the center Z(N) of N. We call such
a Cartan triple full. When (M, D) is a Cartan pair, (M, D, D) is a full Cartan triple, and so the
class of full Cartan triples properly includes Cartan pairs. Different examples arise when M is type
I, Section [6.1] and when M = N x,, G is a crossed product of N by a discrete group G which acts
by properly outer automorphisms on N and Z(N), Theorem

Let (M,N,D) be a full Cartan triple, with associated extension P < § 4% 8. We show in
Theorem that if B C M is a non-zero weak-x closed N-bimodule, then § N B # {0}. Thus,
every weak-x closed N-bimodule gives rise to a non-trivial subset ¢(B N G) of 8. We call such sets
spectral sets, (Definition [5.1)). If A C 8 is a spectral set, then span{g~1(A4)} is an N-bimodule in
M.

Of course, it is conceivable that distinct weak-* closed N-bimodules have the same spectral sets.
To study this, we use the Bures-topology on M, induced by the conditional expectation £: M — N.
Whilst the weak-+ and Bures topologies on M are not, in general, comparable, the Bures-closed N-
bimodules are weak-* closed [0, Lemma 3.1]. The advantage of the Bures topology over the weak-x
topology is that certain Fourier-type series often converge in the Bures topology, while they need
not converge in the weak-* topology (or in any other “natural” topology). Indeed, Mercer showed
in [23] that the Fourier series of elements in crossed-product von Neumann algebra converge in the
Bures-topology, but need not converge in the weak-x topology. Analogously, when (M, N, D) is a
Cartan triple, we show in Theorem 5.7 that if x € M, then z is the Bures-limit of the net of finite

sums

ue FCSN(M,D)

Similar results for z in a Cartan pair are given in [5, Proposition 2.4.4] and [24, Theorem 4.4].

In Proposition (.8 we show that if B is a weak-* closed N-bimodule, By = W“’k*{B NG}, and
By = span>"*{B N G}, then By C B C By and each of By, B and B give the same spectral sets.
We do not address when the bimodules By, B and Bj are necessarily equal. In [5], if all weak-x*
bimodules are necessarily Bures closed, the Cartan pair is said to satisfy spectral synthesis. Even
in the case of Cartan pairs, whether By = Bj remains an open problem. There are some special
cases when the result is known. If (M, N, D) is a Cartan triple of the type studied by Fulman [17]
discussed above, with the added condition that M is constructed from a hyperfinite equivalence
relation, then it can be deduced from Theorem 510l and [17, Theorem 15.18] that all weak-* closed
N-bimodules are necessarily Bures closed. Cameron and Smith [6], 8] studied a related problem in
crossed-products. They showed that if G is a discrete group satisfying the AP condition, acting on
a von Neumann algebra N by properly outer automorphisms, then the weak-* closed N-bimodules
in N x, G are necessarily Bures closed.

We give a Spectral Theorem for Bimodules in Theorem [5.10, which gives a one-to-one corre-
spondence between the Bures-closed N-bimodules and the spectral sets in 8. We find it striking
that Theorem depends only on 8 and not on the extension §. Fuller and Pitts [16] had previ-
ously observed a similar phenomenon: non-isomorphic Cartan pairs that have isomorphic lattices
of Bures-closed bimodules. Theorem [5.10] generalizes the Spectral Theorem for Cartan pairs found
in [12]; see also [5]. It should be noted that the study of bimodules in Cartan pairs was initiated in
the seminal work of Muhly, Saito and Solel [25]. They present a spectral theorem for weak-* closed
bimodules. Their work, however, has a gap. Though not explicitly stated as such, the gap in [25]
amounts to assuming that the weak-* closed bimodules are necessarily Bures closed, see [5].

A class of N-bimodules of particular interest are the von Neumann algebras £ such that N C
L C M. In Theorem we show that if (M,N,D) is a full Cartan triple and N C £ C M,
then (£,N,D) is again a Cartan triple. This extends Aoi’s result for intermediate von Neumann

3



algebras in Cartan pairs [I]. A key step in the proof is showing that an intermediate subalgebra
L is necessarily closed in the Bures topology. Thus, Theorem together with Theorem [E.10]
immediately give a one-to-one correspondence between the intermediate von Neumann subalgebras
containing N, and the sub-inverse Cartan monoids of 8, Corollary 5.14l We view this as a Galois
correspondence-type result; although we do not have a group to hand, there is the Cartan inverse
semigroup. Corollary [5.14] should be compared with the following well-known result: If N is a factor
and G is a discrete group acting on N by (properly) outer automorphisms, then Izumi, Longo and
Popa [18] show that if £ is a von Neumann algebra satisfying N C £ C N x,, G then there is a
subgroup H of G such that £ = Nx, H; see also [6,9]. That is, there is a one-to-one correspondence
between subgroups of G and the von Neumann algebras M with N C M C N x,G. A similar Galois
correspondence-type theorem without an explicit group structure has been obtained in [2] for von
Neumann algebras generated by a measured equivalence relation and an appropriate cocycle.

Cameron and Smith have considered similar questions in [0} [7, [§]. They study crossed products
by discrete groups and the bimodule and intermediate algebra structure therein, amongst other
things. There is overlap with our work and [8], with neither work subsuming the other. There they
let N be any von Neumann algebra and let G be a discrete group acting on N by properly outer
automorphisms. If N is abelian, then N is a Cartan MASA in N x, G and so both our settings
cover this case. If N is not abelian, but G also acts on Z(N) by properly outer automorphisms then
it is shown in Theorem [6.3] (N %, G, N, Z(N)) is a Cartan triple.

2. CARTAN TRIPLES AND THEIR EXTENSIONS

Our main goals in this section are the construction of the extension associated to a Cartan triple,
Proposition 2.13] and the result that two such extensions are isomorphic if and only if they arise
from isomorphic Cartan triples, Theorem

We begin by fixing some notation. For M a von Neumann algebra, Z(M) denotes its center and
U(M) the unitary elements. For X C M, X¢ denotes the relative commutant, that is,

X :={m € M : zm = mz for all z € X}.

Definition 2.1. Suppose M and £ are von Neumann algebras with £ C M. The groupoid normal-
izer of £ in M is the set,

GN(M, L) :={v € M : v is a partial isometry and v*Lv UvLv* C L}.

If the linear span of GN(M, £) is weak-* dense in M, we say £ is a regular subalgebra of M or that
L is reqular in M.

Remark 2.2. When £ C M is an abelian von Neumann subalgebra of M, it is more common to
say L is regular in M if span{U € U(M) : UDU* = D} is weak-* dense. However, if £ is abelian,
then

span{U € UM) : UDU* = D} = span GN(M, D), (2.1)
thus the two definitions coincide in this case. For a proof of this statement see [5, p. 479, Inclu-
sion 2.8].

We now introduce our main topic of study.

Definition 2.3. A Cartan triple is a triple (M, N, D) consisting of three von Neumann algebras
satisfying:
(a) D is an abelian and regular von Neumann subalgebra of M;
(b) N is the relative commutant of D in M; and
(c) there exists a faithful normal conditional expectation £ : M — N.
A Cartan triple (M, N, D) is full when D = Z(N).
4



Remarks 2.4.

(a) For any Cartan triple (M,N,D), M DO N D D because D is abelian.
(b) If (M,N,D) is a Cartan triple, then (M, N, Z(N)) is a full Cartan triple. Indeed, N = D¢
implies N = (Z(N))¢, and since GN(M, D) C GN(M, Z(N)), Z(N) is regular in M.

Section [0] is devoted to examples of Cartan triples. Here we content ourselves with making two
simple observations regarding what occurs when two of the von Neumann algebras in a Cartan
triple coincide.

Examples 2.5.

(a) Suppose (M, D, D) is a Cartan triple. Then (M, D, D) is full and D is a Cartan MASA in
M. In this sense, the class of Cartan triples includes the class of Cartan pairs.

(b) Now suppose (N, N, D) is a Cartan triple. Then D¢ = N. When N has separable predual,
we may write D = L*°(X, u) and write N = f;? N, du(x) as a direct integral. When this is

done, GN(N, D) may be identified with the set of all functions f € | )? N, du(x) such that
for almost every x € X, f(z) € UW(N,) U{0}.

Example [2Z5[(b) shows how the inverse semigroup GN(N,D) can be used to describe a direct
integral. Further, this inverse semigroup approach allows one to work with von Neumann algebras
which do not have separable predual. This example discussed further in Example

We fix some notation for inverse semigroups next. For the most part, our notation follows Section
2 of [12], which also gives much of the inverse semigroup theory we will use. For an in-depth text
on inverse semigroups see [2I]. Throughout the paper:

e £(8) will denote the idempotents of the inverse semigroup 8;

e we use s’ to denote the inverse of the element s in an abstract inverse semigroup; however,
for an inverse semigroup of partial isometries on a Hilbert space, the adjoint v* is the inverse
of the element v and we typically use v* instead of o' in this setting.

For our extensions, we need two special classes of inverse monoids: Cartan inverse monoids,
defined in [12], and N-Clifford inverse monoids, which are new.

Definition 2.6 ([12, Definition 2.11]). We call an inverse semigroup 8 a Cartan inverse monoid if

(a) 8 is fundamental,
(b) 8 is a complete Boolean inverse monoid; and

—

(c) the character space &(8) of the complete Boolean lattice £(§) is a hyperstonean topological
space.

Definition 2.7. Let N be a von Neumann algebra. An N-Clifford inverse monoid is an inverse
monoid P such that P = GN(N, D), where D is a von Neumann subalgebra of Z(N). If in addition
D =2Z(N), we say P is a full N-Clifford inverse monoid.

Remark 2.8. Suppose P = GN(N, D) is an N-Clifford inverse monoid. It is not difficult to show
that
P = {v € N:wvis a partial isometry with vo* =v*v € D} and &(P) = proj(D).
In particular, P is a Clifford inverse semigroup of partial isometries.
Since U(N) C P, every element of N is a linear combination of at most four elements of P.

We need an appropriate notion of isomorphism of such inverse monoids.

Definition 2.9. If for i = 1,2, P; are N;-Clifford inverse monoids, a map « : P; — Ps is an
extendible isomorphism if there exists a normal *-isomorphism 6 : Ny — Ny such that a = 0|y ;
equivalently, there exists a normal isomorphism 6 : Ny — Ng such that 0(D;) = Ds.
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Obviously, any extendible isomorphism is an isomorphism of inverse semigroups.

Definition 2.10. For i = 1,2, let §; be Cartan inverse monoids, let P; be N;-Clifford inverse

monoids, and suppose P; Ly S 4 8; are extensions of 8; by P;. These extensions are equivalent
if there are semigroup isomorphisms « : G — G, & : 81 — 89 and an extendible isomorphism
a : Py — Py such that

aotg =tpoa and @poa=da&oq.
Remark 2.11. When P; is the set of partial isometries in C (8/(\&)) and N; :=C (c‘jS\,)), then this
definition reduces to the notion of equivalence for extensions found in [12].

Definition 2.12. Let § be an inverse semigroup. The Munn congruence (also called the Munn
relation) on G is the set

Ry o= {(v1,12) €GxG: vlevJ{ = vgevg for all e € £(9)}.

Then Rj; is the maximal idempotent separating congruence on G and the set of Rj;-equivalence
classes equipped with the product [v][w] = [vw] and inverse [v]' = [vT] form a fundamental inverse
semigroup [21), Proposition 5.2.5].

We now show how a Cartan triple gives rise to an extension of inverse semigroups.

Proposition 2.13. Let (M, N, D) be a Cartan triple and set
G:=GNM,D) and P:=3GNN,D).
Then G and P are inverse semigroups with P C G and
£(P) = £(9) = proj(D).
Moreover, the following statements hold.

(a) P is a N-Clifford inverse monoid.
(b) P is the set of elements of § Munn-related to an idempotent.
(c) If 8 is the quotient of G by the Munn congruence, then 8 is a Cartan inverse monoid.

Proof. Obviously, P C G and by definition, P is an N-Clifford inverse monoid. If v € G, then
v*v € D, so every idempotent of G is a projection in D. Also, every projection in D is an idempotent
in G. It follows that G and P are von Neumann regular monoids for which the idempotents commute,
so both are inverse monoids and

E(P) = &(G) = proj(D).

If v € P, then (v,vv*) € Ry, so every element of P is Munn-related to an idempotent. On the
other hand, suppose v € GN(M, D) is Munn-related to the idempotent e. Then vv* = e. Let p be
a projection in D. Then

vp = vpv*v = epv = pev = pv.
Hence v € N, and so v € P. Thus, P is the set of elements of § Munn related to an idempotent.

