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Abstract
We consider the scattering of 50 eV x-rays by hydrogen atoms in the pres-
ence of a bichromatic, linearly polarized laser field with frequencies ω and 
rω, where r = 2, 3, ω = 1.17 eV, and with relative phase f between the bichro-
matic laser field components. Numerical results for the differential cross-sec-
tion (DCS) as a function of the number n, where nω is the energy exchanged 
with the laser field, are presented. For either a monochromatic laser field or a 
bichromatic laser field with the frequencies ω and 3ω, the integer n can only 
be even, while for a bichromatic laser field with the frequencies ω and 2ω, 
the integer n can have any value. For small values of ½n½ we find pronounced 
maxima in the DCS. For larger ½n½ we find plateaus which are different for 
negative and positive values of n. For lower values of the laser field inten-
sity the plateau for negative values of n is much more extended and greater 
in magnitude than that for positive values of n. The height of either plateau 
is also higher for the bichromatic laser field than for either monochromatic 
field. In the (ω, 2ω) case we find the symmetry DCS (f + π) =DCS (f). We 
show that the relative phase f influences the DCS so that phase control of 
the x-ray–atom scattering process is possible. For some values of f the en-
ergy of the outgoing x-ray photons can be increased. Finally, a quasi-classical 
explanation of the results is presented. 

1. Introduction 

Laser-field induced or assisted atomic processes have attracted both theoreti-
cal and experimental interest in recent years. For example, see the latest reports 
in the conference proceedings edited by Muller and Fedorov (1996) and by Lam-
bropoulos and Walther (1997). Using strong laser fields it is possible to generate 
harmonic photons with an energy of almost 500 eV (Chang et al. 1997, 1999, Spiel-
mann et al. 1997, and Schnürer et al. 1998). Such harmonic photons are a promis-
ing source of coherent soft x-ray pulses. These pulses have already been used in 
laser-assisted atomic experiments (Schins et al. 1994, Glover et al. 1996). In antici-
pation of such coherent x-ray sources, x-ray–atom scattering in the presence of a 
monochromatic laser field was recently considered theoretically (Miloševíc and 
Ehlotzky 1998). Plateau-like structures in the differential cross-section (DCS) as a 
function of the number of photons exchanged with the laser field were found. Be-
sides this, recently Miloševíc and Starace (1998) considered laser-assisted x-ray–
atom scattering in the presence of a static electric field. It was found that the static 
electric field gives rise to a substantial increase of the scattered x-ray energies. 
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In this paper we extend the theory presented by Miloševíc and Ehlotzky (1998) 
to the case of x-ray scattering in the presence of a bichromatic laser field. It is well 
known that the presence of a bichromatic laser field can substantially modify a 
host of atomic processes including molecular reactions, multiphoton ionization, 
autoionization, high-order harmonic generation, and free–free transitions in a la-
ser field (see, for example, the introduction of Miloševíc and Ehlotzky (1997) and 
references therein). The important parameter in such investigations is the phase 
difference f between the laser field components. It is generally found that the 
probability of an atomic or molecular process can be increased or decreased as f is 
varied. This effect has been labeled “coherent phase control.” We examine in this 
paper the possibility of coherent phase control of x-ray–atom scattering processes. 

In Section 2 we present briefly the main expressions for the DCS for laser-as-
sisted x-ray–atom scattering. Because a detailed derivation including discussion 
of the approximations used was presented by Miloševíc and Ehlotzky (1998), we 
concentrate here on the modifications introduced by the second laser field com-
ponent. In Sections 3 and 4 we present our numerical results for a bichromatic la-
ser field of frequencies (ω, 3ω) and (ω, 2ω), respectively. In Section 5 we present a 
quasi-classical explanation of some features of the results obtained. Our conclu-
sions are given in Section 6. 

