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This dissertation presents two statistical methodologies developed on multi-order Markov
models. First, we introduce an alignment-free sequence comparison method, which represents a
sequence using a multi-order transition matrix (MTM). The MTM contains information of multi-order
dependencies and provides a comprehensive representation of the heterogeneous composition within a
sequence. Based on the MTM, a distance measure is developed for pair-wise comparison of sequences.
The new method is compared with the traditional maximum likelihood (ML) method, the complete
composition vector (CCV) method and the improved version of the complete composition vector (ICCV)
method using simulated sequences. We further illustrate the application of the MTM method using two
real data sets, influenza A virus hemagglutinin gene sequence and complete mitochondrial genome
sequences.

We then present a stochastic model named Multi-Order Markov Model under Hidden States
(MMMHS) for representing heterogeneous sequences. MMMHS is similar to the conventional Hidden
Markov Model (HMM) and Double Chain Markov Model (DCMM) in terms of using hidden states to
describe the non-homogeneity of a sequence, but it provides a more flexible dependency structure by
changing the order of Markov dependency under different hidden states. We extend the forward-

backward procedure to MMMHS and provide the complete model estimation procedure based on



Expectation-Maximization (EM) algorithm. The method is then illustrated with applications on several

real data sets, and the results are compared with that of traditional methods.
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1. Introduction
1.1 Background Information
1.1.1 Alignment-Free Sequence Comparison Methods

The advances in biological sequencing technologies have generated an overwhelming amount of
sequence data, which created tremendous opportunities for biologists and medical researchers to address
both fundamental issues (e.g., molecular evolution) and practical problems (e.g., drug design). On the
other hand, the increasing volume of data requires more efficient and reliable methods for sequence
comparison. It has been realized that the traditional methods based on multiple sequence alignments are
not suitable for large sequence data because of the fundamental and computational limitations, such as
the difficulty of searching for optimal solutions and the ambiguity of choosing an evolutionary model
(Attwood, 2000; Pearson, 2000; Vinga and Almeida, 2003; Wiens and Servedio, 1998). Consequently,
considerable efforts have been made to research alternatives, i.e., alignment-free, methods for sequence
comparison.

Alignment-free methods proposed in recent years can be classified into two major categories-
methods based on the word frequencies, and methods that represent the sequence without using the word
frequencies. To be more specific, the first category involves counting words of pre-selected lengths and
the second category includes the use of certain data compression algorithms. These two categories
originated from distinct mathematical theories with far more techniques explored in the published
reports for the first category. The main interest of discussion here is in the first category.

As one of main categories, the first category of alignment-free sequence comparison methods can
further be classified into three sub-categories. In the first sub-category, a genetic sequence is represented
with a frequency vector of fixed length words and the majority of research has been focused on

developing similarity or dissimilarity measures based on word frequencies (see Hao and Qi, 2004;
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Helden, 2004; Kantorovitz et al., 2007; Qi et al., 2004; Stuart et al., 2002a; Stuart et al., 2002b; Wu et al.,
1997; Wu et al., 2001). Vinga and Almeida (2003) provided an extensive review on various quantitative
measures developed in recent years. The second sub-category (Li et al., 2002, Lu et al., 2008; Wu et al.,
2006; Wu et al., 2007) compares sequences using the information extracted from multi-length word
frequencies, realizing that the information contained in the vector of fixed length word frequencies is
limited. To certain extent, this group of methods is an extension of the first sub-category. The third sub-
category (Li and Sayood, 2005; Pham and Zuegg, 2004) includes the methods that represent the
sequences using the transition matrix of a Markov chain of a pre-specified order &, and then compare the
kth Markov models built for the sequences to obtain the dissimilarity measures. Unlike the first two sub-
categories, this sub-category of methods compares sequences based on the relationships between

frequencies of k-mer words and (k+1)-mer words.

1.1.2 Hidden Markov Models (HMM)

The basic theory of Hidden Markov Model (HMM) was introduced by Baum, Eagon, Petrie and
others in a series of papers (Baum et al. (1966, 1967, 1968,1970), Baum, L. E. (1972)) published in the
late 1960s and early 1970s. The applications of HMM were introduced to automatic speech recognition
by researchers at IBM and Carnegie Mellon University in mid 1970s. However, the widespread
understanding and application of HMM to either speech processing or computational biology did not
occur until the mid 1980s. The earliest application of HMM on computational biology can be seen in
Lander and Green (1987), where HMM was used in the construction of genetic linkage maps. Churchill
(1989) introduced the application of HMM on modeling DNA sequences and searching for the coding
region in DNA sequences. In the last several decades, HMM have been extensively applied in

computational biology, such as database searching and multiple sequence alignment.



Hidden Markov models (HMM) consist of a Markov chain with a finite number of hidden states
and an observable random sequence. Each of the hidden states is associated with a probabilistic
distribution. Under the assumption of HMM, each discrete position of the random sequence has an
unknown state that determines the value at that point based on its corresponding probabilistic
distribution. The hidden Markov chain would change its state from point to point according to the

transition probabilities. The definitions and notation of HMM are give below:
(1) Hidden Markov chain with a finite number of states. Let {.X, t}; be a 1*-order Markov chain
with a finite state space S(X)={l,...,M} with M states. The transition probability distribution

is 4 ={a;} with constraintsa, >0 and Z a; =1, where
jeS(X)

a,=P(X,, = j| X, =i), 121, i,j e S(X). (1.1)

The initial state distribution is 7 = {r,} with constraints 7, >0 and Z 7; =1, where
JjeS(X)

7, =P(X, = ), jeSX). (1.2)
(2) Observable random sequence. Let {Yt }:il be a random sequence with a finite state space

S(Y)={l,...,K}. The conditional probability distribution, which relates the hidden Markov chain and

the random sequence, is B = {b/} with constraints b/ >0 and ) b/ =1, where
keS(Y)

bl =P(Y,=k|X,=)), keS(Y),jeSX) (13)
The above three probability distributions completely specify an HMM. Therefore, an HMM u
can be defined as u={A4,B,7}.

For an HMM, there are three basic questions that need to be answered.

(a). How do we compute the likelihood of the observed sequence given an HMM



u?
(b). How do we estimate 4, B and 7 given the observed sequence?
(c). How do we choose an optimal sequence of hidden states given an HMM

4 and the observed sequence?

The first question is solved using the forward-backward procedure provided by Baum and his colleagues
(Baum and Egon, 1967, Baum and Sell, 1968). They also solved the second question through the Baum-
Welch algorithm (Baum et. al., 1970, Baum, 1972), which is also known as the EM (Expectation-
Maximization) algorithm. For the third question, the most likely sequence of hidden states is computed
by the Viterbi algorithm (Viterbi, 1967, Forney, 1973).

One major difference between HMM and Markov chain (MC) is that the states are hidden in
HMM, but observable in MC. Another difference between MC and HMM is about the relation among
the successive positions in a sequence. In a kth-order Markov chain, the value of a variable at position ¢

is explained by the values of the variables at positions ¢ —k%,...,t—1. In the HMM, the values are not
directly related or conditionally independent. Therefore, the probability of an observed sequence Y,,...Y;

given the model x and the sequence of hidden states is:

T
PY, =k,..Y, =k, | X, = j,.. X, ij,u)zl_[bjl(kt) . (1.4)
t=1

The conditional independence among the successive positions in an HMM limits the capability of
the model since a random sequence under a hidden Markov chain could certainly have successive
positions that are directly correlated. Berchtold (1999) suggested the double chain Markov Model
(DCMM), of which the HMM is a special case. The DCMM includes direct dependency among the

successive positions into the HMM. Berchtold (2002) extended the DCMM to a high-order version,



where high order dependencies among the hidden states and the successive positions under a certain

state are considered.

1.2 Problem Statement

The compositional structure of DNA sequences is heterogeneous due to the process of natural
evolution, and is often found to be composed of locally homogeneous segments that are functionally
important. It is of particular interest to find a stochastic model that could well describe the structure of a
sequence. Classically, homogeneous MCs have been used to model DNA sequences, but MCs only
provide good descriptions of local homogeneous structure, and are not appropriate for the overall
heterogeneous structure of DNA sequences. Churchill (1989) suggested HMM for DNA sequence
modeling so that each of these homogeneous segments can be classified into one of the hidden states.
Berchtold (1999 and 2002) proposed DCMM for non-homogeneous sequence modeling. Similar to
HMM, the DCMM also classifies each homogeneous segments into a hidden state, but it assumes a
Markov dependent structure among successive bases within a homogeneous segment while the HMM
assumes an independent structure. In other words, the HMM assume that each individual homogeneous
segment follows an independent model, i.e. 0™-order Markov model, while the DCMM assumes that
each individual homogeneous segment follows a Markov model with positive order. Clearly, the newly
developed DCMM can handle some situations that both HMM and MC can not, but there still exist some
cases that are not considered by current MC, HMM and DCMM. As part of the study, we introduce a
stochastic model for non-homogeneous sequences. The new model is similar to both DCMM and HMM
in terms of assigning a hidden state to each homogeneous segment, but it assumes that both the
dependence structure and the independence structure are possible for a homogeneous segment.
Therefore, under the new model, each individual homogeneous segment can be modeled as either an

independent sequence or a Markov sequence.