We have already observed that § is a fundamental inverse monoid, and it clearly contains a zero
element 0. As the Munn congruence is idempotent separating, £(8) is isomorphic to €(P). The proof
that 8 is a Cartan inverse monoid now follows exactly as in the proof of [12, Proposition 3.5]. O

As noted in the introduction, any inverse semigroup GG may be represented as an extension of a
fundamental inverse semigroup S by a Clifford inverse semigroup C. Indeed, C' may be taken to
be the set of elements of G which are Munn-related to an idempotent, and .S is the quotient of G
by the Munn relation. We apply this construction to the inverse semigroup G of Proposition 2.13]
to obtain the class of extensions studied in this paper.

6



Definition 2.14. Let (M,N,D) be a Cartan triple. Put G := GN(M, D), P := GN(N, D), § :=
G/Ryr, and let ¢ : G — 8 the quotient map. The extension

Pgis. (2.2)
is called the extension associated to (M, N, D).

Example 2.15. We return to the context of Example Z5(b), that is, of a Cartan triple having
the form (N, N, D). In this setting, P = G consists of the partial isometries in N whose initial and
final spaces coincide and belong to D; & is the projection lattice of D; and ¢ is the map v — v*v.
Note that N is the linear span of P. When N, is separable and N is identified as the direct integral
S )6(9 N, du(x), we may view the extension P — P 2 8 as giving a description of the direct integral
in terms of the linear span of

{f € /XEB M, du(x) @ f(z) € WM,) U {0} for almost every a:} .

The extension approach encodes the measure theory into D, and is a more operator theoretic view
of N as opposed to the point based view of N as a direct integral.

In the study of extensions, it is often useful to choose a section j for the quotient map ¢, that
is, j is a map such that g o j = id|s. In our context, we will frequently need a section which is
order preserving in the sense that j(1) = 1 and whenever s,t € 8§ and s < ¢, we have j(s) < j(t)
(see [12, Definition 4.1]). Most of the following result was proved in [12] when P is the set of partial
isometries in C*(E(8)), but the same proof holds for extensions of 8 by N-Clifford inverse monoids
considered here.

Recall that gl¢(g) is a complete Boolean algebra isomorphism of €(5) onto £(8). Also, as observed

in [12, Remark 4.8], for any s,t € 8, (s't A 1) is the source idempotent for s A ¢, that is,
(sAt)(sAt)=sTtAL (2.3)

Proposition 2.16 (c.f. [I2| Proposition 4.6]). Let P — § % 8 be an estension of the Cartan
imverse monoid 8 by the N-Clifford inverse monoid P. The map (q|g(5))_1 extends to an order
preserving section j : 8 — G for q. This section has the property that for sq,ss € 8,

J(s1)Tj(s2)i(s]s2 A 1) = j(sfsa A D). (2.4)
Proof. Equation (2.4])) was not proved in [12], so we provide a proof here. Using (2.3]), observe
g(s1)Vi(s2)5(sTsa A1) = ji(s1) (51 A s2)
= (j(sl A s2)j(s1 A 82)T,7'(81))Tj(81 A 52)
= j(s1 A s2)T5(s1 A s2) :j(sISQ/\l). O

Definition 2.17. We say that the Cartan triples (M, N1, D1) and (Mg, Ny, Do) are isomorphic if
there exists a normal #-isomorphism 6 : M; — My such that 8(Dq) = Ds.

Our goal is to show that Cartan triples, up to isomorphism, are uniquely determined by their
associated extensions, up to equivalence. We do this in Theorem We first need some technical
lemmas.

Throughout the remainder of the section, fix an order-preserving section j for the extension

P < G 2 8 associated to the Cartan triple (M, N, D).
7



Lemma 2.18. Let (M,N,D) be a Cartan triple with conditional expectation E : M — N. Let
P s G % 8 be the associated extension. Then E(S) = P. Further, for v e GN(M, D),

E(v) =ve, where e=j(q(v)Al)eE(G).

Also, E preserves the natural inverse semigroup partial order on G and P in the sense that if
v,w e G with v < w, then E(v) < E(w).

Proof. Each v € G induces a normal *-isomorphism 6, from v*vD to vv*D, given by 0,(d) = vdv*.
Applying Frolik’s Theorem [26] Proposition 2.11A] to 6, we may find elements eg, e1, e2,e3 € E(9)
such that

(a) for i # j, e; Nej =0;

(b) eg Vey VesVes =v*u;

(c) for i =1,2,3, (ve;)? = 0; and

(d) gq(veo) € E(8).
If w € § and w? = 0, then

E(w) = ww*E(w) = E(w)ww* = E(www*) = 0.

It follows that
E(v) = E(vey) = vey.
Let e := ep. Then g(e) = q(v) A1 because ey corresponds to the ideal of D consisting of all elements
fixed by 0,.
Finally, if v,w € § and v < w, we may find f € €(9) so that v = wf. Then E(v) = E(w)f, so
E(v) < E(w). O

Lemma 2.19. Let (M,N,D) be a Cartan triple, and suppose y belongs to the linear span of
GN(M, D). Then there exists a finite set {wy};L; € GN(M, D) such that E(wjwg) =0 for j # k
and

y=3 wB(uly). (25)
k=1
Proof. Choose {Uj}é-vzl C GN(M,D) and scalars {cj}é-vzl so that cjv; # 0 for each j and y =
Z;V:l cjv;. Let s; := q(v;) and apply [12, Lemma 4.15] to obtain a finite set {¢;}}" ; C 8 satisfying
(a) for 1 < j <m, t; # 0;
) for j #k, t; Aty =0;
)
)

—_~

for1<j<mand1<n<N,t;As,€{0,t;};
for 1 < j < m there exists 1 <n < N such that t; A s, = ¢;; and
e) foreach 1 <n < N, s, = \{t;: t; < sp}.
Let wy, := j(t). Lemma 2.I8 implies that E(wjwy) =0 when j # k.
For 1 <n < N, let I,, ;= {i: t; < s,}. Given n and i € I, another application of Lemma [2.1§]
gives

b
¢
d

—_~

wiE(w;v,) = wiw;-kvnj(t;rsn ANl) = vn(v;iwiw;kvn)j(t:[sn A1) = vnj(t;[sn A1).

Since sn, = ¢y (i A sn), We obtain,

m
Uy = Z w; B(w]vy).
i=1

Equation (2.5]) follows. U



We now recall notation regarding weights on a von Neumann algebra used in [30]. Suppose M
is a von Neumann algebra and ¢ is a weight on M. Recall that

Py i={r e My : ¢(x) < oo}, ng:={xeM:¢(x"r) <oo}and

N
my = {Zy};xk n e N,xk,yk S n¢} .

k=1
By [30, Lemma VII.1.2], ps is a hereditary convex cone in My, ny is a left ideal of M, my is a
hereditary *-algebra of M, and every element of my is a linear combination of four elements of py.

The semi-cyclic representation m, of M on the Hilbert space H, associated to ¢ will be denoted
(mg, Hg,mg). When ¢ is faithful, normal and semi-finite, 7 is a faithful, normal representation of

Lemma 2.20. Suppose M is a von Neumann algebra, L C M is a von Neumann subalgebra, and
there exists a faithful normal conditional expectation E : M — L. Let ¢ be a faithful, normal,
semi-finite weight on £ and let ¢ == o E. Then ¢ is a faithful normal semi-finite weight on M.

Proof. Since my, is a *-subalgebra of £, a corollary of the Kaplansky density theorem shows there
exists a net (x)) in py with 0 < x, < I which converges o-strongly to I. For any z € My,
ryzry < ||z||p§ € py. Therefore, xyzx) € pg. Since im0 gy 2y = 2, we have that Po

generates M. That is, ¢ is semi-finite on M. O

The following result is the key technical tool used in the proof of Theorem [2.22]

Lemma 2.21. Let (M,N,D) be a Cartan triple, suppose v is a faithful normal semi-finite weight
on N and let ¢ =1p o E. Then the linear span of {ny(vn) : v € GN(M,D) and n € ny} is dense in
Hg.

Proof. For m € ny and v € GN(M, D),
Y(E(m ) vE(w m)) = Y(E(m*o)E(v'm)) < ¢(E(m*vv*m)) < p(E(m m)) = ¢(m*m) < cc.

This yields the following.

(a) E(ng) =ny (take v =1).

(b) For v € GN(M, D), the map M > m — vE(v*m) is idempotent and leaves n, invariant;
hence there is a projection P, € B(H,) whose action on ng(ng) is given by Pyng(m) =
ne(vE(v*m)). In addition, notice that range P, = {ns(vn) : n € ny}.

To prove the lemma, it therefore suffices to show that if £ € Hy and P,& = 0 for every v € GN(M, D),
then £ = 0. We begin with a preliminary fact about approximating norms of vectors in Hy.

Let

®:={roE:7e N} and 7(n) <¢(n) for all 0 <n € N}.

Clearly ® C M. For w € @, let (7, H,,n,) be the semi-cyclic representation of M arising from w.
This representation is actually cyclic and n,, = M because w is a bounded positive linear functional
on M. Define T, : n4(ny) — He by Tuung(m) = n(m). Write w = p o E for some p € Nf. Then
for m € nyg,

In(m) > = p(E(m*m)) < $(E(m*m)) = |[ns(m)||*.

Thus T, extends to a contraction belonging to B(H4, H,, ), which we again denote by T,.
We claim that for any § € Hy,

1€] = sup [|TL.€]|- (2.6)
wed
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To see this, fix { € Hy and choose a real number r such that r < [|£]|. Let ¢ > 0 satisfy 3¢ < [|£|| —r.
Choose m € ny such that ||€ —ng(m)| < e. By Haagerup’s Theorem (see [30, Theorem VII.1.11]),
Y(E(m*m)) = sup{r(E(m*m)) : 7 € N and 7(n) < 1 (n) for all 0 <n € N}.

Hence there exists w € ® such that

| Teong(m)|| > [Ing(m)]| — e.
Then

€11 < 1€ = np(m)|| + lIng(m)|| < 2 + [Ing(m)|| — &
< 2e + || Tung(m)]|
< 3e + || T8l < €]l —r + 1Tl
whence r < ||T,,¢||. Thus (2.6]) holds.

For each w € ® and v € GN(M, D), let P¥ be the projection on H, determined by n,(m) —
Nw(VE(v*m)), m € M. A routine calculation shows that for every w € ®, m € ny and v € GN(M, D),
T, Pyng(m) = PYT,ng(m), so

T.,P, = P’T,. (2.7)

Fix w € ®. We claim that if ( € H, and P¥( = 0 for every v € GN(M,D), then ¢ = 0.
Suppose ¢ € H,, is such a vector. Given £ > 0, there exists x € M such that || —n.(z)| < e.
Since D is regular in M, and w € M, there exists y € span GN(M, D) such that ||n,(x —y)| <
e. By Lemma [ZI9] there exists a finite E-orthogonal set {v;}}"; € GN(M,D) such that y =
>one vE(viy). As {Py}7_, is a pairwise orthogonal set of projections, @ := Y " | Py is a
projection. Therefore,

nw(y) = ZPZZMJ(?J) = an(y)'
k=1

So,

1< < N¢ = 1w (@) + lImw (@ — I + lIne @)l
< 2e + [ (y) — Q¢ = 2 + |Q(nw(y) — Q)|

< 2e + |Inw(y) =<
< 4e.

Thus the claim holds.
Now suppose { € Hy satisfies P,& = 0 for every v € SN(M, D). Then for every w € ® and
v e GN(M, D),
0="T,P,¢ =P T.E.
Hence T,,§ = 0 for every w € ®, so £ = 0 by (28). The proof is now complete. O

We come now to the main theorem of this section.

Theorem 2.22. The Cartan triples (My,N1,D1) and (Mg, No, D) are isomorphic if and only if

. . . T a2 ,
their associated extensions, P1 < Go — 8o and P1 — Go — 89, are equivalent.

Proof. It is easy to see that if the triples are isomorphic, then their associated extensions are
equivalent.

Suppose now that the associated extensions are equivalent via the triple of maps (o, «, &). Then
alp, = a, oo =aoq and a is an extendible isomorphism, say a = 6|p, where 6 : N1 — Ny is
a normal isomorphism with (D) = Dg. Let E; : M; — N; be the conditional expectations. By
Lemma 2.18]

Eyoa = (aoE)lg, equivalently Esoa = (0o E))g,.
10



Let 11 be a faithful normal weight on N and let 1y = 1y 0 #~1. Now let ¢; := 1; o E;. Then
¢; are faithful semi-finite normal weights on M;. Let (m;,$;,7;) be the associated semi-cyclic
representations and let n; := {& € M; : ¢;(z*r) < oo}. By Lemma 221 span{ny,(vn) : v €
GN(M;,D;) and n € ny, } is dense in $;.

