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PREFACE

These notes were written to accompartwvo-semester introductory course in Electrical Engineering.
The primary goal of the course is to introduce you to the art of technical problem sdbangentional
Electrical Engineering curricula, imfaable cases at least, produce engineers who are reasonably adept at
operating maw of the tools important to the field, such as mathematics and circuit analysis. Often, ho
evea, these engineers lack skill in choosing which tools to use and in designing a plan of attack to solv
problems which are meto them, &en though thg haveall the information and skills needed to fabricate a
satishctory solution.Problem solving is more of an art than a science, and it can only be learned through
experience. hope these notes and the harok exercises will help you to deglop this important ability
early in your academic career.

Problem solving is not something that can be learned by just listening to some lectures or reading
some material, no matterwovell prepared.l don’t know of any ecific set of reasoning or rules | can
give you to male you proficient at it.You just hae © jump in and flounder around for a whilecan give
you some suggestions, hoveg which may keep you from drowning.

1. Make wre you understand the problem. I5iti Fomework or a test problem, makare you under
stand what all the words mean andvitbey fit together Before you start looking for "the answer
malke are you understand what the problem is.

2. Spena little time deciding on a plan of attack. As you go along check frequently te saakthat
you are follaving your plan. If it appears that the original plannit work, change it; but do so
intentionally not accidentally.

3. Planon spending some "quality" time on the hevoek. As a guideline, you should expect to
spend on thevarage tvo to three hours outside of class faery lecture hour.

4. Your goal in doing honweork is to arrve & an answer through a process you create, not just to get
an answereven if it's right.

5. If, after spending some time, you dagét anything to work out on a problem, seek help from the
instructor teaching assistant, or another student. Use such help wisgéin, the main goal is not
to get an answebut rather to see where you went wrong or what idea you missed.

6. Try to view each homeork problem as an opportunity to hone your problem solving skills.
Remember that there is a good chance that problems silitamot identical, to the homerk
problems will be on the tests. If you were unable toesalyoblem in the relaxed atmosphere of
home, it is unlikely you will be able to s@hts cousin in the stressed atmosphere of an exam.

7. Thereare often seeral reasonable ays to sole a poblem. Isuggest trying to soévhomework and
example problems in more than onayw This is a good way to study for tests. If you work a prob-
lem in two different ways that both seem correct to you, and get different answers, try to figure out
why. If after a little time both approaches still seem correct, talk to the instructor.

In writing the notes, Ve tied to find non-twial problems for which you already kmwpor | can eas-
ily tell you, everything needed to obtain a solution. The difficult part is sorting the useful information from
the rest of the stliffou knav, and putting it all together in a way thabvks. Theimportant aspect of these
discussions is therocess not the result. If the primary goal were to obtain the answfézn the best
method of doing so auld be something other than that in the notes. (In cases in which the method dis-
cussed is obviously a poor choicejel'tried to point that out, along with at least some directions pointing
toward the better choice.)

The notes ha&e wo scondary goals. The first is to shhoyou some of the ideas that you will
encounter a little later in your academic caread to solidify your grasp of some ideas yowéaeen
already Seeing the ne ideas nw and giving them time to "rattle around" in your head for a while will
make them easier to master when you encounter them later in more specialized céorsesample



Chapter 8 is desoted entirely to the analysis of simple circuits in order to determine currenthages.

The purpose here is not to neayou proficient at circuit analysis, but rather to introduce you to the basic
ideas, such as just what is a current ooltage. Thenwhen you encounter the subject again in consider
ably more detail, you will hae sme understanding and familiarity to fall back on.

The other secondary goal is to provide you with skill in using a complndhne first semester of the
course, your interaction with a computer will be almost entirely through a spreadsheet progisum. a
pretty specialized program which turns out to be surprisingly useful in engineering. It allows you to graph
data and functions, and to do rather compethmetic calculations on lge quantities of data easily
hope that you will come to wiethe spreadsheet as a tool you can use later to help you understand things
and to &oid some of the arithmetic drudgeryhis is the easiest goal of the course to aehié think you
should find the spreadsheet easy to learn and entertaining to uas (lesigned thatay). Inthe second
semesteryou will be introduced to a more general-purpose program, called the C congpikela com-
puter language somewhat similar to FORTRAN, Pascal, or BASIC which allows you to write your own pro-
grams, and thereby to tell the computer exactly what yamt W to do. You will probably not emerge from
the course as a skilled C programptest | hope you will be able to use C to salwary of the problems
which you are likly to encounter later in your caredferhaps most importantly hope you will hae a
good idea about just what can be done with C, and what can'’t, so that you will be able to fudloer de
your skill at using C as the need arises.

I hope you will find these notes interesting, and at least in some parts fun. The core of the material in
the notes should be accessible to all students in the clads/eébdso tried to include material whiclven
the best students will find challenging. This material usually comes at the end of the discussion on the
topic.

On a personal note, | consider myself to be very fortunate that part of the job for which | get paid is
something | really enjpdoing. Ireally like figuring out hav to make omething, designing it, putting it
together and finally seeing it wrk. The"something" can be a physical thing such as an electronic circuit
or a piece ofmechanical equipment, or something more ephememahlitever solution to a mathematical
problem or a computer program. The part of the processibtlike is he part inolving doing nearly the
same thing Ve done mawy times before, such as soldering the circuit together or laying out and drilling the
holes, or doing the algebra or actually typing the program into the comimerpart Ido like is getting
the idea, and then seeing it actuallgriv | even liked putting these notes togethénteally disliked writ-
ing them and gettingverything just right, put thinking up o to present the material and seeing it go
together was enjoyable.

It seems to me that mpustudents go through their cofe careers choosing to see only the boring,
unpleasant stuff, lik the mechanics of circuit analysi¥ou are going to hee © do your share of algebra
and the like, but | hope that whervgi the chance, you will also look around and see the fun stuff, as well.
It's dl over the place. In writing these notesyd’tied to shav you a fev of the things Ne found enjg-
able.
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11. FINITE SUMS AND INTEGRATION

The purpose of the nextviesections is twfold. First,| want to introduce you to some ideas which
are very useful for using a computer to help sgkoblems iwvolving either integration or diérentiation.
Second, | want to reinforce some of the ideas that you magyfinst seen last semester in Mal6. Ithas
been my experience that for nyastudents these ideas are a little shakhe ideas are widely used in elec-
trical engineering, and it is important that you feel comfortable with them.

Our approach to the subject will befdient than what you probablyvean the math course, and |
hope the alternate wiewill help solidify the ideas. In both this chapter and the next, we'll first consider a
concrete xample in which an important idea from calculus can be ukelose these examples because |
thought thg would be easy to visualize, and | hope that you will spend some time trying to dd tieat.
ideas of both integral and differential calculus are rather simple, but vessrfpb If you really under
stand the idea you will @ acquired a ery useful tool which you can use in a wide range of engineering
fields.

To make visualization easiemwe will first solve the problems numericallysing Quattro Prolnstead
of dealing with abstract ideas dikimits, we will approximate integrals and detives by wing Quattro
Pro to do simple arithmetic kkaddition and subtractionl hope that this approach will makt easier for
you to visualize just what an igfeal and a devative really is, and in the process perhaps clarify the idea
behind taking a limit.For most of the problems an analytic solution exists, and we’llenak of this act
to compare the results of the numerical solution to the analytic, and to reinforce the vdbesdim
obtaining the analytic solution.

11.1 How Much Water Can a Water dwea Hold?

The town of Notrees, ékas has a ater tower just outside wim. Thetank of the tower is a sphere
20 metersn diameterwith the bottom of the tank 15 meters abdhe ground. The question is,wanuch
water does the tank holdPhere are seral ways to answer this questioiou probably knev that the wl-
ume of a sphere of radiuR is V =‘§‘nR3. The volume of water that the tank can hold is, then,
§n><103 = 4189 aubic meters. Instead of solving the problem using this formuddikié to do t another
way—well actually two other ways. Aswith the problems in Chapter 10|l Idevelop first a numerical
solution, and then an analytic solution (tkdte second ay). My main interest here is showing you some
different ways of looking at what needs to become a familiar concep@gratiten. If,on the other hand, |
were only interested in solving this problend, jlist use the formula.

11.2 NumericalSolution

In this sub-section we’ll estimate thelume of the sphere numericallysing Quattro Pro. The tech-
nigues I'll discuss are applicable to and useful for other shapes besides a §phéhnés discussion Ve
chosen to consider a sphere because it is easily visualized, and there is a comnvamfipimala for the
volume of a sphere which can be used to chegkwell the ideas wrk. Whatl would like you to get out
of the following material i;iot another recipe for determining the volume of a sphere—the known formula,
‘é" ar3, is much more covenient and accurateRather the important point is to understand tHeabehind
the technique.This idea can be applied to other shapes for which such a simple formula dogstnot e
Further the idea is the same as the one behind thgradtealculus, and | hope that seeing this idea applied
to a concrete and easily visualizecample will reinforce what you ha dready learned about it in Math
106. Ifyou really understand this idea, you should find it easy to apply the integral calculus to a wide range
of engineering problems, and you should find it much easier to figure out all typegdl:srich as line,
surface and volume integrals when you encounter them later.

Heres the plan of attack.Since I'm going to pretend | danknow a formula for the volume of a
sphere, I'll try to diide the tank up into seral pieces, the volumes of which | do kna formula for and
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then I'll add up the volumes of each of the piec&@bere are seral ways to ma& the division, but |
choose to divide the tank into a number of thin slices as shown in Fig. 11-1a.

Figure 11-1. a) The division of the sphere into a number of thin slitgsOnerepresentate dice, shav-
ing the coordinates used to estimate its volume.

What is the volume of one of these slicdsig. 11-1b shars one of them. Except for a little detail, the
answer is easyif the edges of the disks were vertical, the volurald/just be the area of the circulacé
times the thickness. If the volume of ti{Eslice isAV;, the radius of the face of the slice and the thick-
ness of the slicAz, then

AV, = mr? Az, (11-1)

This result isrt exactly right because the edges are not vertical, but | cae thalerror as small as | Bk
by choosing thin enough slices. The thinner the slices, though, the more volundedol &l together to
get the total volume.

This is the main idea behind the igtel calculus—to calculate the integral of some quantisr o
some region, divide thegimn up into a number of small pieces such that you can figure out approximately
the integral wer each piece, and then add up the integrats each piece. Doing that will gé you an
approximate alue for the intgral. If the division is such that the error in approximating the integreds o
the indvidual pieces decreases as the size of each piece decreases (and hence the number of such pieces
increases), then you can get as accurate an answer as you want by just taking the number ofjpieces lar
enough. Thentegral is defined as beirgactly the limit as the number of pieces becomes infinitelydar
We annot consider an infinite number of pieces using a spreadstieet ban use a number large enough
to get a pretty good approximatiomVe will do just that with this water tower example, and see if the
approximate answer we get does in fact approach the exact result at the number of slices increases.

Let me say a word about notation here that mag sau some confusionThe symbolAV; is one
guantity, not the product of tw quantities,A andV;. This kind of notation is frequently used to denote
small quantities.l used it in Eq. (11-1) to imply that the thickness of the slixe, is supposed to be
small, and that the volume of the slié®/;, will than also be small. The radius of the face of the sticés
not generally expected to be small, so | did not us@ tiatation with it.
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You may be thinking that my plan for calculating the volume is a little whi#tkis true that the error
in Eq. (11-1) decreases if we decrease the slice thickhgs$ut it is not so obvious that the error in esti-
mating the volume of the sphere decreases as well, because we must add Ay 'snoBEach indvidual
error is smaller but we makmore errors, and it is not clear that therall result will be an impreement.
In fact, the @erall error does decrease with decreasing slice thickness. Therecavays to shw this.
The first is the way we’ll do here, and is a kind of an experimental apprééeH.simply program Quat-
tro Pro to add up theolumes as per the plan, and then see if the answer approaches some fixed value as we
decrease the slice thickness. If it does, great; if it doesn’t, weethigo kack to the drawing board.

The second way is an analytic one in which one estimates the error in taking the volume of a slice to
be gven by . (11-1). The error is just the volume of a ring with a roughly triangle-shaped cross-section.
| don’t want to go into it here, but it can be shown that this error is proportioAaf toThe total number of
such errors we makin alding up the total volume is just the number of slices. Assuming that each slice
has the same thickness, this number is proportioridt so he total error is proportional to the product,

Ve i =Az. Thus asAz is made smallerthe overall error should get smaller as well. In fact, the error
should be roughly proportional fxe.

Back to the problem, we ta dvided the sphere into a number of slices, and we laa gpproxi-
mate expression for the volume of eadlle need only to program Quattro Pro tealeiate the volume of
each slice and add up each individual volume forTie top and bottom halves of the sphere are the same,
so I'll estimate only the volume of the bottom hemisphere, and then double the result to gairtteeof
the whole sphereTo estimate the @lume of each slice using Eq. (11-1), | need a formula for the radius of
each slicer;. We know that all points on the swate of a sphere are the same distance from the cander
that distance is the radius of the sphere,Rayhen as in Fig. 11-1b & is the distance of the top of the
i" slice from the center of the hemisphere, the radius of the top face of the slice is (from the Pythagorean
theorem)

2+ 2= R
or

r=R-7 (11-2)

Eq. (11-2) gies the radius of the topate of theé™ slice in terms of the distance of this slice from
the top of the hemisphere, To figure out what, is, we hae o decide on ha we'll slice up the hemi-
sphere. Let choose to diide the hemisphere intdN slices, each of the same thicknesBhen
Az =Az=R/N, and

z=(-1Az (11-3)

This result can be used in Eq. (11-2) to calculdtend that result then can be put in Eq. (11-1) to esti-
mateAV;. All that then remains is just to add up BIIAV’s, and multiply by2 to get the volume of the
sphere.

Let's put it all into the vorksheet. I tell you step-by-step ol set my worksheet up.l suggest you
design your own first, and then compare with mine. The way | chose is certainly not theagrdgdnit
may not &en be he best way. | put the slices each in a differentuatarting with the top slicel used col-
umn A for the slice numbeii, column B for the distance of the top of the slice from the top of the hemi-
spheregz, columnC for the square of the radius of the top face of the gifgend D for the volume of the
slice, AV;. | started with slice 1 in w 10 to let me put a title and the values of the parameters and the
answer at the top of theorksheet. used cellA7 for the radius of the sphere (10 in this case),B@élfor
the number of slices, and c@V for Az. In cell E7 | put the numerical result for the volume of the sphere,
and in cellF7 the known answeg TR

For the formulae, in cellA10 | put +A9+1, and in A1l | put +A10+1. In B10 | put
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(+A10-1)*$C$7 ,inC10| put $A$7*$A$7-B10*B10 , and inD10 | put @PI*C10*$CS$7 . In cell A7

| put 10 (for the radius of the sphere), in cBIf | put @COUNT(A10..A500) (for the number of slices),
and in cell C7 | put +A7/B7 (for Az). In cell E7 | put the total calculated olume,
2*@SUM(D10..D500) , in cell F7 | put 4*@PI*A7°3/3 . Finally, | prettied it up by putting in labels
and some lines. Fig. 11-2 shows the worksheet.

a)
A B C D E F
1 [Chapter 10: Numerical calculation of the volume of
2 a sphere.
3
4
5 [ _PARAMS CONSTANTS VOLUME
6 R N delta z Numeri c Anal ytic
7 10 || @ouNT(AL0. . AS00) +A7/ B7 2* @UM DL0. . D500) 4* @ *A7T”3/ 3
8
9 Slice z rn2 Vol une
10 +A9+1 (+A10- 1) *$C$7 +$AS7* $A$7- B10* B10 @ *CL0* $C$7
11 +A10+1 (+A11-1)*$C$7 +$AST*$AS7- BI1*B11 @) * CLL*$CH7
b)
A B C D E F
1 [Chapter 10: Numerical calculation of the volume of
2 a sphere.
3
4
5 [ _PARAMS CONSTANTS VOLUME
6 R N delta z Numeri c Anal ytic
7 10 40 0.25 4266. 67552 | 4188. 7902
8
9 Slice z rn2 Vol une
10 1 0 100 78.53982
11 2 0.25 99. 9375 78. 49073
12 3 0.5 99. 75 78.34347
13 4 0.75 99. 4375 78.09803
14 5 1 99 77.75442
15 6 1.25 98. 4375 77.31263
16 7 1.5 97.75 76.77267

Figure 11-2. The first fav rows of the worksheet | programmed to calculate thkime of the spherical
water tank. Pat a) shows the formulae in each cell, and part b) shows the appearance of the
worksheet on the screen.

Now, to use the worksheet we need only decide Inaary dlices to divide the hemisphere into, and
then coy A10..D10 down that mag times. Fr example, | started bywding the sphere intdO dices,
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so | copiedA10..D10 into the rangA11..D19 . Doing that gveme a so-so result, = 4492. Since the
exact result is418®, and the error is then 304, or a little less than 10%hle 11-1 gves the results
obtained for seeral different numbers of slices.

1St ORDER METHOD

Number
of Approx.
Slices Nz \Volume Error

10 1.0 4492 304

20 0.5 4343 154

40 0.25 4267 77.9
100 0.10 4220 31.3

TABLE 11-1. Results of the program as a function of the number of slices used.

A few paragraphs back, | discussed the concern that the method mightrkadtvell, because itas
not obvious that thewerall error would decrease as the number of slices is incre&seth Table 11-1 it
is clear that the error does decrease as the number of slices incredsedg@eases), so wevwahown
"experimentally”" that the method isahd, at least for spheres. In fact, the error seems to be very nearly
proportional tadAz. For example, in going fromz =1. 0to Q 25, a fctor of 4, the error decreases from 304
to 77.9, adctor of 3.9. Although | did not de® it for you | mentioned that it is possible to shanalyti-
cally that the error should be roughly proportional to the slice thickAgssThe "experimental” results
seem to bear this prediction out. Such a method in which the error decreases linearly with the "slice" thick-
ness is said to Hest orderbecause the error depends on the first powAr.of

Since we abays tale the volume of a slice to be the volume of a disk of radius equal to the radius of
theupperface of the slice, we will each time@-estimate theume. Thusve would expect our result to
be too big, as foundlf we had used the radius of thmver face of each slice to estimate its volume, we
would have found similar behaor, except that we would W& dways under-estimated the volume, and
would have gotten a result that was a little too small.

This leads to what turns out to be a good idea: suppose we use the radius of the slice at a point
halfway between the top and bottom faces to estimate the volume of the slice. The estimation'shi## w
exact, but it should be a lot closeMaking this change in our worksheet is ea#g programmed, the
worksheet uses the distance from the top of the hemisphere to the top of the slice to determine the radius to
be used in calculating the volume of the slide.change to the neidea, we need only use instead the dis-
tance from the top of the hemisphere to the center of the Slltat corresponds to just addiég&z to the
value used in columB. The formula used was = (i —1)Az. This needs to be changed to

z=(-1)Az+30z=(-3)Az (11-3)

Before making the change, | suggestisg the original worksheet to a file for later use. Then you can sim-
ply use theEDIT key (F2) to change the formula iB10 to (+A10-0.5)*$C$7 . This change can then
be propagated downward with t8©PYitem of theEDIT menu.

The change with this impvement is striking. Table 11-2 shows the results | obtainédvo things
stand out from these results. First, the error obtained with only 10 slices withwhreetigod is less than
the error obtained with 100 slices with the old, so this really was a good idea! Second, the error is approxi-
mately proportional to thequareof Az. (For example, the error with 20 slices izagtly a quarter of that
with 10 slices, and the error with 100 slices is 0.01 times that withltli3. somewhat hardgbut it can be
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2"d ORDER METHOD

Number
of Approx.
Slices Az \olume Error

10 1.0 4194 5.24

20 0.5 4190 131

40 0.25 4189 0.327
100 0.10 4189 0.0524

TABLE 11-2. Results of the v, improved program as a function of the number of slices used.

shawn that the error in estimating thelume of a slice with this method is proportional\iz? rather than
AZ as with the préious worksheet. Multiplyingthe error per slice by the number of slic§§,, gives an
overall error proportional tdz%. A method such as this is said to besefond order

Let me reiterate a point | made at the start of this section. If your only interest were simply to find
out the volume of the sphere, it would be dumb to calculatedibene this vay. Much better would be to
use the known formulay = ‘5‘ 7Re. The method Ve just discussed, mever, could be used for other
shapes of water tanks for which the formula for the volume is natrkndor example, if the water tank
were egg-shaped this technique could be used. The only podkt would be figuring out a formula anal-
ogous to Eq. (11-2) for the square of the radius of'tstice.

11.3 AnalyticSolution

There exists an analytic solution to the problem of tilenae of a sphere(That’s where the formula
for the volume of the sphere came frormie havealmost done all the evk to figure it out; we only ha
to put it all togetherUsing Eq. (11-2) for?, Eq. (11-3) forz, andAz = % in Eg. (11-1), we obtain

0 RUR
AV, = n (R - (i -1) RO e
0 INO N
(11-4)
_ R (-0
Y N2 0O
The total volume of the hemisphere is then
N
Vhemi = 2_ AV,
i=1
_ ﬁgg_ (i-1°0
N & N2 O
— ﬁ 1- i %(I _1)2D (11_5)
TN N4 0
_ R 13 o0
=N ezt vh
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N
where in the last equation wevieased> 1 = N.
i=1
We dgill need to ®aluate the remaining sum in Ed.1-5). W& can male ane simplification pretty
easily Notice that in the sumgoes from 1 tdN, whereas the quantity —1) inside the summation sign
goes from 0 tdN —1. Thuswe can write

N N-1
S(-17=3 j? (11-6)
= i=0

(If you dont see that, just write out the firstiderms of each sum.) It turns out that there is a formwia gi
ing the value of the sum in Eq. (11-6) as a functioNofFor naw, I'll just tell you what it is, but if you
are curious, Ve put a denation in an appendix to this chaptérhe formula ismotimmediately obvious.

Ejz =IN(N-1)2N-1) (11-7)

| suggest you check it for akesmall values ofN.

With this result, we can obtain an analytic formula for the volume of the hemisphere.

R 1

Vien = 1 N = = € N(N=1)2N -1)°
(11-8)
R3§ 1(N 1)(2N -1

g

This is the volume of the hemisphere, so to get the total sphere volume,woi haultiply it by two.

You might find it interesting to put this formula into your worksheet to check it against what you get by
actually summing up theolumes. Ifyou do, remember that this formula was obtained with (i —1)Az,

which means that the radius used in estimating the volume of the slice was that of the upper face, not of the
middle, so to compare you should use the first worksheet wvagded, not the second.

Now, the result in Eq(11-8) only approximately gés the volume of the hemisphere forydiinite
value of N because the formula we used for the volume of a slice was not exactly(Egjpht(11-8) had
better be approximate because it claims that thenve of the sphere depends on the number of slices, and
that clearly cannot be truélicing up the sphere is something | only do in my mind and unless I'm psycho-
kinetic the volume of the sphere cadépend on he | decide to slice it up.We @n male the result as
accurate as we please by choodiguficiently lage. Whathappens to Eq. (11-8) M is really big, lile
a zllion? A zillion minus 1 is essentially the same as a zillion, araldlihon minus 1 the same as ovzil-
lion, so

(N-1)2N -1) (N)@2N) _ 2
N2 N?oo N2 -
Finally, the exact result fov,,gmiis
Viemi= TR (L - g) = g TR (11-9)
Multiplying this result by tw to get the volume of a full spherevgs the famous result.
11.4 Jst How Much Water Does the Notrees Tank Hold, Anyway?

The material in this section is a short side-track which has little to do witbfane other sections in
this chapter We haveshavn by seeral methods that the water tank in Notrees can hold 4189 cubic meters
of water In this section, U like to @nsider just ha much water this is. In engineering it is important that
you have the best intuitie feel you can for the magnitudes of the quantitieslred in ary design project.
Without such a feel, you may end up designing something that cannoiftherbyou may maé& an eror
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which makes the result of some calculatiomiobsly ridiculous and not realize it. In this section I'll not be
interested in high accungchut rather in cowmerting 4189 cubic meters into some measurevieha letter
feeling for.

Let’s first estimate hw much the water weighs. The density of water i der cubic centimeter
(That's a good number to remembeMost solids and liquids ke éout the same density've also found
"A pint's a pund the world around" useful.) One cubic meter conti65= 1P cubic centimeters, so a
cubic meter of water weigh€f g =100kg. Wow! That's more than a ton!Anyway, the tank can hold
418 x1000= 4. 2x10° kg. Perhapsou would like this in gllons. 1dont remember he mary cubic
meters there are in a gallon, but | do remember that 1 kg is about 2.2 Ib, and with the bit of peetty abo
remember that a Ib is a pTherefore that tank can hold2x1(P x2. 2= 9. 2x1(f pints. Thereare 8 pints
in a aallon, so the tank can hofil2/8 = one million @llons. Thatsure sounds li more water than does
4189 cubicmeters. Ifthe population of Notrees is 1000,vhdéong would this water last them? Say the
avaage person uses 100 gallons of water a dden Notrees usd€00x 100=10° gdlons per dayand
the tank would last them about 10 days.

11.5 Connectiorwith Integrals

In calculating the @lume of the water tank, we Veatually been ealuating an intgral. To see that,
remember that

N
Vhemi = 2 AV
i=1
Then using Egs. (11-1) and (11-2),
N
Vhemi = ﬂzl(Rz - Z) Az (11-10)
=

This expression becomes exact in the limit that we #aknfinite number of slices,
N
Vhemi =7 lim 3 (R - ) Az, (11-11)
N-oo iz

SinceAz is the thickness of each slice, it must become very small Becomes very big. The limit in
Eq. (11-11) is just the definition of the integral Bf ¢ 72 dzfromz=0to z=R,

R
Vhemi = 7T !’ (R-7)dz (11-12)

The advantage of writing the volume this way is that someone has already figured ougthtohmaary
functions, and if we can reduce our problem to a set ofral®e which are known, we ddriiaveto mess
with summations such as E41-7). Inour case, we canwdde the integral in Eq. (11-12) up into the sum
of two integrals, both of which we kno

OR R 0
Vhemi = HDJ R dz- 1!' Zdz (11-13)
[l [l

The first integral is just the integral of a constant and is easy,
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R R (11-14a)
J RPdz= R? !1 dz
=R zg
=R(R-0)=R
The second is only a little harder,
R
It 70
(11-14b)

=(R-0)=
Putting this all togetheEq. (11-13) is
Vhemi = (R - % R®) = g TR
The volume of the whole sphere is just twice this result.

11.6 NumericalEvaluation of Integrals

The same ideas used to estimate the volume of the water tank in Section 11-2 can bevdsedeto e
integrals numerically If you have an integral to evaluate, the best choice is to try to find the integral in
some table of integrals, or to a@rt it into one or more integrals which are in your tali#eiling that, you
might want to ealuate the integral numerically’ll first discuss some ideas in general, and then apply
them to a specific integral so you can see tiey work.

Suppose we wish to integrate some functibfx), from a to b. The procedure is similar to that we
used to estimate the volume of the sphdrestead of integratingver the whole range in one shot, we
divide the range up into a number of smaller ranges, and add the integralaal of these smaller ranges.
To dmplify the notation, let; = a andXy; = b.

b XNt X X XN+t

J'f(x)dxzj' f(x)dx=ff(x)dx+ff(x)dx+---+J' f(x) dx
a X X, X, XN (11_15)

N Xi+1

:gl J f(x) dx

At this point you may be wondering, dhis idea helps. If | dohknow how to integratef (x) over
the entire range, fmodo | know how to do the integral wer the sub ranges? The answer is that | donit, b
if the sub-interval is small enough, | can approximate it the saayethat | approximated the volume of
each of the slices of the sphere in Section 11-2. (This isatheusMain Idea of Integral Calculus
agpin.) Considetthe i™" sub interal. If the width of this interval is smallf (x) won't change much in
crossing it, and the ingeal is approximately this value dftimes the width of the inteaV, Ax;. The inte-
gral over the entire interval is approximately just the sum of these integralsh® sub-intervals.

One contentious problem is that of whatue to use forf in thei' interval. Inthis intenal x ranges
from Xx; to X;41, SO he first try might be to use eithé(x;) or f(x;;1). Inthese cases, we are approximating
the value off throughout the interval by itsalue at one end or the otherhis idea works, but notevy
well. I'll call it Euler's method Certainly better would be to use some kind of eerage value off in the
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interval. Theidea here is similar to that used irnvdeping the second erksheet in Section 11-2There
are two likely choices for the value df to use. The first produces what is calledrdetangular rule and
uses the value of at the center of the inteal (X)), wherex is thex coordinate at the center of tH
cell, x; =% (x + X41). Thesecond produces theapezoidal ruleand uses theverage of f at each of the
endpointé[f(xi) + f(X4)]. Just as we found in Section 11-2 when approximating tieme of the
slices of the sphere, using the valuef adit either endpoint results in a first order method, (the error scales
asAx) and using the value of somavhere near the middle results in a second order method (the error
scales a@\x?). Boththe rectangular and the trapezoidal rules produce second order methedsape-
zoidal rule is the more commonly used method of the two.

b

We @n also look at the situation graphically we graph f(x), thenI f(x) dx is equal to the area

a
between the cue/f (x) and thex axis, for values ok ranging froma to b. Dividing the integral frona to
b into a sum of integralsver sub-intenals as we did in Eq11-15) is analogous to dividing the area under
the cune into a number of small slices as shown in Fig. 11-3.

a) b) c)
f(x) fGx) fGx)

T T X T T » X T t - X
a b a b a b

Euler Rectangular Trapezoidal

Figure 11-3. Graphical representation of a) Eutenethod, b) the rectangular rule, and c) the trapezoidal
rule.

Euler's method is equialent to approximating the area under the eusy he sum of the areas of the rect-
angles as shown in Fi§1—-3a. Theaectangular rule is equalent to adding up the areas of the rectangles
shavn in Fig. 11-3b, and the trapezoidal rule is ggent to adding the areas of the trapezoids in
Fig. 11-3c.

Implementing Eules method on a wrksheet is quite straightfoasd. First,we divide the interal
from a to b up into N sub-intenals. Althoughits not required, we usually choose the width of each of
these sub-intervals to be the same, so

b —
Ax = Ax =" — 3) (11-16a)
and
X, = a+(i—1)Ax (11-16b)
Euler's method then is
-10-
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b N
J' f(x)dx=3 f(x)AX
J =

_(b- a)

Zf(l)

where the second line only follows if we choose to enthk widths of all the sub-intervals the same.

Implementing the trapezoidal rule is almost as dirdfolve assume equal width sub-intervals there is
one simplification that you might miss though. As for Eglerethod, I'll write the approximation in a
form valid ezen for non-equal width sub-intervals on the first line, and tHeput the equal width result on
the following lines.

b
[ICES S 1[H(x) + (A%
2 i=1

=30F0) + FOR + 3[F(x) + f(xa)] +---

b-
#3100 + 311000 + £ (xp] O

_(b-2)

[3 () +5f0)+5 () +5 f(x) +5 f(xg)+--
+’%f(XNﬂ)+'%f(XNﬂ)+'%f(XN)+'%f(XN)+'%f(XNﬂn

_(b- a)

[3 F00) + f(x0) + f(xg) +-+-+ f(xna) + F(xn) + 3 f(Xna)]

_(b- a)Ei

ST 0a) + Tl + Z f(X)

To illustrate these ideas,ll'lprogram Quattro Pro to integrate numerically the functfgm) = x*
from 1 to 2. If my only purpose were to figure out this particulagnate this would be a truly dumbay
to do it. Much better would be to remember (or look up in a table) the integral of

2
— 1 SI:PT — ) 5 — 3l —
J’x dx = =i(@-1)= ——6.2

That is not my real purpose herewsser. Numerical integration methods can be usedsttuate intgrals
which do not appear in tables, and | want to illustrate tm@y work. | have chosen a function with a sim-
ple, known integral so thatsteasy to compare the numerical result with the correct answer.

Let's now implement Eules method and the trapezoidal rule in arksheet. Asn Section 11-2,
I'll tell you how | did it, but | suggest youx@eriment on yourwn. Firstl’ll implement Eules method. In
columnA | put the values ok;, and in columnB | put the corresponding values 6{x;). | started in rav
11 to give oom for parameters, constants, labels, and a title. IlC@dllput the number of sub-inteads,
N, (I started with 100), inA7 the value ofg, 1 in this case, and iB7 the value of, 2 in this case.The
guantityAx is calculated from these parameters, and should not be independently set, so | put it in a cell to
the side—inE7 | put (+B7-A7)/C7 . To generate the table of vs. f(x), in cell A1l | put +A7, and in
B11 | put+Al1°4 . In A12 | put +A11+$E$7, and | copied the contents 8fL1 into B12. | then copied
the rangeA12..B12 down as far as | thought | would want to ¢4.3..B110 .

Finally, in D11 | evaluated the sum in Euler’ method. Br N =100 te correct entry is
+E7*@SUM(B11.B110) . In E11 | put the actual value of the impal, 0.2*(B7°5-A775) , and in
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F11 the error#+E11-D11 . Fig. 11-4 shows the worksheet.

a)

OO ~NO U WN -

[N
= O

12
b)

O©oo~NOoO Ok WON -

el o
UObh WN RO

Chapt. 11

A B C D E F
Chapter 10: Calculation of the integral of
x4 from a to b using Euler's method
PARAVETERS COONSTANT
a b N dx
1 2 100 (B7- A7) C7
| NTEGRAL
X f(x) Eul er Anal ytic Error
+A7 +Al1174 +E7* @UM B11. . B110) 0. 2% ( B7"5- A7"5) +E11- D11
+AL1+$ES$7 +Al1274
A B C D E F
Chapter 10: Calculation of the integral of
x4 from a to b using Euler's method
PARAMETERS CONSTANT
a b N dx
1 2 100 0.01
| NTEGRAL
X f(x) Eul er Anal ytic Error
1 1 6. 125233 6.2 (0.074767
1.01 (1. 040604
1.02 1. 082432
1.03 [ 1. 125509
1.04 | 1. 169859

2

Figure 11-4. The first fav rows of the worksheet | programmed to calculate thegimb‘!’ x*dx. Part a)

shavs the formulae in each cell, and part b)vefdhe appearance of the worksheet on the
screen.

Doing all that @veme the numerical result 6.13 for the gnal, and an error of 0.0748.investigated hav
the error depended on the number of steps (owvaqutly the step size) by carrying out the calculation for

four different values oN ranging between 10 and 10To change the number of steps you need to change

the value in celC7, and you need to edit the formula @11 to sum the right number of terms from the
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table in columrB. The results | got are shown in Table 11-3.

EULER’S METHOD
Numerical

N Result Error

10 5.47 0.727

20 5.83 0.369

40 6.01 0.186

100 6.13 0.0748

2
TABLE 11-3. Results forI x* dx using Eulers method.

There are tw things to notice about the results. First, the method works, but not veryRoeell00
points, the error is still a little more than 1% of tledue of the intgral. Secondihe error scales nearly lin-
early withN. Going from 20 to 40, aaictor of 2, the error decreases by a factor of 1.98. Going from 10 to
100, a factor of 10, the error decreases bgciof of 9.72. This behavior is expected for a first order
method such as this one.

Changing the worksheet to implement the trapezoidal rule is pretty basggest first saving the
Euler's method worksheet for later reference. The only change required is the formidd.inFor the
Trapezoidal rule andN =10, this formula should be-E7*(0.5*(B11+B21)+@SUM(B12..B20))

As with the Euless worksheet, changing values Wfrequires changing the contents of &, and editing
the formula inD11 to add up the right number of elementsvaluated the integral for the same setNof
values as in Table 11-3, and the results are shown in Table 11-4.

TRAPEZOIDAL RULE
Numerical
N Result Error
10 6.22 -0.0233
20 6.21 -0.00583
40 6.20 -0.0014¢4
100 6.20 -0.00023

2
TABLE 11-4. Results forl’ x* dx using the trapezoidal rule.

There are tw points to mak from these results. First, the trapezoidal rule works a lot better than
Euler's method. Thetrapezoidal result foN =10 is better than that of Euler foN =100. Second, the
error scales as the squareMof As N goes from 20 to 40, a factor of 2, the error decreases by a factor of
3.99, and forN going from 10 to 100, a factor of 10, the error changes by almost exactly a factor of
107 =100. Thatbehavior is expected from a second order method such as the trapezoidal rule.
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N-1
11.7 APPENDIX: Derivationof Formula for ¥ j?
j=0

I know of two ways to denve Ej. (11-7). 11l describe one in some detail here and outline the .other
First, to sa&e ome writing, I'll define

N-1
S(N) = ZO 2 (11-18)
]:

The subscript 2 o refers to the power of in the sum.I’ll guess thaS,(N) is given by a abic polyno-
mial in N. Where did that guess come from? First, it truly is a guess, t gea’aly obvious reason wh
the sum has to bewgin by a plynomial of ary order If my guess is incorrect, then my effort to find such a
polynomial shoulddil. Secondwhy cubic? Thaine is a litle morewedent. Thesum will be some kind
of an aerage value ofj?> multiplied by the number of term$y —1. Thevalue of j runs between 0 and
N -1, so the @erage value ofj must be proportional tt —1, and the eerage of j> must scale withN
something lile (N -1)2. Thus the sum should scale something (i —1)?, which is a cubic polynomial.

Anyway, I'll guess
S,(N) = aN® + bN? + ¢cN + d (11-19)

wherea, b, ¢, and d are constants to be determined, and I'll try to generate four equations which these con-
stants must satisfyif my guess was wrong, and the summation is nggrgby a abic polynomial, | should

find that the four unknowns must satisfy more than four equations. If the sum is a lower order polynomial,
like a quadratic for example, | should find that Mearore variables than equations.

In order to determine the valuesafb, ¢, and d, I'll make use of the fact that
SN +1) = S,(N) + N2 (11-20)
Substituting Eq. (11-19) into (11-20) yields
a(N +1)® + b(N +1)% + ¢(N +1) + d = aN® + bN? + cN + d + N?

a(N®>+3N2+3N +1) + b(N? + 2N +1) + ¢(N +1) + d = aN® + bN? + cN + d + N2
Simplifying, and collecting terms containing the same powét gfves
(3a-1)N?+@Ba+2b)N +(a+b+c)=0 (11-22)

The left-hand side of Eq. (11-22) must sum to zero for all possible valiés Bhe only way that can be
true is that all the coefficients of powershimust be individually zero.

3a-1=0
3a+2b=0

atb+c=0
Solving Egs. (11-23) is eggyiving

a=

wI-

b=-1 (11-24c)

-1
C=%

We havedetermined all the unknowngaeptd. We can get an equation fat, by requiring Eq. (11-19) to
give the correct value of the sum for some specific valug.of'l | chooseN =1. Then

-14-
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_l+l+d

0
SM)=3 j*=0=a+b+c+d=}-1+1

i=0
The fractions abee just add to 0, so
d=0 (11-24d)

Therefore, Eq. (11-19) becomes
—1pn3_1pn241
S(N)=3N°=35N°+3N

L N(2N?-3N +1)

N(N -1) @N -1)

1
6
That is exactly Eq. (11-7).

In case you are curious, I'll outline the second way Mkiob for evaluating the sum in Eq11-7).
This is a considerably more gkmt method and it does not require the guess that the answer is a cubic
polynomial, but it requires tavvery clever tricks. First,consider sums of the form

N-1
S(N)= 3 i (11-25)
i=1

Note this is not the same as the sum we are interested in because it is the sum of the first powers of the inte-
gers, rather than the squares. This canvhlei@ed with one cheer trick—notice that

N-1 N-1
2i=2(N-i) (11-26)
i=1 i=1

The sum on the right is just the sum on the left, except that the terms are summed in the opposite order
Write out the first and lastvieterms to see that. Expanding the sum on the right,

N-1
S(N) = ;1 N - S(N)
or
N-1 N-1
2S(N)= S N=N S 1=N(N-1)
i=1 i=1

or
SN) =3 N(N-1) (11-27)

This trick works for sums of gnodd power ofi, but unfortunately it doeshiwork for even powers,
such asS,(N). Instead,a cond gen more clever trick is required. We wse the first trick to \&@luate

Si(N).
N-1 N-1 .
SN)= 3 i%= 3 (N =iy’
i=1 i=1l
N-1
= 3 (N®=-3N% +3Ni* - %)
i=1
= N*S(N) ~ 3N?§(N) +3NS(N) ~ S(N)

or, solving for S; and using the known results f&§(N) and S;(N),
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Si(N) = 3 NS(N) - 2 N¥N - 1)

Now comes the second ¢l trick; as in Eq. (11-20) we require

S(N +1) = S(N) + N°

and

SN +1) = S,(N) + N2
Using Eqg. (11-29b) in Eq. (11-28)vgs
SN +1)= S(N +1)S(N +1) = L (N +1P°N

= S(N +1[S(N) + N = N (N +1y
Using Eg. (11-29a) and Eq. (11-28), on the other hared gi
Sy(N +1) = S(N) + N°
= INS(N) - 7 N¥(N -1) + N®
Equating the right hand sides of Eqgs. (11-30a) and (11-3@s) . (11-7).
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11.8 Eercises

1. Considera pyramid with base dimensiorsx b, and heightc, as $iown in Fig. 11-5.

Figure 5 Drawing showing the pyramid for Exercise 11-1.

Obtaina formula for the vlume of the pyramid by slicing it into thin slices perpendicular to
the height,c, axis and using the method discussed in Section 11-3. Obtain a foraiida v
for an arbitrary numbef, of dices and then find the limit of this formula Hs- oco.

Sice the pyramid as albe, but find the volume bywaluating an integral analytically as in
Section 11-4

Slicethe pyramid as alve, but find the volume numericallysing a first-order method simi-
lar to that discussed in Section 11-Resign your worksheet so that the values of the
dimensions,a, b, and ¢ can be specified by entering them into cells of tlwwkaheet.
Experiment with whateer values of these dimensions you like, but turn in the results for
a=3,b=2,andc =2.

Addone or more columns to yourovksheet to alsoveluate the volume using a centered,
second-order numerical method as in Section 11-2.

Comparehe results of the tarnumerical methods with the analytical result you obtained
above. Experiment with whateer values ofN you like, but mak a aible showing the errors
for the two methods at least foll =10, N =20, N =40, and N =100. Check to see if the
errors of the tw methods vary witiN as expected.

2. Thewater tank in Notrees is not full, and this questiovoines figuring out hw much water there
is in the tank.

a.

If the top of the water in the tank is 12 metersvaldoe bottom of the tank, omuch water
in cubic meters is there in the tank®e Quattro Pro to answer the question by slicing up
the tank as in the notes and adding up the volume of the appropriate slices.

How much water is there in the tank, measured in gallons?

Develop an analytic formula for the volume of water in the taxfressed as a function of
the height of the top of the water in the tank as measured from the bottom of the tank,
Check your answer with the result you got in the first part of this problem.

-17-
164



F. Williams Notesfor EEngr 121-122 Chapt. 11

3. Theuse of Monte Carlo inggration to find the area of plane figures was discussed inkéheises
for Chapter 10.The same idea can be used to find the volume of solid objects such as spheres.
gram a worksheet to calculate numerically the volume of a sphere of radius 1 using Monte Carlo
integration.

4. Programa worksheet to calculate numerically the functib(x) = x> between tw limits to be
placed in cells of the erksheet. Thavorksheet should implement all three methods discussed in
Section 11-6, Eules’ method, the rectangular rule, and the trapezoidal rule. Compare the results
with the analytic result for the irdeal. Progranthe worksheet so that you can easily vary the num-
ber of sub-interals, N, and male a tible showing the errors associated with each methodvierase
vaues of N. Experiment with whateer values ofN you like, but include at leadt =10, N = 20,
N =40, and N =100 So that everyone is working on the same problem, grtde f (x) between the
limits 1 and 2 for your table. Check to see if the error depends on the number of sub-intervals as
expected for the three methods.

1
5. Considethe following integra! e’ dx.

a. Develop a formula based on the trapezoidal rule to do the integral numerically.
ChooseAx = 0. 5 and apply this formula "by hand."

c. ProgramQuattro Pro toeluate the formula, and do so foveml values ofAx, including
0.25, 0.05, and 0.01.

d. It happens that the value of the integral is exactly 2. Use this fact to determine the error in
the numerical results in the pieus part of this problem for all the values/of you used.
Based on this information, what is the order of the method?

6. UseQuattro Pro to check on the validity of Eq. (11-7) for values dNddetween 1 and 50 by pro-
gramming a worksheet tova@uate the sum directly.

7. To calculate the volume of a sphere one can divide it differently than | did in the maitéde a
sphere into a set of thin, concentric, spherical shells and use this division to calculatartiesof
the sphere both numerically and analytically as discussed in Sections 11-2, 12-3, andihEl-4.
volume of a thin spherical shell is approximately theanefarea of the shell times its thicknelss.
case you ha forgotten, the surface area of a sphere of radiiss4zr?. (For working this prob-
lem, just tak this formula for the surface area aswegi Thesame ideas as discussed in the notes
can be used to des it as well.)

8. In the Chapterthe constants, b, and c in Eq. (11-19) were wluated by making use of
Eqg. (11-20). The constants can also be determined by requiring Eq. (11-18) to work foafoar v
of N. Determine values faa, b, ¢, and d by requiring Eq. (11-18) to hold fod =1, 2, 3, and 4.

Notice that this technique assun&éN) to be a abic in N, as in K. (11-19),and that was only a
guess. Thud Eq. (11-19) is correct, then the values &b, ¢, and d you just determined are cor
rect (assuming you made no arithmetic mistakes!), but the technique doesmtiatiog.(11-19)
holds for values oN other than the ones you used. The technique in the Chaptére other
hand, shows that Eq. (11-19) and, therefore, the valuashofic, and d are correct for all values of
N.

9. Inthis problem, you are to estimate the total weight of the air in the Eanisphere. Thden-
sity of molecules in the atmosphere depends on the type of molecule, and on the hemgliteabo
Earth. D a fair approximation, the density (number per unit volume)vengoy
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b.

C.

p(X) = poe MT

wherex is the height abe ®a level, m the mass of the moleculegthe acceleration of gvdy, k

is Boltzmans mnstant, T is the temperature in degrees Kelvin, apglis the density of the
molecules aix =0 (i.e. at sea Mel). For x in meters, room temperature, and an atmosphere com-
posed entirely of nitrogen molecules, the valu%%is aboutl. 1x 10, and p, is about2. 7x 107
molecules per cubic meterYou will also need to ke that the radius of the Earth is about
6.4x 1P meters, and the weight of a nitrogen molecule is aoftx 102 kg, which is about
1.0x 10 pounds.

a. Assumingthe temperature in the atmosphere remains constant at room temperature ho
mary molecules are there in the atmosphere of the Earth? Calculate the answer both numer
ically, and analytically.

SOME ADVICE: If the density of molecules were the same at all heights, you could answer
the question by just multiplying the density by tloduwne of the atmosphere. The density is
not even goproximately constant, so thabwt work. Thedensity is nearly constant, \lwe

eva, in a hin spherical shell li& the ones used in the preus problem, so you could use
theMain Idea of Integral Calculusto sohe the problem.For each shell, you could approx-
imate the number of molecules in it by multiplying the volume times the density at the
height of the shell, and then you could add up the number of molecules in all the Ahells.
first glance, that would appear to be a formidable task because the atmosphere has no top (it
would seem thatwen for a finite shell thickness youowld hare © consider an infinite num-

ber of shells).Fortunately howeve, the density falls dfvery rapidly with altitude, so the
shells far out contribute gégibly, and you can stop the sum with a finite number of shells.
For the analytic calculation, you may need the following integral

e—ax|:|2+2§+£[|
X 50
0 a an

J' x2e ™ dx = —
a

How much does the atmosphere weigh? (This passy!)

Theair pressure at seavi# is about 14.71b/in®>. From your answer in the last part you can estimate
what the pressure should be. Comparing the gives a deck on whether or not the whole thing
makes sense. kowell do the agree?

HINT: Pressure is force (weight) per unit area.

Oneof the reasons this estimate is only an approximation is that the temperature of the atmosphere
is not a constant which altitude. It varies consideralflyou knev how the temperature varies with
altitude, explain he you would use that information to immete accuragof the calculation.
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12. FINITE DIFFERENCES AND DIFFERENTIATION

As with the last chaptel havetwo main goals in this chaptefFirst, | want to solidify your under
standing of the diérential calculus, and second | want towhmu some ideas about using a computer to
solve problems iwolving dervatives. Alsoas with the last chaptewe will use Quattro Pro to puide a
numerical solution to problems for which reasonable (sometimes simple) analytic solutgindfeour
only purpose were to savhe problems, it wuld be dumb not to use the analytic solution. Our goal¥; ho
eve, is to look at the main idea behind thefditntial calculus from a somewhat different point ofwie
than you probably sait in a Math course.Choosing problems for which exact, analytic solutioxiste
helps to mak& connection between the numerical and analytic methods and to\wegedtiache numerical
solution works. lalso want to she you some of the ideas behind the numerical methods. These ideas are
not often used toveluate dewatives numerically for reasons I'll discuss at the end of the chapkae
ideas are important, though, becausg floem the basis for most methods for solving differential equations
numerically and that is a frequent application of computers in engineeiiihg. numerical solution of dif-
ferential equations is the topic of the next chapter.

12.1 \&locities from a Table of Distances

Molly Malone is working at the gun test facility of the wdaSurface Warfare Center In one test a
big gun is fired almost straight up and the height of the projectile is measargdhelf second.The
whole thing is computerized, and the result of a shot is a pretty long table of times and Aglgbt42-1
shows the first 11 entries in one such table of data Molly acquired.

Time Height
(Seconds)  (Meters)
0.0 0.0
0.5 497.5
1.0 990.1
1.5 1477.8
2.0 1960.7
2.5 2438.6
3.0 2911.8
3.5 3380.1
4.0 3843.7
45 4302.4
5.0 4756.6

TABLE 12-1. Molly’ s Data for Projectile Height vs. Time.

One of the things Molly must do to analyze the results of such a shot is to determine the speed of the
projectile at each time. If something is viley with a constant speed, then that speed is the distance it
moves dvided by the time it took to do sdJnfortunately the projectile almost certainly is not miog
with constant speed because w@ext it to slav down as it ises, finally stopping briefly at the highest
point and then turning around to fall baclénd the Earth.(Well actually the ier—they conduct the tests
in the Potomac Rer.)

If the speed is’changing very much during each half second interval, we'tmake very much of
an error if we approximate the speed during that interval by the distamgledrdvided by the time, half a
second in this caseTable 12-2 shws the result of doing that. The velocity at the start ofithéme
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interval,v;, is goproximated as
Yie ~ Vi

Vi = Tt (12_1)

where they's are the height readings, afdl is the time between measurements, 0.5 second in this case.

Approx.
Time Height Speed
(Seconds) (Meters) (m/sec)
0.0 0.0 995
0.5 497.5 985.2
1.0 990.1 975.4
1.5 1477.8 965.8
2.0 1960.7 955.8
25 2438.6 946.4
3.0 2911.8 936.6
35 3380.1 927.2
4.0 3843.7 917.4
4.5 4302.4 908.4
5.0 4756.6

TABLE 12-2. Projectile velocity from Mollys data in Table 12-1.

Looking at Table 12-2, we see that the speed is decreasing with each measurement, so tlas speed w
actually a little bigger at the start of each time interval than it was at theTeeddata in the third column
of Table 12-2 are actually a better approximation to Weeage speed during the intatythan to the speed
at the start of the interval as implied in the table. The first giatrygexample, is more accurately the speed
at 0.25s than at 0.&s. Similarly the second entry is more accurately the speed atsOfvdn 0.5 &
implied in the table. If we really want the speed at 0.5 s, perhaps we would be liett¢akef the average
of the first and second entries—that is of the speeds at 0.25 arsl OLAGsin this second approximation
we would say that the speed at 0.5 s is more nézﬁﬁ% +9852) =990Q1.

The denvation of a general formula for this impred goproximation is interesting. According to the
ideas in the preceding paragraph, the speed halfway through the interval is approximately
=YY
"2 At
and the speed at the start of @egiinterval is the @erage of the speeds at the half-intervals on either side,

(12-2)

Vi = %(VH% + V1)

1V YiTY¥ial
20 At At O (12-3)

_Yia " Yia
2At
The result of applying Eq. (12-3) to Moltythata is compared to that of Eq. (12-1) in Table 12-3.

Eqg. (12-3)says that the speed is approximately the distaneddthin two time intervals divided by
2At, with the two intenals flanking the time at which weant the speed on either side. It seems surprising
that we would get a better approximation to the speed by taking twice the timalitienv by using a
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Eq. (12-1) Eq. (12-3)
Approx. Approx.
Time Height Speed Speed
(Seconds) (Meters)  (m/sec) (m/sec)
0.0 0.0 995
0.5 497.5 985.2 990.1
1.0 990.1 975.4 980.7
1.5 1477.8 965.8 970.6
2.0 1960.7 955.8 960.8
25 2438.6 946.4 951.1
3.0 2911.8 936.6 941.5
3.5 3380.1 927.2 931.9
4.0 3843.7 917.4 922.3
45 4302.4 908.4 912.9
5.0 4756.6

TABLE 12-3. Two approximations for the projectile velocity from Moklythta in Table 12-1

single interal. Thereason is the centering or lack of it. The speed in(E2r1) is most accurately the
speed halfway through the intervalitithe equation claims it is the speed at the start of the ahteFhats

not quite right. The right-hand side of Eq. (12-3)wheer, is goproximately the speed at the time halfw
through the interad t;; — t;;;, which is the timd;, as he equation claims. It is usually true that it is better
to correct the centering problem at thpense of increased error due to taking a larger time interval, than
to live with the non-centering error.

In analogy with the discussion in the yimus chapterEq. (12-1)is a first order method, and
Eq. (12-3)is second ordefor similar reasonsThe first order method is lop-sided, the second is centered.
I'll not demonstrate it to you with this example, but the error with both methods decreases with decreasing
At. The diference is that with the first order method, the error is proportiorsl, twhereas with the sec-
ond it is proportional t¢At)?. In a later section I'll be able to shothat to you. Eq. (12-1)is said to be
forward-time and Egs. (12-2) and (12-3}entered-time Notice that the only difference between
Egs. (12-1)and (12-2) is that one claims to be tleogity at the start of the time interval, and the other
the velocity at the middle. The right-hand sides of thedguations are the same.

Anyway, I'd now like to put this into a wrksheet so that | can change things without having to do a
lot of arithmetic by hand, and so that | can make of the graphics capability of Quattro Piou will
probably not be surprised by my admission that | made up tHelstuft Molly and the gun tests. (If not, |
have ©me interesting property on a bridge just outside Brooklyn that you might be interestgthon)b If
| were to continue the fiction,d’haveto provide a long table with avfehundred entries giving the mea-
sured heights vs. time, and then to get it into Quattro Pro yaldvhare o painfully copy it into a work-
sheet. Instead; |l just come clean and admit that | made it up, and the data in Table 12-1 came from an
equation which should describe the motion of the projectile assuming thafettteoéfair friction can be
treated fairly simply The equation is

. m mm %O om _
y—;g(o"‘g;% em 97t (12-4)

wherem is the mass of the projectile (in kg),s a number describing the air resistance (thgelar, the
larger the air resistanceyy is the speed of the projectile when itesithe end of the gun (assumed to be
t=0), andg is a constant related to the strength of/ityaand is 9.8m/seé. For the purposes of this dis-
cussion, you should takeg. (12-4)as just an empiricabtt, and not worry about where it came frokh.
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you are interested, andveathe math and pfsics background, Eq. (12-4) is the solution of the="m &'
equation,
d?y dy
e mg-v 2 12-5
M- =~ mo-y o (12-5)
subject to the initial conditiong(0) = 0, andy’'(0) = v,.

To generate the heights irable 12-1, | used Eq. (12-4) wifti =0.5sec,m =1 kg, y = 0. A kg/sec,
Vo = 1000 nisec, andg = 9.8m/seé. Instead of giving a table of 100 or so valuesjofo painfully copy
into Quattro Pro, I'll cheat a little and just use this equation with these parameter values to generate the ta-
ble of height vs. time in the worksheet.

Heres how | programmed the arksheet. put the times in columA, the heights irB, the forward-
time approximation to the speed@and the second ordetentered-time approximation . In A7 | put
the value ofAt, 0.5 in this case, the massin B7, y in C7, vy in D7, and g in E7. To make K. (12-4) a

. . m . m, . :

little less messy to enter into the worksheet, |-puin F6, and — (vo + g —) in F7. To generate the time
Y y y

column of the table, | pud in cell A1l, +A11+$A%7 in Al2, and copiedAl2 into the range

Al12..A360 . For the height data, I put the formula
$F$7*(1-@EXP(-A11/$F$6))-SES7*SFS6*A11 in B11, and copied this formula into the range
B12..B360 .

Before continuing, use the graphing capability of Quattro Pro to graph the height vs.Ytime.
should find that the result is a slightly lop-sided, upside-down parabola. Notice that Eq. (12-4) says that
the projectile continues goingwa when it strikes the Potomawei (wheny =0). Thats because no one
told it about the xier being there.To include this feature, you would Ve increase/ substantially when
the height becomes (If you have ever done a "belly flop" into a swimming pool, you should appreciate
difference between the resistance of water and of air to mota.jould do that by adding @IF state-
ment into the formulae in coluntto test whether or nat is less than 0l suggest you woid the compli-
cation by just limiting the range of the data to be plotted to those entries for yhi@hor else just igner
ing points withy < 0. Once you heae everything working, play around with the valuesjyofind see if you
can mak £nse of the results.

Back to the problem of finding the speed of the projectile, in coldme’ll put the forward-time,
first order approximation for the speed, and in coliwihe centered-time, second order approximation.
C11 | put the formula(+B12-B11)/$A$7 , copy it down the column. A disadwantage of the centered-
time, second order formula in Eq. (12-3), is that it tha'wsed for the first item in the table. (Both meth-
ods cart be used for the last item.) If the speed at the first time is required, one can either use the first
order forward-time approximation, oxegapolate the table of known speeds to0. Theseaare significant
complications, and | dohivant to get into them herd=ortunately in this case, | can cheat because Ivkno
that the parametgy,, stored in cellD3, is the speed at=0. Thereforejn cell D11 | just put$D$7, in
D12 | put the centered-time formul&t+B13-B11)/(2*$A$7) , and | copied this formula down the ta-
ble. Finally I put in some labels and some lines. Fig. 12-1 shows the worksheet | came up with.

