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Variances of Prediction Errors for Differences 
of Estimated Genetic Values of Cows in the Same 
and in Different Herds 

D. C. B O L G I A N O ,  ~ R. L. QUAAS,  and L. D. VAN VLECK 
Department of  Animal Science 

Cornell University 
Ithaca, NY 14853 

ABSTRACT 

A modification of the evaluation 
method for cows in the northeast United 
States allowed simultaneous evaluation of 
cows in pairs of herds and computation 
of variances of prediction errors of dif- 
ferences of genetic potential between 
pairs of cows within and across herds. 
These variances were examined for 20 
pairs of herds in Holstein, Jersey, and 
Brown Swiss breeds. Current evaluations 
of cows are nearly as accurate for com- 
paring cows from different herds as they 
are for comparing cows from the same 
herd. 

I N T R O D U C T I O N  

Cows in Dairy Herd Improvement Associa- 
tion (DHIA) herds in the northeast United 
States currently are evaluated by the Northeast 
A -1 estimated transmitting ability (NEA -1 ETA) 
procedure (2, 5). This method uses Henderson's 
mixed model equations (3) to obtain best linear 
unbiased predictions (BLUP) of the additive 
genetic values of all c o w s  in a particular herd. 
The predicted genetic values then are halved to 
arrive at predictions of cows' transmitting abili- 
ties. The procedure uses all records on all cows 
in a herd and incorporates information from 
proofs of any artificial insemination (AI) sires 
having progeny in that herd, including the sires' 
predicted transmitting abilities and the number 
of daughter records used to evaluate the bulls 
(5,6).  

The NEA -1 ETA evaluations aid the dairy- 
producer in choosing which cows to rebreed so 

that they may have another lactation and also 
which cows to breed to produce replacement 
females. The evaluations also might be used by 
an AI organization for selecting dams of bulls. 
The AI stud wants to mate its best bulls to the 
best cows in the population, keeping the male 
offspring for progeny testing. Because an AI 
buli has the possibility for wide use, the best 
possible parents should be chosen for such a 
sire. The primary objective of this study was to 
examine the accuracy of the NEA -1 ETA eval- 
uations when they are used to compare genetic 
values of cows from different herds as against 
comparing genetic values of cows from within 
the same herd. If there is not a substantial loss 
of accuracy when cows from different herds are 
compared, then an AI stud may use these 
evaluations to select dams of bulls with more 
confidence. 

For Henderson's mixed model equations and 
BLUP of random effects, a measure of accuracy 
associated with these predictions is the variance 
of prediction errors, i.e., var(~ - u), where u is 
a random effect in the model with mean 0 and 
variance O2u. Variance of prediction errors is a 
desirable standard of accuracy, because it gives 
a measure of dispersion of the predictors about 
the true predictands and can be calculated from 
the elements of the inverse of the coefficient 
matrix of the mixed model equations (3, 4). 

In our study, cows from pairs of herds were 
evaluated simultaneously by the NEA -1 ETA 
procedure, and variances of prediction errors of 
differences of genetic value between cows from 
different herds were compared to variances of 
prediction errors of differences of genetic value 
between cows from the same herd. 

Received October 14, 1982. 
1 Department of I~iostatistics, University of Wash- 

ington, Seattle 98195. 

M O D E L  OF COW E V A L U A T I O N  

The additive genetic model in the NEA -1 
ETA cow evaluation can be written 
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=X/3+(ZO)IaI[[- 7 Y 

L J a2 

+ Zp + e [1] 

where 

y is a vector of all 305-day, mature  equiva- 
lent  (ME) lactat ion records on all cows in 
a herd, 

X is a design matr ix  relating fixed effects in 
vector/3 to the records, 

/3 is a vector of fixed year-season effects, 
(Z O) is a design matr ix  relating random ef- 

[ a l  1 
fects in vectors to lactat ion records, 

La2J 
al is a vector of r andom additive genetic ef- 

fects of all cows in the herd with records, 
a2 is a vector of random additive genetic ef- 

fects of all AI sires with daughters in the 
herd, 

p is a vector of random nonaddi t ive  genetic 
and pe rmanen t  envi ronmenta l  effects of 
all cows with records, and 

e is a vector of  random residual terms asso- 
ciated with the lactat ion records. 