Let n € N and suppose vq,...,v, € G1 and ¢1,...,¢, € ny,. Then a(vj) € Yo, and, since
(awo Ey)lg, = Eg 0 a, it follows from the definition of ¢ that

b2 ((Z a(vi)H(ci)> (Z a(vi)e(ci)>> = ¢y Z (ci)"a(viv;)0(c; )
i=1 i=1
=1y Zecz (vFu))b(cs)
=42 | Y 6(c) Ea(a(v}v;))b(c))

= 19 Z 0(c;)*0(E1(viv;))0(c;)

Hence the map

extends to a unitary operator U : .61 — $92. It is routine to verify that for v € Gy, Um(v) =
mo(a(v))U. Therefore the map 6 : My — My given by 0(2) = 75 ' (U (z)U*) is an isomorphism of
(Ml,Nl,'Dl) onto (MQ,NQ,'DQ). O

3. REPRESENTING AN EXTENSION

In this section we will show how to represent an extension as partial isometries on a right Hilbert-
module. In Section Ml we will show how this gives rise to a Cartan triple. Throughout this section:

e P—¢§ % 8 will be an idempotent separating extension of the Cartan inverse monoid 8 by
the N-Clifford inverse monoid P;

e j:8 — G will be a fixed order-preserving section (see Proposition [2.10]); and

e D is the von Neumann subalgebra of Z(N) generated by £(P). We will sometimes use the
fact that viewed as a C*-algebra, D is isomorphic to the universal C*-algebra C*(&(S))
generated by the meet semilattice &(8), see [12, Proposition 2.2].

We now construct a right reproducing kernel Hilbert N-module. We begin by using the construc-
tion of the right reproducing Hilbert D-module as done in [I2, Section 4.2]. Recall that jlgs) is a
complete lattice isomorphism of €(8) onto E(P) = E(G) C D. Define K : § x § — D by

K(t,s) = j(s"t A 1).
1



and for s € 8, define ks : S — D by
ks(t) = K(t, s).
For d € D and s € §, we use kyd to denote the map from 8 into D given by 8 o ¢t — ky(t)d. Put
Ay := span{ksd : s € § and d € D}.
Let u,v € 2. Lemma 4.11 and Proposition 4.12 of [12] show that:
(a) if u=>71" ks;d; and v = >""_, ky;ej, then the formula

n
(u,v) = > dr K (sit)e; (3.1)
ij=1
is independent of the choice of the representations for u and v and determines a well-defined
D-valued inner product on 2y which is conjugate linear in the first variable;
(b) for every s € § and u € g, (ks,u) = u(s);
(¢) the completion g of Ay with respect to this inner product is a right Hilbert D-module of
functions from 8 to D; and
(d) span{ks : s € 8} is dense in Ap.
Next, we “fatten” %y to incorporate the fact that P is an N-Clifford semigroup, not a D-

Clifford semigroup as in [I2]. View N as a right Hilbert N-module, with (z,y)y := 2*y. Define a
s-monomorphism ¢ : D — L(N) by ¢(d)(x) = dx (where d € D and x € N). Put

A= 2Ap @, N, (32)

see [19, pages 38—44]. Then 2 is a right Hilbert N-module. This is the space on which we shall
define a representation of §. Note that the inner product on the algebraic tensor product 2dp ©, N

is
N N N
<Z ks, @ 25, Y Ky, ®yi> =Y 2K (si,t;)y;. (3.3)
i=1 i=1 A ig=1
We denote the bounded, adjointable operators on 2 by £(2l).

We will presently describe the representation of G on 2. First, we need a little more machinery
derived from our extension. It is usual to describe idempotent-separating extensions in terms of
a cocycle function 7v: § x § — P. In the case when P is a abelian this is done explicitly by
Lausch [20], leading to a one-to-one correspondence between extensions and the cohomology group
H2(8,P). In the case when P is not abelian D’Alarcao [11] has studied extensions, modelled on
the Schreier extensions of groups. Though no cocycle is explicitly given, the construction again
relies on functions from 8 x 8 to P. In our setting, where we are assuming we have an extension
P — G — §, we instead work with a cocycle-like function from G x 8 into P. This leads to significant
computational simplifications when we define our representation of §. To our knowledge, there is
not a cohomological description of extensions when P is not abelian. As our cocycle-like function
includes G a priori, our approach is unlikely to shed further light on that question.

Definition 3.1. Define a cocycle-like function o: § x § — P by
o(v,5) = j(a(v)s) vj(s) = j(sTq(v"))vj(s).

Since
4(o(v,5)) = sla(ulv)s € £(8),
o(v,s) € P. Thus o indeed maps G x 8 into P. Observe also that

o(v,8) (v, 5) = j(sta(vlv)s) = j(s)Tovj(s). (3.4)
12



The following result gives the definition of the representation of G in £(2() and is the analog of
[12) Theorem 4.16] suitable for our context. While the outline of the proof is the same as the proof
of [12, Theorem 4.16], there are differences. Due to the importance of the result for our work, we
provide most of the details of the proof.

Theorem 3.2. Forv € G, s € 8§ and x € N, the formula,
AW) (ks @ x) := kg()s @ 0(v, 8)x

determines a partial isometry AM(v) € L(A). Moreover, X\ : § — L(2) is a one-to-one representation
of G as partial isometries in L(2).

Proof. Fix v € G, and set r := q(v). Given sq,...,sy € 8, apply [12 Lemma 4.15] to obtain A C 8
satisfying:
) 0¢ A;

(a

(b) if a,b € A then a A b= 0;

(c) ifa € Athen aAs, € {0,a} for 1 <n < N; and there exists 1 < n < N such that aAs, = a;
(d) foreach 1 <n < N,s,=\{aec A:a<s,}.

Choose ¢q,...,cy € N.
Forae Aand 1 <m < N, put

Ay ={beA:b<s,} and ca::Z{cn:agsn}.

Since A,, C A, the elements of A,, are pairwise meet orthogonal. Further, \/ A,, = s,.
As in the proof of [12] Theorem 4.16],

N
stn R cp = Zkza ® cg. (3.5)
n=1 acA
Secondly, with routine modifications to the proof of [I12, Equation (4.4)], we obtain
N
Z krs, @ o(v,sp)en = Z kra @ o(v,a)cq. (3.6)

n=1 acA

Notice that if a,b € A are distinct, then ra and rb are orthogonal, so for z,y € N,

(kra ® 0 (v, @), by © 0 (v, b)y) = 2"0(v,a) K (ra,rb)o(v,b)y

=0
{

*K(a,b)y
ko ® x, ky ® y> .

13



Thus, as D C Z(N) and using (B.6]), then (B.5),

N N
<Z krs, ® o(v, sp)cn, Z ks, ® o(v, sn)cn> = <Z kra ® o(v,a)cq, Z kra ® o(v, a)ca>

n=1 n=1 acA a€A

= Z lcal?0(v,a)* j(aTrTra)o(v, a)

a€A

= Z lcal?j(atrira)

acA

<D leal’ilata)

acA

:<Zka®ca,2ka®ca>

a€A acA

N N
= <Z ksn by Cnazksn ® Cn> .
n=1 n=1

Therefore,

N n
SNy @ )| < [ S ks @
n=1 n=1

It follows that we may extend A(v) linearly to a contractive operator from the algebraic tensor
product 2y ®, N into . Finally extend A(v) by continuity to a contraction in B(2(), the bounded
operators on 2.

We next show that A\(v) is adjointable. As in the proof of the corresponding equality found in
the proof of [12 Theorem 4.16], for s,t € 8,

o(v,s) K (rs,t) = o(vl, ) K(s,rt).

Therefore for any s,t € § and x,y € N,
AW) (ks @),k @y) = (kps @ o(v,8)x, kt @y) = 20 (v, ) K(rs,t)y

=z (v, t)K (s,rTt)y = 2* K (s,rt)o (vl t)y
= (ks @ 2, A1) (Il @ ).

This equality implies that A(v) is adjointable and \(v)* = A(vf).

We now show that A is a homomorphism. Suppose that v{,v2 € G, z € N and s € 8. Then
A(vr)(A(v2) (ks @ 2)) = A(v1) (Kg(up)s ® 0(v2,5)2)
= Kq(viu)s © 0(v1,q(v2)s) o(va, ).

But
a(v1,q(v2)s) o(va,5) = j(g(v1)q(va)s))Tvij(g(va)s) j(g(v2)s) vaj(s)
= j(q(viv2)s)) 15 (g(v2)s) j(s q(ve))uasi(s)
= j(a(v1v2)s)) w1 (vaj(ssT Yol )vaji(s)
ZJ(Q(Ulvz)S))TmW%sz( T) (s)
= j(q(v1v2)8)) v102j(s) = o(v102, 5).



Hence A(v1)A(v2)(ks ® ) = Mviv2)(ks ® ). As span{ks; ® x : s € § and x € N} is dense in 2,
we conclude that A(viv2) = A(vi)A(v2). It follows that for every e € £(G), A(e) is a projection.
Furthermore, for v € G, A(v) is a partial isometry because A(v)* = A(vl).

It remains to show that A is one-to-one. We first show that )\\3(9) is one-to-one. Suppose

e, f € &(8) and A(j(e)) = A(4(f)). Then for every s € 8, o(j(e),s) = j(sTes) € D and o(j(f),s) =
j(sTfs) € D. As the tensor product is balanced,
kesj(sTes) @ T = kes @ 0(ji(€), s)
= A((€) (ks @ I) = A(i(f)) (ks ® )
= ks @ o(i(f), ) = kypsi(sTfs) @ 1,

whence kesj(sTes) = k‘fsj(sTfs). Taking s = 1 gives kej(e) = kyj(f). Evaluating these elements of
p at t =1 gives j(e) = j(f), s0 Alg(g) is one-to-one.
Now suppose v1,v2 € § and A(v1) = A(v2). Then

)\(viful) = )\(vivg) = )\(vivg)* = )\(fu;ul) = )\(’U;’Ug).

Likewise,
)\(vlvi) = )\(vlvg) = )\(vgvi) = )\(’L)Q’U%).
Hence fqurful = ’U;’Ug and fulfuJ{ = vgfu; For any e € &£(8), we have
Awij(e)o]) = Avrojorj(e)v]viv]) = Mvivivaj(e)vivav]) = Muvavlvaj(e)vlvav])
= Awaj(e)e)).

Hence vyj (e)v{ = vaj (e)v; Since this holds for every e € £(8) and 8 is fundamental, we conclude

that g(v1) = q(va).

Let e := q(v{vl) and s := ¢(v1). Since the functions A\(vi)ke and A(ve)k. agree, we obtain,
ksj(s)Tv1 = ksj(s)Tvy. Evaluating these functions at ¢t = s gives, j(s) vy = j(s)Tve. Multiplying
each side of this equality on the left by j(s), we obtain v; = vs. O

Let m : N — B(H) be a normal representation. Recall there is a x-representation 7, : £L() —
B(A @, H) given by
T(T)(u® &) = (Tu) ® . (3.7)
This representation is strictly continuous on the unit ball of £(2) and is faithful whenever 7 is
faithful [I9] p. 42]. As in [12] Corollary 4.17] we have the following corollary.

Corollary 3.3. Let m : N — B(H) be a *-representation of N on the Hilbert space H. Then
Ar := T 0 X\ is a representation of G by partial isometries on A @, H. If 7 is faithful, then A\, is
one-to-one.

Remark 3.4. Our construction of A ®, H depends upon the order structure of §. We show
presently that the range of A\; will generate a Cartan triple. When one starts with a Cartan triple
and applies this construction to the extension associated to the pair, the Hilbert space 2 ®, H can
be recognized as arising from the representation associated to a faithful normal weight ¢ on M such
that ¢ o £ = ¢. We will give the formal statement in Proposition [£.13] below.

We close this section with some results which will be needed when constructing a Cartan triple
from an extension in Section [dl They will also be used in Section [f] when we study the N-bimodule
structure for a Cartan triple. Observe that the construction of the right Hilbert D-module p
above depends only upon 8 because j| g(s) is the inverse of q‘g(j)). The 11-topology described in the
following definition has been considered by several authors, see Section 3.5 of the survey article [22].
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Definition 3.5. Let 91 be a right Hilbert module over the von Neumann algebra N.

1/2

(a) The 7y-topology on M is the topology generated by the seminorms, & — ¢((£, &))" /#, where

¢ is a normal state on N.
(b) The 7, -strict topology on L(9N) is the topology generated by the seminorms, T+ ¢((T¢, TE))Y/?
where £ € 9t and ¢ is a normal state on N.

Notice that a net T, — T in the 7q-strict topology if and only if for every £ € 9N,
(To = T)§, (To —T)§) — 0
in the o-strong topology of N.

The following result can be proved directly in the same way as Proposition 5.2 of [12], but it is
simpler to apply [12, Theorem 4.16 and Proposition 5.2].