Looking at the speeds in either column, you should find that the results are reasonable, with the cen-
tered-time method giving speeds about 5 m/sec higher at small times than does dhe-tiorer method.
That's expected since the folavd-time method ges more closely the speed halfway through the irgerv
than at the start of itAlso note that the forward-time methodies a peed of about 995 m/sectat0 sc,
rather than the correctalue of 1000n/sec. Ag@in thats the expected behavior since the fardrtime
result is closer to the speedtat0. 5 sc than at 0l suggest graphing the speed along with the heigbt.
do that, you'll probably want to use a differeettical scale for the speeds than for the heig¥ital can do
that by selecting th€ustomize Series item from theGraph menu, then selecting théAxis from
the sub-menu, and then specifying 8econdary Y-Axis for the2nd Series . The default settings
for this axis should be OK, but if youant to change them, you can access them by choosinf;Abes
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a)
A B C D E F
1 |Chapter 12: Numerical calculation of velocity using
2 both forward and centered differences
3
4
5 PARANVETERS CONSTANTS
6 dt m gama v0 o +B7/ C7
7 0.5 1 0.01 1000 9.8 +F6* ( D7 +E7* F6)
8
9 Vel ocity
10 t x(t) Fwd. ad.
11 0| +$F$7*(1- @XP(- AL1/ $F$6)) - SES7* $FE6*Al1 || (+B12- B11)/ $AS7 +D7
12 |[+ma1+$a87 | +8F$7*(1- @XP(- A12/ $F$6) ) - SEST*SFS6* A12 || (+B13- B12)/ $A$7| (+B13- B11)/ (2*$A$7)
b)
A B C D E F
1 |Chapter 12: Numerical calculation of velocity using
2 both forward and centered differences
3
4
5 PARAMETERS CONSTANTS
6 dt m ganma v0 a 100
7 .5 1 0.01 1000 9.8 198000
8
9 Vel ocity
10 t x(t) Fwd. ad.
11 0 0 [|995. 0582 1000
12 .5 1497.5291 [[985. 2076 [990. 1329
13 1 1990. 1329 |[975. 4061 |980. 3068
14 .511477. 836 [[965. 6535 [970. 5298
15 2 11960. 663 ||955. 9495 (960. 8015
16 .512438. 637 [[946. 2939 | 951. 1217

Figure 12-1. The first fav rows of the worksheet | programmed to calculate the &drvand centered dif-
ference approximations to the bulletlacity. Part a) shows the formulae in each cell, and
part b) shows the worksheet as it appears on the screen.

item from theGraph menu, and then th2nd Y-Axis

item from that sub-menu.

| suggest you experiment with different valuesyoénd perhaps,. Notice that the speedlfs to

zero at the top of the path of the projectile, ¥yseeted, and that the speed when it strikes the Potomac on

the way back down is less than it was when it left the gun due to air resistayog.male y very small,
you should find that the speed at the end becomes more nearly equal to the speed at the start.
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12.2 Connectiorwith Derivatives

In the previous section, we were interested in findingdhe of dhiangeof the projectile height with
time. Findingthe rate of change of one quantity with respect to another is a common prétueatam-
ple, in electrical circuits theoltage across a coil of wire (called an inductor) is proportional to the rate of
change of the current through the coil with time, or the ibheat from one point in a long thin rod is pro-
portional to the rate of change of temperature of the rod with position along the length of tfideod.
problem of finding the rate of change of one quantity with respect to another is so common thatitas gi
name. Theate of change is said to be therivativeof the first quantity with respect to the second.

For ease of discussion, lstall f(x) the quantity of interest, and assume that we want the rate of
change off with respect ta, or in "mathematicalese” the deative o f with respect tax. There are se

eral mathematical notations for the deative d f. Probably the most common is due to Leibniz, and is

ar . Other common notations arfg(x), and f(x) If the only knowledge we kia d f(x) is some table of

values of f for a discrete set ofalues ofx, there is little more we can do than some procedure such as out-
lined in the previous sectionf, on the other hand, we knothe functional form off (x) (for example
maybe f (x) = x*), then there is quite a bit more we can do. If we want an approximation to tvaideri

of f at some value aof then as in the previous section we can write (remembering that thaigeris just

the rate of change)

f_ f(x+Ax) - f(x)
dx AX
whereAx is some small increment afwe choose arbitrarilyThis is just the "forward-x" approximation of
the previous sectionThe equation is only an approximation because the rate of charige nbt constant

throughout the inteal x - x+Ax. The approximation can be made more accurate by chodsing
smaller since the rate of changefolvill be more nearly constanter a snaller interval.

(12-6)

Heres the bright idea Newton first thought ugqg. (12-6)is only approximately correct, but it can
be made more and more accurate by choosing smaller and smaller vadlnedfofie could tale Ax =0, it

would become xact. We can't do that because the equation becorgebut we can calculate the approxi-

mate values og for several, decreasing values Af, and extrapolate to thealue the result approaches as
Ax - 0. Thats lhe bright idea that Newton had. He defined theveiive @ being exactly

df f(x+Ax) - f
— = |lim M (12-7)
dx ax-o0 AX
So Sir Isaac had a bright idea, butvhdo you implement it?Sometimes i8 easy sometimes dii-
cult, and sometimes very fiifult. I'll look at one example which is easgonsider the eample f (x) = x*
Then
AN — 34
af i (X+Ax)* = X
dx ax-0 AX
- im (x* + 430X +6XPAX* + AxAX3 +Ax*) - x*
T Ax-0 AX
- lim AX3AX + BXPAX? + 4xAX3 + Ax? (12-8)
- Ax-0 AX

= lim 43 + 6X2AX + 4xXAX? + AX®

Ax-0

=43
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This is the idea behind determining the dative d any function. D calculate the devetive analyti-
cally, one needs to find the limit &sx approaches 0 of the right hand side of @#@-7). For functions
which are a power of this is pretty easyor other functions such as sines and cosingsothevhat more
difficult, and for others such as Bessel gpéigeometric functions, & a bt more dificult. Fortunately,
the differential calculus has been lkimofor a long time, and people veaworked out the devetives o
most functions and put them in tabléfhese along with some of the theorems you learned in Math 106 are
sufficient to galuate the deviatives of any function you are likely to come across.

You may be wondering whin the definition of the derétive, Eq. (12-7),the forward-x approxima-
tion is used rather than the centered-x approximation which seemedkeavmuch better in the stufe
did in the previous section. The answer is that either approximatidis\since we are taking the limit as
Ax - 0, in which case both becomeaet. Theforward-x version is simpler algebraicallyo hat is the
most commonly used. Whervatuating dewatives numerically on the other hand, we can vee take
Ax =0, so the centered-x approximation usuallyegithe better approximation.

12.3 TheNumerical Evaluation of Derivatives

Patly because analytic formulae for the defives of most functions are known, it is unusual to
evduate the deviative d a function numerically | will use Quattro Pro to calculate the defives of a
simple function numerically at geral points, just to illustrate some of the ideas in Section 12-1. As with
the integrals in the previous chapt&my only interest were in the value of the detive d the function, it
would be dumb to do it this way.

For illustrative purposes, I'll use both forward-x and centered-x methods to approximate numerically
the denvative d the functionf(x) = x* for a value ofx which you specify by entering thalue in a cell,

and for seeral values ofAx. The forward and centered approximation:%cnre

d
Caf OO f(x+Ax) - f(x)
EHS(D O = T Ax (12-9a)
&El/vd—approx
and
Cor OU f(x+Ax) - f(Xx-AX)

2AX
D‘ Qtd—approx

Make aure you understand wheq. (12—-9a)is a forward-x approximation, and Eq. (12-9b) is a centered-x
approximation. Botltlaim to be the devétive evaluated at the same poing, but the first uses thealues

of f at x + Ax and atx to male the approximation, whereas the second uses value®gfially spaced on
either side of. If Eq. (12—-9a)laimed to be the value of the detive evaluated atx + %Ax, instead of at

X, then it would be a centered-x approximation as well.

Let's program this into Quattro ProYou might want to ma& your own worksheet to find the
derivative d a different function for which you kmwo the analytic result. I'm particularly interested in
shaving the relatie acuracies of the tavmethods, and hw these accuracies dependfx, so 11 set up
the worksheet to approximate the dative using both methods for a set valuexpfwhich can be changed
by changing the contents of one cell, and for a rangaloés ofAx. I'll put the values ofA\x in columnA,
the forward-x approximation to the degtive in columnD, the centered-x approximation k) the forward-

x error in F, and the centered-x error @ | chose to start these quantities iwrbl, leaving room for a
titte and for the parameters just abohe table. | put the \alue of x for which the dewative is to ke
approximated iA7 (I started withx=1). I'd like to gart the values ohx at 0, but | cant’do that because it
would generate a division by zero errénstead of starting at O llI'start at some small numbavhich I'll
specify in cellB7 (I chose 0.0001), and I'll calculate dettives for a set of values afx spaced by an
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increment specified i®7 (I chose 0.001).Once the values of these parameters are specified, the akact v
ues of f(x) and of the detiative, % are determined! will need these values in the worksheet, so | put
them in cells€7 andF7.

To calculate the tw agpproximations to the desitives In A11 | put $B$7, in A12 | put $C$7, and in
Al13 | put A12+$C$7. I'll need for eachalue ofAx, besides the value of(x), the values off (x —AXx)
and f(x+AXx). | chose to put thesealues in separate columrB,and C respectrely. In B11 | put
(3A$7-A11)4 |, and inC11 | put (BA$7+A11)"4 . In cell D11 | put the formula for the forard-x
approximation, (+C11-$E$7)/A11 , and in E11 the formula for the centered-x approximation,
(+C11-B11)/(2*Al11) . In cells F11 and G11 | put the errors with the twgpproximations. Incell
F11 | put $F$7-D11 , and in G111 put $F$7-E11 . To fill out the table, | copied the rangd1..G11
toB12..G12 , and | copied the rang&12..G12 down as far as | wanted to gbchose to use 20alues,
so | copied to the rang®l3..G30 . Fg. 12-2 shows the worksheet.

It is instructve © graph the resultsUse the graphing capability of Quattro Pro to graph the errors for
the two goproximations vsAX. You could put them on separate graphs, but | suggest putting them on the
same one. If you do that, Wever, you will have © use a different y-axis scale for theawguantities. u
can specify that by choosing thieAxis item from theCustomize Series sub-menu. Noticéhat, as
promised way back in Section 12-1, the fardrx method is first order since the error is a linear function
of Ax (it graphs to a straight line)The centered-x method seems to be a second-order method since the
error graphs to what looks &#ka @rabola, but it hard to be sure. If you look at the numbers on thekw
sheet, you will see that the error scales exactly as the squarse dGterefore, the centered-x method is
second order.

Before leaving this subjectd’like to s1ow you why taking denvatives of experimental data numeri-
cally is a tricky undertaking. Thedifficulty is that numerical approximations such as Eq. (12-1) or
Eq. (12-3)work pretty much as advtised as long as the data in the tableytlse are exact or at leasewy
accurate. IrEq. (12-3)for example, we will want to taAt small (corresponding to a short time intdrv
between readings) in order that it be a good approximation to tlvetolexi But in this case the wwalues
of y, i andy;4 will differ only slightly. The difference in the numerator of E&2-3) will then be the
small difference of large numbers, and small errors in either of the aatswvill result in a much Iger
error in the estimated destive.

You can use Quattro Pro to demonstrate thisatf Theidea is to tak ssome simple function, such as
f(x) = x*, add a little noise to it usin@RANDNd then calculate, saghe centered-time approximation to
the dewative wsing the noisy alues. Heres how | did it, you may want to ark it out on your wn. Incol-
umnA | put thex values for my table, in columB | put the exact value of(x) (I usedx?), and in column
C1 put the noisy alues. IncolumnsD andE | put the denatives calculated with the exact and noisylwes
of f, respectiely. | chose to start my table inwoll, and to put column labels inw10. In cell B7, |
put the value ofAx to be used, in cell7 | put the starting value of, and inD7 the magnitude of the noise.
To dart, | usedAx =. 0L, the starting value of was 1, and | chose a noise magnitude of 0.1.

The specific formulae | used are as fato In A1l | put $C$7 and inA12 | put +A11+$B$7. |
then copied this formula down as far as | wanted tolghose to go toc =3, so for the chosen value of
Ax, that meant cogng it down to A210. For columnsB and C, | put +A11°4 in B11 and
+B11+$D$7*(@RAND-0.5) in C11, and then | copied these tacells down the wrksheet. Br the
derivatives, | chose to use the centered x approximation, Bd il put (+B13-B11)/(2*$B$7) and in
E12 | put (+C13-C11)/(2*$B%$7) , and copied these cells down thenksheet. Afterdoing all this,
you should find that there is much more noise in the "noisyValiee values than in the "noisy" function
vaues. Thepoint is made especially clearly by making a grapbuggest you either graph both function
values on the same graph and both\ditie values on anotheor graph all four on the same graph, using
the secondary y-axis for the detive \values. Figl2-3 shows the "clean" and "noisy" versions of the
function, and the derétives. The"noisy" version of the function is offset upwards by 2 to separate the tw
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a)
A B C D E F G
1 |Chapter 12: Dependence of errors in forward and
2 centered difference approximations on dx.
3
4
5 PARAMVETERS CONSTANTS
6 X dx min | delta dx f(x) fr(x)
7 -1 0. 0001 0. 001 +$A$7N4 4* A7T"3
8
9 f'(x Error
10 dx f(x-dx) f(x+dx) Fwd. Gd. Fwd. ad.
11 +$BS7|  (+$AS7-AL1) M4 (+SAST+ALL) M) (+CL1- $E$S7)/ ALL| (+CL1-Bl1)/ (2*ALl) || +$F$7-D11| +$F$7-E11
12 +$C87 | (+$AS7-A12) M4 (+$AST+AL2) M| (+CL2- $E$7)/ A12| (+C12-B12)/ (2*AL2) || +$F$7-D12 | +$F$7- E12
13 || +ma2+scs7| (+$A$7-A13)74  (+SAST+AIB) 4| (+C13-$E$7)/ AL3| (+C13-B13)/ (2*A13) || +$F$7-DI3 |  +$F$7-EL3
b)
A B C D E F G
1 |Chapter 12: Dependence of errors in forward and
2 centered difference approximations on dx.
3
4
5 PARAVETERS CONSTANTS
6 X dx mn | delta dx f(x) fr(x)
7 -1] 0.0001 0. 001 1 -4
8
9 f'(x) Error
10 dx f(x-dx) f(x+dx) Fwd. ad. Fwd. ad.
11| 0.0001| 1.0004  0.9996 | -3.9994 -4 || -0.0006 4E-08
12 0. 001 |1. 004006 0.996006 | -3.994 -4 || -0.006 4E- 06
13 0. 002 |1. 008024 0.992024 |-3.98802 |-4.00002 (|-0.01198 | 1.6E-05
14 0. 003 |1. 012054 0.988054 |-3.98204 |-4.00004 (|-0.01796 | 3.6E-05
15 0.004 |1. 016096 0.984096 |-3.97606 |-4.00006 [-0.02394 | 6.4E-05

Figure 12-2. The first fav rows of the worksheet | programmed to determine the dependence of the errors
associated with the forward and centeretedéihce approximations on the step sive, Part
a) shovs the formulae in each cell, and part b) shows the worksheet as it appears on the

curves.

screen.

Because of this problem, one rarely takes numericalafieds of enpirical data in this ay. Ifitis
really necessary to find the desive d some empirical quantityanother approach is usually &k \éry
briefly, the idea is to try to fit the empirical data with some analytic function or set of functions which are
smooth, and for which analytic degiives ae aailable. For example, in a situation such as that in Section
12-1, Molly would probably hee tied to find a polynomial of some order which fit the empirical data as
well as possible, and then taken thed#ive analytically of this polynomial. The idea behindvhto find
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a) b)
FUNCTIONS DERIVATIVES
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80 |
70 -
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10 |
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14 16 18 20 22 24 26 2.8 3.0 10121416 1820222426 28 3.0

X X

Figure 12-3. Plots showing the effects of a small amount of noise on numericedtiles. Rart a) shws
the functionx* (Clean), and the same functiomyttwith a random noise of amplitud®.05
added (Noisy). The Noisy cusvhas been déet slightly to separate iPat b) shows the cen-
tered difference approximation to the detive o the Clean and Noisy functions, using the
incrementAx = 0. A.
such a polynomial is just the same as that Herbie étuskcountered in trying to analyze his current vs.
voltage data back in Chapter he main difference is that Herbie chose a first order polynomial (a straight
line), and in this case Molly euld certainly want to choose a polynomial of higher orlilee a abic or
quartic.

We ae not going to pursue the matter further in these notedinaling a polynomial of some order
which fits a table of data as well as possible igidyfcommon problem, and a large volume of mathemat-
ics has grown up around it. It turns out that certain sets of rather unlikely appearing polynomials are the
most comnenient to vwork with. These sets kia keen gven names, and some are rathembus. Therare
Legendre polynomials, Laguerre polynomials, Hermite polynomials, and so frtivably the most use-
ful polynomials hge te hard-to-spell name Chebystpplynomials. Ive en almost as mggpellings of
this name as | v@ books on the subject. Sometimes it starts with a 'T'.
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12.4 Eercises

1.

Usingboth the forward-x and centered methods, estimate thestilezi umerically of the follav-
ing function, f:

f(x) =549n(3x)

for x=0.1landx =1.0radians. Usinghe same general procedure as in Section 12v8&stigate
how the accurag of both methods depends on thalue ofAx used in making the numerical esti-
mate. Doeshe error vary withAx as expected for both methods?

Usethe method discussed in Section 12-2 to determine analytically directly from the definition,
Eq. (12-7), the derative d the following function,

f(x) = sinx
You may find the following trigonometric identities helpful.

sin(a + b) = sinacosb + cosasinb

cosf@ + b) = cosacosb - sinasinb

The following approximations may also be useflihey become more and more accuratesas
becomes smaller and smallgit would be a good idea to use Quattro Pro to check them out.)

Sine=¢

cose =1 - &2

Whichof the following is the correct result fe(%((xlog x?)?

a. 2+logx?
b. 2x+logx?
c. A1 +logx)

Answer the question first analytically by using the chain rulevéluate the deviatives, and then
check your answer by approximating the dative for a fev specific values ok numerically.

2
Inthis problem you are to find an approximate formula for the secondtilexid a function,%,

similar to Eq.(12-9b). Usehe following idea.Divide up thex axis into an equally spaced grid of
points with spacind\x. Letg=
d’f _ dg
dx2 g dx Iy
mation to£ (and, thereforeﬁ) at sy thei grid point would be

e Then the required second detive is just the first devitive

. If I knew g at points half way in between the grid points, then a centered approxi-

ﬁm _@D~ gi+% _gi—%

=0
2
dx 0O dxg AX
But a centered approximation gox) = % at the half-way points is
ditd  fia—fi

gi+% =—_-0o =
de% AX

-30-

177



Chapt. 12 Notes for EEngr 121-122 F. Williams

Putting this approximation for the first degive d g into the approximation for the second
derivative d f just abae yields the desired formula.

Use Quattro Pro to implement your formula, and test it using the funéfion= x* as in
Section 12-3 where | tested the fand and centered approximations to the firstvdgve. By
examining the way the error of the method depend&xrdetermine the order of the method.

5. Heres another way to deve the centered approximation to the ddiive, Eq. (12-9b). Suppose
we want to knw the value of the deritive o some function,f, at thei' grid point. Then we find
a quadratic polynomial which has the sanadues asf at the three grid points;_q, X, and X;4;. In
other words, we find the quadratic polynomial,x) for which p(x-) = fi4, p(x) = f;, and
p(xi+1) = f41. We @an do so, because there are three unknown constants in a quadratic, and these
three requirements result in three equations in these threevum&nd hisis the same procedure we
used in Sectiod0-4. Oncehe quadratic polynomial is kam, it can be differentiated analytically
and the deviative evaluated at;.

a. Usethis procedure to determine an approximate formula for the firsttieei a thei™ grid
point, and compare your result with Eq. (12-9b).

b. Once the quadratic is kam, it's easy to tak the second derétive. Do 0, and determine a
2

.. d-f
formula for the second destive, W2 atx;.

6. A complicated circuit has a 1 nEQ(° F) capacitor in it as shown in the Fi2-1. Thevoltage
across the capacitor, is measured at seral times, and the results are shown in the table.

t (usec) | v (Volts) (" .
0 200 _
0.05 1.85 Complicated icd
0.10 1.65 Sl 1rE—T— \Y
0.15 1.41
0.20 112 _
\_

Figure 12—-4. Circuit and table of voltages vs. time for Exercise 12-6.

Determine as accurately as you can what the current through the capacitortwa® 8t sec.
Explain wty you chose the method you used.
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13. NUMERICAL SOLUTION OF DIFFERENTIAL EQ UATIONS

Many physical laws are expressed most simply as differential equatiodgferential equation is an
equation which includes deetives of ane or more of the unknowns in the equation. One such example is
Newtons Law from plysics. Ifa body is constrained to me dong a straight linem is the mass of the
body, F the force acting on it, anxlis the position of the body on that line, then Newddrw gates

d?x
m-_ = F(t (13-1)
gz -
We lriefly encountered tw other xamples in Chapter 8 in the form of the current-voltage relations for
capacitors and inductors. The current into a capadiisrrelated to the voltage acrossvt,by

dv
C—=I(t 13-2
R (13-2)
and the voltage/ across an inductor is related to the current throudh Ity
dl
L—=V(t 13-3
g V@ (13-3)

RecallC andL are humbers which depend on the capacitor and inductor reshedt is the capacitance,
andL the inductancel could continue to rgde you with other examplesubthis should gie you the idea.

Let’s look a little closer at one of these equations, say Eq. (13-2). Dividing both si@agiveg

dv 1

i I (t) (13-4)
whereC is a known constant & 10° F, for ecample). BothV(t) and | (t) are functions of time. (I dot’
explicitly write V(t) in the denative in Eq. (13—-4)because the notation gets mesdfywe knav V(t), then
finding I (t) is pretty easy: we hae mly to differentiateV (t) with respect td and then multiply byC. On
the other hand, if(t) is known, tut V(t) is not, then findingV(t) is someavhat more difficult, and the equa-
tion is referred to as differential equation In that case, the problem is to find a functional form\¢)
such that its devitive is equal to a knwn function,  1(t). Insteadof specifyingV(t) directly, this equa-
tion specifies the destive d V(t).

In the discussion of integration andfdifntiation in the previous twchapters, | could safely assume
that you had already seen the analytic part of the material in a math cBardke subject matter of this
chapterthat would not be a safe assumption, andvehaitten the chapter so that it should be accessible
evan if this is the first time you va even heard of a differential equation. In fact, those wheehbad
some formal introduction to differential equations may be at a disadvantage, because you may be tempted
to try using more general methods and concepts to analyze the examplasraisé problems than are
necessarylf you are in this group, | recommend that you remember tesy differential equation in this
chapter can be solved simplgeneral techniques will work, of course, but for the problems considered
here thg will often be much more difficult to apply than the simple, but not so general ideas | difcuss.
you are pulling out an atomic blunderbuss to attagkadithe problems in this chapteou run the risk of
completely demolishing it and perhaps yourself in the mushroom cloud.

| will touch briefly on one method for solving differential equations analytidaltymost of the time
will be spent on numerical solutions. The analytic solution dedifitial equations can become quite
abstract, and my principal goal in this chapter is to introduce youfeoetifial equations from a concrete
viewpoint. Ithas been my experience that mangineering students e dfficulty with differential equa-
tions and, | hope that the material in this chapter will help you when you encounter the beasts "for real" in
later math or engineering courses.
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13.1 Ppulation Growth—A Simple Dierential Equation

Consider the population dynamics of a large cplohbacteria. © a petty good approximation the
rate of growth of the colgnis proportional to the number of bacteria present. If on tleeage a bacterium
produces another bacteriumegy Ty, seconds, then bacteria will producen "child" bacteria during this
time intenal. If "birth" is the only factor changing the bacteria population, thenyatiae, t, the popula-
tion is growing at the rata(t)/ T, new bacteria per second. The rate of change is the theatiee with
respect to time, so a mathematical version of this statement is

dn _ n(t)

dt T, (13-5)
Real bacteria also die, but to keep things simple farlets assume that these are immortal bactémall
leave it to you as an>ercise to add the grim reaper into the modef. differential equations that arise in
practice, equations of the form of Eq. (13-5) are probably the most common, wrdetia¢sso among the
most friendly The equation can easily be solved analytically | will first try to sole it numerically.

Here’s the idea for a numerical solution. What is meant by the term, "birth réitét?8 birth rate is,
say 100 per houthen in one hour 100 bacteria will be "born,” and in a timéxpressed in hourgox
bacteria will be born. In our problem if the birth rate were a constant, the the number of bacteria at an
time would be just the starting number plus the birth rate times the time, with thexpiressed in the
same units as used for the birth rate. Unfortunately though, our birth rate is not constaytinAtaan,t,
the birth rate is(t)/ T,, and nis increasing with time.

We encountered a similar quandary igaiating integrals numericallyThe way out of it was to
evduate the integral in a number of small ste@aer each step the value of the integrand was not constant
either but if the step s small enough the integrand didtiiange mucher the step and approximating it
as constant introduced only a small errdhe same idea avks here as well. If we kmothe population at
some time, say, we @n approximate the population at a slightly later titme/\t, as he population at
plus the birth rate at that time multiplied By. That won’t be eactly correct because the birth rate
changes during the time stép, but by choosingit small enough we can makhe error as small as we
like. Oncewe hare an goproximation forn(t +At), we can use the same idea to obtain an approximate
value of the population tatime steps laten(t +2At), and so forth as far as we like.

That's the idea. Putting it into a formulavgs
n(t +At) = n(t) + —At = (t)gr (13-6)

If we know the population at some time, sigythen we can obtain an approximate value for the population
at ary time by repeated application of thigpeession. Knwing n(t;) we wse it to obtain a value for
n(ty + At), then knaving n(to + At) we wse it to obtain a value for(ty +2At). Knowing n(tg +2At) we use it

to obtain a glue forn(ty +3At), and so forth. The only thing that is needed is knowledge of the population
at some timet,, so he process can be startedl ofhat's a pece of information the differential equation
cant supply. We haveto knaw it from some other source. The differential equationtdemdow whether

we started the colgrwith just one bacterium or with a whole sneeze-fiihis requirement for additional
information is a common feature of féifential equations, and the required information is callethitial
conditionor aboundary valugedepending on the problem under consideration.

The result we obtain in thisay is only approximate because the equality in Eq. 13-6 is only approx-
imate. Thisequation can be made more accurate by choosing a smaller timAtsty, it is not clear
whether the approximateale ofn at some specific time obtained in this fashion will be more accurate
with smaller time steps. The reason is that although the error per time step decrAasesasle smaller
the number of steps required to march a certain distance in time increases, causing the number of times we
malke the error to increase at the same tirlifée ran into a similar concern in Chapter 11 with numerical
integration. Thereare ways to shw analytically that our method will caerge to the correct function in
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the limitAt — 0, but | dont want to go into that here. Once wesbdhe method programmed on a spread-
sheet we can check "empirically” to see if the results of the calculation approach some set fuittion as
chosen smaller and smallein order to let you sleep at nightJlitell you now that it turns out that the
method works.

The method works, but there other methods that work better in that the error deastsesith
step size than does this ondust as we found for humerical integration schemes, the dependence of the
error on the step size is an indication of tinéer of the method. (This use of the term "order" should not
be confused with the usage in the tenmder of a diferential equatiorwhich I will discuss in the next sec-
tion.) Themethod were mme up with here turns out to be first order becauseveyalberror is approxi-
mately proportional to the first power of the step sizater we will discuss an impvement on this
method for which the error scales as the square of step size.

This solution procedure is a natural for putting on a Quattro Pro spreadsheet, but to dow®twe ha
get more specific and specifglues forT,, andn(ty). Let's consider the case for whiai(0) =100Q and
T, =50 min. Sincethe value oh is specified at time 0, we tak, =0, and sincd, is given in minutes, we
will measure time in minutes. Thalue ofAt to be used is somewhat arbitrary—the smaller the value, the
more accurate the result will be but the more steps will be required to march to a specified time.

Before | put the whole thing on the computdt march through a fe steps manually to clarify what
needs to be done in Quattro Preor this calculation, I'll choose a fairly large time step/f=10 min.
According to Eq. (13-6) the population after the first time step will be

n(L0 = n(0) L+ )
Ty

10
=10000{L + =
-+

=1000x1.2=1200

Using this value, we can determin@0),
10
n(20 = (O L + =)

=1200x1.2=1440

and them(30),
n(30 =1440x1.2=1728
and so forth, out as far as we want to go.
Doing the arithmetic by hand gets pretty tiresome, andviwant to program Quattro Pro to do the
work for me. As usual, I'll tell you hw | did the programming, but | suggest you try it on your own before
looking at my stufvery closely | put the values of time in columfand the numerical results for the cor

responding population iB, garting in rav 12. | put the value of(0) in cell A7, the value ofT, in B7, and
the value ofAt in C7. This way | will be able to change the values of these parameteverently.

To generate the table, | pQtin A12, +A12+$C$7 in A13, and $A$7 in B12. | then put a formula
corresponding to Eq. (13-6) B13. In doing so, | noticed that the right-hand factor in the equation is the
same for each step. Instead eBlaating this factor each time, | put it in cél7. The formula vas
1+C7/B7 . Then inB13 | put+B12*$E$7 . Finally, | copiedA13..B13 down about 200 rows.

That's it. Fig.13-1 shows the first ferows of the spreadsheet. Looking at the numbers in column
B, | see that the population increasegplesively. Starting with 1000 bacteria and using a time step of
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a)
A B C E G
1 |Chapter 13: Numerical calculation of the evolution
2 of the population of a bacteria colony
3
4
5 PARAVETERS CONSTANT
6 n0 Tb dt 1+dt/Tb
7 1000 50 1+C7/ B7
8
9
10 Num
11 t n(t)
12 0 +$A57
13 +A124$CS7 +B12* $ES7
b)
A B C D E F G
1 |[Chapter 13: Numerical calculation of the evolution
2 of the population of a bacteria colony
3
4
5 PARAVETERS CONSTANT
6 no Tb dt 1+dt/Tb
7 1000 50 1 1.02
8
9
10 Num
11 t n(t)
12 0 1000
13 1 1020
14 2| 1040.4
15 31061. 208
16 4 11082. 432
17 5 |1104. 081
18 6 |1126. 162
19 7 |1148. 686
20 8 |1171. 659

Figure 13-1. The first fav rows of the worksheet | programmed to calculate the bacteria populd®ian.

a) shows the formulas in each cell, and b) shows the worksheet as it appears on the screen
1 minute, the spreadsheet claims there are more than 50,000 bacteria after 200 r(figitdS—1 only
shaws the first 20 rows, so if you are skeptical or curious, you wil ltaactually program Quattro Pro to
see the nv corresponding to + 200 minutes.) Fig. 13-2 shs a plot of the calculated population vs.
time.

This calculation is only an approximation, soshaccurate is it?For this differential equation an
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BACTERIA POPULATION
2800 T T T T T T T T T
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Figure 13-2. Plot of the numerical solution of Eq. 13-5 using the methwenhgn Eq. 13-6. The initial
population wa$(0) =100Q and T, =50. The time step waat = 1.0 min.
easy analytic solution exists, and with that we will be able to answer the question.dirbeatisn’t gotten
that far yet, so we will hee © be stisfied for nev with more indirect checks. First, do the results enak
sense? Lookingt the plot, the slope of the ceris onstantly increasing. That appears to be corréhe
birth rate should be proportional tg and the larger the birth rate, the more rapidly shouildcrease. The
more rapidlyn increases, the more rapidly should the birth rate incresea knd of a "rich get richer"
situation.

Our results look reasonable, but doytlapproach a set function &g is decreased® the method is
worth anything, the calculated population function should stabilize as weé\takmaller and smallerin
making the check, we must be careful to compataes ofn at the same time. Remember that aegi
time occurs at a different step number for different step sig&p.13-3 shws the result | obtained for
time steps of 10, 1, and 0.1 minutes. It appears that our method deegeam a fked result, as hoped.

(In case you are wonderingwd produced Fig. 13—-3 on Quattro-Pro, | diitnBecausef the com-
plication of having to plot the values pfat different step numbers for the three curves, | cheated and pro-
grammed the same algorithm on a computer usingv@ote my C program so that it wrote its results to a
file, and then | plotted the resultshaven't told you anything about C yet, so | cat€ll you ary more of
the details.You can check up on whether or not | pulled a fast one by comparing values on #héoaty
ues from your spreadsheet for the same time step.)

I'll come back to the topic of the numerical solution of differential equations sHamrtlfirst | want
to say something about the analytic solution of differential equations.
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BACTERIA POPULATION
2.5e+07 T T T T T T T T T

2e+07 -

1.5e+07 |-

Population

1e+07

5e+06 |-

0 1 1 1 I I T — 1 1
0 50 100 150 200 250 300 350 400 450 500

Time (Minutes)

Figure 13-3. Comparison of the performance of Eq. (13-6) in estimating the bacteria population vs. time
for three time steps. The parameters used wgere0, andT, =50 min.

13.2 AnalyticSolution of Differential Equations

An analytic solution to a differential equation is almostagk preferable to a numerical solutiont b
mary differential equations are very difficult to selealytically. The topic of hav to nlve dfferential
equations analytically is one that has occupied mathematicians for more than 100 yearg laanck theed
considerable successStill, for most differential equations the analytic solution is either difficult or
unknovn. Fortunatelythere are a fg types of differential equations that are easily solved, and these types
appear frequently in practical applicationia.this section, I'll first tell you a little about the nomenclature
that has desloped for describing differential equations, and then I'livelyou a simple technique for solv-
ing them that only works for aviecases. Iturns out, though, that these cases are the ones that appear most
frequently in engineeringEven after you h& become an expert in the more sophisticated methods of
solution, | recommend that you try this one first. If it doesr@rk, you h&en’t lost much; but if it does,
you will have saved yourself considerable algebra.

A differential equation is an equation in which one or more termadvim a cerivative d one of the
unknowvns. It differs from an ordinary algebraic equation in that a whole set or tablalugsvof the
unknowvn is desired.For example in the bacteria population problem, the desired solution was the value of
the bacteria population for all times, not just the population at a single ¥When solving a dferential
equation analyticallyone usually tries to find the functional dependence of the wwnkwariable on some
other variable such as timd=or an adinary algebraic equation, only one or at mostwa ¥alues are
desired. Br example, in the discussion of current and voltage in Chapter 8, we wound up with ordinary
algebraic equations when analyzing circuits containoitage sources and resistors. The desired solution
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was the current through some branch or the voltage across some element, and only one rasmber w
expected. (Asve will see shortlythe analysis of circuits can also lead to differential equatidhat’s one
reason for the existence of this chapter!)

Besides this di€rence in the quantity desired as a solution, there is another difference between ordi-
nary algebraic and differential equatior®n ordinary algebraic equation generally has only one, or at most
a few; solutions, but a differential equation usually has an infinite numHdere I'm not talking about the
infinite number of values necessary to speoifig solution Q(t) for all possible values df for instance),
but rather an infinite number of solution3ypically, the diferential equation describes the behavior of a
large number of systems, and each of these solutions corresponds to one of these Bydtehike job of
finding a solution then is to decide which of these solutions is the one corresponding to the system you are
interested in.

13.2.1 Classificationf Differential Equations

Differential equations are classified ivaal ways, some of which are useful and some of which are
not (in my opinion).One useful classification is tloeder of the equation. The order of a differential equa-
tion is the highest destive ader that appears in iEq. (13-1)is a second order differential equation, and
Egs. (13-2) and (13-3) are both first ord€ne following viciously unfriendly beast is third order.

13 O 7 d*f — ir25 -

e + 1 g *loa(f) = Sirt°3. 2 (13-7)
The equation is third order because the highest orderatieei invaving the unknan, f, is third order
(Unfortunately the same word, "ordgris used to mean wvdifferent things when applied to the numerical
solution of differential equations. One is the highestvdBvie ader in the equation, as just discussed, and
the other is the accunpof the numerical approximation: the "order" of the meth¥dhich meaning is
intended is usually obvious from the context, and as long as yoware @f the dual use of theond, it
shouldnt be ®nfusing.)

Another useful classification is intmear and non-linear differential equationsBasically a linear
differential equation is one which can be written in a form in which the unknown appears only as a first
power If the equation ist’linear it's ron-linear For example, Eq. (13-7) is non-linear because of the
seventh power off multiplying the second desdtive in the second term, and because of théflpin the

2
third term. The second term would be non-lineaeneif it were f % becausef times one of its
derivatives counts as non-lineaotice that the linearity of a differential equation does not depend on the
functional form of the independenanable,t in the case of Eq13-7). Thet'® in the first term and the
sir#®3. 2 on the right-hand side of Eq. (13-7) do not m#ie equation non-linear.

The point of making the linear-nonlinear classification is that linear differential equations are usually
pretty well behaed, and the analytic solution of these equationselatively straight-forvard. (That
doesnt mean its dways easy!) Nonlinear differential equations, on the other hand, are another. matter
Some such equations can be sdiairly simply but usually finding the analytic solution of a nonlinear
differential equation is very complicated andidiflt. Often,such equations can only be solved numeri-
cally, and even then there can be problems. Weturn your back on a non-linear differential equation!

One other useful classification is the grouping imona@eneousandinhomaeneousequations. A
differential equation is homogeneous if all the terms invibhire the unknown, otherwise &'inhomoge-
neous. Eq(13-7) is inhomogeneous because of the term on the right-handtsidiuld be homogeneous
if this term were zero instead his classification is useful mostly for solving differential equations analyti-
cally. A common method for solving an inhomogeneoutedkhtial equation wolves solving as an inter
mediate step the related homogeneous equadmwill not discuss such techniques in these notes.
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13.2.2 AMethod for Solving Some Differential Equations

OK, here it is—my recommended method for solvindedéntial equations.You guess! Yu are
probably thinking something l&k"Right! If | were sufficiently clairgyant to do that d be ending all my
time in Las \éga!" It really isnt all that bad, and | donthink you will need to buy a pack of Tarot cards
or attend apmmidnight €ances. Thalea is that you guess a solution, and plug your guess into theedif
tial equation. If it satisfies the differential equation, grédur worries are wer. If it doesnt, you haen't
lost much because plugging the guess into tHerdiitial equation is usually pretty eaagd it's usually
obvious whether or not it works.

Out of all the possible solutions,Wa@an you hae any tope of just guessing the right oné8uggest
you first guess an exponential, and if that ddesaik try a power of (or whateer your independentari-
able is). You will be surprised at ho often one of these avks. If neither works, then yowé pgrobably got
trouble.

As an example, I'll use the technique to gog. 13-5for the time dependence of the bacteria popu-
lation. Recallthe differential equation is

dn_n
dt T,
| will assume that | started the cojoaff with ny bacteria, and for ceenience I'll set my clock such that
this was done at=0. | choose toxpress the initial number of bacteria as a symbol rather than a specific
number lile 1000. Theadwantage of doing it this &y is that at anstage in doing the algebra it will be eas-
ier to see where terms came from. The symmatill always stand for the initial number of bacteriat i
instead | use a specific numpkke 1000, arithmetic may change it to something else, making it lose its
identity. At the end I'll substitute 1000 fam,, so if you find this confusing you mightamt to remember
that ng just stands for 1000For the same reasons, I'll lea the value of the parameté&f as a symbol for
now, even though at the end of all this I'll substitute 50 for it.

(13-5)

Anyway, I'l | take my avn advice, and guess an exponentialry,
n(t) Z a e (13-8)

wherea andb are constants which can be adjusted so that the guess is a solutiofl@-5g. Noticethat

| guessed a solution with\s&al unknown parameters in it. If there exists a solution of this form, fpr an
values of the constantsandb, the algebra will find it and the values of the constants for me. If | tried to
guess the whole thing, including the values of the constants, | almost certairty/fail because there are
so mawy possibilities.

Let's e hov well all this works. First,plug the guess, Eq. (13-8) into the differential equation to be
solved, Eq. (13-5), giving

dn 2 1
= b bt = é)t 1 _
at abe T, a (13-9)
In this equatiora € divides out and we obtain
2 1
b=— -
T (13-10)

Rememberb is a constant which is to be chosen, if possible, so that our guess is a solution détée-dif
tial equation. According to this result, our guess wibrkvif we can find a value dj such that it is equal
to ¥/ Ty, and is a constant. Doing that isvidl. SinceT, is itself a constant (50 in this case), the choice
b = 1/T, works just fine. Thus, it appears that

nt)=aé'm (13-11)

is a solution of my differential equation, foryavalue at all of the constaat My method has been more
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bountiful than | wanted, leever. | set out to find one solution of the differential equation, but instead |
came home with an infinite number of them, one solution for each possible value of

That's ot exactly what | had in mindEach of the possible solutions isfdient. Ithought | vas
describing a specific case in which the population of a specificycalas to be determined. At amne
time there ought to be one and only one population. It would appear that my math so far is claiming that |
can hae any ppulation at this time | want by choosing thatue ofa appropriately If | choosea to be
negdive, Eq. 13-11 gen predicts a ngdive ppulation!

What went wrong? The problem is that thefaténtial equation, Eq. (13-5), is very generHl.
describesany group for which the population change isrgmed solely by birth, with a birth rate of T,.
For example, if | start a colgnoff with 1000 bacteria and you start onéwith 106, then if both colonies
have the same birth rate, the same equation should describe the population of both. Thus, it is not surpris-
ing that Eqg. (13-5) has mgsolutions. Theremust be a separate solution for each possible g@ener-
ated by ap possible initial condition.

What all this means is that we are not yet done. The math has provided us with a heap of solutions,
one of which is supposed to correspond to my bacteriaycoltime problem ne is to pull out of this heap
that particular solutionHow can we do that2Vell, what information hee we not yet put into the problem
that should be needed to specify the solutidi2 answer is that we V& rot yet specified the number of
bacteria we started the colowith. Thisinformation is needed because different starting numbers produce
different population functionsWe darted withny bacteria and the starting timest = 0. (Remembethat
in this example,ny is just 1000.) Thus we require tha0) = n,. Making this requirement gs us a
equation which we hope will pick out the solution corresponding to our prolsmiuating our general
solution att =0 and making this requirement yields

n0)=aeé™=all=n, (13-12)
(Remember® =1, not 0.)
Finally then, we hee a alue for the second unknown constaniand the solution is
n(t) = nye’™ (13-13)

| claim that this is the solution to the differential equation, but you can check by plugging it into the origi-
nal equation, Eq13-5). For the specific case weahavebeen consideringl, =50, and ny =100Q so
the solution is

n(t) =1000e"* (13-14)

13.2.3 Comparisonf Analytic and Numerical Solutions

Let's compare the answers obtained by the taethods (numerical and analytid}'s easy to modify
our spreadsheet to compare the exact analytic result, Eq. (13-14), at each time with the approximate
numerical result.Fig. 13-4 shws the results | got fany =100Q T, =50 mn, and forAt = 10, 1, 0.1min.
Here | plot the relatie dfference between the numerical solution for each time step and the anAbytic.
At - 0, the diference between the numerical and analytic solution approachedpewfixed time step,
we see that changint by a factor of ten results in about a factor of ten change in the ereaning the
the error varies roughly linearly witht. This linear dependence of error on time step implies that the
method is a first order methotlVe will see in a later section that this method can beret&from the first
order forward difference approximation to the dative, so his observation makes sense.

Looking at the error results, it appears that my numerical metlokisw In fact, this numerical
method has been kwo for more than 100 years, and is callder's nethod More accurate methods
exist that are only a little more complicateldwill discuss one of these in a later section, and theaiem
of another is left as arxercise. r naw, though, | want to continue with my discussion of the analytic
solution of equations.
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DEPENDENCE OF ERROR ON STEP SIZE
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Figure 13-4. Comparison of the dependence of the redatrror obtained using the method in Sec-
tion 13-1 for three time steps. The values of the parameterayer0Q and T,, = 50.

13.2.4 InitialConditions

The unvanted generosity of the differential equation in giving us more solutions than we sought is a
general feature of differential equations. The problem of finding which of the solutions is the oa@twe w
is called annitial value problem if the independent variable is time, arlibandary valueroblem if the
independent variable is a spatial dimension. In generai"arder differential equation will ge a slu-
tion with n unknovn constants which must be found by\pding n additional pieces of information about
the solution. In our case, the differential equation we were trying te sals first orderso there was one
unknovn constant which could be determined by specifying the number of bactériaAsanother gam-
ple, in the last chapter the height of the projectilayas the solution of a second order differential equa-
tion, Eq. (12-5), so there wereawnknown constants wolved in finding the solutionThe two additional
pieces of information about the solution | used to find them were the height of the projectehalriver
att=0, and the speed of the projectilet at0. |took the initial height to be 0, and the initial speed to be
1000 m/sec. That information was sufficient to determine the solution completely.

The initial value problem appears in the numerical solution éérdifitial equations alsdifferen-
tial equations are usually solved numerically by using thengiquation to obtain a formula which,vgnh
the value of the unknown variable at one timeyijgtes approximately the value of the variable at a slightly
later time. For example in our bacteria population problem, if we \krtbe value ofn at the earliest time
for which we want to sobr K. (13-5),then with the formula in Eqg. (13-6) we can get approximately the
value of n for ary later time by applying the formula sequentiaM/ith a little luck, the whole thing @rks
pretty well, except that to start the chaifivwé need a value ofi. That's the initial value problem rearing
its head.
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13.2.5 fer the Skeptics Among You

Before continuing, let me try to reassure those of you who thielqlilled a fast one with my guess-
ing of the solution.You may be thinking, "What if we had guessed some other functional fakmAdn’t
we hae then dewed a dfferent solution to the equation?" That shouldmppen, because the cojon
should do whateer it does, independent of what some crazy gug hiyself writes down on a piece of
paper If all of this has ap value, what | write down on paper ought to match the \dehaf the colom.
Under a gren st of circumstances the colpdoes only one thing, so | should not be able to find more than
one solution of the g@rning equation which satisfies thevsgi initial condition. What happens is that if
we had guessed some other functional form weltvhare been unable to satisfy the differential equation,
Eqg. (13-5).

To illustrate, lets ry my second guess, a powertpénd see if | can makit work. | should fail mis-

erably If | guessn(t) 2 AtP, where A and p are constants, | see righway that this von't work because |
cant even satisfy the initial condition.With the guessed solution &t0 we nust hae n(0) = AQP =0,
whereas the initial condition requires thm0) = ny, and ny is probably not zerol’ve got a brown belt in
algebra, so it takes more than a little detaé# likat to whip me! I'll try instead

n(t) Z At + tg)P (13-15)
wheretg, A, and p are constants to be determined so that Eq. (13-15) is a solution (@f3E§), and that
the initial condition is satisfied. Doing the latter first (thathere | just stepped in it abe),
n(0) = no £ A0+ t)° = A

SO

1

_Oop

OAD
So far so good. Pluggind=g. (13-15) into Eq. (13-5) yields

to

A
Ap(t +tg)P? = - (t +1to)P (13-16)
b
We @n divide both sides bg and ¢ + to)*?, giving
=tth 13-17
= (13-17)

This equation requirep to be a function of. But by assumptionp was a onstant, so | can find no solu-
tion of the form of Eq. (13-15) with constamtand my second guess did not work.

SURGEON GENERAL'S WARNING:
The following paragraph is not recommended for mathaphobics.
It has been known to cause severe headache, dyspepsea, and athlete’s foot.

Maybe you are saying, "Wtbe sich a martinet?So p isn’'t a constant, big deal. Who, other than
you, said it had to be constanyamy?" Well if so you are right We can guess whater we want, and we
could guess a solution of the form of Eq. (13-15) with function oft. Taking that trail leads straight
through a swamp, but | didrépend $14.95 for my bwen belt for nothing!| definitely donot recommend
solving the equation this way but I'm trying to earce you that the guessing method iss fiaky as you
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may think. Things get algebraically more complicated because theeﬂeei@ is not so simple (we ka

to be very careful about using the chain rule), and because we end up with a differential equpti@nfor
the of chance you go in for such sadistic rituals, here is what you get. (There are a lot of intermediate steps
I've left out.)

dt " (t+tg)logt +to)  Tploglt + to)
That differential equation can be solved, and after some slogging weadirehéily!)
_ B+t/Ty
P logtt + to)

whereB is a constant to be determined and log means the natuaaithog. Puttinghat into Eq(13-15)
gives dter some more slogging

dp+ p 1

n(t) - eB et/Tb

Requiringn(0) = ny makesB = log(no) or €® = n,, and
n(t) = nge! T

Slogging through the swamp got me finally the same answer | obtained with my originallgl@ssrec-

ommend doing things this waut it can be done, and the results are consistent!

13.3 NumericalSolution of Differential Equations

Even before the adnt of electronic digital computers, difficult differential equations wereedolv
using numerical methods. The motions of the planets werked out during the 1808to good precision
by solving Nevton’s Law wsing numerical methods and hand calculatibnnderstand that in the 1940a
room filled with people, each with a mechanical calculatas used as a computer to gtme of the
differential equations umlved in designing the atomic bomivith the adent of modern digital computers
numerical solution of differential equations has become quite comigrgoal in this section is to intro-
duce you to some of the ideas behind the numerical solution of differential equations, and, as usual, to try to
solidify your understanding of dérential equations in general by presenting the material to you from a dif-
ferent viewpoint than you will see it in math classes.

I'll develop two related methods of solving Eq. (13-5) numericallyo save you the trouble of
thumbing back to find it, the differential equation of interest is

dn_n
dt T,
whereTy, is a constant that depends on the theawilives of the bacteria.We wish to sole this differen-
tial equation subject to some initial condition @n As a gart, I'll derive the same numerical method for
solving Eq. 13-5 as | dreamed up in Section 13-1, except this time I'll do it from a different point.of vie

Looking at the weaknesses of this method suggests a better one, and we consider that method in the second
subsection.

13.3.1 Eulers Method

Heres the idea behind the first methott.s the same idea | presented at the start of this chapter
looked at from a different point of wie I'll consider only time pointsvenly spaced in time, with an inter
val At as in Fig. 13-5, and I'll approximate the detive in Eq. (13-5) abwe by the forward-time approxi-
mation,

(13-5)

@D Mg — N
dt O At

(13-18)
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Figure 13-5. Schematic drawing showing the division of the time axis into equally spaced intervals.
Putting this in Eq. (13-5)

Mg =N _ N
AT, (13-19)
of, solving for nj.q,
1
Ny =N + be n; At
(13-20)
At
= ni + —D
T O

This is the same formula as we obtainedsongsly from a more physical vigoint. Theerror with
the method is shown in Fig. 13-3 for three time stdf®.any time step the relate aror keeps increasing
with time. Why does it do that? The reason is that at ame, t, we estimate the value af at the nat
time, t + At, using the slope at time The slope at all later times in the interval is larger than thlisey
but we make the estimate as if it remained at this minimum value throughbhtis our approximation
underestimates the valuetat At. This wouldn't be so lad because the error is small, but this underesti-
mated value at + At means that when we t@khe next step, we startfafith too small a slope. The slope
we use for this né interval is @en smaller than the correct value at its start. That leads tow@mveorse
error at the end of the interval, which leads to a worse error in estimating the slope it theenal, and
so forth. This is a case of "the poor get poorer.”

13.3.2 Modifiedeuler's Method

One obvious impneement on Eules method is to use a numerical approximation thaolires for
each interval some kind of/erage slope throughout the intatv Thereare sgeral possibilities for doing
that. Oneof these leads to the populaiodified Eules nethod I'll discuss this method here, andvea
another of the possibilities to you to work out in aereise at the end of the chapter.

Here is the idea behind the modified Ewdarethod. Theproblem with the original Eules’method
is that it approximates the slope throughout a timestep by the slope at the start of the tiBetéep.
would be to use the slope halwthrough. In terms of this slope, a better approximatian(tte At) than
that used for Eules’method would be

dnO
n(t +At) = n(t) + ag At (13-21)
U..

whereti,,% is shorthand fot; +%At. To use this formula we need alue for the deviative a the right
hand side. That'easy to get—almost. The differential equation is

dn _ n(t)

=\ 13-5

dat Ty ( )
This gives a brmula for the slope at sitime in terms of the value of at that time. Therefore, the slope at
tis is just
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13-22
an _ n(ti+%) ( )
dt- 0., T
Putting this in Eq. (13-21) gis
n(ti,1)
n(t +At) = n(t) + T 2~ At (13-23)
b

Theres anly one little rub What the heck i:m(tH%)? Thereare sgeral ways to obtain an approxima-

tion. Theone that leads to the modified Eutermethod uses the regular Eukerrethod to advance the
solution atn(t;) by a half time step tcn(ti%). Thuswe write

() = n(t) + " 3 (13-24)
b

That does it.To march a solution forward by one time step fraft)) to n(t;,;) using the modified Eules’
method, we first apply Eq. (13-24) to obtai(ti%), and then we use thise in Eq. (13-23) to obtain

n(ti +At)

The modified Eules method can be implemented easily on erkgheet. Beforaloing so, let
march a fev steps by hand just to malaire the method is cleaAs previously I'll consider the problem
for which n(0) =1000 ad T, =50 min, and I1l use a time step aft =10 nmin. Thento obtainn(10 we
have © first estimaten(5) using Eq. (13-24).

n(5) = n(0) + Q x 1 x10

_ 10
=n(O) 0L + 7

=1000C1.1=1100
Now we uwse this value in Eq. (13-23) to obtai(l0),
n(l0 = n(0) + (—) x10
=1000+ 11?00 =1220

I'll do one more time stepTo calculaten(20), | will needn(15).

(0)

n@5 = n(10 + x 2 x10

=n(l0 .2=122001.2=1464

and

n(20 = n(L0) + néIOS) x10

1
=1220+ 1464x% 5 =15128

That's as &r as | want to go manuallyfo implement the modified Euler method, | started to modify
the Quattro Pro wrksheet | had already made, but decided it was better to startXou may prefer to
modify your old vorksheet. Il tell you what | did, it | suggest you work it out yourself before looking
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very closely at my solution. In grcase, | suggest saving the old worksheet for future reference.

For easy comparison of the Euler and modified Euler methods, | put both on the same spreadsheet.
put the time in columr, and the modified Euler and regular Euler results for the population at that time in
columnsC andD. | put the exact solution in coluntfy and the errors in columris andG To march for
ward one time step with the modified Euler method | first need to marclardraalf a time step using
Euler's method, so | put the Euler approximation to the population at the half time step in dalu@re
point that gveme a little trouble &s deciding which m to use for the estimate an‘i%. Should it go in
the rawv for timet; or fort;;;? | chose to put it in the vofort;. That way, to calculate the modified Euler
value ofn(t;,;) | use values oh in thet; row.

Here are the details of what | did. In ceNg..C7 | put the \alues of the parameteng, T,,, and At.
For the half-step Euler calculation | needed % At/ Ty, and | put that alue inE7. For the modified Euler
full step calculation | neededt/ Ty, and put that inF7. For the rgular, full step Euler calculation
(included here only to facilitate comparison of the methods) | needeti+ At/ T, and | put that value in
G7. To help me, | put appropriate titles almeach of these cells, and labeled the columns.

| started the table of values forin row 12. For the time column | pud and+A12+$C$7 in A12
andA13 respectiely. For the half-step Euler column | pA$7*$E$7 in B12 and+D13*$E$7 in B13.
For the full-step, modified Euler column | pA$7 and+C12+B12*$F$7 in C12 andC13. For the full-
step regular Euler column | pfiA$7 and+D12*$G$7 in D12 andD13. Finally, for the eact result col-
umn, | putSA$7*@EXP(A12/$B$7) in E12, and copied that intdE13. To make comparison of the
accurag of the two methods easiet put the relatre eror of both in column$ andG. For the modified
Euler error column | put the formu(&€12-E12)/E12 in F12, and copied it intoF13. For the rgular
Euler column, the formulaas(D12-E12)/E12 . Finally, | was ready to finish by cgmg A13..G13
down about 200 mes. Fig.13-6 shows the first ¥erows of my greadsheet.

The results were rather impressi For At =10 min andT, =50 mn, the modified Euler methochge
results more than 10 times more accurate than did Emethod. Thevariation of the error with step size,
At, is of interest, and Fig. 13-7 shows the errors obtained for three vald¢s bibtice that the data are
displayed using a l@githmic scale because of the wide rangeafi@s. Thdigure shows that the error
scales nearly as the squareMf (If At is made 10 times smallghe error decreases by a factor of about
100.) Thisbehaior marks the modified Euler’method as being of second ordéfor comparison, we
found the regular Eules’method to be only first order.

13.4 AnExample from Electrical Engineering, a RC Circuit

Let’s look at a circuit analysis problem in which a simpléedéntial equation arised.ll first solve it
analytically and then numerically Consider the circuit in Figl3—8a. Itconsists of a capacitor connected
in parallel with a resistopiand the pair are connected to a voltage source through a switch. The switch has
been closed for a long while, and then at some time, which we =@llfor corvenience, the switch is
opened so that the combination is no longer connected to the batteryuestion is "What is thekage,
v, across the resistor (and also the capacitor) for all times?".

For now, I'll leare the values of the voltage sourdg, the capacitancel, and the resistanceRr,
unspecified, and gelop equations which contain these symbols. My reasons for doing so are the same
ones | had for leaving parameters unspecified in the bacteria calculation. $sytto apply the equa-
tions | develop to circuits with differing alues of these parameters. If we considered a circuit with specific
values, such as say =5 volts, C =1004F, and R =30 kQ, then the numbersauld soon get all mixed up,
and wed haveto do the analysis allver again for a circuit with different alues. Secondt each stage of
the calculation i easier to see Wothe value of each component enters into each equakivet gives bet-
ter insight into har the circuit behees, and it maks it easier to spot some kinds of mistak Generally
evan if | only want to find the current or voltage in one specific circuit with specific values of the compo-
nents, | try to do most of the calculation using algebraic symbols for the values and substitute humbers in
for them only at the end.
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Figure 13-6. The first fav rows of the modified Euler methodaxksheet for calculating the bacteria popu-
lation. Rart a) shws the formulas in each cell, and b) shows the worksheet as it appears on
the screen.

