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Multipole Expansions of Irreducible Tensor Sets
and Some Applications

N. L. Manakov,' A. V. Meremianin,' and Anthony F. Starace 2

I Research and Education Center, Voronezh State University, 394693 Voronezh, Russia
2 Department of Physics and Astronomy, University of Nebraska—Lincoln, Lincoln, NE
68588-0111, USA

Abstract

A formal multipole expansion of tensor functions dependent on several vector parameters
is obtained in an invariant differential form. We apply this result to derive multipole ex-
pansions of finite rotation matrices in terms of finite sums of bipolar harmonics. The mul-
tipole expansion in terms of bipolar harmonics of unit vectors ;’1 and }2 are analyzed for
functions of the type f1 (r)Ylm(ff) (with r = r, — r,), which are important in two-center prob-
lems. As another example of the application of the multipole expansion technique, reduc-
tion formulae are obtained for tensor constructions which appear in analyses of angular
distributions in photoprocesses which take exact account of non-dipole (or retardation) ef-
fects. As a result, the “photon factors” in the angular distribution for an arbitrary photo-
process are expressed in an invariant form involving only the photon polarization vector
and spherical harmonics of the photon wavevector.

1. Introduction

Separation of kinematical (i.e. dependent on the geometry, polarization states, and mo-
mentum directions of the target and projectiles) and dynamical (i.e. dependent on the en-
ergy and other quantum numbers of interacting particles) factors is an important task for
analyzing many physical processes. Different methods may be used for these purposes de-
pending on the specific character of the problem. For instance, the techniques of helicity
scattering amplitudes [1] and invariant amplitudes [2] are useful for the general analysis
of S-matrix elements in quantum electrodynamics. Such methods provide a powerful tool
for the analysis of general properties of a physical phenomenon based only on symmetry
considerations, taking into account the invariant (e.g. vector or spinor) characteristics in-
herent to the concrete problem.

In atomic physics, spherical symmetry arguments are most important both for analyz-
ing the atomic response to external perturbations and for the separation of kinematical and
dynamical factors in amplitudes and/or cross sections of atomic collisions with photons
and/or electrons. Although the widely used techniques of angular momentum algebra pro-
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vide the possibility for such analysis, in general the direct use of these techniques requires
tedious routine calculations of sums of Clebsch—Gordan coefficients and leads to compli-
cated final expressions for the cross sections (involving spherical harmonics or their ten-
sor products, i.e. multipolar harmonics of vectors of the problem). The key issue is to find
a more convenient parametrization of a cross section, preferably as a combination of sim-
ple vector constructions, such as the scalar products of vectors of the problem and/or ex-
pansions in Legendre polynomials of angles between these vectors.

In a set of papers ([3—6]; see also the mathematical appendix in [7]), we have devel-
oped a number of methods for the reduction of complicated tensor constructions which
appear in the theory of angular distributions involving polarized particles. In its most gen-
eral formulation, our approach is based on an invariant (i.e. independent of a concrete co-
ordinate frame) analysis of the irreducible tensor operators of rank j, 7}”’, dependent on a
number of vector parameters, Y;m = 7}m(“1’ a,, . . .). In physical applications, the vectors
a, may be associated with momenta of incident and scattered particles, spins and angu-
lar momenta of targets and projectiles etc. Irreducible tensor sets are fundamental objects
of the theory of angular momentum [8] and they occur in fact (explicitly or implicitly) in
any problem possessing spherical symmetry, either directly in the initial formulation (as,
e.g., in the state multipoles Pim when dealing with partially polarized targets and/or pro-
jectiles) or indirectly as when they are composed of vector or spinor parameters of the
problem being analyzed with the use of angular momentum algebra (as, e.g., in multipo-
lar harmonics). The idea of an invariant parametrization of tensor operators was realized
by Manakov et al. [4], where invariant representations of finite rotation matrices (FRMs),
R im(Q), were introduced (i.e. having explicit tensor forms; see section 4 below for further
details). FRMs are basic objects in the quantum theory of angular momentum (see, e.g.,
[9]) that determine the transformation of tensor operators under the rotation Q of a coor-
dinate frame

jm = Z Tj/" Rm ‘m Q), (1)

m'=—j

where Z;m and T} are the components of an irreducible tensor T , given in the “old”
(space-fixed) frame K and in the “new” (rotated) frame K, respectlvely, and where Q de-
notes three rotation parameters, for example the Euler angles a, f, y . Using the transfor-
mation rule (1), T (or more exactly, 7. , i.e. the operator T in an arbitrary reference
frame K ) may be presented in terms of 1ts Jjm'-components 1n a suitable frame K, and of
invariant FRMs, without an explicit parametrization of the rotation €; see for instance
equations (53) and (54) in [4]. Moreover, the parameters which implicitly describe the ro-
tation Q (e.g. two non-collinear vectors n and n’, for the case of integer j [4]) may be con-
nected with some observable vector quantities a,, a,, . . . of the problem being analyzed.
Thus, the tensors ij, which enter the final results for cross sections after the direct use
of angular momentum algebra techniques, may be presented in simplest form, directly
in terms of physical observables a,, a,, . . . . The invariant parametrization of the trans-
formation rule (1) is not the only way to present complex tensor constructions in a sim-
ple invariant form (although it is the most general way). Other ways include the so-called
algebraic method, which is based on the evident invariance of tensor identities to the par-
ticular choice of coordinate frame, and the reduction technique for the tensor products of
spherical harmonics. This reduction technique, developed originally by Manakov et al [3]
for the simplification of bipolar harmonics with higher-rank internal tensors, i.e. tensor
products of spherical functions T, (n,n)={Y(n)®Y, (n')}jm with (I +1") > j, includes
also an original technique of invariant vector differentiation of functions dependent on
(in general, several) vector arguments. The utility of these methods for concrete physical
problems was demonstrated, in particular, in papers [3, 4, 7] by the derivation of conve-
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nient, canonical parametrizations of angular distributions for a number of photoprocesses
in the electric dipole approximation (which is applicable for optical photons). Further ap-
plications have been demonstrated recently in the theory of coherent population trapping
and laser cooling of atomic gases [10, 11] and to account for relativistic effects in two-
photon transitions [12].