Besides the stochastic model for heterogeneous DNA sequences described above, I would also
introduce a statistical method for comparing these types of sequences. Despite the widely discussed
heterogeneous compositional properties of DNA structure, most existing alignment-free sequence
comparison methods are based on the frequencies of words of pre-fixed length, which contain very
limited information about the compositional features of DNA sequences. In this study, I will provide an
alignment-free method that compares two heterogeneous sequences using a measure based on multi-
order Markov chains. The main advantage of the multi-order Markov chains based method is that it
takes into consideration the heterogeneous structure of DNA sequences while comparing two sequences.
An order selection method is also introduced to identify the most informative orders that account for the

majority of the heterogeneity in DNA sequences.

1.3 Research Objectives

Throughout this study, the following research objectives will be addressed:

1. To develop an alignment-free sequence comparison method based on multi-order Markov
chain models.

2. To compare the performance of the proposed sequence comparison method with other
current alignment-free and alignment-based methods.

3. To apply the new method to lineage analysis of Influenza A viruses

4. To develop an HMM based stochastic model that could handle the situation in a DNA
sequence, where successive positions under a hidden state could have both dependence
and independence structure.

5. To apply the proposed model to analyze DNA sequences and some other sequences, and

compare the performance of the proposed model with MC, HMM and DCMM.



2. Literature Review

2.1 Alignment-Free Sequence Comparison Methods

Alignment-free methods based on word frequencies can be classified into three sub-categories.
There are unequal amounts of literature for each one of the three sub-categories, with most publications
in the first category and fewest in the third category. Review of these publications is conducted by

category.

2.1.1 Category I: Alignment-free Methods Based on Frequency Vector of Fixed Length Words

The feature of methods in this category is that a sequence is resolved into overlapping words of
pre-selected length L and represented as a frequency vector of all possible L-words. Let X be a DNA

sequence of length 7, , the number of times of each possible L-word with overlapping capacity observed
in X can be represented by

Cf =(cil,...,ciG), (2.1

where G =4" is the number of all possible L-words. Then the frequency vector is given as:

FLX :(f‘L),(]r“afL),(G)a (22)
c).
where £~ =# is the relative count of the ith L-word. With DNA sequences mapped into the
©on,—L+

space defined by the frequency vector of a fixed L, the pair-wise distances among all the sequences can
be computed. Research interests in this category have focused on developing a distance function
d(X,Y) that can correctly identify the similarity or dissimilarity measure between DNA sequences,
identifying an optimal value for L, as well as understanding the statistical properties of the frequency

vector. Here d(X,Y) is the distance function that assigns a real number as the distance between each

pair of X and Y from a given data set.



Euclidean type distance is one of the distance functions that were researched in depth in the early
phase of searching for a reliable distance function. Zharkikh and Rzhetsky (1993) documented the
statistical properties of the standard Euclidean distance calculated from the frequency vectors of L-
words and the statistical relationships between the resulting distances when different values of L are
used. Their study demonstrated that L-word frequencies are very useful for explaining evolutionary
relationships between DNA sequences, and that frequencies of longer words tend to have a distribution
that is more similar to an independent sequence than that of shorter words.

Torney et al. (1990) pointed out that different L-words may contribute differently to the standard

Euclidean distance, which lead to the exploration of the weighted Euclidean distance:
S X Y \2
d(X, V)= m,(f~ 1) (2.3)
i=1

In Eq. (2.3), 7,1is the weight assigned to the ith L-word based on its frequency. Summing the weighted

Euclidean distance over different values of L provides a new type of distance function, which is
designated as d2 distance and has been used as a tool for database searches (Hide et al., 1994). The same
report also talked about the identification of the optimal value for L and showed that the search results
were similar to that of FASTA when L=8 was used for the particular case discussed. Due to its
computational efficiency, d2 distance has been widely applied to classification of EST sequences (Burke
et al., 1998, Burke et al., 1999, Miller et al., 1999, Davison and Burke, 2001).

Other Euclidean type distances that have been explored are the Mahalanobis distance and the
standard Euclidean distance:

D(X,Y)=(F -F"'S(F'-F)), (2.4)

where S is the covariance matrix of the frequency vector under the model assumption. Eq (2.4), the

Mabhalanobis distance, can be reduced to the standard Euclidean distance:



D(X,Y)=(F" -=F"'[diag(s,,,....5.,:) " (F) = F)), (2.5)
when S is not invertible or too complex to invert. s,,,...,S;. are the diagonal elements in S.

Wu et al. (1997) introduced the use of these two distances into the area of sequence comparison.
In this report, they adopted a covariance structure of the word frequencies under the independent model
of base composition, which was originally derived by Gentleman and Mullin (1989). Wu et al. (2001)
further extended both the Mahalanobis distance and the standard Euclidean distance to the Markov chain
models of base composition. Evaluation using a human lipoprotein lipase data set showed that both
distances had better selectivity and sensitivity than the standard Euclidean distance.

Wu et al. (2001) also examined the application of the Kullback-Leibler discrepancy, an

information theory based distance:

dX,V)=> f logz(@

. 2.6
3 (26

The report concluded that the Mahalanobis distance is the distance of best performance in term of
selectivity and sensitivity, followed by the standardized Euclidean distance and then the Kullback-
Leibler discrepancy. All these three distance functions outperformed the traditional Euclidean distance.
The correlation coefficient is another type of distance function that has been used to measure the
similarity or dissimilarity between sequences. The distance between two sequences X and Y then is
defined as the linear correlation coefficient between the two frequency vectors F,* and F,” as detailed

below:

< X ,v & X & Y
GZfL,i'fL,i_ZfL,i'ZfL,i
i=1 i=1 i=1
G

d(X,Y)= G 1 G G -
[GZ(fZﬁ-)2 —(, JLT -[GZ (f0) —(fo,,-)z]2

2.7)



This distance function has been applied to classify protein sequences based on dipeptide frequencies
(Petrilli, 1993) and used to query large sequence databases (Petrilli and Tonukari, 1997). The results
have shown that only a fraction of all the possible dipeptide frequencies were needed to provide correct
classification based on the correlation coefficient. Although this type of distance function is not as
popularly pursued as the Euclidean type of distance function, it provided a possible path for the future
development of the distance function.

Stuart et al. (2002a, b) proposed a new sequence comparison method. The new method used the
singular value decomposition of the L-words frequency matrix to represent whole genome protein
sequences as high-dimensional vectors, then calculated the pair-wise distances based on the angle cosine
between these vectors:

ey

d(X,Y)=-1
(X,Y) 5

: (2.8)

X Y
Z 0; 0,

where C(X,Y)= = = . aj.( and Uf are the resulting vectors of singular value

S S|

decomposition for F* and F) . Here @ is the dimension of O';( and G;/ . The singular value

decomposition reduced the dimension of the resulting vectors by using only the high value eigenvalues,
which enhanced the computational efficiency on the one hand and reduced the white noise from the
information on the other hand.

Qi, J. et al. (2004) proposed a composition vector (CV) method for inferring whole proteome
prokaryote phylogeny. In the CV method, the observed frequency of each L-word is normalized using an
estimated expected frequency, which is based on the observed frequencies of shorter words. The

normalization was originally proposed by Brendel et al. (1986) and has been used with minor
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modifications for phylogenetic studies of prokaryotes and viruses in Qi, J. ef al. (2004). The normalized
observed frequency vector of all possible L-words is the composition vector of a sequence, which is
used to calculate the pair-wise distance. Qi, J. et al. (2004) adopted a distance function slightly different
from Eq. (2.8) as detailed below:

d(X,Y):#’ (2.9)

4t

X Y
Z €V VL
Jj=1

where C(X,Y) = —. The CVs for sequences X and Y are cv)r = (cvil,...,cvx )

1 L,4*
S X \2 S Y \2 ?
Z(CVL,j) 'Z(CVL,j)
J=1 J=1

and CV, =(cv;,,..,cv] ,,) , respectively. Some elements in CV;* and CV; could be zero as the

corresponding estimated expected frequencies are zero. In the report, the CV method was applied with

L=5 and 6, and the results were generally consistent with the commonly accepted phylogenies.

2.1.2 Category II: Alignment-Free Methods Based on Frequency Vector of Multi-Length Words

Compared to the first category, the second category features resolving a sequence into
overlapping words of multiple lengths, i.e., L is not a fixed integer but a set of integers. The purpose of
using multiple lengths is to avoid the ambiguity of choosing an optimal L value and to attain more
complete information from a sequence.

Only a few reports have been published in this category. One of the recent reports is Li ef al.
(2002), which introduced the Complete Information Set (CIS) to the field of sequence comparison and

phylogenetic studies. Under the concept of CIS method, a sequence X of length n, has a complete
information set U", which contains all the primary information of X and is defined as below:
UX=(EX,...,E1);), (2.10)

-11 -



where F* for Le[l,n,] is the frequency vector defined in Eq. (2.2). Although the CIS of sequence X
is defined on every L in the range [1,n, ], only a single frequency vector is chosen to calculate the pair-

wise distance. An empirical formula was provided in Li et al. (2002) for choosing that particular vector,
but the origin of the formula remained unclear in the report. For the distance function, the Kullback-
Leibler discrepancy [Eq. (2.7)] was used. The resulting phylogenetic tree based on whole genome
sequences was highly consistent and supported separate monophyletic cluster of species with similar
phenotype. Although the CIS method does not actually compare the sequences using information of
multi-length words, it indicates that the information extracted from multi-length words is comprehensive
compared to fixed-length words.