Back to the analysis, we need an equatienhting v. To get it we choose a likely looking node and

Notes for EEngr 121-122
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A B C D E F G
Chapter 13: Comparison of the Euler’'s and modified Euler’s
methods for calculating the bacteria population
PARAVETERS CONSTANTS
No. Tb dt 1+*dt/ 2Tb dt/Tb 1+dt/Tb
1000 50 1 1+0. 5*C7/ B7 +C7/ B7 1+C7/ B7
Eul er n(t) Error
t n(t+1/ 2] Md Eul | Reqg Eul Exact Mod Eul Reg Eul
0 +$AST* SES7 $A$7 +$AST | +$AST* @XP(AL2/ $B$7) || (Cl2-E12)/E12| (DI12-E12)/E12
+A12+$CH7 +D13* $E$7 +C12+B12* $F$7 +D12* $GB7 | +$AS7* @EXP( A13/ $B$7) (C13-E13)/ E13 (D13- E13)/ E13
A B C D E F G
Chapter 13: Comparison of the Euler's and modified Euler’s
methods for calculating the bacteria population
PARAVETERS CONSTANTS
No. Tb dt 1+*dt/2Th dt/Tb 1+dt/Tb
1000 50 1 1.01 0.02 1.02
Eul er n(t) Error
t n(t+1/2) | Mod Eul Reg Eul Exact Mod Eul Reg Eul
0 1010 1000 1000 1000 0 0
1| 1030.2| 1020.2 1020 |1020. 201 |- 1. 3E-06 | -0. 0002
2 [1050. 804 ||1040.804 | 1040. 4 |1040. 811 |-6. 5E- 06 |- 0. 00039
3| 1071.82 | 1061.82 |1061. 208 |1061. 837 |- 1. 6E-05 |- 0. 00059
4 |1093. 256 [|[1083. 256 |1082. 432 |1083. 287 |- 2. 8E-05 |- 0. 00079
5(1115. 122 ||1105. 122 |1104. 081 |1105. 171 |- 4. 5E- 05 |- 0. 00099
6 |1137. 424 ||1127. 424 |1126. 162 |1127. 497 |- 6. 5E- 05 |- 0. 00118

require the net current into the node to equal the net current outWifth.ary luck, expressing these eur
rents in terms of voltages (via the current-voltage relationships for thednali components) will ge us
the equation we desird.et’s pck the node labeled in Fig. 13-8b and define curreritg i, andig, as
shavn. Thengsetting the current leaving the labeled node equal to the current entering it,
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MODIFIED EULER ERROR
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Figure 13-7. Comparison of the rela® eror for three step sizes using the modified Esleethod. The
step sizes are stwo, and the values of the parameters are the same as those used for
Fig. 13-4. Because of the logarithmic scale used, the absolute value of theereledr is
plotted.
ic +ig=ig (13-25)
That is one equation with three unknowns, so we stié lsame work to do. Each of the currents depends
on the wltage,v, so | will use these current-voltage relationships to try to get an equatidluiirg v only.
From Eq. (13-2),

i~=C— 13-26
ic=C dt ( )
and from Ohns law
.V -
ig= = (13-27)
Then Eqg. (13-25) becomes
dv v
kPR S 13-28
C TR ( )

Eqg. (13-28)is a linear (thank goodness), first-order differential equation, with unknown dependent
variable v, and independentariablet. The dependenandindependenstuf just means that the dependent
variable,v in this case, depends on the value of the independenble,t in this case. There is also a sec-
ond unknown dependent variahig, which looks troublesome, but turns out not to be a problem.
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a) b)

+ + ° e
V<> C—— R \% V<> C—— R \%

Figure 13-8. a) Circuitdiagram for the RC circuit discussed in thet.teTheswitch was closed for a long
time, and was opened Bt0. b) Same circuit as in part a), except the the currents in the
three branches connected to nad®e labeled.

When we say we want to sel\F. (13-28),we mean we want to find a relationship or tabiengj

the value ofv for all allowed values of. The solution is not a single numbas wth an ordinary algebraic

equation, but rather a whole table of numbers—a functibwe are solving the equation analytically we

usually find an equation, rather than a table, relatiagdt. If we are solving it numerically we usually
calculate a table thatwgs the value ofv for a number of discrete valuestofFor the analytic solution the
equation is like a able which has an infinite number of entries, one for each possille oft. For the
numerical solution, we cannot generate an infinite number of table entries, so we try to calculate entries for
values oft sufficiently closely spaced as tovgius whatever information we need about the solution.

Solving Eg. (13-28) for half of the possible timeseésyeasy For times before the switch is opened
(in other wordst <0), the top node is connected to the voltage source. Therefore, for these times

v(t) =V fort<0 (13-29)

a onstant. As dde issue, you might want to kwovhatig is during these timedf v is constant in time,
then its dewative is zero, and Eq. (13-28) becomes

\A
0+§:|S fort <0

or

ig= R fort<0 (13-30)
This result makes sense. Because thitage across the capacitor do¢shange during this time, the eur
rent through it is zero, and it might as well not be théiige current through the resistor is, by Ofitaty,
justV/R, and since no current flows into the capacitor this isigjsds Fjy. (13—30) claims.

What about the other half of the times, those for whief? Theswitch is opened at=0, so during
these times it is open, and no current caw ftbrough it. Therefore,ig =0 during these times, and
Eq. (13-28) becomes

dv v

4+ _ = fort> 13-31
Cdt = 0 ort=0 ( )

This is a first-orderlinear homogeneous diérential equation with one unknown dependesntable, v.

The equation is of the same form as the differential equation we encountered for the bacteria population,
and the same methods of solution will work for litll solve the equation three times: once analytically

once using Eules'method, and once using the modified Euler method.
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13.4.1 TheéAnalytic Solution

First, I'll solve the differential equation analyticallyfaking my own advice, I'll first guess arp®-
nential and see if that works.

v(t) Z a e fort>0 (13-32)

wherea andb are constants which we must find. Notice that, as before, by guessing a solution of this form
with several unknown parameters in it | Yereduced the kel of clairvoyance requiredl only have o cor-
rectly guess the right functional form (axpenential in this case), not the details (the values of the con-

stants). Ill let the algebra tell me what these constaatgind b, must be if Eq(13-32) is to satisfy
Eqg. (13-31).
Let's s2e hav good my guess is. Plugging Eg. (13-31) into Eqg. (13—-30)
t
Cb ae™ + a;b =0 fort>0 (13-33)
In this equatiora € divides out, and we obtain
1
Cb+ R =0 fort=0 (13-34)
or
1
== __ 13-35
b=-2& ( )

If we choose this value fdr, then Eq. (13-32) will be a solution of Eq. (13-31) foy &alue ofa. Just as
with the bacteria population example, we set out to find one solution to a differential equation but found an
infinite numberone solution for each value possible &or

Out of all the solutions to Eq. (13—-31) Ivesjust found, only one corresponds to the béraof my
circuit, and | am still left with the problem of finding out which one itWhat | need is to find whatlue
of a corresponds to my particular problefhhis is the initial value problem we encountered befdre.
solve the problem, | need one additional bit of information about thiege at ap time for which the dif-
ferential equation describes the behavior of the circuit. What informati@avieanot supplied to the math
that should be important? Looking at Efj3—31) we see that there is no mention of the fact that the top
node had been connected toddtage source of strength beforet =0 when the switch was openetdhe
voltage of the node should be fdifent if the node was connected to olt source than say a 5000It
source. Thabught to be important, and it seemselikthat it is the missing bit of information. ladt,
each of the solutionsvé generated describes the behavior of the circuit for some voltage sdimess a
different solution for each possible value of the voltage of the source. The differential equatiokndian’
what source | had in mind, so iigeme all the solutions. My remaining task is to find the solution corre-
sponding to the voltage source in my circuit.

To do that, we can notice that &t 0, just when the switch is opened, tlodtage across the capacitor
must be the same as it was just before the switch opened. (This is not as obvious as it mdyd&smursd.
the subject in a little more detail in Section 13-5.4.) Thus we require

v(0) =V (13-36)
Using this requirement with Eq. (13-32), werba
vO=ad=a=V (13-37)
That's the desired value &, and the voltage for all times greater than 0 is
v(t) = Ve 'RC fort=0 (13-38)
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Let's look at this a little closerFor t =0, v(0) isVe® =V, as epected. (Remembéhate® =1.) For
t >0, we would expect that the voltage on the capacitor would fakh®it dschages through the resistor
This is the behavior predicted by Eq. (13-38) because forymsitie agument of the exponential isgre
ative, and the agument becomes more and morgatiee &t increases, causingto become smaller and
smaller How long does it ta& the capacitor to dischge? VeIl it never completely discharges, there is
always alittle bit of voltage left on it, but that little bit becomes very little inde®¥¢hent = RC the agu-
ment of the exponential id, v is V(RC) = Ve = V/e, and the value has fallen ide = 0. 38 d the origi-
nal value. Thistime is often taken as a measure of the digghéime, and is called tHall time, and the
Greek letter taug, is diten used for it.

As an aside, thereag another way we could\Vefound the analytic solution of E§3-31. Defin-
ing r = RC, and putting the second term in the equation on the other side of the equalsesgn gi
dv__v (13-39)
dt T
This is alImost the same equation that the bacteria populatgatisfied in Eq13-5). Besideshe change
of variable fromn to v, the only difference is that this equation kasin the denominator on the right side
instead ofT,. Looking at the solution we obtained eatlige muld substitute-r for T,, obtaining

v(t) =aet) = qgtRC fort=0 (13-38)

13.4.2 TheNumerical Solution

As with the analytic solution, we first notice that the untmov, obeys a different equation before
the switch is opened than aftep te solution must be carried out inawegmes:t<0, andt=>0. The
equationv satisfies in the first ig(t) = V. That's tivial to solve, and we certainly damieed a numerical
algorithm for it. For t=0, v satisfies Eq(13-31). Proceedings before, the Euler’'method "marching”
formula is

At [

Vig =V 1- RCO Euler (13-40)
and the modified Eules’method marching formula is
At e
Vig = Vi Vit RC Modified Euler
where (13-41b)
At
Viee =V - ﬁg Modified Euler

These formulae are very similar to those weetiged for the bacteria population problem, and | will/eea
the implementation of them to you as aereise.

13.5 ASecond Example: An RLC Circuit

I'd like to wnsider as a second example the circuit shown in1Big9. Theswitch has been closed
for a very long time, and then is opened at0. Thequestion is "What is theoltage,v(t), for all times?".
As in the previousxample, we will try to answer the question by writing down an equation expressing the
fact that the net current into the labeled node must equal the current out of it, and then using the current-
voltage relationships for the individual components connected to the nodevtdbe equation to one
involving the node wltage. V¢ will find that eserything proceeds more or less as befoxeept for the
complication that we end up with &wcoupled differential equations rather than just olieve were trying
to sole the problem analytically that would be a significant complication, but we will find that it only adds
a little more algebra in the numerical case.
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" is liC liL
\/<::::> C—— L.% R \Y;

Figure 13-9. Schematic diagram showing the RLC circuit discussed in ghe Tdeswitch was closed for
a long time before being openedtat0. Thecurrents in the four branches connected to node
a are labeled.
To get started, wdl’ label all the currents as shown in FI®-9. Asin the previous example, we
have wo time eras to considert:< 0, when the switch is closed, ahd0, when the switch is open.

13.5.1 The <0OEra
First we'll consider the ere<0. The problem isr’quite as simple as prusly, because theoltage
source is connected to the node of interest through a resistor ldhgled we @nt just say that is V.
The voltage across the inductor (which happens to be the samesaaccording to Eq. (13-3)
dig
vi=v=L—
- dt

| don't know right nov whati, is but the switch has been closed for a long time,iganshould hae
stopped changing. It should\ebecome constant, meaning that the e dould hae become zero.
Therefore

v(t)=0 fort<0 (13-42)
You may be uncertain about my claim thatmust be a constant fox 0. In one of the problems at
the end of this chapteyou are asked to findandi, for the problem in which the switch has been open for
a long time so all voltages and currents in the RLC part are zero, and thed the switch is closedAs
long as the resistpR, is mot infinite you will find that the voltages and currents change quite a bit at first,

but become more and more constant with tinker right now, if you are skeptical, "trust meYou'll have
an opportunity to check it out later.

What are all the currents fox 0? If v=0, then both: andig must also be zero becalige= C %’
andig = %. Also, the voltage acrod’s isV — v, which must be just sincev=0, so
. \%
igt) = — fort<0 (13-43)
Rs
The current into the labeled node dsand the current out of it ii; +i, +ig =i, 01, must equals,
. Y
iL(t)=— fort<0 (13-44)
Rs
13.5.2 The =0Era

That pretty much takes care of the0 eaa, what about>=07? For these times the switch is open, so
is=0, and the no-net-currentapplied to node gives

ic+ti_+ig=0 fort=0 (13-45)

-52-
199



Chapt. 13 Notes for EEngr 121-122 F. Williams

I would like to mrnvert this to an equation for. Bothic andig have smple, cowvenient relationships with
v, but the current-voltage relation for the inductor is backwards from the way | woelitt lik
di,
v=L—= 13-46
at ( )
There are seral ways around this problem. One woulddlve integrating both sides of the alm® equa-
tion to get a relationshipgng i, in terms of an intgral of v. Another way would be to differentiate both
sides of Eq(13-45). Il take a dfferent path.I'll just leave i, alone, and deal with wvunknovn depen-
dent \ariables,v of course, and_ . Since | hae wo wunknowns, I'll need tvo equations. Onewill be
Eq. (13-46) abee, and the other will be Eq. (13-45) with the current-voltage relationships substituted in

foric andig. Usingic =C % andig = % in Eq. (13-45) we get
C—+—=+i_.=0 fort=0 (13-47)

These tw eguations, Egs. (13-46) and (13-47) are ow b&yuations for the te unknowns,v and
i_. For corvenience I'll rearrange them so that the datives ae on the left hand side, and the rest of the
stuff is on the right.
dip _v
G oL fort=0
(13-48b)
dv_ iy v
dt C RC
To lve these equations numericallye wuld use either Eules’'method or the modified Eularimethod.
I'll choose the latterThe process goes just as before, except there are two, coupled, differential equations
instead of just one.

13.5.3 TheNumerical Method

As before I'll choose a time stefdt, and calculate approximateales for the unknowns at a set of
discrete times, t{}, separated by the time steft. Notice I've changed the subscript froimas in the last
section tok to avoid confusion with the currentd.also ran into a problem with too masubscripts on,
so | decided to drop temporarily thesubscript. Br the rest of this sectionandi, will by synorymous.
The dervatives evaluated halfway between these times are

fort=0

did i i

dt Tkt At
(13-49Db)
Q/g _ Vin — Vk
dt Tkt At
For the values of the destives I'l| use Egs. (13-48)
di g _ Vk+%
dt Chot L
(13-50b)
dvg _ et Vil
dt Tl C RC

Equating the half-interval destives in the corresponding equations yields
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v (13-51b)
Ik =g + L 2 At

Okl . Viel [

t
uc RC

Vs = Vg —

As before, these equations are great but we need to kramdi at the half-interval timesTo get
those, we use Eularimethod with a time step (%fAt.

. v At
e Tt
(13-52b)
N Ok , Vk DAt
et T T Reo2

These tw equations combined with Egs. (13-51) are sulfficient to let us march along.

13.5.4 Thdnitial Value Problem

To dart the march we need the initial valuesvaindi. (Remember that I'm using the symhah
place ofi,, the current through the inductprJustbefore the switch was openedwas zro, andi was
V/Rs. | claim that these values must be the same just after the switch oper@) = andi(0) = V/Rs.
That claim is not as obvious as it might sounds liised on tw old adages:

1. "Thevoltage across a capacitor cannot change abruptly;" and

2. "Thecurrent through an inductor cannot change abruptly.”

These adages in turn are based on the current-voltage characteristics of capacitors and irduetors.
capacitoyfor example,

. dve

ic=C—=

¢ dt
If vo were to change suddenly from oraue to anothetthe denvative would be quite large ¢en infinite
if the change occurred instantaneously).very large or infinite deviative then implies (unles€ =0) a
very large or infinite current through the capacit@herefore, in the absence of such huge capaciter cur
rents, the capacitoroltage must change continuousl@imilar arguments applied to the curremtitage
relation for an inductor imply that sudden changes in the current through an inductor require oifage v
across it.

Anyway, our initial conditions are

i(0) = I\?/S (13-53a)
and
v(0)=0 (13-53b)

13.5.5 Pogramming Quattro-Pro

We ae nav ready to program Quattro Pro, and sew ttis all works. Quattrd®ro works with num-
bers, not algebraic symbols, so werddo choose specific values for the components. gart, | chose
R=1MQ (=1 Q), L=0.1 H,C =1 4F (=10° F), Rs =5 kQ, andV =5 volt. Heres how | did it. | sug-
gest you do the programming on yowro | put the values of for which | will calculatei andv in col-
umnA, the values of andv at the half-intervals in columr&andC respectiely, and the values af andv
at the whole intervals in columri3 and E. | started the table in w15 to give mom for a title, the
adjustable parameters, and some constants. |Agdlput the alue ofV, and in cellsB7..D7 | put the
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vaues of R, L, and C, respectrely. In E7 andF7 | put Rg, and the time step)t. The initial conditions
depend of some of these parameters, and | put them in a separate moxvitklg in B11 andv, in C11.

To make the table, | puD in cell A15, +$B$11 in D15 and+$C$11 in E15. Adopting the same
convention | used preiously, | decided to put the values 'E}(L%) and Vil in thet, row rather than thé,,,
row. | put +D15+E15*$F$7/(2*$C$7) in B15, +E15-(D15+E15/$B$7)*$F$7/(2*$D$7) in
C15, and | copied these formulae intd16..C16 . In Al6 | put +A15+$F$7. | put
+D15+C15*$F$7/$C$7 in D16 and +E15-(B15+C15/$B$7)*$F$7/$D$7 in E16. Finally, |
copiedAl16..E16 down the worksheet for about 500 ws. Wth that may numbers to calculate, the
worksheet gets a little sluggish. Fig. 13-10 shows the fivstdevs of my worksheet.

The result is tw columns of numbers in columiBandE which arent very informatve. In this case
it really is worthwhile to graph the results. Plotting either i, you should find what look li& dne waves.
In fact they dmost are sine awves. If the resistor labele® werent there (or it had infinite resistance) yhe
would be exactly sine awves. Thepresence of the resistor causes the amplitude of the sines
decrease slowly with timeThe rate of decrease is determined by the valuR wofith smaller values caus-
ing a faster decreas&/ou can see this effect by decreasing tiadue ofR in cell C3 and rgraphing. Be
sure to wait for Quattro Pro to finish recalculating (adenced by the disappearance of Bi€GDat the
bottom-center of the screerfyor small enough values d®, the damping of the sineavebecomes so great
that it never gets to complete a fullycle. (If you decreas® too much, the numerical method becomes
unstable and starts giving ridiculous resulthis is a common problem when solving differential equations
numerically and | discuss it in a little more detail in Section 13-5.7.)

The oscillatory behavior of the circuit for large valuesRak a common feature of circuits contain-
ing both inductors and capacitors, and the general phenomenon isrestliednce The phenomenon is
very important in electronic circuit engineering. The voltage oscillates with a fregtiesicis determined
mostly by the glues ofL andC and to a lesser extent I The situation is closely analogous to the vibra-
tion of a string. If you pull on some part of a guitar string, for example, that is analogous to connecting the
RLC circuit to a steadyaltage source, and letting go of the string is analogous to opening the switch in the
circuit, disconnecting the circuit from the source. The response of thg/$tems is similar; both oscillate
or ring at a set frequepcthe resonant frequenc In music the phenomenon is useful for generating audi-
ble tones of specific frequen@nd in electrical circuit design it is useful for generating a sinusoaltdge
waveform of a specific frequegc

Very early radio transmitters, in fact, consisted only of an inductor and capacltattery and a
rotary switch to alternately connect and disconnect the LC circuit with the bafteeyl C circuit would
ring at some frequegaetermined by the componerdlues each time the connection was made orelor,ok
and the switch had to be rotated fast enough that the switch would close and open again before the ringing
waveform decayed tooaf. These days, more sophisticated circuits using vacuum tubes or transistors for
the old mechanical switch are used, but the idea is nearly the same.

13.5.6 ASynopsis of the Analytic Solution

The set of differential equations Eqgs. (13-48) can be solved analytioatlye won't do it here.
Instead I'll just gve you a brief synopsis of it goes. Itturns out that my advice about guessing an
exponential works, but therethis little detail about the gument of the exponential which takes a lot more
explaining than | want to do here. First, we guess

iL(t) =ige® and v(t) = vp et (13-54)

whereig, Vo, and s are unknown constants similar goand b in the previous xample. Noticethat I've
become a little more sophisticated in using my guessing techniquesognized that if | can find such
solutions the constants before the exponentials will be the valigsanfiv at timet =0, and gvethese
constants more descripéi rmmes than tha | used preiously. Also, | called the constant that appears in
the argument to thexponentials to conform to common usage. Plugging these guesses int¢1Bg43)
we find that the will work if
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a)
A B © D E F
1 |Chapter 13: Numerical solution of RLC circuit using
2 the modified Euler's method.
3
4
5 PARAMETERS
6| V R L c Rs dt
7 5 50 0.1 1E- 06 5000 1E- 05
8
9 CONSTANTS
10 i0 v0
11 +ATI ET 0
12
13 Eul er Mod Eul er
14 t i (t+1/2) v(t+1/2) i(t) v(t)
15 0 | +D15+E15* $F$7/ (2*$C$7)| +E15- ( D15+EL5/ $B$7) * $F$7/ (2* $D67) +$B$11 +$C$11
16 ||+A15+5F$7 | +DL6+E16* $F$7/ (2*$C$7)| +EL6- ( DL6+ELG/ $BS7) * $F$7/ ( 2* $067) || +DL5+CL5* $F$7/ $C37 | +E15- ( BL5+CLS/ $BS7) * $F$7/ $067
b)
A B C D E F
1 |Chapter 13: Numerical solution of RLC circuit using
2 the modified Euler's method.
3
4
5 PARAMETERS
6 v R L c Rs dt
7 5 50 0.1 1E-06 5000 1E- 05
8
9 CONSTANTS
10 i0 v0
11 0.001 0
12
13 Eul er Mod Eul er
14 t i(t+1/2) | v(t+1/2) i(t) v(t)
15 0 0.001 | -0.005 0.001 0
16 1E-05 |0. 000999 | -0.0131 0.001 | -0.009
17 2E- 05 |0. 000997 |-0.01972 |0. 000998 |-0. 01637
18 3E-05 |0. 000995 |-0. 02514 [0. 000996 | -0.0224
19 4E-05 |0. 000992 |- 0. 02956 [0. 000994 |-0.02732
20 5E-05 | 0. 000989 |-0. 03315 ||0. 000991 |- 0. 03133

Chapt. 13

Figure 13-10. Worksheet which uses the modified Eudemethod to sole for the wltage and current in
Fig. 13-9. Pat a) shavs the formulas in each cell, and b) shows the worksheet as it appears
on the screen.

1 . 1— /11— C
2RC~ C 4RZ2 L

As usualj, andv, can be aything. Therds potentially some funnbusiness with the square rodf. R is

small enough, there is no problem because the first term in the argument of the square root gdl be lar
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than the second, and the difference will be pesitif R is made biggehoweve, there will come a point
where the second term exceeds the first, and the argument of the square root begaiwes Al "nor-
mal" numbers when squared/gia sitive rumber so what is meant by the square root of gatiee rum-
ber?

Most of you hae en such a situation befor@o handle square roots of ga@ive rumbers a ng
type of number was irvented—animaginary number A "normal” number is called geal number and a
number consisting of the sum of a real and an imaginary number is catfgaddex All that is OK | guess,
s just becomes comptevhen R exceeds somealue. Theproblem is that is used in an exponent, and
raisinge to some compbepower seems a bit questionable at best. This is the part 1 @ant to discuss
here, so I'll just tell you tha¢ to a compl& power can be defined so as to be sensible. I'm leaving some
stuff out here, but the result is tharaised to an imaginary power varies with the magnitude of thvegmpo
like a $ne wave You already kne thate raised to a real peer just increases or decreases monotonically
depending on the sign of the number.

Thus asR is varied, from very large values tery small, there ought to be a distinct change in
behaior asR crosses through the value for which the argument of the square root changeSpgigifi-
cally, we expect oscillatory solutions for values Bfabove this "critical" value, and simple exponentials for
values less. The critical value is the one which makes the argument of the square root zero,

1—/L
Rerit = > '\/ c (13-56)

If Rjust equalsR;, the circuit is said to beritically-damped If R is smaller than this value it mer-
dampedgand if R is lager, the circuit isunder-damped Although the gact point of transition from under
damped to wer-damped is not clearlyvent, you should find this behavior if you experiment with the
worksheet we hee just created.Values of R much larger tharR.; produce damped oscillatory solutions,
values smaller produce simple decaying@nentials. Figl3—-11 shws the results for three values Rf
The value ofR.;; for the circuit values used is about 1G8

You will derive dl this stuf analytically when you ta& BEE213. Mary students find all the calculus
and algebra a bit rough goingjsuggest you s& this program on a flogp put it somewhere, and drag it
out again when you get to this point in EE218hink you will find it helpful.

13.5.7 Numericalnstability

| can also use this example to demonstrate a common problem with numerical solutitererfitchf
equations—instability You may hsae inadwertently encountered it alreadyf you malke R too small, the
worksheet bombs outTo se that, replace all parameters to their default vallesl ¢/~ L=0.1H, and
At =107 sec), except seR equal to 1Q. You should find that the worksheet claims that both tiege
and current rapidly become verydar Thatdoesnt make nse. Br example, at=0. 002 sc, the work-
sheet claims the voltage has risen to more 1i#&hvolts and the current to more tha€® amp! If you
keep eerything the same, except reduteto 107° sec, thenerything looks reasonable aip. Otviously,
something is behaving strangely.

Heres what's going on. As the value dR is decreased, theoltage changes more and more rapidly
just aftert =0 (check it out for yourself). The approximations in E48-49) are based on the assumption
that the quantity wolved doesrt’'change too much during a time intakv Thisassumption becomes less
and less accurate &is made smaller withverything else held constant. If we go taar, fthe solution
becomes unstable in that the errors start increasimonentially For a given value of R, the problem can
be fixed by choosingt suficiently small that the change induring arty time interval is small enough to
keep everything stable.Alternately for given values ofR andAt for which the solution is well belied, it
is possible to find a mevalue ofAt large enough to makthe solution go unstable. In fact if you reset the
worksheet parameters to the originalues,R=1 MQ, C=1 4F, and L =0.1H, but choose a little lger
value ofAt, like 5x107™ sec, it displays an interesting behavior.
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RESPONSE OF RLC CIRCUIT
0.20 T T T T T T T T T

0.15
0.10
0.05
0.00
-0.05

Voltage (V)

-0.10

-0.15

-0.20

-0.25

-0.30 1 1 1 1 1 1 1 1 1
00 05 10 15 20 25 30 35 40 45 50

Time (msec)

Figure 13-11. Voltage v in the circuit in Fig. 13-9 for three values Bf The first \alue is much layer
thanR, the second is about equalRg,;, and the third is much less.

This problem of the stability of numerical methods in general isfiaudifone. For problems as sim-
ple as this one, it is noew hard to determine stability criteria for the standard numerical methods such as
the modified Euler method we usdélor more compl& problems, such as thosevgiving non-linear difer-
ential equations, the question of the stability of particular method can be much harder to determine.
multi-dimensional problems where the dependent variable is a functiovesflsmdependent ariables
(like x, y, and z for example) some methods which look very reasonable turn out to be unconditionally
unstable! V& aen't going to pursue the subjectyafarther here. In deciding whether to apply numerical
analysis to a problem, my advice is to try it, and do a reality check on the afsitvieyoks reasonable, &’
probably OK. Numerologists consider it herelbyt a pretty good check on the accyraf your imple-
mentation is to hakvthe time step (or whater), and see he much the answer changes. It isfoolproof,
but the largest change in your answer is often a pretty good estimates @Cbarately you solved the dif-
ferential equation.
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13.6 Eercises

1. Modify the model of the bacteria colpmo goply to mortal bacteriaAssume that the number of
bacteria that die per unit time isvgn by n(t)/ T4, whereT, is the &erage life span of a bacterium.

a. Obtainan exact, analytic solution foxt) and then use the modified Eukernethod to find a
numerical solution. Use the samalwes forn(0) and T, as used in Section 13-1, anddak
T4 =200 min. Compareghe analytic and numerical results.

b. What happens if the death rate exceeds the birth fade@xample, what do the numerical
and analytic solutions predict for the population functiofyif 20 mn?

c. Supposéhe birth rate xactly equals the death rate. What ought to happen then? Do your
analytic and numerical solutions agree?

2. Progranthe problem discussed in Section 13-4 to find the voltage as a function of time for the RC
circuit shown in Figl3-8. Useboth Eulers method and the modified Eulsenrethod, and compare
the results of both with thexact, analytic solutionVerify that the error scales withit as expected.
3. Considethe following differential equation.
dy 1
— +-vy=0 13-57
Y ( )
subject to the initial conditiog(1) = 3.
a. Sohe the equation analytically by taking my advice in the notes on guessing solutions.
b. Pogram a Quattro Pro work sheet that eshEq. (13-57) fot>1 using both the Eules’
method and the modified Eulerrethod.
c. Calculatethe error with the numerical methods foveal, suitably-chosen values of the
time grid spacingit. Do the errors of the tavmethods vary withi\t as expected?

4. Considethe differential equation
%_¢:1 (13-58)

subject to the initial conditiog(0) = 0.
a. \erify that neither of my recommended guesses for the solution of this equation work.

b. Pogram Quattro Pro to savthe differential equation using the modified Ewdarethod.
Calculate a solution for@t <1.

c. Thesolution of Eq. (13-58) is kmen to bey =tant, where tan means the tangent, and the
argument is assumed to be in radiandse this solution to calculate the error with the
numerical solution for seral values ofAt.

d. Theanalytic solution has strange betwa for certain values of. How does the numerical
solution behee &t approaches the smallest of these?

5. Considetthe following three differential equation&or which can one find a solution of the form
y = Aé” whereA andb are constants antl # 0? WHY?
2
dy  dy
dx2  dx
d’y dy

a2 a0

a. -6y=0
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6.

7.

d?y dy _
C. B2 +2(x+1) ax +4xy=0 [Carefull]

Considethe following differential equation
dy ., .
— +ty= t
. y =sinw
wherew is a known constant, and0) = 3.

a. Develop a set of formulas based on the modified Eslleethod to sole the diferential
equation numerically using a time incremAtt

b. Estimate the largest value At which you could use and still expect reasonable acgurac
Explain your reasoning.

c. Take w=100Q and implement your formulas using Quattro Pidetermine the solution
throughout at least ong/ale of the sin function. Compare the solution you get foersé
values ofAt. How good was your estimate in the previous part?

Thegoal of this problem is to verify the discussion leading up to the determination of the initial
conditions for the circuit in Figl3-9. (Seehe three paragraphs just before @@®-44).) Con-

sider the circuit in Fig. 13-9, but with the modification that the switch has been open for a long
time, and then is closed suddenlyt at0. Usethe following values for the componeniB=10 kQ,
L=0.1H,C =1 4F,V =5 volt, andRg = 5 kQ.

a. Whatare the values of(t) andi(t) before the switch is closetl<0)? (Thispart's easy!)
Make wse of the tw adages to determine the initial condition€)) andi (0).

c. ProgramQuattro Pro to findi(t) andi(t) for times after the switch is closedQ). Usethe
modified Euler method as in the notes.

d. Carryout you calculation far enough to seg ifandv approach after a "long" time the same
values claimed in the notes.

Hereis the idea behind another modification to Eslerethod for solving first order ddrential
equations numericallyConsider the solution of Eq. (13-5),

dn n
G- be (13-5)

As in the denation of the modified Eules’ method, we use the desive & timeti% to advance the
solution from time; to t;.4, to get Eq. (13-24).
At
Mg = N + Nyt T (13-24)
As before, we hae the problem of finding a suitable value for the half-time-smpemi%. In the

modified Euler deviation, we estimated this value using Ewemethod and a time step éfAt.
Another possibility would be to approximatg% by the aerage of the values af att; andt;,,

Nyl = 3 (N + niy)
Shaw that this idea leads to the marching formula

l+%At/Tb

Ny =N
-1 AuT,

and program a Quattro Pro worksheet to implement the metBodipare the behavior of the
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10.

method with that of the modified Eulermethod, using the samealues forT, and ng as in the
notes.

Thetwo methods discussed in thextdor solving differential equations numerically are directly
applicable only to first order differential equatioritey can be used, lveever, to olve sscond and
higher order differential equations through the use of\aerctack. Considerfor example, the sec-
ond order differential equation

d?y dy
= 13-59
gz 04 +9®y=h) ( )
wheref (), g(t), andh(t) are some gien functions. Therick is to define a ne variable,w, by
dy
= 13-60
w p ( )

We @an put this equation in E€L3-59) to reduce it to a first order differential equation, but ito
involves two unknown variables,y, and w. With two unknowvns we need a second equation, and
Eqg. (13-60) suffices admirably because it is also only first.oflenmarizing, we hae

dw

T =" - fOw-gy (13-61a)

and

dy

-2 = 13-61b

at " ( )
Solving these coupled equations analytically could present a problénthdy can be soled
numerically without difficulty using the same technique used in the notes to findltagevand
inductor current for Figl3-9. We havetwo first order differential equations, so we will nee@ tw

initial conditions, one oy, and the other orv (which is justdy).

dt
Use this idea to sobvrumerically the harmonic oscillator equation,
d?y 2 _ _
= +a?y=0 (13-62)

where w is a constant.Solve the equation forw =100Q and for initial conditionsy(0) =1 and
y'(0) =0. (v is the first dewsative d y.) Graphyour result. Solve for whateer ranges oft you
like, but turn in a worksheet with a solutionvenong the range & t < 0. 2.

Another more straight-forward, method for solving second-order differential equationkves
using the results of Excise 12—-4or a centered approximation to the secondvdivie d a func-
tion evaluated at a grid pointYou should hae found

ﬂD _ fia * fig -2,

O
2 2
dt 0O At

This is a centered approximation and it should be accurate to secondird@r3—-63)can be used
to obtain an approximate marching formula, whichvedlojou to find an approximation t,,
given that you knev values off; and f;_;.

(13-63)

Apply such a method to the numerical solution of Eq. (13-62) with the same valyenaf
for the same initial conditionsTo get started, you will need values @f = y(0) and y; = y(At).
The initial condition preides a value foy,, but y; is a little harder One way around the problem is
to estimatey; using the same idea as behind Eslertthod and the géen value ofy'(0). Usethat
idea or ag other you can think of to carry out the numerical solution, and compare your results with
those obtained in the previous probleRuor this equation, the method should be accurate to second
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order Isit?

a. Usethe method discussed in Exercise 13-7 toesalmerically the differential equation in
the previous chapteEq. (12-5),that describes the motion of the projectildse the same
values of the parameters and the same initial conditions as used there. Compare your result
with the exact, analytic solutionvgn in Eq. (12-4).

b. The guessing method almosbmks to find an analytic solution to E§2-5). Noticefirst
that the equation reduces to a first order differential equation by making the substitution

_dy -
f = o (13-64)
The equation becomes
daf _ y
dt™ m

This equation is of the same form as Eq. 13-5 except for the addition of a congtdat,
the right side. The guess of an exponential doegrite work because of this constanit b
the following guess does

fZadt+c

wherea, b, and ¢ are constants to be determined so that the guessssibie diferential
equation and anapplicable initial conditions.Knowing f, we an intgyrate it, according to
Eq. (13-64)to obtainy. Show that the correct analytic solution is, in factyveay by
Eq. (12-4).

12. Besse$ guation is a famous ddrential equation for which there is no solution in terms of ordi-

nary functions.The equation appears in a wide range of engineering fields, including sededi
applications as the frequgnbandwidth for frequency-modulated (FM) signals, and the behavior of
circular waveglides. Perhapa nore familiar example is the peculiar sound of a drufithe drum
head is circularthe vibration of the drumhead is described by Bessgliation. Bessed’ equation

of zerd" order is

d’y 1dy

— +-—+vy=0

de " tat Y
Use the method discussed in Exercise 13-Talmsolve numerically this equation subject to the
initial conditions

y(0 =1 y(@)=0
Graph your result for@ t < 8.

This solution has been studiegtensiely, and is commonly denoted by the symhiy(t).
You can find tables giving the values &f for a wide range of values bfand there are a number of
formulas that hee keen deeloped for the deviative and various integrals wolving J,. So you can
check your answer the Table 13-%agithe values ofl, for several values ot.
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BESSEL FUNCTION
t Jo(t)
0.0 1.0000
1.0 0.7652
2.0 0.2239
3.0 -0.2601
4.0 -0.3971
5.0 -0.1776
6.0 0.1506
7.0 0.3001
8.0 0.1717

TABLE 13-1. Table of values ofly(t), the ordinary Bessel function of the first kind of Zooder.

14. COMPUTER ARCHITECTURE

In this chapterwe will look at just whats going on inside a typical computewe dscussed this sub-
ject very briefly in Chapter 1, and this would be a good timeviewahat material. Here | want to go into
considerably more detail.

As shown in Fig. 1-1, the central processing unit, or CPU is at the center of the coripigas a
complicated circuit which carries out the taskgegithe computer Generally seeral types of memory are
connected to the CPU. This memory contains the program the computerxectitee and the data the
computer is to operate on. Most data and programs are stored permanently on eithgrdgsRappa hard
disk. Thereare usually also seral types of devices such as eyioard, and a monitor connected to the
CPU to allav the operator to input information into the compuseid to obtain information from it/!’ll
discuss the memory and the CPU in somewhat more detail separately.

14.1 MemoryArchitecture

Computers can hold a large volume of data in electronic meritiy computers in the lab can store
a little more than four million bytes of data. In order to make of this ast storage area, some scheme is
needed to label each byte so that it can be accessed when d@&sieedcheme which is usedvaives
assigning each byte a numpealled anaddressand the information stored in it is then accessed by using
this address. The memoryganization for a computer with aewy small memory is shown schematically
in Fig. 14-1.

0| |1 | 2] | 3 |
4| | 5] | 6] |7 |
8| | 9] | 19] | 1] |
12| | 13 | 14| | 15| \

Figure 14-1. Schematic diagram of the memorygarization in a very small computeiThe one-byte
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cells are shon as shaded rectangles, and the address of each cell is shown at ther left.
your corvenience each address in the diagramxisressed in decimal or base 10, but the
computer uses binary.
A useful computer would require much more memd®gth program instructions and data to be operated
on are stored in the memory (in different locations of course).

14.2 TheCPU

The CPU is made up of a number of sub-circuits, each with a specialize@iljebe days, the sub-
circuits are all fabricated on one or sometimesaasfaall pieces of silicon, and the CPU is calledhiaro-
processor You can buy such microprocessors for prices ranging frow ddtars to seeral hundred dol-
lars. Themicroprocessor used in the computers in the lab is made by Intel, and has the numbeTB6386.
CPU has a repertoire that consists of a set of basic instructions which it knewes daory out. For exam-
ple, some instructions transfer a binary number from memory to a storage area inside the CPU, or vice
versa; others carry out arithmetic operations such as the additioro olitmbers; and others compareotw
numbers to determine which isdar Each instruction consists of a binary number calledbtheode pos-
sibly followed by one or more additional numbers caipérands The op code tells the CPU what is to
be done and theperandgell the CPU what it is to be done to. The Intel 80386 has an instruction set con-
sisting of 152 different instructions.

In operation, the CPUxecutes sequentially a set of instructions, called a program. One of the spe-
cialized sub-circuits inside the CPU is timstruction decoder The instruction to bexecuted is loaded
into this circuit, and it figures out just what is to be done and sends the appropriate signals to other sub-cir
cuits within the CPU to do itRemember that each instruction is simply a number (either 1 or 2 bytes long
on the 80386), so the instruction decoder must contain circuitry to identify each possible instruction num-
ber with an action, determine from the instruction whether or not it is supposed to Wweddbp operands,
read in the operands if thare supposed to be there, and then finally turn onfahefreleant sub-circuits
in the correct order and with the correct timing to carry out the requested operation. The instruction
decoder is not a simple circuit!

Some of the specialized sub-circuits in the CPUeseary paces where numbers can be stored tem-
porarily for use by the CPU. These sub-circuits are cafigidgters The number of bits a gister can hold
depends on the particular type of CPU, and may also depend on vdigtbrri is. Most of the registers in
the 80386 microprocessor hold Bies. Thereare 8 general purpose, 32-bit registers, aral 32v¢bit spe-
cial-purpose registers associated with the operation of the JRere are also 6 16-bit special-purpose
registers callecsegmentation egsters which are used for diding memory up into smaller chunk3.he
use of these latter gmentation registers is somewhat confusing, and you will not needworkuoch about
them for this course, so I'll just ignore them here. In case you are curious or masochistic, | discuss the use
of segmentation registers along wittvesal other distasteful features of the 80386 microprocessor briefly
in the appendix to this chapter.

The general purpose registers are used for temporary storage of data while it is being manipulated.
For example, to add tev numbers located in memory one might ga@ach number into a different internal
register and add the contents of th@twgsters, storing the result in a thirdgister This result could then
be copied back to some location in memaryused in some subsequent calculation. More commmdy
registers are used to store intermediate resits.example, the CPU has an instruction to add tate-
gers, but not three or mordo ald three integers stored in memange might first add tev of them, stor
ing this intermediate result in agister and then add the third number to the contents of tgister Since
the intermediate result is of no interest, it need not be pexbbypwriting it to memoryMoving data to or
from memory takes time, so one generally tries to do as much of the manipulation as possible using data
already contained in a CPU register.

One specialized register is called fvegram wunter, or instruction pointer and its purpose is to
keep track of which instruction is to beeeuted n&t. A program to beecuted is generally stored
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sequentially in memory with the first instruction at the start of the memory block, then the second instruc-
tion, then the third, and so fortAlo execute the program, the memory address containing the first instruc-
tion is loaded into the program countamd the CPU is told to start. It retvies the instruction located at

the address in the program counter (corresponding to the first instruction in the program) and places it in
the instruction decodefThe instruction decoder adds the length in bytes of the instruction to the contents
of the program counteand proceeds to carry out the instruction. When it has finished, the CPU repeats the
process, loading the instruction starting at the address in the program counter (correspandmth@o
second instruction) into the instruction deco@ad so forth. The process continues until the CPU encoun-

ters an instruction to halt, or an instruction it ¢ale’code.

14.3 Communicatiorbetween the CPU and External Circuits

Perhaps at this point you are wonderingvlibe CPU communicates with memory or otherices.
The details for the 80386 are complicated, and Itdeaht to get into all of them here, so the faling is
an abridged description. stoorrect as far as it goes, buveel details are omitted.

There are tw ts of pins on the microprocessor intended for connection to external ciQuoisset
is for address information, and the other is for data information. Each of these sets of pins are connected to
corresponding sets of wires which in turn are connectedrépas®ther circuits in the computeguch a set
of wires is called &#us. The set which carries address information is calledtliess lis and the set car
rying data information is called thdata hus When the microprocessor places a number on eiterail
circuits connected to that bus reeeit. For example, all memory circuits rese an address when it is
placed on the addresas Thememory circuitry is designed, Waver, o that only the cell corresponding
to the address on the bus respontisthe CPU is trying to read the information in that cell, the cell
responds by placing the number it contains on the data bhknows the CPU wanted to read a number
rather than write one because there is anptmerwire, lus connected to all memory cells and the CPU
which specifies whether a read or a write operation is desitibdhe other cells are also connected to the
data and read/write buses, butytlte not respond because thaere not addressed. The CPU can then
read the number on the data bus with confidence that it is the number stored in the addressed cell.

Similarly, if the CPU vants to write a number into a specific memory cell, it places that number on
the data bus, places the address of the desired cell on the addresssdfinally sets the read/write bus line
to write. The addressed cell responds by storing the number on the data bus in itself. When this happens,
whatever number was previously stored in that cell is destroyed.

Peripheral devices such as tt@thoard or displayor a dsk are not connected directly to the CPU.
Rather each device is connected to itao interface circuit separate from the microproces3tie inter
face circuits each contain\s®al special-purpose internalgisters, some of which are used to store data
temporarily and others to pass commands from the CPU to thieale Theseircuits are also connected to
the data and addressides, and each is assigned unique addresses for its externally-accegisitges.re
The CPU communicates with a particular device by placing the address of the degsted oéthe déce
on the address bus, and then either reading from or writing to the associated register.

14.4 MoreAbout Instructions

Most of the instructions in the instruction set of a CPU fall into onevefalegroups. One group of
instructions corresponds to gopg data from one place into anothén the 80386, these are calletbve
instructions. Onean mae a umber from an address in memory to an interrgikter or vice versa; from
one internal register to another; or from one memory location to andthas a mwe instruction might
consist of a number specifying that the operation is semaith a diferent number being used for each
possible set of source and destination (memagistey regster-registeretc.), followed by tve more num-
bers which specify which géster or memory address is to be used for the source and destination, respec-
tively.

Another group of instructions are the arithmetic operations. Most ieéinstructions for intger
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addition and subtraction, and nydmvemultiply and divide instructions as well. Other arithmetic instruc-
tions include one to change the sign of a nupihstructions to shift the bits either to the right or the left in
a regster, and instructions to set specific bits in a number to either 0 &dst CPUS do rot have instruc-
tions for doing floating point arithmetic, but nyamanufacturers of microprocessors do offer a companion,
specialized integrated circuit, calledl@ating point pocessorr FPU, that doesThe FPU is connected to
the CPU, and has its own instruction set. When an FPU is connected, the CPU assumgittaicion

it does not recognize must be an instruction for the FPU and passes the instrucktmating point arith-
metic is possible without an FPU, but yowdsdo “fake it," by using integer arithmetic operations to
manipulate floating point number3he 80386 microprocessor does not do floating point arithmeitic, b
Intel offers a companion floating point processioe 80387.

Another group of instructions are thempareinstructions. One&an check to see if the contents of
some location is greater or less than zero,sfatro or non-zero, or if the contents of one location elar
than, smaller than, equal, or unequal to the contents of andthether group of instructions, some of
which are used in conjunction with the compare instructions, ajeriginstructions. Thes@structions
modify the program counter so that thexinmstruction &ecuted is one other than the one following the
current instruction. These instructions are used frequently to controirflthe program.For example, if
the result of some calculation is zero one migahtto e&ecute one small set of instructions, andxecete
another set otherwisélo do 0, one could use the appropriate compare instruction, followed by a jump on
zero instruction.

14.5 Programminghe CPU

The program that the CPU sees consists of a sequential set of numbers (in binary of Touvsts.
an eecutable program directlyou would hae © havea list of instructions the CPU recognizes coupled
with the corresponding binary code for eadou would have o figure out ha the CPU could accomplish
the task you hae in mind using only the instructions in the list, write a program consisting of an ordered
list of the instructions required to carry out the task, translate each instruction to the corresponding binary
code, and then enter the resulting ordered list of numbers into mergesy for CPUS with simple
instruction sets, this job becomes formidable for all the simplest programs. The difficulty is not so
much deciding what operations the CPU should perform, but rather that of getting all the gatdlys e
right. Every quantity which is to be stored in memory must be assigned a unique address, and that address
must be usedvery time that quantity is to be accessed. If the CPU is to jump from one instruction to
anotheyrthe jump instruction must include the exact address of the instruction to which the CPU is to jump.
If, during program deslopment, one or more instructions are inserted into the program, then the addresses
of all the instructions after the inserted instructions change, gnceferences to these addresses in jump
instructions must then also be changBetails such as these really start to pile up, and writing programs in
machine language becomes very tedious.

Today programs are rarely written in machine language dirdxttyin the early days of electronic
computing, that was the onlyay to program computers. Once written on paglee programs were
entered into memory manually with a bank of switches (one switch for each bit). It was quickly realized
that the part of programming that humans were the worst at (getting all the details aghbjenkind of
thing a computer is very good at. Programs, calesemblersvere written which associated each instruc-
tion in the CPUB repertoire with a suggest %t of letters, called mnemonic The instruction to mae
data from one location to anothéor example, might be ggn the mnemonidMOVY and the instruction to
add two numbers might be gen ADD Internal registers werewgin names such aR1, R2, ec. Thusone
might write an assembly language statement tgenfoe contents oR2 to the memory location (written
here in hgadecimal)LA3C asMOV 1A3CH,R2, where theH in the address means the number v&mgin
hexadecimal. Thigs an obvious impnement oer the machine language version which might be (i he
adecimal) something 1&k89B41A3C. This use of mnemonics relies the programmer of the task of look-
ing up or remembering the machine codes for each instruction, and it makes the program much easier for
humans to read. The programmer still has to remember all the mnemonics, but that is a lot easier than a lot
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of seemingly random numbers.

In these notes | use hexadecimal wivené want to write the machine languagersion of an
instruction, or an address. The reason for usingdhecimal is that it is easy to a@nt from binary to he
and vice versa, and st'easy to divide numbers expressed ix lngo 8-bit bytes.Each h& digit corre-
sponds to four bits, so twdigits correspond to a byte. Octal can also be used for this purposeyitingdi
a number gpressed in octal up into bytes is not so easy because each octal digit corresponds to only three
bits, rather than fourTwo thirds of the third digit goes into thewdoyte, and one third into the high byte.
The disadvantage of usingxhis that you heae © get used to dealing with 16 digits instead of just 8.

You may be wondering whl havenot yet gien an example of specific instructions for the 80386.
The reason is that the 80386 is a real mésstunately you can remain blissfully ignorant of most of these
details, and | sh@ you just a little bit of the mess in an appendix in case you go in for such things.

14.6 AFictional CPU with a Simple Instruction Set

| want to discuss some shomtagples of programming at both the assembly language and the
machine languagevels. Unfortunatelythe instruction set of the 80386 is complicated and messy to use,
and @en the simplest example of programming at eitheellerould require much morexplanation than |
want to go into here Other CPUS eist which are considerably simpldut even they havecomplications
in their instruction sets that | danvant to discussFor this reason, Ve made up my own, fictional CPU
along with its instruction set. The CPU is a 16-bit machine, areddilled it the PFWO007. It has four
16-bit, general purpose registers callt@ R1, R2, and R3, and three special purpose registers cal€l
CR and SP. ThePCregister is the program countend you do not hae drect access to itThe CRregis-
ter is called theCondition Rgisterand it is used to implement conditional jumps. The us€mfis dis-
cussed later in this chaptefhe SP register is called the stack pointend the use of it is discussed in the
next chapter The instruction set includes only 26 different instructions, and is shown in Table 14-1.
(Many of these instructions are just minariations of other instructions, so one might argue that there are
really fewer than 26.) Seral aspects of the table need explaining.

14.6.1 TheMove Instructions

The largest group of instructionsvatves copying a number from one place to anotfAdére MOV
instruction copies the contents of the second operand into the first. TMeatémm used with the assembly
language mnemonics is that the first operand is the one that gets mogifiedmight find it helpful to
think of the comma and space between thedperands as an equal sign.) Nine forms ofNt@Mnstruc-
tion are listed xplicitly, and seeral other instructions such &JSHandPOPare really mge instructions.
The first MOVinstructions does a gester-to-rgister mae. (You might think of it asRa=Rb .) For
example, suppose thatgister R1 contains36 and rgister R3 contains17, then after gecuting a
MOV R1, R3 instruction bothR1 and R3 would containl7, the value originally stored iR3. The sec-
ond MOMnstructions loads a 16-bit integer into gister and the integer to be loaded ivehi explicitly as
an operand.For example, after xecuting aMOV R2, #100 instruction, rgister R2 would contain the
(hexadecimal) integelr00.

The third form does a gésterto-memory mee, and the fourth a memory-to-register weo For
these instructions the address in memory ¥srgexplicitly as an operand, and this form of addressing is
called direct addessing For example, if the memory locatic800 contains249, then after gecuting
MOV RO, 300, both memory addres300 and r@ister RO would contain249. Notice the diference
between the instructiongOV RO, 0300 and MOV RO, #0300 . The first copies the contents of the
memory locatiorD300 into registerRO, whereas the second puts the nunt®00 itself into the rgister.
The fifth and sixth forms also transfer a number betweemjiatee and memonbut in these cases, the
memory address is tak to be the number stored in gister This form of addressing is calléddirect
addressing In the assembler mnemonic, | indicate this form of addressing wit@#ign. Thusjf regis-
ter R1 contains30A0 andR2 contains0012, then the instructioMOV @(R1), R2 would copy 0012 to
memory locatior30A0. You might think of the at sign and parentheses as meaning sometleirithék
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PFWO007 INSTRUCTION SET
Assembler Machine Length
Mnemonic Action Instruction (bytes)
MOV Ra, Rb Rb-Ra 14x R, + Ry) 1
MOV Ra, #Num Num- Ra 2R )nnnn 3
MOV Adr, Rb Rb- Adr 2(4 + Ry)aaaa 3
MOV Ra, Adr Adr-Ra 28 + Ry)aaaa 3
MOV @(Ra), Rb Rb- Address in Ra 3# Ry + Ry) 1
MOV Ra, @(Rb) Contents of Adr in Rb.Ra 44x Ry + Ry) 1
JMP #Adr #Adr- PC 2Qaaaa 3
JSR #Adr Push PC, #Adr PC 2Dnaaa 3
RTS Pop-PC 2F 1
CMP Ra, Rb Set CR according to ReRb CdxRy + Ry) 1
BR Cond, #Adr #Adr- PC if Cond&CR=Cond  5fond)aaaa 3
PUSH Ra SP_ SP -2Ra- @(SP) 6R,) 1
POP Ra @(SP)-Ra, SP.SP +2 6(4+ R,) 1
MOV SP, Rb Rb-SP 68 + Ry) 1
MOV Ra, SP SP-.Ra 6C + Ry) 1
MOV SP, #Adr #Adr - SP 2FRaaa 1
ADD Ra, Rb Ra+Rb-Ra 76.x Ry + Ry) 1
INC Ra Ra+1-Ra 8R,) 1
DEC Ra Ra-1-Ra 84+ Ry) 1
LSHIFT Ra 2Ra-Ra 88 + R,) 1
RSHIFT Ra Ra/2-Ra 8C+R,) 1
SWAB Ra Swap bytes in Ra B’,) 1
AND Ra, Rb Ra & Rb-Ra 96 x R, + Ry) 1
OR Ra, Rb Ra|Rb-Ra Al xR, + Ry) 1
NOT Ra “Ra- Ra Bé + R,) 1
HALT Stop 00 1
TABLE 14-1. Table showing the instruction set of the fictional PFW007 CRdandRb stand for rgis-

ters,Adr for a memory address, adlimfor a signed 16-bit intger. In the Action column,

a regster name or an address by itself should be interpreted to mean the contents gf that re
ister or addressA number or address with a pound sign, #, prepended should be interpreted
to mean that number or address itsé@the Machine Instruction and Length columns are
explained in 14-6.5

address gien by the contents of."

There is also a group of &move nstructions in the group in the table headedbysH Ra. | could
explain here what these instructions dat b would hae a dfficult time explaining wk anyone would
want to use themFor that reason, | will delay discussion of these instructions to the next chaipéeze |
will be able to she you some examples of their use.

14.6.2 TheJump and Compar Instructions and the Condition Register

The next four instructions in the table cause the processor to jump to a specific instidetien.
will only discussIMPandBR | will also discuss the fifth instruction in the gro@MP As with thePUSH
instruction, | could easilyxplain here what thdSR andRTSdo, but it would be difficult to discuss o

they are used.

For that reason, | will delay discussing thes® tfwstructions until the next chapter when |
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will be able to provide some specific examples.

The first instruction in this groudMP #Adr is an unconditional jumpFolowing execution of this
instruction, program»ecution continues with the instruction at the addressiged as an operandAn
equally sensible mnemonic for this instruction wouldeheeenMOV PC, #Adr . The instruction simply
putsAdr into the program countergister,PC. The instructiorBR Cond, #Adr ,is a ®nditional jump,
or Branch. Its like the IMPinstruction except that the jump will occur only if a specified condition is met.
As with IMP, the address of the instruction to be optionally jumped tosengirectly as an operandrlhis
instruction is used to jump to &fing blocks of code, depending on whether some value is zero, non-zero,
negdive, or positive; or on whether one alue is equal to, unequal to, less than, or greater than another
value.

The BRinstruction operates in conjunction with a special purpose register calledritigion egs-
ter so that the jump only occurs if certain bits in the conditigister are 1. The first (least significant)
four bits are the only ones check Thesddits are set to either O or Yeey time a value is written to age
ister or memoryand every time theCMPinstruction is &ecuted. Whera value is written to a register or
memory location the first (least significant) bit is set to one only if the number staserkvo; the second
only if the number stored was non-zero; the third if aiswegative; and the fourth if it was posite. For
example, if the numbe®032 were stored the conditiongister would bel010 in binary or AHIin hex,
because the number was non-zero and pesitf the number were F321H, the condition register would be
0110, or 6 in hex, because the humber wagati@e and non-zero.Table 14-2 summarizes the effects on
CR

CONDITION REGISTER BITS

Bit No. (CR value if set)| 4 (8) 3(4) 2(2) 1(1)
After writing a \alue >0 <0 z0 =0
ExecutingCMP Ra, Rb Ra>Rb| Ra<Rbl RaRb | Ra=Rb

TABLE 14-2. Effects of writing a value to a register or memory location, andxeuting the CMP
instruction on the condition géster Each of the four relant bits of CRare shown in the
table, and each bit is set to one if the conditiowshim each entry is met and to zero other
wise. Atthe head of each column areai both the bit number and the value of the condi-
tion register if only this bit is set. The latter is the value in parentheses.

