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gradients ofU and � are perpendicular, and unity where they are
parallel.

One can see in Fig. 3(d) that for the ideal CV� � x,y� � x, D and
Ds have very sharp roots atzTS, indicating that the CV is orthogo-
nal to the separatrix. Because of the symmetry of the PES, the two
measures have two additional roots located at the minima of reac-
tant and product.Ds does not actually reach zero on account of the
finite numerical resolution of our computation. However, the sharp
minima are still visible. Figures 3(e) and 3(f) show the orthogonality
measure for nonideal CVs. The shape of theD-measures changes
drastically. Most significantly, the sharp root or minimum at the
maximum of the FEP turns into a local maximum for bothD and
Ds, which is an unmistakable sign that results for these CVs cannot
be trusted (see the dependence of the� F�

RP on � in Fig. 4).
Using the numerically computed� � z� , we calculate the reaction

free energy and activation free energy, which are given, respectively,
by Eqs. (42) and (30), where we setzTS � zmax. In Fig. 4, we plot
� FRP, � F�

RP, D� zmax� , and Ds� zmax� as functions of� . Figure 4(d)
shows clearly how sensitiveDs� zmax� is to the choice of CV. At
� � 90X Ds� zmax� vanishes, since the chosen CV coincides with the
ideal one. But, as� decreases,Ds� zmax� rises sharply over a narrow
interval of about 10X. That is, for large� , ' U and ' � are almost
orthogonal, whereas with decreasing� , they become nearly parallel.
The fall off ofDs� zmax� as� decreases from about 45X is due to the
interference of force vectors that are almost isotropically distributed,
and result in essentially randomized alignment of the force and CV
gradient vectors.

Since� � z� is strongly peaked around the minima of R and P
(see Fig. 3), the choices of CV in the range of 45X–90X separate the
minima well. As a consequence,� FRP is essentially independent of
the choice in this range [see Fig. 4(a)]. In other words, over this range
of choices, one obtains an accurate value of the reaction free energy.
Only for � @45X, where the CV begins to fail to discriminate between
R and P, does the error in� FRP set in rapidly.

FIG. 4. Plots of (a) reaction free energy � FRP, (b) activation free energy � F�
RP,

(c) orthogonality criterion D� zmax� , and (d) scaled criterion Ds� zmax� vs � . Orange
dashed line indicates � � 45X. Gray dashed line in (b) guides the eye to 0 kJ/mol.

As seen in Fig. 4(b), the activation free energy is dramatically
more sensitive than� FRP to the choice of CV. It deviates from
the correct value by more than “chemical accuracy” (1 kcal/mol)
at � � 60X. For � @40X, � F�

RP even becomes negative. If this were
correct, the rate of reaction would decrease with increasing tem-
perature. This apparent sensitivity can be reasoned as follows: All
points on the true separatrix have very low likelihood. A trial separa-
trix with � @90X includes more likely configurations and, therefore,
overestimates� � zTS� . Since the true� � zTS� is very small, the relative
error is large. For large probabilities, e.g.,P� R� , the same absolute
error would incur a much smaller relative error. The relative error in
the density directly translates to an absolute error in the activation
free energy because of the logarithm of� � zTS� [see Eq. (31)].

The fact that� FRP is largely unaffected by the choice of the CV
explains why CVs based purely on chemical intuition can yield reac-
tion free energies comparable with experiment. However,� FRP is
expected to become somewhat more sensitive to the choice of CV
for more complex PES. Compared with the reaction free energy, the
activation free energy is generally more sensitive. Hence, to achieve
the same accuracy for� F�

RP and� FRP, one must choose the CV with
a great deal of care.

V. PITFALLS IN THE ESTIMATION OF THE ACTIVATION
FREE ENERGY FROM THE FEP

To further illustrate the errors that one may incur by estimat-
ing � F�

RP directly from the FEP alone [i.e., by invoking Eq. (34)], we
consider first a simple one-dimensional model that can be treated
for the most part analytically and then models of two real chemical
processes.

A. One-dimensional model
We consider a single particle of mass m moving in one

dimension on the PES given by

U� x� � " �
b

x � 5
� e� ax2

�
b

x � 5
� , (46)

where", which controls the steepness of the potential barrier, has
units of kJ/mol. The parametera, which controls the width of the
barrier, is set to 1 Å� 2 andb � 1 Å. The PES, plotted in Fig. 5(a) for
the case" � 5 kJ/mol, has two equal minima separated by a max-
imum at x � 0. BecauseU� x� diverges asx approaches� 5 or 5,
the particle is confined to the domain� 5 @x @5. R and P corre-
spond, respectively, to the domains� 5 @x @0 and 0@x @5. The
symmetry of the PES dictates thatP� R� � P� P� � 0.5. Therefore,
from Eq. (12), we get

kR� P � � ~2P� R� � � � kP� R, (47)

where � is the crossing frequency. From Eqs. (29) and (47), we
deduce the following expression:

� F�
RP � � kBT ln� h� ~kBT� . (48)

We compute� by molecular dynamics (MD) simulation, as detailed
in the supplementary material. MD simulations were carried out at
five temperatures in the range of 100–1000 K and for five different
particle masses in the range of 1–100 amu.
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