One difficulty of combining multi-length word frequencies is the different scales associated with
words of different lengths. Shorter words are always observed with higher frequency, which tends to
have more influence on the similarity measure than longer words. Therefore, it is necessary to
standardize word frequencies before combining multi-length word frequencies. Wu et al. (2006)
proposed the Complete Composition Vector (CCV) method, which extended the CV method mentioned
in Section 2.1.1 by concatenating CVs from multi-length words into a single vector. Since the CCV
consists of the normalized frequencies of multi-length words, the effect of a single word on the resulting
distance depends on the difference between the observed frequency from the expected frequency. Thus,
a word is considered to be information rich when its observed frequency deviates significantly from the
expected frequency.

The method to estimate the expected frequencies of L-words in X was originally introduced by
Brendel ef al. (1986). Given the observed frequencies of (L-1)-words and (L-2)-words, the expected

frequency of L-words is estimated as:

-12 -



X _ fX(al""’aL—l)'fX(an"’aL) 211
/o (ay,ay) ) ; (2.11)

for 3< L <n, . The normalization function is given as:

x e a) - ()
(o)) = — , (2.12)
“ “ f (al"'aL)

The normalized observed frequencies of multi-length words are then used to calculate the pair-
wise distance. Both the Euclidean distance function and the angle cosine distance function have been
found to be applicable with CCV. For the convenience of computation, Wu et al. (2006) set the upper
limit of L to 7. The CCV method was found to provide finer evolutionary information than the CV
method using a data set of 103 microbes and 6 eukaryotes.

A potential problem associated with the normalization function [Eq. (2.12)] was pointed out by

Lu et al, (2008). As the expected frequency of a L-word ¢,---a, is estimated by the observed

frequencies of «,---a, , and «,---a, , there is a positive correlation between the observed

frequency /¥ (¢, +-a,) and the estimated expected frequency f *(a,---a,) . Therefore, the difference

between f* (e, - a,) and f *(a,+--a,) tends to be smaller than the difference between f*(a, - a,)

and the true expected frequency, which indicates that the information contributed by selective evolution
is underestimated. Lu et al. (2008) also provided an improved version of CCV (ICCV), where the
estimated expected frequency is replaced by the exact expected frequency and variance under the
uniform and independent model of base composition. Results from a simulated data set showed that the
ICCV method is more robust in resolving phylogenetic relationships of remotely related clades than the
existing CCV method. The improved method was also applied on a set of 54 influenza A viral HA
sequences for phylogeny inference. The resulting tree was highly consistent with the tree generated by

the alignment-based maximum likelihood method.

- 13-



A major disadvantage for both CCV and ICCV is the high dimension of the vector space when
the upper limit of L is large, which significantly decreases the computational efficiency. Lu ef al. (2008)
suggested that increasing the upper limit of L might not improve the phylogenetic reconstruction due to
the overlapping nature of words. They also introduced a numerical method for choosing a optimal upper
limit for L. For CCV method, Wu et al. (2007) also proposed a method to limit the dimension of CCV

by only selecting information rich words into the composition vector.

2.1.3 Category III: Alignment-Free Methods Based on Markov Models

The methods in the third category model the sequences as a Markov chain of a pre-specified
order k, and then compare estimated transition matrices to obtain the dissimilarity measures. Therefore,
the comparison is based on the relationships between frequencies of k-words and (k+1)-words.

One of the earliest reports is Gibbs et al. (1971), where the transition matrix was used in
describing and classifying proteins by their amino acid sequences. As describing the sequences, Gibbs et
al. (1971) used amino acid doublet frequencies. Each sequence was modeled as a 1%-order Markov
chain, then the resulting 1¥-order transition matrices were classified by the CENTPERC program.
Blaisdell (1986) also represented eukaryotic DNA sequences as 1%, 2™ and 3"-order Markov chains
separately and developed Chi-square tests to assess the homogeneity of sets of sequences based on the
transition matrices.

Almagor (1983), Blaisdell (1985) and Phillips et al. (1987) also presented Markov analysis of
biological sequences and discussed the criterion of choosing a proper Markov order. In some of these
studies, it was found that the order of Markov dependencies may vary from segment to segment. Scherer
et al. (1994) applied a 7"-order Markov model to detect the segments with different patterns. The results

in Fickett and Tung (1992) showed that 5™-order Markov model worked best for finding genes in
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protein sequences. Generally, these studies showed that the base composition of biological sequences
could be highly heterogeneous, but consist of homogeneous local segments.

Li et al. (2005) proposed a genome signature based on a triplet Markov chain model. Instead of
considering a single nucleotide as a unit, the triplet Markov chain used the nucleotide triplet as a single
unit to calculate the transition probability. As the transition varies in the directions of 5° to 3" and 3" to
57, the transition probability is calculated as the average of the transition probabilities of two directions.

Let 7, be the ith triplet out of the 64 possible triplets for DNA sequences. The triplet transition

probability for a 1¥-order triplet Markov chain is defined as:

B (TIT)+ P (T T)
2

P(T,|T) = , (2.13)

where P, ;(-) and P, ;(-) are transition probabilities for 5° to 3" and 3" to 5" directions. The resulting

triplet transition matrix is called the signature matrix. The absolute differences between these matrices
then can be utilized as the distance measures for constructing phylogenetic trees.

Pham and Zuegg (2004) proposed a probabilistic measure for sequence comparison. This method
is based on the Markov modeling of DNA sequences. They suggested a probabilistic approach to
compare the Markov models to obtain the similarity measures. The method starts by modeling DNA
sequences using a Markov chain of a pre-selected order. Denote the fitted Markov models for sequences

Xand Y by A, and A, , respectively. A probabilistic distance between X and Y is then defined as:

DAy, Ay) + D(4y, Ay)
2

d(ﬂ’X’ﬂ’Y)zl_eXp[ ]: (214)
where D(4,,4,) is the approximate Kullback-Leibler divergence (KLD).

_ Lo p(Y[4)
D(Ay,A,) = . log—p(YMy) : (2.15)
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where p(Y'|4,) and p(Y|4,) are the probabilities of observing sequence Y under models 4, and 4, ,

respectively. Since the KLD is not symmetric, a symmetrized version of KLD is used in Eq. (2.14):

_ 1 p(X[4)
D(ﬂy,/iX)—nX log (XA (2.16)

The proposed probabilistic measure based on the 1¥-order Markov model was tested against the data set
used in Wu ef al. (2001) and compared to Wu’s methods. The results showed that the probabilistic
measure achieved better selectivity than Wu’s Mahalanobis and standardized Euclidean distances and

had the same sensitivity.

2.2 Stochastic Models
2.2.1 Hidden Markov Models (HMM)

Baum et al. (1966) first introduced the basic theory of HMM. Later, a series of papers (Baum et
al. (1967, 1968, 1970), Baum, L. E. (1972)) were published by Baum and his colleagues to continue the
discussion on HMM and the likelihood maximization techniques for model estimation. The iterative
algorithm for maximizing the likelihood in HMM provided by Baum et al. (1970) was further developed
by Dempster et al. (1977) as the EM algorithm. The widespread application of HMM on speech
recognition and computational biology occurred in the late 1980s, especially after the publication of
several tutorial materials on HMM.

One of the most popular tutorial reports, Rabiner, R. L. (1989), thoroughly discussed the three
fundamental questions, which are:

1) How to compute the probability of the observed sequence, given the HMM.

2) How to adjust the model parameters so that the probability of the observed sequence can be

maximized, and
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3) How to find an optimal hidden state sequence, given both the HMM and the observed
sequence.

For the first question, the likelihood of the observed sequence given the HMM 4 must be computed,
L=PY,...Y [p). (2.17)
The likelihood can be computed by the forward procedure (Baum and Egon, 1967, Baum and Sell, 1968)
as follows. To illustrate the forward-backward algorithm and its extension in other models included in
the study , we adopt the system of notations from Berchtold (2002). Let the forward variable
a,(j)=PX,...Y.. X, =j) (2.18)
be the joint probability of the partial observed sequence V,,...,Y, and the sth hidden state X, given the
HMM g . For the simplicity of notation, it will not be indicated that the probability is conditional on the
model . For £ =1, Eq. (2.18) becomes
a,(j)=P(Y,. X, = j)=P(X, = )P(Y, | X, = ) =7,/ , (2.19)
for jeS(X).Fort=2,itis

az(j)zp(YpYzaXz =.])