Proposition 3.6. For s € 8, the map 8 3 t — kgp¢ extends to a projection Qs € L(Ap) whose
range is span{k; : t < s}. Furthermore, the following statements hold.
(a) Let s,t €8. If sAt =0, then QsQ; = Q:Qs = 0; if s't = stT =0, then Qi + Qs = Qsvs.
(b) If B C 8 is a mazimal meet disjoint subset and A is the set of all finite subsets of B directed

by inclusion, then the net (3, pQs)ren converges Ti-strictly to the identity operator in
L(2p).

Proof. By replacing o(v,t) with the identity operator throughout the proof of [12] Thoerem 4.16]
(or Theorem [3.2] above) one finds that for every s € 8, there exists a partial isometry A\o(s) € £(2p)
such that

)\Q(S)kt = kst'

Calculations show that for every t € 8,
Ao(8)PpAo(s) ke = ks,

where Ppky := ka1 is the projection from [12, Proposition 5.2]. This establishes the existence of
the projection @), with the desired range.

The proof of (a) is routine and left to the reader. Let B be a maximal meet disjoint subset of
8. Since the net (3 . Qs)Fea is an increasing net of projections, it suffices to show that for each

t € §, the net
<Z strt> T1-converges to ki.
sk FeA

For F € A, let Qp := ) ,cpQs. For r € 8 and 51,53 € I/, r Asp and 7 A s are disjoint elements
of A :={te8:t<r}, s0(rAsi)V(rAsy)is defined. Let tp:=\/,cp(r As). Then ty < r and
Qrk, = k.. Denote by — the NOT operation in the Boolean algebra £(8). We have that

(Qrky — kr, Qrky — ki) = (ki — K Ky — ky) = 5(rTr A= (thtp)).
Let b := \/FeA(tTFtF). Clearly b < rfr. Set a := rfr A (=b). Then for s € B,
aAsts=rirAnsTsn(=b) <rlrasts A=((rAs)(ras)=0.

Now ra A s = ra(rfr Asts) = 0, so that ra is meet disjoint from every element of B. By maximality
of B, we obtain ra = 0, whence a = 0. Thus b = rr, from which it follows that j (t}t F) converges
o-strongly in D to j(rr). Therefore, Qr converges 7i-strictly to I £(2Ap)- g

We now have the following corollary to Proposition

Corollary 3.7. The net Qr ® Ix converges Ti-strictly to I
16



Proof. For n € N and s € 8§, we have

(QF ® In)(ks @n) — (ks @n), (QF ® In)(ks ®n) — (ks @ n))
= ((Qrks — ks) @ n, (Qrks — ks) @ n)
=n" (Qrks — ks, Qrks — ks)g, 1
=n'n(Qrks — ks, Qrks — ks, -

As the last expression tends to zero in the o-strong operator topology on N, the result follows. [

Now let 7 : N — B(H) be a faithful normal representation of N and for s € 8 define projections
on A @, H by

f)s’7T = (Qs & IN) ® Iy (38)

Proposition 3.8. Let B C 8 be a mazimal meet disjoint subset. Then Y g P converges strongly
tol € B, H).

Proof. For any h € H and £ € 2, the map
L) 3 T (T @ B)(§ @ h), (T © L) (@ b)) = (b, m({TE, TR/

is a 7y-strict seminorm on £(2). Therefore, if (7},) is a bounded net in £(2) which converges ;-
strictly to T € L(), (T, ® I3¢) converges strongly in B(H) to T®I. An application of Corollary [3.7]
completes the proof. O

Remark 3.9. Proposition B.8is similar to Lemma 221l The initial data for Proposition B.8is the

extension P «— G 5 8 and the representation 7 : N — B(H); its conclusion may be interpreted
as the statement that \/ s Psr = Iyg,3c. On the other hand, Lemma 2.21] deals with the Cartan
triple (M, N, D) and a semi-cyclic representation induced by a suitable weight; its conclusion may
be interpreted as the statement that VvegN(MD) P, = Iy, where P, is defined in the proof of

Lemma 2.21] There is a further relation between these results: when the extension P < G 4 S
is the extension associated to the Cartan triple (M, N, D), Proposition [£.13] below implies that for

any v € GN(M, D), the projections P, and Py(w)r, are unitarily equivalent.

4. THE CARTAN TRIPLE ASSOCIATED TO AN EXTENSION

Throughout this section we will consider the extension,
q
PGS,

where 8 is a Cartan inverse monoid, and P is an N-Clifford inverse monoid. Assume throughout
that a fixed order-preserving section j: 8 — G is given. Our goal, achieved in Theorem .10} is to
show how the representation of § constructed in Corollary B.3] gives rise to a Cartan triple with

associated extension P < § 4 8. In Theorem .11l we further show that the extension associated
to the Cartan triple returns the original extension.

We denote by A the right Hilbert N-module as defined in Equation (3.2)). Let 7 be a faithful,
normal representation of N, and let

A G = BRI H)
be the representation of G by partial isometries, as constructed in Theorem and Corollary 3.3l
Definition 4.1. Let

My = (Ae(9))", Ny i= (n(P))", and Dy = (A(E(9))".
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We will show that (Mg, Ny, Dy) is a Cartan triple. The definitions of My, N, and D, depend
upon the choice of 7 and, because A : § — L(2() depends on the choice of j, My, N, and D, also
depend on j. However, we shall see in Theorem A.I1] that the isomorphism class of (Mg, Ny, D)

depends only on the extension P — G 4. 8 and not upon T or j.

The first step is to show that there is a faithful normal conditional expectation from M, onto
Ng. This will be used to show that N, = Df in Proposition As in [I2], the expectation on M,
will be induced by the map s+ s A1 on 8.

Define A : § — P by

Av) = vj(g(v) A1),
for all v € G. First note that
q(A()) = q(v)(q(v) A1) = q(v) A1 € ES).
Thus A(v) € P for all v € §. Further, if v € P then ¢(v) € (8), thus
A(v) = vj(q(v) A1) = vi(q(v)) = v.
We will show that, given v € G, the formula,
Ey(Ax(v)) == Ar(A(v))
extends to a faithful conditional expectation F, : M, — Nj.
Notation 4.2. Here is some notation.
(a) Let Pp € L(20p) be the projection defined in Proposition 3.6, so that Ppks = ksa1. That is,
Pp = Q4 as defined in Proposition Since A = Ap ®, N, the tensor product of Pp with
the identity of N gives a projection P € L(2l) so that, for s € 8§ and = € N,
P(ks ® x) = ksp1 ® x. (4.1)

(b) Forz € N,and y = > 7" ks, @n; € Ap ON, [[D00 ks, @ xnglly < ||z ||yllg- It follows that
the map ks ® n — ks ® xn extends to a bounded linear map my(z) on A. A computation
shows that 7/(z) is adjointable, so there exists a faithful %-representation 7, : N’ — L(%).
Tensoring with the identity map, we obtain a faithful normal representation mp, = m ® [
of N on B(A @, H). To be explicit, for x € N, my.(z) is defined on elementary tensors
(ks ®@n®§€) € AR, H by

s () (ks @M RE) = ks @an ® & = ks @ Iy @ w(xn)E. (4.2)

Lemma 4.3. For s € 8, let Qs be the projection on L(2lp) defined in Proposition and let
Pir = Qs ® In ® Iy € B(A R, H) be the projection defined in Equation [B.8)). The following
statements hold.

(a) Forve®, se€8, neN and £ € H,
Ae(V) (ks @n® &) = ks @ §(s) vj(s)n @ &.
(b) Psr €Ny and for every v € P, Ar(v)Ps = 7o (j(8) 0 (5)) Por-
Proof. Since v € P, q(v) = q(vv*), so o(v,s) = j(sTq(v)"vi(s) = j(s)*vi(s). Therefore,
Ar(0) (ks @ ® &) = kg(u)s @ (8) 0i(8)n © & = Kystg)s @ (8) 0i(s)n @ §
= kaj(s'q(v)s) @ j(5) vi(s)n @ € = ke @ j(sTq(v)s)j(s) vi(s)n @ €
= ks ® j(s)"vj(s)n @&,

where the third equality follows from [12, Corollary 4.9]. This gives part (a) and shows range(Ps )
is invariant for every element of A\;(P). Thus, range(P; ;) is invariant for Ny. As N, is a x-algebra,
P » reduces N, whence Ps . € Nfl.
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Now suppose t € 8§, n € N and ¢ € H. Note that j(s)j(s't A1) = j(s(s't A1)) = j(s At). Then,
again using [12, Corollary 4.9],
Pirki@n®€) =kpn@n@é=kojstAl)ne. (4.3)
A computation using part (a) and (£3]) now gives the formula in part (b). O
With the obvious modifications to the proof of [12], Proposition 5.2], we obtain the following.

Lemma 4.4. With P defined as in Equation [AI1), the following properties hold:
(a) range P = span{k. @ x : e € £(8) and x € N}; and
(b) forveg,
PA(v)P = A(A(v))P.
Modifications to the proof of [12, Proposition 5.3] yield the following result.

Lemma 4.5. The map V : H — A ®,; H given by V& = (k1 ® In) ® £ is an isometry. Moreover,
the following properties hold:

(a) forse€ 8, x e Nand { € H, V¥ ks @2z ®&) =7(j(s A 1)x)E;

(b) VV* = (P), where my : L(A) = B(A R7 H) is defined by . (T)(u@E&) = (Tu) @E;

(c) forve G, VA (v)V =n(Av)).

Lemma 4.6. We have
VMV =7(N) = VN, V.

Proof. Lemma [5|(c) shows that for z € My, V*2V € n(N), so VM,V C w(N). On the other
hand, for v € P we have

VAz(0)V = n(A(v)) = 7(v), (4.4)
so V¥N,V C m(N). Since every element of N is a linear combination of at most four elements of P,
we obtain the result. O

Thus, the map My > v — 7~ 1(V*2V) is a normal, completely positive contraction of M, onto
N. We now show this map gives an isomorphism of N, onto N.

Lemma 4.7. The map o : Ny — N defined by a(x) = 7= (V*zV) is a normal isomorphism of N,
onto N.

Proof. The definition of « shows it is normal. Next we show that « is a homomorphism. For
v1,vy € P, Lemma [L.5(c) gives

V*( Ar(01)VV* A (02)V = 7(vy)7m(v2) = w(v1v2) = VF Az (v102)V.

Thus « is multiplicative on A;(P). It follows that « is multiplicative on span(A;(P?)). As mul-
tiplication is o-strongly continuous on bounded sets, the Kaplansky density theorem ensures o
multiplicative. Lemma now shows « is a x-epimorphism.

It remains to show « is one-to-one. To do this, we show « is isometric on span(A;(P)). Suppose
neN ¢ €CvePandr =37 cjA(vj). Puty = a(z) so that y = 1, cjv; by Equation L4l
By Lemma (3] for each s € 8,

2Py r =m0 (5(8) yj(8)) Psm,
and hence ||z Ps || < ||y||. Now suppose B is a maximal meet-disjoint subset of 8. Then for distinct
s,t € B, Ps  and P, are orthogonal projections. By Proposition B.8],

2] = sup [|zPs || < [lyll = [le(2)]| < [l
seB

So « is isometric on span(Ar(P)). O

At last, we can define the conditional expectation Fj.
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Proposition 4.8. The formula,

E,(x) = o Y a Y (V*zV)) (4.5)
gives a faithful normal conditional expectation of My onto Ny. Furthermore, for v € G,
Eq(Ax(v)) = vAz(A(v)). (4.6)

Proof. Lemmas and [4.71imply E, is a normal conditional expectation of M, onto N,. It remains
only to establish that E, is faithful. The proof that E, is faithful is modeled on the proof of [12]
Proposition 5.9].

Let € denote the center of M,. We claim that E|e is faithful. Let € € and suppose E,(z*x) = 0.
The definition of E, from Equation shows that V*z*zV = 0 and hence V = 0. Notice that
a(j(s),1) = j(ss) so that for n € N, A(j(s))(k1®n) = ksj(sTs)@n = ks@n (see [1Z, Corollary 4.9]).
Hence for s € 8, n € N and £ € H,

2(ks ®@n ® &) = xAr(j(s)) (k1 @ n® &) = Ax(j(s))z (k1 @ n® &) = A(j(s))zVm(n)§ = 0.

Since the span of such vectors is a dense subspace of %A ®, H, we conclude that z = 0.
Let J:={z € M, : E;(z*x) = 0}. Then J is a left ideal of M,. Compute as in the second part
of [12, Lemma 5.8] to find that for z € J and v € G,

Eq(Ax(v)" 2 2z (v)) = Ax(v)" Eg(z"2)Ar(v) = 0.