In this paper we present another method (i.e. in addition to those discussed in the pre-
vious paragraph) for analyzing an irreducible tensor set 7}, = T}, (a, a,, . . .) that is de-
pendent on a number of vectors. Namely, the ideas of the invariant “vector differentiation
technique” [3] are extended here to derive the multipole expansion of T}m, i.e. the expan-
sion of a general tensor 7, (a,, @, . . .) in terms of the complete set of multipolar harmon-
ics of rank ; that depend only on the directions (*“angular variables”) of the vectors a,, a,,
.. .. The multipolar (in particular, bipolar and tripolar) harmonics form a well known ba-
sis set for the multipole expansion of functions dependent on a few vector directions [9].
Such expansions are standard tools in physics, especially in quantum many-body theory
and in electromagnetic theory. The regular method for calculations of the coefficients in
multipole expansions is the projection technique, based on the orthogonality of harmonics
with different ranks. However, the projection method allows one to obtain analytic results
only for a limited set of functions having simple functional forms so that necessary inte-
grals can be calculated analytically. We present here an alternative, differential approach,
which generalizes earlier results by Sack [13] (who dealt with multipole expansions for
the special case of two-center functions) as well as by Avery [14] and Wen and Avery [15]
(who dealt with bicenter expansions using the vector differentiation technique in three di-
mensions [14] and m dimensions [15] for the special case of scalar functions). Our gen-
eral results for the multipole expansion of 7, (@, a,, . . .) in an invariant differential form
are presented in Section 2 (cf. equations (8), (11)). This invariant differential method is
flexible enough to be applied to a wide class of tensor functions T,,. The details of the ap-
plication of the formal techniques presented in Section 2 to concrete calculations are illus-
trated in Section 3. In that section we treat the multipole expansion (in terms of bipolar
harmonics) of a tensor function that is dependent on the distance between two points spec-
ified by the vectors r, and r,. This type of function is important in many two-center prob-
lems, and its multipole expansion, which is similar to that in our equations (17) and (18),
was obtained earlier [13] by a noninvariant differential method which requires more cum-
bersome calculations. In section 4 we derive the multipole expansion (25) for our invari-
ant representation for FRMs in vector form. For Euler’s parametrization of the rotation €,
this surprisingly simple result (25) reduces to the multipole expansion of the Wigner D-
functions and, further, to the compact expansion of spherical harmonics Y, (6, ¢) in terms
of the Legendre polynomials P (cos ).

In section 5 we present the simplification of the tensor 7,, which involves the tensor
product of more general objects than Y, (r), vector spherical harmonics inu(n) (or elec-
tric and magnetic multipoles, ¥ (J% (n)), which are fundamental objects of electromagnetic
theory [16] and which appear, in particular, in analyses of photon—atom interactions that
go beyond the electric dipole approximation. As an example of the physical application of
this result, in Section 5 we analyze angular distributions in photoprocesses and obtain the
simplest invariant form for the “photon factors™ of partial cross sections for an arbitrary
photoprocess, taking exact account of non-dipole (retardation) effects. We present two pa-
rametrizations for “photon factors,” (36) and (38), based on an extension of our previous
results on the reduction of tensor products involving spherical harmonics [3] and on the
use of the regular method of multipole expansions presented in section 2. As discussed in
Section 5.1, these parametrizations may prove useful for the analysis of experimental data
in the VUV and x-ray frequency ranges characteristic of the new generation of synchro-
tron light sources.
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Finally, in the appendix we present the generalization of the well known “gradient for-
mulae” [9] for the action of a single gradient-operator on a function of the form f(r)Y, (7)
to the case of tensor products of several gradient-operators.

2. Differential formulae for multipole expansions of tensor operators

Below we present the general method for the derivation of the multipole expansions of
tensor operators of rank j based on the use of the differential technique, which is similar to
that used in the usual Taylor expansion of some tensor function Y;m (r):

- 1 nn /
Tjm(r) = ; — (V) Ty (') R )
where V' = 0/0r". It is seen that different terms in this identity are homogeneous poly-
nomials in coordinates of the vector r = (x, y, z), which can be decomposed into irreduc-
ible parts, thus establishing the dependence of the function 7}m (r) on the coordinates of
the unit vector /7 in terms of infinite sums of spherical harmonics. Therefore, these sums
(called “multipole expansions” of the function T’ (r)) are none other than somewhat rear-
ranged Taylor series, and our idea is to modify equation (2) in order to present the angular
dependence of 7}m (r) in the form of irreducible tensor products.
Firstly, we note that equation (2) may also be written in symbolic form as

=0’ 3)

where for the operator exponent on the rhs of this equation we use the standard multipole
expansion of an exponential function [9]:

Tim(r) ="V T (1)

a2+ DY o
=) — Gy rh-lal) o) jiCra). 4
1=0 :

The notation {r}, is used for the tensor product of / vectors r, which is related to the spher-
ical harmonic [3, 9] as follows:

!
{rim={.{r{r@rhlz...0rh, = ir’ Yim (7). F=r/r ©)
Q2+ D!
(Note that the multipole expansion of the finite rotation operator, exp(—iw n+j), in a (fi-
nite) sum of spherical harmonics similar to the expansion (4) was used by Happer [17].)
The spherical Bessel function, j(ra), in (4) is connected with the hypergeometric function
of"1(@; x) [18]:

. 1 3 1
(ra)” ji(ra) = moﬂ (l+ 3 —Zr2 2>.