2. Theory 

The DCS for laser-assisted x-ray–atom scattering with absorption (n > 0) or 
emission (n < 0) of an energy nω from the laser field having fundamental fre-
quency ω is (Miloševíc and Ehlotzky 1998; in this paper we use SI units plus 
atomic units (e = h̄  = m = 1)): 

 (1) 

Here ωK and ωK′ = ωK  + nω are the energies of the incident and scattered x-ray 
photons, respectively. The T-matrix elements 

 (2) 

are the Fourier components of the matrix elements 

(3) 

where φ ≡ ωt. In Equation (3), ½ψ0ñ is the atomic ground state ket, ½qñ is the plane 
wave ket for the electron, and êK and êK′ are the unit polarization vectors of the in-
cident and scattered photon, respectively. A(t) is the vector potential, defined be-
low, and S(q; t, τ) is the quasi-classical action for the electron in the presence of a 
bichromatic laser field, S(q; t, τ) = ∫t

t – τ dt′{½[q + A(t′)]2 + I0}, where I0 is the atomic 
ionization potential. In this paper we consider only the case of the hydrogen 
atom, for which I0 = 0.5 au. The matrix element T (—)

K′, K(n) corresponds to the pro-
cesses in which an x-ray photon having wavevector K and energy ωK is absorbed 
first. The atom gets ionized and the electron propagates under the influence of the 
laser field during the time interval from t – τ to t, at which time it comes back to 
the atomic core (i.e., the return time is τ). At this instant the electron recombines 
with the atomic core, exchanging the energy nω with the laser field and emitting 
an x-ray photon having wavevector K′ and energy ωK′ = ωK + nω. The matrix ele-
ment T (+)

K,K′(n) describes the process in which the x-ray photon having wavevector 
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K′ and energy ωK′, is emitted first, followed by the electron propagation in the la-
ser field, and, finally, the absorption of an x-ray photon having wavevector K and 
energy ωK accompanied by the absorption (or emission) of an energy nω from the 
laser field. The T-matrix elements in (1) are essentially five-dimensional integrals. 
In Miloševíc and Ehlotzky (1998) it was shown that the three dimensional inte-
gral over the intermediate electron momenta can be carried out using the time-
dependent WBK approximation. The integral over the return time τ in Equation 
(3) is computed numerically, and, finally, the T-matrices, which appear in Equa-
tion (1), are obtained using the fast Fourier transform method. It should also be 
mentioned that the main contribution to the DCS comes from the matrix element 
T (—)

K′, K(n). Indeed, we find that for ½n½ > 5, the corrections due to the term T (+)
K,K′(n) 

are less than 1%. This fact considerably simplifies the calculations because  (—

)
K′, K(φ) does not depend on n, which is in contrast to the term  (+)

K, K′ (φ) ~ exp[–
i(ωK + nω)τ], which obviously depends on n. In other words, in the case that the 
integrand function f (φ) in F(n) = (2π)–1 ∫0

2π
 dφ f (φ) exp(inφ) does not depend on 

n, one can obtain the whole spectrum F(n) by computing f (φ) and using the fast 
Fourier transform method. In contrast, if f  =  f (φ, n), then the integral over φ 
must be computed separately for each n. 

The explicit analytical form of the matrix elements in Equation (3) is given in 
Miloševíc and Ehlotzky (1998) in terms of the vector potential A(t), the stationary 
momentum qs, and the action Ss. The latter two quantities are defined by 

(4) 

The vector potential A(t) corresponds to a linearly polarized electric field vector 

 (5) 

In Equation (5), ê is the unit polarization vector, E0l and E0r are the amplitudes of 
the two components of the laser electric field vector, which correspond to the fre-
quencies ω and rω, respectively, and f is the relative phase between the bichro-
matic laser field components. We will consider two cases: r = 2 and r = 3. From 
Equation (5) it follows that 

 (6) 

and 

(7) 

where A0j = E0j/( jω) and 0j = A0j/( jω), j = 1, r. We introduce also the ponderomo-
tive potentials of the laser field components Upj = A2

0j/4, j = 1, r, and the ponder-
omotive potential of the total laser field Up = Up1 + Upr . Using equations (4) and 
(7), the stationary momentum can be written as qs(t, τ) = [(t – τ) – (t)]/τ, while 
the stationary action is given by 