The following condi t ions  concern the model  

t 
E ( y ) = X / 3  E(a ' la2)  = 0  E ( p ) = O  E ( e ) = 0  

[]lo lr 1 al Gl l  G12 A l l  A12 h2e 2 
Var = = 

a2 21 G22J LA21 A~2J 

Var(p) = I ( r -  h2)o 2 

Cov(a'l ' a2, p) = 0 Coy(a1 a2, e) = 0 

Cov(p', e) = 0 

Var(e) = I(1 - r) o 2 

where 

Aij represents a submatr ix  of the numera to r  
relationship matr ix  for the cows and sires 

¢ 
represented in a'l and a2, 

h 2 is heri tabi l i ty in the nar row sense = .25, 
r is repeatabi l i ty  = .40, and 
o 2. is the phenotypic  variance. 

The resulting mixed model  equat ions  are 

X'X X 'Z  0 X'Z 

Z'X Z'Z + Allt A12t Z'Z 

0 A21t D + A~2t 0 

Z'X Z'Z 0 Z'Z + Ik 

x'y 

z'y 
= [2] 

I Z 'y 

where t = (1 - r)/h 2, k = (1 - r ) / ( r -  h2), D is 
a diagonal matr ix  of the addit ions made to the 
diagonal e lements  of the sire equations,  and Q 
is a diagonal matr ix  of the adjus tments  made to 
AI sire's breeding values (3) when they are in- 
corporated as described in equa t ion  [6] (1, 5). 
The AiJ is a submatr ix  of the inverse of the 
numera tor  relationship matr ix  for the, cows and 
sires in the herd. The solut ion of  this set of  
mixed model  equat ions  (MME) yields BLUP of  
the additive genetic values of all cows in the 
herd with records. 

These procedures can be extended to handle  
s imul taneous evaluat ion of any two herds. Now 
/3 will be a vector of fixed herd-year-season 
(HYS) effects representing all year-seasons from 
both  herds in which cows had records. Tha t  no 
cow has a daughter  in the other  herd and that  
no cow has records in two herds are assumed. 
Addit ive genetic values of cows to be evaluated 
from both  herds will be in al .  The records are 
sorted so that  all cows from one herd will ap- 
pear first in al and cows from the other  herd 
will follow. Genet ic  values of all sires used in 
either one or bo th  herds will be in a2. Final ly,  
p will represent  the nonaddi t ive  genetic plus 
pe rmanen t  envi ronmenta l  effects for cows in 
both  herds. The order of animals in p is the 
same as in a 1. Because Z'Z + Ik is a diagonal 
matrix,  equat ions  for ~ can be absorbed into 
equat ions  for 3 and ~t 1. This reduces the set of  
equat ions  to be solved to 
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[x 
, x x, z o i p  l 

z' Z+A"t AI, I N  
A21t D + A  tJLa  j 

= 

L¢ J 
where M = I - Z(Z'Z + I k ) - l z  '. Solutions to 
these equations are best linear unbiased esti- 
mates (BLUE) of/3 and BLUP of al and a2 (1). 
Equations in [31 can be set up directly from a 
list of records sorted by freshening date within 
cow within herd. 

Our interest centered on the inverse of the 
coefficient matrix of the mixed model equa- 
tions in [3] as variances of prediction errors of 
linear functions of random effects are functions 
of elements of this inverse. For this model the 
coefficient matrix has full rank. 

Let 

Z'MX Z'MZ + Al l t  A12t 

0 A21t D + A22t 

= C21 C22 C23] [41 
1 

kC,,  C33J 

then the variance of prediction errors of a linear 
function of cows' genetic values, m'al,  is equal 

r 2 2 0 2 "  to mC22mo e (3, 4), where o e = (1 - r) To 
examine the variance of prediction errors of the 
difference of genetic value between any two 
cows, let m' be a vector with all elements null 
except m i = 1 and mj = - 1 .  Then the variance 

f • . t , o prediction errors of max = (ai -- aj), the dif- 
ference of additive genetic values of the i th and 
jth cows, is 

m'C~mo~ 

= (c22,ii + c22,jj -- 2c22,ij)Oe 2 [5] 

where c22,ii represents the i th diagonal element 
of C22; c22,jj represents the jth diagonal element 
of C22; and c22,ij represents the i,jth off- 
diagonal element. Diagonal elements of C220e 2 
represent variances of prediction errors of 
individual elements of al, and off-diagonal ele- 
ments represent covariances (3, 4). All expres- 
sions for variances of prediction errors involve 
the scalar Oe 2, the residual variance. Therefore, 
in comparing variances of different functions, 
only the magnitude of functions of elements 
of the inverse need be compared. 