Taking account of this equation and noting that in our case @ = V', equation (3) for T;m (r)
may be rewritten as

=1 31
ij (T) = Z l_' OFl <l + = —Z}’ZV/2> ({T}l * {v,}/) Tj/n(r/) (6)

=0 2

=0

The use of the tensor recoupling rule [9] leads to the following identity:

) ) o 2+
({’P}/-{V }/) Tim(r) = Z (—1) ! 2+ 1

V==

{{T}/ X {{V/}/ oY TI (r,)}/,}jm' (7)
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Inserting (7) into (6) we obtain finally

(r) = iloF 142, Loge
jl71 [T 1 27 4

1=0
Al ®)
x Y (=1 {{r}/®{{V BTN idjm|
U'=)l—jl =0

K

Obviously, the entire dependence of the rhs of this equation on the direction of the vec-
tor r is given by the term {r}, , which is in fact the spherical harmonic (5). Thus, equa-
tion (8) gives the most general, symbolic form for the multipole expansion of the tensor
T}m (r) into the (generally infinite) sum of spherical harmonics of 7. The calculation of co-
efficients in the multipole expansion (8), i.e. of derivatives of Y}m (r) at r = 0, may be per-
formed using methods for invariant vector differentiation (see [3]). If the tensor 7, de-
pends (besides r) on other vectors, a, a, ...,as the result of such differentiation the
spherical harmonics of vectors a; will enter the final result. Thus, in general, equation (8)
is a multipole expansion in a series of multipolar harmonics of rank ; .

If the tensor Y}W depends on only two vectors, r and a, then the general form of the co-
efficients is

Fill+ 3 =12V (Ve T, a))

U/ =0 — CI/’(V) Y/',,,’(a), (9)
where, for simplicity, we suppose that |a| = 1, and where ¥ (@) are “renormalized” spher-
ical harmonics, ¥ m@) = (@4n/2] + 1))” Y, (@). Indeed, the lhs of (9) does not depend on
the vector r' (after the differentiation and evaluation of the result at »’ = 0) while it is a
tensor of rank /'. Hence, it is proportional to the spherical harmonic of the unit vector a,
which is the only vector quantity in the problem. The scalar factor C;, (r) in (9) may be
calculated in any suitable coordinate frame, for example in the frame K whose z-axis is di-
rected along the vector a. In this frame, only the component ¢, = a_ = 1 is nonzero, and
thus equation (9) gives

Ci(r) = oFy (1 + 3 —1r7V7) ZC,,T,_,, V0 Tjoa (P @), (10)

This result shows, in particular, that the calculation of C/I" simplifies drastically if T (r)
obeys the Laplace equation, V> 7} (r) = 0. Hence, for this case the series expansmn for
the function /7, in (10) may be replaced by unity. Equations (8) and (9) lead to the fol-
lowing final result for the multipole expansion of a tensor function of two independent
vectors, r and a:

/ /+/

\/2]_+Z G Z( D/ Cu () (V) @ V(@) j. (1D
I'=|l—,

Obviously, this is an expansion in a complete set of bipolar harmonics.

Tip(r,a) =

3. Multipole expansion of two-center functions of the form f (r)ij(;')

As an illustration of the application of the general formulae derived in section 2, we
consider first the expansion in bipolar harmonics (of arguments 7, and 7)) of a tensor func-
tion T;m (r,, r,) that is dependent only on the direction and magnitude of the vector argu-
mentr=r; —ry:

T, (1, 1) =f()Y,(), (12)

where f(r) is an arbitrary (differentiable) function of » = |r, — r,|. Such functions of the
distance between two points specified by the vectors r, and r, are important in many two-
center problems. A number of results for concrete choices of f(r) are presented in [9], and
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an analysis of the general form of f(r) was performed by Sack [13]. Below we shall show
that for the case considered here the expressions for the coefficients in the general multi-
pole expansion (8) may be reduced to a simpler form, not involving gradient-operators.

In order to obtain explicit expressions for the coefficients of the multipole expansion
of the function (12), we shall need to calculate tensor products involving gradient-opera-
tors that appear in two equivalent forms,

UV @ 10) Y, g = CD UV 3, @ f)Y P34 (13)

where V., = 0/0r,. For [ = 1, the differentiation in the tensor product on the rhs of (13) can
be performed using the well known “gradient formulae” (see, e.g., ch. 5, section 5.8.3 in
[9]) for the action of a single gradient-operator on a function of the form f(r)Y, (7). The
generalization of these formulae to the case of tensor products of several gradient-opera-
tors is given in the appendix. This more general result is

- !