Z P(Y.Y,, X, =i, X, =))

1> 425
ieS(X)

= > PO.Y,| X, =i, X,=))P(X, =i, X, = j)

ieS(X)

> P | X, =)P(Y,| X, = ))P(X, = j| X, =i))P(X, =i)

ieS(X)

D P(Y, X, =)P(Y,| X, = HP(X,=j| X, =i)

ieS(X)

bl D a(ia, (2.20)

ieS(X)
By induction, it can be shown
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a,.,(H)=b D a(a,, 2.21)

ieS(X)

for 1<t <T—1. Based on the forward procedure, the likelihood of the complete observed sequence is

L= Y @), e2)

JjeS(X)
In a similar way, the backward procedure can be defined as follows. Let the backward variable
B() =P Y | X, = ) (2.23)
be the joint probability of the partial observed sequence Y,,...,Y, given the rth hidden state X, and the

HMM g . For t=T, Eq. (2.23) is defined as

B (H=1. (2.24)
for je S(X).For t=T-1, it becomes
Pra()) =P | X7y =)
=P(Y, X; = )/ P(X;, =)
= D> P Xp, = X, =)/ P(X; =)
i€S(X)
=,SZ(X)P(YT|XT1 Js Xy =DP(Xpy = Xy =)/ P(Xp, = )

= Z P, | Xy =), X =DP(X; =i| X; =)

ieS(X)

= > P(Y, | X, =)P(X, =i| X, =)

ieS(X)
=2 bya, (2.25)

For t =T -2, 1t becomes

Bry(N=PX Y | X, =)
=P, .Y, X, , =)/ P(X; ,=))

EEEY
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= z P(YT—I’YT’XT—2 =j,XT_1 =l)/P(XT—2 =~])

ieS(X)

= z P Y Xy =), X =0 P, =k, Xy = J, X =0) P(X, =)

ieS(X)

= Z P | X =DP(X; =i Xy = NP | Xy =, X = 1)

ieS(X)

Note: It can be proved that P(Y, | X, ,=j, X, , =i)=P(Y, | X, , =i) using (2.25).

= D b, a0 (2.26)

ieS(X)

By induction, it can be shown

B(N= 2. b aif.0), (2.27)

ieS(X)
for 1<#<T-1. Based on both forward and backward procedures, the likelihood of the complete

observed sequence can be written as:

L= a,()B3), (2.28)

JjeS(X)
for t=1,..,T . Eq. (2.24) is equivalent to =T .
For the second question, the estimation of the three sets of probabilities 4, B and 7 in HMM g can be
done using the EM algorithm, which is also know as the Baum-Welch algorithm (Baum and Egon, 1967,
Baum et al., 1970, Baum, 1972). To describe the algorithm, the following variable is defined:
r.()=PX, =jlY,..Y,), (2.29)
which is the probability of j being the rth hidden state given the observed sequence and « . Eq. (2.29)

can also be written in terms of the forward and backward variables as below:

P, Y, X =) a(DBG)
PY,...Y,) PIRAV)AGN

jeS(X)

7)) = (2.30)
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with Z 7,(j)=1. Then the joint probability of j being the tth hidden state and i being the (++1)th

JES(X)
hidden state given the observed sequence and x is defined as:
g(j,N=PX,=j,X, =ilY,..Y). (2.31)
In term of the forward and backward variables, Eq. (2.31) can be expressed as:

PY,... Y., X, =j,X, =i

(i) = =L
PY,....Y;)
1
=——P,..Y, X, =j)P(X,, =i|),...Y, X PY. ,\Y,..Y, X, =j,X, =i
P, 1)) 04 J) P(X,, Y, =P, Y, J =)
P( t+2°° ’YT |Yl""’}7t+1’Xt zj’XHl =l)
1 . : . .
==;§;;j:;;5fﬁxgm,z,ﬁi==J)f%)ﬂ+l=z|)6==J)P(KHIJn 1 =P Y[ X, =1)
a,(j)a.b! i
— [(J) Ji yt+lﬂt+t() (2.32)
z z a (.]) b}Hlﬂﬁrl(Z)
ieS(X) jeS(X)
It can be seen that the connection between y,(j) and ¢,(j,7) is
()=, &(i). (2.33)
ieS(X)
Using the variables defined above, the reestimation formulas for 4,8 and 7 are
;=) =PX, =jl|Y,..Y;), (2.34)
T-1
8:(] Z) ZP(X_]a _llYl’ )
a; = S = ) (2.35)
7.(J) ZP(X, =Jj|Y,... 1)
t=1 t=1

and
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Y ) 2 PX, =Y Y)

b =t —=t : (2.36)
> 7.0) P(X,=j|Y,..Y)
t=l1

-1
Note that the above formulas are reestimation formulas due to the iterative nature of the Baum-Welch
algorithm. Therefore, these formulas will be applied repeatedly until the likelihood of the observed
sequence reaches a maximum.

With the model estimated, the third question, which is to search for an optimal sequence of hidden

state X,...X, that maximizes the probability,
P(X,,. X, |Y,..Y;), (2.37)

can be solved. A technique that has been proposed for solving this problem is the Viterbi algorithm
(Viterbi, 1967, Forney, 1973). The Viterbi algorithm was first proposed by Viterbi (1967) as an error-
correction scheme for noisy digital communication links. It is now widely applied in decoding the
convolutional codes used in digital communication, such as CDMA, GSM and 802.11 wireless LANS. It
is also commonly used in speech recognition to find the most likely sequence of text given the acoustic
signal.

To illustrate the algorithm, the following variable is defined

5()= Max P(X,,...X,=}Y,..Y) (2.38)

XX, €S(X)
for 2<t<T,and

6,(j)=P(X, = /. Y)=P(X,= )P(Y,| X, = )=7b] (2.39)

It
By induction, it can be shown

é'm(j):X Max P(X,,...X, =j,Y,....Y.)

yeres
..... X,eS5(X) ! ! 1

= Max P(X,,...X,Y, .. Y)P(X,, =j|X,..X,Y,..Y)

X, X, €8(X) !
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PY. 1X,..X. =JY,..Y)

+1

= Max P(X,,...X.Y,..Y)PX,  =jlX)PY, |X.=))

X, ,n X, €8(X)

=Max Max P(X,,..X, =iY,...Y)P(X,

ieS(X) X,,.. X, €S(X)

:let :i)P(Yt+1 |Xt+1 :])

+1

= Max (51 (Da; )b,im , (2.40)

ieS(X)
for I<1<T-1. As it is necessary to keep track of the j that maximizes the Eq (2.40), we define the

variable

v,.()) =argmax (5,(1)a,) (2.41)

ieS(X)
for 1<¢<T-1, and y,(j)=0. Therefore, the hidden state for the last position of the sequence is
estimated as

XT = argmax[é'r(j)]. (2.42)

The rest of the optimal sequence of the hidden states can be estimated by path-backtracking as
/ét,:\: l//t+1 (Xz+1) H (243)

for 1<¢t<T-1. Note that Eq (2.40) is maximized over all the previous hidden states. A slightly
different approach would be to maximize Eq (2.40) over a fixed number of previous hidden states,
which could reduce the computational complexity and is reasonable for most of the applications (Viterbi,
1967, Forney, 1973).

Before the widespread understanding and application of HMM, studies of the DNA
compositional properties depended on some basic methods in its early stage of development, such as
calculating the base composition and analyzing the base frequency of nearest neighbor. Elton (1974)
showed that models with homogeneous structure, such as Markov chain models with stationary
probabilities, could not provide enough description of the variation of base composition in DNA
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sequences. Staden (1984) suggested a method to determine the heterogeneity by scanning a sequence
with a fixed-length window and computing the statistics of local base composition. Some other methods
also involved dividing the sequence into segments, and then testing the local composition using Chi-
square statistics.

As one of the first applications in computational biology, Churchill (1989) proposed using HMM
for modeling the heterogeneous structure of DNA sequences. The model assumes that the structure of
DNA sequences consists of segments that have homogeneous base composition, but the compositional
structure may vary from segment to segment. Under the HMM, each segment is represented by a hidden
state and each hidden state represents an underlying homogeneous composition with a Markov chain
model. A smoothing algorithm that can be used to reconstruct the sequence of hidden state was also
introduced in this report. Some further applications of HMM on analysis of genome structure can be
seen in Churchill (1992). Similarly, Muri (1998) used HMM to model bacterial genomes and identified
the homogeneous regions in DNA sequences. In this report, the author applied a Markov Chain Monte
Carlo (MCMC) method based on a stochastic EM algorithm. Compared to the Baum-Welch algorithm,
the MCMC alternative is less sensitive to a poor choice of the starting point and is faster for each
iteration, but requires more iterations to reach convergence.

Besides statistical modeling, the application of HMM has also been seen in gene finding (Krogh
et al., 1994, Burge and Karlin, 1997, Kulp ef al. (1996)). Generally, the gene finding application of
HMM is based on its capability of dividing a sequence into homogeneous segments. The gene is
identified by comparing the feature of each of the homogeneous segments to a prototype of interest.
Kulp et al. (1996) introduce a generalized HMM for recognition of genes, which extended the standard
HMM by considering a semi-Markov process for the hidden chain. Under the semi-Markov process, the

transition probabilities of hidden states are not constant throughout the sequence but change along the
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sequence following a probability distribution. Based on the hidden semi-Markov model, Burge and
Karlin (1997) developed the gene finding software GENSCAN, which adopted a geometric distribution
for the duration of the transition probabilities. Similar application of HMM can also be found on
searching horizontal gene transfers (Bize et al. 1999), where HMM is used to find potentially transferred
genes by identifying genes with similar structure between species.

Applications of HMM can also been seen in linkage analysis, sequence alignment, and so on.
Generally, HMM provides a flexible mechanism that features a complex sequence built of short and
simple segments, within which the sequence follows the same distribution, and between which the
sequence has different distributions. Besides, these segments are not independent of each other. Their
appearance follows a transition probability with a Markovian structure. A generalized case of HMM is
Markov models in random environments (Cogburn, 1984), where the appearance of hidden states could

be independent of each other or follow a decision rule.