The CMPinstruction is used to compare the size o t&lues. lItsets the condition register without
having ary other effect, and it is intended to be used withBRenstruction. Itreally is not a jump instruc-
tion, but | included it with the jump group because of this close associationBRthWhen the
CMP Ra, Rb instruction is gecuted, the first (least significant) bit of the conditiogister is set to one if
the values irRa andRb are equal, the second if theawalues were unequal, the third if the valudRia
was less than that iRb, and the fourth if the value iRa was less. Onawvay to look at the effect of the
CMP Ra, Rb is that the condition register is set as if thdue of the difference between the valueRan
andRb (Ra — Rb) had been written somewhere.

| chose to hee the CPU do asignedcompare. Thaineans that the CPU assumes that teeo@h-
plement cowmention for representing igetive rumbers is used. It considersyamumber for which the most
significant bit is 1 to be mgetive. Thus the numbeB100H would be considered to be smaller tH¥800H
or 79FFH. Some CPUs dso implement an unsigned compare, but the PFW007 does not.

Back to using theBR instruction, to specify the condition for jumping the corresponding bits of
Cond should be set to one and the rest to zatwe jump will occur only if at least one bit which is one in
Cond is also one in the conditiongister For example, if we want to jump only if the last number stored
is zero, we would use @ond operand ofl. If we wanted to jump to addre€4A2 only if the \alue in

-69-
216



F. Williams Notesfor EEngr 121-122 Chapt. 14

registerR1 is less than or equal to that irgigterR3, we would useCMP R1, R3 followed byBR 05,
01A2.

14.6.3 Arithmeti®©perations

The ADDinstruction adds the contents ofawegsters and places the result in the firgtiseer The
INC andDECinstructions respectely add and subtract one from the contents ofgéster The LSHIFT
and RSHIFT instructions shift the contents of a register one place to the left and right, nespedior
example, if the rgister R3 contained the binary numb&001001001001001 , then theLSHIFT and
RSHIFT instructions would hze te effects shown in Table 14-2.

SHIFT EFFECTS

LSHIFT RSHIFT

Before 1001001001001001 1001001001001001
After 0010010010010010 0100100100100100

TABLE 14-3. Effects of left and right shifts on the contents of the register for a particular number stored
initially in it. For clarity, the contents of the register are shown in binary.

The shift instructions are used for a number of purpoBeshaps one of the less obvious is multiplication

or division by tvo. Left-shiftinga rumbern places is equilent to multiplying it by2", and right-shifting

is equialent to dividing by 2.

The general purpose registers hold 2-byte nhumbEne SWABRfor swap byte) instruction can be
used to swap the order of the bytésr example, if rgisterR1 contains12AB, executing the instruction
SWAB Rl1changes the contentsA@12.

14.6.4 Laical Operations and HALT

The ANDand ORinstructions perform a logical AND and OR, respedyi, of the contents of ta
registers, placing the result in the firsgigter The phrase "a logical AND" of wvnumbers means that
each bit of the result is the logical AND of the corresponding bits of thewuwbers. Thehrase "a logi-
cal OR" means the same thing except that the bits are logically OR&edxample, if rgister RO con-
tained the numbet001001001001001 , and R1 contained0000000011111111 , then the results of
AND RO, R1 andOR RO, R1 are shown in Table 14-3.

EFFECTS of AND and OR
AND RO, R1 OR RO, R1
RO Before 1001001001001001 1001001001001001
R1 0000000011111111 0000000011111111
RO After 0000000001001001 1001001011111111
R1 0000000011111111 0000000011111111

TABLE 14-4. Effects of AND’ing and OR’ing the contents of dwegsters. [or clarity, the contents of
the registers are shown in binary.

Notice that the contents of the second register are not disturbed. The effedi@fTinstruction is to ta&

the ones cmmplement of the number in thegister That means thatvery bit thats ane is changed to zero,

and &ery zero is changed to a one.

The HALT instruction causes the processor to stgecating instructions. It should be the last
instruction of gery program.
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14.6.5 TheMachine Instruction Column

The column giving the machine languag®sion of the instructions is cryptic and neegganation.
The machine code for all instructions isaji in hex, and is either tw hex dgits (one byte) or six hedig-
its (three bytes) long. This column tells younhtw form each hedigit. The left-most (most significant)
digit specifies the general type of operation, and the second diggtfgirther information. The last four
digits of six-digit instructions specify an address or a 2-byte number.

In mary cases the second>hdigit specifies which rgisters are wolved. T do so he registers are
labeled by numbers from O to 3, correspondinB@throughR3. For instructions iwolving two regsters,
such as the ggster-to-rgister mae the second byte is formed by multiplying the number of the figis+e
ter by four and adding it to the number of the secdrm.example, the instruction with assembly language
mnemonicMOV R2, R1 would hare the machine cod&9 where 9=4x2 +1. If the first register had
beenR3, the machine code would V&leenlD.

Instructions imolving only one register are a little simpleFor example, the machine code for
LSHIFT R2 would be8A. To gecify a location in memorythe 16-bit address of the location must be
given in hexadecimal, and in the third column of the table this is referred &a@as Thea's refer to the
individual he digits of the addressFor example, the instructioMOV R1, 0C24 copies the contents of
memory addres8C24 to registerR1, and the machine code 290C24. The second hedigit is obtained
as directed by the table by adding 1 (from the register number) Yo8can also load a register with a
specific number This humber must be \gn in hexadecimal, and in the third column it is callednn
Thus to loadR2 with C12H the assembly language instructionuld be writtenMOV R2, #0C12, and
the machine code would 220C12.

14.6.6 Som&imple Pogram Examples

This instruction set is fictional; aarfas | knw there is no CPU that uses it. The set is typical-ho
eva, dof the instruction sets of most CRJ’' Thereare a number of features of real CRiat arert imple-
mented in the PFWO007ubthe basic ideas are there, and you can write useful programs using it. In the
next chapter wdl discuss some such programs, but here | just wantvio @itw examples of ha the
instructions work.

For example, to add 3 and 5 and put the result at locdd@ of memory we muld use the folla-
ing program. Here | put the address, the assembly langeagierv, and the machine language version of
each instruction on the same line.

5+3=7?
Assembly Machine
Address Language Language

0000 MOV RO, #3 200003
0003 MOV R1,#5 210005
0006 ADD RO, R1 71
0007 MOV 100, R0 240100
000A HALT 00

Figure 14-2. A simple program to add 3 and 5 and store the result in memory adibeks The
Address column ges the memory address where the instruction is stored.

Suppose we want to subtractotmumbers. Theénstruction set doeshinclude a subtract instruction
so we hge b improvise. Oneway to subtract 3 from 5, for example,auld be to load 3 and 5 intogis-
ters, change 3 to -3, and add. There is no instruction to change the sign of a numbéuerdeall that a
number can be changed to itgaéve by taking the 25 complement. There’dso no instruction to do that,
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but the 25 complement can be formed bwamting each bit and then adding onél/e an irvert each bit
with theNOTinstruction, and we can add one usingIt%€ instruction. Thushe program would be

5-3=7?
Assembly Machine
Address Language Language

0000 MOV RO, #3 200003
0003 MOV R1,#5 210005
0006 NOT RO B4
0007 INC RO 80
0008 ADD RO, R1 71
0009 MOV 100, R0 240100
000C HALT 00

Figure 14-3. Simple program to subtract 3 from 5 and store the result in memory atl@f34$s

I’ve written a program which runs on real computers (the machines in the computer lab) and emu-
lates the PFW007, and which you can use to check thesprdgrams or to try your own hand at writing
programs for the PFWO007. I'll discuss this program and toouse it in the next chapter.

14.7 HigherLevel Languages

With time, assemblers became more helpful. Onevitium alloved the programmer to assign a
symbolic name to a specific location in memand refer to this locations by its symbolic name rather than
its address.For example, if you were writing a program to sum a set of numbers entered one-at-a-time
from the leyboard, you would want to set asideotareas of memoryone to store the total up until wp
and the other to store the number entered fromdkieoard. Itwould be more corenient to refer to these
locations as, sayotal andnextnum than as their addresses, $1y28F104 and 3D28F108. (I've
expressed the addresses in hexadecimal.)

Another inn@ation was to allav instruction labels.Any instruction in a program could be labeled,
and a jump statement could then make of this label rather than the actual address of the stateRuaent.
example, in the program abe which adds a sequence of numbers entered frometjiérd, the program
needs to kne@ when to stop inputing numbers so that it can print out the re¥olt.might decide to tell it
when you were finished entering numbers by entering a zero. The program might timexttasth to
see if it is zero, and jump to an instruction labelede if it is.

Even with all these impr@ments, programming in assembly language is tedious andpeome. In
the early 1950's, the FORTRAN compiler program appeared. This program processes input written in a
language with a diérent wcalulary and grammar than assembly language, calledTRBR. Theidea
here was to deslop a language which uses instructions more closely related to tasks the prograsaider w
want to carry out than to the instruction set of the CHUe compiler program reads in the programser’
program written in FORTRAN and translates it into an eaent program in the machine language of the
CPU on which the compiler runs. Thus the person gets to "speak” FORTRAN, whereas the CPU continues
to "speak” its avn arcane machine language.

FORTRAN was designed primarily with the scientific and engineering users in mind, and is adept at
doing arithmetic andwaluating formulas.In fact the name, FORTRAN, stands for FORmula TRANslator
FORTRAN statements look more Bkdgebra than assembly language, and often one FORTRAN statement
translates into seral machine language instructions. When programming in FORTRAN, you need not
worry about details such as the addresses used to store nurRbewrxample, the following program
stores the inger 3 in a memory location which can be referred to by the nilidi®] the intgger 8 in a
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location which can be referred to ByJM2 and stores the sum of thedvin a hird location NUMSUMThe
program is closely analogous to the PFWO007 program in Fig. 14-2.

5+3=7?
NUM1 =3
NUM2 =8

NUMSUM = NUM1 + NUM2

Figure 14-4. Adding 5 and 3 and storing the resulNBUMising FORTRAN.

This is olviously easier to write and understand than either the assembly or machine language version of
essentially the same program.

At least for map applications, the ideas behind FORTRAN turned out to be good Gf@RTRAN
is still commonly used, and there are probably more science and engineering programs written in FOR-
TRAN than in ag other language. There are at leasb twasons for its success. The first is that a FOR-
TRAN program is much closer to the way people think than is assembly languagen(aoese machine
language). WWh FORTRAN one has to evry about may fewer details than in the \wer-level languages,
and can spend more time figuring outMto solve the problem.

Another advantage of FORTRAN which might not be quite\sdeat is that programs written in
FORTRAN are much more portable from one type of computer to another than are programs written in
assembler Different types of computers v&a CPU’s with different instruction sets, so an assembly lan-
guage program written for one CPU has no chance of working with anatlfiter a higheflevel language
like FORTRAN, the details of the CPU instruction set are hidden. If you want to agldumbers, the
FORTRAN statements needed to do it are the same on an Apple Maclntosh, an IBM PC, and ®QEC V
evan though the CPW o the three computers are veryfdient. Thusto create a program for each of
these computers, you would only need to write one program inTRAR. Assumingyou hae a FOR-

TRAN compiler program (that’a pogram that translates the program written in FRN into its
machine language egalent) for each machine, you would then run your program written inTIRBRI

through each compilemDoing so would produce thregeeutable programs, each using datiént machine
language code. When run on the corresponding computer all three codes would accomplish the same task.

Since the advent of FORAN a number of other languagesvbappeared. Somare widely used
today some hae dl but disappeared. Another early language was COBOL. COB@4 dweloped for
things like accounting and recordeleping. Thantent was to maka GOBOL program read as much dik
English sentences as possibWhile it may be questionable Wwowvell COBOL fulfills this requirement, it
has been a big success, and it is still in common Tkere are lots of other languagesfew d the more
common include BASIC, PL/I, APL, Pascal, LISNOBOL, Ada, and C. PL/l, SNOBOL, and APLv&a
lost popularity and are not seen mucly enore, although theall have their disciples.Pascal also seems to
be on the decline, butst4ill around.

BASIC, as the name implies, started as a fairly small language intended for writing "quick and dirty"
programs. Therare a number of rather different versions around, and some of #vsgeng hee become
quite "non-basic." Because of all these versions, BASI@ig poorly standardized, and a program written
in one version may require a lot of work before it can be run on a computer using arsofen. v
Although | was at one time pretty fluent in one version ASEC, | find programs written in otheexsions
difficult to understand, and | would notea consider trying to write a program in these versions without
spending quite a bit of time with the language manual.

LISP is a language that became very popular with people tryingyéiodeaartificial intelligence (that
means computer programs that act as ¥ tta think). | don’t know much about the language, other than
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| find it very frustrating to studyPerhaps more than wmther language, you eithende LISP, or you hate
it. A member of the latter camp, I'm sure, once said that LISP is an acronym standing for "Lots of Idiotic,
Stupid Parentheses."

Ada is a relatiely new language that was designed by the U.S. Department of Def€hegury is
still out on Ada. In spite of a requirement that all programs written for sale to the Department of Defense
be written in Ada, it seems to be catching on verwisio| don't know much about Ada, but the most com-
mon complaint about it is that it has practicalyerg feature known to the human race, and some of the
compromises required to fit all that into one language cause problems. Alan Sherman once quipped that "A
camel is a horse thatas put together by a committee." The specification for Ada was put together by a
committee...

C is a bnguage that as deeloped by tvo workers at Bell Laboratories in the early 19¥0TheC
language has grown in popularitypdosively during the past ten years or so. The reason for this popularity
is that C ofers most of the advantages of other higlelléanguages while retaining most of the capability
of assembly language. Thus, it is reasonable to write in C almpgtragram that would otherwise V&
been written in assembler because of the inadequacies of othervddlabguages. Becau€kis so nuch
more corenient than assembly language, almost all such programs are written today in C. The resulting
programs are generally a little les§i@ént than a well written assembly language program, bytube-
ally work better because C ral@s the programmer of most of the burdensome details required in assembly
language programmingBesides these uses, C is at least competitith FORTRAN for scientific and
engineering computations. Much of the remainder of the course wilMogedeto learning and using C.

Although other high-leel languages such as FORTRAN are very helpful for writingyntgpes of
programs, thedo havesignificant limitations which C largelywercomes. Becausg#atements in these lan-
guages are so far renegl from the actual instruction set of the CPU, there are some things tharare v
difficult or clumsy to program in themubare easy to program in assembly langudge. example, in
writing a program to control a disk dei one must be able to write to and read from registers in the disk
drive interface circuit. For many computers, doing so requires the ability to transfer data to or from a spe-
cific address.FORTRAN, for example, does not containyasiatement that alles one to do this, but the
operation can be carried out easily using M@Vassembly language instructio@ther things are just
more clumsy than tlyeneed be.For example, one sometimes wants to shift all the bits in a numbenase
places to the left or rightSuch an instruction is included in the instruction set of most CPU’s, but FOR-
TRAN and maw other high-leel languages contain no statement to do so dite&lgh a shift is equi
alent to multiplying or dividing by a peer of two, which these languages can do, and one could accom-
plish the shift this wy. A program written using this trick would work, busiiumsy and obtuse. It may
be difficult for someone else (ovem the programmer seral years later) to figure out Wwat works. Fur
ther, unless the compiler isewy well written, it will probably actually carry out the multiplication ovidi
sion rather than just using the shift instruction, so the program will be slower than it need be. On the other
hand, some FORTRAN compilers are indeed very well written.

In this course, I'll be trying to "kill tw birds with one stone" by using C as a highelassembler so
that we can explore the operation of a computer at a fundamerdalded by using C as a highvis,
"number crunching" language that you can use for computatireviously we taught both FORRAN,
and assembly language. Students neededTRARI for later classes and assembly language for lab
classes in which tlyedesigned and built circuits using microprocessdta. both applications C is a good
alternatve.

14.8 Appendix: The30386 Architecture

Programming theamily of microprocessors to which the 80386 belongs at the assembly language
level is complicated because ofwvaeal details unique to this family of microprocessors. The complications
are caused by the self-imposed requirement of compatibility with earlier microprocessors in thengame f
ily. Compatibility means that machine language programs tbat wn one member of the family must
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also work on all subsequent members. The 80386 was required to be compatible with the 80286, which
had to be compatible with the 8086, which had to be compatible with the 86808080 was one of the

first 8-bit microprocessors, and at the time disvintroduced it was a good design. Because of the compati-
bility requirement, may of the features of the 8080 are still present in the 803&8, taough technology

has advanced to the point thatytim® longer mak nuch sense.

One relatvely benign example of the problem is the architecture of the general purpéserseof
the 80386. The 8080 had four 8-bit registers callell, C, and D. The next scion of theamily, the 8086,
had 16-bit registers which were calla¥, BX, CX and DX To maintain compatibility with the 8080, the
upper and lever halves of these registers could also be accessed using theAtdmés etc. The8086
also had four other general purpose registers laliRe®BP, SI, and DI. The next tvo generations of
microprocessors (the 80186 and 80286) were also 16-bit machines, so this scheme held for them as well,
but the 80386 is a 32-bit machin&@he general purpose, 32-bit registers of the 80386 are ¢aXEBX
ECX EDX ESP, EBP, ESI, and EDI, the same as for the 8086, but with Atacked onto the front end.
For compatibility with the 8086, the first 16 bits of each of theggsters can also be accessed as ¥ the
were separate 16-bitgisters by using the old name®X etc. Thefirst and second bytes of each of the
first four of these registers in turn can be accessed as in the 8086 by nakkahkiAL.

This plethora of pseudo registers with seemingly randomly chosen names is more ofyam@no
than a real problem. I'm really glad | didriaveto design the instruction decoder in the 80386 that imple-
ments this crazy quilt architecture, though!more troublesome problem is related to what with hindsight
seems to me to ke been a poor design choice in the 8086. The 8088 av16-bit machine, so it could
directly handle only 16-bit addressedlith 16 bits you can address only a little more than 64,000 bytes,
and &en then that vas recognized as a potential limitation. Intavgthe 8086 a 20-bit address bus, so it
could address up to one gabyte of memorybut there was still a problem because the machine could only
do 16-bit arithmetic. The problem waswto ecify a 20-bit address using only 16-bigisters and arith-
metic.

The solution Intel deeloped irvolved adding seeral more 16-bit registers called segmentatiajise
ters. Anaddress is specified by putting a 16-bit number in one of tjistees, and then using another
16-bit number in an instruction, Bka MOVfor example. Theaddress that then appears on the 20-bit
address bs is made from these tmnumbers by shifting the number in the segmentation register left 4
places and adding it to the 16-bit number in the instrucflangecify a 20-bit address youveb use two
16-bit numbers, but the process is not quite as onerous as it sounds, because you usually wélltmot ha
change the contents of thegegentation register very frequentlifor example, suppose youMeaa bock of
data starting at some address in memsay 10A30H. You could load a segmentation register with the
right-shifted starting addressQA3H, once and then access say tifebyte using just the numbex For
small programs, this scheme works very walk, ibyour data requires more than 64 K bytes, you wileha
to modify the contents of a segmentation register to access all of it.

There were other processor families introduced at about the same time as the 8086 which got around
the same addressing problem in more satisfactory ways, bus lmte#me vas probably not a bad compro-
mise. Infact, the general idea of being able touadhe location of an entire block of data or code around
in memory by simply changing the contents of one register has a number of advantages whitlgd w
into here. The problem is the 84limit on the size of a memorygment. TheB0386 is a 32-bit machine,
so there is no need to keep this 64 K limit, but dill there because of the requirement of compatibility
with the 8086.
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14.9 Eercises

1. Writein hexadecimal the machine languagesion for the PFW007 of the following instructions
given in assembly language.

a. MOV R3, R1
b. MOV R1, #010A
c. BR 8, #0030
2. If the registers of the PFWO007 hold the foliog numbersat the start of edt operation give the

values in all four rgisters, the program countend the condition register after each of the follo
ing operations. The values aredi in hexadecimal.

R0=0020 R1=0f0f R2=31A4 R3=f0f0 PC=0100 CR=A

INC R1
MOV R2, #0318
ADD R1, R3
LSHIFT RO
RSHIFT R1
SWAB R2
AND R1, R3
ORR1, R3

i. NOTRO

ji. JMP #0160

k. CMP RO, R1

l. CMPR2,R3
m. BR 2, #0030

n. BR 4, #0030

o @

~ o 2 0

B
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15. SOMEPROGRAMMING TECHNIQUES

In this chapter wédl’ discuss seeral examples of programs (well, more nearly program fragments) for
the PFW0O07. The purpose is to shgou some common programming ideas, and @ gou a better
understanding of wathe instruction set of a CPU is used to carry out common tasks.

I’ve written a program that runs on the computers in the lab and emulates the fictional PRW807.
emulator is useful for illustrating nothe PFWO007 works, and for giving you practice in writing youno
programs in machine languagkstart the chapter with a discussion of the emulator amdtbasse it, and
then | continue with showing you prograxaeenples. Yu should be able to run these or yownamachine
language programs on the emulator.

15.1 Usingthe PFW007 Emulator

The emulator program emulates the fictional PFW007 CPU. The emulator reads a machine language
program expressed in hexadecimal, loads it into merandyexecutes it. The computer the emulator emu-
lates has only 4096 (= 1000H) bytes of memdFiie program prints a line-by-line description of what it
did into a file so that you can see if what it did was what you expected.

To use the emulator | suggest you write your program in assembly language on a piece, @hgaper
then translate it into machine language. After that yoe @mput it into a file, using youravarite editor
For most of you, | suspect that editor will be the editor included in thed' C package, and described in
an appendix to this chaptefhe emulator expects each byte of your program to be expressed lestw
adecimal digits.You can use either upper or lower case letters for thaligits A-F. | suggest that you put
the program on a flogpdisk. Thefloppy is a little slower than the hard disk, but you can reenid and
take it with you.

When reading in a program, the emulator ignores what are called white-space chafdutses.
include space, tab, new-line, and carriage-return charactées.emulator interprets a semicolgn, as
indicating the start of a comment, and it ignores all the rest of the characters on thhsliggest you
malke use of these features to neayour program as readable as possibléke to put one instruction on
each line, and to put the address and assembly language mnemonic for the machine language instruction on
the same line as a commeihtdo that for my benefit, not the emulator’s.

Once you hee the program in a file, run the emulator by ente®RyV007 filename wherefilename
is the name of the file containing your prograithe emulator will read the machine language version of
your program from the file, load it into mempend start ®ecuting it. If the emulator encountersyan
errors either while loading or running your program it prints out a short error message and\iiis.
running, the emulator prints on the monitor the address of each instruction as it isxeeinigde These
numbers change too fast to read, buy #eow you that the emulator is busy emulating. If you want to stop
the emulator before it halts on itene, pressC (remember thag' the Ctrl andC keys pressed simultane-
ously). Wherthe emulator is finished, it writes out on the monitor the contents of the four general purpose
registers.

To let you keep track of exactly what it did, the emulag®gs a line-by-line diary of the instructions
it executes and the results in a fil@he name of this file is the same as the name of your program file,
except the extension iRPT. Thus if you named the file containing your progrsfiNOBEL.GO,7then
the report will be placed in a file nametYNOBEL.RPT

As an example of Wit all works, Fig. 15-1 contains the simple program | wrote in Chafteio
subtract 3 from 51 placed the program in a file namB8MIN3.GO7. The first line is entirely a comment
because the only sfufn the line comes after a semicolon. In the remaining lines the machine language
version of each instruction appears at thdreme left end of the line, and the rest is ignored by the
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; P rogram to subtract 3 from 5

200003 ;0000: mov r0, #3

210005 ;0003: mov rl, #5

B4 ;0006: not r0 ;Negate r0
80 ;0007: inc r0

74 ;0008: addrl, r0

00 ;0009: halt

Figure 15-1. A simple program to subtract 3 from 5 on the PFW007.

emulator because st'dther white space or stuéfter a semicolon.The comment on each linevgs the

address of the instruction, folled by the assembly language mnemonic for it, and possibly followed by a
comment clarifying what the instruction is supposed to do. Thikistidr my comwenience onlythe emu-

lator pays no attention to iffThe machine language instructions anggiin hexadecimal. Ifyou like you

can end each kRewumber with arh or H, but it is not necessaryOne common mistakl make when chang-

ing my program is to change the assembly language instruction but not the machine language version of it.
It can be very frustratingl think I've fixed a hug, and the program still beles as it dd before the "fix."

When, at the DOS prompt, | typ=WO007 P5MIN3.GO7 the emulator loads my machine language
program into its memongarting at addres8000. It then starts xecuting the program, starting with the
instruction at addres3000. When finished, the emulator prints out the following on the monitor screen.

RO=FFFD R1=0002 R2=0000 R3=0000

The value of each or the four general purpose registers is printed oxaaehenal. Notehat in this par
ticular program rgister R1 should contain the result, and the number in it is, in fact, cordeanore
detailed report of what the emulator did is contained in a file n&B&IN3.RPT. The contents of this
file are shown in Fig. 15-2. All numbers are expressed in hexadecimal.

0000: MOV RO, #0003: 200003 ; RO=0003 CR=A
0003: MOV R1, #0005: 210005 ; R1=0005 CR=A

0006: NOT RO : B4 ; RO: 0003 ->FFFC CR=6

0007: INC RO : 80 ; RO: FFFC ->FFFD CR=6

0008: ADD R1,RO 74 ; RO=FFFD R1: 0005 ->0002 CR=A
0009: HALT

Figure 15-2. Listing showing the report generated by running the program shown in Fig. 15-1.

Each line contains four items. The first is the addressxmhthe instruction beingxecuted. Thenstruc-

tion itself expressed in assembly mnemonics is the second and the same instruction expressed in machine
language as read from the input file is the thiFihally, after the semicolon the result okeeuting the
instruction is shan. ThesymbolCRdenotes the condition gester For example, the first instruction set

the contents of gisterRO to 3, and as a result the condition register was sét tdhe third instruction at
addres9006 caused the contents ofgisterRO to be changed fror@i003 to FFFC, setting the condition

register tdb.

If the emulator encounters an g instruction, it prints out a brief error message and stdps.
can get a better idea of what happened by looking at the report file.

The emulator has geral special features, which are features of the emulator itself rather than of the
instruction set of the PFW007. Oneaives input to and output from the emulattfryou mose a umber
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from a register to the special memory addfe380 the lav byte of the number will be written into a file
with the same name as your program file, but witeresion.OUT. This file will be created as needeld.

you do the opposite, and r®a rumber fromF00O to a register the emulator will read one byte from a file
and return it as the lower byte of the numberedo Thename of the file for input is the same as that of
the program file, but withxéension.IN . Itis an eror to try to mee a umber from this special address if
this input file does notxést. If the emulator comes to the end of the file, and you try to read another byte
from it, the emulator returns agetive rumber Thus, you can check whether or not youéheeached the

end of the file by checking the sign of the number returned.

By default, the loader loads the bytes of the program file into memory at sequentially-increasing
addresses, starting @00 . The first byte is put i8000, the second 8001, etc. You can change where
subsequent bytes in the program file are placed in memory usir@RiGdirective. The directve has the
form

.ORG aaaa

The period should be the first character on the line, and the®ukenote the address (inxsecimal)

where the first byte of the next line in the file is to be placed. From this point onwards, the bytes in the file
will be stored in sequentially-increasing addresses in memuasy as before, but with the weorigin.

(That's where theORGmnemonic came from—ORIiGin.You can put anORG directive aaywhere in a
program file you like, and you can use as ymasyou like. For example, if the program file contained

123456
78

9A

.ORG 20
BCDEFO

the loader would plac&23456789A in addresse®000 through0009, and BCDEFOQin the addresses
0020 through0025 . If the period were not the first character on the line o&R&directive the emulator
would not interpret it as a direet, and would declare the line to be in error.

A related detail is that of mothe fictional CPU stores numbers in memofhe registers in the
PFWO0O07 are 16 bits or 2 bytes long/hen the CPU carries out\dOV 0100, R1 instruction, for gam-
ple, hav should it store the the twhytes that will be meed to memory? Itcould store the most significant
byte at0100 and the least #1101, or vice ersa. Eitheway would be fine as long as the CPU was con-
sistent and retrnied the data according to the sameanion. Thesame question arises with real CBU’
only with 32-bit machines & even more troublesome because there are four bytedvied. Somemanu-
facturers choose one agamtion, some anotherfThe two corventions hae rames taken, by theay, from
Gulliver's Travels! Machines which store the least significant byte at therdmddress are calldittle-
endian and those which store the most significant byte at teel@ddress are calldag-endian As we
will discover in the next chapteintel microprocessors are little-endian. In the case of the PFWO00Z | ha
chosen to store the most significant byte at the lower memory address and the least at the next higher
address, so it is big-endiahchose this corention because it is consistent with the way the bytes appear in
the program file.

Finally, I'd like to dscuss a mistaktat all programmers occasionally make—creating an endless
loop. Considerfor example, the follwing simple program.shavn only in the assembly languag&he

1. In case you are not familiar with the book, one of the placesv@wiisited was a land in which a civil war was ragifthe
war invdved a disputeer whether one should eat a soft-boilegydy breaking open the big end or the little ehduess this
war made about as much sense as much of the discussion about which byte ordering was better.
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program has a simple but potentially disastrous mistake.

0000: MOV R1, #0006
0003: DEC R1

0004: BR 3, #000A
0007: JMP #0003
000A: HALT

Figure 15-3. Simple program with an error that results in an endless loop.

The intent of the programmer was that the computaravrepeat or loop through the instruction addresses
0003 through0007, decrementindR1 each time, until the contents BfL become zero. At that time the
BRinstruction is supposed to cause a jump toHW&.T instruction at the end. The error is in tBend
argument to thé&Rinstruction. Itshould hae beenl, but instead i 3. As written, the program will jump

to the last instruction only if the contentsR1 are at the same time both zero and non-zero. That will
never happen, so the computer will continue looping ¥ereand you'll never get back to DOS.

Meanwhile, the emulator will beukily writing a line into the report file each time an instruction is
executed. Ifthe process were to be allowed to continue, thdne’ alarming possibility of completely fill-
ing the disk with the report file. Because of this possibility emulator has a "safety" feature which limits
the number of lines in the report file to 100theres dso a limit to the number of bytes you can write to
the .OUT file. If you accidentally create an endless loo, étisy to get out of it. Just press (that's
Ctrl andC pressed at the same time). That should get you back to DOS where you can look at the report
file to figure out what happened.

A final feature of the emulator is that the loader initializes the contents of all memory cells amd all b
one of the rgisters to zero before loading in your program. The one register not initialized to zero is the
stack pointer mgister, SP, which | will discuss later in section 15-@nitializing memory to zero has the
side-efect that if you mistakenly jump to someplace in memory where there are no instructions the emula-
tor will simply stop because it will s€¥, which it interprets ablALT.

15.2 Shiftinga Numbern Bits and DO Loops

The instruction set of the PFWO007 includes instructions to shift the contents of a register either left or
right by one bit, bt there is no instruction to shift by more than one bit. In this section, we write a program
to left-shift a number by a specified number of bits. Call the number to be shified the number of bits
to shift itn. One way to shifix by n bits would be simply to put LSHIFT instructions into the program.
With that approach, mever, it is messy to change the number of bits to shift because instructisagoha
be added or deleted from the program, and doing so changes instruction addresses. Instead, I'll write a pro-
gram in which both the number and the number of bits to shift are loaded into memory\snéeobtoca-
tion just abwe te program.Then the number of bits to shift can be easily changed by just changing one
2-byte number in the program file.

We reed a strategy—a plan of actioHere’s what | came up withI’ll write the program so that it
keeps re-gecuting anLSHIFT instruction until it has beernxecuted the required number of time$o
determine when the required number of shifteehaeen performed Il increment (addl to) a register just
after each shift, and then | will compare the number in the register to the required number of shifts. If the
number is less than the required numbBrbranch back to theSHIFT instruction so that the whole pro-
cess will be repeated aig. Whenthe number of shifts is equal to the required number I'll exit the loop by
simply not branchinglf | had more to do than just the shifting, the program would then continue, but in
this case once the shifting is finished I'm done, so the next instruction after the branch WiAb& a

That's the plan, nw | haveto put together machine language instructions that will implement it.
This is starting to get a little bit complicated, ss {#obably a good idea to write the plan down in a form
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that's easy to work with. (If the program were much more complicated than this, it certaduolyl Wwe a
good idea!) | usually use a kind of outline. The idea is to get the general plan,dsithout worrying
about the details, and then to go back an fill in the details ldege’s my first shot at an outline.

Lshift x

Increment counter
Compare counter with
Branch to start if counter &

Quit

There are a lot of details left out herBbr example, the value of has to be copied to a register in
order to shift it, and the value of has to be copied to anothegister to do the comparéee haveto
assign rgisters for this purpose, and wevhap assign a third register for the counteknother detail is
that we hge o make aure the counter gister starts dfwith the correct number in it; otherwise the count
will be incorrect. | decide to use0 for x, r1 for n, andr2 for the counter Thinking a little (this is the
hard part) | see that the counter shouldehzero in it initially in order for the count to be correct when the
compare eecution is &ecuted. Becausef the way the emulator works, the registers are initialized auto-
matically with zeroes, so | dartaveto do so gplicitly, but | choose to do it gavay, just to mak the pro-
gram clear I'll go back and redo the outline, adding these details to it, svd feser details to wrry
about when we are generating the machine language. Fig. 15—-4a shows the revised outline

a) b)
Putx inr0
Putninrl START
User2 for the counter
Loadr2 with O Y

again:
Lshift rO Putx inr0
Incrementr2 Putninrl
Compara2 withrl Loadr2 with O
Branch toagain ifr2 <rl -
Quit ] -
Ishift rO
A
Y
incrementrl
No
Yes
DONE

Figure 15-4. Outline (a), and flv chart (b) for the program to left shift a numbelby n bits.

Another common technique is to neak flow chart. A flow chart attempts to cary the same
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information as an outline, but in a more graphical fornkat. example, one might makthe chart shown in
Fig. 15-4b The lines with arrows shwthe flov of the program, and the rectangular boxessadions of
the program. Diamond shaped boxes are used to indicate deciseonfdither or not the shift counter is
still less than the desired number of shiffgpically there are telines coming out of the diamond, one for
each possible outcome of the test.

Choose whicheer technique seems the most useful to you, geldg your avn. Justremember wi
you are writing the outline or flo chart; it's supposed to help you deal with all the bothersome details of
getting the program actually written. If the program you are trying velale is at all complicated, you
should plan on spending most of your time in this stage wl@@ment. Thehard part of writing a pro-
gram is usually dreaming up a strategy that wilirkv Onceyou hare a god plan, it is not difficult to
translate it into a workable prograrhoften have b make sveaal outlines before | ane & one which will
work. Thesenotes may be a little misleading in that respect—I onlyvsjmu the successefon't expect
to produce a gem the first time, but do expect to produce a\getually.

The program | wrote according to this strategy is shown in Fig. 15-5.
; P rogram to left-shift a number stored in memory address 0020

; a s pecified number of times.  The number of shifts to be performed
; is s tored in memory location 0022.

280020 ;0000: mov r0, X ; Store xinr0

290022 ;0003: mov rl, n ; Storeninrl

220000 ;:0006: mov r2, #0000 ;| nitialize counter to 0
;again:

88 ;0009: Ishift rO ; L eft shift number in r0 once

82 ;000a: incr2 ;| ncrement shift counter

C6 ;000b: cmprl, r2 ; E nough shifts?

580009 ;000c: br a, again ; Branch if not
;done:

00 ;000d: halt ; Finished!

.ORG 0020
X

00a5 ;0020: ; T he number to be shifted
n:

0004 ;0022: ;T he number of times to shift

Figure 15-5. Example program which left-shifts a number left by a specified number oftit®xit, the
result is left inRO.
Given the outline or flav chart, this program should be pretty much sgfitenatory | had to choose mem-
ory addresses for andn, and | had to choose values for theseiables. Theaddresses really ddmatter,
just as long as tlyeare not within the address range containing the prograonhose0020 for x, and
0022 for n. To make it easier to check on the program, | chase= 4 (why does this ma# checking eas-
ier?), and for no good reason | chose= 00A5. Notice that in the assembly languag®sion, Ive rot
specified addresseggdicitly, but rather gren each a descripte rame. Theemulator doesmt’care what |
write there because it ignores it completdlyind the names more helpful than the explicit addresses, and
the assembly language dti# for me, not the emulatoin the machine language version | daget avay
with these shenanigans, hoxge and there | must use the addresses explicitly.

The program prints out the result sho in Fig. 15-6a, and creates the report file shown in
Fig. 15-6b The program appears toueaworked correctly It was to left-shiftA5 four bits. Four bits cor
responds to one kaligit, so the results should be shifted by one digit. When finidR@dpntainedA50,
and and the countdR?2, containedd004 , as epected.

This program could be written a number of differeays: Fig.15-7 shavs another program which
performs exactly the same taskit loloes not use theMPinstruction. Thisprogram does not maintain a
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a)
R0=0A50 R1=0004 R2=0004 R3=0000
b)
0000: MOV RO, 0020 : 280020 ; RO: 0000->00A5, CR=A
0003: MOV R1,0022: 290022 ; R1:0000->0004, CR=A
0006: MOV R2, #0000: 220000 ; R2:0000->0000, CR=1
0009: LSHIFT RO . 88 ; RO: 00A5->014A, CR=A
000A: INC R2 : 82 : R2: 0000->0001, CR=A
000B: CMP R1,R2 . C6 ;  (R1=0004) > (R2=0001), CR=A
000C: BR 08, 0009 : 580009 ; CR=A, branch taken
0009: LSHIFT RO . 88 : RO: 014A->0294, CR=A
000A: INC R2 : 82 ; R2:0001->0002, CR=A
000B: CMP R1,R2 . C6 ; (R1=0004) > (R2=0002), CR=A
000C: BR 08, 0009 : 580009 ; CR=A, branch taken
0009: LSHIFT RO . 88 ; RO: 0294->0528, CR=A
000A: INC R2 : 82 ; R2:0002->0003, CR=A
000B: CMP R1,R2 . C6 ; (R1=0004) > (R2=0003), CR=A
000C: BR 08, 0009 : 580009 ; CR=A, branch taken
0009: LSHIFT RO . 88 ;. RO: 0528->0A50, CR=A
000A: INC R2 : 82 : R2:0003->0004, CR=A
000B: CMP R1,R2 . C6 ; (R1=0004) = (R2=0004), CR=1
000C: BR 08, 0009 : 580009 ; CR=1, branch not taken
000F: HALT

Figure 15-6. Result of running the program in Fig. 15-5.

separate shift counteout instead decrements the value store®lreach time through the looprhe BR
instruction just before the end of the program branches back to the start of the loop as long as the value in
R1 after the decrement is greater than zero. This version is a little more indirect thawvibespoae, bt

it has the advantage that it has one fewer instruction inside the loop.

The looping structure in bothexsions of this program is very common in all types of programes.
even encountered a loop in Cha@.when writing a macro to help analyze Herbidhta. Suclstructures
are often calledO loops | think the name comes from FORTRAN; the FORTRAN instruction to set up
such a loop i©Q You will encounter these structures frequently in the remaining chapters of these notes,
and in programming of all types.

15.3 Writingto a File and Character Strings

In this example | want to program the PFWO007 to write a hame into the outpul fileose "Joe"
instead of my name because "Joe" makes the report file shdieoughthis example, I'll be able to sho
you hav higher-level languages handlexieial data, and we’ll splash around a bit in a small mud puddle
resulting from thedct that characters are stored as single bytes, but the PFW0&5 twm bytes at a time.
The program also illustrates the use of indil€@Mnstructions.

We haveseveral problems to solvand decisions to makin arder to write the program. Here are the
solutions | chose and decisions | mad#hers are certainly possible. One problem is lmrepresent the
characters in the name. The name is to be loaded into sowaniean location in memory when the pro-
gram is loaded, and then written to a file when the prograrecsied. Thanost comentional way of rep-
resenting letters is to use the ASCII codes for the letides dscussed the ASCII code back in Chapter 1.
For your comwenience, e included a table giving the ASCII egdients for all the letters and some other
characters in hexadecimal imfle 15-1.1 chose to use the name "Joe" for demonstrating the program.
Then the ASCII representation of the name consists of three Bids6FH, and 65H.
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; A nother program to left-shift a number (x) a variable
; n umber (n) of places.

280020 ;0000: mov r0, 0020 ; Store xinr0
290022 ;0003: mov rl, 0022 ; Storeninrl
;again:
88 ;0006: Ishift rO ;L eft shift number in r0
85 ;0007: decrl ; Decrementn
580006 ;0008: br 8, again ; Branch if greater than zero
00 ;000b: halt ; Finished!
.ORG 0020
X
00a5 ;0020: ; T he number to be shifted
n
0004 ;0022: ;T he number of times to shift

Figure 15-7. A program which performs the same function as that in Fig. 15-5.

Heres how the program | dreamed up willosk. I'll load the address of the start of the name into a
register To make the discussion easjdil | chooser0 for this register right ne. Then I'll use the indirect
move instruction of the PFWO007 to me the number stored at the address contained irio the 1/O
addressF000. Then Il increment the address i@ and branch back to the indirect weoinstruction.
Here, | run into a little problem, thoughtdow does the program kmowhen it has copied all the letters of
the name to the file? The problem of detecting the end of a character string is a common one, and there are
a number of good solutions to itOne common solution is to store an extra number with the character
string which gies the number of characters in the stringfith this cowention, the first location in the
memory block containing the name would contain the nurBlkignere are three characters in "Joe"), fol-
lowed by the ASCII codes for "Joe". If we choose to usehiytes to hold the number of characters, then a
total of five bytes would be required)OH, 03H, 4AH, 6FH, 65H. To implement our program with this
convention, we would load the first te bytes into a rgister and decrement the register each time a byte is
transferred. Theontents of the register would be chedleach time, and the program would branch back-
wards only if the contents were greater than zero.

Another popular corention is to agree on an "end-of-string" character which is used for nothing else,
and to end all strings with this charact&ero is used almost umrsally for this purpose. Thus, "Joe"
would require four bytes with this ceention,4AH, 6FH, 65H, 00H. To implement our program using this
convention, we wuld test each byte before transferring it to the file. If the byte is non-zero it should be
transferred and another byte fetched. If zexecetion of the program should cease.

| choose to use the second weemtion, primarily because it is the one most commonly used with pro-
grams written in the C programming language. Fig. 15-8 shows an outline of the program.

Thinking about the details of this plan, we fall into the small mud puddle | mentioned. e@heer
MOMnstruction labeledgain in the outline maes wo bytes intoR2, placing the byte at the address con-
tained inRO into the high or most significant positionR2, and the byte at the next higher address into the
low or least significant position. If we were to write the conten®R2fo the I/O address only thewdoyte
would be written to the file. This is the ASCII code not for the first |eligrfor the second. One solution
to the problem would be to loa@ initially with the address of the byte just before the start of the name.
That way, the correct byte auld be written to the file each time. This solution works pretty well, but it is a
bit tricky and it would be difficult for someone else to figure outiowvorks.

| chose a more direct solutiodMy program initializeg0 with the correct start address, but it uses a
SWABNSstruction to swap the Vo and high bytes so that the desired byte is in the correct place. Just to
malke are, | decided to explicitly zero out the high byte after thapswrhats rot really necessary since
the MOMo the I/0 address mres only the lowv byte. |zeroed the unwanted high byte AXDing rO with
a rumber for which the lo 8 bits are alll’s, and the high 8 bits are a@i's. (In hex that number turns out
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ASCII CODES IN HEXADECIMAL
Char. Code | Char Code | Char Code | Char Code
@ 00 Space 20 @ 40 ‘ 60
“A 01 ! 21 A 41 a 61
"B 02 " 22 B 42 b 62
C 03 # 23 C 43 c 63
D 04 $ 24 D 44 d 64
“E 05 % 5 E 45 e 65
“F 06 & 26 F 46 f 66
"G (Bell) 07 : 27 G 47 g 67
"H (BS) 08 ( 28 H 48 h 68
"l (Tab) 09 ) 29 I 49 i 69
*J  (NL) 0A * 2A J 4A j 6 A
“K 0B + 2B K 4B k 6B
"L oC , 2C L 4C | 6C
"M (CR) 0D - 2D M D m ®
"N OE . 2E N 4E n 6E
"0 OF / 2F 0] aF o] 6F
P 10 0 30 P 50 p 70
Q 11 1 31 Q 51 q 71
"R 12 2 32 R 52 r 72
°S 13 3 33 S 53 S 73
T 14 4 34 T 54 t 74
“U 15 5 35 U 55 u 75
Y 16 6 36 \% 56 \; 76
W 17 7 37 W 5 w 77
"X 18 8 38 X 58 X 78
Y 19 9 39 Y 59 y 79
Z 1A : 3A Z 5A z TA
T (Esc) 1B : 3B [ 5B { 7B
A\ 1C < 3C \ 5C | 7C
)l 1D = 3D ] 5D } 7D
- 1E > 3E - 5E - 7E
c 1F ? 3F _ 5F

TABLE 15-1. Table of ASCIl codes expressed inxadecimal. Theollowing abbreviations are used:
BS = backspace, NL = ndine, CR = carriage return, Esc = Escape.

to beOOFF.) Thenthe low 8 bits inr0 are AND’ed with1’s, and the result is whater value the bit had

before the AND’ing. The high 8 bits are AND’ed wilfs, and the result i, as esired. Figl5-9 shavs

the program with these modificationschose to put the name in memory startin@@20, and put the

masking numbe®OFF inrl .

| named the file containing the progr&#R0OG9.GO7 Running it created a file nam&ROG9.0UT
which contained a single line,

Joe

The report file is returned IRROG9.RPTshowvn in Fig.15-10. Asyou can see, the progranoiked as
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Loadr0 with address of the start of the string
again:
Move byte at this address t@
Branch to end if this byte is zero
Move the byte to I/O addresEp00
Increment address i
Jump toagain
end:
Halt

Figure 15-8. Outline of the proposed program to gaprame stored in memory to a file.

intended.

; P rogram to copy byte-by-byte ascii chars
; f rom memory to output file.

200020 ;0000: mov r0, name ; P ointer to name in r0
2100ff ;0003: mov rl, #00ff ; F or masking off high byte
;next:
48 ;0006: mov r2, @(r0) ; Get achar from memory
b2 ;0007: swab r2 ; | nterchange bytes in r2
99 ;0008: andr2, rl ; Mask off high byte
510013 ;0009: br 1, done ; If ¢ haris 0, finish
26f000 ;000c: mov f000, r2 ; Write it to file
80 ;000f: inc r0 ; | ncrement pointer to next char
2C0006 ;0010: jmp next ; E nd of loop
;done:
00 ;0013: halt
.ORG 0020
;name:
4A ;0020: J
6F ;0021: o]
65 ;,0022: e
00 ;0023: End of String ; E nd is marked with a zero

Figure 15-9. Program listing for the PFWO007 which copies the characters starting in menf@30ato
the output file. Copying terminates when the program encounters a zero byte.

This example illustrates geral common features of computer programs. First, it showstéxual
data is stored and manipulated in a computée individual characters are translated to their ASClhvequi
alents, and stored sequentially in a block in memaity the first character at the start of the blodke
program illustrates a common technique for marking the end of a character string. This is the "standard
method used with C programs. The program also provides an example of the use of a fuintalue
stored in rgisterRO is not itself a datum of direct interest, but rather tte address in memory of such a
datum. InC such a quantity is called pointer. It points to an item of interest, the next character in the
string in this case. Using a pointere were able to step along from one character to the next in the string
by simply incrementing the pointeAn dternative would hare been to keep in a separate register anxinde
labeling the current charactefo get the address of the corresponding charastemould add the indeto
name, the starting address for the string. Stepping through the character string wouldvthes iircre-
menting this inde rather than the pointerThe method chosen in the program iviobisly simpler and
faster for this application but it would notyeaworked so well if we had wanted to access the characters in
a non-sequential order.
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0000: MOV RO, #0020: 200020 ; R0=0020, CR=A
0003: MOV R1, #00FF: 2100FF ; R1=00FF, CR=A

0006: MOV R2, @(R0): 48 ; R2=4A6F, CR=000A

0007: SWAB R2 . B2 ; R2: 4A6F ->,CR=A

0008: AND R2,R1 99 ; R1=00FF R2: 6F4A ->004A, CR=A
0009: BR 01, 0013: 510013 ; CR=A, branch not taken

000C: MOV F000, R2: 26F000 ; @(FO00)=004A, CR=000A

000F: INC RO : 80 ; RO: 0020 ->0021, CR=A

0010: JMP 0006 : 2C0006 ; PC: 0010 -> 0006

0006: MOV R2, @(RO): 48 ; R2=6F65, CR=000A

0007: SWAB R2 . B2 ; R2: 6F65 ->,CR=A

0008: AND R2,R1 99 ; R1=00FF R2: 656F -> 006F, CR=A
0009: BR 01, 0013: 510013 ; CR=A, branch not taken

000C: MOV F000, R2: 26F000 ; @(FO00)=006F, CR=000A

000F: INC RO : 80 ; RO: 0021 ->0022, CR=A

0010: JMP 0006 : 2C0006 ; PC: 0010 -> 0006

0006: MOV R2, @(RO0): 48 ; R2=6500, CR=000A

0007: SWAB R2 . B2 ; R2: 6500 ->0065, CR=A

0008: AND R2,R1 99 ; R1=00FF R2: 0065 ->0065, CR=A
0009: BR 01, 0013 : 510013 ; CR=A, branch not taken

000C: MOV F000, R2: 26F000 ; @(F000)=0065, CR=000A

000F: INC RO : 80 ; RO: 0022 ->0023, CR=A

0010: JMP 0006 : 2C0006 ; PC: 0010 -> 0006

0006: MOV R2, @(R0): 48 ; R2=0000, CR=0001

0007: SWAB R2 . B2 ; R2: 0000 ->0000, CR=1

0008: AND R2,R1 99 ; R1=00FF R2: 0000 -> 0000, CR=1
0009: BR 01, 0013: 510013 ; CR=1, branch taken

0013: HALT

Figure 15-10. Report file for program in Fig. 15-9.

Finally, the program prades an example of the use of an arréiie characters making up the string
"Joe" are stored in a block of memory betw&820 and0023. Such a block is called aarray. In our
program, "Joe" was stored in an array of characters, each one byte long. In C, arrays vem & gi
name you lile, and the value associated with the name is a pointer to the start of thevatrayan access
an element of the array either by using a separate paintey alding an integer to the name of the array
For example, ifname is the name | gie the character array containing "Joe", then | could access the '0’
either by using a pointer set with vald@21 , or by alding one taname.

15.4 AProgram to Multiply Two Numbers

In this section we consider a somf&t more complicated example, a program to multiplg tw
unsigned intgers. Beforgumping into writing the program, we firstye figure out hw we will do the
multiplication—we need to figure out atgorithm We looked at the multiplication of binary numbers in
EE 121,and this would be a good time to/i@v that material.Briefly, the idea is the same as that for mul-
tiplying two numbers in decimal by handirst you write one number a® the other The numbers ha
special names which | canuge rememberso [11 call the number you put on top the "multiplyee”, and the
one on the bottom the "multiplidr (I’ Il bet you didnt know | speak Igdese.) Theryou multiply the least
significant digit of the multiplior times the multiplyee, and write the result downwhbere. Inbinary this
is particularly easy—the result is either zero, or the multiplydeer that, you multiply the second digit of
the multiplior times the multiplyee and write that result downwéle first result and shifted one place to
the left. You continue doing that until you run out of digits in the multipliard then you add up all the
results, keeping the shifts. Thathe answer.

The program I'll write will use the same ide#ll load the multiplyee intdR0, and the multiplior
into R1. I'll useR2 to hold the accumulated sum. (Instead of keeping track of all the individual one-digit
multiplications and adding at the end I'll keep a running sum, adding as | go.) First I'll initRize
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zero. Ther’ll check the least-significant bit in the multiplior and add the conterfod R2 if it' s ane.
If the bit is zero, | wn't do anything to R2. After that, I'll left shift RO and right shiftR1 one place.
Again, if the least-significant bit iR1is nav one I'll add the contents d®0 to R2, otherwise I'll leave R2
alone. 1l continue this process untiiMé difted all the ones iR1 out of the register and1 contains zero.
When | get to that point I'm done, and the answer R2n

Fig. 15-11 shows the program to do all thidl not give the program outline or fl@ chart, but you
should belige that | went through seral outlines before | came up with a reasonable drodose to put
the multipliee in memory addre8940, and the multiplior in0042 . To check the program, | us€iDA3
(163 in decimal) for the multiplyee, af@2C (44 in decimal) for the multiplior.

; P rogram to multiply two unsigned integers

280040 ;0000: mov r0, mpee ; 10 w ill hold the multipliee
290042 ;0003: mov rl, mpor ; 11 w ill hold the multiplior
220000 ;0006: mov r2, #0000 ; 12w ill accumulate the sum
;again: ; Start of the loop
230001 ;0009: mov r3, #0001 ; Mask for checking L.S.B.
9d ,000c: andr3,rl ; Is L .S.B.ofrl zero?
510011 ;000d: br 1, bit_is_zero ; Branch if yes
78 ;0010: add r2, r0 ; Otherwise update sum
;bit_is_zero:
88 ;0011: Ishift r0
8d ;0012: rshift r1
; E nd of loop,
520009 ;0013: br 2, again ; do a gainifrlnotO
;done:
00 ;0016: halt
.ORG 0040
;mpee:
00a3 ;0040: multipliee
;mpor:
002c ;0042: multiplior

Figure 15-11. Program to multiply tw unsigned integers in memory addres3@40 and0042.
The program runs and prints out the following.

R0=28C0 R1=0000 R2=1C04 R3=0001

The value inR2 should be the result of multiplying3 times 2C. Multiplying the decimal equalents
gives 7172 in decimal. The value R2is in decimal 7172, so it works!

There are seeral areas where impvement is needed for a practical prograihe first impreement
is an eficiengy improvement. Thesmaller the multipligrthe faver times the program must go through the
loop. Theprogram should, therefore, test the sizes of theriwmbers to be multiplied and interchange
them if needed to put the smaller one on the bottom (the multiphomore serious problem is that there
is no provision made for handlinggative rumbers. Thalgorithm will give wrong results if either of the
numbers is ngetive. We oould fix this by testing each number to see § egdive, and 2's complement-
ing it if so. We would hare o remember he mary of the numbers were getive, and change the sign of
the final result if one but not twwere ngative.

Another serious problem is the possibilityaerflow. If the product of the ter numbers is lager
than FFFF in he or 65535 in decimal, the product will require more than 16 bits. This program will sim-
ply shift these extra bits fofhe left end of the register and/gils the wrong answer without gndication
that something is wrong. This is a more difficult problem to fitany CPU’s resere a hit in the condition
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register for awerflows. If you shift a bit of the left end of a gister or add two numbers with a sum too
large to fit in a standard word, theeoflow bit is set. Using anerflow bit doesnt fix the problem, but at
least it lets you find out that it occurred. That solutiontiavéilable with the PFWO007. Another procedure
would be to revrite the program so that the result is placed o iegisters. Theroverflow could not occur
That would be possiblepubthe program would get pretty complicatdebr these notes, I'll just be satisfied
with the program as it is.

15.5 Subroutines

Often when writing a program you need a smaller subprogram which accomplishes some set task,
and which may be usedvseal times in your program.For example, you very well might need to multiply
numbers at seral places in a program. One way to handle such a situation would be to put in a block of
code similar to that in the last section each time you needed to do a multiplicEt@ncould ma& your
program quite a bit longeespecially if you included some of the impements suggested at the end of the
section, and it would be tedious to do because you wowle thego through each block and change the
addresses in it accordinghAlso it would mak your job of programming, and of debugging the program,
more difficult because the blocks of multiply code interrupt your train of thodgjbtnore cowenient to
just think of the block as a "black box" that multipliesotmumbers without having to remembenh&
works.

For these reasons programmers often enade ofsubroutines Continuing with the multiply xam-
ple, we might modify the multiply program we wrote in the last section so that it could be used as a subrou-
tine. Oncethat is done, \ery time we want to multiply te numbers, we would only need to put them in
the proper registers (or wheee the subroutine expects to find them), and jump to the start of the subrou-
tine. Thingsshould be designed so that the subroutine jumps back to the instruction in the main program
after the one that called it when it finishes. The use of subroutines is so common that practicallysall CPU’
include an instruction to jump to a subroutine, and another instruction normally placed at the end of the
subroutine which causes the CPU to jump back to the correct place in the main program. The PFWO007 has
such instructions, and the use of these instructions along with the use of subroutines is the subject of this
section. Thenstructions ardSR andRTS

In this section we will corert the multiply program into a subroutine, and then use the subroutine in
a dmple main program to multiply twnumbers. Thexample will accomplish the same task as the "sub-
routine-less" program in 15-11, but it will bundle the comipjeassociated with the actual multiplication
into a separate package (the subroutine) which we need not considgrdetaihto write or understand
main program. This is one of the advantages of using subroufifesother advantage of using subrou-
tines is not illustrated by thisxample because the main program is unrealistically simple. Suppose instead
the main program required numbers to be multiplied\arakplaces.With the use of the multiply subrou-
tine, each multiply would require only edMOMnstructions to put the twnumbers to be multiplied (the
multiplicands) into the proper registers)@R instruction to &ecute the code in the subroutine, and maybe
anotherMOMnstruction to put the answer wheee we want it. Without using subroutines, each multiply
would require copying the code in Fig. 15-11 into our program, making the appropriate changes to
addresses. Dointfpat is considerably longer and more tedious than using the subroutine.