{VI ® f(r)Y,/'(;')}/’m’ = ﬁ CIIOOIO ll+l Y, o (F) di’ I 2841 d%‘ J f(r) i (14)
where d = (1/r)(d/dr) and where g = 4(/ + I' + ) is an integer number since (/ + I' + ) is
even because of the properties of the Clebsch—Gordan coefficients Cl,OJO Note that, de-
pending on the explicit form of the function f(r) in (12), it may be convenient to use an al-
ternative form of equation (14), given by (A.7), involving another ordering of the deriva-
tive operators d.

Taking into account (14), the general equation (8) for the function (12) may be written
(after some rearrangements of summation indices) as

. 00 rl’ ) 3 1 I'+j L
f(”)Y_/m(”)szoFl (1 +—§—Zr22V|2) Z Cll%jo[pl(i/')(”l)f(”l)]
= I

2 1=l j| (15)
Q2L+ 1)
X 2— {Y/( l) X Y/’(r2)}/m»
i+l
where the differential operator D is defined by
" 1 d \¢H=hr2 1 1 d \¢-he
) YR - J+l
Dy (r) =1y <7’1 drl) e (7’1 dr1> o (16)
Taking into account the known identity
ld,d [(+1)
V2 9(r) Yin (F) = Yo P
O(r) Yin (F) = [(r)(zdr e > r),
we obtain the multipole expansion for the function (12) in the following final form:
) I+ )
FO Y@ =" 3" JawQI+ 1) Cl 0 By (ri i) (Y1) @ Y (P2} (17
=0 I'=|I—}]
where the coefficients B are defined by
. ! = —1)k I 2k
B (ry. 1) = " ( n
i N-12) = 2:: KT +3/2) (3)
(18)

1d ,d 1d+D7* ~;
[r_zdrl 2dr1 72 ] Dl(/’)(’”l)f(”l).
1

Note that the D - -operator (16) commutes with the V2-operator because D originates from
V-operators (see (8) and (A.2)). Thus, we can write the operator D j (r ) in (18) before
the sum over the index .
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The results for an arbitrary f() given by equations (17), (18) are closely related to the
results of Sack in [13], where they were derived for the first time based on the multipole
expansion for the function r” ij(ff), with = r, — r,. Unlike the results in [13], our oper-
ator expression in (18) for the coefficients B does not depend on the relation between the
indices /, /"and j . In addition, by dealing initially with an arbitrary f(r), we have obtained
the nontrivial relation (A.8) for the differential operators d = (1/7)(d/dr). For the special
choice of the function f(r), f(r) = r", the explicit form of the coefficients in the multipole
expansion (17) may be easily derived from (18),

, . . I
B (r1, ) = 2 (J —_ n) <——‘/ T 1) ry (—E>
. QU+ H! 2 Jiian 2 T r

!'—l—n—-1 [+ —n 3 2
F s ;[/+_;_2 ,
X2 |< 5 5 5 r12> (19)

where ,F\(a, f; y ; x) is the Gauss hypergeometric function. These results coincide with
those derived by Sack [13]. As we mentioned above in Section 2, the multipole expansion
simplifies for tensor functions F, (r) obeying the Laplace equation, VZF () = 0. Namely,
for f(r) = r/ (or f(r) = r 771) the Pochhammer symbols in (19) are nonzero only forj=1/+
" (or j = [ =I"). Therefore, the summations in (17) over / and /' become finite and the hy-
pergeometric function in (19) reduces to unity. We do not present here explicit expres-
sions for these well known results [9].

4. Multipole expansion of finite rotation matrices

The FRMs R?{m(Q) constitute an irreducible tensor set having rank j and projections m.
The tensor sense of the index m is obvious from equation (1), which may be interpreted as
the expansion of a tensor ]N}m (in the rotated frame) in (2j + 1) tensors an ,m(Q) enumerated
by the (non-tensor) index m'. Recently we introduced the so-called invariant representa-
tions of FRMs (see [4, 5] for the case of integer ranks j and more general results in [6] that
are valid for both integer and half-integer j ), which are useful, in particular, for analyses
of angular distributions in processes involving polarized particles. For the case of integer
J» these invariant representations have the simplest form for symmetrized combinations of
R;{m(Q), i.e. the “parity-projected” FRMs, which are defined by [5]

Ry = (1-2) (R @+ -0 Ry @), K2k QO

where /1 =0 (4 =1) for even (odd) parity. Manakov et al/ [4] obtained several alternative
1nvar1ant forms for the FRMs Rjilr; The most general result for parity-projected FRMs
can be expressed in terms of bipolar harmonics depending on two vectors, n and n’, con-
nected with the fixed frame K (cf. equation (7) in [5]):

k=2

W)=Y ALO) (Yi_(n) ® Yo, ()} . @1)
s=0

/)Lp

where the coefficients 4™ (9) depend on the angle 6 between the vectors n and n' (0 < 8
<) [5], and where the tensor products {Y ()@Y s+p (n ')}Jm are the so-called “minimal
bipolar harmonics.” The vector n is dlrected along the z-axis of the fixed frame K and the
vector n' lies in the zx-plane. (Thus, the angle @ is the free parameter, and the three inde-
pendent real parameters of the rotation Q in our approach are determined by the angular
coordinates of » and n' in the “new” (or rotated) frame K .) We use the term “minimal bi-
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polar harmonics” for the parity-projected tensor products {Y J(n) @ Yo, (n)}, (with in-
dexs=0,1,...,7—4 ) since they form the (minimal) basis set of (2j + 1) irreducible ten-
sors in a space of tensors with an integer rank j. (There are (j +1) polar tensors for 4, =0
and j axial tensors (pseudotensors) for A_=1.)