(8) 
where 

(9) 
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In the case when r = 2, the DCS satisfies the symmetry property dσ(f + π)/dΩ 
= dσ(f)/dΩ, as can be seen from the following considerations. From equations 
(6), (7), and (9), for r = 2 and φ = ωt, it follows that A(φ + π, f + π) = –A(φ, f), (φ + 
π, f + π) = –(φ, f),  and 1(φ + π, f + π) = 1(φ, f). Using these results and Equa-
tion (8), we obtain that the substitution (φ, f) →  (φ + π, f + π) changes the sign of 
the stationary momentum qs, while the action Ss remains unchanged. Taking into 
account the explicit form of the matrix elements in Equation (3), which is given in 
Miloševíc and Ehlotzky (1998), we obtain that  (±)

K, K′(φ + π, f + π) =  (±)
K, K′(φ, f)  

for r = 2. From this we easily obtain that the DCS, Equation (1), is symmetric with 
respect to the substitution f →  f + π. 

Let us now consider how much energy, nω, the laser may contribute. By par-
ity conservation, the number of photons exchanged with the laser field, which we 
denote by ne, must be even. If we denote the number of photons exchanged with 
the jth component of the laser field by nj , then nω = n1ω + nrrω, and ne = n1+ nr = 
2m, where m is an arbitrary integer. For r = 3, we have n = n1 + 3n3 = 2(m + n3), 
i.e., n must be even, while for r = 2 it is n = n1 + 2n2 = 2m + n2, which is even for n2 
even and odd for n2 odd. Therefore, in the (ω, 3ω) case the number n can only be 
even, while in the (ω, 2ω) case it can be either even or odd. 

In Sections 3 and 4 we present our numerical results for a bichromatic laser 
field of frequencies (ω, 3ω) and (ω, 2ω), respectively, where ω = 1.17 eV. The inten-
sities of both laser field components are assumed to equal 1014 W cm–2 (E01 = E0r) 
and the polarization vectors of the incident and scattered x-ray photons are taken 
parallel to the polarization vector of the linearly polarized laser field. As discussed 
by Miloševíc and Ehlotzky (1998), the case of parallel polarization vectors maxi-
mizes one of the geometrical factors occurring in the expression for the DCS for 
the case of arbitrary polarizations. For simplicity, we therefore only consider this 
case in this paper. The energy of the incident x-ray photons is ωK = 50 eV. 

For laser field intensities of order 1014 W cm–2 and for long laser pulses, the 
depletion of the H atoms due to ionization can be important. For example, us-
ing the formula for the tunneling ionization rate from Ilkov et al. (1992), we obtain 
that, after 20 optical cycles of a monochromatic Nd:YAG laser pulse having inten-
sity 1014 W cm–2, 87% of the atoms survive (both for the first and the second har-
monic), while for the third harmonic the survival probability is 90%. However, 
our numerical calculations show that the main contribution to the laser-assisted, 
x-ray–atom scattering DCS comes from the first few optical cycles and, therefore, 
we neglect the depletion effect, as was done also by Miloševíc and Piraux (1996) 
for the high-order harmonic generation process. 

3. Results for the (ω, 3ω) case 

Figure 1 shows the results for the DCS as a function of the number n for dif-
ferent values of the relative phase: (a) f = 0, (b) f = π/2 and (c) f = π. For com-
parison, the results for the monochromatic laser field with E0 = E01 are also pre-
sented. It should be mentioned that for some values of n between the plateau and 
the peak around n = 0, a higher precision of computation is necessary owing to 
extensive cancellations which produce a minimum in the DCS. In Miloševíc and 
Ehlotzky (1998), for these points the upper limit of the integral over the return 
time τ was limited to 7T (where T = 2π/ω), while the present results are obtained 
with an upper limit of 120T . We emphasize that changing the upper limit of in-
tegration from 7T to 120T only results in differences in the DCS within the min-
imum. With this higher precision, the monochromatic DCS for these points is 
smaller than presented in Miloševíc and Ehlotzky (1998). Taking into account that 
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for such long laser pulses the depletion of the H atom ground state becomes im-
portant, it may be that these minima for small n < 0 of the monochromatic DCS 
are even lower. Figure 1 shows that, as in the monochromatic case, the number 
n can only be even, but that now the DCS is increased by many orders of mag-
nitude, depending on the values of n and on the relative phase f. For example, 
around n = –26 and for f = π, the bichromatic DCS is two orders of magnitude 