Thus, zA(v) € J. It now follows that J is a two-sided ideal of M, as well. Since J is weak-*-closed,
by [31, Proposition I1.3.12], there is a projection @ € € such that J = QM,. As Q € J and E,e
is faithful, we obtain @ = 0. Thus J = (0), that is, E; is faithful. The equality (£6]) follows from
Lemma O

Proposition 4.9. The algebra Ny is the relative commutant of Dy in My. That is, Ny = Dy.

Proof. Notice that v € § commutes with every element of £(G) if and only if v € P. Since A, is a
isomorphism of § onto Ar(G), we obtain A;(G) N Dy = A (P). Therefore, N, € Dg.
Take z € Dg. Suppose w € A\(9) satisfies w? = 0. Then

E,(w*z) = wwE,(w*z) = Ey(w*z)w*w = E,(w*zw*w) = E,((w*)*wz) = 0. (4.7)
Now choose an arbitrary v € A;(G). Our goal is to show that (again with z € Df)
Ey(vz) = By(v") E, (o). (4.8)

As in Lemma [2ZI8| v defines a map 6, on Dy (d — vdv*). By Frolik’s Theorem (see [26, Proposi-
tion 2.11a]) there are orthogonal projections eg, e, ez, e3 € Dy such that

3
v = g veg,
k=0

Oy|Dey = 1d|Dey, and Oy (ex)er = 0 for k = 1,2, 3.

As eg is the largest projection in D, on which 8,|p., = idp,,, it follows that vey = E,(v). Also,
as O, (ex)ex = 0, it follows that (vey)? = 0, for k = 1,2,3. By @), for k = 1,2,3, E,(exv*z) = 0.
Thus

3
Ey(v'e) =) Eylepv'z) = Eyleqv*a) = Ey(v")Ey(x),
k=0

so (L) holds.

Since Ar(G) spans a weak*-dense subset of My, it follows that for x € D we have

Ey(a*e) = By(a")Ey(2).
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Hence, if x € Dy we have
Eq((x — Eq(2))"(z — Eq(x)) = Eq(z — Eq(2))" Eq(z — Eq(z)) = 0.
Since Ej is faithful, it follows that = E,(z) € Ny. O
Proposition [£.8] and Proposition now immediately give the first main theorem of this section.
Theorem 4.10. (M,, Ny, D,) is a Cartan triple.

The second main theorem of this section is that the extension associated to (Mg, Ny, D,) gives

back the original extension P < § Zs.

Theorem 4.11. Let P be a N-Clifford inverse monoid and suppose P — G % 8 is an exten-
sion of the Cartan inverse monoid 8 by P. Let (Mg, Ny, Dy) be the Cartan triple constructed in
Theorem [{.10, The extension associated to (Mg, Ny, Dy) is equivalent to the extension

iP‘—>9—q»S

from which (Mg, Ng, Dy) was constructed.
Moreover, the isomorphism class of (My, Ny, Dy) depends only upon the equivalence class of the
extension (and not on the choice of representation m or section j).

Remark 4.12. In the proof of Theorem [£.11] and also in the proof of Theorem below, we shall
utilize a result of Arveson, [3, Theorem 6.2.2]. In [3], Arveson makes the blanket assumption that
all Hilbert spaces are separable (see [3, Section 1.2]). However the proof of [3, Theorem 6.2.2] does
not require separability.

Proof. The argument below is a modification of the proof of [12, Theorem 5.12]. Let Rjs and
Ryrx be the Munn congruences for § and A;(§) respectively. Since A; is an isomorphism of G
onto A(9), (v,w) belongs to Ry if and only if (Ar(v), Ax(w)) belongs to Ras . Let gr : Az(G) —
Ax(SG)/Ru,~ be the quotient map. The fact that 8 is fundamental implies that S\W =qro0A;0jis a
multiplicative map of 8 onto Ar(G)/Ras». In fact, Ar is an isomorphism satisfying Ar0q = GroAr,
and furthermore, A;|p is an isomorphism of P onto A;(P). Let v € P. By Equation (4] (see
Lemma [L6), V*\(v)V = 7(v). Thus in the notation of Lemma {7 a~!(v) = A;(v). Therefore
Ar|lp = a7 t|p. Tt is now clear that the extensions

psgls
and o -
Ar(P) = Ar(G) = An(8)

are equivalent. For later use, note that in particular, )\ﬂ\g(g) is an isomorphism of &€(G) onto

E(Ax(9))-

Our next task is to show that

Ar(9) = GN(My, Dy). (4.9)
It will then follow immediately that A;(P) < A.(9) z Ax(8) is the extension associated to
(Mg, Ng; D).
Claim 1: If u € GN(My, Dy), then uE,(u*) is a projection in D, and
WE (u") = Ey(uBy (")) = Ey(w)Ey(u”). (4.10)

Let A be an invariant mean on the abelian group U(D,). By [3, Theorem 6.2.2],

uFq(u*) = A (ugu™)g* € Dy.
gE€W(Dy)
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Next,
uBq(u")uby(u") = uBq(u uky(u")) = wuuEq((Eq(u”)) = uky(u”),

so uEy(u*) is a projection in D,. The equality (£I0]) is now obvious, so Claim 1 holds.

By construction, A;(G) € GN(My, D,). To establish the reverse inclusion, fix v € GN(M,, Dy);
without loss of generality, assume v # 0.

Claim 2: There exists p € M\:(E(G)) such that: a) vp € \x(G), b) p < v*v, and c) vp # 0.

Since Ar(G)" = My, it follows (as in the proof of [5, Proposition 1.3.4]) that there exists w € Az(9)
such that wEg(w*v) # 0. Let p = v*wE,(w*v). By Claim 1, p € D, is a projection, so in particular,
p € A:(E(9)). It is evident that p < v*v. By (@.I0),

Ey(v'w)Eq(w*v) = p,

so x := E4(w*v) is a partial isometry in N, with source projection p € D,. On the other hand, let
p = w'vEy(v*w). Claim 1 gives p’ € D, and p' = Ej(w*v)E, (v w). We have thus shown that
both the source and range projections for « belong to D, C Z(N,). Therefore,

p=a"r=a"(xz")r = (2*2)(x2") = x(x*x)2* = 22 = p.
Hence E,(w*v) is a partial isometry in N, whose source and range projections both equal p €
Dy. Thus, Ej(w*v) € GN(Ng, Dy) = A-(P). This gives wEy(w*v) € A;(G). Since Ey(w*v) =
w*v(v*wEq(w*v)), we obtain,

0 # wEy(w*v) = w(w*v(v'wEy(w*v))) = vv*wEq(w*v) = vp.

Thus Claim 2 holds.
Now argue exactly as in the proof of [I2, Theorem 5.12] to conclude that v € A;(G). Therefore,
we have shown that A\;(9) = GN(M,, D,). Hence

Ar(P) o An(G) D grrn(8)

is the extension for (Mg, Ny, Dy).

Suppose that 7 is a faithful normal representation of N and j : 8 — G is an order preserving
section for ¢q. Let (Mq, f\fq, @Q) be the Cartan triple constructed using 7 and j as in Theorem EI0l
Then the previous paragraphs show that the extensions associated to (Mg, Ny, Dy) and (Mq, f\fq, @Q)

are equivalent extensions. By Theorem 222 (Mg, Ny, D,) and (My, Ny, D) are isomorphic Cartan
triples. The proof is now complete. O

Let (M, N, D) be a Cartan triple and let ¢ be a faithful normal semi-finite weight on M satisfying
¢poE = ¢. We end this section by relating the semi-cyclic representation (m4,3(4,74) and the
reproducing kernel Hilbert N-module 2 ® N constructed from the extension P — G 9, 8 associated
to (M, N, D).

Proposition 4.13. Let (M, N, D) be a Cartan triple, suppose ¥ is a faithful, normal semi-finite
weight on N, and put ¢ := oE. Let (my, Hy,ny) and (7g, He,ng) be the semi-cyclic representations
of N and M associated with 1 and ¢ respectively. Let

PsGHs

be the extension associated to (M,N,D) and let j : 8 — G be an order-preserving section for q. For
se8, neN and x € ny, j(s)nx € nyg, and the map

(RAp @, N) @, Hy 2 ks @ n @ ny () = 14 (j(s)nz) € Hy
extends to a unitary operator W : A &y, Hy — Hy such that for every v € G,

W e, (V)W* = 7g(v).
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Proof. For i = 1,2, let s; € 8, n; € N and z; € ny. Then

S((i(sinaxa)* (j(si)niwi)) = P(ainf EG(si) i (si))niws) < |nill® (),
so j(si)n;x; € ny. Recall that for any v € GN(M, D), E(v) = vj(g(v) A 1). In particular, using
Proposition .16 we have
B(j(51)"i(s2)) = (s1)"(s2)i(s}s2 A 1) = (s s2 A 1).
So
((ksy @1 @ ny(@1)), (ksy © n2 @ 1y (22))) = (@inti(slss A )nowr)

= P(21n1 E(j(s1)"j(s2))n2z1)
= (16 (J (s1)m1x1), M6 (i (s2)n222)) -

As every element in span{ks ®n®x:s € §,n € N,x € ny} can be written as > . 4 ks ®nq @ 4
where A C 8 is a finite pairwise meet disjoint set, {n, : a € A} C Nand {z, : a € A} C ny, it follows
that ks @ n @ x = 1y (j(s)nx) extends to an isometry W : A @, Hy, — Hy. By Proposition 2.2T]
span{ny(j(s)nz) : s € 8,n € N,z € ny} is dense in Hy, so W is a unitary operator.

If v e GN(M,D),s € §,n € N and = € ny,

Wz, (v)(ks @ n @ x) = W(kys @ 0(v, 8)n @ 1)
= ne(j(q(v)s)o(v, s)nx)
— no(vi(s)na) = (V)W (ky 00 @ ).
Thus, Wz, (v)W* = mg(v). O

5. THE SPECTRAL THEOREM FOR BIMODULES AND AOI’S THEOREM

Throughout this section, (M, N, D) will be a Cartan triple with associated extension
Pyl

and j: 8 — G will be a fixed choice of an order-preserving section for q. The goal in this section is
study the N-bimodules in M. Recall the following definition from [12].

Definition 5.1. A subset A of a Cartan inverse monoid 8 is a spectral set if

(a) s € A and t < s implies that t € A; and
(b) if {s;}icr is a pairwise orthogonal family in A, then \/,.;s; € A.

In Theorem [E.I0 we prove a Spectral Theorem for Bimodules. Will show a one-to-one corre-
spondence between the spectral sets in & and a large class of weak-* closed N-bimodules: the
Bures-closed N-bimodules (see Definition [5.5]). We go on to study the intermediate von Neumann
algebras N C £ C M, giving a generalization of Aoi’s Theorem [I] in Theorem Several of
these theorems require that the Cartan triple is a full Cartan triple.

5.1. N-bimodules. We begin by showing that weak-* closed N-bimodules give rise to non-empty
spectral sets. In particular, Theorem shows that when (M, N, D) is a full Cartan triple, any
weak-* closed N-bimodule contains an abundance of elements of GN(M, D). Example [5.4] below
gives a simple example showing fullness is necessary.

Theorem 5.2. Let (M, N, D) be a full Cartan triple. Suppose (0) # B C M is a weak-+-closed
N-bimodule. Then
{0} # GN(M, D) N B.
In fact, for every x € B and v € GN(M, D), vE(v*x) is a linear combination of at most four
elements of GN(M, D) NB.
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Proof. Let x € B be non-zero. Since M is the weak-* closed span of GN(M, D), there exists v €
GN(M, D) such that E(v*z) # 0, and hence vE(v*x) # 0. By [3| Theorem 6.2.2] (see Remark [£.12]
above), for any y € M,
Ey)= A\ U%U.
UEU(D)
Therefore,
vE(v'z) = A (wU*v*)zU € B.
UEU(D)

Let J be the weak-* closed, two-sided ideal in N generated by E(v*z). For any ni,no € N we

have

v(ni E(v*z)ng) = (vnv*)(vE(v*x))ng € B.

Since B is weak-* closed, it follows that vJ C B. Let p € Z(N) = D be such that J = pN. Then,
vp € BNGN(M, D). Since vE(v*x) = vpE(v*x), 0 # vp.

Since pN is a von Neumann algebra (with unit p), E(v*z) is a linear combination of four unitary
elements of pN. As p € Z(N), U(pN) = {pw : w € U(N)}. Also, for any unitary w € U(N) we have
vpw € GN(M, D). Thus, vE(v*x) is a linear combination of at most four elements of GN(M, D). O

The following corollary of the proof of Theorem will be needed in the sequel.

Corollary 5.3. Let (M,N,D) be a (not necessarily full) Cartan triple. For any x € M and
v € GN(M, D), vE(v*x) belongs to the weak-+ closed D-bimodule generated by x.