Obviously the representation of the FRM in equation (21) is not actually a multipole
expansion since the coefficients A;,‘('; (0) are 6 dependent. (They are in fact proportional to
the Gegenbauer polynomials C %;’jﬂp (cos 0); see [4, 5] for details.) Since the FRM in an
invariant vector form may be considered as a special case of a tensor function Y}m com-
posed of two unit vectors, n and n’, the general result (11) allows one to obtain the ac-
tual multipole expansion of our invariant expressions for the FRM, i.e. the expansion of
R‘/’(m(n, n') in terms of regular (not “minimal”) bipolar harmonics of vectors n and n’ with
angle-independent numerical coefficients. For this derivation we use the following repre-
sentation of FRM (see equation (17) in [4]):

R () = Ajflesi e ® {eo}j—k}jm. k>0, 22)

where the coefficients A/,k are

2k=J (2)!
(=G +b!

and where ¢, and e are spherical basis vectors of the (“old”) frame K. For the basis vec-
tors e, in (22) we shall take combinations of two non-collinear unit vectors n and n’
whose orientations in the “old” frame K have been discussed above, after equation (21).
Thus, we have ¢, = n,

Aje= (=D}

= :F; (r—n@r-n)xinxr) |—n.

e =
! V2 sin@

In terms of n and n’, equation (22) takes the form

- +1 \*
Rim(SQ) = Aji <m> {{r—ne-nFimxrl}, @n)u},, [, @3

In the frame K the tensor product in (23) has the following form:
Apflr —n@-n) Filn xrl}, ® (n)j},, = (~2r=D" 8y ar.

It therefore satisfies the Laplace equation, thus simplifying the evaluation of (10) for the
coefficients C,, (r):

Ci = Z Clin AV (r—p)t

—C£k°, VDS S S = CLY (—D kS s. CY

Substituting the last of these equations into (11), we obtain the desired multipole expan-
sion of the FRM:

, 4 —1\* | @aon &
J _ —I
R (€1 = V2j+1 (sin9> 2k + D! 4 Z(il)] Ck 4

x{Ye(n) @ Y (1)} jun. k> 0.

(25)

This important identity can be verified straightforwardly by considering the zero rota-
tion, Q = 0. Indeed, in [4] it was noted that if an irreducible tensor of the rank jm is equal
to 6, for Q =0, then (for nonzero Q) it coincides with the FRM R’ (Q) This is a simple
consequence of the invariance of tensor identities with respect to the choice of coordinate
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frame. For Q = 0, the vector arguments of the spherical harmonics in (25) are n = (0, 0)
and n' = (6, 0). Thus the bipolar harmonic on the rhs of (25) reduces to a Clebsch—Gordan
coefficient and a spherical harmonic Y, ,(6). When the latter spherical harmonic is evalu-
ated explicitly, all /-independent factors on the rhs of (25) are cancelled. Further, the sum
of the product of two Clebsch-Gordan coefficients is equal to 6, , because of their or-
thogonality properties, and, hence, the result (25) is valid. Note that the Clebsch—Gordan
coefficient on the rhs of (25) may be given in closed form without any summations [9] as

(26)

Cit = QL+ 1D 2! (—k+j+D!(j +h)!
kk j—k GHk+l+ D) k—j+DIk+j—D'(G =k

The multipole expansion (25) gives one additional (to that in equation (21)) invariant rep-
resentation of the FRM in terms of bipolar harmonics of two independent vectors. How-
ever, these harmonics are not “minimal”: the sum of the ranks of their internal spherical
harmonics, k + /, exceeds the external one, j. We note the surprisingly simple form of the
multipole expansion (25) which involves only one Clebsch—Gordan coefficient, (26).

As has been demonstrated in [6], for the parametrization of a rotation Q in terms of
Euler angles, invariant representations of FRMs reduce to the well known Wigner D-func-
tions [9],

R (@ B y)=D (o p y)=exp(-ika)d! (B)exp(~imy). 27)

Thus, for Euler’s parametrization of Q, the result (25) should give the multipole expan-
sion of the Wigner d/(8)-matrix. The desired expansion may be established by considering
the auxiliary rotation described by the Euler angles (0, f, 0). This corresponds to the fol-
lowing choice of vectors » and n": n = (f, #) and n' = (0, 0). Using this parametrization in
(25) it is easy to obtain the expansion of d/(f) in spherical harmonics Y, (8, ¢) with ¢ =0
(or in associated Legendre polynomials, P lW;' (cos p)):

. 2l -1 k+m  J+k N
dikm(ﬁ) = ( ) )” ((Sln)ﬁ)l‘ Z (:Fl)j+lckkj k CII\'"O’jm Ylm (,37 0) (28)

The corresponding result for the total Wigner function D/’(m in (27) is

(_ l)k JHIK|
5 4~ Clii—s jt Cltlo ju Yi-m (B, ¥). 29
Y (B. @) /:/Z—:w Ik —k jk k10 j (29)
Note that the expansion (28) and thus (29) can also be easily obtained stralghtforwardly
using the addition theorem [9] for the product of d/(f)-matrices, d km(ﬂ) d —kow)

For m = 0, the D- functlon reduces to a spherical harmonic [9]. Thus, using (26) and
the explicit form for C [ ], from (29) follows the expansion of the spherical harmonic

Y,.(0, ¢) in Legendre polynomlals P (cos 6):