Figure 1. The DCS of x-ray–hydrogen atom scattering in units of re
2 

(where re = 2.8 × 10–15 m is the classical electron radius) as a function 
of the number n. nω is the energy exchanged with either the monochro-
matic laser field of frequency ω = 1.17 eV (curve denoted by “mono”) or 
with the bichromatic laser field with frequencies (ω, 3ω) and the relative 
phases: (a) f = 0, (b) f = π/2, and (c) f = π (see next page). The intensi-
ties of all field components are 1014 W cm–2. The energy of the incident x-
ray photons is ωK = 50 eV. 
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larger than the monochromatic one. For lower values of ½n½, besides the maximum 
for n = 0, ±2, which exists also in the monochromatic case, now this maximum is 
broadened to include also n = ±4, ± 6. For ½n½ > 2, the DCS in the bichromatic case 
is much larger than in the monochromatic case and also more structure appears 
in the dσ(n)/dΩ curve for positive values of n < 26. 

In Figure 2 we present the bichromatic DCS as a function of the relative phase 
f, for three different values of n: (a) n = –26, (b) n = –14, and (c) n = 12. One can 
see that the DCS depends strongly on the phase f. For the cases presented, the 
maxima are at: (a) f = 3.46, (b) f = 4.8,  and (c) f = 0 radians. As mentioned in the 
introduction, these results imply that coherent phase control of the x-ray–atom 
scattering process is possible. 

4. Results for the (ω, 2ω) case 

In Figures 3 and 4, we present our results for a bichromatic laser field of fre-
quencies ω and 2ω. Because in this case the DCS satisfies the symmetry property 
dσ (f + π)/dΩ = dσ(f)/dΩ, it is enough to present the results for f Î [0, π]. The 
main new feature of the results is that now the number n can be not only even, but 
also odd, as was explained in section 2. Similarly, as in the (ω, 3ω) case, the DCS 
is much larger in the bichromatic case than in the monochromatic one. Whereas 
the maximum in the monochromatic case is defined by n = 0, ±2, the maximum in 
the bichromatic case is broader, including also n = ±1; ±3; ±4. The case n = 0 cor-
responds to elastic scattering in which no photons are exchanged with the laser 
field, n = +1 corresponds to the emission of one photon of frequency ω and the ab-
sorption of one photon of frequency 2ω, etc. For f = 0, there is a more pronounced 
plateau for positive values of n in the range 10 ≤ n ≤ 15. An explanation of the po-
sition of the cutoff of the plateau for high n is given in the next section. As a func-
tion of the relative phase, for the chosen negative values of n presented in Figures 
4(a) (n = –26) and (b) (n = –14), the DCS exhibits an oscillatory behavior. The max-
ima are for f = 0.472 radians (n = –26) and f = 0.98 radians (n = –14). For the cho-
sen positive values of n (Figure 4(c), n = 12, 13), the DCS has maxima for f = 0 and 

Figure 1. (continued) 
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f = π and a minimum for f = π/2. As in the (ω, 3ω) case, the results presented here 
imply the possibility of coherent phase control of x-ray scattering by atoms. 