Example 5.4. Let M be any von Neumann algebra with non-trivial center. Then (M, M,CI) is
a Cartan triple which is not full. Let p be a central projection in M with 0 < p < I. Then Mp is
a weak-* closed M-bimodule. However Mp N GN(M,CI) = {0}. Thus, the condition of fullness in
Theorem is necessary.

A natural problem is to characterize the weak-* closed N-bimodules in M. Given a weak-x closed
N-bimodule B € M, one might hope to use Theorem to reconstruct a given element x € B
from the elements of B N GN(M, D). However, for doing this, the weak-* topology is not generally
the appropriate topology. Instead, as Mercer shows in [23], the Bures-topology turns out to be
the “right” topology to handle such reconstruction problems. This phenomenon was also observed
in studying bimodules in the Cartan pair case by Cameron, Pitts and Zarikian [5] (see also [12]),
and in the crossed-product von Neumann algebras by Cameron and Smith [6, [§]. Our next goal is
Theorem [5.7] which gives a method for reconstructing = € B using GN(M, D) N B when B C M is
a Bures-closed N-bimodule. We begin with recalling the definition of the Bures-topology.

Definition 5.5. Let £ C M be an inclusion of von Neumann algebras and assume there is a faithful
normal conditional expectation E; : M — L. The E;-Bures topology (or simply Bures topology
when the context is clear) is the locally convex topology determined by the family of seminorms,

M3z p(E(*z)Y? pe L.

The Bures topology was introduced in [4] in the case when M is a factor and £ is abelian. By [6),
Lemma 3.1}, for any convex set C' C M, the Bures closure of C' contains the weak-* closure of C,
that is,

Clweak—*(c) - ClBures(C)'
Take z € M. We showed in Theorem [5.2] and Corollary [5.3]that for each v € GN(M, D), vE(v*x)
is in the N-bimodule generated by z. We now show that, in the Bures topology, we can recover x

from the elements of the form vE(v*z).
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Definition 5.6. For a Cartan triple (M, N, D), a subset Y C GN(M, D) is E-orthogonal if whenever
v,w € Y with v # w, E(v*w) = 0.

Theorem 5.7. Let (M, N, D) be a (not necessarily full) Cartan triple and let Y C GN(M, D) be
a mazximal E-orthogonal subset. Let A be the set of all finite subsets of Y directed by inclusion.
Forx € M and F € A, let xp := ), cpuE(u*z). Then the net (xp)rpea converges in the Bures
topology to x.

Proof. Let P — § 2 8 be the extension associated to (M, N, D), let ¢ be a faithful, normal
semi-finite weight on N, let ¢ =1 o E, and let (74,34, ns) be the semi-cyclic representation of M
associated to ¢. For any v € G, the map M 3 2 — vE(v*z) leaves n, invariant and depends only on
s = q(v). Further, when x € ng, ng(x) — ng(vE(v*z)) is contractive, and extends to a projection
Ps € B(Hg). (In the notation of Lemma 3] and Proposition BI3] Py = W P, W*). When s = 1,
write P instead of P.

Arguing as in [B, Lemma 2.2], we find that the two families of semi-norms on M,

M3m— /T(E(m*m)): 7 €N} and {M 3 m— ||my(m)é] : € € range(P)}

coincide. These families of semi-norms define the Bures topology on M (see [5, Definition 2.2.3]).
We now argue exactly as in the proof of [5, Proposition 2.4.4]. Let n € ny N N. Then

Te(xr)ne(n Z% (uE(u*zn))
uck
= Z 7T¢ PTI’d) nd)(a;n)
uck
=D Pauyno(an) = 3 Pyt (@)1 (n).
uck ueF

Hence for every £ € ng(ngy NN),
s(xr)E =) Pyymo(
ueF

By Proposition B8 and Proposition BI3] I = > cy Py) (where the sum converges strongly in
B(Hg)). Thus for every & € ng(ng NN),

Te(rr)§ — mg(T)§.

Bures

Therefore, zp — x O

We now show that the Bures closure of a weak-* closed N-bimodule B contains exactly the same
groupoid normalizers as B itself. The reader should note that this result gives the versions of [5]
Proposition 2.5.3 and Theorem 2.5.1] appropriate to our context.

Proposition 5.8. Let B C M be a weak-x closed N-bimodule, and set
Bo = 5pan”* (SN(M, D) N'B) and B = Spaml™(SN(M, D) N B),
Then By and By are weak-x closed N-bimodules satisfying Bg C By and
GN(M, D) NBy = SN(M, D) N B = GN(M, D) N B;.
Furthermore, when (M,N, D) is a full Cartan triple,

Bures

BoCBCB =B
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Proof. Notice that if (z)) is a net in M which Bures-converges to x € M, then for any a € M
and b € N, HmP" az)b = axb. It follows that By is a weak-* closed N bimodule. That By is an
N-bimodule follows from the fact that U(N)GN(M, D)U(N) = GN(M, D) and that span U(N) = N.
Clearly Bg C B;.

Suppose v € GN(M, D)NB;. If (x)) is a net in B with imBW 2, = v, we find imBW v*zy = v*v.
As E is Bures continuous, we have that imB"® E(v*zy) = E(v*v) = v*v. Since the relative Bures
topology on N is the o-strong topology on N, E(v*x)) converges weak-+ to v*v. By Corollary [5.3]
vE(v*xy) is a net in B converging weak- to v, showing that v € GN(M, D)NB. Thus, GN(M, D)N
By =GNM,D)NB =GNM,D) N By.

Now suppose (M, N, D) is a full Cartan triple. Clearly By C B C B;. Let L be the linear span

of GN(M, D) N'B and choose z € B, By Theorem [5.2] for each v € GN(M, D), uE(u*x) € L,
—Bures

so Theorem 5.7 shows € By, whence B; = B . O

Notation 5.9. For a Bures-closed N-bimodule B C M, let SN(B,D) := GN(M, D) N B. Define
O(B) C 8 by

O(B) = q(N(B,D)).
Further, define a map ¥ from the collection of spectral sets (see Definition [5.1]) in 8 to Bures-closed
N-bimodules in M by

U(A) =span- g H(A) =span- " {j(a)n : a € A,n € N},
which is necessarily a Bures-closed N-bimodule.

When (M, N, D) is full, Theorem shows that GN(B, D) is non-zero whenever B # (0). We
now extend the spectral theorem for bimodules in Cartan pairs (see [5, Theorem 2.5.8] and [12]
Theorem 6.3]) to the context of Bures closed bimodules in a Cartan triple. Theorem 510 below
should also be compared with [16, Theorem 4.3].

Suppose for ¢ = 1,2 that P; are full N;-Clifford inverse monoids, § is a Cartan inverse monoid,

Pi— G %, 8 are extensions of $ by P;, and let (M;,N;, D;) be the corresponding Cartan triples.
Theorem [5.10] implies the striking fact that the lattice structure of the Bures-closed N;-bimodules
in M; is isomorphic to the lattice of spectral sets in 8. Thus, 8§ completely determines the lattice
structure of the Bures-closed N;-bimodules regardless of the choice of extension of S.

Theorem 5.10 (Spectral Theorem for Bimodules). Let (M, N, D) be a full Cartan triple. The map
O is a lattice isomorphism between the family of Bures-closed N-bimodules in M and the family of
spectral sets in 8. Moreover, 71 = U,

Proof. Let B be a Bures-closed N-bimodule in M and let A := ©(B). We will first show that A is a
spectral set in 8. Suppose s € A and t < s. Then there exists an e € £(8) such that t = se. Write
s = q(v) for some v € GN(B, D), and e = ¢(p) for some projection p € D, we find t = q(vp), so
t € A. Next, suppose that {s;}ics is a pairwise orthogonal family in A and let s = \/s;. For i # k,
the orthogonality of s; and sj implies that j(s;) and j(si) are partial isometries with orthogonal
initial spaces and orthogonal range spaces. Therefore, the sum  ;; j(s;) converges strong-* to an
element v € GN(M, D). As the Bures topology is weaker than the strong-* topology, v € GN(B, D).
For every i € I, q(vj(s;fs,-)) = s;, and it follows that ¢(v) = s. Thus j(s) € B, and hence s € A.
Therefore A = ©(B) is a spectral set.

Proposition 5.8 shows that B is generated as a N-bimodule by B N GN(M, D). It follows that
V(O(B)) = B.

We now prove that A = ©(¥(A)). Clearly, A C ©(¥(A)). Choose s € ©(¥(A)) and let
B := U(A). By definition, there exists v € GN(B, D) such that ¢(v) = s. Let

r = sup{p € proj(D) : q(vp) € A}.
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Then ¢(r) is the maximal idempotent in €(8) such that sq(r) € A. Thusifa € A, sq(rt) Aa =0.
Therefore, for any n € N,
E((vrt)*j(a) = 0 = B((vr")"j(a)n).
Hence for any = € span(q¢~'(4)), E((vr+)*z) = 0. As E is Bures continuous, we find that
E((vrt)*x) = 0 for every z € B. As vrt € B and E is faithful, we obtain vr* = 0. Hence
v =vr. Applying ¢ we obtain, s = sq(r) € A, as desired.
Finally, the order preserving properties follow by the definitions of © and V. O

5.2. Intermediate von Neumann algebras. Our next goal is to give a version of Aoi’s Theorem
appropriate to our context. We first note the following technical result.

Proposition 5.11. Let M 2O N be an inclusion of von Neumann algebras and let D C Z(N) be a von
Neumann subalgebra. Assume further that there exists a faithful, normal conditional expectation
E: M — N. Let ¢ be a faithful normal semi-finite weight on N and let ¢ = o E. Let o*f’ be the
modular automorphism group for ¢. The following statements hold.
(a) The centralizer, My := {x € M : of(x) =z VteRY, forof contains D.
(b) If v € GN(M, D), then for every t € R, 0¥ (v) € GN(M, D). Further of (v) is Munn related
to v;
(c) If A is a von Neumann algebra such that N C A C M and D is regular in A, then there
18 a unique faithful normal conditional expectation E4 : M — A such that ¢ = ¢ o E4. In
addition, E4 has the following properties:
(Z) EAE = EEA = E,’ and
(i) Ey is continuous when regarded as a map of (M, E-Bures) into (M, E-Bures).

Proof. For € M and d € D, E(z*d*dz) < ||d||* E(«*z) and
E(d*z*xd) = E(z*2) 2d*dE(x*2)"? < ||d||® E(z*z).
Thus ny is a D-bimodule. Recalling that

n
my = Zy;a:j neNz;,y; €ng o,
=1

we see that my is also a D-bimodule. Furthermore, for any d € D and x € my, we have

¢(xd) = Y(E(zd)) = (E(z)d) = Y(dE(z)) = ¢(E(dr)) = ¢(dx).
An application of [30, Theorem VIII.2.6] now gives part (a).
Now let v € GN(M, D) and let w = of (v). Using (a) we have
wrdw = Jf(v*dv) = v*dv.
Thus w € GN(M, D) and w is Munn related to v, proving part (b).

The regularity of D in A and part (b) show that o (A) C A for every ¢t € R. Lemma gives
¢|4 is a faithful, semi-finite normal weight on A. By [30, Theorem IX.4.2], there exists a unique
normal conditional expectation E4 : M — A such that o E4 = ¢. Since N C A, E4oFE = E.
Let ® := Fo E4. Then @ is a conditional expectation of M onto N which satisfies ¢ o & = ¢. The
uniqueness assertion of [30, Theorem IX.4.2] gives ® = E. We thus have the formula in part (c(i)).
As F is faithful, so is Fjy.

Finally, suppose (x)) is a net in M converging to x in the E-Bures topology. Applying E to both
sides of the inequality,

(Ea(zx) = Ea(2))"(Ea(xy) — Ea(z)) = Eq(ex — )" Ea(zx — ) < Eg((2x — 2)"(2x — 7))
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and using the fact that FE4 = E shows that E4(z)) — E4(z) in the E-Bures topology. Thus Ey4
is E-Bures continuous. O

Theorem 5.12 (Aoi’s Theorem for Cartan Triples). Let (M, N, D) be a Cartan triple and suppose
A is a von Neumann algebra such that N C A C M. Then A is Bures closed. Furthermore, if
(M, N, D) is full, then (A, N, D) is a Cartan triple.

Proof. Let Ag be the weak-* closure of span GN(A, Z(N)). Then Ay is a von Neumann algebra and,
as U(N) C GN(A, Z(N)), Ap 2 N. Thus, A is a weak-* closed N-bimodule.

By Proposition 5.11] there exists a faithful, normal conditional expectation Ey4, : M — Ag. Since
Ey, is E-Bures continuous, it follows that A is E-Bures closed. By Proposition [5.8]

Ag €A C A = spanP e GN(A, Z(N)) = Ao "% = Ao,

so A is Bures closed.