D} (a, B.y) =

(l + m)| eiim(p
(I —m)! (sin@)™

Ql+2m+1—4n)(2l — 1 —2n)!!
' P m—in 9 N
x;( D ( ) 2l +2m+1 = 2n)!! em—20 (€08 0), (30)

Yiem (0, 9) = (£1)"

where (7) is the binomial coefficient. For m < 4, results calculated according to (30) co-
incide with those presented in section 5.13.2 of [9]. However, we believe the compact ex-
pression (30) for arbitrary values of m is a new result.
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5. Application of multipole expansions to the case of photoprocesses involving non-
dipole (retardation) effects

In this section we shall demonstrate the utility of our invariant techniques for the re-
duction of tensor products involving vector spherical harmonics, M(n) or the1r linear
combinations, the electric (for 4 = 1) and magnetic (for A = 0) multipoles, JM(n) [9].
These objects form a convenient basis for expansions of vector functions F(r), and they
are especially useful in electromagnetic theory (see, e.g., [2, 16]). We illustrate our method
by an analysis of the general structure of the differential cross sections in quantum elec-
trodynamical calculations of photoprocesses involving x- or y -rays, when a correct ac-
counting for non-dipole (retardation) effects in the photon—atom interaction is required.

In the radiation gauge, the operator for the electron—photon interaction is defined by
the scalar product of Dirac matrices with the vector-potential, Aﬂ =e, exp(i k + r), where e,
are the spherical components of the (generally complex) polarization vector e of a photon
having frequency w and wavevector k = (w/c)n; e - k=0, e * e* = 1. In order to integrate
over r in calculating S-matrix elements for electromagnetic transitions, A(r) is expanded
in vector spherical harmonics [9]:

Ay =41 )" ) il e - Y () alfy (i), 31
JM 2=0,1

where the coefficients a are defined by

al) (@) = j(kr)Y ]y, ().
)]

J+1 . P J . .
gy (@) =\ S5 k)Y ) =/ S IJJH(kr)Y/Ay' (),

where j, (kr) is a spherical Bessel function.

Since the polarization-angular and r dependences in (31) are factorized, the use of
(31) leads to the following general parametrization of the cross-section of an arbitrary
photoprocess:

00 o) !
Tl Y Y (e’ W), (32)

k=0 J,J'’=1 1.x=0

where the tensor
T ey = 4 { (e ¥} ) © (¢ Y1 )| 9

completely describes the “photon part” of the cross section. We cannot specify here an
explicit form of the atomic parameters (“atomic tensors”), R‘”‘m' (w), which are in-
dependent of e and n, since they are determined by the spec1ﬁc dynamical model used
to describe the photoprocess considered. However, we can simplify the photon tensor
T s '(e n), which has a universal form that is independent of any particular dynamical
model or of any photoprocess being analyzed. Obviously, this tensor has a cumbersome
structure, because 1t contams electromagnetic multipoles with arbitrary ranks J and J'.

The tensor T depends on three vectors, n, e and e*, and the method of multipole
expansions developed in Section 2 may be used straightforwardly for its simplification.
However, we first demonstrate how the results for this particular case may also be ob-
tained by an algebraic method (cf. the discussion of equation (11) in [3]). Namely, T JA‘“

can be easily calculated in the coordinate fraime K with z-axis directed along the vector n.
JAJ!

In this frame the nonzero components of T are
LSY = 5 Cyy My FDM ED eprel (34)
TJ/\.J)\. — % lej’_l Hjj’ (_1)}&1 (ele*_l + (_1)J+J+}»+K +k e_leT),
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where IT,, = ((2J + 1)(2J" + 1))”; in obtaining (34) we used the fact that e, = 0, because
the vector e lies in the xy-plane. Now, we have to construct the “minimal” tensor, whose
components calculated in the frame K must be equal to those given by equations (34).
This tensor should be composed from the vectors involved in the problem, i.e. e and n.
Let us introduce two orthogonal vectors, e* = (e = i [e x n])/2. In the K-frame the vector
e (or e") has only one nonzero component (e "), = e, (or (e ")_, = e_,). Further, we con-
sider the minimal tensor {{e" ® e"}, ® Y, ,(n)},,. It is easy to verify that in the K-frame
this tensor has only one nonzero component,

{{€+ &® e+}2 & Yk—2(n)}km = C/2(.27_k_20 e el 8171.2~ (35)

Thus 1ts component coincides (up to an inessential numerical coefficient) with the compo-

nent 7, I given in (34). Similarly, the minimal tensors, corresponding to other compo-

nents of 7 ’{1 ~J'2' 'may be constructed. After some algebra involving tensor products of e,
. . JATA! .

we arrive at the representation of the photon tensor 7', ™ ” (e, n) in the form

/M (e,m) = [A;‘” - AL”] Yem(n)

AP 2k =12k =3) {{e ® '} @ Yia (1) }im
+ 2040 VA= Dk {{le x nl@ e’ ® Tiam),,

+{{le* xnl®@eh® Yk—2(n)}km:|7

where ¢ is the circular polarization degree of the photon, & = in-[e X e*] (see [2]); the nu-
merical coefficients 4 ,Ei) (which depend on J, J', 4, and ') may be written as simple com-
binations of Clebsch—Gordan coefficients:

(36)

1+ (=1)¢ , k(k—1) '
0
AP = —1 (=D My |:CJI s+ (=D T D2 Chi |-

1 —(=1)? :
Al = — (=D My C5 oy,

1+(=1? (=1 .
ALZ) = Iy C521 J'1s

2 JEk+Dk+2)

I- (=D =) :

A/(f) = I, Cl}zl J1 (37)

4 Vk+1)(k+2)

where ¢ =J+J'+ 1+ A"+ k. Thus, in (36) the tensor Tk:f“,(e, n) is presented as the sum
of three simple tensors of rank &: one of them is a spherical harmonic and the other two
are simple tripolar harmonics in which two of the internal tensors are rank-1 tensors (vec-
tors e and e*). In other words, the result (36) gives the multipole expansion of the tensor
T ek (e, n) in the terminology of section 2.