COMPUTATIONAL PROCEDURES 

Twenty pairs of herds were selected ran- 
domly from each of the Holstein, Jersey, and 
Brown Swiss breeds. Herd size was limited to 
100 cows because of limited computer storage. 
For each pair of herds, a set of mixed model 
equations of the form in [3] was constructed 
(5). A list of AI sires used in one or both herds 
was compiled simultaneously. Estimating trans- 
mitting abilities and numbers of daughter 
records for all proven AI sires used in either 
herd were obtained from an AI sire file. This 
information was used to calculate diagonal ele- 
ments and right-hand sides of the sire equations 
according to Henderson's procedure (5): 

sire's diagonal element = n(1 - r)/(4 - h 2) 

sire's right-hand side [6] 

= 2 (1 - r) [4 + (n - 1)h21 v/[h2(4 - h2)] 

where n is the number of daughter records and 
v is the site's estimated transmitting ability, If 
the sire was not a proven AI sire, these elements 
remained zero (1, 5). 

The inverse of the numerator relationship 
matrix (A -1) was computed by Henderson's 
rapid method (5). Elements of A -1 multiplied 
by t were added directly to the corresponding 
elements of the coefficient matrix of the MME 
already stored in core. The addition of A-i t  to 
the left-hand sides completed construction of 
the MME. The inverse of the coefficient matrix 
was computed and stored in core. Variances of 
prediction errors of differences in genetic values 
between pairs of cows within a herd or from 
the two different herds were calculated as linear 
functions of elements of this inverse, 
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RESULTS A N D  DISCUSSION 

The primary objective was to examine  the 
accuracy of the NEA -1 ETA cow evaluations 
for comparing genetic values of cows from dif- 
ferent  herds and within  a single herd. The 
standard of accuracy was the variance of predic- 
t ion  errors of the difference of genetic value 
be tween pairs of cows, f rom hereon referred to 
as the variance of predict ion errors. Pairs of 
cows compared were classified as wi thin  herd, 
i.e., bo th  cows from the same herd, or  across 
herds, i.e., each cow from a different  herd. An 
average of variance of predict ion errors was 
calculated for each classification in each breed 
and the difference be tween classification aver- 
ages within each breed was tested for signifi- 
cance. 

Each of the breeds, Holstein, Brown Swiss, 
and Jersey, were evaluated separately, bu t  the 
same procedures were applied to all. Within 
each breed,  20 pairs of herds were selected ran- 
domly,  and f rom within each pair of  herds 20 
pairs of cows were chosen randomly.  Each pair 
of  cows was classified wi thin  herd or across 
herds, and the variance of predict ion errors was 
computed  for each pair. If the selection process 
resulted in either classification having less than 
three pairs of cows, a new random sample of 
animals was drawn from that  pair of  herds. 
Once a suitable sample had been drawn, the 
average variance of predict ion errors wi thin  
each classification was calculated. 

L e t  Xij  represent  the average variance of 
predict ion errors for the i th classification and 
jth pair of  herds. We assumed that  

Xij % N(/q,  o~j) i = 1,2; j  = 1,2 . . . .  20 

with 

and 

Xij =/ . t  i + eij 

E(Xij)  = #i, E(eij efj,) = (li 2 

if i = i' and j = j '  and 0 otherwise 

where o~j = 02/nij. Tables 1 to 3 present  the 
Xij 's for each breed and the corresponding nij 's, 
i.e., the n u m b e r  of observations in each average. 
For  each breed, a weighted average of the Xij 's 
was calculated within each classification. The 

average variance of predict ion errors for each 
herd pair (Xij) was weighted by  the number  of 
observations it conta ined so that  wi th in  each 
breed Xw i was calculated, where 