The modified program is shown in Figh—12. Thesubroutine starts at memory locati@t00, and
the main program (the one which calls the subroutine) is located before it, sta@i@atThe main pro-
gram is very simple, it simply puts thedwumbers to be multiplied where the subroutine expects to find
them (I chose to usegmstersR0 andR1), and then xecutes alSR (Jump to SubRoutine) instruction to
jump to the start of the subroutine. When the subroutine is finished, control is returned to the instruction
immediately following thelSR instruction, aHALT in this case. In a more realistic case, the main program
would probably continue, making use of the result returned in regigter

You may be vondering at this point wothe JSR instruction differs from thdMP instruction. The
difference is that thdSR saves the address of the instruction falling it somewhere (we'll talk about
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; Main program which calls the multiply subroutine to multiply
; t wo numbers, mpee and mpor.

280040 ;0000: mov r0, mpee ;r0 contains the multipliee
290042 ;,0003: mov rl, mpor ;r1 contains the multiplior
2D0100 ;0006: jsr mult ;Jump to subroutine
00 ;,00009: halt
.ORG 0040
;mpee:
00a3 ;0040: multipliee
;mpor:
002c ;0042: multiplior

;S ubroutine to multiply two numbers passed as arguments in
; 10 a ndrl. Theresultisreturnedinr2. The contents of
; a ll registers modified during execution of the subroutine

; a re restored before returning.

.ORG 0100
;mult:
240123 ;0100: mov stor0, r0 :Save r0, r1, and r3
250125 ;0103: mov storl, rl
270127 ;0106: mov stor3, r3
220000 ;:0109: mov r2, #0000 ;Initialize accum. sum
;start_loop:
230001 ;010c: mov r3, #0001
9d ;010f: andr3, rl :Is l.s.b. zero?
510114 ;0110: br 1, bit_is_zero ;Branch if yes
78 ;0113: add r2, r0 ;add r0 to sum if not
;bit_is_zero:
88 ;0114: Ishift rO
8d ;0115: rshift rl
52010c ;0116: br 2, start_loop ;Do againifrl!=0
280123 ;0119: mov r0, stor0 ;Restore 10, r1, and r3
290125 ;011c: mov rl, storl
2b0127 ;011f: mov r3, stor3
2f ;0122: s ;Return
;stor0:
0000 ;0123: Storage for rO
;storl:
0000 ;0125: Storage for rl
;stor3:
0000 ;0127: Storage for r3

Figure 15-12. Modification of program in Fig. 15-11 to ogamt it to a subroutine.Also included is a
short program which calls the subroutine.

where shortly), so that the subroutine canvkmdhere to return when done; wherdhdP does not. If the

instruction at addres3006 in the main program had begnp mult , the program would h& exeuted

the code in the subroutine with no problem, but when finishedtsthenstruction at addres¥122 would

almost certainly send it to some strange place because the correct address for theouddunotvhae

been stored by thenp mult  instruction.

Let’'s now discuss the subroutine. The multiplyee and multiplior are to be passed to the subroutine in
registersR0 andR1, respectiely, and the answer is returnedR2. In order to carry out the multiplication,
it will be necessary to use (and therefore modify the contentsgi$feesR0, R1, and R3. If the subrou-
tine is to be treated as a "black box," the innerkimgs of which need not be remembered, using it should
not hare any e effects other that those expected (modifying the conterR® tf contain the answer in
this case). If we arehtareful, the contents &R0, R1 andR3 will also be modified on returnThat’s a
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mistale just waiting to happen, sov€ added some code at the start of the routine ve $8 contents of
these three registers so thatytlean be restored when the routine is finish&d.do that, six bytes of mem-
ory are set aside at the end of the subroutine for storage, and the contents of thgistees asMO\ed
there. Atthe end of the routine, the contents of these memory locatioMCied back to the registers.

Besides this change and some obvious address changes, the only change to the original multiply rou-
tine is the replacement of thEAL T instruction with aRTSinstruction. Thidatter instruction ReTurn from
Subroutine) causesxecution to continue with the instruction following ti8R instruction that originally
called the subroutine.

Running the program with the emulator produces the same refRf & preiously. Fig. 15-13
shaws the first fie and last four lines of the report file. Noticevinthe execution address changes just after
the JSR andRTSinstructions. (Br the moment, ignore the stabout SP in the lines irolving the JISR
andRTSinstructions. It related to where th&SR instruction stores the return address, and I'll get to that
shortly.)

0000: MOV RO, 0040 : 280040 ; RO=00A3, CR=000A

0003: MOV R1,0042: 290042 ; R1=002C, CR=000A

0006: JSR 0100 : 2D0100 ; SP ->OFFE, @(SP)-> 0009, PC: 0006 -> 0100
0100: MOV 0123, R0: 240130 ; @(0130)=00A3, CR=000A

0103: MOV 0125,R1: 250132 ; @(0132)=002C, CR=000A

011C: MOV R1,0125: 290132 ; R1=002C,  CR=000A

011F: MOV R3,0127: 2B0134 ; R3=0000, CR=0001

0122: RTS : 2 F0000 ; SP ->1000,PC: 0122 ->0009

0009: HALT

Figure 15-13. First five and last four lines of the report file for the program in Fig. 15-12.

The JSR instruction in the third line of the report causes the CPU to jump to the instrucid0@} the
starting address of the multiply subroutine, and i dae address of the instruction following th8R
(0009 in this case) somehere. TheRTS instruction in the next-to-last line of the report retege this
return address and causes the CPU to jump to it.

15.6 Staks

| can use this subroutine example to illustrate another very common programming technique—the
use of astack Often a programmer needs some memory space tempoisilyexample, in the subroutine
in Fig. 15-12 we needed space toes&emporarily the contents of threegigters. Wherthe subroutine is
finished, this space is no longer needids wasteful of memory space to resesx bytes solely for this
use. r this and other (better) reasons, almost all programs use what is called a stack to allocate temporary
memory spaceHeres the idea. A regster or memory location is initially loaded with the highest address
of some block of unused memoryypically, this address auld be the highest addresgitable to the pro-
gram. Theregister containing this address is called $itek pointer, and the address contained in it is
called thetop of the stade Wheneer the programmer ants to store a number temporarillge stack
pointer is decremented to point to thetrfeee space, and the numbeM®\ed to the address contained in
the stack pointerThis place on the stack (the position of the last number put on the stack) is caltgu the
of the stak. (Actually, it probably should be called thmttomof the stack, but it ish) Decrementinghe
stack pointer anMOMng the number in this way is referred tomsshing the number onto the stack
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The termstackcomes, | think, from an analogy with a literal statkhen you want to s& osme
numbers, you put them on the top of the std€lou hare sveal numbers to se&, then the stack consists
of a pile of numbers, one on top of the ofhéth the first one put onto the stack on the bottom, and the last
on the top.It’s like a sack of trays in a cafeteridvhen you want the numbers back, youetélem of of
the stack. If you were oker, and put the numbers onto the stack in theise order of the order you need
to get them back, then the operation is ea&u are alvays putting numbers onto the top of the stack, and
taking them df of the top as well. If you need to retreea umber other than the one on the top of the
stack, things are a little trickiei¥ou have o remember where it is in the stack, and thee iakut without
messing up the other numbers on the stack.

If the number you want to retxie from the stack is the number on the top, the operation ofviatiie
it is calledpopping the number bbf the stak. To do that with the computer stack, ydOMhe number at
that address contained in the stack pointer togestex and increment the stack pointer by the length in
bytes of the number so that the stack pointer still points to the number on the top of thdBetdks
retrieving the numberthis process also returns the memory used for storing the number back to the stack
for later use.(Actually, the number is still there, but it can besawritten by a subsequent push operation,
so it has become a kind of zombie, neithareator dead.) If the number you wanag/not the one you last
pushed onto the stack, things are a little more complicated.haveto knov how far down it is on the
stack and form its address by adding the corresponding number of bytes to the stack Hoentermber
can then be retreed using this address andMOVinstruction. Thenumber still occupies space on the
stack after this procedure, and some method must be used to return this space when finishethigith it.
latter operation is referred to eleaning up the stack

The use of stacks is so common that most GRel’ aside a special-purpose register to contain a
stack pointerand the instruction set of these CBUHcludes instructions to push numbers to the stack and
pop numbers from it. In the PFWO007, the stack pointer register is &GHeahd the push and pop instruc-
tions arePUSH RaandPOP Ra. The PUSH Ra instruction subtracts twfrom SP and then copies the
number in the register specified by the opefdaado the memory location pointed to By. ThePOP Ra
does the opposite. It copies the number at the address pointedSt® tbythe rgister specified by the
operandRa, and then adds tato the contents 08P so that it still points to the top of the stack.

There also are instructions for moving numbers to and fronSEheegister. MOV SP, Rb and
MOV SP #Adr load theSP register with a specified numbeThe first loads it with whater Rb contains,
and the second with the number specified\dy. TheMOV Ra, SP instruction does the verse, it loads
the register specified biga with the contents oSP. The operation of these three instructionsxaoctly
analogous to that of the first tdOMnstruction in Table 14-1, except that one regist&Hs

To use a stack, one must first initialize the stack pointer with the address of the highest byte of mem-
ory available to the stack (usual§FFFH for the PFW007%. The MOV SP, #Adr or perhaps th&IOV
SP, Ra instruction can be used for this purposéyou want to initializeSP to the highest\ailable
addressPFFFH, you actually dort’haveto do anything because the emulator automatically initializes the
contents ofSPto this \alue when you start it. All other registers and all memory locations are initialized to
zero. D darify how the stack operations work, Table 15-2 shows what happens to the contentsadf se
registers and memory locations after a sequence of such operationsallié® in the table are thalues
afterthe instruction in the left-hand column ieeeuted.

In our multiply subroutine, we want tov@temporarily the contents of gistersR0, R1, and R3.
Instead of setting aside six bytes of memory specifically for this storage, we might use thé\sthek.
start of the subroutine, we could push the contenROainto the stack, followed b1, and thenR3. At
the end of the subroutine, we could restore #laes of these three registers, as well as clean up the stack

2. There is a small mud puddle herBecausePUSHoperates by first decrementii®P and thenMONIng the number to the
resulting address, the stack pointer should be set to the highest addressitytuugelus 2 Initializing SP to OFFFH wastes
two bytes of memorybut the emulator does so anyway toid confusion (I hope!).
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Instruction R1 R2 SP OFFD | OFFB |0606 (0604
0111 |0222 1234 0000 00PO 000D 0000
mov sp, #0OFFF 0111 |0222 OFFF 0000 0000 00Q0 0009
push rl 0111 |0222 OFFD Q111 0QO0 0000 000(
addri, r2 0333 |0222 OFFD Q111 0QO00 0000 000(
push rl 0333 |0222 OFFB 0111 0333 0000 000(
pop r2 0333 |0333 OFFD Q111 0333 0000 0000
pop rl 0111 |0333 OFFF 0111 0333 0000 000d
mov sp, #608 0111 |0333 0608 0111 03383 000D 0000
addrl, r2 0444 |0333 (608 0111 03383 000D 0000
add r2, r1 0444 |0777 0608 0111 03383 0000 0000
push r1 0444 0777 0606 0111 0333 0444 0000
push r2 0444 0777 0604 0111 0333 0444 0777
pop r1 0777 |0777 0606 0111 0333 0444 0777
pop r2 0777 |0444 (0608 0111 03383 0444 0777
mov rl, sp 0608 |0444 0608 0111 03383 0444 0777
mov sp, r2 0608 |0444 0444 0111 03B3 0444 0777

TABLE 15-2. Table showing the effect of a sequence of stack-oriented instructions on the contewts of se
eral registers and memory locations. The values of thegsterss and memory locations
shavn are the aluesafter the instruction in the first column ixezuted. Thenstructions
are assumed to beeeuted in sequencelThe horizontal lines in the table are intended only
as a guide to the eye.

by simply popping them bthe stack in the kerse order to that used to push them onto the stidckice

that the order the registers are poppddiod stack is important. The wrong order will scramble the con-

tents of the registers.

The program in Figl5-14 shows the modified subroutine whickesahe registers onto the stack.
The modified subroutine and the main program that calls it are similar to the presisizgv Themain
program is the same except that an instruction is addest ép, #Offf ) which initializes the stack
pointer to point to the top of the memoryaitable. (As| mentioned preiously, this instruction is not
really required since the emulator does thigway, but | wanted to shwe the initialization of the stack
pointer eplicitly.) In the subroutine, the thrédOVinstructions that were used toveahe \alues ofRO,
R1, and R3 are changed tBUSHinstructions, and at the end, the thM@\nstructions that were used to
restore the values of these registers were chang&D®instructions. Theonly other changes were
changes to the addresses caused by the addition EfQNanstruction to the main program, and thdetif
ent lengths of th®@USHandPOPiInstructions.

15.7 Subroutinesnd Stacks

Stacks are used frequently in subroutines. In this secti@nt tw discuss some of these uses, and to
expand a little more on the use of subroutinémless you become a professional programriteis
unlikely that you will mak wse of these techniques directly in assembly language programmtngobt
high-level language compilers use these techniques to produce a machine language progatentequi
the high-leel program. You really dont haveto be very adept at using these techniques because the com-
pilers do most of the work for you, but it is helpful tové@ general idea about what is happening.

15.7.1 TheReturn Address

At the start of section 15-5, when | introduced #8R instruction, | mentioned that the return
address is stored somewhere, but | did not tell you whéoe: | can reveal all. The return address is usu-
ally pushed onto the stack. Instead of this approach, one coulderégerytes of memory not associated
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; P rogram to multiply two numbers using the multiply subroutine
; modified to use a stack

280040 ;0000: mov r0, mpee ; r0 ¢ ontains the multipliee
290042 ;0003: mov rl, mpor ; rl ¢ ontains the multiplior
2e0fff ;0006: mov sp, #0fff ; | nitialize stack pointer
2D0100 ;0009: jsr mult ; J ump to subroutine
00 ,000c: halt
.ORG 0040

;mpee:
00a3 ;0040: multipliee

;mpor:
002c ;0042: multiplior

;S ubroutine to multiply two numbers passed as arguments in
; r0 a ndrl. Theresultisreturnedinr2. The contents of
; a ll registers modified during execution of the subroutine

; a re saved on the stack and restored before returning.

.ORG 0100
;mult:
; Saver0,rl, and r3
60 ;0100: push r0
61 ;0101: push rl
63 ;0102: push r3
220000 ;:0103: mov r2, #0000 ;| nitialize accum. sum
;start_loop:
230001 ;0106: mov r3, #0001
9d ;0109: andr3, rl i Is | .s.b. zero?
51010e ;010a: br 1, bit_is_zero ; Branchifyes
78 ;010d: addr2, r0 ; A dd r0 to sum if not
;bit_is_zero:
88 ;010e: Ishift rO
8d ;010f: rshift rl
520106 ;0110: br 2, start_loop ; Do againifrl!=0
; Restorer0, rl, and r3
67 ;0113: pop r3
65 ;0114: pop r1
64 ;0115: pop r0
2f ;0116: s ; Return

Figure 15-14. Modification of multiply subroutine to use a stack for allocating memory to tempaaery v
ables.

with the stack specifically for storing this address, but then a subroutine could not call another subroutine

because calling the second subroutine from inside the first weatdrite the return address for the first

with that for the second. The first would then notentae correct return address, and the program is sure to

go astray.

If, on the other hand, the stack is used for this purpose, there is no such problem because the return
address for each subroutine just gets pushed onto the stack. Each subroutine call gets its own stack space
for a return addressA disadwantage of this approach is that it reakit easier for the programmer to go
astray One must be careful to restore the stack just before exiting the subroutine to the condition it had just
after entering it, or the return address will get all messed up. On the PFWQIBERestruction automat-
ically pushes the return address onto the stack, ar@TtBénstruction automatically pops this addresks of
the stack into the program counter register.
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15.7.2 Rssing Arguments to Subroutines

Another use of the stack is to pass information to subroutimethe multiplication subroutine, the
two numbers to be multiplied were passed to it igiseersRO andR1. These numbers are calladyu-
ments The usage of the term here is in good analogy with the use of the term when referringga-the ar
ments of a functionln both cases, the argument passes the information needed for the subroutine or func-
tion to determine a value to return. Because there are a limited numbgisténs; the stack is often used
in place of registers to pass arguments to subroutines. Fhmants are simply pushed onto the stack just
before calling the subroutine, and the subroutine accesses them as rid@ded.the covention that C
uses. Theéookkeeping required to remember where each argument is on the stack, and to clean up the
stack after the subroutine returns is simplé tedious. Fortunately compilers for higher beel languages
such as C takare of all these details without the programmer having tevkmach about them, and
attending to simple but tedious tasks is something computer programs such as compilers are very good at.

15.7.3 Recusion

In the example of the multiply subroutine, we needed to use the thistersR0, R1, and R3inside
the subroutine. Since these registers could contain numbers which are needed in the main proggam, it w
important that the original values beved at the start of the subroutine so thatytleeuld be restored at the
end of the subroutine. In the secoretsion of this program, we used the stack for storing thaelsew
temporarily The reason | avefor using the stack rather than permanent storageeficiency of memory
usage: itwastes space to resergpace for the variablesren when the subroutine is not beingeeuted.
This is a correct, but not very convincing reasémmore important reason to use the stack rather than per
manent storage is that when the stack is used the subroutine can callfifsaiinanent storage is used (as
in the program in Fig. 15-10) and the subroutine calls itself, the stored values from the second call will
overwrite those of the first call and things will get messed up. Using a stack, on the other hand, each call to
the subroutine gets its own space on the stack.

A subroutine that calls itself is said to eursive It might seem that such a feature has litdéue,
but in some cases recursion simplifies programs considerdlig last section of this chapter describes a
subroutine which uses recursion to calculate the factorial of a nuiRbeursion is kinda niftybut you can
really get in trouble with it! One little teensy mistake, and the subrougepskcalling itself. Each call
uses more space on the stack, until all the memory allocated for the stack is used up. If the system is well
protected it bombs out rightvay. If not, it continues merrily werwriting other stufin memory If that
stuff was important, the computer goes bonkers, and yoe bareboot it. When a program runs out of
stack space, it is rather appropriately said telhéown its stack

15.7.4 Aitomatic and Static Stage

Programs manipulate numbers, calietdiables So far, the programs we ka witten hae keen
pretty simple, and the four registers of the PFWO007 wefeiguit to hold all the variablesvolved. More
commonly programs are much more compland space is needed to hold mamnore variables than there
are registers\ailable. Inthis case, the variables must be stored in memory arnddno and from rejis-
ters as needed. Moshould memory space for these variables be assigned?

For variables used in the main program, a good method would be to assign memory space perma-
nently to each ariable. r variables used in a subroutine wawer, this method wastes space, and does
not allov recursion. Ifa particular variable is needed only temporarily a better method is to get storage
space from the stacklhe storage space can be used while needed, and then returned to theAystem.
able assigned permanently to a specific memory location is said to be assijicesorage, and theavi-
able is often called atatic variable In this context, the terrstatic does not mean that the value of the
variable cannot changeubrather that the address used to store the variable carvariable assigned
space from the stack is said to be assigm&dmaticor volatile storage, and the variable is sometimes
called amautomaticvariable. It"automatically" appears and disappears as needed.

Automatic storage is frequently used for variables inside of subroutines. This space is needed only
while the subroutine is beingeuted, and can be safely returned to the system for other uses when the
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subroutine returns. Reserving automatic space is easy—just dec@Ritanthe amount of space needed.

If there is more than one automatic variable, you alse flaremember where each one is stored on the
stack. Wherthe subroutine is finished, the memory is returned to the pool by simply res$étiragthe
value it had on entry to the subroutin€he whole process requires some careful bookkeeping, gt

ple in principle. The compiler programs for most highgelleanguages such as C use such a technique for
allocating memory for automaticakiables. Brtunately the compiler takes care of all the tedious book-
keeping so that the programmer does not need to worry about it.

15.8 Readinga Number from the Input File

I'll end this chapter with tavexamples of programs which use subroutines in realistigsw Inthis
section I'll write a program that reads a number from the input file and puts it into mehisyexample
illustrates a realistic application of the multiplication subroutine weldeed. Inthe net section, Il
write a program which contains a recuesgibroutine that calculates the factorial of a pesitnteger.

At first glance, a program to read a number from the input file and put it into memory might seem
simple; you just use IOV R?, FOOO instruction to put the number into some regisi?)( and then
move the number to memory with anoth®tOVinstruction. Thisapproach does not work, \wever,
because the number in the file is to be represented in humeenigon form, which is as a string of ASCII
characters giving the base ten representation dfdat.example, the number 1396 would be in the file as
four bytes, one for the ASCII code for each chara8ted 33H 39H 36H to be eéact. Theprogram has
to corvert such a character string to the actual number 1396. That takes a little more doing.

The first thing we need to do is to design the algorithm we are going td@ sewumber 1396 equals
1x1000+3%x100+9x10+6. | could male an dgorithm which works that vay, using my newly &sh-
ioned multiplication subroutine to do the multiplications. The problem is that the first digit | read in the file
is the 1, and at the time | read it | dbkhow what power of ten to multiply it byl only know that after
I've read all the digits and countedvhanary there are. One solution to the problem would be to push the
individual digits onto the stack as there read, and then when all the digits are read from the file to pop
them of the stack, multiplying them by the proper factor of 10 as we go.

Heres another | think simpler way. I'll use one rgister say RO, to hold the sum as it accumulates.
The register will be loaded initially with zerd'll read the first character from the input file, and § ftie
ASCII code for a lgd digit I'll add the value it represents RO. If it's mot a digit, Il jump to the end of
the program, otherwise I'll then read thexneharacter from the file, and ifsta dgit, I'll multiply the con-
tents ofRO by 10 and add the value thewndigit represents to the result.ll continue this process until |
read a character thatot a digit, whereupon I'll assumev€ read the whole number and jump to the end of
the program.l could express my algorithm mathematically by

13% =10 (10x (10x (1) + 3) + 9) + 6

Fig. 15-14 shows a flechart of the general ided.added a check to see if we had reached the end of the
file (EOF) while reading in digits.

To implement the algorithm sha in Fig. 15-15, | hae veaal sub-problems to sav First,how
do we comert the ASCII code for a digit to the value it represenigfen | read the first digit, | place the
ASCII code for the charactdr, not the number 1 itself iR3. ThusR3 contains0031H, and | want it to
containO001H. Theres a smilar problem for the other digits, so the method must work for all the base-
ten digits. Looking at the table of ASCII codes in hex, | see a solution. The codes for theddigitaigh
9 run from30H through39H, so | an cowert the ASCII code for a digit to the number it represents by just
subtracting30H from it. The PFW007 doesnhavea aubtract instruction, but | can subtract by taking the
two’'s momplement o80H and adding it. The 16-bit version of the ta@dmplement o80H is FFDOH

A second problem is o to determine whether or not a character isgaldigit. If the character is
less tharBOH or greater tha®9H, it ain’'t kosher so | an test the Igdity of a character by using tHeMP
instruction to compare the character watbH and with39H. Still a third problem is hav to multiply the
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START

User0 for sum
Setr0=0

Y

Get next digit from file
and putitinr3

Is it EOF? Yes
No
Isita No
legd digit? o
A Y
Yes DONE

Corvert digit to
value it represents

|
Multiply rO by 10

Figure 15-15. Flow chart for the algorithm discussed in thettor reading an ASCII-coded number from
a file and cowering it to the value it represents.

contents of rgisterRO by 10. This one Ve dready solved by writing the subroutine in Fig. 15-14, so all |
need to do is put the multiplyee and multiplior igistersR0 andR1, and do aJSR to the multiply subrou-
tine. Thesubroutine returns the result R2, so | will need toMOWhis value intoR0. The RO register
already contains the multiplyee, so to prepare for the subroutine call, | need onRllagth 000AH
(that’s 10 expressed in hex).

With these preparations,stjust a matter of writing the machine code. The program is/shn
Fig. 15-16. To use the program you b@ o copy the stack version of the multiply subroutine onto the end
of it. You dso hae b use an editor to create a file with a number to be read @18R6, in it. Thel
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; P rogram that reads one line from input file, assumes it

he decimal representation of a number (in ASCII),
; a nd converts it to a number which is placed in rO.

; To r un the program, the multiply subroutine in

; Fig. 15-12 must be copied at the end, starting at

; memory location 0100H.

; to be t

Chapt. 15

200000 ;0000: mov r0, #0 ; 10 h olds accum. sum
;next:
2bf000 ;0003: mov r3, f000 ; g etachar
540024 ;0006: br 4, end ; Check for EOF
; Is ¢ har alegal digit?
210030 ;0009: mov rl, #0030
cd ;000c: cmpr3,rl
540024 ;000d: br 4, end ; No if I3 <3 OH
210039 ;0010: mov rl, #0039
cd ;0013: cmpr3,rl
580024 ;0014: br 8, end ; No if I3 >3 O9H
; Convert from ASCII
21ffd0 ;0015: mov rl, #ffdo ;-0
7d ;0018: add r3, rl
; Multiply sum by 10
21000a ;0019: mov rl, #a ; Sumis already in r0
2d0100 ;001c: jsr mult ; Multiply sum by 10
12 ;001f: mov r0, r2 ; Move result to r0
73 ;0020: add r0, r3 ; A dd last digit to sum
2c0003 ;0021: jmp next ; Do it a gain
;end:
00 ;0024: halt
.ORG 0100

; Multiply subroutine goes here.

Figure 15-16. Main program to read a character string from the input file andextahto the number it
represents. Thprogram uses the stack version of the multiply subroutine inlbigl4,
and this subroutine must be copied at the end as indicated.

must be the first character in the file. The file musthae same name as your program file, except that
the extension must béN . When finished, the result should be igister RO. | ran the program with
1396 in the input file, and got

R0=0574 R1=0030 R2=056E R3=000A

The contents R0 are0574 . That's 1396 expressed in hex, so the program worked!

This program is the first realistic example of the use of a "canned" subroutine | wroteiglyeto
be used as a tool. In writing the program toweointhe text representation of a number to the actual num-
ber we had enough to worry about just trying to figure out toodo it, without having to worry about the
multiplication stuf. Writing the multiply subroutine was quite a bit of trouble, but onsadithe and tested
we can just use it without thinking very much about whatdting. Thatis a big help.

Actually, it would male £nse to corert the main program itself to a "black box" subroutifRead-
ing a number from a file is a common task, and a subroutine to accomplistotiéte useful. Instead of
doing it here, Il lege it to an eercise at the end of the chaptémwon’t go into it here, but there is a simi-
lar need for a subroutine to a@nt a number stored internally to the eglent string of ASCII characters
so that it can be printed from a prografrhis is the inerse of the previous problem. The only algorithms |
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know of to solve it require dividing by the base of the number system yantwo use to print out the num-
ber (10, for gample). ThePFWO007 does not kia sich an instruction, and weyerot written a dvision
subroutine, so | an't attempt to write such a progranivision by a power of ter can be accomplished
by doing the proper number of left shiftswewer, o you might try writing a program to print to a file the
value of a number expressed in octal (base 8).

I’'m not the first person to realize that such a set of subroutines would be Harfdgt, there is a
subroutine supplied with all C compilers and cakednf which accomplishes the task of eerting a
number expressed as an ASCII string to a number stored internally to the coripeteris another stan-
dard subroutine, callggrintf , which accomplishes theverse task of corerting a number stored inter
nally to a set of ASCII characters that can be prinfHtere routines are much more sophisticated than the
program in Fig. 15-16, and thean cowert to and from floating point representations of the number as
well as intger, and you can specify that the ASCII representation of the number can be ocaaletienal,
or decimal (base 10).

15.9 Recursiorand a Program to Calculate!

As an eample of the use of recursion, we will write a subroutine that calculates the factorial of a
number passed to it as agament. Les all the value of the gumentn, and the subroutine will be writ-
ten so that it returns the valuerdf I'll write it so that the glument is found in gsterRO on entry to the
subroutine, and the value fis placed irR2 on return.

Heres how the subroutine will wrk. It will use directly the definition of the factorial of a positi
integer:n! = n{n—-1) forn>1, and 1 =1. Onentry, the subroutine will first check to see if itgament
contained in rgisterR0Ois 1 or not. To dmplify the discussion, lets call the value of thiguamenta. If a
is not 1, the subroutine will get the value(af-1) by calling itself with an argument & —1. Whenthis
call returns, it will multiply the value the call produces by thkig ofa to form the produca{a-1), as
per the definition. The subroutine will then return the value of this product by placinggister&2 and
returning. If,on the other handnis 1, the subroutine simply returns the value 1 (as per the definitin of
by simply placing the number 1 ingister R2 and then returningFig. 15-17 shas a flav chart of the
subroutine | hee in mind.

As an example Fig. 15-18 shows a diagram af ltee subroutine will work when called with an
argument of 4.The initial call results in the subroutine calling itself three more times, first vgthmant
3, then with argument 2, and finally with argumentEhch time the subroutine is called it checks to see if
its argument equals 1. The first three times tigairaent is greater than one, so it just calls itself with an
argument that is one less than what it was called with and waits for the call to return wiitie.a ®nthe
fourth call, the agument is equal to 1, so this call can return immediately with vall&xécution returns
to the previous call which sees 1 as the retainesfor its(a—1). It multiplies this value times itswn
argument, 2 in this case, places the result gisterR2 as a return value, and returneeution to the call
just abwe it. Theprocess repeats until finally the top call returns with the desatleg \(4x (3!) in this
case).

In order to test the subroutine, we will need a main program which will call the subroutine.
Fig. 15-19 shws the subroutine and a simple main program that calls it with an argumenTbé4nain
program is very easyt simply puts the number to be "factorialed" (4 in the case shown) igisteeR0
where the subroutinexpects to find it and calls the subroutiiaet . Once you understand the general
strategy writing the subroutine is also pretty simple. The subroutine needs a register to use for internal
computation. Ichose to us®1 for this purpose, so the first thing the subroutine doesvestsa contents
of R1 by pushing it onto the stack. Labeling thguanenta as abwe, the routine then checks (in thexhe
three instructions) to see whether or aas one. If a=1, the branch is not taken, and the number 1 is
MOV’ed to registeR2, regsterR1is restored, and the subroutine returns.

If a#1, the subroutine should return thelue al{a—1). In this case the branch twt_done is
taken, and the subroutine prepares to call itself witjuswenta—1 in order to obtain thealue of(a-1).
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ENTRY
fact(a)
aisinr0

Isr0=1 2 Yes

No Setr2=1

Call fact(a-1)
(a-1 )! will be
returned inr2 RETURN

Y

y

Multiply r2 by r0
Put result inr2

y
RETURN

Figure 15-17. Flow chart for a subroutine that calculates the factorial of its argument.

To do that, it will have o subtract 1 from the value iRO. That will modify the contents dR0, so the sub-
routine first saes the unmodified &lue for later restoration. The routine then decrements the vaR@, in
and callsfact . Sincefact expects to find its argument in thigyister the factorial of this value should
be inR2 when the call returnsThe subroutine copies this return value iRth restores the originalalue
of a to RO, and calls the multiply subroutinepult . This subroutine multiplies the values it findsRO
andR1, and places the result R2. This value should be just[{a—1), the desired value, andstin the
correct registerso fact  simply restorefR1 and returns.

After copying the multiply subroutine from our pieus examples onto the end of this program, it
runs and produces

R0=0004 R1=0000 R2=0018 R3=0000

The value ofdl should appear in ggsterR2. At first glance, it appears that the program did not work cor
rectly, because!4= 24, not 18. Butwait! One of the secrets to success in life is wid panicing too soon.
The emulator uses hexadecimal, and the values in the registers are written in hex, so th&k2atubase

10 is1x16 + 8 =24. The subroutine did, in fact, work.

15.10 APPENDIX: Usingthe Turbo C Editor

A pretty good editor is included as part of therio C compiler package. The purpose of this

appendix is to gie you enough information about the editor to use it. I'm not an expert, and much of what
is here | got from the manual.

To dart the package, simply enter at the DOS prompt. After a delay you should get a screen with
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Argument Return Value

Figure 15-18. Schematic flov diagram showing the operation of the recuestubroutine calculating the
value of 4!. The solid arrows shwthe flav of control, and the dashed arrows stibe flav
of data. Flow starts at the upper left and the subroutine is entered vwgtimaant 4. It then
calls itself three more times in sequence with arguments of 3, 2, and 1. Finally the chain of
calls starts returning, as st by the flev control arrows on the right side, providing the
factorial values shown in the circles on the right.each stage, the value in the right-hand
circle should be theattorial of the value of the argument in the left-hand circle on the same
line.

a menu bar the looks somethingdithe Quattro Pro menu bar at the top, and who knows what.béltne
program seems to i@ a nemory about what was being donevioessly, and it tries to get back in the same
state it vas.) Ifthe middle of the screen has anything in it, get rid of it by pressinglthend theF3 keys
simultaneously Keep doing it until the screen is pretty much blaitke jargon for what you just did is
you closed the windows

The Turbo C package has a number of capabilitiés. ©ld by the same compgithat sells Quattro
Pro, so the operation is somewhat simils access some feature you must\até the menu basmilarly
to Quattro Pro, the only difference is that you useRb@key, rather than the slash, To edit a file access
the File menu. Daso by pressing10 and therF. You can also use the awdeys to move he highlight,
or you can use the mouse. Doing thatgia menu with seeral items. ChooseOpen and you get a box
asking for the name of the fil&ype it in and presEnter. A window will appear with the name you just
typed in at the top. (If you did not specify axtension,tc appendsC to it.) Anything you type will
appear on the screen, and when yore sehat you hge dne, it will be placed in the file with thevgn
name. Yu sae the file with theSave item of theFile menu.

The rest of this section describes some of the features of the editor parttofpekage. able
15-3 summarizes some of the editor commands. Once ywauahadit window open, there is a blinking
cursor When you type a character it appears just before the cofdwen you presknter, the cursor goes
to the start of the next line. In manther ways, the editor works similarly to Quattro Pro in the Edit mode.
The Deletekey deletes the character under the cyrBaickspacethe character just to the lefiT deletes
the word to the right of the cursocand”Y deletes the entire lineYou can mae the cursor around with the
arrov keys. The - and — keys more e characterand O and | move ane line. "— and”™ ~ move me
word. Home moves to he start of a lineEnd to the end, antHome and"End moves to he top or bottom
of the screen.You go to he next screenful witRgUp andPgDn, and "PgUp and"PgDn moves to the start
and end of the file.
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; P rogram to calculate the factorial of a number, n, using a
; T ecursive subroutine.

280020 ;0000: mov r0, n ; G et number to be “factorialed"
2d0050 ;0003: jsr fact ; Calculate n!
00 ;0006: halt
.ORG 0020
;n:
0004 ;0020: n ; Storage location for n

; Recursive subroutine to calculate a factorial.

; On e ntry, the number to be "factorialed" should be in

; 1 egister r0, and on return the answer is left in r2.

; T he routine does not check for illegal arguments or for
; o verflow of the result. The subroutine requires the

; multiply subroutine loaded at address 0100.

.ORG 0050
; fact:
61 ;0050: push rl ; Saverl
; Is a rgument (a) 1?
210001 ;0051: mov rl, #0001
cl ;0054: cmp r0, rl
58005d ;0055: br 8, not_done ; Branchifa> 1.
220001 ;0058: mov r2, #0001 ; Else,putlinr2,
65 ;005b: pop r1 ; r estore rl, and
2f ;,005¢: rts ; return.
; not_done ; Gethereonlyifa>1
60 ;,005d: push r0 ; Saver0
84 ;005€: dec r0 ; Subtract 1 from a
2d0050 ;005f: jsr fact ; Calculate (a-1)!
; (a-1)!isreturned in r2,
16 ;0062: mov rl, r2 ; Putitinrl for mult.
64 ;0063: pop r0 ; Restoreator0
2d0100 ;0064: jsr mult ; Multiply a times (a-1)!
; Resultis already in r2,
65 ;0067: pop rl1 ; r estorerl, and
2f ;0068: rts ; return.
.ORG 0100

; Multiply subroutine goes here.

Figure 15-19. Program using a recuvs subroutine to calculate the factorial of a pagtinteger This
program requires the multiply subroutine which is assumedve lleeen loaded at address
0100H.

You can mae text around by first marking it, the@uting or Copying it to the Clipboard, mang
the cursor to where you want the text placed, and Basteing it. You mark text by moving the cursor to
the start of the block you want to mark, then pressingthif key and using the arre keys. Themarked
text is highlighted. If you want to cop the block (so there will be twcopies of the same material in the
file) then choose th€opy item from theEdit menu. Ifyou want to mee it (so there will be only one
copy) choose theCut item of theEdit menu. Afterdoing this, mee the cursor to where you want tocte
to be placed, and choose fPasteitem of theEdit menu.

A useful feature of the editor is the capability of finding a character string in a file and, optighally
replacing it with another stringTo just find a string, choose tlénd item of theSearchmenu, and type
the desired string into the resulting bokhe cursor should nve 1 the next occurrence of the strind.
you want to search again for the same string (to find the next occurrence)LpoesshooseSearch Again
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from theSearchmenu. Ifyou want to replace the searched-for character string with another string, choose

Notes for EEngr 121-122

SOME TURBO C EDITOR COMMANDS

Action Key(s)
Move by 1 char. -, -
Move by 1 word e,
Move by 1 line 4, |
Move o begn of line Home
Move o end of line End
Move t window top "Home
Move t window bottom "End
Move 1 @ge up PgUp
Move 1 mge down PgDn
Move © begn of file "PgUp
Move o end of file "PgDn
Delete char to left of cursor  Backspace
Delete char at cursor Del
Delete word to right of cursor T
Delete line Y
Delete to end of line QY
Insert line "N

Go to menu bar F10
Get out of menu Esc

Quit the editor
Open a file

Save o afie
Undo last change

Mark block

Move Hock

Copy block

Delete block
Search

Search and replace
Repeat last search

File|Quit or Alt-X
File|Open or F3
File|Save or F2
Edit|Restore Line or "QL

Shift —, Shift -, Shift 0, Shift |

Edit|Cut, Edit|Paste or Shift-Del, Shift-Ins
Edit|Copy, Edit|Paste, or "Ins, Shift-Ins

Edit|Clear or "Del
Search|Find or"QF
Search|Replace or "QA
Search|Search Again or’L

TABLE 15-3. Some Turbo C editor commands.

F. Williams

the Replaceitem of theSearchmenu. Afteryou hare ecified the tw grings (the first giing the string to

be searched for and the second the string to replace it with), the editor will highlight the first occurrence of

the searched-for string and ask you if you want to replace it. Respond with either yesyouran use

"L then to go to the next occurrence of the search string for optional replacement.

When you are done editing the file, be sur8ageit. You can then get back to DOS by either press-

ing Alt-X , or choosing theQuit item of theFile menu.
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15.11 BEercises

work.
1.

In all exercises mak liberal use of comments in your program files to clarifyhbe programs

Writea program for the PFWO007, similar to that in Fig. 15-5, which calculates the sum of the inte-
N
gers betweeh and N, Zl whereN is a number loaded into memory by the program file. The pro-

i=1
gram should calculate the sum direcdy summing the intgers, not by eduating a formula such
as Eq(11-2). Runthe program with the emulator and demonstrate thabiiksv Ty the program
with whatever values ofN you like, but turn in a floppwith the program set up to run fdkr =6 on
it.

Inthis problem you are to write a program for the PFWO007 that adds the absolute values of a table
of numbers stored in memoryhe size of the table (i.e. the number of numbers) is stored in mem-
ory location0200H (hex), and the table of numbers start®202H. Test your program using a ta-

ble of at least fig numbers, some of which aregaive.

Write a subroutine program for the PFWO007 that subtracts mambers. Br clarity lets call the

two numbersny andn,. The program should calculatg — ny, and the numbers should be passed

to the subroutine as arguments containedQrior ny, and R1 for n;. The result should be returned

in R2. On return, the contents of all registersceptR2 should be left unchanged from whatythe

were before the subroutine was called. Demonstrate that the program works by writing a main pro-
gram which calls the subroutine, and run the whole thing through the emulatorour program

with ary numbers you like, but turn in a floppvith a program which subtracts 13 from 28 (both
numbers expressed here in decimal).

Corvert the subtraction subroutine in problem 15-3 so thgiiraents are passed to it on a stack.
Demonstrate that it works the same wangd turn in a flopp with the same stéibn it.

Write a program for the PFWO0O07 that writes a character string contained in memory to the output
file. Theend of the character string should be denoted by a zero, as in the programlb+8ig.
Demonstrate that it @rks by putting your name, capitalizing the first lettermemory and writing

it to the output file via the progranif your name has more than diletters in it, you can use just

the first five.

Writea program which reads a character string from the input file and stores the characters in mem-
ory. The program should read in characters until it reaches the end of thBditeonstrate that

your program wrks by tacking on the program you wrote in the previous problem to write out what
you've gored in memory to the output fildest your program with the following politically correct
character string.

To dudy, and when the occasion arises to put what one has learned into practice—
is that not deeply satisfying?

Confucius, Analects 1.1.1

Onevery simple method for hiding the meaning of a message is to use the following idea to encode
and decode the messageach character of the message is encoded by adding a constant to the
ASCII code corresponding to the characted the character corresponding to the resulting ASCII
code is transmittedTo decode the same procedure is followed, except that the constant is sub-
tracted from each ASCII codd=or example, if the constant were 16 (10 in hexadecimal) the char
acter string "EE122" would be encoded to "UUABB".

Write a program for the PFWO007 which reads a character string from the input file, encodes it
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10.

11.

using a constant stored at a specific location in menandy writes the result to the output file.
Write a second program which decodes the messages written by the first prighsdi: This
part’s easy just change the constant stored in menjomgst your program using 13 (decimal) for
the constant, and the following message.

Everything should be as simple as it can be, yet no simpler.

Albert Einstein

Write a program, similar to that in section 15-8, that reads a character string from the input file,
assumes it to be a pos#iinteger expressed in octal, and gerts it into a number which could be
stored in tvo bytes of memory The program should assume that it has come to the end of the num-
ber in the file when it encounters a character which is ngfsbdetal digit.

Modify the program in the previous problem so that it can handjgine rumbers as well as posi-
tive. You can assume that if the first character in the file-igl®e number is rggtive, otherwise
positive. Negdive rumbers should be stored following the tevadmplement covention.

Writea program which uses thiact  subroutine in Fig. 15-19 to calculate the factorial of a posi-
tive rumber which is read from the input file. Do so bywsting the program in Fig. 15-16 to a
subroutine, and using it to read the number from the Jilist as in Section 15-8, the number in the
file should be assumed to be the ASCII coded base 10 representation of the nigsitre pro-
gram to convince yourself that itonks. Whatvalue does it return for 7For 8? For 9? Are these
correct? Ifnot, explain.

Writea program which reads a number from an input file, just as inxamgle in section 15-8,
except use the approach first discussed in the third paragraph—push the ASCII codes for the indi-
vidual digits onto the stack as thare read, and then ceart the whole thing to the number by pop-

ping the digits dfthe stack, multiplying by the appropriatewss of ten, and adding the results
together Test your program.
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16. PROGRAMMING THE CPU WITH C

In this chapterwe’ll start programming in CI'll start with a brief introduction to C sufficient to
allow us to wite some simple programs, and then I'll conclude the chapter with a discussiom tf tse
the Turbo C compiler package to get programs compiled, run, angyded). Inthe next chapter I'll con-
tinue the discussion of C. In both chaptetsde emphasizing what the C statements actually cause the
computer to do. As I think you will see, programming in C is much easier than programming in assembly
language because the structure of a C program is much closer to the way people think than is the structure
of an assembly language program, and because yotitdm&to worry about so manniggling details.
Another advantage is that C hides mahthe ugly details of the CPUNhen programming in C, the com-
piler tales care of most of the unfortunate details associated with the particular CPU, and you nesed not e
be avare that thg exist.

This feature of C has an additional, pedagogicabathge. Statemenis the C language tend to
mirror general features of all CPU instruction sets. Thus what you learn in this course on a 80386-based
machine will also be applicable on other computers using differentsGi#tt’ little or no modification.In
several places, I'll drav upon the material weé dready caered dealing with the fictional PFWO007 to elar
ify what the C compiler is creatind.can do that een though you will be using C to program an 80386
CPU, because of thevid of insulation from the instruction set details provided by C.

The main disadvantage of the approach is also pedagogical, and seems to h@idable@onse-
guence of the generalized nature of The statements one uses in writing a C program are not very similar
to the actual instructions the CPU wikeeute, and there is the concern that your understanding of the oper
ation of the CPU may be more abstract than either you or | woad Tikats the main reason | spent so
much time on the "generic" instruction set of the PFWO007, and the redisoniti this chapter to tie the C
statements explicitly to kothe CPU actually is programmed.

16.1 Element®f a C Program

In most programs, data will be stored in memory and vettif'om time to time by the program in
order to operate on itWe encountered seral such examples in the previous chaptene of the adan-
tages of programming in C (or inyahigh-level language) is that you need nadry about exactly where
in memory the data will be stored. Instead, you can label each item of data with a unique name of your
choice, and the compiler will takcare of assigning an appropriate area of memory to each variable and
remembering the address in memory where the data item sfarth. a labeled data item is calledaai-
able This is similar to my use of symbolic names for addresses in the assembly language versions of the
programs in the previous chaptéihe difference is that in the previous chapiteras the "assembler”, and
| had to translate the symbolic names into actual addresses in the machine code; whereas here the C com-
piler will do all that for me. Besides relieving the programmer of a lot of tedium, this feature helps in
designing and debugging the prograkor example, suppose you were using C to do a calculatiooltf v
ages and currents in a circulfou might have labeled the voltages in the circuit something ik v,, and
v3. Writing the program would be much easiéthe sections of memory containing each of these quanti-
ties were accessed usiafy, v2, and v3, rather than addresses which might be somethirg3II26A2,
3C26A6, and 3C26AA

In order to use variables, youMeab tell the C compiler what variables you want to use, what type of
data will be stored in each, andwhonuch memory each will require. The C language statement that
accomplishes this purpose is calledleclaration For example, suppose weant to use tw variables

nameda andb, which are to be treated as igées. V¢ reed to tell that to the compileand would do so
with the statement

inta, b;
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Let's look in detail at this statement, first at the syntax of it, and then at what it accomplishes. The term
int tells the compiler that this isdeclarationstatement, and that the variables being declared in the state-
ment are to be considered as ga&es. Theerma tells the compiler that one variable is to be caflednd
the termb that another is to be calldd The two names are separated by a comma so that the compiler
knows that we are declaring twariables rather than one with the naate Finally, the statement is ter
minated with a semicolon. In C, all statements are terminated thusary languages, lik FORTRAN
and BASIC, a statement is assumed to be ended when the end of the line is régchedant to spread a
statement out\@r two or more lines, you hae o tell the compiler thatlicitly. In C, te situation is
reversed. Thecompiler assumes that the statement continues until it reaches a semiosidhjtespans
two or nore lines. Thus, we could & dso written

int

a,

This is pretty confusing to a human, but the C compiler woulé ha trouble with it, and would interpret
it in exactly the same way as if it had been all put on one line.

| havebeen careless about spaces between the teEngsoups seeral characters into a set called
white-spacecharacters. Threef these characters are the space, the tab, andwhineecharacters. It is
necessary that there be at least one white-space character in some places in C statements to separate items
(like between the termimt anda) in order that the compiler kmoyou intended to write tavterms rather
than just one,ifta , notinta ). Otherthan that the compiler pretty much ignores white-space charac-
ters. Inorder to improe the readability of the code, you can put as ynafrthem as you ant almost an
place where one can be used.

One final syntactical point: case makes dediéfnce. Unlile mary languages, C distinguishes
between upper anduer case letters. Thus we couldvlawo dstinct variables, one named and the
other named\. Also, the compiler will not kne what you are talking about if you ufidT or Int in
place ofint in a declaration statement.

Enough syntax, what does the declaration statemenfTtie?statement does not causg arachine
language code to be generatdRhther it tells the compiler to set aside enough space in memory to hold
each variable declared, and to associate each name withvertiafermation is stored in the correspond-
ing space.Setting aside memory space for a variable is teratledation of memory Finally, the declara-
tion statement tells the compilervado treat each declaredasiable in subsequent operationgaiwing it.

For example, the declaratidnt a  associates enough memory space to hold agdantnd associates the
namea with the contents of this space. In subsequent statemewtsimny a the computer will treat the
number associated withas a signed integer.

What exactly does the C compiler understand the teteger to mean? First, it assumes that the
contents of the memory location associated with améntgariable represents a signed integer in binary
The number of bytes it uses to store an integer depends on the CPU. An integer is suppaseth¢o ha
"natural”" length for the CPU the program is to run &ior example, the Intel 8086 and 80286 are 16-bit
machines, so an integer on a computer using one of these processors would be 16 bits long. The 80386 is a
32-bit machine, so an irger ought to be 32 bits long on it, but the compatibility problem appeans. ag
Most C compilers for IBM PG’ and clones mak aode that runs on the all the Intel 80&nily, so ezen on
an 80386 an integer is taken to be 16 bits long.

If it were important that 32 bits be allocatedatyou would use the specifiling in the declaratie
statement. Both

long int a;
and

long a;

-107-

254



F. Williams Notesfor EEngr 121-122 Chapt. 16

are equident, and allocate four bytes of memory &ar Additionally, when doing arithmetic witla the

compiler will be careful to keep at least 32 bits of acoynather than 16. If it were important that only 16
bits be assigned @, even on machines with 32-bit integers, you would use the spedifiert . Both

short int a;
and

short a;

are equwalent, and ensure that only avibytes of memory will be allocated & Finally, if you wanted to
allocate only one byte to a variable, you would declare it todmaa. For example

char a;

declaresa to be achar variable using only one byte of memonAs you can probably guess from the
name,char 's are used mostly to store character informatidtl discuss character strings in thexhe
chapter.

All integers so d&r are assumed to be signed numbers, stored with the first bit being the sign bit and
the number represented in the remaining bitsgative rumbers are stored as thes 2omplement. Br a
16-bit integer, that means integers between roughly -32,000 and +32,000 can be habdled. allovs
you to store integers as unsigned numbers in which the first bit is not assumed to be a signaltiierb

just one more bit in the numbekn this case, ingers between 0 and a little more than 64,000 can be
accommodated. dldlocate a variable namexdas an unsigned integesse the declaration

unsigned int a;

You can also use thensigned attribute withlong andshort

| want to discuss tevmore, related, variable typeffpat , and double . A variable declared to be
afloat is assumed to be stored with the single-precision, floating poinermtion. Recallfrom last
semester that this ceention is used to store fractions and numbers larger than the largest possiige inte
A number is stored in three parts, a sign bit, a fraction, anamment. Thenumber is the fraction times
two raised to the power stored as tikpanent. Vith the Turbo C compilelafloat occupies 32 bits or 4
bytes of memoryand numbers with magnitude between al@i® and D™ can be stored. The format in
memory of the same number is quitfetiént if it is stored as a@nt than if it is stored asfioat . The
double type is just a double-precision floating point numbEhis is a similar representation to single
precision, except that 64 bits, or 8 bytes are u¥ed.can also use the tertong float for adouble .

So far, the C statements wes encountered do not causeyamachine code to be generated—the
just tell the compiler what variables we want to use, amdvhe want them treatedl’d now like to look at
a dhort set of statements thabuld actually cause machine language instructions to be generated. The pro-
gram is pretty useless, but it gets us starfBae program is the C language version of the PFWO007 pro-
gram in Fig.15-1 that subtracts 3 from Bhe program has very similar structure to that of the PFWO007
program. luse three integer variables, nanaedb, and c, storing the numbeb in a, 3 in b, and the difer-
ence of the twin c. Once the alue3 is stored irb, | negde it and add the result & just as in the pro-
gram in Fig. 15-1. The C version of the program is shown in Fig. 16—-1.
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inta, b, c;

ococoow
12

L w O,

+
o

Figure 16—-1. C language program egalent to the PFWO0O07 program in Fig. 15-1 which subtracts 3 from
5.

The equals operator, in C is alled the assignment operatand it causes the value of whateis
on its right to be stored in the memory space associated with the variable on its left. The effect of the oper
ator is similar to that of MOMnstruction. Thughe statemera = 5; causes the numbérto be stored
in the memory space associated wathand corresponds to the second statement in15igl. MostC
compilers for Intel 80XXX microprocessors, including the Turbo C compiler on the computers in the lab,
storeint ’s as 16-bit, signed, binary numbers. The next statement insthe space reserved for The
next statement changes the sigrbofind corresponds to the third and fourth instructions in Bgl. The
final statement causes the contentb tf be added ta using signed, 16-bit arithmetic, and the result to be
stored in the memory space associated witliNotice hav much easier it is to deal with the C version of
the program than with the assembly or especially machine language version.

Just to mak aure | dont mislead you, there are better ways of writing the C program thareakbo
wrote it that way so that it euld correspond to the PFWOO®rsion. Betterwould be either to set
b = -3; andthenwrite = a + b;,orto®th = 3; andthenwrite = a - b ;.

Also, notice that the assignment operator is in some ways very different from the equals sign in alge-
bra. Thecombination of instructions in Fig. 16—1 in whibhis first set equal t@ and then set equal to
minus itself vould be nonsense in algebra. Writing such a sequence of statements in algebra would require
both conditions to be trugimultaneouslyand +3 is simply not equal to —3, perioth C, the equals sign
means something different than in algebra. It means assiglueto the variable on the left side which is
the same as the value of whadeis on he right. In C, the te satement sequence is perfectly sensible,
and results in the value associated itheing-3 .

In order to submit the program to the C compilee C program would be put into a file usiny an
convenient editoy and the C compiler program would be ruAs written abw@e, howeve, the program
would not compile.We reed to add one little detail—we\vwato tell the compiler where the program mod-
ule starts and where it ends. That may sound dumb at this point, becapsatit’ obvious it starts at the
start, and ends at the ends you will see laterthere are statements that can be placed before the start or
after the end of the main program module, so in general it is not be so obvious pndlajue and epi-
logue. Furtherthe stuf that can be placed outside the main program can contain one or more subroutines,
like the PFWO007 multiplication subroutine in Fig. 15-9 for example, which the main program malt call.
is, therefore, also necessary to tell the compiler which module is the main one. Curtdfaahd}, are
used to tell the compiler what group of statements are to be taken together as a module, and the term
main() is used to tell it that the following module contains the main program, rather than some sub-pro-
gram. Thusthe complete program would be
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main()

{
inta, b, c;
a = b5;
b = 3;
b = -b;
c=a+b;

Figure 16—-2. A complete program in C which subtracts 3 from 5.

| hope the stdfin the preceding paragraph about the watitbn for the curly brackets and the
main() statement makes some sense to you, but you shouldny too much if it doesh’ Justremem-
ber to enclose the main program in curly brackets, and puatdirg) statement before itConsider it for
now as part of a mystical rite if you like.

This is a complete program written in @'s pretty useless, but #'legd. Notice the use of white-
space (spaces, tabs, ansviimes) to mak it legble to humans. The only white-space tha¢'quired is the
white-space betwednt anda. The rest is just to makit easier for humans to read and understafis.
far as he compiler is concerned, the following is just as good. (Actuafidightly better because it con-
tains fewer characters thatveao be pocessed.)

main(){int a,b,c;a=5;b=3;b=-b;c=a+b;}

Being of the human rather than computer persuasion, | find the dirior much preferable. Since |,
rather than my computesm tie one who writes the programs, | get to choose the writing style and all my
programs look more-or-less éikthe first \ersion. Onthe rare occasion when my computer writes a pro-
gram, it gets back at me by concocting somethingsttea¢n worse than the seconension abwe. The

style in Fig. 16-2 is more-or-less standard, and it works pretty We&dl.not required, but | suggest you
adopt a similar style.

16.2 GettingResults Printed Out

As | mentioned, the program in Fig. 16—-2 igdebut useless.lt’s useless for tw reasons. First,
already knw what 5- 3 is so his is a lot of trouble to find out something | alreadyviknand second, |
don't even get to find it out! The computer stores the result in the memory location associated with the
variable named, but it doesnt tell me what it is.| suppose | could run the program and then get into the
circuitry of the computer with aoltmeter and a set of schematic diagrams and try to read the voltages asso-
ciated with each bit in the tnmemory cells associated with but Sheesh!

What is needed is some way to raake computer print out the values ddriables. © do that
directly would not be easyTo print out a humber on the monitor yowowd hare o know mary details
about the intedfce circuitry used by the computer for the dispaag write a fairly long and detail-filled
program to send the correct data to the correggisters in the intedfce. You would also ha 1 include in
your program a section which a@nts a number stored in the format the computer uses into an ASCII
string of characters in a format e@nient for humansFortunately the DOS operating system comes with
some features callexystem callsvhich hide man of the details of communicating with the monitor inter
face circuitry and C comes with a subroutine which hides the ugly details ofedorg from computer to
people format for the numbers. The subroutine is cgllgdf , and we can use it to print out all the
variables in our program by adding a line as follows.
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main()

{

inta, b, c;

b;
+
printf("a = %d b = % c = %l\n", a, b, c);

O T T
m nn

o

5
3
a
¢

Figure 16—-3. Modified version of the program in Fig. 16—2 which prints the values of the three variables.

Since theprintf  subroutine is practically indispensable, I'llvaaliscuss it in some detaillo ds-
cuss parts of it adequately we really need teehavered more material than we yehut you will need
printf  to do anything useful with C, sdlltry to give you enough information here to use 8ubrou-
tines are calledunctionsin C, so theprintf  subroutine is properly called a function. Someone has
already written therintf  function, and the machine language for it (along with a number of other func-
tions) resides in a file on the hard disk calletibeary. When the C compiler encounters the line in
Fig. 16—3containing the reference pintf it generates machine code toae contents of all the ge
isters, push the information referred to by thefdiafween the parentheses onto the stack wnéme
can access it, and then jump to the first instructiqrimf  using an machine language instruction simi-
lar to the PFWOODUSR. Theprintf  function ends with a machine language instruction similar to the
PFWOO7RTS (return from subroutine) instruction, so that whemtf  finishes &ecution of the main
program continues with the statement faflog theprintf  statement. Irthis case, thad'the end of the
program but in general it will be another statemédritis whole procedure is referred to afiaction call
and we say that the main prograailed printf

Information is passed to a function throughaitguments In C the arguments are placed inside a set
of parenthesis and separated from each other with comroagxample, the call tprintf  in Fig. 16-3
passegrintf  four aguments. Theecond, third, and fourthguments are the values of the threei-v
ablesa, b, andc. The computer simply pushes thalues of each of these variables onto the stack before
jumping toprintf . Whenprintf  needs these values, it simply retgée them from the stack.