2.2.2 Double Chain Markov Model (HMM) and its High-Order Extensions

As introduced in Section 1.1.2, an HMM is characterized by two sequences: the hidden state

sequence X =(X,,...,X,)and the observed sequence Y =(Y,...,Y;). On the classical HMM, the hidden
states X,'s are generated according to a 1*-order Markov model with transition probability 4 = {a,}.

Under the hidden state X,, the observations are generated independently with the probability B = {b/},
where

bl =PY, =k|X,=j), keSY),jeS(X) . (2.44)
Thus, the classical HMM can be denoted as M (1) — M (0), which indicates that the Markov orders of

hidden sequence and observed sequence are 1 and 0, respectively. Muri (1998) and Bize (1999)
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mentioned a more general form of HMM M(1)—M(r) , which assumes an rth-order Markov
dependency between observations conditional to the hidden state with the probability B = {b/}, where

b/{ ok = PY =k |Y_  =k_

t-r

Y =k X

t-1° t

= j).keS(Y),jeSX). (2.45)

Wellekens (1987) showed a similar model with » =1 considering the case of continuous observations
with applications on speech recognition. Paliwal (1993) also applied a similar HMM in the discrete case
on speech recognition and provided the forward procedure for the new model. However, the three
fundamental questions for this extended HMM were not systematically and comprehensively answered
until Berchtold proposed the concept of DCMM in 1999.

DCMM is equivalent to model M (1)— M (1) that assumes both hidden and observed sequences

are 1%-order Markov chains. Therefore, as demonstrated in Fig. 2&3 in Berchtold (1999), the major
difference between DCMM and the classical HMM is that DCMM assumes a Markov dependency of
1*-order between successive observations conditional to the hidden state (Fig. 2.1(a)), while HMM

assumes the conditional independence between successive observations (Fig. 2.1(b)).

Hidden state X1=j1—>|X2=j2|—>|X3=j3|
sequence l l
Observed

sequence Y, = ko Y = kl >, = kz Y, = kz

iij:lieerrllcztate X1=j1—’|X2:j2|_"|X3:j3|_"|X4:j4|

A
Observed
sequence =

(b) HMM

Figure 2.1. Demonstration of (a) DCMM and (b) HMM.
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To answer the three fundamental questions for DCMM, Berchtold (1999) provided a complete

derivation of the adjusted forward-backward procedure, Baum-Welch and Viterbi algorithm based on

the different assumption of DCMM. A high-order extension of DCMM was provided by Berchtold in a

later report (Berchtold, 2002), where the DCMM was generalized as M (/)— M (f) with both / and f

non-negative integers. The high-order version of DCMM assumes that the hidden states are generated

according to an /th-order Markov model and the observed sequence follows a Markov dependency of

fth-order between successive observations conditional to the hidden state.

Since each observation depends on its previous f observations, the observed sequence needs f

observations to initialize. For convenience purposes, the observed sequence is denoted as Y, ,,....Y;

with ¥ ,,...,Y, for the initiation. To illustrate the high-order extension of DCMM, we borrow the

notations and definitions pertaining to Berchtold (2002):

a)
b)
©)

d)

The sequence of hidden states is still denoted as X,,..., X,

The state space of hidden states: S(X)={l,....M}.

The state space of possible observation: S(Y)={l,...,K}

The probability distribution of the first / hidden states given the previous states:
w={n =P(X,)),r, =P(X, |X1)""=771\1,..A,1—1 =P(X, | X,,...X, )}

The /th-order transition probability between hidden states:

W =PX =0 | X = Jies X = JDY s Jpsees Jo € S(X).

The fth-order transition probability between successive observations given a hidden state:

B={b/

el

=P, =i, |Y_, =i Y =i, X, = )}, JES(X), ipyniy € S(Y).

The DCMM is a generalized version of HMM. Therefore, the fundamental questions of HMM

also apply for DCMM and they can be answered in a similar way. The forward-backward procedure and
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Baum-Welch algorithm for HMM need to be adjusted according to the high-order Markov dependency

existing in the DCMM. To answer the first question, the likelihood of the observed sequence given the

DCMM u ={r,4,B},

must be computed.

L=P(Y . ,...¥ | p)

The forward variable is

a,(Jii>-- Jo) =P(Y—f+1""’Yt7Xt—l+l = Jises X, = Jo) -

For t =1, Eq. (2.47) becomes

Since Y ..

LY,
P(K‘f'+1a~":)/0,X1 =

For r=2,itis

For t=3,...,[,

Fort=1+1,...T,

a,(Jy) = P(Y—f+1""’Yl’Xl = Jo)

— o

_byf,ﬂ ..... ylﬂl(jo)

are independent of X, =j, and Y  ,..¥ are assumed to be

J,) can be written as P(X, = j,).

az(jvjo):P(Kf‘+1:-'-:Y2:X1 =Ji. X, =Jp)

=b% L2 (]1 > jo)al (]1) .

Y_r+2o

at(jt_17~'~7j0) =P(Yv_f+17-'-,YtaX1 :jt—15~'~7Xz :JO)
:bj{?ﬁ,,...,y,7[:\1,.“,;71(].171 AAAAA J)U(Jiyseens Ji)

A, (Jiose-s Jo) = P(Y—f‘+1’-"’Ysz—1+1 = Jits- X, = Jo)
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(2.47)

(2.48)

known,

(2.49)

(2.50)



:bjfofﬂ Vi Z a]/ joal—l(jl""’jl)' (2.51)

gesxy

Based on the forward procedure, the likelihood of the complete observed sequence is

L= Y (o) (2.52)
T Ty €S (X)
The backward variable is defined as
BGrasens Jo) =P Y 1Y s Vo X = s X, = ) (2.53)
For t =T, Eq. (2.53) becomes
BrUpisesJo) =1, (2.54)

for j, ,,..., j, € S(X).For t =T —1,...,/, it becomes
Bl do) =P s Yr | thf+1""’Yt’Xt—l+1 = Jits X, = Jo)

= Z ajzfl>~»J‘0al‘b}{r7/‘+1a---a)’mﬂf‘*'l(jl_z"“’jO’j) ' (255)

JjeS(X)

For t=1,....,[-1,itis
ﬁ[(j[—l""’j()):P(K+l7"'5YT ’Y17f+19"'9Y[7X1 :j[719"'9X[ :jO)