5. Quasi-classical analysis 

A simple quasi-classical analysis of the x-ray spectra can be carried out by ap-
plying the saddle-point method to the integral over the return time τ in Equa-
tion (3) and to the integral over the time t, i.e. to the integral over φ = ωt in the 
matrix element T (—)

K′, K (n) in Equation (2) (we will consider here only this ma-

Figure 2. The DCS of x-ray–hydrogen atom scattering as a function of 
the relative phase f of the same bichromatic laser field as in Figure 1. 
The number n is: (a) n = –26, (b) n = –14, and (c) n = 12 (see next page). 
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trix element because it gives the main contribution to the DCS; see Miloševíc and 
Ehlotzky 1998). For the integral over τ, the saddle-point method implies the con-
dition ∂[S(q; t, τ) – ωKτ]/∂τ = 0, which gives 

 (10) 

According to this equation the atom is ionized by absorbing one x-ray photon of 
energy ωK and the electron is born at some time t0 = t – τ. The left-hand side of 
Equation (10) is the instantaneous kinetic energy of this electron at the time t0. In 
our case of a linearly polarized laser field, the initial momentum of this electron 
can be p0 = ±p0ê, where p0 = [2(ωK – I0)]½ (for other directions of p0, the electron 
never returns to the atomic core, i.e. it is ionized). We are interested in the process 
in which, at some time t = t1, the electron returns to the nucleus, recombines and 
an x-ray photon of energy ωK′ is emitted. In the following we will simplify the no-
tation by omitting the vector ê and assuming that A(t) =  A(t)ê and  (t) = (t)ê . 
From Equation (10), for t = t1, t1 – t0 = τ, and q = qs = qsê , it follows that 

 
 (11) 

It is interesting that Equations (10) and (11) are equivalent to the solution of the 
classical Newton equation of motion for an electron in the laser field, under the 
condition that this electron is born at the nucleus, r (t0) = 0, with the initial mo-
mentum p0 = ±p0ê, and that at the time t1 it returns to the nucleus, i.e. r (t1) = 0. 
Namely, the equation of motion of the electron in the laser field under the in-
fluence of the Lorentz force is r̈ (t) = –E(t). The solution of this equation is r (t) = 
r (t0) + (t) – (t0) + [p0 – A(t0)](t – t0), which, under the above-mentioned condi-
tions, is equivalent to Equations (10) and (11). A similar analysis has been per-
formed for the high-order harmonic generation process (Lewenstein et al. 1994, 
Miloševíc and Piraux 1996), but, in this case, on the right-hand side of Equation 
(10) one has only –I0, so that the solution of this equation over t and τ exists only 

Figure 2. (continued) 
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for complex values of t and τ . In the limit I0 → 0, the results of Lewenstein et al. 
(1994) and Miloševíc and Piraux (1996) are equivalent to the solution of the clas-
sical equation of motion for p0 = 0. In our case ωK > I0, so that solutions for t and 
τ  are real, and there is no need for such approximation. 

The application of the saddle-point method to the integral over the time t im-
plies that ∂[S(q; t, τ) – nωt]/∂t = 0, so that we obtain the condition 

(12) 

Figure 3. As in Figure 1, but for the bichromatic laser field of frequencies 
(ω, 2ω) and the relative phases: (a) f = 0 and f = π, (b) f = π/2. 
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Introducing (10) into (12), we obtain that the energy exchanged with the laser 
field at time t1 is 

 (13) 

We want to find the maximum (positive n) and the minimum (negative n) of this 
energy. We will determine them by the condition ∂ (nω) = ∂t0 = 0, i.e. by the con-
dition that the electron is born at such time t0 for which nω has an extremum. In-
troducing (11) into (13), we obtain 

 (14) 

Figure 4. As in Figure 2, but for the bichromatic laser field of frequen-
cies (ω, 2ω) and (a) n = –26, (b) n = -14,  and (c) n = 12 and n = 13 (see op-
posite page). 
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The first term on the right-hand side of Equation (14) is just the classical kinetic 
energy of the electron, which is born with the momentum ±p0ê in the laser field 
A(t)ê at time t0 and which has been propagated in the laser field until time t1. The 
condition ∂(nω) = ∂t0 gives 

(15) 