The first argument is a little more complicatdticontains an object we ten't discussed yet in this
chapterbut we encountered in the last chaptatled acharacter string The C compiler identifies a char
acter string by the opening and ending quotation marke character string is made up of all the charac-
ters between the quotes, plus a terminating zero byte, and is stored sequentially in an array in memory with
each character occupying one byte. The C compilerectsnevery character between the quotation marks
into its ASCII eqwialent, allocates enough memory space to hold the entire anéyoads the memory
space with the ASCII equilents of the characters in the strings we discussed in the last chaptae
compiler places a zero in the byte immediately following the last character in the string to mark the end of
the string. Before jumping to th@intf ~ subroutine, the computer pushes the address of this array onto
the stack. Notice that it pushes just the address, rather than the whole array.

The character string in the first argument ofghiatf  function call is called format and contains
information about he the remaining arguments are to be printéddmost all characters in the format
string are printed out just as thappear in the stringTwo exceptions to this statement are associated with
the percent sign and the backslash characdeasnd\ . The percent sign and the characters immediately
following it are used to telprintf  to print out the alue of an argument andwdo print it out. For
example, the first percent sign and the characterviiolig in the format string foprintf  in Fig. 16-3
indicates hw the value of the first argument after the format is to be printed, the second percent sign and
character following he the value of the next argument is to be printed, and so forth.
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There are lots of possibilities for the $tidllowing the percent sign, and I'll only cer a few here.
A lower casel indicates that the argument is a signedgeieand is to be printed base ten (i.ediacimal).
Instead of a, we muld hare ised ax or X, which would hae resulted in the integer being printed out in
base 16 or headecimal. Inthis case the correspondinggyament is treated as an unsigneddete The
hexadecimal digits include the letters A-Blsing an upper cas¢ causerintf  to print these letters as
capitals, and using a lower case&auses them to be printed imder case. The letter results in printing
the corresponding gument in base 8 or octaRgain, the argument is assumed to be unsignéml can
useg to print out &float  variable. For long \ariables, the letter should be preceded by &or example,
for along int printed in decimal, uskel , and for adouble uselg .

At the end of the format string in Fig. 16—3 are the tivaracterdn . These tw characters translate
to the n&v line characterand they cause a skip to the start of the next line. Thisvention of a backslash
followed by a letter is commonly used in C to refer to non-printing and special charaeteesvikne. Ta-
ble 16-1 lists the aliases for some such characters.

ALIASES
ASCII
Non-Printing Code
Alias Character (Hex)
\\n New line 0A
\\r Carriage return 0D
\\t Horizontal tab 09
\\b Backspace 08
\\f Formfeed ocC
W Backslash 5C
\V Single quotation mark 27
\\" Double quotation mark 22

TABLE 16-1. Aliases that can be used for some common, special characters
You may be wondering whspecial characters are needed for the backslash and the quotation mark since
they both seem normal enough. Suppose ya@antedprintf  to print out a quotation markYou would
then want to put & inside the format string, but the compiler would get confused if you did betause
characters are also used to denote the start and end of a characteHsinirig the compiler to kne that
you intended that one quote mark be used to produce a quote mark in the output, and the dther tw
delimit the character string? Thatihy the special meanings for sequences\likeare needed.

C has sgeral characters that canveatwo meanings (lile" ). You can tell the compiler you want the
secondary meaning by placing a backslash before the charabigs the tw-character sequendé is
interpreted by the compiler as an ordinary double quotation mark, rather than the start or end of a character
string. Noticethat the aliases listed iralble 16—1 for the non-printing characters fallthis cowvention as
well. For examplen can hae wo interpretations. Thprimary interpretation is just the character n itself,
and the secondary is thewdine character You get the secondary interpretation by prepending a back-
slash.

Anyway, the format string in therintf  statement in Fig. 16—3 causes the computer to print out the
following line.

a=5 b=-3 c =2

Just to illustrate some of the other formatssletange the program so thais set to -3, and to 12, and
I'll change the format string to priatin hex using lower case letterb,in hex using upper case letters, and
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c in octal. The program then is

main()

{

inta, b, c;

'w o

b;

a+b;

rintf("a = %d b=9% c = %\n"ab,c),

= -3;

=12

c=a+b,;

printf("New values are:\n");

printf(" In decimal:\n a = % b = %l c = %l\n", a, b, c);

printf("\n In hexadecimal and octal:\n a=9% b =% c = %)\n"
a, b, ¢);

T T OO TO

Figure 16—4. Modified version of the program in Fig. 16—3 which prints the values of the three variables.

Running this program results in the following lines.

a=5 b=-3 c =2
New values are:
In decimal:
a=-3 b=12 ¢ =9

In hexadecimal and octal:
a=ffld b =C c¢c=11

I'd like to make a few points about the program in Figj6—4. Firstto reiterate a point | made earlier
note that we first set equal to 5, and then to —-3. If we were doing algebra, that would nat saage a
may be either 5 or —3, but it cannot be both! As part of a C program, such a statement sequence is perfectly
OK. In C the equals sign is more ékhe assembly languaddOVinstruction than the algebraic equals
sign. InC, it just means place the value associated with whaigon the right side into the area of mem-
ory set aside for the variable on the left. Thus, thedietsignment statememt, = 5; , stores the intger
5 in the two bytes set aside fax, and the secondh = - 3; stores the integer —3 thereyeowriting and
destroying whateer was already there.

Notice also that there are dvetatements which add the valuesaondb and assign the result to
The first such statement stores in the tytes associated with the value ofa + b, using the values
andb at the time the statement iseeuted These values are 5 and -3, respelti Thus, the value 2 is
stored in the memory associated wdtlafter the first of these statementssceited. Thesame comments
apply to the second occurrence of this statememthis time the values @ andb are nev -3 and 12, so
after the second occurrence ie@ited the number 9 is stored d's memory space. Similar comments
apply to the tw printf  statements. Eadime printf  is called, the values of thegamentsat the time
it is calledare passed to th@intf  function. Thefirst timeprintf  is called, these values are the ehar
acter string with the first format stored in it, and 5, —3, andit# third and fourth timegrintf  is given
different formats, and -3, 12, and 9.

Notice the use of the newline character. If the nev line character had not been in the first format
string, the first call t@rintf  would have caused the computer to print out the values of the variables and
stop printing just after finishing the last one, without skipping to the next line. The secondpcaitfto
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would then start printing again at this point, and the output line would be

a=5 b=-3 ¢ = 2New values are:

Forgetting to put in n& line charactersverywhere thg are needed in format character strings is a mistak
that beginning C programmers neakequently and some experienced C programmers ffifself) male
more often than theshould. Fortunatelythe error is easy to recognize and fix.

Notice that the second call pointf ~ has only one argument, a format strifichat's OK. Thereare
no percent signs in the format, pontf  doesnt look for ary more aguments. Noticalso the use of
newline characters within some format strings to get the desired line spa€inglly, notice that to
improve readability | brole the lastprintf  call into two lines. Thedine was getting too long to fit on the
screen, so | simply continued it on the next line, and indentedwt extea spacesl could have troken the
line several places, bt breaking it inside the format string wouldvkantroduced an unwanted wikne
character.

16.3 Compilingand Running C Programs

Once you hee written a C program you need to translate it into the machine language your computer
understands if you want to run ith principle, if you spent enough time with the manual for the Intel
80386 you could do that by handjtht would be a tedious, error-prone procedufertunately there aist
special purpose programs callieampilerswhich will do the translation for you. One such compiler is the
Borland Turbo C compileend it along with seeral other auxiliary programs ivalable on the computers
in the lab The purpose of this section is tavgiyou enough information about\wdo use the compiler and
the auxiliary programs for you to be able to write and test your own C programs.

To use a C compileryou first must put your C program into a filEor that you will need to use an
editor program. Editors are programs whiclidha umber of special features that redkeasy for you to
enter text into a file.You havealready had to use an editor to put the programs for the PFWO0O07 into a file.
You can use whateer editor program you lik best for the purpose, but there are someatages to using
the program supplied with the Turbo C compiler.

The main adantage of using this editor is that it is integrated with the compiler aretakether
programs supplied in the Turbo C packagerland calls the whole thing the IDE, for Integrated/@ap-
ment Ewironment. Thddea is that you start this one mongo program, the IDE, running and then you can
do almost aything you want from it. From within the IDE you can create and edit your program file, com-
pile it, combine the result with grsubroutines contained in standard libraries (this process is dialled
ing), load the resulting module into some wenmient place in the computsnmemory run the module, vig
the output of the program, and degtthe program in thevent of errors. The advantage of doingeything
from within the package is that the programs in the package arengamtly linked togetherFor instance
if the compiler has a problem with your C program because of anwhen it returns with the badwe it
starts the editor back up, puts the cursor of the editor on fedofg line in your program, and opens a
second windw containing a message as to what the error was.

16.3.1 EnteringCompiling and Running a Rygram

To dart up the IDE enteic at the DOS promptl’ve dready gven you a handout on koto use the
editor that comes with the packagks | mentioned in that handout, the program seemswe haremory
of what the last user was doing, and tries to start up doing where he/she |Efirdhat reason, when you
start up you'll probably hae mme or more windows on the screen that you didate. PresE10to get
the menu bar at the top of the screen, thefor Window, thenC for Closeas mag times as needed to get
a dean screen(Alt-F3 should work as well.)To gart your avn file, pres$-10, followed byF for File, fol-
lowed byO for Open. Then type in the name you want tegihe file and presEnter. If the file you are
creating is to contain a C program, the extension shoul@ deecause the compiler uses the extension to
tell what kind of a program is in the fil&hat should gie you a blue winde that occupies about half of
the screenYou can toggle between a half screen and full screen windth the F5 key.
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Use the editor to enter the program in Fig. 16—3 into a file named somet@mREBG1.C | sug-
gest indenting the lines similarly to the way\tlaee indented in the figureYou can use th&ab key for
that. Noticethat the editor remembers the indentation of your last line and automatically indentstthe ne
line the same amountThat’s a eature specially tailored to writing C programs. If the editor indented too
much use the backspaceyk

After you hae your program typed in, you can compile it by press$it@, followed byC for Com-
pile, followed byM for Make EXE. A window should pop up with a sign on top sayi@g@mpiling at
the top. After a short time, that should changelioking . I'll discuss what this means shortlyf you
have typed the program into the computer without errSisgzcess should appear on a blue line at the bot-
tom of the windw. Pressing ay key makes the windw disappear There should be a sort-of aqua colored
new window at the bottom of your screen with the tifldessage at the top. This winde gives you a
report on what the compiler did. If you entered the program coryéotise should be three lines, the mid-
dle of which is a warning saying that a function should returalev Dont worry about it, the problem is
more one of etiquette than substance, and the program will run fine.

If you erred in typing in the program there will probably be a list eé&séerrors in this winde. I'll
assume you got it typed in OK. If not, and you tdigiure out hw to fix it, look in subsection 16-3.3 to
find out hav to fix the mistakes, fix them, and then come back here. At this point, thie aidow will
be theMessage window, probably numbere@ in its upper right hand corneffo do anything, you hae
malke the editor windw the actve window. In general, you can shift to another windby pressingAlt
and the number of the windoyou want at the same timé&or example, if the editor winde is numbered
1, you would presd\lt andl. In this special case, you can also get back to the editor wibggressing
Enter. Stll a third alternatie is to pressF10, W, and L for List. That will give you a list of all your open
windows, and you can go back toyame of them by selecting it on the list and hittEgter.

Choose one of these methods and get back to the editorwvinkgsuming it compiled correctly
you can run the program by pressit, followed byR for Run, followed byR for Run (I did not just
stammer). Thacreen should blink, and you’ll be back to your program filee blinking was the program
writing out to the screen the valuesafb, and ¢ as instructed in therintf ~ statement. Il bet you
didn’t catch what it wrote to the screeiib s2e what happened at a more leisurely pace, prE33V, fol-
lowed byO for Output. That should produce a windowhich shows the last screenful of whagehas
been written to the screerYou won't see the entire screenful because the windgn't full size. If the
program wrote to the bottom of the screen (and it probably did), the output will ethelbottom of the
window. You can see it by scrolling with the anr@zeys, or by pressing5 to get a full-size winda.

16.3.2 Whas Really Happening

Before continuing, H like to dscuss briefly what is happening when ydake EXE from theCom-
pile menu, and then run your program. When the pop-up wirghys Compiling at the top, the pro-
gram is lusy translating the C language code into machine language. At the end of this phase there may be
some addresses still unknown, and these are marked in th&H#eresult is what is called afjectfile,
identified by a file extension oDBJ. This file contains the machine language translation of most of the C
program and some tables for the use of theelimrogram. The file cannot breeuted as is because some
important stufis missing. for example, in our program we call the functiprintf , but we do not pro-
vide the program code farintf . Someone has already written and compiled that subroutine and placed
the object code for it along with a number of other generally useful subroutines in a file dalled/a

When the pop-up windesaysLinking at the top, the computer is running another program called
thelinker or link editor. This program searchesveeal standard library files trying to find yasubroutines
it needs but doesnhave When it finds them, it tacks them onto the end of the machine language code for
your program, and adjusts the addresses in your program accardihglyinker also adds some standard
code onto the start of your program so that when DOS transfers control to your program it will start up
properly and return properly to DOS when finished. The linking phase is also sometimes referred to as
loading | think there is some fine distinction between the terms, lnt it seems to hee bkecome pretty
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well blurred. For this class, you can think of thedwerms as being synonymous.

The result of all this is aexecutablefile, identified by theEXE extension. Allthe activity up to
now is analogous to what you did by hand in preparing a program file for the PFW007, althougKEhe
file is not meant to be read by humans, and has no comments in it, of dMmse.you run the C program
out of theRun menu of the IDE, or by simply typing in the name of tlecatable file from the DOS
prompt (you dort’ haveto include theEXE extension), DOS copies the machine code in the file to some
part of memorysets up the segmentation registers and other messgysstdfthen jumps to the first instruc-
tion of your program.Your program does its thing, and when finished, it jumps back to the DOS program
(DOS and the linker set it up thaty). Theactvity of the computer during this phase is similar to the
actiity of the PFWO007 emulator when you ran it. The emulator read the machine language program from
the file, copied it into its memargxecuted it, and then returned to DOS.

16.3.3 Compile-me Errors

Some errors you makin writing a C program will be caught by the compilerd are calle¢ompile-
time errors. Otheravon’t be dscovered until you try to run the program, and these are callaetime
errors. Inthis subsection, I'll discuss the first kind, and in the next session the second. Compile-time errors
are usually the result of some grammatical or syntactical indiscretion, such as omitting a semicalen or ha
ing more left parentheses than right. The compiler is quite helpful in tracking down such €ordhss-
trate hav it works, lets purposely insert an error into the simple programeween discussing. Using the
editor, delete the semicolon at the end of the= 3; statement. Compilinthe program ne will produce
a pop-upCompiling  window with Errors  at the bottom. That means the compiler has found an error
which is serious enough that it can go adHer Pressing ay key activates aMessage window with the
second line high-lighted. It say®atement missing ; , and in the editor winde the line after the
offending line is high-lighted. The compiler is trying to tell you where it found the, darbit missed by
one line.

To fix it, you first h&e o activate the editor winde, and then insert a semicolon at the end of the
line just before the cursoAfter doing that, the program should compile and run norméilyou had mul-
tiple compile-time errors, you would thenvearade theMessage window active again, moved the high-
light to the next item, gone back to the editor wingfixed the problem, and so forth.

Don't take the error messages from the compiler too literalllge compiler is only a dumb program,
and it doesnt’always diagnose the problem correctly the compiler says something is wrongs gimost
certain something is wrongubthe error message may not accurately tell you what it is. The message usu-
ally does point you to the general area where thexgioblem. Inthe example we just considered, the
message correctly told us that thergsva missing semicolon, but it put the cursor on the line following the
problem, rather than on the offending line.

The interaction between the compiler and the editor is a result of the linkage betweeo phe tw
grams provided by the IDE packag¥ou could also use your own editor and run the compiler indepen-
dently In that case the compilerould report the errors it finds to the screen, giving you the line number
where it thinks the error is, and a brief descriptidou would have o dther remember or write down all
this information, start up your editanove b the offending line(s) and makhe correction(s), exit the edi-
tor, and then run the compiler am. Lifewith the integrated package is easier.

There is also a debugging program provided with the package that lets you run your program line-by-
line, checking the values of variables as you do. In the IDE package this progremnsoee closely inte-
grated with the editor and compildfl| discuss the use of this program in the next subsection.

16.3.4 Run-ime Errors

Run-time errors are often quite a bit harder to find than are compile-time errors. There gga-tw
eral types of run-time errordn the first, some error is made that causes the CPU to encountegan ille
instruction, or to access some notistent part of memoryUsually in such cases, the computer simply
stops &ecuting the program and returns you to DOS with a haughty mess#gagdasionally theatulty
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program may misbekia © badly that it messes up the DOS prograrhen the computer will go catatonic,
and you'll hare o reboot. Thesecond type is an error for which the program runs apparently norinslly
with incorrect results. These errors can be the worst to find.

The Turbo C package comes with a debugging facility which can be helpful in tracking down these
kinds of errors. The debugger hawvesal features, but I'll touch on only aviehere. D illustrate, Il
introduce a run-time error into the simple programwedken discussing. This program is so simple, that
it's hard to put in an error that yaliheed the debugger to find, but I'll profess to lendless obsemant
than | am so that | can shgyou haw the debugger works.

I'd like to mnsider tvo such errors.For the first, I'll change the line that should rdad= -b; to
readb = +b; . That will be my simulated error—I mistyped and enterediastead of-. Inserting that
mistale, the program compiles without error and runs apparently cofreatspt that it prints out = 8
instead of2. From the printout i8 pretty olvious whats wrong, because the program also prints out
b = 3, not -3 as e&pected. Ill pretend | didnt notice this, though, and use the debugger to help figure
out what the problem is.

To do that, I'll use the debugging facility tocecute my program, one line at a time, and I'll set what
Turbo C callswatcheson each of the ariables,a, b, and c. Setting a watch causes aweavindow to
appear at the bottom of the screen, with the names of alldtehed variables in it. As the program is
executed, this winde keeps track of the currentilwes of each of thesanables. Set watch ona by
pressing=10, thenD to get theDebugmenu, followed byV for Watch. A window will pop up asking you
what you want to atch. Answer. A new window should appear at the bottom of the screen Witkich
at the top. The first line should read something &k Undefined symbol 'a’ . You haen’t run
the program yet, and the line just means that the watcher tkeen'what the hecla is yet. Do the same
thing to set watches dnandc. Your watch winda now should hae three lines in it, one for each of the
variables.

Now we're ready to run the programiMe con’'t want to run the whole thing at computer speed
because it will happen toadt to follav. Instead, we will start the programeeuting, but hae it pause just
before &ecuting the instructions associated with the first code-producing line in the C program. From that
point on, we will gecute one line at a time, pausing after each to see what happeneet this started,
male the editor windw the actve window and position the cursor on the first line of the program that gen-
erates code, the = 5; line. ThenpressF10followed byR, followed byG for Go to cursor. The com-
puter should run at its own speed until it gets to the line you marked with a, @angastop before it
executes it. The screen will blink and soon there will be an aqua-colored highigtthe line your edi-
tor cursor was on, the one settimgo 5. That means that the computer has gotten to this point in the pro-
gram, but has notxecuted the machine instructions associated with this line lyebking in the vatch
window, the variables are no longer undefined, although ey have me strangealues. Thevariables
have teen assigned memory spacsat e haen't put anything in this space yet. The watcher is simply
reporting whateer value was left there by the last user of the space.

Now pressF8 to single-stepthe computer The computer will gecute all the machine language
instructions associated with the= 5; line, and then stop beforaeeuting anything associated with the
next line. That's what's meant by "single-step.'Notice in the watch winde thata now has the correct
value. Pres$=8 again, and the next line isxecuted. Thehigh-light moses down one line, and now has
the correct glue. Pressing8 one more time causes the faulty line to kecated. Aftervards,b still has
the value3, instead of the expecte®. Aha! Theres the problem!

We reed to fix the corresponding line and recompile.get out of the single-stepping stehoose
Program resetfrom theRun menu. Male the correction, recompile, and run the program. Note that if,
after making the correction, you chod?en from theRun menu, the IDE is smart enough to realize that
the C program has been changed, and needs to be reconj@fiede it runs the program, it compiles and
links it.
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I'd like to look at a more realistic run-time error that could be more difficult to find. In the last line of
the program, delete the final argumenptimtf  so that the line ne reads

printf("a = %d b =% c = %\n" ab),

This time my simulated error will be that | forgot to type in one argumeptingd . The format string
claims that there are three variables to be printed out, one for each%fishbut only two are supplied.
Theprintf  function uses the format string to figure outvhmary arguments there are, and beks the
string to be correct. It looks, therefore, on the stack where the thirable should ha keen put, and
prints out whateer is there. Apparentlythat number w&s6, because thad’what the program printed out
for the value ot when | ran it lile this.

The compiler does not recognize my mistals an gor because thprintf  function is simply a
subroutine that someone has writtéthe compiler has no way of knowing that the number of arguments it
should hae depends on the number #terms in the format stringAt run-time, no error is diseered
because the place on the stack wipghatf  looks forc is a legd address, and the computer has rayw
of knowing that the value contained therein is wrong. Finding the meistakkd be troublesome because
the error could either be somethingelithe error we introduced preusly, where the code is all delly
correct but carries out the wrong calculation, or somgditg such as the incorrect number ofjaments
to printf . Which is it? Practically the whole program is suspect asdhit'd to knev where to look.

The debugger would be helpful in this case because we could s¢ttaamc and find that had the cor
rect value just before callingrintf |, fingering something about tipeintf  call pretty clearly.

In a more complicated program, there are a lot mariables, and setting watches on each of them is
a problem. Asan alternatie, you can single-step through the program, and watiare find out the current
values of ag variable by using th&valuate/modify item of theDebugmenu. Anothehelpful feature for
longer programs is that once the debugger is in the single-step mode, you can go rapidly through a set of
instructions, lile a bop for example, by nwing the cursor to where you want to pause next, and choosing
Go to cursor from theRun menu.
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16.4 Eercises

1. TheC program in Fig. 16—3 is not as similar to the corresponding program for the PFWO0Q7 in
Fig. 15-1as it could be. In the C program, the number cdlled negated in one step, with the
statemenb = -b; . There vas no corresponding single instruction for the PFWO007 so changing
the sign of the number RO was done in tw geps:NOTing the numberand then adding one to it.
Rewrite the program in Fig. 16—3 to gae b in this way. The operator in C which performs the
NOToperation is". Thus, toNOTb, one would write’b . Compile and run your program to sto
that it works.

2. Inthe printout from the program in Fig. 16-4, the value containedtire second time &’ printed
out is—3, but when the same variable is printed out in the next line in hex,alhe is gven as
fffd . Explain.

3. Type the program in Fig. 16-5 into a file, compile it and run it.

main()
{
inta, b, c;
a = 31000;
b = 8000;
c=a+bhb;
printf("a = %d =% c = %\n" a,b,c)

Figure 16-5. Program for rercise 16-3

Explain the output.
4. Type the program in Fig. 16-6 into a file and compile and run it.

main()

{

float x, y, z;

X 1.e32;

y 1.e12;

zZ = y*z;

printf("x = %g y =% z = %\n", XY, 2);

Figure 16—6. Program for gercise 16-4.

The terml.e32 means Ix 10°2. This notation is similar to that used in Quattro Pro. The program
should complete abnormally (the8 wlite way to say "bomb out")Explain what happened. Set a
watch onx, y, and z and single-step through the program, starting just befeeeutng the
x = 1.e32; statement. & each step describe and explain the contents of the Watchwvindo
5. Theresistivity, p, of a €miconductor is gen by the formula
_ 1
qe(.uen + Un p)
where g, is the charge on an electroh @2x107° Coul.), n and p are the densities of free

p
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electrons and holes in the semicondyaind y, and uy, are the mobilities of electrons and holes in
the semiconductorespectiely. Write a C program which determines the resistivity for the ¥ollo
ing values oh, p, ue, and py,.

n=2.6x10" cm® p=8.3x10"* cm?

Ue =1450 am?/V —sec  u,, = 450 cnf/V —sec

Your program should print out the valuesnodind p along with the corresponding value®fn the
following format.

n = whatever (cm™3)
p = whatever (cm™3)
resistivity = whatever (Ohm-cm)
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17. MORE PROGRAMMING THE CPUIN C

In this chapter!’l | continue the introduction to C started in the last chaptew that you knav how
to compile and run youven C programs, we will be able to go into greater detail. The emphasis here will
be on using C to pekaound in the computer to seevinthings are stored, and the like, but I'll also intro-
duce a number of important features of C, and discusshey can be used in a program.

17.1 Binters

One of the advantages of @ep mary other high-leel languages is that with C you can directly
access and use the memory addresaigébles. Br this purpose C has a class of variables caltéaters
A pointer to an intger, for example, is a variable which is used to contain the memory address ofyan inte
variable. Thereare as mantypes of pointers as there are typesarfiables. ¥u can hee a inter to a
char , along , afloat , adouble , or even to another pointer The discussion at this point can get a lit-
tle abstract, so lets consider a specifianeple. Supposee hae declared the ariablea to be an intger,
and the compiler has assigredhe memory address8900H and8001H. Suppose also that had been
set equal to 12 earlier in the program (that means that the value 12 was written into these memory loca-

tions), and that we ke declaredp to be a pointer to an irger. (I'll show you haw to make such a declara-
tion shortly) We aould then sep equal to the address afwith the statement

p = &a;

The ampersand symbol used in this context is the "address of" opandttine statementould cause the
value ofp to become3000, the address d.

There is also a kind of verse operator to the "address of" operator which you might call the "con-

tents of" operatorIf | had one integerariable,b, and | wanted to set it equal to anothey | could just
writeb = a;, or | could write (after recuting the code just alie sttingp equal to the address aj

b = *p;

The "contents of" operator can also be used on the other side of the equals sign, as irwthg &iite-
ment in which the value & is set equal t& with the following statement

P=5;

The asterisk is also used to indicate multiplicatidou might think that this double useowld cause con-
fusion, but it doesm’seem to.

To tell the compiler that theariablep is to be a pointer to an irger, you would use the follwing
declaration.

int *p;

This may seem li& a $range way to makihe declaration, but there is some method to the madness. It says
that*p is an intger, implying thatp must contain the address of an gege and p must therefore be a
pointer to an intger The method has the advantage that it can be easily generalized to declaring a pointer

to ary kind of a \ariable. fer instance, we could declare thariableusp to be a pointer to an unsigned
short integer with

unsigned short *usp;

Pointers are frequently useful in writing programs, but at this point | danyafu only a fev exam-
ples. Oneexample ivolves communicating directly with an interface circuit for a peripheratde When
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you want your program to communicate directly with a peripheral device you must write data to or read
data from specific addressesSor example, the PFW007 emulator was set up so that to write data to a file

you had taMOWbytes to the special addrds800. Real computers are set up similadithough the inter

action between peripheral and computer is often more complicstéth mary high-level languages
accessing a specific address is difficult or impossible, and for this reason these languages are seldom used

to write such programsWith C it's easy If we had a C compiler for the PFW007, and wanted to write the
number 78, for example, to the output file, we would simply say

*(0XF000) = 78;

The Ox before theFO00 simply tells the C compiler that this number i9essed in hexadecimal rather

than decimal. If, on the other hand, wanted to read a number from the input file, and put it in agente
variable named, we would use

a = * (0xF000);

17.1.1 ReaWindow I: Addresses of Variables

We @an use pointers to help snoop around theagerilife of the C compilerFor example, we can use
the "address of" operator to find out where in memory the C compiler placear@inies. Thiss some-
thing you would not usually ant to knav, but this isnt a usual situation since here we’re more interested
in learning whas really going on inside the computer than in writing a useful progialinadd a line to
the five minus three program in Fig6—-3 to print out the addressesagth, and c. The result is shown in
Fig. 17-1.

/*
*  Program to subtract 3 from 5.
* T he program prints out both the results and the addresses
* u sed by the compiler to store the variables.
*/

main()
{
inta, b, c;
a = b5;
b = 3;
b =-b; /*  Negate b */
c=a+b; / * Add-btoa*

/* Print out the results */
printf("a = %d = %d ¢ = %l\n", a, b, c);

/* Print out the addresses used */
printf("Address of a = %x, of b = %X, and of ¢ = %x\n", &a, &b, &c);

return O; /* Return a value so the compiler stops griping at me */

Figure 17-1. Modified version of the program in Fig. 16—3 which prints the addresses of the #nree v
ables.

Theres one complication herelf you try to compile ap of the programs in this section, neature
the compiler is set to produce code for thenyTModel." To do that choos®©ptions from the menu bar
followed byCompiler , followed byCode generation . That should gie you a menu with a number
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of items, some of which are in a column labeléddel . ChooseTiny from this column by using the
arron keys. If you are vendering what this is all about,dtfelated to the segmentation registers in the Intel
microprocessors. don't want to go into it here and st'mot important for understanding the $tif this
chapterbut in case you are curious | discuss the unpleasantness briefly in the appendix to the chapter.

I’ve included a ne& feature in the program, commeniEhese are parts of a program which the com-
piler ignores, and which are included for theamience of humans. Comments should be used temak
your programs more readable and understandable, both by others and by yourself when you come back to it
after some time.A comment is started by the two-character combinationand terminated by/ . It
should be pretty clear where the comments are in the program,\arideg@re used.

| havealso fixed up in the program the little breach of etiquette that the compiler keeps complaining
about. Themain program is something &ka sibroutine called from DOS, and it can returnaue to
DOS, \ery much lile the subroutines we wrote for the PFWO007 returned a value to the calling program.
DOS is too stupid to be able to do much with it this valueé (can be used with other operating systems
such as UNIX which can. The program in Fig. 17-1 did not tell the compiler vahat is should return
whenmain() is finished, and this is what the compiler is complaining about. There ameays to pla-
cate it. The way | chose here was to add the instruogiomn O; at the end of the program. This tells
the compiler to return the value O (it could just as well begrodrer value) to DOS when the program is
done. Theother way would h&e teen to change the first non-comment line to nead main() . The
void tells the compiler thanain() is not supposed to returnyavalue. Inthis case, it would be an error
to include areturn  statement imain() . | will discuss these features in more detail in the next chapter

Compiling and running this program causes the followingltaes to be printed to the screen.

a=5b=-3 ¢c=2
Address of a = fff4, of b = fff2, and of ¢ = fffO

The variable addresses start at nearly the top of the address wpkatrea(remember the Turbo C
compiler programs the 80386 as if it were a 16-bit machine) and decrease in the grder¢hdeclared.
The reason for this is that C treats the variables as autonaai@bles and gets space for them from the
stack®

As an aside, we could alsoveaput the declaration for theaviables outside the main program as in
the listing in Fig. 17-2. In this case the printout is

a=5b=-3 ¢c=2
Address of a = 170a, of b = 170c, and of ¢ = 170e

The C compiler considersaxiables declared outside the main program, and outsideuanoutine to be
globaland to be wailable for use by ansubroutines occurring in the program file after the declaratian.

this reason space for the variables is not obtained from the stack, but rather permanent space just after the
program is assigned for storage of the variables.

17.1.2 Reawindow II: Byte Ordering

We @an also look at he the compiler stores numbers in memoAn integer is stored in to bytes of
memory and the question is in which order are the bytes placed. Is the CPU little-endian or big-dndian?
wrote the program shown in Fig. 17-3 to answer the quesfoninteger \ariable,a, is declared and set

3. Actually, the addresses reported here are not quite the actual addresses where the data are stored because the addresses reported
must be combined with the appropriatgreentation registers to produce the actual addrésgho C has the capability of
accessing these registers, so you could get that information too ifaygedy but this is one can of worms | suggest yoida
if at all possible.
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/*

P rogram to subtract 3 from 5.

T he program prints out both the results and the addresses used
by t he compiler to store the variables. In this program,

t he variables are declared externally, rather than internally.

E

*/

inta, b, c; [* The external declaration */
main()
{
a = b5;
b = 3;
b = -b; I* Negate b */
c=a+b; / * Add-btoa*/

/* Print out the results */
printf("a = %d b=% c = %\n"ab,c),

[* Print out the addresses used */
printf("Address of a = %x, of b = %x, and of ¢ = %x\n", &a, &b, &c);

return O; /* Return a value so the compiler stops griping at me */

Figure 17-2. Modified version of the program in Fig. 16—3 which prints the addresses of the #nree v
ables. Inthis program, the variables are declared outside the main program.

equal to1234H. To answer the question of the daye print out the values of the individual bytes af
Doing that is a little tricik | declare a &riable,p, to be a pinter to arunsigned char , and set it equal

to &a. Thenp will contain the address of the startafin memory and *p will refer to the byte at the
lower addressSimilarly, *(p+1)  will refer to the byte at the next higher address. There is a minor prob-
lem: printf  does not hae a brmat item to print out ahar as an unsigned integer in hex, so | declared
two integer \ariables,lobyte andhibyte , and setlobyte = *p and hibyte = *(p+1) . That

lets me use th&xformat item to print outbbyte andhibyte

Compiling the programayea warning message thatlldiscuss shortly It can be ignored for mva
The result of running the program is

The two bytes of a are: 34, 12

As you can see, the compiler stores the least significant byte in the lowest memory location, implying that
the computer uses the little-endian wartion. Justo check, | ran the same program on another computer
which uses the Motorola 68010 CPU. This CPU uses four bytgeirsteso | had to modify the program
slightly to print out four bytes rather thanawTheresult was:

The four bytes of aare: 0, 0, 12, 34

As you can see, the 68010 CPU uses the opposite byte ordenmgtemmto that used by the Intel 80386.
The 68010 is big-endian.

| want to mak a ew comments about the prograrhirst, the statemembbyte = *p; causes the
compiler to mak a @rversion. Thequantity on the right*p , is an unsigned char , and the quantity
on the leftlobyte ,is anint . The internal formats of these dwariables in memory are a little fiif-
ent;*p occupies one byte arithpl occupies tw. Whenthe compiler sees the assignment operator con-
necting these tavariables, it automatically generates code tovexdrihe quantity on the right into the for
mat of the quantity on the left, and stores thevedad value in the memory space of the left-haadable.
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/*
* Program to investigate the byte ordering of integers.
*
/

main()

{
int a, lobyte, hibyte;
unsigned char *p;

a = 0x1234;

[* Set p to point at the first byte of a */
p = &y

/* Put the two bytes of a in lobyte and hibyte */
lobyte = *p;
hibyte = *(p+1);

/* Print them out */
printf("The two bytes of a are: %X, %x\n", lobyte, hibyte);

return O;

Figure 17-3. Program to print out the values of theotlaytes of an integer in the order yhare stored in
memory.

This is usually what you want it to do. It was in our case because we wanted the \almgeof to be
the same as the value*gf, even though the internal formats are different.

The cowersion from anunsigned char  to anint is pretty straight-fonard. Thecompiler just
places the contents of the byte associated *pitinto the appropriate byte tdbyte (for a little-endian
machine thas the byte having the Veer address)Corversions are not alays so simple, thoughConsider
what would hae happened if we had declar@dto be a pointer to ahar , rather than amnsigned
char . Then*p would be interpreted assagned one-byte numberConsider what would h& happened
if a had been set equal 48 , for example, instead ofE#234H. The 16-bit version of3 is fffdH , and if
p were set to point to the least-significant bytepfd , it would be interpreted as a signed eight-bit num-
ber, -3. Theassignmentobyte = *p would result in the value dbbyte being set to —3.Since
lobyte is anint it occupies 16 bits rather than 8, and -3 is stored imtanasfffd , not00fd . The
printf  statement would then print offfd for lobyte , notfd as desired.Similarly, it would print
outffff  for hibyte

I'd like now to discuss the warning message the compiregvhen compiling the programThe
message was concerned with a "Suspicious pointeeion,” and was triggered by the statement setting
p equal to the address af The \ariablep is supposed to point to amsigned char , but the assign-
ment statement tells it to point to at . The C compiler therefore does a eension, cowerting the
address of amt to that of anunsigned char before performing the assignmerthe address of an
int is stored in exactly the same format as that afirsgigned char ~ so the cowersion is trvial—the
value of p is simply set equal to the address of itite . The reason the compiler issued the warniag w
not that there was a problem with the wasion, lut rather that it recognized a potential problem with the
portability of our program to other computer®n a computer which uses a different byte ordering for inte-
gers, our program wouldg dfferent results. This happens to be just what we want it to do in this special
case because the program is supposed to determine the byte ordering used by the bommutally you
would not want the same program to run differently on one computer than on aribtieistatement
would then be a rather difficult to find bug.
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17.2 Arrays

You can reserg a Hock of memory for an array of variables ofyagpe. Themost common use of
this feature is probably the storage of character strings, as we discussed in the previous chapter on the
PFWO0O07. Recalihat textual information is stored in the computer as a sequential list of one-byte numbers.
In C, you would set aside memory for storing a character string by declaring an arcénaroks. For
example, to store the character string "Hello", we would requieeljtes of memory for the favcharac-

ters in the string, plus an additional byte for the terminating 2&f@would allocate the memory needed
for storing "Hello", and gie it a rame, saygreeting , with the following declaration.

char greeting[6];

This declaration sets aside six bytes of memory as an archaofs. The \ariablegreeting by
itself is a pointer to ahar which the compiler sets equal to the starting address of this block of six bytes,
the firstchar in the array We can access, sathe third byte of this array with thexgressiongreet-
ing[2] . The2 is correct; counting starts with We've dlocated the memory for the arrdyt we hae
not yet put anything in it.To put our character string in it, there arevesal ways to proceed. Oneay
would be to do it by hand:

greeting[0] = 0x48; /*H*

greeting[1] = 0x65; [*e*

greeting[2] = Ox6c¢; [*1*

greeting[3] = Ox6¢; 1%

greeting[4] = Ox6f; /*o*

greeting([5] = O; /* End of string */

Instead of looking up the ASCII eqalents for the characters, we could let the C compiler do it for

us:
greeting[0] = 'H’;
greeting[1] = 'e’;
greeting[2] = 'I;
greeting[3] =I';
greeting[4] = '0’;
greeting[5] = O;

The C compiler recognizes a character between single quotes to mean that you want the A&{eihtequi
code of the quoted charactgiVell, not always ASCII. Some computers still use other character codes
such as EBCDIC, and a C compiler for such a compubetdiranslate to the naé dharacter code instead

of ASCII.)

There are other ways of copying the character string intgrdeting  array The best way | kno
of uses pointers and a loojVe haven't discussed program control statements in C yet, so t tadk’about
that nav and I'll defer the discussion to a later sectiohnother approach to the problem is a kind of an
end run. Instead of declarimgeeting to be an array ofhar 's, we could declare it to be a pointer to a
char , and write the following code.

char *greeting;

greeting = "Hello";

The first line is simple, it just declargeeeting  to be a pointer to ehar . It alocates tvo bytes to hold
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the value ofgreeting , but no other memory is set aside. The second line requires some discussion.
When the C compiler sees a string of characters between double quotes, as in the examptesetso
aside memory space for the string, and puts the ASCIvaquts for each character plus a terminating
zero byte into the space. The value of a quoted string,"llello”  above, is not the string, but the
address of the start of the array holding the string. Thus the second line in the program fragmeestsabo
greeting  equal to the address of the start of the string in memdaogice that it doesot copy the string

on the right to some space associated with the pointer on the left; it only sets the gahsting to be
the address of the string. If you will go back to section 16—-2 where we discusgaihthe function,
you should see that the compiler treated the format string the saynelhe value the compiler pushed
onto the stack for the format string when it calpgthtf ~ was the address of the string, not the string
itself.

There are some subtle differences between thegpproaches, it the results are similaiith this
approach, if we wanted to access the second character of the string, we could ugpréssiengreet-
ing[1] ,justas ifgreeting were an arrgyor we ould use*(greeting+1)

Notice that the following code fragment would not work, and should cause the compiler to flag you
for an illegd procedure penalty.

char greeting[6];

greeting = "Hello";

You might expect the second line to cause the characters of the string on the right to copied into the array
pointed to bygreeting , but that is not he the C compiler interprets the statememhe compiler inter

prets it as saying thatreeting  should be changed from pointing to the array allocated in the declaration
statement to pointing to the start of the "Hello" character stilingt's an eror because the nangeeet-

ing is irrevocably tied to the address of the start of the memory block allocated in the declaratory state-
ment. Thecompiler interprets the second line as trying to change that assignment andifsliksne-

thing like writing 3 = 2; . The value of8 is irrevocably 3, and trying to change that isgjée

You can declare arrays of integers, oy ather \ariable type using analogous syntdor example,
if you were writing a program to analyze the test scores of a class, you might want to declare an array of

integers, maybe namestores , to hold the scores for analysi¢f there were 40 students in the class you
would use the following declaration

int scores[40];

A block of memory big enough to hold 40 igers (80 bytes with Turbo C) would be reserved, and the
value ofscores by itself would be the address of the start of this memory bl¥ok. could then put the
test scores in this block and access them with expressiensclkes[12]  or *(p+12) . You could
even declare an array of pointers to arrays of characters to contain the names, bom'tvgownto that
here.

17.3 Conditionalsand Program Flav and Loops

In this subsection, df like to dscuss hav C handles conditionalxecution of code (analogous to the
use ofBRinstructions with the PFW007), and programwflo

17.3.1 Conditionals

It frequently occurs in programming that you want a block of cadeuted only if some condition is
met. InC theif andif ... else statements are used for this purpoBer. example, suppose in a pro-
gram you needed to calculate the absolaleerof a numberYou might use the following program frag-
ment.
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/*
* A program fragment to set y equal to the absolute value of x.
*/
float x, y;

if(x < 0.)
y=-Xx
else
y =Xx;

I'd like to look closer at whad’inside the parentheses in the statement ab@. In Cif must be
followed by an expression enclosed in matched parenthéfsé® expression is non-zero, the statement
following it will be executed; otherwise it en’t. The"object"x < 0. is an expression with alue. The
value of the expression i& if the relationship is trud) if it's false. Theexpression is called eelational
expression, and the operator is called eelational operator.

C has a number of such relational operators, and | list them in Table 17-1.

RELATIONAL OPERA TORS
Operator Meaning

== Equal

1= Not equal

< Less than

> Greater than

<= Less than or equal

>= Greater than or equal

TABLE 17-1. Table of relational operators in C.
These are pretty much selfgdanatory Notice that the equality relational operator=is, rather thar-,
which is the assignment operatdhe meanings of the twoperators really are dérent. Theassignment
operator causes the value of the variable on its left side to be the same as that of the quantity on the right;
whereas the relational equality operator does not change the value of the quantity on either side. Since an
assignment expression also has a value and caydllylbe used between the parentheses aof arstate-
ment, the C compiler has to kmavhich operator you ant. Using= for == is a common error of lgin-
ning C programmers, particularly those whedbad some experience with other languages.

At this point, it might seem that the capability of tifie statement is serely limited because it
allows you to gecute conditionally only a single statemeffor example, suppose that, when calculating
the absolutealue, you wanted to keep track of the sigix dify setting an integer variable to either -1 or 1.
The following code fragment looks Bkahat you want, but contains a compile-time error.
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/*
* A f lawed program fragment.
*
float x, y;
int flag;

if(x<0.)
y =-x
flag = -1;
else
y = X;
flag = 1;

The compile-time error is that thedse statement has to folloimmediately the statement conditionally
executed by thef statement. Ihe fragment, this statement is the= —x; line. Thecompiler pays no
attention to our indentation, and interprets the next flag,= -1, , to be pst the next statement in the
program, which will be xecuted under all conditionsWhen the compiler diseers theelse in the fol-
lowing line, it does not associate it with the precediingstatement and declares an error.

You could circumvent the compiler’cncerns by rewriting the fragment as shown Welo

/*
* A f lawed program fragment that runs but lies.
*/
float x, y;
int flag;

flag = -1;

if(x <0.)
y=-x

else

y =X
flag = 1;

The idea here was that we would initially ey to -1 . If x is greater than or equal to zero, gise
would be actrated, andflag set tol. This program would compile and run, but ibuid not perform
properly The last statemenfiag = 1; will be executed no matter the sign gfbecause only a single
statement is allowed as the conditional block ofetise statement.

Back to the original flaed fragment, to get the program to behas desired, we hae © make the
compiler treat the tow datements after thié as if they were one statemen{We dso hare © do he same
for the two datements after thelse .) We can do that by making use of the fact the the C compiler treats
anything between curly braeks as a single statement. Thus, the following fragment would work as
desired.
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/*
* Program fragment to sety = |x],
*andflagtolifx>=0or-1ifx<0.
* T his one works!
*/

float x, y;
int flag;
if(x<0.) {
y =-X
flag = -1;
}
else {
y = X;
flag = 1;
}

In C a set of statements contained between curly etaék called @ompoundstatement, and it is common
to form a single compound statement out oksad single statements.

17.3.2 Pogram How and Loops

C has the analog of th&VP instruction of the PFWO007You can label a statement with yaname
you like, and the use thlgoto statement to jump theréAs an example, the program in Fig. 17-4 is a C
language version of the program in Exercise 15-1 which sums the integers from 1 to 6.

/*
* Program to sum the integers between 1 and 6.
*/

main()
{ . .
inti, n, sum;
i=1;
n = 6; [ * Upper limit of the sum */
sum = 0;
loop1:
if(i > n) [*1f i > n, we're finished */
goto done;
sum = sum + i;
i=i+1; / * | ncrementiand */
goto loop1; /* go through the loop again */
/* Print out the result and go home */
done:

printf("Sum from i=1 to 6 is %d\n", sum);
return O;

Figure 17-4. Simple program analogous to the PFWO007 program to be written &ocike 15-1 which
sums the integers between 1 and 6.

To label a statement, simply assign it a nhame of your choosing and put the name, followed by a colon,
before the statemenOften, such statement labels are placed on the line just preceding the labeled state-
ment. (Its dl the same to the C compiler because the compiler does not recognize the end of a line as ter
minating a statement.)

This program works, but is rathervkaward. Themain problem is thgoto ’s. It is generally best to

-130-
277



Chapt. 17 Notes for EEngr 121-122 F. Williams

minimize the use ofoto ’s. Usually, but in my opinion not avays, the use ofjoto 's makes the program
harder to read. In some circles the use gb@ is considered a serious breach of etiquette!

Loops are pretty common features of programs, and C leesotwmonly-used ways of making them
without usinggoto ’'s. The first uses thevhile statement. Therogram in Fig. 17-5 does the same thing
as that in Fig. 17-4, but it is implemented witlvizile loop.

P rogram to sum the integers between 1 and 6.

T he program serves the same purpose as that in
Fig. 17-4, but this one uses a while statement
to i mplement the loop

main()
{
inti, sum;
i=1;
sum =0;
while(i <= 6) { /* The head of the while loop */
sum = sum + i;
i=i+1; / * | ncrementi*/
} / * T he tail of the while loop */

/* Print answer and quit */
printf("Sum from i=1 to 6 is %d\n", sum);
return O;

Figure 17-5. Modification to the program in Fig. 17—4 which uses a while loop.

Notice the use of a compound statement to form the body of the loop. Similafly statements, the
while statement controlsxecution only of the statement following it. If youawt more than one state-
ment included in the loop use curly brackets to group them all into a compound statement.

As an aside, the operation of adding one to a variable, as is accomplished inithe ine 1 in
the program, is a very common one and C has a special operator for doing so. The lineveoukt ha
well been writteni++ or ++i . Usually the placement of thet operator makes a difference, but in this
case it happens that it doesnlIf you place ther+ before the &riable C increments the variable before
using it; whereas if you put it afte€ increments it afterards. Inthis particular case, the valueiofs not
used in the line in which it is incremented, so the order makesfeoedife. CGalso provides an autodecre-
ment operator- . The same rules about placement are followed.

To provide an example, I'll write the body of thehile loop in the program we ke keen consider
ing a little differently It could have been written
while(i <= 6) {
sum = sum + (i++);

}

Now the body of theavhile loop contains only a single statement, so the curly brackets are not necessary
I included them just for emphasis. In the body of the loop, the cumkrg ofi is added tsum, and then

the value ofi is incremented. If | had written the line with te on the other side df, the value of

would have keen incrementeteforeit was added tsum. In that case a different result wouldvieaeen
produced. Onether thing: the parentheses arounditt¥e term are not requiredubl included them to

male the line a little clearer.
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Another loop structure which is used probably more commonly thawtliile loop is thefor
loop. Oursample program could be written using this loop as in Fig. 17-6.

/*
* Program to sum the integers between 1 and 6.
* The program is identical to that in Fig. 17-5,
* e xcept that it uses a for loop rather than a while.
*

main()

{

inti, n, sum;

sum = 0;
n = 6; [ * T he upper limit of the sum */

for(i=1;i<=n;i=i+l)
sum = sum + i; /* The body of the loop */

/* Print result and quit */
printf("Sum from i=1 to 6 is %d\n", sum);
return O;

Figure 17-6. Modification to the program in Fig. 17—-4 which usdera loop.

A for statement consists of theyword, for , followed by a set of three terms, separated by semicolons
and enclosed between the parentheses as in the figure. The first term is a statement xebidiedsomly
once, before the loop is started. It sets an initial conditlarthis case, | used the term to set the initial
vaue ofi to 1. The second term is a conditionaVigig the requirements for continuing the loop. It is
checled just before each iteration of the loop, and the loopesuéed again only if the value of thepees-

sion is non-zero. If the value is zero, iteration of the loop terminates and the program continues with the
next statement after the loop (tpeintf  statement in this case). The third term is a statement which is
executed at the end of each iteration of the loopthis example, this term was used to increnientVe
could hae just as well left this term blank, and put the statermenti + 1 at the end of the loop (just
after thesum = sum + i; statement). Alternatelwe could, and probably should Meamade use of the

++ operator.

The body of the loop consists of the (possibly compound) statementifalohefor . If the body
of the loop consists of more than a single statement use curly brackets to group these statements into a sin-
gle compound statement, just as with statements andhile loops. Inthe example in Fig. 17-6, the
body of the loop contains only a single statement, so the curly brackets were not required.

Thefor instruction must hae tree terms associated with it or the compiler will balk, but one or
more of these terms can be blarildon’'t recommend it, bt thefor loop in Fig. 17-6 could also be writ-
ten

i=1; / * Setthe initial condition */
for(; ;) {
if(i <= n) /* Do this iteration? */
sum = sum + (i++); /* Yes, update sum, increment i */
else
goto done; /* No, jump out of the loop */
}
done:
-132-
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17.4 Two Examples

In this section, we'll write tw programs. Bothare similar to programs we wrote for the PFW007.
The first is almost an exact translation of the program we wrote for the PFW007 to multiplyrmers.
The multiplication is done using shift and add instructions, rather that using the multiplication operator of
C. Thesecond program manipulates character strings. It prints out a character stringrdackvé dd
not write a PFWO007 program to do this specific task, but we easily corgd fiae manipulation of data
stored in a character string is very similar to what we did with the PFW007.

17.4.1 Multiplyingintegers "by Hand"

In this subsection, we will write a program that multiplies integers using the same algorithm we
developed for the PFWO0O07This is definitely the hard way to do it because C and the 80386 microproces-
sor would do it all for us if we just used the multiplication operdtpbut the program illustrates \s&al
features of C, and it illustrates the power of C to program the CPUely dasic lgel. The program is
almost a direct translation to C of the assembly language program for the PFW007 shown in Fig. 15-11.

The algorithm is essentially the same one you learned in school to do multiplication of numbers in
base 10, except that it is applied to do multiplication in base 2. There is one simplification, thowgé.
the algorithm in base 10, youusato memorize a multiplication table of the products of all the numbers
between 0 and 9Similarly, to use the algorithm in base 2 you need the multiplication table for all numbers
between 0 and 1, but tha®lot easier! The product of zero andyamumber is zero, and the product of 1
and ay number is that numbei discussed the algorithm in Section 15-4, s@mhivgo into it in ary more
detail agin. Isuggest you reread this sectiomrto familiarize yourself with it.Fig. 17-7 shws the pro-
gram.
/*
* Program to multiply two unsigned integers "by hand", as

* in t he program for the PFW007.
*

main()

{

int mpee, mpor, sum, top, bot;

mpee = 26;
mpor = 13;
sum = 0;
top = mpee;
bot = mpor;
for(sum=0; bot; ) {
if(bot & 0x01)
sum = sum + top;
top = top << 1;
bot = bot >> 1,

}

printf("%d times %d: Calculated %d, should be %d\n",
mpee, mpor, sum, mpee*mpor);
return O;

Figure 17-7. Program to multiply tw integers using binary multiplication at the bivée Theprogram is
similar to the program aeloped for the PFWO007 shown in Fig. 15-11.

There are tw new features of C in this program which wevlalt encountered before, and Ve dis-

cuss them before we can consider the details of the program. The condition in the if statement,
if(bot & 0x01) , contains the first ne item | want to discuss. Thewdeature here is the use of the
ampersand&. In this contat, it means to bit-wise AND the numbers on either side of it. The operator
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operates very similarly to th&NDinstruction of the PFWO007, and the purpose of this line is to check
whether the rightmost bit dfot is 1 or 0. The& operator uses the same symbol as the "address of" opera-
tor we hae dready discussed. Surprisingthis dual meaning does not seem to cause much confusion.

The second feature is related to #eoperator seen twlines down from théf statement. Thiss
the left shift operatgland it means to left shift the number on its left the number of tinvea gy the num-
ber on its right. The instructiciop = top << 1; causes the number fop to be shifted left one bit.
The next line contains the right shift operater. It works just lile the << operator except that it shifts
right instead of left.

C has seeral bitwise operators, and Table 17-2 shows all of them. All operatoepethe gclu-
sive OR operator hge exact analogs in the instruction set of the PFW007.

BITWISE OPERATORS in C
Example
Operator Meaning a b result
aé&hb AND 00001111 01010101 00000101
alb OR 00001111 01010101 01011111
a’" b Exclusve OR | 00001111 01010101 01011010
"a NOT 00001111 11110000
a<<b Left Shift 00001111 00000010 00111100
a>bhb Right Shift 00001111 00000010 00000011

TABLE 17-2. The bitwise operatorsvailable in C. For clarity, the values of theariablesa andb and the
result are shown in binary.

We ae nav ready to consider the multiplication prografiive int 's are declaredmpee, mpor,
sum, top , and bot . The first two hold the two numbers to be multiplied, and the third will contain the
sum as it accumulates. When finished, it should contain the answeording to the algorithm, we Y&
to left shift the multipliee and right shift the multiplior as we go through the multiplication probegsg
that modifies these variables, so | decided to declarvedditional \ariablestop andbot . The idea is to
copy the values ofnpee andmpor to these ariables, and then to manipuldtgp andbot rather than
mpee andmpor. That way the original values remain undisturbed, and can be printed out at the end.

The real work is done in tHfer loop. Theif statement checks to see if the rightmost bit is one or
not, and adds the value tfp to sumif the bit is one.The value irntop is then left shifted one place, the
value inbot right shifted, and the process is repeated until all the bit®tinhave keen shifted dfthe
right end. Finally, the program prints out theales of the te original numbers, the result of the algo-
rithm, and what the result should be.

The values ofmpee and mpor are set inside the program by "hard wiring" them26 and 13
respectiely. As long as these are the onlyatwalues we want to multiplyhat’s fine, but its pretty incon-
venient to try other &lues. Therogram vould be much better if there were some way teetibask what
values to use, and then read them in from thgh&ard. Therds a function,scanf which is standardly
supplied with the C compilewhich can be used for this purpose. The function is similar trihg
function, cept that it reads data into the program rather than printing it out from the progrdortu-
nately | cannot discuss it here very a@niently because to explainWwat works requires some features of
C | havenot yet discussed!l’ Il discuss the use afcanf in some detail in the next chaptdfor naw, if
you would like to day with using different values in the multiply program you might try replacing the first
two executable statements (which set the valuesipée andmpor) with
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printf("Enter mpee and mpor:  ");
scanf("%d %d", &mpee, &mpor);

The first line of the replacement just tells the user what the progratpasting. Thesecond line reads in
the two values entered and places themripee andmpor. Notice the ampersand before theotwari-
ables. Inthis context it is interpreted as the "address of" operator.

17.4.2 Reersing a Character String

In this section wal write a program which prints out a character string irense order First, we
need a plan of attack—an algorithriror clarity, consider a specific character string, say \drsity of
Nebraska-Lincoln". Hers'the plan | came up withFirst, I'll load the string into an array ahar ’s.
Then I'll find the address of the last character in the string, and set a pointer to poinEthallg. in a for
loop, I'll print out the character in the location the pointer points to, decrement the pointer to point the the
location just to the left, print out the character found there, and so forth until all the characters in the string
have been printed.

To carry out the plan, therg'only one nev C feature | need to tell you abouHow do you tell
printf  to corvert the value in aariable to the ASCII character it stands for and then print out that char
acter? Thaanswer is the format specifi#&sc You will see hw it is used in the program. Notice the feif-
ence between th&s specifier that we'e encountered before, and théc specifier Fig. 17-8 shavs the
program | came up with.

/*
* Program which prints out a character string in reverse order
*/

main()

{

char *str, *p;
str = "University of Nebraska-Lincoln";

[* First find end of the string */
for(p=str; *p; p++)
; / * No i nstruction */

/* p now points at terminating 0 byte */

/* Print out the characters, one at a time */
for(p--; p>=str; p--)
printf("%c", *p);

/* Print a new line */
printf("\n");
return O;

Figure 17-8. Program that prints out a character string backwards.

The program starts by declaringaywointers to achar , str  andp. Then it setstr to the starting
address of the character stringle know where the string starts, andwehe problem is to find where it
ends. Thids accomplished in the firédbr loop. Noticethat the statement is immediately followed by a
colon, meaning that there are no instructions in the body of the Twoploop starts by setting equal to
str  so thatp points to the start of the string, and then it checks to see if the byte stored at that location is
zero. Ifitis, the loop terminates; if it isih’p is incremented so that it points to the next character in the
string. Agnin, this byte is che@d to see if is zero, and if it5 rot the process is repeated. In this manner
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p steps through the character string until it finds the end, as indicated by a zero.