20 
Xwi = j~l nijXij/ni" i = 1,2 

with E(Xwi) = /2 i and var(Xw i) = 02/n i .  Under  
the null  hypothesis,  H0:/al = /12; with the alter- 
native hypothesis ,  H a:/a 1 =/= #2; differences be- 
tween classifications wi th in  a breed were tested 
with the statistic 

t = XW I --  X w 2 / N / ~ 2  [ ( 1 / n l .  + l /n2. ) ]  

This requires an est imate of the residual vari- 
^2 ance, o , which was derived: 

Var(Xij - Y~wi) 

= Var(Xij ) + Var(Xwi) - 2Cov(Xij , Xwi) 

= o2/nij + o2/ni. - 2E [(Xij --/Ai)(Xw i --/2i)] 

= 02/nij + 0 2 / n i . -  2E(XijXwi) + 2tl 2 

= 02/nij + 02/ni. -- 2(/.12 + 02/ni.) + 2# 2 

= 02 [(1/nij ) -- ( l /n i . ) ]  

= ko  2 . 

Lett ing Zij = (1/Nfff)(Xij -- Xwi), then Var(Zij) 
= (1/k)Var(Xij - Xwi) = 02. Therefore,  a 
pooled estimate of the residual variance could 
be calculated as 

S~ = ~ ~ Z2j/2(n - 1> 
i = l  j=l 

Tables 1 to 3 include the weighted averages for 
each classification at the bo t tom.  Table 4 gives 
the weighted averages for each classification in 
each breed,  the pooled estimates of  the residual 
variance associated with these weighted aver- 
ages for each breed and the resulting test statis- 
tic. All tests were conducted  with a Type  I 
error of .05 ; the critical value of t was 2.025. 

The test statistic failed to exceed the critical 
value in all three cases so the null  hypothesis  
~q = /a  2 was no t  rejected for any of the breeds. 
The weighted average for across classifications 
was greater than that  for wi thin  classifications 
in all three breeds, bu t  none  of the differences 
was significant. This indicated that  the average 
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TABLE 1. Average variance I of predict ion errors of difference of additive genetic value between pairs of Hol- 
stein cows within and across herds, including the number  of observations in each average. 

Number Number 
of obser- of obser- 

Within vations Across ra t ions  
herds included herds included 

.479586 8 .513556 12 

.474871 11 .458537 9 

.451340 ~0 .471693 10 

.403496 13 .483792 7 

.460812 8 .455959 12 

.403324 9 .430134 11 

.557065 8 .543029 12 

.491841 10 .520080 10 

.487824 11 .509348 9 

.510149 7 .491450 13 

.487776 12 .536773 8 

.509681 8 .557852 12 

.522173 12 .545185 8 

.487766 12 .488777 8 

.465036 9 .451789 11 

.477285 12 .475003 8 

.511110 10 .538471 10 

.441121 8 .430362 12 

.569931 10 .525123 10 

.571804 11 .593673 9 

.487636 = Average .499780 = Average 

Decimal fract ions represent the average variance of  predict ion errors divided by a e. 

TABLE 2. Average variance I of predict ion errors of difference of additive genetic value between pairs of Jersey 
cows within and across herds, including the number  of observations in each average. 

Number Number  
of obser- of obser- 

Within vations Across vations 
herds included herds included 

.456449 12 .483280 8 

.429218 10 .462190 10 

.420467 14 .482780 6 

.498647 13 .507936 7 

.571269 10 .555643 10- 

.522779 9 .559611 11 

.416580 17 .547079 3 

.537394 11 .677559 9 
• 387160 9 .456290 11 
.461760 13 .449086 7 
.543002 12 .560076 8 
.479774 12 .491524 8 
.458409 7 .455931 13 
.408051 11 .440543 9 
.459260 16 .471815 4 
,456840 11 .499314 9 
.604314 9 .569966 11 
.473843 9 .441315 11 
.461730 17 .476168 3 
.549142 11 .564661 9 