The term ∂t1 = ∂t0 can be obtained by taking the derivative over t0 of the last 
equality in Equation (11). It follows that 

(16) 

From Equations (15) and (16) we obtain finally the condition 

E(t0)[A(t1) – A(t0) + (t1 – t0)E(t1)] = ±p0[E(t1) – E(t0)].                    (17) 

We solve the system of equations given by Equation (17) (which gives the extre-
mum condition for nω) and the second equality of Equation (11) (which speci-
fies the return of the electron to the nucleus) for t0 and t1 with the additional con-
dition that t1 > t0, i.e., that the return time τ > 0. We find the extrema of nω by 
introducing the resulting values for t0 and t1 into Equation (14). There are two 
solutions for nω, one for +p0 and the other for –p0. In Figures 5(a) and (b) we pres-
ent these solutions as functions of the relative phase f for the (ω, 3ω) and (ω, 2ω) 
cases, respectively. In the (ω, 3ω) case the solutions for +p0 and –p0 coincide. This 
property follows from the fact that (for r = 3) (E, A, ) → (–E, –A, –) for t → t + π/
ω, so that Equations (11), (14), and (17) are invariant to the simultaneous substi-
tution t → t + π/ω and + p0 → –p0. Analogously, in the (ω, 2ω) case we have (E, A, 
) → (–E, –A, –) for t → t + π/ω and f → f + π, so that in this case we have the 
symmetry (p0, f)  ↔ (–p0, f + π ). This is consistent with the f ↔ f + π symmetry 
of the DCS for r = 2. In the (ω, 3ω) case the minimum value of nω ranges between 
–31.1 and –23.0 as f varies, while the maximum ranges from –29.8 to 3.1. This ex-
plains why in Figure 1 the cutoff for negative values of n is around –30, while 
for positive n we do not have a clear plateau. In the (ω, 2ω) case the solutions for 

Figure 4. (continued) 
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+p0 and –p0 are complementary in the sense that for 0 ≤ f ≤ π/2 and 3π/2 ≤ f ≤ 
2π the extrema of nω are determined by the solutions for +p0, while for π/2 ≤ f 
≤ 3π/2 the extrema are determined by the solutions for –p0. Therefore, the mini-
mum value of n is always around –31, which is in agreement with the results pre-
sented in Figure 3. For positive values of n, the maxima are at 16.4 for f = 0, π,  

Figure 5. Extremal values of the number n, obtained using the quasi-clas-
sical method presented in section 5, as functions of the relative phase for 
the bichromatic laser field of frequencies (a) (ω, 3ω) and (b) (ω, 2ω). The 
solutions obtained for +p0 (see the text for definition) are represented by 
the full symbols, while the solutions for –p0 are represented by the open 
symbols. Note, however, that in (a) the solutions for ±p0 coincide. The 
squares (circles) correspond to the minimum (maximum) values of n. 
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which agrees with the position of the plateau and the cutoff in Figure 3(a). The 
smallest maximum value of n is 1.62 for f = π/2, which explains the absence of a 
clear plateau for n > 0 in Figure 3(b). 

6. Conclusions 

We have, in this paper, extended the results of the paper by Miloševíc and 
Ehlotzky (1998) to the case of x-ray–atom scattering in the presence of a bichro-
matic laser field. It has been shown that the DCS in the (ω, 2ω) case possesses the 
symmetry dσ(f)/dΩ = dσ(f + π)/dΩ. It has also been shown that, according to 
parity conservation, the energy nω exchanged with the laser field is such that the 
number n is even for the (ω, 3ω) case, while it can be either even or odd for the 
(ω, 2ω) case. The numerical results presented show that the bichromatic DCS in-
creases by many orders of magnitude compared with the monochromatic one. 
The results obtained strongly depend on the relative phase f, so that coherent 
phase control of the process is shown to be possible. For some values of f the pla-
teau for positive values of n becomes significant, which indicates that it is possi-
ble to increase the energy of the scattered x-ray photons. We have also presented 
a quasi-classical explanation of this effect. 
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