When (M, N, D) is full, that is, D = Z(N), the previous paragraph shows that D is regular in A,
so (A,N,D) is a Cartan triple. d

Remark 5.13. With the notation of Theorem and its proof, let Ay be the weak-* closure of
span GN(A, D). Then N C Ay C Ap, and Ay is Bures closed. However, we have been unable to
show Ay = Ap in general, which is why we required the fullness hypothesis to conclude (A, N, D)
is a Cartan triple. However, this hypothesis is rather mild, and is satisfied when D is a Cartan
MASA in M. Thus Theorem [5.12]is indeed a generalization of Aoi’s theorem for Cartan pairs.

As an immediate corollary, we use the Spectral Theorem for Bimodules to parametrize the
intermediate von Neumann algebras for a full Cartan triple. As with Bures-closed bimodules, this
parametrization depends only on the Cartan inverse monoid and not the extension.

Corollary 5.14. Let (M,N,D) be a full Cartan triple. Set

oN(M,N, D) := {A : A is a von Neumann algebras such that N C A C M} and
sub(8) :={T C 8:T is a Cartan inverse submonoid of 8 with E(T) = E(8)}.
Then the restriction of © to vN(M, N, D) gives a bijection between vN(M, N, D) and sub(8).

6. EXAMPLES

In this section, we give several examples of Cartan triples.

6.1. Type I examples. Suppose a Hilbert space H is decomposed as as a direct sum, H =
@P,cr Hi, where for all i,j € I, dimH; = dimH;. Let M = B(H) and D be the von Neumann
algebra generated by {P; : P, is the projection onto 3;,i € I}. Then N = D’ = &;c;B(H;) and
(M, N, D) is a full Cartan triple. Indeed,

M = B(2(1)RB(H,),D = D(*(I))®Cly,, and N = D(£2(1))RB(H,), (6.1)

where D(¢2(I)) are the diagonal operators in B(¢2(1)).

We now show every Cartan triple (M,N,D) with M = B(H) has the form outlined above,
and hence is necessarily full. Showing that D is atomic is the key step. To start, let P be the
projection onto the closure of the span of the ranges of the minimal projections in D. We argue by
contradiction to show P = I. If P # I, fix a unit vector n € P9 and a positive integer n. Choose
a maximal chain 9B in proj(P+D) (with respect to the ordering < in proj(P+D)). The map from
B into [0,1] given by B > R — ||Rn|| is onto [0, 1] since P has no atoms. So for 0 < j < n, let
R; € B be such that |[R;n|| = j/n and for 1 < j <n put Q; :== R; — Rj_;. Thus ||Q;n|| = 1/n for
every j.
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If X is the rank-one projection onto the span of 7, then

E(X)=FE (Z @-X) =Y QEX)=E (Z @X@) .
i=1 i=1 i=1

As [|Q: X Q;]| = 1/n for each i, ||[E(X)| < 1/n for all choices of n and so E(X) = 0, contradicting
faithfulness of E. Thus P+ = 0 and D is atomic.

Finally, since GN(M, D) spans M, any two atoms of D, say A and B, must have the same
dimension, since otherwise AMB N GN(M, D) = {0}, contradicting the regularity of D in M.

By the previous paragraph, for every non-zero minimal projection P € Z(M), (MP,NP,DP) is
a full Cartan triple. As a consequence, we have the following observation.

Proposition 6.1. If (M, N, D) is a Cartan triple with dim(M) < oo, then (M, N, D) is full.

6.2. Tensoring Cartan pairs. Equations (6.I)) decomposed a Cartan triple into tensor products,
where M = B(¢2(1))2B(H;) and N = D(£%(I))2B(H; ). Note that D(¢2(I)) is a Cartan subalgebra
of B(¢2(I)). In fact, starting with any Cartan pair we can create a Cartan triple by tensoring with
a von Neumann algebra.

Suppose M is a von Neumann algebra, D C M is a Cartan MASA and let N be any von Neumann
algebra. Consider the von Neumann algebras

D ®Ix € DON C M@N.

Since D is regular in M it follows that D ® Iy is regular in M®N. Further, the conditional
expectation E: M — D induces a faithful conditional expectation E®idy: MQN — DRN. By [31],
Theorem IV.5.9 and Corollary IV.5.10], DN = (D&1Ix)¢. Thus (MRN, D&N, D ® Iy) is a Cartan
triple. Further, if N is a factor (M@N, DN, D ® Iy) is a full Cartan triple.

6.3. Crossed products by discrete groups. Cartan triples arise naturally as crossed product
von Neumann algebras. In Section we will show that if G is a discrete group acting on an
abelian von Neumann algebra D then (D x, G, D¢, D) will always give a Cartan triple. If a discrete
group G acts on a (not necessarily abelian) von Neumann algebra N, and D = Z(N), we give
necessary and sufficient conditions for (N x, G, N, D) to be a Cartan triple in Section

Let G be a discrete group acting on a von Neumann algebra N by automorphisms «. Let
M = Nx,G. The von Neumann algebra M is generated by a copy of N and a unitary representation
of G, {ug}sec such that ay(d) = ugduy. There is a faithful, normal conditional expectation Ex
from M onto N. Each element x € M is uniquely determined by a Fourier series

x = Z zgug, where z,:= Ex(zuy) € N.
geG

This series converges in the Bures-topology on M induced by Ey [23].

Cameron and Smith [0, 8] have studied Bures-closed bimodules and intermediate von Neumann
algebras in a large class of crossed products. We will see in Theorem that there is overlap in
our work and theirs. However, neither work subsumes the other.

6.3.1. Crossed products of abelian algebras.

Theorem 6.2. Let D be an abelian von Neumann algebra and let G be a discrete group acting on
D by automorphisms «. Let M :=D x, G and N = D¢. Then (M,N,D) is a Cartan triple.

Proof. Since D is clearly regular in D %, GG, we only need to note that there is a faithful normal

conditional expectation from M onto N. Since there is a faithful, normal conditional expectation

Ep from M onto D, D is regular in N, and D C N C M, this follows from Proposition B.ITlc).

Alternatively, the existence of the conditional expectation onto N also follows from the proof of
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Theorem 3.2 of [§]. In [§] it is assumed that the action of G is by properly outer automorphisms,
though this is not needed in the proof. ([l

We give further details on the structure of this Cartan triple. For each g € G, let p, be the
largest projection in D such that ag\@pg is the identity. We note py is the Frolik projection eg
for ad,, on D described in the proofs of Lemma ZT8 and Proposition 9. By [26, Lemma 2.15],
Ugpg = Pgtg € N and Ex(ug) = ugpgy.

Since Ey is Bures continuous, we can explicitly describe Ey by

Ey Z Tglg | = Z TgPgllg.

geG geqG

6.3.2. Crossed products of non-abelian algebras. An automorphism « on a von Neumann algebra
N is properly outer if there are no nonzero central projections z € Z(N) such that «|y, is inner.
Equivalently « is properly outer if and only if

yr = zo(y)
for all y € N implies that x = 0. In [8] crossed products by properly outer automorphisms are
studied and the Bures-closed bimodules and intermediate von Neumann algebras are characterized.
We show now that the crossed products studied in [§] give rise to full Cartan triples under the
assumption that the restriction of the action to the center Z(N) is also properly outer.

Theorem 6.3. Let N be a von Neumann algebra and let G be a discrete group acting on N by
properly outer automorphisms «. Let M = N x, G. Then (M,N,Z(N)) is a Cartan triple if and
only if the action of G restricted to the center Z(N) is properly outer.

Proof. Suppose x € Z(N)'NM. Let x =3, z4uy be the (Bures convergent) Fourier series for .
Since z € Z(N)' it follows that if x4 # 0 then for d € Z(N),

dzy = Ex(dzuy) = Ex(zug(ugduy)) = z4ay(d). (6.2)

Let Jy be the two-sided ideal in N generated by z,. It follows from (6.2) that zd = za(d) for all
xz € Jy and all d € Z(N). Since J; is a two-sided ideal, there is a central projection z, € Z(N) such
that J; = Nzg. Thus z4d = 250,(d) for all d € Z(N). That is, aglzon)z, = idlzonz,-

It follows that N = Z(N)¢ if and only if for all g # e, aylz ) is properly outer. O

6.4. Crossed products by equivalence relations. Igor Fulman in [I7] studied a class of Cartan
triples which he called crossed products by an equivalence relation. A crossed product by an
equivalence relation is a Cartan triple satisfying the condition in Definition below, which we
also call Fulman’s condition. In Appendix A we provide a conceptual framework in terms of inverse
semigroups for Fulman’s condition and show that Fulman’s condition amounts to a lifting problem.
Here we give a class of Cartan triples which satisfy Fulman’s condition.

Suppose (M, N, D) is a Cartan triple with associated extension,

PGS
and fixed order preserving section j.

Definition 6.4. A regularizer is a subgroup R C U(M) satisfying:
(a) UN) C R C GNOM, D):
(b) span R is weak-* dense in M;
(c) there is a homomorphism a: R — Aut(N) such that
(a) if p is a projection in D such that oy, |p, = id|p, then ay|ny = id|np.
(b) ay(d) = udu* for each u € R and d € D.
30



We will call a map « satisfying conditions (i) and (ii) of part (c) a regularizing map for R.
When the Cartan triple (M, N, D) has a regularizer, we say (M,N,D) satisfies Fulman’s condi-
tion.

Note that if R is a regularizer with regularizing map «, then kera = U(N) ([I7, Remark, pg.
41)).

Example 6.5. Let N be a von Neumann algebra and let D = Z(N). Let G be a discrete group
acting on N by properly outer automorphisms. Further assume that the restriction of the action
of G to D is properly outer. Let M = N x, G. Then by Theorem (M, N, D) is a Cartan triple.
Let R be the group generated by

{ug: g € G} U{u € N: u unitary}.
Let R := {ug : g € G} and let a : R — Aut(N) be uy4 + ad,,. Since G acts by properly outer

automorphisms on Z(N), « is a regularizing map for R so that R is a regularizer. Thus (M, N, D)
satisfies Fulman’s condition.

APPENDIX A. AN INVERSE SEMIGROUP DESCRIPTION OF FULMAN’S CONDITION

Fulman’s condition as stated in Definition [6.4], is mysterious. Our goal in this appendix is to
establish Theorem [A.8] which shows Fulman’s condition is equivalent to the statement that a rather
natural lifting problem for inverse semigroups (Diagram [A.1]) has a positive solution. We begin
with a definition.

Definition A.1. Let (N, D) be a pair of von Neumann algebras with D a von Neumann subalgebra
of Z(N). A partial automorphism of (N, D) is a triple (e, a, f) consisting of projections e, f € D
and a normal x-isomorphism « : fN — eN satisfying a(eD) = fD. We will use pAut(N, D) for the
set of all partial automorphisms of (N, D). If f =0 (or e = 0) we say (e, «, f) is the zero element
of pAut(N, D). Further, define an involution and a product in pAut(N, D) via,

(e,a, )T == (f,a7"e) and (e, a1, fi)(e2, a0, fo) == (01(fre2), (1 O042)|a;1(52f1)aaz_l(f1€2))-
Then pAut(N, D) is an inverse monoid with 0. Also
E(pAut(N, D)) = {(e,id|ex, €) : e € proj(D)}
and hence may be identified with proj(D). For v = (e, v, f) € pAut(N, D) and = € fN, we write
~(x) for the value of «v at x.

We require the following notions for an inverse semigroup R.

e Two elements s,t € R are compatible if st' and st are idempotents; a subset A C R is
compatible (|21, page 26] if every pair of elements of A is compatible.

e R is infinitely distributive ([21, page 28]) if whenever I is an index set and {r;}ic; C R is
such that \/,.; r; exists then for any s € R,

\/ sr; and \/ris exist and s (\/ ri> = \/ sr;, (\/ 7‘,-) s = \/r,-s.

iel iel iel iel iel iel
e R is complete ([21), page 27]) if whenever A C R is a compatible subset, \/ A exists.

Lemma A.2. The inverse semigroup pAut(N, D) is infinitely distributive and complete.

Proof. As proj(D) is a complete Boolean algebra, [21], Proposition 1.4.20] shows pAut(N, D) is an
infinitely distributive inverse semigroup.
We turn now to showing pAut(N, D) is complete. Given a = (eq, g, fo) € pAut(N, D), identify
ata with f, and aa® with e,, so that the source and range of a belong to proj(D).
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First suppose that A C pAut(N,D) is a finite and orthogonal set. Let e = \/,c4 aa' and
f=Vead'a. Forn e Nf, n=3,.,nala and define

a(n) = Z ag(na).
acA
Then (e, o, f) € pAut(N,D). For a € A, (e,a, f)(fa,id|nt,, fa) = a so a < (e,a, f). Further, if
for every a € A7 a < (elv 0/7 f/)7 then (6,0[, f) = (elv O/v f,)(fv 1d|Nf7 f) = (6, «, f) Thus, (6,0[, f) =
\/ A. So joins exist for finite orthogonal sets.