.473001 = Average .508234 = Average 

• . 2 

1 Decimal fractions represent the average variance of predict ion errors dwlded by cre. 
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var iance  o f  p r e d i c t i o n  e r ro r s  w a s  s imilar  f o r  

c o m p a r i n g  gene t i c  values  o f  c o w s  f r o m  w i t h i n  

a he rd  o r  f r o m  d i f f e r e n t  he rds .  In  o t h e r  w o r d s ,  

t he  r e su l t s  sugges t  t h a t  N E A - 1  E T A  e v a l u a t i o n s  

m a y  be u sed  w i t h  nea r ly  equa l  c o n f i d e n c e  f o r  

c o m p a r i n g  c o w s  f r o m  the  s a m e  he rd  or  dif fer-  

e n t  h e r d s  in the  Ho l s t e in ,  J e r sey ,  and  B r o w n  

Swiss  b reeds .  

CONCLUSIONS 

T h e  c u r r e n t  N E A  -1 E T A  c o w  eva lua t i ons  

p rov ide  p r e d i c t i o n s  o f  gene t i c  va lues  and  p ro -  

TABLE 3. Average variance I of prediction errors of difference of  additive genetic value between pairs of Brown 
Swiss cows within and across herds, including the number of observations in each average. 

Number Number 
of obser- of obser- 

Within vations Across vations 
herds included herds included 

• 435719 11 .424221 9 
• 440884 9 .462373 11 
.430259 17 .487400 3 
.424408 12 .543792 8 
• 527112 13 .510017 7 
• 513490 14 .550252 6 
.471496 12 .453102 8 
• 488955 13 .492666 7 
• 478349 14 .537968 6 
.481468 11 .520436 9 
.490800 11 .515501 9 
.469159 10 .522557 10 
• 470307 10 .543820 10 
• 414187 9 .432918 11 
.527009 14 .546030 6 
• 416491 14 .427707 6 
• 455355 14 .544287 6 
.525221 9 .571502 11 
• 496419 11 .502180 9 
.477052 10 .471183 10 

.471759 = Average .501611 = Average 

Decimal fractions represent the average variance of prediction errors divided by o~. 

TABLE 4. Summary and test statistics for each breed. 

Breed 

Breed average Pooled 
variances I of prediction errors estimate t Statistic 

Within Across of residual (a = .05, 
herd herd variance df = 38) 

Holstein .487636 .499780 .024393 - . 7 7 8  
Jersey .473001 .508234 .042362 -1 .688  
Brown Swiss .471759 .501611 .023714 -1 .903  

1 Decimal fractions represent the average variance of prediction errors divided by a~. 
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duc ing  abi l i t ies  for  all cows in a he rd  based  o n  
all records .  Inc lus ion  of AI sire eva lua t ions  in 
the  p rocedure  t ie the  cow eva lua t ions  to  the  
mean  of  the  same base p o p u l a t i o n  f r o m  wh ich  
the  sire eva lua t ions  are devia ted .  Resul ts  of  th is  
s t udy  indicate  t h a t  compar i sons  of  cows '  
genet ic  values based  on  the i r  N E A  -1 E T A  eval- 
ua t ions  are near ly  as accura te  for  cows f r o m  
d i f f e ren t  he rds  as for  cows f r o m  the  same herd .  
The re fo re ,  an AI s tud t h a t  wan t s  to  choose  the  
bes t  cow f r o m  a g roup  o f  cows f r o m  d i f f e r en t  
herds  can do so wi th  near ly  the  same confi-  
dence  as a da i ry  p r o d u c e r  w ho  m u s t  choose  
a cow f r o m  the  same size g roup  in his 
o w n  herd.  

A l t h o u g h  the  ideal way to evaluate  dai ry  
cows would  be to  evaluate  all an imals  in a 
par t i cu la r  b reed  and regional  s u b p o p u l a t i o n  
s imul taneous ly ,  th is  is n o t  ye t  c o m p u t a t i o n a l l y  
feasible.  Such a m e t h o d  would  al low di rec t  
compar i son  of  all animals .  Cu r r en t l y  the  N E A  -1 
ETA eva lua t ions  provide  a work ing  a l te rna t ive  
t h a t  may  be  used to m a k e  b o t h  in t e rhe rd  and  
in t r ahe rd  compar i sons  wi th  near ly  the  same 
conf idence .  
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