As noted above, the tensor T ki may also be obtained by the regular method pre-
sented in section 2, which is based on the general multipole expansion (8). Using
T k,{f“ (e, ') from (33) instead of 7}m(r’) in (9) and taking into account known relations
between YJ(A) (7) and the spherical harmonics Y, (7) [9], one obtains after a number of ma-
nipulations the differential form of the photon tensor:

5 le - V|2
% (e,m) = [A;,O) —£A — AP

bk —1)

1 Re {(e*-V)(e-[n x V])}} ™ Vi (7)

FAD T
ko Jkk—1)

(3%)

r=n
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Note that the differentiation in this equation may be performed straightforwardly, us-
ing the invariant differentiation technique (see [3] and especially the appendix therein).
Then the result coincides with that in (36). Nevertheless, the differential form (38) may
be the most convenient one for concrete applications, since here the whole dependence
on the tensor projection m is concentrated in only one spherical harmonic, Y, (7). Thus,
it simplifies the calculation of the scalar product of the photon tensor with the “atomic
tensors” R/ 7" in equation (32) for the cross sections. After calculation of this scalar
product, the result of vector differentiation may be presented directly in terms of those
phy51ca1 vectors that are involved in the particular expression for the “atomic tensors”

(@) in (32).

5.1. Discussion

Obviously, the parametrization of a photoprocess cross section by equations (32) and
(36) or (38) is very general. It simplifies considerably in a number of special cases, de-
pending on the particular photoprocess the symmetry of the target atom, efc. Specifically,
the structure of the atomic tensor, ka (co) in (32) is determined by the vector physical
variables of the problem other than e and n, for example by the spins and the momenta of
the incident and/or escaping electrons, by the polarization state of the target, etc. For in-
stance, for the case of emission or absorption of a single photon by an unpolarized target
without observation of the target polarization in the final state there are no other vectors
in the problem besides e and n. Thus, only partial cross sections R, with k£ = 0 (scalars)
in (32) are nonzero. If only one vector, say b, is inherent to the “atomic part” of the cross
section (e.g. the electron momentum p, or the angular momentum j of a polarized target),
then R, /*/"*" will be proportional to {b}, . i.e. to the spherical harmonic of b. Moreover,
after the contraction of this spherical harmonic with those involved in equations (36) or
(38) the final result will be expressed in terms of Legendre polynomials (which depend on
the angle between b and n) whose number is finite (for b =) or infinite (for b =p ).

Note that T 7" teduces to {e ® e*},  in the electric dipole approximation, when J
=J'=A=1= l For this case, the cross section of any photoprocess reduces to the sim-
ple form,

2 .
—Q =Y (e®eh - Ry (@), (39)
k=0

where the atomic tensor ka ip (w) does not depend on k and e. Properties of the photon po-
larization tensor {e ® e*}, and its various parametrizations were discussed in [3, 4]. We
also presented in these works convenient parametrlzatlons of the cross section (39) taking
into account the explicit forms of the tensors R, p(a)) for a number of the most important
photoprocesses: the angular distribution and polarlzatlon effects in photon emission by a
polarized target, the angular distribution of polarized electrons in photoionization of po-
larized atoms having an arbitrary angular momentum, and also the photon polarization ef-
fects in electron bremsstrahlung and in two-electron photoionization from unpolarized tar-
gets. In all these cases, the electric dipole approximation was used for the photon—target
interaction. The analysis of the general structure of the photon tensor 7,7*"*" presented
above allows one to extend these results to account accurately for non-dipole (or retarda-
tion) effects in electron—photon interactions.

The detailed analyses for concrete photoprocesses will be published elsewhere. We
discuss here only some general features of equations (36) and (38). Firstly, the term with
A( )in (36) vanishes in the electric dipole approximation, since it involves explicitly the
Wavevector k = (w/c)n, which contributes only to beyond-electric-dipole-approximation
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results. Moreover, this term vanishes also for completely circularly polarized photons
(with & =+1), in which case the general result for 7,7%/*" reduces to the following:

T eom = | A — € A"+ AP L VRE =D | Ty, (40)

(For the case of unpolarized photons (¢ = 0) the term with 4" should be omitted from
this equation.) Generally, if a term with & appears in a cross section it describes the circu-
lar dichroism (CD) effect, i.e. the difference in cross sections for right and left helicities
of an (in general) elliptically polarized photon. CD is typical for photoprocesses with po-
larized targets and/or electrons, although in some cases it appears also in photoprocesses
with unpolarized particles (see, e.g., [3, 19]). Thus, the results presented in this paper may
be useful for the rigorous analysis of the contribution of non-dipole corrections to dichro-
ism effects for VUV- and x-ray photons. In particular, recently it has been demonstrated
that in VUV photoionization processes the non-dipole effects may make sizable contribu-
tions both to the angular distribution of photoelectrons from polarized atoms [20] and to
the spin polarization of photoelectrons ejected from unpolarized targets [21].