= > s Gitoeeedor B!

~~~~~ Yi-f+10
JjesS(X)

--,J’z+1ﬂf+1(jt—lﬂ"'aj())j) . (256)

Based on both forward and backward procedures, the likelihood of the complete observed sequence can

be written as:

L= 3 &G d)B s o) (2.57)
Jict s Jo €S (X)
fort=1/+1,...,T,and
L= > airesJo)BUiireos o) (2.58)
Jicg s Jo€S(X)

for t=1,...,/ .1t can been shown that Eq. (2.52) is equivalent to Eq. (2.56) with t=T".
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The second question is to estimate the DCMM u = {r, 4, B} given the observed sequence. The

Baum-Welch algorithm was used to answer this question for HMM. For the DCMM, Berchtold (2002)
provided a similar algorithm. To describe the algorithm, the joint probability of successive hidden states

conditional to the observed sequence is defined as
VUi Jo) = P(X iy = Jioises X, = o | Y—f+1""9YT)

at (jl—l""’jo)ﬂt(jl—l""’ ]0)
> @ Uises J)B Gitoeens Jo)

JiteJo €S (X)

U DB ) (2.59)
L

for t=1+1,...,T,and
ViUiisen Jo) = P(Xy = J s X, = Jo 1Y s ¥y)

& (s J) B Uiasees Jo)
Y AU J)B s Jo)

et 5sJo €S (X)

— at(fpl?""jo)ﬂt(jt—l""’jo) (2.60)
L

for t=1,...,/. Similarly, it is defined

gt(jl—l""9j09.j) :P(Xt—lﬂ = Jitses X, = Jos Xy :j|Y—f+1""’YT)

B at(jlfl’""jO)ajH,..A,jo,jbyjlffﬂ,A..,yHlﬂtJrl(-j172’""jO’j) (2.61)
I .
for t=1,..,T—1,and
gt(jz_la-'-ajoaj) =P(X1 = jt_p---aX; = joaX;+1 = ] | Y_f+1a---aYT)
_ at(jt—lﬂ"'ﬂjo)ﬂ-t-#lll ..... t(jt_la---ajo’j)b;,,m,...,ymﬁtﬂ(jt—lﬂ"'bjoaj) (2 62)

L
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for t=1,...,/—1. The relations between y and ¢ are

7z(j1_1:-~->jo)= Z 5,(j1_1,---,j0,j) (2.63)
JeS(X)
for t=1,..,T—1,and
yz(jtflﬁ"'bjo): Z 8[(].[717"'7]'07.].) (264)
jeS(X)

for ¢ =1,...,/ —1. Using the variables defined above, the reestimation formulas for 7 are
ﬁl(jo):P(X1 :jO|Kf'+1""3YT) (2~65)
for t =1, and

pAVERY (2.66)

7%;\1,‘,,,;71 (jt—19"'9j0) = . .
]/t—l (]t—l""’ J])

for t=2,...,/ . The reestimation formulas for the transition probabilities between hidden states and

between successive observations are

T-1
Zé‘,(j, 13ees Jos )
aj[—l seesJ0 5 = t:Tl 1 (267)
7(.][ 19 :]0
t=l
and
T
Z Z Z 7t(j1—1"--=jo)
bA.jO = t=1:Y,_p=ip,. Y =iy jiyeS(X)  jeS(X) . (268)

Z Z Z Y, (Jiiseees Jo)

=1 Y, p=ipnn Y= g eS(X)  jeS(X)
The estimation process needs to start with a set of starting values for 7, 4 and B, which would be used
to compute the forward-backward valuables as well as variables y and ¢. Then based on Eq. (2.64) —

Eq. (2.67), anew set of values for 7, 4 and B can be calculated. The model is estimated by repeating

the process until the likelihood of the observed sequence converges.
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The DCMM adopted a slightly different Viterbi algorithm to find the optimal sequence of hidden

states. To illustrate the algorithm, the following variables are defined

8U0) =Py ¥ X, = j) = m (b)Y, (2.69)
for t =1,
0, (1> Jo) = Py 5 Vi Xy = 15 Xy = )
= 5,070 G J)B? (2.70)
for t=2,

8,rctrer Jo) = PV y oo Yo Xy = e X, = i)
=0y Useoos I id Useoes JOBY (2.71)
for t=3,...,], and
8,Jrrewwr Jo) = Py Vo Xy = oo X, = )
=8, (s )y b0 (2.72)

fort=1[1+1,...T.
For each o variable, a vector is formed to maintain all possible values for later backtracking. For &,(}j,)
and o,(j,, j,) , the vectors are
o, =[o,(1),...,6,(M)] (2.73)
and
0, =[6,(1,1),0,(1,2),...,0,(1, M),...,6,(M,1),0,(M,?2),...,0,(M,M)]. (2.74)
Similarly, the vector can be defined for 7 =3,...,7 . Note that the dimension changes for different ¢ values.

Therefore, the hidden state for the last position of the sequence is estimated as
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)A(r :ﬂoor(argmi\j(lé})_lj+l.

The rest of the optimal sequence of hidden state can be estimated by path backtracking as

argmax(da, . )-1
Jo, A1 +1

v Ji=>5Jo
X, = ﬂoor[ Ve

fort=7T-1,...,/,and

X, = floor

arg max(é‘tﬂ'—tﬂ\l ,,,,, ¢ (jt—lﬂ"" jo,f(wl))_l 1
Mt—l +

fort=1-1,...,1.

(2.75)

(2.76)

(2.77)

To examine the DCMM’s capability of modeling non-homogeneous sequences, Berchtold (1999

& 2002) applied the model on several experimental data sets including a sequence of wind speeds, DNA

sequence, a song of the Wood Pewee and behavior of young monkeys. The results showed not only that

DCMM successfully represented non-homogeneous sequences, but it outperformed both the Markov

models and HMMs.

Both HMM and DCMM have limitations on modeling non-homogeneous sequences. The HMM

assumes conditional independence and ignores the possible dependence between successive

observations, and the DCMM is the complete opposite of HMM. Therefore, it is desirable to have a

model that takes into account the main features of both the HMM and DCMM.
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3. Sequence Comparison Using Multi-Order Markov Chains

3.1 Markov Chain Model for DNA Sequences

It is natural to model DNA sequences with Markov chain models since dependencies are
expected between nucleotides within DNA sequences. A Markov chain with stationary transition
probabilities would provide a good description of a DNA sequence when the dependencies are
homogeneous throughout the sequence. However, it is often observed that different patterns of
dependencies and base composition exist in different segments of a DNA sequence. Churchill (1989)
pointed out that the composition of naturally occurring DNA sequences is often strikingly heterogeneous.
Therefore, the information extracted from a DNA sequence by a single order Markov model is not as
representative as expected in most cases. In this study, we propose to represent a sequence using multi-
order transition matrix (MTM) based on multi-order Markov chains. The MTM contains information of
multi-order dependencies and gives a more comprehensive representation of the heterogeneous
composition within a DNA sequence. Using the proposed MTM, a similarity measure can be developed

for pair-wise comparison of sequences.

A kth-order homogeneous Markov chain {X,},_, with the state space Z ={4,C,G,T} can be
summarized in a transition matrix as:
Co=lp;..;. 1 (3.1
where j,..., j, €Z and
Py = PX, =G | X L = oo Xy = i) - (3.2)
It suggests that the value taken by X, is decided by the values taken by X, ,,...,X, ,. Using the kth-

order Markov chain as a model, the likelihood function of a DNA sequence y,...y, is given as:

L(pp-2, 1 C)=7(re-20) T (20" (3.3)

JososJk €S
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where 7(y,...y,_,)1s the probability of observing y,...y, , for the first k positions in the sequence and

Jo

the maximum likelihood estimate (MLE) of p, . is:

ﬁ — Jo--Ji-1Jk
Joo-Jk ?

njo St

where

Jo-+Jg-1F Jo-+-Jr-1Jk

Ji€S

The MLE of C, for this DNA sequence is given as:

A

Ck = [ﬁjo"“’jk ]

3.2 Multi-Order Transition Matrix (MTM)

n,  1s the observed frequency of the word j ... j, . By maximizing the likelihood, it can be shown that

(3.4)

(3.5)

(3.6)

Specifically, ék only contains information about kth-order dependencies in a DNA sequence.

Therefore, a combination of ék with multiple orders would provide a more comprehensive description of

dependencies existing in the DNA sequence. For a data set containing m sequences, we define the MTM

for sequence i in the data set as M (i), ={CCA‘,2 }k , where i=1,....m, K is the set of values of £ of
ek

interest and the pre-subscript ¢ stands for concatenating C, 's as a column of matrices. For instance,

M (i), with K ={0,1} is given as:

Al Al Al

é Puis Pac Puc

M@y = { A?} = Pes Pec  Peo
'Y\ Pos Poc Poo

| P P Pro
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with Cy =[p', p. p, p;]and

Pl P Pus Pl
C’\zl‘: ﬁlCA ﬁlCC lalCG ﬁlCT ) (38)

Aj Af A AL
Pos Poc Pec Por
N N Ai N

P Prc Pr¢ Prr

3.3 Order Selection

Wu et al. (2007) proposed a scoring scheme to independently evaluate information content
associated with each word by assigning a score. A higher score indicates that more information is
contained in the word. We apply the same scheme to assign a score to each transition probability within
the MTM. Then by examining the average scores by orders, we can decide which group of orders should
be considered more informative than others and included in set K.

Let G={0,1,...,/}, where [ is the largest order to be considered for the data set. We use the following
steps to select a subset K of G. First of all, we calculate the sequence i’s MTM M (i), for i=1,...,m.
Then we concatenate all m sequences into a single sequence S and calculate the MTM M (S), for

sequence S. The score for a transition probability p, . is defined as:

AL

m
Al Jo s+ Jk
ijo’-"!jk 11'1 AS )
i=1 p j

Jook

S(pjn,...,jk)z ) (3.9

which is the Kullback-Leibler distance between [7’]0 , s and p?fo ;- A large value of s(p, )

J

indicates that p?’JO ;s are diversified among all the sequences. Thus, this particular transition

probability is more informative than others. Since each transition probability is associated with a

particular order, we average the non-zero s(p, )’s by their associated orders. The set K should
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include the orders that have the highest average scores. Applications of the order selection are shown in

the Results and Discussions section.

Ancestral
sequence
C
Co -
1 2
| | | |
L+ L
AQ - BO -
Al ‘ A2 B1 ‘ B2 |

Figure 3.1 The pre-defined relationship used to generate simulated sequences.

3.4 Distance Measure

Let M(S)) =[a,] and M(S,), =[B;] be the MTM of two DNA sequences S, and S, ,
respectively. To calculate the distance between S, and §,, denoted as D(S,,S,), we adopt the distance

measure as detailed below:

1-C(S,,S,)

D(SlaSQ)z B

(3.10)

Z“z:/ x B
where C(S,,S,) ==

RN
i,Jj i,j

The row dimension of the MTM can be very large as the number of order of interest in K
increases. However, it is not necessary to use all the elements in the MTM to calculate the pairwise
distance. Each element in the MTM represents a transition probability associated with a word. In our

application, we only compared the transition probabilities of words that are shared by both sequences.
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The majority of words that are shared by DNA sequences are relatively short. Observing a particular