When the loop terminatgspoints to the terminating zero of the string; the last character is one byte
before. Nav, dl that's left is to step backwards through the string, printing out each chanautieme
reach the start of the string, markeddty . This is accomplished by the seccimd loop. First,p is
decremented so that it points to the last character of the string, rather than the terminatitig zéso.
larger thanstr then we must still be to the right of the start of the string, and the character found there is
printed out in theprintf ~ statement. The&alue of p is decremented, and the process repeated puigil
less tharstr , implying that it points to the space just before the start of the string. At that poret we’
done.

The program runs, and prints out the following line

nlocniL-aksarbeN fo ytisrevinU

The program could be jazzed up bying it print out the string before versal, but I'll leave that as a
homevork problem. Another possible imprement would be to maklower case the capital letters at the
ends of the words in thev&sed string, and the makhe first letters of these words upper case. In other
words, the modified program should print dllbcnil-Aksarben fo Ytisrevinu . That's rot as
easy but you knav enough C to be able to write the program.

Just as with the pvéous program, the data to be operated on (the character string in this case) must
be "hard wired" into the program because weehat discussed o to use thescanf function. Ifyou
are interested, I'll just tell you moto modify the program to use theeanf function. We'll talk about
what’s going on in the next chapteffhe declaration statement and thetretatement that follows it must
be changed to

char str[100], *p;

printf("Enter the string to be reversed\n");
scanf("%["\n]", str);

The first line declarestr to be a pointer to ehar , dlocates 100 bytes of memory for storing the string,

and setsstr to point to the start of this memory blockve dn’t know how long a character string the

user will enterso we giess that it will be no longer than 99 characters. If that guess turns out to be wrong,
the program will probably mess up. In the original program, we dithveto allocate memory for the

string eplicitly because the compiler kwewhat the string was to be and allocated the memory automati-
cally. The second line reminds the user what the computer wants, and the third actually reads in the string
and stores in the memory block pointed todlty . Note that in this case there is ho ampersand before

str . Don't even ask about the first argument here!

17.5 Realindow l1l: A Program in the Raw

In this section, wéf write a program which prints out in hex, byte-by-byte, the contents of the part of
memory containing the first part of the program its@lfis will be the machine language program that the
CPU sees. My program will makuse of the fact that the name of a function when used by itself is a
pointer to the start of the functio.hus,main is a constant set to point to the start of the main program.
Our program will put this value into a pointer variable, and then enter a loop in which it prints out the con-
tents of the memory byte pointed to and then increments the pointer by oné@bytéh the programs in
section 17-1.1, the compiler must be set to thg iriadel for this program to work properly.

The program is shvn in Fig.17-9. Noticethe use of the nested loops. The inner loop prints out the
individual bytes. Theariablej used to count the bytes, and 16 bytes are printed on a line. The outer loop
prints out entire lines, and is used to count the lines printed@he printf  call inside the nested loops
has a ne twist in the format string.The string iS'%2.2x " , and the2.2 appearing before the is the
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/*
* Program which prints out in hex the first 320 bytes of the
* machine language version of itself.
*
main()
{
unsigned char *p;
inti, j;

p = main;
printf("main starts at %x\n", p);
for(i=1; i<=20; i++) {

for(j=1; j<=16; j++) /* Print out a line */
printf("%2.2x ", *p++); [* Print out a byte */
printf("\n"); I* Skip to next line */
}
return O;

Figure 17-9. Program which prints out the machine language version of itself.

new twist. It was added to impree the appearance of the print otthe 2 before the period says that the
printed value should use at leasbtgpaces, whether needed or not, and the dter the period says that
there should be twdigits printed out, een if doing so requires leading zerodsinally, notice also the use
of the increment operatot+, in the last argument of the sampentf ~ statement. Mak aure you under
stand wly it's daced after the variable, rather than before.

Running the program results in the output shown in Fig. 17-10.

main starts at 311

55 8b ec 4c 4¢c 56 57 c7 46 fe 11 03 ff 76 fe b8
80 14 50 e8 47 02 59 59 bf 01 00 eb 28 be 01 00
eb 15 8b 5e fe ff 46 fe 8a 07 b4 00 50 b8 93 14
50 e8 29 02 59 59 46 83 fe 10 7e e6 b8 9a 14 50
e8 1a 02 59 47 83 ff 14 7e d3 33 c0 eb 00 5f 5e
8b e5 5d ¢3 55 8b ec 83 3e 9¢ 14 20 75 05 b8 01
00 eb 138b 1e 9c 14 d1 e3 8b 46 04 89 87 e0 16
ff 06 9¢ 14 33 c0 5d c3 c3558b ec eb 0a 8b 1le
9c 14 d1 e3 ff 97 e0 16 al 9c 14 ff Oe 9c 14 Ob
c0 75 eb ff 76 04 e8 5f fe 59 5d c3 55 8b ec 56
57 8b 76 04 Ob f6 75 05 €8 73 00 eb 6b 39 74 Oe
74 05 b8 ff ff eb 63 83 3¢ 00 7c 29 7 44 02 08
00 75 0a 8b ¢6 05 05 00 39 44 0a 75 16 c7 04 00
00 8b c6 05 05 00 39 44 0a 75 08 8b 44 08 89 44
Oa eb 35 eb 33 8b 44 06 03 04 40 8b f8 8b 04 2b
c7 89 04 57 8b 44 08 89 44 0a 50 8a 44 04 98 50
e8 1b 05 83 c4 06 3b c7 74 Oe f7 44 02 00 02 75
07 81 4c 02 10 00 eb 9a 33 c0 5f 5e 5d c3 55 8b
ec 4c 4¢ 56 57 c7 46 fe 00 00 bf 14 00 be a4 14
eb 12 f7 44 02 03 00 74 08 56 e8 5f ff 59 ff 46

Figure 17-10. Output of program in Fig. 17-9.

This is the set of instructions in machine language which the Qedutes at the start of the prograier-
haps this gies you a greater appreciation of just what a help assemblers and compilers are to the
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programmer! Thdirst seven bytes specify six instructions which are used to set up the processor for
executing the program. The firskecutable C statemerp, = main; generates MOMnstruction, which

in machine language &746fe1103 . In case you are interested, the dis-assembled translation of the first
30 or so bytes of the program is in Fig. 17-11, along with an indication of which C language statement
generated them.

55 PUSH BP

8BEC MOV BP,SP

4C DEC SP

4C DEC SP

56 PUSH Sl

57 PUSH DI

C746FE1103 MOV WORD PTR [BP-02],0311 ;p = main
B81103 MOV AX,0311 ;printf(...
50 PUSH AX

B88014 MOV AX,1480

50 PUSH AX

E84702 CALL 056F

59 POP CX

59 POP CX

BF0100 MOV DI1,0001 ;for(i=1;...
EB28 JMP 0357

BE0100 MOV S1,0001 for(j=1;...

Figure 17-11. The first fev instructions of the machine language program in Fig. 17-9 translated into
assembly language. The corresponding C language statements are indicated after the semi-
colons.

The instruction set of the 80386 is considerably more contpln that of the PFWO007, so you probably
won’t understand what seral of the instructions do, but you should be able to get the general idea.

If you are interested in what assembly language statements the C compiler generate€ fmoan
gram, you can cause the compiler to generate a file containing the assembly language versiGrpaf-an
gram. ldon' think you can do that from within the IDE. Instead, youehta get back to DOS and run the
Turbo C compiler gplicitly, including -S as an agument. Specificallyif | had put the program in
Fig. 17-9in a file named-17-9.c , then to produce an assembly language version of the programid w
enter at the DOS prompt

tcc-S-mt F17-9.c

The -S amgument tellsscc to male an asembly language file, and thmt argument tells it to use the
Tiny model. Theresult would appear in a file nametl7—9.ASM.

17.6 Appendix: TheJoyof Segmentation

In this appendix Il try to tell you whats going on with all the "Models" the Turbo C compiler can
use to generate code. At this point wd probably be a good idea twiesv the appendix to Chapter 14,
section 14-8. The problems all arise from thayvthe Intel microprocessors use segmentatigisters.
Briefly, the internal rgisters of the 8086 were all 16-bit, but the processor wes gi D-bit address us.
Generating 20-bit addresses using only 16-bit registers is a problem which Intel Bplusing sgmenta-
tion registers. A20-bit address is formed by left-shifting by four bits the contents of a 16¢guitesgation
register and adding that to another 16-bit number.

A "feature" of the architecture is that different segmentatigisteys are used to form the addresses
of different types of information. Program instructions use one segmentagisterenamed CS, data use
anothey DS, and the stack uses anothe®. Whencompiled with either the ity or Small models, the
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addresses used in the programs in Fgs.l, 17-2, and 17-9 are all the 16-bit offset from the appropriate
segmentation rgister In the program of Figl7-1, the addresses were the offset from the stayktee

SS, because the compiler pytb, and ¢ on the stack.n the program in Fig. 17-2 the addresses wefke of
sets from the datagester DS, and in the program of Fig. 17-9 the addressaih is the offset from the

code rgister CS. If you specify the iy model, all segmentation registers are set to the same value, so the
offsets of all types of data all refer to the same origifith the Small model, the segmentatiogisters are

all loaded with different numbers, so that each of the three types of data hvas, itoo-oerlapping, 64K

bytes of memory.

With the other models, addresses of and pointers to one or more types of data are 32-bit numbers.
The most significant tavbytes contain the segmentation registue, and the least significantdwontain
the ofset. Thewhole thing is a real mesdFortunately the 80386 and later members of the Insghily
have 2-bit registers, and all this gmentation stifis not necessaryUnfortunately because of the sordid
family history the mess will lie an for quite some time.
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17.7 BEercises

1. Thegoal of this &ercise is to inestigate the way floating point numbers are stored in computers
using the 80386 microprocessor.

a.

Findout hav mary bytes are used to stordlaat and adouble by writing a program in
which two variablesx1 andx2, are declared to bffoat 's, and two more,yl andy2, are
declareddouble ’s. Investigate hav the variables are stored by having the program print
out the addresses of all thariables. Isuggest you declare bofloat variables in the
same statement, one right after the qthed ditto for thedouble 's. From your results,
how mary bytes does the compiler use to stioat ’'s and double 's? Explain hav you
arrived at your conclusion.

What is the single-precision, IEEE standard floating point representation for the number (in
decimal) 12?What is the double-precision representatiddi?e your answer in hedeci-

mal. Modify the program written in the prious part so that it sets one single precision
variable and one double precisioariable equal to 12, and then prints out in hex, byte-by-
byte what is stored in memory for eaddrimble. Reconcilevhat your program prints out

with your answer to the first part of this question.

2. \erify that the program fragments (theotwhich put the string "Hello" into the array name
greeting ) at the start of section 17-2 work by writing a program which includes both fragments,
and prints ougreeting  using thedesformat specifier just after each fragment.

3. Writea program which encodes a character string by printing in pali¢he odd-numbered charac-
ters first, followed by theven-numbered charactergor example, the stringngineer would be
changed taegnenier . Your program should print out the resuRun your program using the
character string "Go in fear of abstractions".

4. Writea program which cowerts all letters in an ASCII-coded character string to upper clisete
is a function (actually i€ a macro but | ven't go into that here), calletbupper that comes with
the C compiler which would do that job, but you are not to use it in this problem.

HINTS: (SeeTable 15-1.)

If a number is the ASCII code for a lower case leftemust hae magnitude between
0x61 andOx7a.

A lower case character can be wated to upper case by subtractiinR0 .

Modify the program in Fig. 17-8 so that it prints out something Tikhe original string is", fol-
lowed by the string on the next line, followed by a blank line, followed by "TVeesed string is",
followed by the reersed string on the next line.

In Exercise 15-7 you were to write a program for the PFWO007 that encoded a character string by

adding a fixed constant to the ASCII code for each charathet scheme had the problem that the
output could hee ome strange control characters and some characters that argeh@tS€ll
codes (alues larger than 127) in it. In thigeecise you are to write a C program which is more
sophisticated. Herg'the scheme. Imagine writing all the upper case letters written in a circle in
alphabetical ordegoing clockwise. Then, starting with A, the sequence would be A, B;,@, Z,
A, B, ---. To encode a gien upper case lettereplace it with the letten places further around,
wheren is a number that you chooskower case letters are to be handled similaflize encoding

scheme should change only letters—punctuation, numerals, and control codes should be left

unchanged. & example, ifn is 4, then the string "February" would be encoded to "XNfsye

Write a program which encodes character strings using this technique, and prints out the result.
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Experiment with encoding whater character strings you l& using whateer values ofn you like,
but turn in a program which encodes the character string "The value of R1 is 245 Qlwimg"
n=13

Thereare five dudents in a class, and thgot the following scores on a test.
83, 68, 73, 88, 96

Write a program which stores these values in an arrayt 0%, and then calculates the@age and
the mean squared error of these scol#s. dscussed what the mean squared error in section 6.6,
but in case you do’rememberthe mean squared errddSE, is gven by

1N )
MSE=— > (x — X)
N =

wherex is the @erage value ok, and N is the number ok’s to be aeraged. Theprogram should
print out the results for both th@eaage and the mean squared erraleally, you would write the
program so that the scores to heraged would be read in when the program was run, but we
haven’t discussed hwo to do that yet so instead you will ia o "hard-wire" the scores into the C
program.

Writea program which calculates the factorial of a numbEne program should set the value of a
variable calledn to this numberand you should be able to calculate the factorial gframber by
simply setting the alue of this variable to the desired numbkteally you would write the pro-
gram so that the number would be read in when the progesmum, but we hen't discussed yet
how to do that so instead you will ka © "hard-wire" the number into the C progratm section
15-9 we wrote a program for the PFWO0Q7 that calculated factorial using aveautsutine. C
allows recursie sibroutines, but you are not supposed tovkihow to do that yet, so write a pro-
gram that works without using recursiofest your program warks by using it to calculate thad-
torial of 3 and 10, and comparing the output to the correct result.

Write a program that performs integer division at the binawgllesimilar to the multiplication pro-
gram in section 17-4.1. The program should print owtittegers, the quotient and the remainder
For example, dividing 52 by 11 should yield 4, remainderY®ur program can use left and right
shift operators and addition or subtractiout, ib should not use the division operatdest your pro-
gram.
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18. PROGRAMMING INC T O SOLVE PROBLEMS

In this chapter we will concentrate on some useful features ¥¥&will not discuss all the features
of C, but the subset we will discuss will be sufficientwalimu to do just about anything that can be done
with C, although maybe not in the most eement way. If you are interested in learning more about the
features not agered here, you should be able to do so pretty easily with standard books on the subject.

18.1 Functions

The oficial name for a subroutine in Cfignction dthough most people seem to use the terms
interchangeably Unless you specify otherwise, all functions retuatues. Sucliunctions work similarly
to mary of the subroutines we wrote for the PFW007. When finished,|&ae the result of their labors
some place where the calling program can find=@ the PFW0O07 subroutines, we often left the result in
registerR2. It wasnt a problem with the PFWO007 because it had only one data type (16-lgeintéut
with C the return &lue of a function can be wrof seveal possible data typesHort , int , long ,
float , double , etc.) andthe compiler must kne what data typewvery function returns.If for any
function you neglect to provide this information, the compiler assumes the function retimns.ai | tell
you hav to gecify a return value type in the next subsection.

The name of a function used by itself is a pointer to the start of the function in memenyade
use of this fact in the program in Fig. 17-9 to find the start of the main progfamncall a function by
using the name followed by the arguments enclosed in parentheses. Xergrleeremember our use of
theprintf  function in the previous chapter.

A function can hee zro or more gjuments. Theaues of these arguments are passed to the func-
tion by copying them onto the stack. Because of this way of handling arguments, a functi@gssiahl-
ing with acopyof its arguments, rather than with the actual arguments thezsselhameans that a func-
tion cannot alter the value ofyaof its aguments. Itan alter the value of the oppn the stack, bt thats
lost aryway when the function returns. In case you find that confusing steamethalogous situationSup-
pose you are writing an essay and youeh®me misspelled words in itrou write the words on a piece of
scratch papego to the dictionary with the scratch papénd the correct spelling, and correct the words on
the scratch papebut do not return to your essay to reake changes there. The originals in the essay
remain unchanged, and yowhka't done anything usefulThe arguments to a function are analogous to the
words on the scratch papdhney are copies of the originaldf you only need the information theontain,
that’s fine, but if you want to change the originals, the copies are of no use.

At first glance, this wuld appear to be a real limitation of the C language, since sometimes you do
want a function to modify one or more of itggaments. Theolution is to pass the function not theriv
able to be modified itself, but rather its address. The function themskihe address to be modified, and it
can then write whater it wants into the memory locationvgh it. It does not matter that the address is a
copy because it is not the address that is to be modifigdiabher thecontentsof the address. All this is
probably most easily explained with examples, and | discusbdre.

18.1.1 AFunction whit Returns a Value.

The first @ample program reads a character string from thédard, up to a newline character
stores the string in an array dfiar 's, and then prints out the string and the number of characters in the
string. (Thenewline character is the character generated when you Bress on the leyboard.) Thepro-
gram uses tw functions which return usefulalues. Onegetchar() , is upplied in the library that
comes with all C compilers (similarly to theintf  function). Theother,str_no() , is a function |
wrote.

The program is shown in Fi@i8—1. Spacéor storing the character string is allocated in the first dec-
laration statement. This statement allocates a block of merratysetdine to point to the start of the
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*  Program which counts the number of characters in a string
* e ntered from the keyboard.

*/

main()

{

/* Inform

/* Count

}

/*

char line[100], *p;
intc, n;
int getchar(void), str_no(char *);

the user what's up and read the string */

printf("Enter the character string.\n");
p = line;
c =1, / * To s tart off while loop */
while(c !="\n’) {

¢ = getchar();

*p++ = C;
}

/* Terminate line with a 0, */

*-p=0; /* backspacing over the \n */

the characters and report the count */
n = str_no(line);
printf("You entered:\n%s\n", line);
printf("The line contained %d characters\n“, n);
return 1;

*  Function which counts the number of characters in a string.

*

int str_no(char *s)

{

Figure 18-1. Program illustrating the use of functions. The functsn no()
characters in the character string pointed ts jgnd returns the result.

intn;

n = 0;

while(*s++)
n++;

return n;

F. Williams

counts the number of

block. Italso declarep to be a pointer to ehar . | will use this pointer to &ep track of where iline
the next character read in from theyfioard is to be placed. The next line declaremdn to beint ’s.

The following line tells the compiler about theanfunctions that will be calledyetchar

andstr_no

Both functions return a value and we will be using thedees, so we k& o tell the computer what data
type the functions return. This is the purpose of this line. It says that both functions reitutrn. alh also
has no aguments (that what thevoid means) andtr no has one, a pointer to a

says thagetchar
char . If you do not declare a function, you can still use it, but the compiler will assume that it returns an

int , and will make some probably incorrect assumptions about tlgaments. Amistale | frequently

male is to tse a function that returnsdmuble (like sin()

, orlog() ) in my program, and forget to

declare it. The compiler assumes the function returnstan and when the program runs, it completely
misinterprets the value the function returmend up with a program that seems to run correbtly pro-
duces strange results.
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The program first prints out a request to the user to enter the string to be counted. It thdn sets
point to the start ofine . Ignore the next instructio, = 1; for the moment.The character string is
read in and stored iime in the body of thavhile loop. Thecharacters are read in using the function
getchar() . This is a standard function which is supplied with all C compilers. (That means hdvoe’
to write it; someone else already has.) This function waits for the user to type a characteeyidhe k
and then returns the ASCII code for it. If you typgesal characters, each call ¢getchar()  gets just
one, in the order typed.

For every iteration of thewhile loop, the compound statement enclosed in the curly brackets is
executed. Thefirst statement of this compound statement gets the next character fromftbarl, and
stores it inc. Next, the character is copied into the ariéye , with the instructiorfp++ =c; . The
variable p is a pointer to ahar , which was set equal to the address of the start of the memory block
assigned to the array namiate  before entering the loopThis statement copies the character stored in
to the location pointed to hyy, and then increments to point to the next location iime

After finishing this instruction, the loop iteratesaag First,it checksto determine if the last charac-
ter read in was the newline charagtar. If it was not, the loop isxecuted agin. Ifit was, the statement
following the closing curly bracket of the loop;p = 0; is executed. Thepurpose of this statement is
to terminate the character stringlime with a 0 byte so that it conforms to the Cwantion for character
strings. Theres e little complication—thevhile loop copied all the characters entered, including the
newline character resulting from pressiggter. We probably dont want to include the newline in the
count, s is first decremented in order that the zero wiltrarrite the unwanted newline character.

The number of charactersline is counted in the last section of the program, and both the charac-
ter string and the number of characters in it are printed D. counting is done in the function | wrote
and namedtr_no , which is defined at the bottom of the listing after the closing curly bracketdir.
This function has one argument, and it returns the number of characters it counts. The argument is a
pointer to the start of the string to be countid.discuss hw str_no()  works shortly but first | want to
finish discussing the main prograrfihe linen = str_no(line); performs tvo duties. Firstit calls
my function, gving it the address of the character string to be counted, and second it puts the value my
function returns into theariablen. Finally, the program prints out the character string it just read, fol-
lowed by the number of characters in it.

Before continuing, | hae © take care of a little old bsiness. Whats the purpose of the line
¢ = 1; near the start of the program which I told you to ignore? The answer is it ensures thatwhe follo
ing while loop gets started béorrectly The first thing thevhile does is check its conditionalVithout
the statement in question, the value a§ not set when the loop is entered, and the value of the conditional
is indeterminatel want the body of thevhile to be eecuted at least once, so | initializeto a value that
ensures the value of the conditional will be 1.

With that out of the ay, I'd like to dscuss my home-bwefunctionstr_no() . How does it vork,
and hev do | tell the C compiler about it7o answer the second question first, the definitiostofno()
starts with the linent str_no(char *s) This line tells the compiler that the code between the fol-
lowing matched curly brackets is a function to be knowstasio which returns annt , and that the
function has one argument, a pointer whar , which is known inside the function as

The variablen is declared to be ant in the first line inside the matched bratk Thisvariable is
to be used to count the characters in the string, so it need only be known inside of the fumitied, it is
best thain be isolated from the outsidét is quite possible that a programmer could inadvertently use the
same name for a different variable in the main program, or maybe in another function. If the mame of
were recognizedverywhere, theseariables would share the same memory space, and modifications to the
n insidestr_no()  would also change the value of the other variables with the same name. That is an
undesirable beléor, particularly for general purpose functionsdigetchar()  which are written by one
person and used, without source code, by ottfeuppose, for example, that the writeigetchar()  had
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used the variable nanpe If that variable were known outside gdtchar() , then the part of our main
program containing the body of thhile loop would almost certainly misbeba becausegetchar()
would modify p without our knowledge.

For this reason, ariables declared inside a function are considered local to that function. lhnte w
a variable to be known to twvor more functions, we should place the declaration for the variable outside
ary function, and before the first in which it is to be recognized. Such a declaration is sawkr s,
and if it is placed before all function definitions, includmgin() , it is adso global. Variables declared
inside a function are gén automatic storage. That means that the memory space for them comes from the
stack, and that the variabldegtively disappears when the functioxkits. If the function is called a second
time, it is unlikely that the variable will ke the same value on entry as it did when the functidiee the
previous time. There are twways to force a variable to retain its value after a functikits.eOneway is
to declare it outside grfunction, so that it is an externarnable. Theother way is to use thetatic
keyword with the declaration inside the functiofor example, the declaration forin str_no would be
static int n; . In this casen would be known only insidstr_no , but its value would remain intact
afterstr_no exts, and we could access it again in another caitrtano

Back to hav str_no()  works, n is to be used to count the characters, and is first initializéd to
Then, within thewhile loop n is incremented once for each character in the character string. Notice that
thewhile detects the end of the string by detecting the terminating zero Kgtece also, that the condi-
tional for thewhile "kills two birds with one stone" in that it both checks for the end of the string, and it
incrementss to point to the next character in the stringghen the loop terminates, the lingturn n
causes the function to return the valuendfvhich by that time should be the number of characters in the
string). Recallwe encountered theeturn  statement previously as a magical way to keep the compiler
from griping at us. Maybe mothe usage will maka ittle more sense.

| haveseveral comments about this prograrfirst notice that the value of thegaments is changed
within the str_no()  function, and thastr_no() is called withline as an ayument. Changing
line is a high no-no because it points to the start of the memory block allocated in the declaration state-
ment. Ifyou change that, you will ke lost the address of this block with no way to regig. Everything
is OK, though, becauseis a copy of line , rather thardine itself. Whenthe function returns, thealue
of line  will remain unchanged—only the oppn the stack is different, and thatbst aiyway when the
subroutine returns. (Remember that bstlandline contain the address of the string, rather than the
string itself.)

Thewhile loop in the main program in which characters are read could be rewritten as follows
while((c=getchar()) !="\n")

*p++ = C;
In this case, the conditional for tiaile does double dutyFirst it gets the next character and stores it in
¢, and second it checks to see if the character wasvinge Thisfunny business works because an assign-
ment statement is itself an expression witralue. Thatvalue is just the &lue of whateer was assigned.

In this case, the value of thepeession(c=getchar()) is whateer charactergetchar() returned.
The parentheses enclosing the statement in the conditional are regitedut them, the compilerauld
interpret the expression as= ( getchar() !="\n") , Which assigns te the result of comparing

the return value ofletchar with \n . In that case¢ would be eithelO or 1, depending on whether the
return value wadn’  or not.

With this change, the statement= 1; just preceding thevhile loop is not needed because the
character is read before comparmgo \n’ . Also, the statement just after the loop must be changed to
*p =0; because is not incremented whagetchar()  returns a newline.

This minimalist trend could be continued@he while loop could be reduced to just one statement,
and the variable eliminated. Thdoop inmain could be reduced to
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while((*p++ = getchar()) !="\n’) ;

In this case, the conditional for the loop stores the return fi@char()  in *p directly, and the incre-
mentsp. Additionally, the \ariablen could be eliminated. In this case, the secpridtf  statement
would be changed to

printf("The line contained %d characters\n”, str_no(line));

and the linen = str_no(line); would be deleted.When the computer sets up to gadintf , it
needs to put the value of the second argument on the Stack that, it callsstr_no()  and pushes the
value it returns onto the stack in the place where the second argument shoprohtf§. doesnt know
the difference, andverything works the same.

18.1.2 ANSIIs K&R C

Before continuing, | need to tala lttle detour There are tw versions of C in common usage: K&R
C (named after the guys whoviented the language, Brian Kernighan and Dennis Ritche) and ANSI C
(named after the American National Standards Institute). K&R is the oddgion, and for a time it as
the standard. It achied this status by default rather than by formal apgtoMore recently a rational
committee has agreed on a standard C whickrig similar to K&R C, but with seral extensions. Thiss
ANSI C. ANSI C differs from K&R C mostly in minor details, but there is one significaferdiice | vant
to discuss hereln K&R C, the declaration for the twfunctions doesm’tell the compiler what kind of
arguments to xpect. For example, in Fig. 18-1, one wouldVeawritten instead for the line declaring
getchar andstr_no near the start of the program

int getchar(), str_no();

This older syntax is a little easier to writeitlit can lead to some programming errors that afe dif
cult to find. The compiler has no idea\Wwanary arguments each function expects, or what tkeeeted
type of the arguments ar€onsequentlyif you later call a function with the wrong number or type of
arguments, the compiler will let you do it and reako @mplaint. Theprogram may or may not run to
completion, but the results will almost certainly be wrofye floating point math functions &lsqrt()
provide a good xample of the kind of trouble one can get infichesqrt()  function expects double
argument, and it returnsdmuble . If it were declared with the K&R syntax as

double sqrt();

and you were to use it to calculate t##& you might write

double answer;
answer = sqrt(2);

This would gve a vey strange result foanswer because the compiler interpréisto be anint , and
pushes the intger representation of the number 2 onto the stack as an argumsart far When thesqrt
function eecutes, it looks for its gument on the stack, finds tie representation of 2, and interprets
this as thelouble representation of the number to be "square rooted.” The representations af taeatw
types are quite different, sgrt  will translate the bits it sees into ary different number from 2, andvei

a ronsense result. If thegrt  call were imbedded inside a large program, it could be rather difficult to find
the problem.

In order to &oid such problems, the ANSI committee addigaction pptotypeso C. When a func-
tion is declared, you can tell the compilemhmary, and what type of guments it gpects. Vith this
information, it can covert arguments to the expected type, or issue a warning if it is not possible to do so.
Back to ouw2 example, if thesgrt  function were declared

double sgrt(double);

the program would work correctly under ANSI C. Getting the function prototypes right is sometimes a nui-
sance, but | recommend using them. yban catch some pretty subtle bugs.
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There is also a syntax difference when the function is actually defined, for example as near the bot-
tom of Fig. 18-1. In K&R C, the ANSI C line

int str_no(char *s)
would be written as tavlines

int str_no(s)
char *s;

When you call a function with guments, it is important that each argument you supply is pushed
onto the stack in the proper representation. If you use function prototypes in ANSI C, the compiler will
pretty much ta& care of this for you (or at least issue a warning), but if you don't, yee baake care of
it yourself. Similarly, you hare o be areful to declare the correct type of return value for the function.
you get the wrong data type, the return value of the function will be misinterpreted.

The situation in which | makthis mistale nost often is when | forget to declare a function before
using it. If you do not declare a function called in a program, you can still use it, but the compiler will
automatically assume it returns em . For the standard math routinesdikqrt() , exp() , ec this is
an easy mistakto make, and it abays leads to dffculty. These functions all returhouble ’s. If they are
not eplicitly declared before use, the compiler incorrectly assumes thatehenint 's. The representa-
tion of a given number in the tw formats is quite diérents, so if | mad this mistake, the function will
return the correct value, but in a different "language” than the compiects. Thgrogram will misinter
pret this result and obtain a very wrong answer.

This is a common problem, and the compiler comes with a file containing declarations for all the
math functions.For the Turbo C compilethe file is namedTC\INCLUDE\MATH.H and eery time you
use functions from the standard math libyaiqu could cop this file into your program somewhere near
the start.C has a feature which wikdiscuss later in this chapter which instructs the compiler program to
do that for you before it starts to compile the progrdm.use it you would place the following line near
the start of your program.

#include <math.h>
WE'll discuss thefinclude  directive in more depth is Section 18-4.

18.1.3 AFunction whit Returns Information Via an Argument

Heres another example, a functioayg() , which averages the alues in an array dfoat s, and
returns the result in one of its arguments rather than as a ratum Whefunction and a main program to
test it are shown in Fid.8-2. Apointer to the arraythe number of elements in the arrayd the address
of the memory location where the result is to be placed are passed to the functguments. Thenain
program tests the function by making an array containing the first 100 integers, stlioed as%, and
then callingavg() to calculate thewvaerage.

There are s&ral points | want to discuss here. The main point is that the homeforection
avg() returns a result through one of itgaments. Recathat doing that is not straight-forward because
the function only sees copies of the variables ddlled with, so that if it modifies angument, it only
modifies the cop not the variable itself. From thmain program, we want the function to place the
answer in the ariablez. To do that, we pass the function not the valuez pbut rather the address of
Knowing the address df, the function can write its returralue to that address, modifying the value of the
variable. Itdoes that in the last statement of the functiams_ptr = sum/n . This is a pretty com-
mon procedure with C, andstimportant that you understand wisagbing on.

Let’s look at the program in detaillheavg() function returns all the useful information it has via
an argument, so there should be no retalne: Theline declaringavg() near the start of the program
tells this to the compilerThat’s the meaning ofoid .

The declaration line imain allocating storage space fworallocates space for 10bat ’'s. These
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/*
* Program to test a function which averages a set of
* f loating point numbers contained in an array. The
* program uses the function to average the first 100
* | ntegers.
*

main()

{ . .
inti, npts;
float x[100], z;
void avg(float *, int, float *);

/* Put theintegers 1 thru 100 in the array */

npts = 100;
for(i=1; i<=npts; i++)
x[i-1] = 1i;
/* Calculate the average, putting it in z */

avg(x, npts, &z);

/* Report the answer and go home */
printf("The average of the first %d integers is %g\n", npts, z);
return O;

}

/*
*  Subroutine to average the n numbers in array and return the result
* viathe argument ans_ptr
*/

void avg(float *array, int n, float *ans_ptr)

{ . .
inti;
float sum;
sum =0,
for(i=1; i<=n; i++)
sum = sum + array[i-1];
*ans_ptr = sum/n;
}

Figure 18-2. Program illustrating a the use of function which returns a result via one of its arguments.

individual float ’'s are accessed ¥{0] throughx[99] , notx[1] throughx[100] because the array
index starts at 0, not 1. In botfor loops the counterariablei goes from 1 to 100, so the ind® the
array isi-1 , rather than . Getting the range of array indices right is a detail | mess up frequently.

Finally, | havetwo comments about the code inside tha function. First,consider the statement

inside thefor loop, sum = sum + array[i-1]; . In this statement, the value sdim is to be modi-
fied by adding the value @afrray[i-1] to it. These kinds of operation are pretty common, and C has a
family of operators for them. In this case, we couldeharitten sum += array][i-1] . The+= opera-

tor tells the compiler to add thalue of whateer is on the right to the variable on the left and store the
result in the variable on the lefit’s a knd of shorthand.You can use the same shorthand witly apera-
tor in C for which it makes sense: , *=, /=, &=, <<=, for example.

Second, notice that in the last statemmmh, afloat , is dvided byn, anint . To perform that

-148-
295



Chapt. 18 Notes for EEngr 121-122 F. Williams

operation, both operands must be of the same tWigen such an operator connects variables &éreifit
types, the C compiler automatically does avemsion so that both lva the same type, and then performs
the operation. The compiler is pretty smart about deciding what tetda what, so that almostvedys
the result is what you had intended, but occasionally the compiler makes the wrongFgu#sat reason,
you need to beveare that the compiler does such eensions.

So what exactly does the compiler do with the iaas_ptr = sum/n; ? To do the dvision,
does it cowert the floating point variable to an gy, or the integer variable to floating poinBenerally,
the compiler chooses the option which loses the least informdtichis case, it would caert the intger
to a floating point value before doing the division.

18.2 Printf, Scanf, and Format Specifiers
18.2.1 Printfand Format Specifiers

We havealready discussed the use of the stangaruf() function to print stufon the screen.
printf() is simply a subroutine that someone has already written and compiled andvailaddeavith
the C compiler It's deverly written so that it can accept an arbitrary number of arguments of arbitrary
type. Thefirst argument is required and must behar * , pointing to a character string. It is this string
that tells printf() how mary additional aguments it has, and what the types of the arguments are.
When calledprintf() prints out this string almost verbatim, substituting the values of the arguments for
the format specifiersThe first format specifier is replaced with the value of the first argument after-the for
mat string, the second with the second, and so forth.

A format specifier consists of the percent sign charadfeiollowed immediately by a ¥ more
characters which tefirintf  what type the corresponding argument is, ana fooprint it out. The most
general form of a format specifier i9@sign, followed by a numbgfollowed by a decimal point, foleed
by another numbeffollowed by one or occasionally twletters. Specificallya format specifier has the
form %w. pt whenwandp are integers, and is one or occasionally metters. Thdirst numberw tells
printf  how much space to use to print the item out and the sepgmehat precision or he mary digits
of accurag to use. Theetter(s),t tellsprintf ~ what the type of the corresponding variable is, and ho
to print it out. Most of the possible letters are shown in Table 18-1.

CONVERSION TYPE SPECIFIERS
Format Ar gument
Specifier Type Output
C i nt, short, char single character
d i nt, short, char signed integerprinted in base 10
e f loat, double floating point with exponent
f f loat, double floating point without exponent
g f loat, double floating point either with or without
exponent, depending on size of number
0 i nt, short, char unsigned integeprinted in base 8
S char* character string printed out
u i nt, short, char unsigned integeprinted in base 10
X i nt, short, char unsigned integeprinted in base 16

TABLE 18-1. Table showing the meaning of\v&al common coversion type specifiers in the format
string forprintf

You can precede thd, o, u, and x specifiers with a Mver casd (that's the letter &l") to specify that the
argument is dong . We havealready encountered most of these specifiers. The difference between the
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specifiere, f , andg is not \ery clear from the table so axfenore words of explanation are in ord€on-
sider for example, the number -1368.3289sing thef format, this would be printed1368.329
whereas using the format it would be 1.368329e+03 . Theg format may print the number in either

orf format. Itchooses on the basis ofihtarge the number is. If the number is very large or very small it
would require maw trailing or leading @& to gint in thef format, sog opts for thee format. For more
moderate sized numbers thdormat is the more clumsy amgopts forf .

The width and precision parts of a specifieandp, require more discussion. The widthveg the
minimum number of spaces to use in printing the item. If the item requires more spaces, more spaces will
be used, but if it requires fewer spaces than specified, the printed item will be padded with blanles to mak
up the deficit. The precision part has a different effect dardifit types of itemsFor d, o, u, andx types
the precision specifies the minimum number of digits to appééewer digits are required than this mini-
mum, the number is padded with leading zerdes.f ande items, the precision specifies the number of
digits to appear after the decimal point. If no precision is specified,atlieto 6.For g items the preci-
sion specifies the total number of digits (excluding those in the exponent if present) to be pvitheithe
s specifier the precision specifies the maximum number of characters to be printed. If the precision is
missing in this case #'taken to be infinite.Fig. 18-3 shws the result of printing some numbers with-se
eral format specifiers.

Formats:
%d:1234 %u:1234 %0:2322 %x:4d2
%d:-1234 %u:64302 %0:175456 %x:fb2e

%f:1234000.000000
%e:1.234000e+06

%¢f:0.000001
%e:1.234000e-06

%f:1.234000
%e:1.234000e+00

%0q:1.234e-06 %0q:1.234 %0q:1.234e+06

Field widths:

%6d: 1234 %3d:1234

%6d: -1234 %3d:-1234

%12f: 0.000001 %12f: 1.234000 %12f:1234000.000000
%12e:1.234000e-06  %12e:1.234000e+00 %12e:1.234000e+06

%12g: 1.234e-06 %12g: 1.234 %12g: 1.234e+06
Precisions:

%6.6d:001234 %6.3d: 1234

%12.2f: 0.00 %12.2f: 1.23 %12.2f.  1234000.00
%12.2e: 1.23e-06 %12.2e: 1.23e+00 %12.2¢: 1.23e+06
%12.29: 1.2e-06 %12.29: 1.2 %12.29: 1.2e+06
%12.6f: 0.000001 %12.6f: 1.234000 %12.6f:1234000.000000
%12.6€:1.234000e-06  %12.6e:1.234000e+00  %12.6e:1.234000e+06
%12.69: 1.234e-06 %12.6g: 1.234 %12.6g: 1.234e+06

Figure 18-3. lllustration of the behavior gbrintf() for several format specifiersFor the float speci-
fiers three numbers are printed out on each 1in&4 x10°, 1234, and 1234 x10'. For
the intger specifiers, on the first line of each section 1234 is printed/érabéormats, and
in the second line of the first dngections —1234 is printed.

18.2.2 Scanf

The standard functioprintf() is used to print out values oénables known inside a program.
The standard C library contains an analogous function used to read values of variables into a piogram.
function is calledscanf , and it has arguments which are similar to those usepriogf . | used the
scanf()  function in Chapter 17 but was unable to explain very much to you abeut h@rks. |now
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can do betterand that is the purpose of this subsection. The functiovigee a very powerful data input
capability but it can be quite difficult to use some of the more esoteric featuwesn't tell you everything
aboutscanf()  here, but there should be enough information to use it for most data input purposes.

The first argument tecanf must be present, and must be a character string. The string is a format
string, and it follows corentions very similar to those used wjhintf ~ formats. Theformat string tells
the function hav mary and what types of variables are to be readTihe remaining arguments tsitanf
where to place the values read in.

Because of the fact that C functions cannot modify #laes of their arguments, you must supply
scanf the address of the variable, rather than #méable itself. Thus, to read in the value ofaiable,
sayn, declared to be amt you could use the linscanf("%d", &n); . When the program encoun-
ters this line, it will stop and ait for you to type something in from theyboard. Asyou type characters
in, they are stored and are not passed to your program until you Breges. Doing that puts a mdine
character on the end, and signals your program that there is some input waiting for it. At thataoint,
will collect characters until it encounters something that could not be part of a signed, basgetOlinte
then stops collecting, puts the impostor character back on the input quewgetscive characters it has into
an integerand places the result in the location pointed t&hy

scanf() is of two minds about whether or not a blank or other white space character can be part of
a rumber When it starts trying to get a numbecanf()  considers blanks to be leading white space,
ignores them, and keeps on collecting. Once it has seen a non-white space chavastar it considers
a white space character to be g for a numberand assumes that the white space marks the end of the
number This behaior usually produces the result you would want because if yeenhiatarted typing in
the number you would probablyant ary white space characters to be ignoredythéght be left wer
from the end of the last number you typed in). Once yae Karted on the numbgthe appearance of a
white space character probably means shhé end of the numbhefThen you would &ntscanf to stop
reading characters for the number.

If you want to read in the values ofdwariables, one amt namediv and the other #oat
namedfv , you could use the linscanf("%d %f", &iv, &fv); . For thefloat variable, you
could use eithef, e, or g in the format string.They all produce the same result. Whexeeuted, the line
would cause the computer to stop anditwfor you to type in something. Suppose you tyd&d
1.358 followed by pressingnter (with two blanks between the twnumbers). Therscanf would col-
lect the first three characters26, sopping collection when it encountered the first blank separating the
two numbers, cowvert the character strinl26" to the number 126, and store the number at the location
provided by&iv . The format string tellscanf to get a second numbeso it would start collecting char
acters again, this time forflmat . The blank it encountered earlier which terminated the first number was
put back on the input queue, so it would first read this blank, followed by another blank. These are leading
white space, so tlyevould be ignored, and character collection would continue. The character8, 5,
and8 are all lgd parts of afloat , soscanf()  would collect all of them, stopping only when it encoun-
tered the ne line character resulting from pressikgter . It would consider that to be trailing white
space, put it back on the queue,\ahthe character string it hadcitpered to dloat , and put the result
in the location pointed to b§fv .

One reason thacanf()  is more difficult to use thaprintf  is that it is very particular about its
arguments. Thaypes of all the arguments you supply must match with the types the format string tells
scanf to expect becausscanf sees the address of the variable rather than dhable itself. ANSI
function prototypes dohhelp here. If you want to read a humber intcagiable declared to bedmuble |,
for instance, you hee © tell scanf that the argument points todauble , rather than dloat . Thus if
dvar is declared to be double you would use the linscanf("%lIf", &dvar); . Notice the pres-
ence of thé (that's a bwer case élI") before thef specifier to telscanf that adouble is expected. If
you want to read a number inteshort , and short 's andint 's are different on your machine, uke
before the coversion type specifie64.2hd for example.
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The scanf function tries to match characters in the format string other than reasonable specifiers
and blanks exactly in the inpufChis capability is pretty powerful, but very tricko use. Isuggest you
stick to separating format specifiers with blanks, and separating numbers you type in by blanks or ne
lines. lve pent may frustrating hours trying to getanf to do what | wanted when | had more adv
turesome goals for it. From thigperience, | can offer some useful advice. If your program is migbeha
ing for no apparent reason, | suggest that you first look sg@mf ’s that are in it.

18.3 Multi-DimensionalArrays

In C you can use arrays of more than one dimensYmu can declare multi-dimensional arrays in
two ways, which | will cleerly call the first scheme and the second scheReferencing the arrays is the
same for both, but the way the data is stored in memory can feeedif Asan example of the first
scheme, consider the following program fragment.

char x[4][3], c;
c = x[2][1];

The declaratory statement tells the compiler thagfers to a two-dimensional array with three columns
and four ravs. It also allocates memory space fok 8 =12 char 's, and setsx equal to the starting
address of this memory block. The next statementcsetgual to the value stored in the second column,
third row (remember indices start at 0, not 1). The elemenisark stored sequentially in mempwith
X[i[j+1] just afterx[i][j] , and x[i+1][0] just afterx]i][2]

The second scheme to allocate multi-dimensional arrays is similar to theutirnstisomore general.
Continuing with our 4 3 example, lnt choosing instead the second scheme, we would allocate space for
four one-dimensional arrays, each holding threlees—one 1-D array for eachwof the 2-D array We
would also allocate a 1-D array of four pointershar 's to mark the start of each of the 1-D arrays corre-
sponding to the r@s. With this method, we must explicitly put the proper addresses in the pointer Array
clumsy way to implement this method is

char row1[3], row2[3], row3[3], row4[3]; /* The actual rows */
char *x[4]; [* Pointers to rows */
char c;

inti;

/* This sets up the array of pointers */

x[0] = &row1[0];
X[1] = &row2[0];
x[2] = &row3[0];
X[3] = &row4[0];

/* Just as before, we can access the 2,1 element by */
c = (x[2])[1]; * ¢ = x[2][1] works identically */

It is easier to allocate the memory for storage as one 12-byte block rather than as four 3-byte blocks as
above. In this case the fragment is

char block[12]; /* This is the storage space */
char *x[4]; /* These elements point to the rows */
char c;

inti;
/* This sets up the array of pointers */

for(i=0; i<4; i++)
x[i] = &block[3*i];
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Fig. 18-4 shws hav memory is allocated for both schemes (assuming that for the second scheme
memory was allocated as a single block, as just&bo

a) b)
X block

1000: 1000:
1001: X[0lio] 1001: block[0]
1002: X[Olt] 1002: block(1] X
1003: xoli2] 1003: blocki2) x[0]=1000
1004: X(o] 1004: blockl2] x[1]=1003
1005: X 1005: blockt*) x[2]=1006
1006: xHie] 1006: blockts] x[3]=1009
1007: x(2lio] 1007: block[e]
1008: X2 1008: blocki7)
1009: x2)i2] 1009: blockia]
1010: X[3110] 1010: block(?]
lo11: X[3][1] 1011 block[10]

x[3][2] block[11]

Figure 18-4. Schematic drawing illustrating the awschemes for allocating a two-dimensional array
Each rectangle corresponds to one byte of memandya possible set of addresses for each is
shown (in decimal) just to the right of the top of each rectangle.

To help in the discussion,¥é assumed that in both cases the block of memory holding the data is located
in memory address 1000 through 1011, expressed in decifiti.the first scheme, the block is set aside
andx is given the value 1000, the starting address of the bldak.accessx[2][1] the compiler must

find the start of the third voby kipping over the space required for thedwows éove it. Sincethere are

3 columns in the arrayhere are 3 elements in eaclwvyend a rav requires 3 bytes(If x had referred to an
array offloat ’s instead othar s, each rav would require 12 bytes because each element would require
4 bytes instead of just 1.Thus the address of the start of the desiredisx + 2x3, or 1006. The desired
element is the second in themtoso to find it the compiler must skip an additional space, making the
addressx +2x3 + 1, or 1007. T carry out the statememt = x[2][1]; the compiler first finds the
address of the element on the right hand side using the procedussaatichen it copies what it finds
there into the memory space allocated ¢o In general for an array with the declaration
charz[ nrowd[ ncolg, to access tha, jth elementz[ i][ j], the compiler would look in the address
given by z + ixncols+ j.

With the second method, twarrays are idolved. Thearray labeled is an array of four pointers to
locations in the actual data storage area, labelebldnk . The compiler automatically setdock to
point to the start of the memory associated Wwititk , 1000 in this case. It also setgo point to the start
of the array othar * ’s associated with, but it does not fill in aypvalues in thex array The program-
mer has to do thisxplicitly. We want the first element of to point to the start of the memory holding the
first row of the 2-D arraythe second element to the block holding the secorndara so forth. Setting the
first one is easy; we choose to start the firstabthe start of the memory block. Thus in thgbthetical
case in Fig. 18—-4b, we wouldV® include explicitly the instructior[0] = 1000 . | chose to start the
block holding the second wojust after the end of the first, so buld hare o include the instruction
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X[1] =1003 . The remainder ok would be filled in similarly In the example fragment, this was han-
dled with afor loop.

To access the element associated wi2][1]  with this scheme, the compiler wouldvieao find
the third element of the 1-D array of pointers. ¢tuld find the address of this element by adding times
the space required forchar * to x. The \alue stored at this address should point to the start of the
desired rav. The compiler is looking for the second element of thig, o it adds the length of a single
element (1 byte in this case) to this address, aid.vAssuminghat thex array was properly initiated,
the rav address retriged in this hypothetical case would be 1006. The compiler would then add 1 to this
address, getting 1007, and issue some kind eenmstruction using this address to gdpe elementalue
wherever needed.

In case you are still confused, | can offer an analdgynsider the following scheme for finding
houses in a cityFirst, all the streets in the city are put into a numbered list in some set order.
Main
Elm
Adams

Broadvay

S

State

3dot

Second, all the houses on each street are numbered insaaderg from zero.With that done, a particular
house could be specified byigig two numbers, say [3][1]. The first number is the indie the street list
of the street on which the house is located, and the second is the number of the house on tfatfsickeet.
the house associated with aayi address in this scheme, yowould tale the street index, go to the street
list, find the street, go to that street, and then count houses to find the one with the specified Frumber
the [3][1] house wuld be the second house on BroagwRememberwe gart numbering the houses with
0.)

The analogy with the two-dimensional array scheme we heen discussing is the folling. The
street list is analogous to the array of pointgrdn the example ahe@. The individual streets are analo-
gous to the 1-D arrays of data corresponding to tiws @f the 2-D arrgyand the houses are analogous to
the individual elements of these 1-D arrayf®. use the scheme, youvet "build" the city by allocating
memory for the houses,ganizing them somelve onto "streets".You dso hae o create the "street list",
and fill it in according to the "streetgaization" you hge decided on.

What are the advantages and disadvantages of theeh@mes? Therincipal advantage of the sec-
ond scheme is that it is more general than the firke actual data need not be stored in one contiguous
block of memory Each rav of the 2-D array can be stored in a different locatiBarther the rows need
not have the same length. As you will see in an example, that feature garahantages for storing char
acter strings. The second scheme also has an advantage when the pregkeas anfunction to which
arrays are passed agaments. Il discuss this point in the next sectioRinally, the second scheme has
the questionable advantage that Wesaa ittle CPU time because accessing a particular element of the
array requires only tev additions, whereas the first also requires a multiiiie second scheme has the
disadantages that it requires a little more memory than the first (to hold the array of pointersy, aitd it’
tle more trouble to set up.

I'd like to dscuss tw examples of programs which useawlimensional arrays. The first uses the
first scheme for allocating the arramd the second uses the second scheme.
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18.3.1 Addingr'wo Matrices
The first example program is shown in Fi§-5. It's a $mple program that asks the user to type in
two 3 x 3 matrices, adds them, and prints out the redulthis case, typing the twmatrices into the com-
puter is probably more trouble than just adding them by haridhb program illustrates the use obtw
dimensional arrays. The program uses the first method of creating 2-D arrays.
/*
* T his program adds two 3x3 matrices
*/

void main()

float a[3][3], b3](3], c[3][3], t;
inti, j;

/* The next statement squashes a bug in the Turbo C compiler.
* | tis n otneeded with other compilers. */
scanf(", &t);
/* End of Turbo C bug fix. */

/* Get the matrices */
printf("FIRST MATRIX:\n");
for(i=0; i<3; i++) {
printf("Enter row No. %d: ", i+1);
for(j=0; j<3; j++)
scanf("%g", &al[il[j]);
}
printf("SECOND MATRIX:\n");
for(i=0; i<3; i++) {
printf("Enter row No. %d: ", i+1);
for(j=0; j<3; j++)
scanf("%g", &b[i][j]);
}

/¥ Add them*
for(i=0; i<3; i++)
for(j=0; j<3; j++)
clillil = afilfil + bIiLl;

/* Report the results */
printf("The sum is:\n");
for(i=0; i<3; i++)
printf("|%8g, %8g, %8g|\n", c[i][0], c[i][1], c[il[2]);

Figure 18-5. Example program which addsav@ x 3 matrices and prints out the result.

Besides illustrating the use ofdvdimensional arrays, the program also, unfortunaiiégtrates a bug in

the Turbo C compiler Without thescanf()  in the bug squasher section, the program bombs with a
strange error messagBon't ask me wly this fixes it. There is no such problem with other compilers I’
tried the program onscanf()  can be trick to use, but this is not supposed to be one of the problems!
Besides stomping on the bug, the line has no other effect bestzrde is given a format string without

ary specifiers in it. Thus, ven though the address of thanablet is pushed onto the stackcanf
doesnt do anything with it because it doegrknow it's there. Ifyou are using ancompiler besides trbo

C, delete the line. The line wdrtiurt anything, but is not needed.

The only other part of this program that needs further discussion is the use offoestedps to
read in the matrices and to do the addition. Consider the first $et ofoops, just after therintf
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statement printingFIRST MATRIX ." Thebody of the outer most loop (the one with ixdeg is executed
three times, once for eachwado be entered. Inthe loop the user is prompted to enter the proper acd

then the individual elements are read in, one at a time, using the decornaop (the one with indej ).
Thisfor loop itself is &ecuted three times (once for each valué pfand each time it isxecuted its body

is executed three times. Thus tBeanf()  function gets called 9 times, once for each of the 9 elements of
the matrix.

18.3.2 AProgram for Aveiaging Test Scores

In this sub-section I'll consider a morevatved example—a program intended to help an instructor
aveage test grades in a clasBhere are three tests to beermged for each student, and we assume there
are no more than 30 students in the class. The program should read in eactssamenfollowed by the
three test grades. It should thergrage the three grades for each student and print out the results.

This program is getting complicated enough that a preliminary program outline will be helpful.
Fig. 18-6 shows the scheme | came up with.

/* Declarations */
Declarenames to be an array of character strings
Declarescores to be a 2D array of scores.
scoresl[i][j] gives the score of theth student on
thej th test.
Declareavg to be an 1-D array to contain theseages

/* Get the names and scores */
For(i=0; i< No. students; i++) {
Get the next name
Store it innamei]
Get the 3 scores for this student, store in
scoresli][0] , scoresJi][1] , and scoresJi][2]

}

/* Average the scores for each student */

For(i=0; i< No. students; i++)
avg[i] =average of 3 scores for this student

/* Print out the results */
Print a heading
For(i=0; i< No. students; i++)
Printname[i] andaverageli]

Done

Figure 18-6. Program outline for a program to help an instructerage test scores.
The purpose of the outline is solely to help me write the C code for the program. The language used is one
| invented as | went along, and thexh&me | write a program, I'll probably use a somewhat different one.
As long as | understand what | mean, thadod enough. If this program were one that was going to be
saved, and used by mgrothers, it probably would be good to neakome kind of program outline or flo
chart with a more camntional format. Although there are a lot of details yet to bekad out, the outline
shavs the program structure | am thinking about it. As | start to write the C cdiderobably discoer
some problems | hadrnénticipated that will necessitate some changasite outline gies me mething
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to work on.

Let's get on with writing the programl havesome decisions to mak First,names andscores
are to be 2-D arrays. Which scheme should | use for creating thehtise the second becaussmes is
to be an array of character strings, each of different and unknown lénig.the first scheme, | ould
have © decide apriori hev much space to use for each nanikl erred and one name turned out to be
longer than anticipated, the program wouldravrite the space reserved for the next namMéth the sec-
ond scheme, | can write the program so that each hame uses only as much space as it @gyitese
to allocate sufficient space for all the namBsne is longer than anticipated, tla®K as bng as another
is shorter than anticipated to compensae.an aside, C has the capability of getting more memory while
the program is running, so the program could be written so that | wouldemoha@/eto guess hw much
total space to allocate for namékhe computer would simply get more spacgergtime it needed itl will
discuss that feature in the next chapter.

Another decision | hae b make is low | will tell the computer ha mary students there are in the
class. Oneavay would be to just hae the program ask,ub I'm going to be trickier I'll havethe program
simply start reading names and scores from #dybdard until it encounters a name consisting only of three
Z's. Thatwill be the signal that the last name has been read in alr@ddyprogram itself will count the
number of names entered before encountering ZZZ, and that will be the number of students.

How will | set upnames, the array of pointers to the students’ names? Fitkgllbcate an array of
characters large enough (I hope!) to hold all the names, and Iiibs&ts[0] to point to the start of this
block. I'll get the first name and store it, character by charaatéis block, starting anames[0] . I'll
then count the number of characters in this first name, including the terminating zero for the string, and set
names[1l] tonames[0] plus this numberl’ll then read in the second name, placing it in the space start-
ing atnames[1] , count the number of characters in this name, andaees[2] accordingly I'll keep
this up inside d&or loop until I encounter the name of the terminaZatZ.

Fig. 18-7 shws the program | ended up with. There aneess points which | should discuss about
it. Fortunately none of the points are Turbo C bugs this time.

First I'll discuss the setting up of the 2-D arrays. The memory space for holding the names is allo-
cated in the first declaration statement,

char *names[30], name_mem[20*30];

The first part of the statement sets aside space for 30 pointers to be used for pointing to the start of the indi-
vidual name strings. The second sets aside space for all the nmeesssumed that the names will on

avaage require no more than 20 bytes each. The space for the scores is allocated in the second declaration
statement,

int *scores[30], score_mem[3*30];

This sets aside memory to hold 30 pointers to sets of scores, and to hold 30 such sets of scores, each con-
taining 3 scores.