Next, suppose A is a finite compatible set. Let B be the (finite) Boolean algebra generated by
{a'a: a € A}. The identity of B is f := \/,c 4 a’a. Let atom(B) be the (finite) set of atoms of B.
Let C:={ap:a € A,p € atom(B)}. Then C is a finite orthogonal set of elements in pAut(N, D).
Let (e,a, f) ==V C. Let a € A and P, := {p € atom(B) : ap # 0}. Then a =3 p ap and

ata = f, = ZpePap < f. So for every p € P,, (e,, f)(p,id|np, p) = ap. Thus

(6,0[, f)(pvldb\fp)p) = ap, whence (evavf)(favidj\ffavftl) = a.
This shows that for every a € A, a < (e,«, f). On the other hand, if a < (¢/,d/, ') for every
a € A, then (¢/,d/, f')(f,id|xf, f) = (e, e, f) so (e, e, f) = \/ A, showing joins exist for any finite
compatible set.

Finally, let A C pAut(N,D) be an arbitrary compatible subset. Let F be the set of all finite
subsets of A ordered by inclusion and for F' € &, let ap = \/ F. Notice that if F; C F», then
ap, < ap,. Write ap = (ep, ap, fr). Lete = \/{aa' :a € A} =\/pegepand f = \/{ala:a € A} =
Vreg fr. For n € Nf, the net ap(nfr) converges strongly, and we define a(n) = limap(nfr).
Then (e, o, f) = A. O

The inverse semigroup pAut(N, D) may be written as an extension,

Cliff (pAut(N, D)) = pAut(N, D) - Fund(pAut(N, D))
where Cliff (pAut(N, D)) is the Clifford inverse subsemigroup of all elements of pAut(N, D) which
are Munn related to an idempotent, and Fund(pAut(N,D)) is the quotient of pAut(N, D) by the
Munn relation. .

Henceforth, fix a Cartan triple (M, N, D) with associated extension P — § — § and order-
preserving section j. We shall be interested in the semigroup pAut(N, D) arising from this Cartan
triple.

The idempotents of pAut(N, D) (and hence those of Fund(pAut(N,D))) may be identified with
&(8). We shall show that for any Cartan triple, there is a one-to-one inverse semigroup homomor-
phism 6 : 8§ — Fund(pAut(N,D)) which fixes idempotents. Our goal in this section is to show

that Fulman’s condition is satisfied if and only if there is a lifting of # to an inverse semigroup
homomorphism « so that the following diagram commutes:

pAut(N, D) (A1)

7
Oé//
. ™
—

$ ~—~ Fund(pAut(N, D)).

For (e,a, f) € pAut(N,D), let [e, o, f] € Fund(pAut(N, D)) denote the Munn equivalence class of
(e, f). It will be helpful to have an explicit description of the Munn relation on pAut(N, D).

Lemma A.3. Fori=1,2, let (e;,q, fi) € pAut(N, D). The following are equivalent.

(a) (e1,01, f1) is Munn related to (es, g, f2);

(b) for every d € proj(D), ai(df1) = aa(dfa);
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(c) e1 = ez, f1 = fo and ai]fp = alfp-
Proof. Suppose (a) holds. Then for any d € proj(D), (d,id|qy, d) € E(pAut(N, D)), so
(&5, i, fi)(d,id an, d) (fi, 0", €5) = (e (dfi), id s (ap v i (dfs)), (A.2)
which yields (b).
Now suppose (b) holds. Taking d € {f1, fa, f1f2} gives a1(f1) = a2(fif2) = a1(fif2) = aa(f2),

so that fi; = fy and e; = es. Since f;D is generated by proj(f; D), we obtain (c).
Finally, assume (c) holds. Let d € proj(D). Examining (A2]) we obtain

(e1, 01, f1)(d,idan, d)(f1, a7 e1) = (a1(dfr), ida, @) 01 (dfr))
= (a2(dfa),id oy (da)N> @2(df2))
= (e2, g, f2)(d, idax, d)(f2, 05, €2).
Thus (a) holds and the proof is complete. O

We now observe that there is always a one-to-one inverse semigroup homomorphism of § into
Fund(pAut(N,D)). Note that if v € G, then v defines a partial automorphism in pAut(N, D).
Indeed if we define ad, by

ad,: v*ON — vv*N
v vz = vv®,

then (vv*,ad,,v*v) € pAut(N, D). We define a map 6: § — Fund(pAut(N, D))) by
0(s) = [i(ss"), ad;(s), 3(s"s)].

By LemmalA3] if v, w € § and v and w are Munn equivalent, then [vv*, ad,, v*v] = [ww*, ady,, w*w].
Hence the map 6 is independent of the choice of j. Indeed, for any w € ¢~ *{s}, 8(s) = [ww*, ad,, w*w).
Thus we may use any of

[j(SST)vaj(s)yj(sTS)]v [SST,CMS,STS], or [j(SST)va&j(STS)]
to denote 6(s).
Proposition A.4. The map 0 : § — Fund(pAut(N, D)) given by

0(s) = [j(ss"),ads, j(s"s)]
is a one-to-one homomorphism of inverse semigroups such that 8|g(s) is an isomorphism of &(8)

onto &(Fund(pAut(N, D))).

Proof. For e € £(8), 0(e) = [j(e),id(eyn; j(€)], s0 O]¢(s) is an isomorphism of &(§) onto & (Fund(pAut(N, D))).
Take s1,s9 € 8. Then
O(s152) = [j(s1528hs1), adsy s, (s)s]s152))-

On the other hand, ad;QI(j(sJ{slsgsg)) = j(sgsislsg) and adsl(j(sislsgs;)) = j(slsgsgsi), SO

[i(s151), adsy (s} 1))l (s253), adsy, j(s352)] = [(srs2shs]), ads o(adsy |11, ) H(shslsiso)].

Thus to show that 6 is a homomorphism it suffices to show that
ads, s, = ads, o(ads, |j(s$slslsg)N)'

Note that for each s € 8§ and e € &(8),

0(s)(j(e)) = j(s)i(e)j(s)* = j(ses").
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Hence for e € &(8), ads,s,(j(e)j( Esislsg)) = adg, (ads, (j(e)j( Esislsg))). An application of
Lemma [A.3] now shows that # is multiplicative on 8. Hence # is an inverse semigroup homo-
morphism.

If 6(s1) = 0(s2), then for every e € &(8), ads, |je)p = ads, |j(e)p, so that in particular, sles]; =

82685 for every e € £(8). As 8 is fundamental, s; = s, whence 6 is one-to-one. O

We now show that a regularizer may be viewed as a homomorphism of ¢(R) into Aut(N) satisfying
Fulman’s conditions.

Lemma A.5. Suppose a reqularizer R exists for (M, N, D). Let a: R — Aut(N) be a regularizing
map. Then « induces a one-to-one group homomorphism a&: q(R) — Aut(N, D) such that for every
e€ &P) and U € R,

q(1)(€) = adu(€) = j(a(U))ej(a(U)".

Proof. By condition (c)(ii) of Definition [64] (I, oy, I) € Aut(N,D) for every U € R. Applying
condition (c)(i) of Definition [64] it follows that there exists a one-to-one group homomorphism
a: q(R) = Aut(N,D). If e € &(P), and U € R, then d,q(e) = ay(e) = UeU™ . O

Lemma A.6. Let R be a regularizer for (M,N,D) and let R := {q(s)e: s € R,e € E(8)}. Then R
is an inverse semigroup and 8 is isomorphic to the join completion of R.

Proof. A calculation shows R is an inverse semigroup, and by definition, 8 is complete. Notice that
every compatible order ideal of R is also a compatible order ideal of 8. Thus by the proof of [21],
Theorem 1.4.23], the join completion of R is contained in 8.

Take s € Sand let t = \/{q(r)As: r € R}. Supposet # s. As{a € 8: a < s} is a Boolean algebra,
there is a u € 8 such that w V¢t =s and u At = 0. There is a w € GN(M, D) such that ¢(w) = u.
As R densely spans M, there is a U € R such that E(U*w) # 0. Hence v = UE(U*w) # 0. Note
that v € GN(M, D) and

q(v) = q(U)g(E(u*w)) = q(U)(q(U")q(w) A1)
= q(w) N q(U) < s A q(U).

Hence ¢(v) < t. However, q(v) < u. Hence u =0, and t = s. For every r € R, q(r) A s € R. Hence
the completion of R is 8. O

Next we show that Fulman’s condition implies that there is a homomorphism of 8 into pAut(N, D)
which lifts the map 6 described in Proposition [A4]

Lemma A.7. Suppose T' C 8 is a group (under the multiplication inherited from §) whose unit is
1 € 8. Assume that o : T' — Aut(N, D) is a one-to-one homomorphism such that for every s € T,
Fulman’s condition (c) is satisfied for as, that is,

(1) if p € proj(D) satisfies as|pp = id|pp, then ag|yy = id|yn; and

(it) for d € D, as(d) = j(s)dj(s)*.
Let 8t C 8 be the smallest Cartan inverse submonoid of 8 containing I' and E(8). Then « extends
uniquely to a one-to-one homomorphism o' : 8t — pAut(N, D). In addition mo o/ =f|s,.

Proof. Let R :={se:s €T e € &E(8)}. Since I' is a group, R is an inverse semigroup. As in the
proof of Lemma[A.B(b), 8t is the join completion of R. We shall show that there is a multiplicative
map of o : R — pAut(N, D).

Suppose s,t € I'. Fulman’s condition (c) applied to st shows that if p € proj(D) and ag|,n =
atlpp, then ol = aylpn. For s € I and e € E(8), define

o (se) = (j(ses'), ausljepys i (€))-
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Note that this is well-defined, for if se = tf for some idempotents e, f and t € I', then ai|fen =
id| fem, 50 @slepn = atlepn. Thus, o : R — pAut(N, D) is well-defined. For s,t € T and e, f € £(8)
a calculation shows that o/ ((se)(tf)) = o/(st)d/(tf), so &’ is a homomorphism. Also, for any s € T’
and e € £(8), m(/(se)) = b(se).

By [21, Theorem 1.4.24], o/ extends uniquely to a join-preserving homomorphism of 8p into
pAut(N,D). Take s € I'. Recall 0(s) = [j(ss'),ads,j(sTs)] = [j(1),ads,j(1)]. Since as(d) =
J(s)dj(s)* for all d € D, by Lemma [A3] 7o a(s) = 6(s). That 7 o &’ = 0|p, now follows from the
definition of . Since 6 is a one-to-one map it follows that o’ is one-to-one. O

We now are prepared to recast Fulman’s condition as a lifting problem.

Theorem A.8. Let (M,N,D) be a Cartan triple with associated extension P — G % 8. Then
(M, N, D) satisfies Fulman’s condition if and only if there exists a homomorphism of inverse semi-
groups a: 8 — pAut(N, D) such that moa = 6.

Proof. Suppose (M, N, D) satisfies Fulman’s condition. Combining Lemmas [A .5l and [A.7] we obtain
a homomorphism « : 8§ — pAut(N, D) such that 7o = 6.

Conversely, suppose « : 8 — pAut(N,D) is a homomorphism satisfying 7 o« = 0. Let R :=
UM) N G. Clearly U(N) € R C GN(M, D) and span R is weak-+ dense in M. Let 7 := « o ¢|g.
Then 7: R — Aut(N) is a homomorphism. For v € R write 7, instead of 7(u).

We claim that for u € Rand d € D, 7,(d) = udu*. Since moT = 0, we obtain 7(7,) = 6(q(u)), that
is, [1,74,1] = [1,adg(y), 1]. By LemmalA.3] we obtain 7,[p = adg(,) |p. But, using Proposition [A.4]
for every d € D, ady(,)(d) = udu*. The claim follows.

Suppose e € proj(D) and 7,|ep = id|ep. Let s = g(ue) and note that s's = g(e). For f € &(8)
we have

sfst = qluej(fpu’) = g(ru(ei(£))) = alei(f)) = ale) fale)".
Since 8 is fundamental, we obtain s = ¢g(e). So s is an idempotent. Therefore a(s) € pAut(N, D)
is idempotent, which is to say that a(s) = id|ey. Since a(s) = 7ulen, we find that 7,|eN = id|ey.
This completes the proof. O

Remark A.9. While we do not presently have an example, it seems unlikely that for a general
Cartan triple, this lifting problem will have a solution. Thus, we expect that there should be an
example of a Cartan triple which is not a crossed product by an equivalence relation.

A sufficient condition for a solution to the lifting problem is if the map j: 8 — G can be chosen
so that j(st)*j(s)j(t) € D. In this case the map a: s — (j(ss'),ads,j(sTs)) can be shown to be
homomorphism. Clearly § = 7o a.
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