long word w in sequence S, but not in sequence S, is generally a result of random process instead of a
selection process, because the probability that this word occurs in sequence S, is considerably small.
For example, if wis a word of length 15, then the chance of finding w in a DNA sequence with 2000
nucleotides is about 1 out of 500,000. Therefore, including this transition probability of w while

comparing sequences S, and S, could increase the random noise contained in the distance measure.
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Figure 3.2. Average scores of a transition probability as a function of the order of the MTM experimented using (a) simulated
dataset, (b) influenza A viral hemagglutinin gene sequences, and (c) the compete mitochondrial genome sequences of
eutherian and non-eutherian organisms.

3.5 Data Sets
To compare the performance of the MTM with the ML and the CCV methods, we adopted a
similar approach as in Otu and Sayood (2003) to simulate sequences. In brief, we started with an

ancestral sequence randomly picked from our influenza virus database. We then evolved it into three
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main sequences A, B, and C using different types of mutations (insertion, deletion, substitution,
inversion, transposition and translocation) at a rate of 5-10%. A and B were evolved in a similar way to
preserve resemblance to each other. Each of the three main sequences has three offspring sequences 0, 1
and 2. Sequence 1 and 2 were similarly generated using all six types of mutations at the rate of 5-20%,
and sequence 0 was generated using only three types of mutations (insertion, deletion, substitution) at
the rate of 5-20%. The higher mutation rates were applied in the last step to increase the divergence of
within-group sequences. Fig. 3.1 shows the pre-defined evolutionary relationship for the above
simulation. The nine derived sequences were used for analysis. A total of 1000 data sets were generated

for the estimation of phylogeny support.
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Figure 3.3 Consensus trees obtained from the 1000 simulated sequences using (a) Maximum likelihood, (b1)-(b3) CCV
method with selected strings of size 500, 2500 and 5000, (b4) CCV method, (c1)-(c8) MTM method with K including the

selected 1,3, 5, 6,7, 8,9, and 11 orders with highest average score, and (¢9) MTM method with K = {0,1,...,20} .
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Figure 3.4 Lineage analysis of influenza A viral hemagglutinin gene sequences using the MTM method. Numbers labeled for
each group are adopted from the International H5SN1 Evolution Working Group as the clade nomenclature system
(WHO/OIE/FAO H5N1 Evolution Working Group, 2008).
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In addition, we used MTM method to analyze two real experimental data sets and compared the

resulting topologies with the published ones (WHO/OIE/FAO H5N1 Evolution Working Group, 2008,

Cao et al., 1997; Cao et al., 1998; Li et al., 2001; Otu and Sayood, 2003; Reyes et al., 2000). The first

data set from the influenza A viral HA gene sequences consists of 52 sequences, with the length around

1600bp. The second data set consists of 29 mitochondrial genomes of eutherians and noneutherians (the

later used as outgroup) (Appendix I Table A.1 and A.2).

platypus
wallaroo

)

opossum
baboon

gibbon

— —————— orangutan

gorilla

human

pig chim
com chim
I rhino

w rhino

donkey

Sl

horse

hippo
f whale

b whale
pPig
sheep

I[;

cow
cat

h seal

g seal

dog

dormouse

Nl

squirrel
g pig

— mouse

:| Marsupials & Monotremes

Primates

Ferungulates

:| Nonmurid rodents

 — rat
:|Murid rodents

Figure 3.5 The phylogenetic trees built from the complete mitochondrial genome sequences using the MTM method with

selected orders.
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3.6 Analysis of the Simulated Data Sets

Before analyzing the simulated sequences, we examined the average scores by orders to
determine the set of orders that should be included in set K. Fig. 3.2 (a) shows the average scores by
orders for one simulated dataset. Clearly, order 4 to 7 are the orders that have the highest scores. To
investigate the performance of the MTM method, we included different set of top scored orders in K as
we analyzed the 1000 simulated data sets.

Fig. 3.3 shows that all the methods are able to recover the true topology of the simulated
sequences. However, the supporting values on the clades of the consensus trees show that the
performance fluctuates among the different methods. Fig. 3.3 (c1)-(c8) show the consensus trees of the
MTM method with selected top 1, 3, 5, 6, 7, 8, 9 and 11 orders (i.e., K={5}, {4, 5, 6}, {4,...,8}, {4,...9},
{4,...10}, {4,...,11}, {4,...,12}, {4,...,14}, respectively). It is clear that the supporting values increase
as K includes more orders, and then reach a limit and start to decline as more large orders are included in
set K. This suggests that as the order increases, higher order Markov chain models do not provide a
better fit of the sequences than lower order Markov models after a certain point. We also observe that
the supporting values on sub-clades (A1, A2), (B1, B2) and (C1, C2) reach the limit faster than others.
Fig. 3.3 (c9) is the consensus tree of the MTM method with all 21 orders, which further confirms the
declination of the supporting values as more orders are included in set K.

Comparing the resulting trees of the MTM methods with the consensus tree of the ML method
[Fig. 3.3 (a)], we can see that the MTM methods show overall better performance than the ML method
when K contains 5, 6, 7, 8, 9 and 11 top orders. The rest of trees of the MTM methods show mixed
results of higher and lower supporting values than the resulting tree of the ML method. Results are also
shown for the CCV method and the CCV method with selected strings of size 500, 2500 and 5000 [Fig.

3.3 (b1)-(b4)]. The consensus trees give relatively low supporting values on the three main clades and
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the relationship between clades A and B, compared to the trees from both the ML and MTM methods.
We also notice that the supporting values of the consensus tree from the CCV method are not

significantly different with those from the CCV method with selected strings in this case.

3.7 Lineage Analysis of Influenza A Virus

We examined the average score of each order from O to 20 for the influenza A viral HA
sequences [Fig. 3.2 (b)]. In the orders from 4 to 7, the average scores are higher than the other orders.
The average score peaks at the order 5.

According to the analysis result of the simulated dataset as described earlier, this experimental
dataset was analyzed by selecting top 6, 7, 8, 9 and 10 orders (i.e., K={4,...,9}, {4,...,10}, {4,...,11},
{4,...,12} and {4,...,13}) respectively in the MTM method. No matter which of the above orders were
applied, the resulting trees were nearly identical. The consensus tree is shown in Fig. 3.4. The clade
numbers shown at the end of each group follow the clade nomenclature system originally designated by
the International HSN1 Evolution Working Group. The consensus tree generated from the MTM method
is consistent with those determined by the ML, maximum parsimony (MP) and Neighbor-joining

algorithms (WHO/OIE/FAO H5N1 Evolution Working Group, 2008).

3.8 Phylogeny of Eutherian Orders

The phylogeny of eutherian orders remains unsolved (Novacek, 1992; Cao et al., 1998), because
conflicting topologies have been obtained using different protein sequences or using different methods.
Several questions remain the focus of discussion: (1) the outgroup status of rodents, i.e. (rodents
(ferungulates, primates)) or (ferungulates (primates, rodents)), (2) the issue of rodent monophyly versus

rodent paraphyly/polyphyly, and (3) whether guinea pigs are rodents.
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Similarly, the average score of each order was used to decide the number of orders that need to
be included in the analysis of the mitochondrial genome data set (Appendix I Table 2). Fig. 3.2 (c)
shows a slight different pattern from the first two data sets, where higher average scores are reached in
the orders from 5 to 9. We thus used the top 6, 7, 8, 9 and 10 orders (i.e., K={5,...,10}, {4,...,10} and
{4,...,11}, {4,...,12} and {4,...,13}), respectively in the MTM method. The corresponding five trees
were found to be consistent with each other. The resulting consensus tree (Fig. 3.5) agrees with the
overall structure of published trees (Cao et al., 1997; Cao et al., 1998; Li et al., 2001; Otu and Sayood,
2003; Reyes et al., 2000). With noneutherian mammals as outgroup, the tree suggests that murid rodents
are the early branch of the tree (Reyes ef al. 2000). It also shows that ferungulates are more closely
related to primates, which support the (rodents (ferungulates, primates)) grouping (Cao et al., 1997; Cao
etal., 1998; Li et al., 2001; Otu and Sayood, 2003).

As for the phylogenetic position of rodents, our tree agrees with rodent paraphyly (Otu and
Sayood, 2003; Reyes et al., 2000). Guinea pig was classified as nonmurid rodents in our tree, which is
contradicted with the observation by D’Erchia et al. (1996). However, the position of guinea pig remains
unresolved because the results from various studies are contradictory.

As shown in Fig. 3.2, there exist a set of orders that are more informative than other orders in
each data set examined. For the simulated sequence and the influenza A viral HA gene sequences, the
orders with higher average scores are from 4 to 8. For the 29 mitochondrial genomes, the orders with
higher average scores are from 5 to 10. This finding demonstrates the heterogeneous composition of the
sequences, which is the motivation for the development of the MTM method. As for how many numbers
should be included in computing the MTM, we recommend the most informative orders should be