These statements set aside the space neaddtighdo not put the proper addresses in the arrays of
pointersjnames[] andscores[] . This task is started by the firstavxecutable statements,

scores[0] = score_mem;
names[0] = name_mem;

The score sets and names will be stored one after the other in meiitioigach occupying only as much
space as needed. At this point we could continue assigning values to the remaining elements of
scores[] , but we cannot do so with theames array because we ddryet knav how long each name
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/*
* Program to collect and average student’s test scores for a class.
*/

void main()

{
char *names[30], name_mem[20*30]; /* 30 names, 20 chars each */
int *scores[30], score_mem[3*30]; /* 30 students, 3 scores each */

char line[30], *p;

inti, j, n_students, nchars, avg[30];

float sum;

char *gets(char *); /* Declares the gets function */

scores[0] = score_mem;
names[0] = name_mem;

/*
* T he following for loop gets the names and the scores.
*/
for(i=0; i<30; i++) {
/* Getaname. ZZZ means we're done */
printf("Name (enter ZZZ when done): ");
gets(namesli]);
if((names[i][0]=="2") & (names]i][1]=="Z") & (hames[i][2]=="2"))
break;

/* Get three scores */
printf("Enter three test scores. ");
gets(line);
sscanf(line, "%d %d %d", &scores][i][0], &scores[i][1],
&scoresli][2]);

/* Set  pointers for next loop iteration */
/* First figure out the length of name just entered */
nchars = 0;
for(p=namesii]; *p; p++)
nchars++;

/* The next name will go at the end of this one */
names[i+1] = names[i] + nchars + 1;  /* + 1 for terminal 0 */

/* Check that we have not run out of name space */
if(names[i+1] > &name_mem[20*29]) {
printf("Out of space for names\n");
break;

}

/* The next scores will go just after these three */
scores[i+1] = scoresJi] + 3;

}
/*
*  Now calculate the averages
*/
n_students =i;
for(i=0; i<n_students; i++) {

sum =0.;
for(j=0; j<3; j++)
sum += scores[i][j];
/* Round to nearest integer. Works only if sum >=0. */
avg[i] = (sum + 1.5)/3.;
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}

/* Print out the results */
printf("The average scores are:\n");
for(i=0; i<n_students; i++)
printf("%20s %3d\n", namesli], avg[i]);

Figure 18-7. An example program illustrating the use of two-dimensional arraysvethiges test scores,
and prints out the studest'ames and tesverages.

will be. We will have o fill in the elements ofiames as the names are collected, and it is most&vant
to fill in the elements adcores at the same time.

The program then proceeds to get the names and scores. The name is read in using the statement

gets(namesi]);

Thegets() function is a standard function supplied with the C compiler which reads a character string
from the leyboard. Itreturn achar * and has one gument, echar * , which is the memory location
where the string is to be placeddon't use the return value @fets in the program, but in case you are
wondering, it returns the starting address of the string in memory (the same addresasagvitnnas &
argument).gets()  detects the end of the string by the presence oiviingecharacter (resulting from the

user pressindenter). Thenewline character is not returned. Instead the string is terminated in memory
with a zero, in conformance with the C gention. Inour case, we want the name to be placed into the
block pointed to bynamesJi] , so hat is the argument we supplydets() . Whengets() returns,

the name will be in the desired place.

The program then needs to check to see if the name is the magicTh®Zis accomplished in the
next two lines. Theconditional of thef statement does the checking. The conditional will return true
only if all three equalities are satisfie@lhe next line contains a westatementpreak . This statement is
executed only if the name ZZZ was entered, and causes vehdb®p it is in to terminate(If break is
used inside nested loops, only the innermost loop is terminated.) In our program wheaathe is
executed, thefor loop terminates, andxecution continues with the westatement after it: the one that
readsn_students = i;

If the awful name of ZZZ was not entered, the program prompts the user to enter the three scores,
and then reads the response into the characterlareay using thegets()  function a@in. Thisresponse
is then decoded usirggcanf() , and the results placed in the three elements of theow of the scores
matrix. Thefunctionsscanf() is one we hee rot discussed before. It is very similardcanf() , but
it has an additional argument which is a pointer to a character strisgead of reading the input, as
scanf() doessscanf() "reads"the string.

The first use ofjets() seems pretty natural, but the second seerasaliifficult way to go. Why
not just usescanf()  to read directly the inputThe reason is thacanf() reads the input until it has
satisfied all its format specifiers, and rotfier When we run the program we will enter the three scores
and then presBnter. PressingEnter tacks a neline character onto the end of the line, anscénf()
is used it will not read the newline because it ddesed the newline to satisfy the th8égs in its format
string. Thenewline just stays there until the xtdteration of the loop when we are trying to read the ne
name. Anewline here is interpreted as the end of the name, ancethidikst character encountered will be
the left-over newline. Thatwill get things all messed upJsing gets() and thensscanf()  has the
advantage that it gets rid of the pgskewline.

The program needs to determine where the next name will be stored, andhésnenough informa-
tion to do so. The next name should be stored just after the end of the one just read in,datdrass
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is that of the current name increased by the length of the current name, including the terminating zero byte.
The number of characters in the current name are counted and placed anighlerchars using the
instructions

nchars = 0;
for(p=namesli]; *p; p++)
nchars++;

The pointer to the next nameamesJi+1] , is then set. The program then makes a weak attempt to
ensure that there is enough space for tix¢ m@me, and breaks out of the loop if not. The cheetivas
determining whether there are 20 or more bytes left in the memory allocated fuantiee memarray.
This check is far from foolproof, and this part of the program probably ought to be written batdast
statement in the loop puts the address for the ()th row of scores intoscores[i+1] . We knew
before running the program the length of each score array so this ceeltbka done earliebut it is con-
venient to do it here.

Once the student information is entered into the compiiterarerages are calculated and printed
out. Therds only one cure ball here, on the line where theesage is calculated,

avg[i] = (sum + 1.5)/3.;

The right hand side of this expression ifoat , and the left hand side is ant . When the quotient is
stored inavg[i] it will be corverted to anint , and the fractional part will be truncated. The reason for
adding 1.5 tesum before dviding by 3 is to round thevarage rather than simply truncating it. This trick
works as long asum s positive, but fails if sumis negative.

18.3.3 Arays as Function Arguments

How do you pass an array to a functioitfthe array has only one dimensionsigretty simple. In
fact we hae dready done so, in the programs in Fig8-1 and 18-2. One simply passes the function the
address of the start of the arrdpside the function the corresponding argument is declared to be a pointer
to an appropriate variable typ&or example, in Fig. 18-1 thetr no()  function is supposed to count
the number of characters in a character string to be passed to it gsimergr Thdirst line of the func-
tion definition was

int str_no(char *s)

and the function was called with the expression
str_no(line)

line being the name of a 1-€Ehar array.

The situation is a bit more complicated when multidimensional arrays are Tsélilistrate, lets
modify the program in Fig. 18-5 so that it uses a function to add thenatrices. Theesult is shown in
Fig. 18-8. The 2-D arrays corresponding to the matrices are set up using the first sétoemmplicity, |
chose to "hard-wire" in values for theduwnatrices to be addedrhis is done inside the first set of nested
for loops, and the values | chose were arbitrdgssing the arrays to the function was pretty simplee
arrays in the main program are declared as33arays in the first line ofmain, so he arguments of
mat_add() were declared similarlyThe operation of the program should be seiflent. Notethe func-
tion prototype fomat_add() in the last line of the declarations near the start of the program.

A disadwantage of thenat_add routine in Fig.18-5 is that it has the 83 dimensions of the arrays
"hard wired" into it. If you want to add, sa§x 4 or even 4 x 3, arrays you ha t rewrite the function
and recompile.Why does the compiler need this dimensional information? It did not need such informa-
tion when 1-D arrays were passed aguarents. Thenswer is that it only needs part of the information,
and the part it needs is required in order that it be able to find the individual elements of thEarsijer
what the compiler has to do to find the memory location holding fleaglement specified yf1][2]
The three elements of the firstwdindex of 0) are stored sequentiallgarting at the addressvgh by X,
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P rogram that uses a function to add two matrices.
I t i llustrates how a multidimensional array can be passed
t o a f unction.

void main()

{

}

/*

float a[3][3], b[3][3], c[3][3];
inti, j;
void mat_add(float [3][3], float [3][3], float [3][3]);

/* Initialize the matrices with arbitrary values */
for(i=0; i<3; i++)
for(j=0; j<3; j++) {
a[il[ji] = 10%i + 4%j;
b[il[i] = 5% - 7*;

mat_add(a, b, c);
printf("The sum is:\n");
for(i=0; i<3; i++)

printf("|%8g, %8g, %8g|\n", c[i][0], c[i][1], c[il[2]);

F unction to add two matrices, x and y. The result is returned
i n sum. The matrices are assumed to have been allocated using
t he first scheme, and the matrices must have dimension 3x3.

void mat_add(float x[3][3], float y[3][3], float sum[3][3])

{

inti, j;

for(i=0; i<3; i++)
for(j=0; j<3; j++)
sum[il[i] = x[i]{] + y{ill;

Chapt. 18

Figure 18-8. A program illustrating passing twdimensional arrays to a function ag@aments. Thero-

gram adds te 3 x 3 matrices.
then the three elements of the secomd (index 1), and so forth.x[1][2]

is the third element of the sec-

ond rav. To find this element, the compiler has to go the length of anex@y from x to get to the start
of the second mg, and then to mee three elements farther to find the actual element. More gendaally

find the element specified byi][j]

, the compiler would look in the addre$s\N( COLS +

) times

the length of an element, whdxe COLSis the number of elements in awoThus, the compiler needs to
know how mary elements there are in awphut it does not need to kmohow mary rows there are.When
the program runs, the function probably wilivado know how mary rows there are in order that it not try

to access a wthat doesit'exist, but the compiler does not need this information to create the machine lan-
guage program.

The definition format_add in Fig. 18—-9 would work similarly to that in Fig. 18-8, and it has the
adwantage that it can be used to add matrices wigmamber of revs. Thematrices must still hee three
columns, hwever. There is an added@rment,nrows , which is required so that the function will kmo
how mary rows there are, and the calling program willvbap be nodified to include this information in
the declaration and in the calling statemenifiat_add . The declaration would ke © be dhanged to
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/*

F unction that adds two matrices, x and y, and returns

t he resultin sum. The function assumes the arrays
were allocated using the second scheme, and matrices
with any number of rows may be added.

n rows is the number of rows in the matrices.

L

*/
mat_add(float x[][3], float y[][3], float sum[][3], int nrows)

{
inti, j;
for(i=0; i<nrows; i++)
for(j=0; j<3; j++)
sum(illi] = x[il(il + y[illl;

Figure 18-9. A function definition which allows matrices withyanumber of rows to be added.
void mat_add(float [][3], float [][3], float [][3], int);

This version is more generally useful than its predecelasoit still suffers from the restriction that
the number of columns is "hard wired" into It there a way to escape this problem? The answer is yes.
The easiest way is to use the second scheme for allocating a 2-Daadrpgss the function the address of
the start of the 1-D array of pointers to the/@rays. W will also have o add an agument to the func-
tion to tell it hav mary columns there areFig. 18-10 shas the modified program and function. In the
main program, the memory blocks labeledsbynem b_mem and c_memare where the actual matrix ele-
ments are stored, and the 1-D arrays of pointerg, and c, contain the pointers to the individualwo
arrays inside these block¥Vith this version, thenat_add function can be used without recompilation to
add matrices of andimensions. (Therés still the requirement that the dimensions of the tmatrices be
added must be the same, but this is a requirement of the mathematics, not of the program.)

18.4 Preprocessdbirectives and Stdio

Before the compiler sees your program, it is processed by another program caiexptbeessar
Directives for this program consist of lines starting with a pound sfgn| will discuss here tw of the
directives the preprocessor recognizéglefine and#include . There are a f@ more such directies,
but I think its unlikely you will need them.

It's easier to sher you hav #define 's are used than to try to explain ikgicitly. The program
example in Fig. 18-7 would be a good place to usetttedine feature. Theprogram assumes that there
are no more than 30 student$o change that requires making a number of changes to the program.
Changes would be needed in mani the declaration statements, idfcst  statement, and in ah state-
ment, and maybe elsbere. Itwould male it much easier and more foolproof to readach a change if we
had used #define statement. Figl8-11 shows the first part of this program, rewritten in this way.

Every time the preprocessor sees the character $tri®TUDENTSn the code, it replaces it with
the character strin§0. Thus the compiler sees essentially the same program it did before, but the pro-
grammer sees a program which is considerably easier to interpret and changdgnge the maximum
number of students, one need only change the approggdaefine and recompile.Further the use of a
symbolic name makes the code easier to understaada general rule, | suggestoiding "magic num-
bers". Thesare numbers which simply appear with mplanation what theare. Itcan be very hard to
figure out where the numbers came from, or what thean after you he written the program and put it
away for a while.

The preprocessor will replad¢elefine ’'d text anywhere it finds it in the program code except inside
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/*
* Program that uses a function to add two matrices. It

* i llustrates passing a multidimensional array to a function.
*/
void main()
{
float *a[3], *b[3], *c[3];
float a_memI[9], b_mem[9], c_mem][9];
inti, j, nrows, ncols;
/* Initialize the pointer arrays */
for(i=0; i<3; i++) {
afi] = &a_mem[3*i];
b[i] = &b_mem[3*i];
c[i] = &c_mem|[3*i];
}
/* Initialize the matrices with arbitrary values */
for(i=0; i<3; i++)
for()=0; j<3; j++) {
afilli] = 10*%i + 4%;
bl = 5% - 7+;
}
mat_add(a, b, ¢, 3, 3);
printf("The sum is:\n");
for(i=0; i<3; i++)
printf("|%8g, %8g, %8g|\n", c[i][0], c[il[1], c[i][2]);
}

void mat_add(float *x[], float *y[], float *sum[], int nrows, int ncols)

{
inti, j;
for(i=0; i<nrows; i++)
for(j=0; j<ncols; j++)

sum(i]li] = x[i0] + y[ll;

Figure 18-10. Program illustrating the use of two-dimensional arrays as arguments to a furnittien.
program adds ter3 x 3 matrices, but the function can be used to add matrices of arbitrary
dimensions.

comments and between quotation sighifsu should be careful that suchxtenot appear in another corte

in your program because this instance will be replaced also. Thus, you #Hefilte  the stringif to

be something else only with the greatest cdtrées common practice to use all capital lettergdlefine 's

partly to aoid such a problem, and also to reak more clear whas$ a \ariable, and wha’a ®nstant

which has bee#define 'd to look like a\ariable.

The#define statement can be used to defimacros but | won't go into that in these notesf you
are interested, consultyahook on C.

The second preprocessor statement | want to discuss #nitlade statement. Thdormat is
#include " fil enane". This statement causes the preprocessor to find the file with hahe
nane, and copy it into the program at the point where thiaclude statement is found. The file name
can be specified in vways. Ifit's pdaced between double quotes asvabthe preprocessor takes the
name to be just as written (between the quotes). If, on the other hamiddéd between angle bratk,<
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#define N_STUDENTS 30
#define NAME_SIZ 20
void main()

{

int *scores[N_STUDENTS];

int score_mem[3*N_STUDENTS];

char *names[N_STUDENTS];

char name_mem[NAME_SIZ*N_STUDENTS];
char line[N_STUDENTS];

char *p;

inti, j, n_students, nchars;

float sum;

scores[0] = score_mem;
names[0] = name_mem;

/* Get the names and scores */
for(i=0; i<N_STUDENTS; i++) {

printf("Name (enter ZZZ when done): ");

gets(namesli]);

if(namesli][0]=="Z" && names][i][1]=="Z" && names]Ji][2]=="Z")
break;

printf("Enter three test scores. ");

gets(line);

sscanf(line, "%d %d %d", &scores][i][0], &scores]i][1],
&scoresli][2]);

/* Set  pointers for next loop iteration */
/* First figure out the length of name */
nchars = 0;
for(p=namesi]; *p; p++)
nchars++;

/* Next  names ptr points to character after the terminating O
of this name */
names[i+1] = namesJi] + nchars + 1;

/* Check that we have not run out of name space */
if(names[i+1] > &name_mem[NAME_SIZ*(N_STUDENTS-1)]) {
printf("Out of space for names\n");
break;

}

/* Next  scores ptr points to space just after the last 3 scores */
scores[i+1] = scores|[i] + 3;

}

Figure 18-11. A modified version of the first part of the program in Rig§-7 which uses th#define
preprocessor direct.

and> without the double quotes, the preprocessor will look in a special directory which contains the stan-
dard files which one might want#tinclude . For the Turbo C compiler on the lab computers, this direc-
tory is\TC\INCLUDE . | discussed one use of a file from this directory earlier in connection with declara-
tions for functions in the standard math libraffhe #include directive is used frequently in C pro-
grams. Thesdirectives ae usually placed near the beginning of the program file.

Probably the most common use of tHiaclude directive is to make use of a more generalized
input/output mechanism than what we'dscussed soaf. Suppose you anted your program to write its
output not to the terminal, but rather to a file. In that case, you would want to ustelithe package.
Again, it's easier to sha you than to tell you. The program in FIg8—12 calculates random numbers and
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writes them out to a file namednd.out

#include <stdio.h>
#include <math.h>

void main()

{
inti, n, xrand;
FILE *out;

if((out=fopen("rand.out", "w")) == NULL) {
printf("Can’t open rand.out for output\n");
exit(1);

}

printf("How many numbers? ");
scanf("%d", &n);
for(i=1; i<=n; i++) {

xrand = rand();

fprintf(out, "%d\n", xrand);

Figure 18-12. A simple program illustrating the use sfilio  to write a set of random numbers to a file.

To wse a file for 1/0, you hee © give it a name by which it will be known inside the program, and
open it for either input or output. If you are using sihéio package (and | suggest you do), the internal
name must be declared to be a pointer foL& . (The FILE type is not a basic C variable type, but it is
defined in<stdio.h> . This is done using ypedef statement. won't discuss this statements in these
notes, but theare explained in anbook on C.) I've chosen to call the file by the naroat . To open a
file, use thdopen() function. fopen() is declared to return a pointer t&-LE in <stdio.h> , and
it has tw arguments, both of which ahar * ’'s. The first agument is the name of the file as the operat-
ing system knows it, and the second specifies whether gatiterread or write (or both) the filklse"w"
for writing, "r"  for reading, and see a C language manual for other possibililgag "w" creates the
file if it does not exist, and truncates it to zero length if it ddlegou use"r" , the file has to exist, or else
fopen() bombs out. The functiofopen() returns a pointer to the file opened, and the fiatigable
statement of the program in Fig. 18-12 sat$ equal to this pointer and tests the pointer to seesif it
equal toNULL NULLis define 'din<stdio.h> |, and is the value thdbpen() returns if it cart do
what it was asked.

The program calls a function in the standard math libraryd() , which returns an ingger, ran-
domly distributed betweed andOx7fff . The value returned is written to the file using fipréntf()
statement.fprintf behaes identically toprintf() , except that it has an additionalgament which
should be &ILE * , and it writes to the file this gument points to rather than the computer scréen.
input, there is a corresponding functisganf()

18.5 Type Casting of Variables

The C compiler is usually pretty good about figuring out automatically wéwéables should be con-
verted from one type to anothéwt it doesnt always get it right. You can explicitly tell the compiler to
corvert a variable to another type by preceding tagable with the type you want it cearted to placed in
parentheses. Thattalledcastingor coercingthe variable from one type to the other.

Suppose, for example, that we hadnied to write out the square root of the random numbers in the
previous example, rather than the random numbers theesselfhat easy we would just use the
sqgrt()  function of the math library to takthe square root of the numbers returneddnd . There’s
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one small rub thouglsgrt() takes a @ouble point argument, anchnd() returns arint . Theint
must be coverted to adouble . One way to do that muld be to declargrand to be adouble instead
of anint . Then the statementrand = rand(); would cause thént returned byrand() to be
corverted to adouble . You would also hee  change the format specifier in thgintf() call, of
course. Anotheway would keepxrand declared as amt , but then explicitly cast it into double
when used as an argument as in the following line

fprintf(out, "%g\n", sqrt( (double) xrand));

There is still a third way to get the square rootraind . Keepxrand declared as aimt , as dove, but

use ANSI function prototypes to declagrt() . Then the compiler knows that the argumensapt()

is supposed to bedouble , and performs the caersion automatically This method is particularly easy
to implement because thenath.h> include file contains the ANSI prototypes of all the math function, so
just

fprintf(out, "%g\n", sqrt(xrand));

would work with an ANSI compiler.

Explicit casting or coercion of variables is the point of this sub-secton.can explicitly cause the
corversion of a ariable from one data type toyasther that makes sense in thiayw As another &ample,
in the following code fragment, the valuefar is truncated and stored @mopped .

float fvar, chopped;
fvar = 3.14159;

chopped = (int) fvar;
printf("chopped = %g\n", chopped);

When e&ecuted, the computer would print the vaRie
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18.6 Eercises

1. Writea subroutine which can be used to calculate thieer of a floating point number raised to an
integer value. Thesubroutine should a two aguments; the first should bedauble and contain
the number to be raised to awms, and the second should be @ and contain that peer. The
function should return double which is the value of the first argument raised to the secand ar
ment paver. There is a standard math library functipow() which could be used to implement
the function, but you are not to use ¥our function should actually carry out the multiplications
required. Thefunction should work for intger powers which can be either pastinegdive, or
zero.

Test your routine by using it with a test program which asks the user for the number to be
raised to a power and the power itself, and then prints out the r&suit.test program should
prompt the user for what input isaswted, and it should maldear whats printed out. Choose num-
bers which completely test your subroutine, and turn in the results of your tests.

2. Write a subroutine which multiplies tev matrices. Recalthat if A andB aremxn, and nx p
matrices, then the produ€, is an m x p matrix, the elements of which aresgi by

n
Cik=2 AiiBjx
=

Your routine should hee $x arguments; the first twthe matrices to be multiplied, the third the
result, and the fourth, fifth, and sixth the dimensions of tleentatrices to be multiplied. The func-
tion should not return aalue. Thamatrices should all be arraysftdat 's.

Test your subroutine by writing a program which asks for the dimensions of eheatkices
to be multiplied, inputs the matrices from the é&yboard, multiplies them, and then prints out the
result in a covenient format.

3. Considethe following declaration statement.

int a[5][7];

Discuss what the following expressions mean, and test your answer as well as you can by writing
one or more simple C programs which print out thkies of appropriate quantitie®at of the
credit for this problem will be for your ingenuity in using the capabilities of C to demonstrate your

answer.
a. a
b. a[?]
c. a2][4]

4. Whatdo the following programs print outth part b), specifically sl blanks by using a leer
case b for each blank on the line.
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a.
#define MAX 5
main()
{
int sum, i;
sum = 0;
for(i=1; i<=MAX; i++)
if(i & 01)
sum +=i;
printf("%d\n", sum);
}
b.
main()
{ . .
inti;
float x;
i =-6
x = 128.6;
printf("i=%6d i=%6x\n", i, 0); [* Careful! */
printf("x=%12.3f\n", x);
}
C.
main()
{ . .
inti, ¥j;
= &0
i =26
*=12;
printf("i=%d\n", i);
}
d.
main()
{
float *x, y[100];
inti;
X = &y[6];
for(i=1; i<=4; i++)
*x-- = (float) i;
printf("%g\n", y[4]);
}
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main()

{

inti;

for(i=1; i<=10; i++)
printf("%d, ", ++i);

5. Write a C pogram which writes the ingers between 1 and 100 into a file namatk.txt
Each number should be on a separate line.

6. Writea program in C which inputs twintegers from the &board and prints out the sum of all the
integers between them, including the end poititar example, if you enter 2 and 5 into the program
it should print out 14.You could either enter the smaller number first faka by the lager, or vice
versa—2 then 5, or 5 then 2 foxample. D get full credit on this problem, your program should
work in either case.

7. Writea program which inputs a line of characters from tlegbloard and prints out the number of
characters in the line which are not spades.example, if you typed in the line

Cis easy!
the program should print out 8.

8. Whatdo the following simple C programs print out?

a.
main()
{
int n[100], i, sum;
for(i=1; i<=5; i++)
nfi] =1i;
sum = 0;
for(i=1; i<=4; i++)
sum += nli];
printf("%d\n", sum);
}
b.
main()

{
int n[100], *p, i, sum;

p = &n[4];
for(i=1; i<=5; i++)
*p__ = |,

for(i=0; i<=4; i++)
printf("%d\n", n[i]);
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main()

{
char *str, *w[10], *p;
inti, j;

str = "This is a string.";
w[0] = str;
i=1,;
for(p=str; *p; p++)

|f(*p ==""

W[i++] = p+1;

for(j=0; j<i; j++)

printf("%s\n", w(j]);

d. Assumehe firstprintf  printsa = f fOO , and that arint occupies tw bytes.

main()

{
int a[10], i;

for(i=0; i<10; i++)

afi] =1i;
printf("a = %x\n", a);
printf(**a = %x\n", *a);
printf("a[3] = %x\n", a[3]);
printf("&a[3] = %x\n", &a[3]);

e. Assumahe firstprintf  printsa = f fO0 , and that arint occupies tw bytes.

main()

{
int a[5][3], i, j;

for(j=0; j<3; j++)
for(i=0; i<5; i++)
afi][j] = 16%i + j;
printf("a = %x\n", a);
printf("a[2] = %x\n", a[2]);
printf("a[2][2] = %x\n", a[2][2]);
printf("&a[2][2] = %x\n", &a[2][2]);

-171-
318



19. CPROGRAM EXAMPLES

In this chapter | will discuss three problems for which a C prograwida® a good solutionThe
first two are resurrections of problems we looked awjmesly, but used a spreadsheet to solather than a
C program, and the third is we These examples primle me the opportunity to sivoyou some further fea-
tures of C which can be very ammient. For the first tvo examples, which are similar to problems we
solved earlier with a spreadsheet, notice the advantages andaditsgbs of the twapproaches. & sim-
ple programs, the spreadsheet is easier to set up, and its easiee thamgies and to wethe results.For
more complicated programs, ever, the spreadsheet becomes increasinglffcdif and clumsy to pro-
gram, whereas the added complications are usually handled much more easily Miithllg, for long cal-
culations especiallyhe C program»aecutes much faster.

19.1 Simulatinga Random Walk and Memory Allocation

The topic of this section will be the simulation of a randoatkw In the process, | will also discuss
dynamic memory allocationThis is a very nice feature of C which alt® a program to get memory space
from the operating system while the program is running. Thus, you daveto guess beforehand Wwo
big to male arays. Insteadyou can write the program so that it gets space for the arrays while it is run-
ning, when it presumably knowswidig the arrays are to be.

Recall that in Egrcise 10-7 we considered the random walk problémsuggest you ndew the
problem before proceedindBriefly, the problem is the follsing. Suppose very drunk sailor is in the
middle of a very narw bridge with a high railing to keep him from fallingfofHe is so drunk that he’
equally likely to tak a sep forward as backavd. Thequestion is, "on thevarage hav far does he get
from the center of the bridge aftbr steps?" Adefore, I'll use an RMS (Root Mean Squaregrage to
calculate hw far he gets, and I'll use the computer to simulategelaumber of sailors, each on higro
bridge. Thigime, howeer, I'll use C rather than Quattro Pro.

As usual, the first thing to do in writing a program is to decide on a general plan of &itreks
what | came up with. The principal piece of information | want is the R.M&age distance tvalled as
a function of the number of steps &k I'll simulate a large number of drugk sailors, using a random
number generator to walk them, and I'll keep track of far each has nved ater each step!’ Il walk the
sailors one at a time, using a for lodpside the loop will be another loop in which | walk the saiboe
step at a time, using a random number generdiorcalculate this eerage, | will need for each step the
sum «ver dl the sailors of the squares of the distanceselied after that stepFor this purpose I'll use a
1-D array sum_2, which has one element for each step numbex | am ging through the sailors,IlI’
keep a running sum for each step number of the square of the distance that sail@kéasovhr. Once
I’ve gone through all the sailors, the rest is edgyst have o divide each element isum_2 by the num-
ber of sailors, and takthe square root of the result to obtain the R.M.S distanveeaged wer al the
sailors for each step numband print out the results.

Fig. 19-1 shws a program outline. The program | finally wrote is shown in Bg2. Itdoes the
simulation, and writes the result out to a file narsaior.out in a format which makes it easy to
import the result into Quattro Pro for graphing. The program generally follows the outline i9Fig.tut
| found it necessary to makeveal small changesFor simplicity, the program takes all steps tovbahe
same length, and distances are reported in terms of this length.

This program first allocates enough memory spacéifoX_N_STEPSteps. Ildecided it would be
better to declarsum_2[] to be an array dbng ’s, rather tharint ’'s because it will contain the sum of
squares of distances, and this number could become larger thaB2tB@0 maximum value of ant .
(Actually, it probably would hee keen better to makit an aray ofunsigned long  ’s because it theal-
ues stored in it he o be msitive.) Theprogram then asks tnomary steps each sailor should take, and
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Declare:
int sum_2[MAX_N_STEPS]
float rms_pos[MAX_N_STEPS]

Initialize sum_2 to zero

/* Loop over the sailors */
For(sailor_no=0; sailor_no<n_sailors; sailor_no++ ){
position =0

/* Walk this sailor a total ofisteps steps */
For(step_no=0 ; step_no<nsteps; step_naop+{
X = random number in range -1 to +1
If(x < 0)
position——
Else
position++
sum_2[step_no] += position2

}

/* Form R.M.S. aerages from sums of squares */
For(step_no=0; step_no<nsteps; step_no++ )
rms_pos[step_no] = sqrt(sum_2[step_no]/n_sailors)

Print out all values ofms_pos

Figure 19-1. Outline of a program to simulate sailors  drunken sailors trying to walk fod bridge.

how mary sailors to simulate.If you ask for more steps than the program has spaci $ets the number

of steps equal to the maximum it can handle. This is an annoyance for which dynamic memory allocation
is a cure, and we will discuss that at the end of this secfitie. program then enters the main loop
(for(slr=1; ...) ) which sequentially walks each sailor through the requested number of Bteghs.

sailor is put at position zero, and then fitngstep=0; ...) loop walks him.

The program uses the standard library functand() to determine the direction of each step.
Here | ran into another small probleihad planned to generate a random numbenmlg distributed in the
range -1 to +1, Wt rand() returns an integer betwe@and 7FFFH. | could hae mrnverted the return
value to afloat  distributed between -1 and +1ythinstead, | changed my plan a little and step the sailor
backwards if the return is in the lower half &nd() ’s range, and forards if it is in the upper halfThe
maximum value returned bynd() isdefine 'dto be RAND_MAJ <stdlib.h> . Thus, | need only
check to see if the returned value is less tRAND_MAX/2 The linesum_2[step] += ... calcu-
lates the sum of the squares of the positions of each sailor at each step number.

After thefor(slr=1; ...) loop, the R.M.S.\&rages are caluculatedn doing so, it was nec-
essary to call theqrt()  function with agumentsum_2[step]/nsailors . There are tw problems
here. Firstsum_2[step] is along andnsailors anint , so he quotient will be truncated to a long
integer Second,sqgrt()  expects adouble for an argument, it will be given along . Both problems
can be solved by coercing one of the terms inttoable . In the program, just to be explicit, | coerce
both numerator and denomingtbut only one is really necessaryhe line then becomes

-173-
320



F. Williams Notesfor EEngr 121-122 Chapt. 19

-174-
321



Chapt. 19 Notes for EEngr 121-122

#include <stdio.h>
#include <stdlib.h>
#include <math.h>

#define MAX_N_STEPS 1000

main()
{
int nsteps, nsailors, step, slr, position;
long sum_2[MAX_N_STEPS];
float rms_pos[MAX_N_STEPS];
FILE *out;

/* Get the facts*/
printf("How many steps? ");
scanf("%d", &nsteps);
printf("How many sailors? ");
scanf("%d", &nsailors);

/*  Protect against too large a value of nsteps */
if(nsteps > MAX_N_STEPS)
nsteps = MAX_N_STEPS;

[* Initialize sum */
for(step=0; step<=nsteps; step++)
sum_2[step] = 0;

randomize(); I* Makes rand() more random */

/* Loop  over the individual sailors */
for(slr=1; slr<=nsailors; slr++) {

/*  Start the sailor at zero */
position = 0;

/* Walk the sailor */
for(step=1; step<=nsteps; step++) {
if(rand() < RAND_MAX/2)
position--;
else
position++;

/* Update  the sum of squares */
sum_2[step] += position*position;
}
}

/* Form the RMS average */
rms_pos[0] = 0.;
for(step=1; step<=nsteps; step++)

rms_pos[step] = sqrt(((double) sum_2[step])/((double)nsailors));

/* Report the results */
if((out=fopen("sailor.out", "w")) == NULL) {
printf("Can’t open sailor.out for output\n");
exit(1);
}
for(step=1; step<=nsteps; step++)
fprintf(out, "%d,%g\n", step, rms_pos[step]);
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Figure 19-2. C program to simulate an arbitrary number of drunken sailors each on & sidge, and
to calculate the RMSvarage distance the sailors walk measured from the starting point.

rms_pos[step] = sqrt(((double) sum_2[step])/((double) nsailors));

Notice that its necessary to tell the compiler #@tt() is a function returning double . That was
done automatically for me wherrclude ’'d the header filemath.h> . Without the#include state-
ment, | would hee required a declaration statemeéouble sqrt(double);

Finally, the program opens ttsailor.out file, and writes the results to it.chose a format which
would male it easy to import the data into Quattro Pro for graphing (us®tig commasoption).

19.2 Dynamidviemory Allocation

The program in Fig. 19-2 avks. I'd like to take this opportunity to she you a very nice feature
that C has—dynamic memory allocatiolm the random walk program in Fig. 19-2, we had to guegs ho
much memory to allocate to the arragtem_2 andrms_pos . If we need less memoyyhen thats o
problem, although we will waste memory space, but if we need more space, we'th ledit the program
and recompile.C has a function callethalloc()  which gets memory and returns a pointer to the start of
the memory block it fetched. Thegaiment of the function is the number of bytes requesiféel.can use
this function in our program to allocate the required amount of memory automatically.

How much memory do we need to ask fdFer sum_2 we need room fonstepslong s, and for
rms_pos we need room for the same numbeifloat ’s. How much room do each of thesariables
require? V& oould look that up in the Turbo C reference manual, or write a test prograrthdige in
Chapter 17 of the notes. Easier is to use slzeof operator For example, we could use either
sizeof(long) or sizeof(*sum_2) for the number of bytes required for one elemenswh_2.
The first part of the program with these changes i&sho Fig.19-3. Inthe program the memorpal-
loc() returns is supposed to contain in one case a skingf’'s, and in the other a set dfoat ’s.
Notice that for this reason the return valuer@lloc()  is coerced to be a pointer to the proper type of
variable before it is assignedhis is mostly an academic point because pointers to all typesriables
are stored in exactly the same wsy he coercion is trivial.

19.3 UsingC to Slve Differential Equations

In Chapter 13 we discussed numerical methods for solvifgrelittial equations, and implemented
them using a spreadsheé&fou can use C for the same purpose, and in this sectibnsé€ C to sole the
differential equation which results from analyzing the circuitsshin Fig.19-4. Thecircuit is similar to
that in Fig. 13—-3, except that | Vemalded a component we V&'t talked about, called a diode, in parallel
with the resistqrcapacitor and inductor A diode is a device which to some approximationvedl@urrent
to flow through it in only one direction, the direction indicated by thewainathe schematic diagram sym-
bol. A pretty good approximation to the voltage-current characteristic of a diodeeiistyi the following
equation,

ip(v) = lo(e”"" - 1) (1)

wherely andvy are constantsl, depends on o the diode is constructed and has value typically in the
range D2 t0107° Amp. v; depends on the temperature and at room temperature is about 0.0257 volts.

Proceeding as in Section 13-3, we get the same initial conditions,
v(t) =0

and
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#include <stdio.h>
#include <stdlib.h>
#include <math.h>
#include <alloc.h>

main()
{
int nsteps, nsailors, step, slr, position;
long *sum_2;
float *rms_pos;
FILE *out;

/* Get the facts*/
printf("How many steps? ");
scanf("%d", &nsteps);
printf("How many sailors? ");
scanf("%d", &nsailors);

/¥ Allocate memory */

if((sum_2=(long *)malloc((nsteps+1)*sizeof(long))) == NULL) {
printf("Can’t get memory for sum_2\n");
exit(1);

}

if((rms_pos=(float *)malloc((nsteps+1)*sizeof(float))) == NULL) {
printf("Can’t get memory for rms_pos\n");
exit(1);

}

/* Initialize sum */
for(step=0; step<=nsteps; step++)
sum_2[step] = 0;

Figure 19-3. Segment of the modified version of the program in Fig. 19-1, which uses dynamic memory
allocation for the arraysum_2 andrms_pos .

=Y
Rs
For times after the switch is opened, applying the no net current rule as in 2&s3 gimilarly to
Eqg. 13-36,
dv

Voo
Ca+§+|L+|D(v):O 2

where we use Eg. (1) fop(v). Thisequation differs from Eq. 13—-36 only in the addition of the diode cur
rent term. This term coerts the differential equation from a linear equation which can beddgvetty
easily to a strongly non-linear equation for which an analytic solution is natrk(iny me at least)This
equation is, therefore, a realistic candidate for numerical solution.

| choose to proceed as in Section 13-3, using the modified £aietiod to sole the coupled set of
two first order differential equations inandi, . Everything goes as in 13—-Xeept for the additional term
from the diode. Eqgs. 13—-40 become
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Figure 19-4. Schematic diagram for the circuit to be analyzed.
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Writing a program which implements this algorithm in C is pretty straightaiawso | ven't show
you a program outline. The C program is shown in F&x:5. Asin the previous section, | chose to print
out the values to a file in a format which would mdtkeasy to import the data into a Quattro Pro spread-
sheet for plotting.l ran the program with the following values for the parameters:

L=0.QH, C=10°%F R=10'Q,
lo =102 Amp, V,=2\olt, R =100Q,
N =100Q At =2 x10° Sec.

A plot of the result fow is shown in Fig. 19-6.

One of the first things you should do after you obtain the results of such a calculation is to look at
them critically to see if themake £nse. Themost striking thing about these results is the asymmetry—
notice the location of the zero on the voltage axis. Starting frof) the voltage decreases smoothly to
about —2volts, and then starts increasing, apparently headimgrdosomething lik +2 volts, but the rise is
abruptly terminated at just a® Q5 wlts. Aftergetting through this region, theaweform continues on to
male a elatively symmetric sine @ve Does this behavior makense?

What's causing the flattening of the first pogdipeak? Isit an effect of the diode current term, or
did | male a mistake in my pogram? Rerunninthe program with; set to zero gies a petty sine vave
like I got for the circuit in Figl3-3. Thereforanost of the program is probably OK. The flattening must
be caused by the diode term, but I still ddmiow if it should "really” be there, or if | made a mistak the
diode current part of the program, or if therggmething strange going on with the numerical method.

Could the diode itself be responsiblé®y. 19-7 shws the |-V cure for the diode with the parame-
ters used in the program. The current farerse bias (ngaive wltage) is ngligible. | chose to plot the
voltage range between 0 and 9dits because that'the range where the fupstuff happens in Figl9-6.
From what the program wrote out to the output fieg.out , the typical inductor current is in the range
of 10mA. Thatcurrent must go somdere. ©r the value oRR used, the current through the resistor is
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/*
*  Program to calculate the response of a parallel RLC circuit
* with a diode connected across the circuit.
*/

#include <stdio.h>
#include <math.h>

#define FILENAME "rlcd.out”
#define VT 0.0257
float 10;

main()
{
float L, C, R, dt, ihalf, vhalf, dt2, VO, Rs, RC;
float *v, *i, *t;
float iD(float);
int npts, k;
FILE *out;

if((out=fopen(FILENAME, "w")) == NULL) {
printf("Can’t open %s for output\n”, FILENAME);

exit(1);
}
/*
*  Get the facts:
* R, L, a nd C are the component values,
* | 0 is a d iode parameter and should be of the
* o rder of 1e-11 to le-12,
* VO is t he voltage source value, and Rs the
* S eries resistance
*/

printf("L, C, R, and 10?7  ");

scanf("%g %g %g %g", &L, &C, &R, &I10);
printf("V0, Rs? ");

scanf("%g %g", &V0, &Rs);
printf("Number of points? ");
scanf("%d", &npts);

printf("dt? ");

scanf("%g", &dt);

/* Get memory */
if((v=(float *)malloc(npts*sizeof(float))) == NULL ||
(i=(float *)malloc(npts*sizeof(float))) == NULL ||
(t=(float *)malloc(npts*sizeof(float))) == NULL) {
printf("Can’t get memory\n");

exit(1);
}
/* Set initial conditions */
i[0] = VO/Rs;
v[0] =0,
t[0] =0,
/* Define two constants */
RC = R*C;
dt2 = 0.5*%dt;
/* Calculate iandv?*

for(k=1; k<npts; k++) {
ihalf = i[k-1] + v[k-1]*dt2/L;
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vhalf = v[k-1] - (V[k-1]/RC + i[k-1])/C + iD(v[k-1])/C)*dt2;
i[k] = i[k-1] + vhalf*dt/L;
v[k] = v[k-1] - (vhalf*RC + ihalf/C + iD(vhalf)/C)*dt;
t[k] = t[k-1] + dt;
}
/* Write it out to the output file */
for(k=0; k<npts; k++)
fprintf(out, "%g,%g,%g\n", t[k], v[K], i[K]);
}

float iD(float v)
{
}

return(10*(exp(v/VT) - 1.));

Figure 19-5. C program to calculate the time dependence aehdi, in Fig.19-1. Theprogram writes
the results out to a file so that yheay be graphed coeniently using a spreadsheet.

insignificant, so the current must go through either the capacitor or the diode. From the dioded;V curv
the diode current is gégible on this scale as long ass less than about Owblts, so all of the inductor
current must fl onto the capacitorchaging it up. For these voltages, the diode might as well not be
there, and the circuit should bekavay similarly to that in Figl3-3 of the notes. When the voltage gets
near about 0.50lts, havever, the diode current becomes significant, and some of the currentdabbt w

have gone into charging the capacitor getgedied through the diode. The rate ohaging of the capaci-

tor decreases, therefore, until at the clamped peak nearly all the inductor current is flowing through the
diode. Finally the voltage starts t@fl as the capacitor starts to discharge first through the diode, and then
through the inductorFrom this point on, the voltage stays elabout 0.5volts, and the diode no longer

plays an important role.

This wltage limiting behavior of diodes is commonly seen in circuits. Because of the shape of the I-
V curve, the diode does not aliche voltage across it to rise aleoome "knee" value which is typically in
the range 0.5-0.vVolts, depending on the diode and on the scale of currents in the cibceibmmon
approximation in circuit analysis is that = 0.6V wheneer significant current is flowing through the
diode in the forward directionYou will make wse of that approximation frequently in analyzing and
designing circuits with bipolar transistors in them.

For voltages less than this "kneédlue, the diode current is small, and the diodefectfely out of
the circuit. The diode current remains small fogatiwe wltages up to much larger magnitudésr suffi-
ciently large and rggtive wltages, the diode breaks down, and the current increases shiasphng as
the current is limited to a reasonable value, this breakdown does not harm the diode, aredstheneak-
down characteristic can also be used to clampltage at a fixedalue. Diodesspecially made to ve a
well-controlled reerse breakdown characteristic are callsher diodesand are used to pvade a refer
ence voltage for regulated power supplies and other uses.

19.4 Recursie Function Calls

C dlows a function to call itselfA function which does that is said to teeursive In this section |
will give wo examples of recurse functions. Thdirst calculates theattorial of a positie integer and the
second calculates the determinant of a square matrix of arbitrary dimensions. Both functions use recursion
in a natural way.
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Figure 19-6. Calculated voltage vs. time for the circuit in Fig. 19-1.

19.4.1 nFactorial

In section 15-7.3 we wrote a recwesigibroutine for the PFWO007 to calculate the factorial of a num-
ber In this subsection, | will translate this program into C, and addvaréénements. kuggest you
review that section n@ to remind yourself ha the algorithm werks. Briefly the idea is to makdrect use
of the definition of the factorial of a posii integer or zero:

nl=n(n-1)

0=1

The function will hae ae integer argument, which is the number to be "factorialed,” and will return a
double which is the factorial of the gument. Ichose to hee it return adouble instead of arint
because the factorial of@ modest numbers can become quite large.

The program is shown in Fi9-8. Ithink it's pretty straight-forard. Thesubroutinefact()
checks to see ifi is zero. If yes, it returng. , otherwise it calls itself with an argument fl , and
returnsn times the result.

Several improvements are possiblerirst, fact()  really should check to see if its negdive and
take some appropriate action if sdf one gives the existing function a mgetive agument, it will never
return. (Vell it actually will return, first becauseis stored as a 16-bit integer and if you keep decrement-
ing it it will eventually become zero; and second because the product in the return statement will after not
too long become larger thawea adouble can handle, and the program will abort with aarflow error.
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Figure 19-7. Current-voltage relationship for the diode used in the circuit described by Fig. 19-4.

In ary case, the result is probably not what the user had in mind!)

This is not a very good way to calculagetorials because each function call takes time. The func-
tion could be speeded up considerably by going in steps of 2 or three, or more each time fhoough.
example, instead or returning(n —1), the function could returm(n -1)(n—2)[(n—3)]. That would cut
the number of function calls required by a factor of 3. The routine wouklthaheck on input whether or
notn was 0, 1, or 2 in ader that it neer overshoot into ngaive rumbers. Ifn were 0, 1, or 2, the function
would return 1, 1, or 2 respeatly. | won't take this example anfarther but you should be able to imple-
ment these impr@ments easily if you want to.

19.4.2 Determinant

There is little justification for using a recwmsifunction for the purpose of calculating a&ctorial
because the non-recwrsidgorithm using simply dor loop is fister and no more complicated or fidult
to understandl’d now like to @nsider another example of recursion which is better justified. This routine
calculates the determinant of a square matrix of arbitrary dimensibhgtns out that there are better
(faster less susceptible to roundfefrors) methods, Wit this one is the easiest to understahdan easily
explain to you hav this one works, but df havea much more difficult time with the other methods.

The method wrks the same way you probably learned to calculate determinants—it expands by
minors. Briefly to calculate the determinant of @rx n matrix by this method, choose amor column of
the matrix and dr& a line through it. Say you chose a column. Then for each element of this column dra
a line through the mo that intersects with this element and calculate the determinant of the resulting
(n-1) x (n-1) matrix. Doingthat yieldsn determinants, one for each element of the crossed-out column.
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/*
*  Simple program to test the recursive factorial calculator.
*/

void main()
{
int n;
double fact(int);

printf("What's n? ");
scanf("%d", &n);
printf("%d! = %g\n", n, fact(n));

}
/*
* Recursive subroutine to calculate the factorial of an integer.
* 1 t works according to the definition of a factorial:
* n!=n*( nl)
* o!=1
*
double fact(int n)
{
if(n == 0)
return 1.;
return n*fact(n-1);
}

Figure 19-8. Simple subroutine which uses recursion to calculate the factorial of arpasitiger and a
main program for testing it.

Call thei™ of thesen determinantD{"™. Also call thei® element of the crossed out columpthen the
desired determinant of the original matrix is

n .
Det=:+3 (1) viD{™ (19-1)
1=

where the + sign is used if the chosen column number is odd, and the — sign is vard Thedetermi-
nants of each of thén—1) x (n —1) matrices are then calculated in the sans wntil the problem has
finally been reduced to lots of¥2 matrices, which are calculated as

Uay; a0
* 0= 82 T A2 (19-2)
%1 &2p

For example, the determinant of the followingx® matrix would be calculated with this method
using the right-most column as follows.

52 %10 0pa0 0130 01 a0
o2 12zl ,o0-2m, ,0+im,
01 2 1p d d a O g O

=1-3) - 2[5) + 1Y)

=-6
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Fig. 19-9 shws a recursie C function which uses this algorithm, along with a main program to test

Let’s look at the main program firsEor purposes of grifying how the function works, Ve written
the function so that it writes out itsgaiments to a file each time it is callebhat's the reason for the state-
ment opening the debug file. The declarationdtoug is placed outside ahain() so thatdet() knows
about it. Notice the three statements used to allocate space for the rRasixx is set equal to the
address of a block of memory large enough to hnofbinters tofloat ’s. Each of these pointers is then
set equal to the address of individual blocks of memory large enough teo fidtéhit 's. The function
getmem() is a home-bne subroutine defined at the end of the program file which simply oadls
loc() and checks the return for errokfter memory for the matrix is allocated, values for the elements in
it are entered. Finaljydl the work is done in the lagrintf() statement.

Let's look naw at thedet() function. Thefunction has tw arguments, one a pointer to a pointer to
afloat  which tells it where to find the twdimensional matrix for which the determinant is needed, and
the other is amnt which gies the dimension of the matrix. First, for dejging, it prints out to a file the
matrix it was passed as argament. Oncave are convinced it is ovking properly this feature should be
removed from the programlt then checks the dimension argument, and returns the value of the determi-
nant directly if it is 1 or 2. Otherwise, ixgands by minors. It turns out to be easiest to program if we
expand along the right-most column, as in the examplgeabd forms then minors (each with dimension
(n—-1) x (n-1)), and calls itself with each of these matric€nce these calls 1@ returned, the value of
the determinant is calculated according to Eq. (19-1), and returned.

There is a small complication here because we must retumrif the column number about which
we are expanding is odd, arglm if it is even. Sincewe are expanding about the right-most column, the
guestion is whethar is odd or gen. Thestatementf(n & 01) checks this. The conditional is true if
the lowest bit im is set, and false otherwise. If the lowest bit is 18é$, odd; if not,n is even.

Each iteration of the main loofor(i=0; ...) , calculates the determinant of one of the
minors. Eachminor is a matrix made up of the same elements as e giatrix, except that the right-
most column and one woare missing. Memory is allocated for an arraymel pointers tofloat ’s
which WiII contain the address of thel rows in the minarand these pointers are set appropriatetyit-
ting thei™ row, in the follawing two loops,for(j=0; j<i; ...) andfor(j=i+1; j<n; ...)

The function is then called again with this matrix, and the return value used to calculate thetcmnb‘fb

this minor to the werall determinant. These contributions must alternately add to and subtract from the
overall result, and the ariablesign is used to keep track of thaEinally, the statementree(p);

returns the memory used for the array of pointers back to the corspetsp’ to be allocated on some other
occasion. Wthout this statement, if a number of determinants were to be calculated, the computer could
run out of memory.

| haveseveral comments about this prograrirst, a non-recurge vesion of it can be written which
would execute fster The non-recursie vesion would hge a onsiderably more complestructure and
would be more difcult to write. The only difficult part of the recuvsi rogram is the stiiheeded to form
the minors, and this would still be needed in the non-remurs¥sion. Secondthe allocation of tw-
dimensional matrices as an array of pointers to arrafleaif ’'s made this section of the code easier to
program, and faster to runfFor each minoy instead of having to allocate space for andycelb
(n—-1){n-1) elements of the matrix to form the minee reed only deal with space for and goyy of a
single array ofn —1) dements. Tha$ a svings of a &ctor of(n—1). Sincen could be 10 or lger, that’s
significant.

Finally, as an aide, this is a workable technique for calculating determinants, but it is neither the
fastest nor the most accurate. The recommended mettioldeén calculating tev matrices such that the
original matrix is the product of the tywand such that one of thewnenatrices has only zeroes aleothe
diagonal and the other only zeroes beldThe determinant of the original matrix is the product of the
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/*
* Program to test the recursive determinant calculating
* s ubroutine. The program includes a debugging feature
* i n which the minors are written to a file as they are
* ¢ alculated.
*

#include <alloc.h>
#include <stdio.h>

FILE *dbug; /* Note the external declaration of dbug */
/* so det() will know about it. */
void main()
intn, i, j;
float **x, z;

float **getmem(int), det(float **, int);

/* Open the debug file */
if((dbug=fopen("debug","w")) == NULL) {
printf("Can’t open debug for output\n®);
exit(1);
}

/* Get the facts*/
printf("Size of matrix? ");
scanf("%d", &n);

/* Work around the Turbo C bug */
scanf(", &z);

/* Allocate memory for the matrix */
x = getmem(n*sizeof(float *));
for(i=0; i<n; i++)
xX[i] = (float *)getmem(n*sizeof(float));

/* Get the matrix */
printf("Enter matrix\n");
for(i=0; i<n; i++) {
printf("Enter row No. %d: ", i+1);
for(j=0; j<n; j++)
scanf("%g", &x[i][j]);

}

[* Calculate and print out the determinant */
printf("Determinant is %g\n", det(x, n));

}

/*

* Recursive determinant calculator subroutine.

* | t c alculates the determinant by expanding by minors.
*  For debugging, the routine writes out the matrix it is

* passed each time it's called to the debug file.

float det(float **x, int n)

{
inti, j, sign;
float **p, **getmem(int), sum, det(float **, int);
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/* Print out the matrix for debugging */
fprintf(dbug, "det(x, %d):\n", n);
for(i=0; i<n; i++) {
fprintf(dbug, " |");
for(j=0; j<n; j++)
fprintf(dbug, "%10.49,", X[il[j);
fprintf(dbug, "[\n");

}
*If it's a 1x1 or 2x2 calculate the determinant directly and return */
if(n == 1)
return(x[0][0]);
if(n ==2)
return(x[O][OI*X[1][1] - X[O][1I*X[1][C]);
/* Otherwise expand by minors */
sum =0,
sign = 1;

for(i=0; i<n; i++) {
p = getmem((n-1)*sizeof(float *));

/* Omit  the ith row */
for(j=0; j<i; j++)

Pl = xIil;
for(j=i+1; j<n; j++)
pli-11 = x[il;
if(sign > 0)
sum += x[i][n-1]*det(p, n-1);
else
sum -= x[i][n-1]*det(p, n-1);
sign = -sign;
free(p);
}
if(n&01) I* if nis odd */
return sum;
else I* if nis even */
return -sum;
}
/* Subroutine to get nbytes of memory. It's just malloc()
*  with error checking.
*/
float **getmem(int nbytes)
{
float **p;
if((p=(float **)malloc(nbytes)) == NULL) {
printf("Can’t get memory\n");
exit(1);
}
return p;
}

Figure 19-9. Recursie aubroutine to calculate the determinant of a matrix of arbitrary dimension, along
with a main program to test it.

determinants of the wvfactor matrices, and, because of their special form, the determinant actoe f
matrices is just the product of the diagonal elements. Once the factor matrices are found, calculating the
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determinant is an easy mattekctually, it's even easier than that because you camagk arrange things so
that one of the factor matrices has only ones on the diagonal so its determinant is sifiydyid all inter
esting stuff, but | can’'go into it here. The factoring of the original matrix intootyieces is called.U
decomposition LU decomposition is also a good way twert a matrix.
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19.5 Eercises

1.

Coyy the random walk program in Fig. 19-2 with the modifications in Fig. 19-3 into a file, com-
pile, and run it.Plot your numerical results using Quattro Pro. According to the discussioriin Ex
cise 10-7 of the notes, aftdl steps, the@rage sailor should e gttenLg/N away from the
center of the bridgePlot this prediction also on the same graph and compare theTwvn in a
floppy with both your C program and this worksheet on it.

The random wvalk program in the chapter assumed the sailonsyal took steps of the same
length—only the direction as random.That's rot very realistic. Modify the program so that each

step has a random length varying between 0 and 1. Run the program and plot the result as in the
previous eercise. For a constant length step, you shoulgehfound that the\erage sailor did in

fact move a dstance about /N from the bridge centerWhat would you guess should replace

this prediction in this case in which the step siages randomly? The answer iv@i in the net

problem. Doegour simulation produce this result?

In the previous xercise, you were to write a C program to simulate numerically aerdge"
drunken sailor on a bridge. The sailor to be simulated ¢o tak geps with length varying ran-
domly between 0 and 1After n steps, it can be shown analytically that on therage, the sailor
will have moved a dstance of L/ %/n, where if one uses an R.M.Sesage of positiondL g/ is

the R.M.S. gerage step length. Stwanalytically that for this casﬂste@:V% .

HINTS:
Remember what R.M.S. means—the square root ofvitrage of the squares of
the quantity to beweraged.

To form the aerage, you first hae © add the squares of the lengths of all the
steps. Imaginalividing the interal [0, 1] up into a large number of equal-width
subintenals, each of width sagx. If you are considering a large number of
steps, saWN, how mary of the steps will hae length falling in one of these subin-
tervals? Ifthe length associated with thi8 subinteral is x;, about hav much
does the™ subinterval contribute to the sum?

In the limit thatAx becomes ery small, does the resulting sum look anything lik
something we discussed in Chapter 11?
InChapter 13 we discussed Eusamethod for solving first order dédrential equations numerically
The method imolved using a forward-time difference approximation to thevagve, i.e.

din = Y 7Y
dt O At

In this problem, you are to dee a $milar formula based on using the backward-timdedénce
approximation to the destive,

ﬂ/g YTV
dt O At

This method is sometimes called theplicit Euler’s method. Applythe method to the folleing
differential equation,

g:—y

dt T
subject to the initial conditioy(0) =1. Herer is a constant which would be pided at the time
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the equation was to be actually ssdv Writea C language program which solves this equation
using the implicit method for =1. Test your program and turn in a flgpgontaining the program

and a Quattro Pro worksheet containing a graph of the difference between your numerical result and
the correct analytic result-rom the dependence of the error on step size, what is the order of the
method?

Implicit methods are frequently used to sofeme types of dierential equations numerically
because thetend to be more stable than explicit methodkis stability often comes at the price of
more complicated arithmetic operations, hegre

5. Indesigning oscillators, the following equation, callediae der Pokequation sometimes arises.

d?v dv

— -G@1-V)——+v=0

ae CeTVIg Y

wherev is related to the voltage in the circuit, &&ds related to theajn of the amplifier in the cir
cuit. Thisis a dreaded non-linear differential equation, the analytic solution of which is viry dif

cult. Thenumerical solution is much easiboweve.

Write a C program which uses the modified Eglerethod to sole the differential equation.
The program should ask the user for the valug,dhe initial values ofv anddv/dt, the time step to
be used, and the number of time points for whiéh to be calculated. The program should write
the results out to a file in a format suitable for plotting them using Quattro Pro.

Try running your program for seral values of the initial conditions and parameters, and see
if the solutions look anything l&kwhat you might expect from an oscillatofry whatever values
you find interesting, but turn in a floppvith worksheets containing graphsf) for at least the
following two sets of parameters.

No.

Vo (dvidt)y G At Pts.

1x10°% 0 03 0.2 500
10 0 0.3 0.05 500
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