6. Conclusion

In this paper we have presented a method which may be useful for the general prob-
lem of separating kinematical and dynamical factors in atomic processes as well as for
other atomic and molecular problems dealing with a number of vector quantities. In the
usual case, the use of standard methods of angular momentum algebra results in these
vectors entering the final results for cross sections through complicated tensor construc-
tions T}m (a vy .). In order to extract the dependence of Z}m on the vector directions in
an explicit form, we offer a method for obtaining multipole expansions of irreducible ten-
sor sets 1}m (al, a, .. .) in terms of multipolar harmonics dependent on the directions of
a,. The formal multipole expansion of an irreducible tensor in a symbolic differential form
is obtained in Section 2. The coefficients of this expansion are obtained either by means of
invariant vector differentiation or by selecting a suitable coordinate frame. Some details
of such calculations are illustrated in Section 3 for the example of the multipole expansion
of two-center tensor functions dependent on the distance between two points specified by
the vectors r, and r,. (For another illustration, see also the appendix for higher-order “gra-
dient formulae” for spherical harmonics.) In Section 4 we derived the regular multipole
expansion (in terms of bipolar harmonics) of the invariant vector representation of FRM.
For a special choice of rotation parameters, this result reduces to the expansion of spher-
ical harmonics in terms of Legendre polynomials. In order to illustrate the application of
our invariant techniques to concrete physical problems, in Section 5 we employed this
technique for the reduction of tensor products of electric and magnetic multipoles, which
appear, in particular, in the analysis of photoprocesses beyond the electric dipole approxi-
mation. These results thus provide a basis for analyzing non-dipole effects in the polariza-
tion and angular dependences of photoprocesses in the VUV- and x-ray regions. We note
finally that irreducible tensor sets 7', , and in particular their most important concrete ex-
amples, the FRM Rjkm(Q) and the spherical harmonics );.m(n), are not only fundamental
objects of the quantum theory of angular momentum but also have an interdisciplinary in-
terest. Thus any new results for these objects, such as those presented here, have an evi-
dent importance and potential usefulness in various applications.
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Appendix. Higher-order “gradient formulae” for spherical harmonics

In order to obtain the “generalized gradient formula” (14) we start with the following
operator identity:

- L rIN Tw : .
{{V}l ® f(r)Y_j(;')}l’m’ . Z <k> I:dlk&:| {{{T}]_k ® {V}A}/ ® er./(f)}//,,," (Al)

J
k=0 r

where
1 d

d .
r dr

This identity may be verified from the standard Leibniz differentiation rule when the ten-
sors are expressed in terms of their components. In our derivation, however, we employed
the auxiliary relation,

(Vg 0(r) = {rhg d0(r), (A2)

which can be verified straightforwardly for an arbitrary function ¢(). For the calculation
of the tensor product on the rhs of (A.1) we employ the rank-decreasing operator for the
spherical harmonic, defined by equation (A.7) of [3]:

AJ— 25 Q25 —=2k+ 1! 1 .
O’I‘/'q (r, V) = (_l)l‘\/ ((‘gl " 1)':' ) rj_k {v}kq r.l, (A3)

{O/\ (l" V)®Y(r)}ao(—8aj k koz(r)

After rewriting the tensor product of gradient-operators in (A.1) in terms of the rank-de-
creasing operators (A.3), we use the tensor recoupling rule [9] and equation (A.4) to ob-
tain the following result:

{trh e @ O (. VI @ ¥i(P)},

I'm

(A.4)

c= (=D QI+ 1) (2 — 2k + 1)

l—k k ) A
X { . ;o } {rhi—k @ Yk (P} (A.5)
j U j—k
Substituting into (A.5) the auxiliary relation
- (I —k)!
{rh—« @Y,k (N}yw = m C/I OAO J—kO ' Y,/ (F), (A.6)

which follows from the definition of the spherical harmonics given in (5), the spherical
harmonic ¥ () can now be removed from the sum over £ in (A.1). Calculating explicitly
the 6j-symbol in (A.5) together with the Clebsch—Gordan coefficient in (A.6), after some
tedious algebra we obtain the compact operator expression (14) for the tensor construc-
tion on the rhs of equation (13).

The key element in the derivation of (14) was the use of the rank-decreasing opera-
tors for spherical harmonics, @ . V). ObVlously, similar calculations may also be per-
formed using the rank-i 1ncreasmg operators, C’)’ (1 V), defined in [3]. In this case we ob-
tain instead of (14)

-~ | B 1 A .
UYL @ f(Yj () = Wq’({jor Yo (7) 4 @ M F ). (AT



MULTIPOLE EXPANSIONS OF IRREDUCIBLE TENSOR SETS AND SOME APPLICATIONS 91

Comparing (A.7) and (14), we obtain the nontrivial operator identity

A 1 Ao I _ Noe—j f(r)
/ ) I j+1 _ g1l 2g+1 jL N A.8
. lr2g—2l+1 = f(r) - pl'+1 dE e ri ( )

which is valid for any analytical function f(r). This identity can be verified also straight-
forwardly for the special function f(r) = r", making use of the relation d*r* = (=2)* y* 2
(—a/2),, where (a), = I'(a + k)/T'(@) is the Pochhammer symbol. Thus, since the function
f(r) can be expanded in a power series, the identity (A.8) is correct for an arbitrary func-
tion f(r) as well.
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