included. However, we discourage including too many orders in the selected set of orders (i.e., K). As

shown in Fig. 3.3, when K reaches a turning point, the resulting consensus trees deteriorate as K expands.
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3.9 Conclusion

In this study, we proposed a new alignment-free method for sequence comparison. Unlike most
existing methods, the new method takes into consideration the compositional structure of DNA
sequences, and represents the DNA sequences in a more comprehensive manner so that less information
is lost when comparing sequences. An order selection method was introduced to determine the most
informative orders included in calculating the MTM. The results have shown that the MTM method can
be successfully applied to phylogeny inference using either the whole genomes or the genomic segments.
Overall, our method shows a unique perspective on molecular sequence comparison. A natural extension
of the research in the future would be to investigate the behavior of different distance metrics with the

MTM, including the correlation-based and information theory-based metrics.
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4. Multi-Order Markov Model under Hidden States (MMMHS)

The MTM method mentioned above utilizes the Markov models of different orders to represent a
heterogeneous DNA sequence, and then combines the information from the different Markov models for
a complete representation of the sequence. To a certain extent, this method points out a direction for a
stochastic model for heterogeneous sequences. The model, which I named Multi-Order Markov model
under Hidden States (MMMHS), assumes that different segments in a heterogeneous sequence follow
different order Markov models that are associated with each other by an unobservable Markov chain. In
terms of the hidden states or unobservable Markov chain, MMMHS is similar to the existing HMM and
DCMM.

HMM consists of an unobservable Markov chain with a finite number of states and an
observable random sequence. Each of the hidden states is associated with a probabilistic distribution.
Under the assumption of HMM, each discrete position of the random sequence has an unknown state
that determines the value at that point based on its corresponding probabilistic distribution. When
modeling heterogeneous sequence using HMM, each locally homogeneous segment is represented as a
short random sequence and classified into one of the finite hidden states. It is important to notice that the
value taken at each position of the sequence is only decided by the hidden state associated with that
position and has nothing to do with the values taken by the previous positions. In other words, the value
taken at each position is independent of the values taken by the previous positions given the hidden state
associated with that position.

However, within a real DNA sequence, dependencies among nucleotides are always expected.
Thus, conditional independence in HMM is not a reasonable assumption while modeling DNA
sequences. To resolve the limitation of HMM, Berchtold (1999 and 2002) introduced the Double Chain

Markov model (DCMM), a generalization of HMM, which assumes that the observed sequence follows
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a Markov model with a pre-selected order f instead of an independent model. Therefore, under DCMM,
the value taken at each position depends on both the hidden state associated and values taken by the
previous f positions.

Introduction of DCMM only solves part of the problem for DNA sequence modeling, because it
is hard to imagine that each nucleotide in a DNA sequence is consistently related to the previous f
nucleotides. A more reasonable thought would be that the value taken at a position in a sequence could
be associated with any number of previous values or none of those values. Based on this idea, we
suggest the MMMHS, which assumes a different dependence structure of the consecutive positions in a
sequence under different hidden states. The MMMHS is an extension of the classical HMM since it still
has the part of unobservable Markov chain. The characteristic separates MMMHS from HMM and
DCMM is that the observable sequence is assumed be a combination of Multi-Order Markov chains.
The model is formally defined in next section. For the convenience of comparing DCMM with
MMMHS, we continue to use the notations and definitions in Berchtold (2002) for the illustration of

DCMM.

4.1 Model

To describe the model, let us start with a random variable Y that takes value in the state space

S(Y)={l,...,K} and a sequence of observations of Y. The model assumes that the hidden state X follows
an /th Markov model with the state space S(X)=1{0,1,..., M} . Each element in S(X) is a possible value
that hidden state X can take. It also decides the dependence structure in the observed Y sequence. For

example, at the rth position of the observed sequence, if the hidden state X, =m (m € S(X)), the value

of Y is decided by both its hidden state X, and the values takenby Y _ ....,Y, .
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The sequence of observation of Y is defined as Y ,,,,,V Y,,Y,...,Y,. Since Y depends on

M+19 L _pi2005 Lo

its past, the first M observations of the sequence Y ,,,,,Y ,,.,,...,Y; are reserved to initiate the sequence
for convenience purposes. The likelihood of the sequence is calculated based on the rest of the sequence

Y,...,Y,. Fig. 4.1 shows the sequence of observations of Y and the corresponding hidden states at each

of the positions. To completely describe the model, we need to define the following transition

Hidden States X : X, X, X, X,
Observations of Y: Y . ,..Y,, Y, , Y, ,...., Y., , Y,

Figure 4.1 Initiation of sequence Y,...,Y; and corresponding hidden states sequence X,..., X, .

probabilities:
1). Probability distribution of the first / hidden states in the hidden state sequence given the previous

hidden states,

7 ={7 = P(X,)). 7y = P(X, | X))soon7ry 1y = P(X, | X X)) (4.11)

,,,,,

A={a, . =PX,=j| X, = jp X =)}, (4.12)

where j,..., j, € S(X).

3). Transition matrices between the successive observations of Y given a hidden state X,

B={B"}, (4.13)
with
B ={bp = PO, =iy Y, =iy Yy =i X, = ) (4.14)
for j, 21 and
B ={b} = P(Y, =i, | X, = j,)} (4.15)
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for j, =0, where j, € S(X) and i, ,...,i, € S(Y).
With above transition probabilities defined, a MMMHS x is written as = {72, A, B} . Similar to the
HMM and DCMM, MMMHS has the three fundamental questions:

1) How to compute the probability of the sequence of observations of ¥, given u = {7[, A,B} ?

2) How to adjust the model parameters so that the probability of the observed sequence can be

maximized?

3) How to find an optimal hidden state sequence, given both u = {7[, A,B} and the observed

sequence?

The next three sections will propose the algorithms to solve these questions.

4.2 Likelihood of the Observed Sequence
The likelihood of the observed sequence given the model = {7[, A,B} can be written as
L=PY , . ... . | 1. (4.16)

The ideas behind the forward-backward procedures used for HMM and DCMM can be extended here
for the MMMHS. Derivation of the following equations in the procedures is shown in Appendix II.
Define the forward variable as

A (Jyyoees Jo) =P 4yiroen Yo X,y =1 s X, = J) - (4.17)
For t =1, Eq. (4.17) 1s

& (Jo) = P(Vyrpsen Y1 X = )

- b){?,voﬂ,...,ylﬂ-l (Jo) - (4.18)

Since Y ,,,,..

., Y, 1s defined as observed, P(Y ,, ,,....Y,, X, = j,) can be written as P(X, = j,).
For t=2,Eq. (4.17) 1s
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& (JysJo) = P(Y yr5-n 1 Xy = 1, X, = )
:bﬁw ,,,,, y2”2|1(j1aj0)a1(j1)-
For t=3,...,1,

A (J yseerJo) =P 45 Yo X = J s X, = )

:b;,o,,o ,,,,, 3, i1 1 Ui T s i) -

Fort=1+1,...T,
at(jl—l""’jo) :P(Y—MH""’Yt’Xt—lH = Jigsees X, :jo)

:blo N Z a][ joat—l(jl""’jl)'

Yiejg o I
J1€S(X)

Based on the forward procedure, the likelihood of the complete observed sequence is given as

L= Z A (Jiises Jo) -

JicsJo €S (X)

The backward variable is defined as

ﬂt(jl—17""j0) :P(Y;H"“’Y;' |K—M+l"“’Y;7Xt—l+l :-jl—l"“’Xt :jO) :

For t =T, Eq. (4.23) becomes
BrGizises Jo) =1,
for j,_,,.... j,€S(X).For t=T-1,...,1 it is
BiGrasen Jo) = PQses Yo 1 Yy 5 Vo Xy = 10 X, = )

. j . ..
- Z ajH »--jo,]'byhm s Vesl ’BH] (JI*Z 2+ Joo j) ’

JeS(X)

For t=1,...,/—1, we have

B o) = PA oo Y [ Xy 5o Xy = s X, = )
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(4.20)

4.21)

(4.22)

(4.23)

(4.24)

(4.25)



= > T Uirrdos D) Braliireees Jos J) - (4.26)

L T
It can be shown that

P s Yo X = e X, = jo), for t=1+1,..,T

‘ : (4.27)
PY s Vs X =] 5 X, = J), for t =1,...,1

at(jl—l""’jo)ﬂz (]'1715"-»]'0) :{

Based on both forward and backward procedures, the likelihood of the complete observed sequence can

be written as:

L = Z at(jl_la-'-ajo)ﬁt(j]_la--'ajo) (428)
Jic1 s Jo €S (X)
fort=1[+1,...,T,and
L= 3 U JOBUisns o) (4.29)
Jic1 s Jo€S(X)

for t=1,...,/. We can see that Eq. (4.22) is equivalent to Eq. (4.28) with 1 =T".

4.3 Estimation of Model Parameters 7, 4 and B

Estimation of 7, A and B can be done using an EM algorithm. To show the EM algorithm for

MMMHS, we define the following joint probabilities of /+1 successive hidden states. For 1 =/,...,T -1,

gt(jlfl""’joﬁj):P(thlﬂ = Jiares X, = Jos Xy :j|Y—M+1""’YT)

4 (Jitses Jo )aj,,] e ,jb;,,j+| Vit Brii(iasees Jos J)

(4.30)
LY .05 Yr)
For t=1,...,/—1,
8t(jz_17"'7j07j) = P(Xl :j[—lﬂ"'ﬂXt :j07Xt+1 = .] | Y—M+1""’YT)
_ &, (rrseeos STt Utreoos Jos DB, Bt Uiaseoes Jos J) @31

L(KM+19-~-9YT)

Define the joint probabilities of / successive hidden states as
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Y Grtoen o) = P(X, o = Jigsees X, = Jiy | Y opitsen Yr)

— at(]‘pp-'-:jo)ﬁz(jlfla""jo) (432)
LY s ¥r)

for t=1+1,..,T ,and
7z(jt—1=---ajo) :P(Xl :jz—l’“"Xt = Jo |Y—M+1=---=YT)

_ a[(j[—l?""jo)ﬂt(jtfl""’jo) (433)
L(Y—M-H"'"YT)

for t=1,...,/ .1t can be shown that the relations between y and & are

%(]'1719-'-9].0): Z 8[(jl—]7""j07j) (4.34)
jeS(X)
fort=1,..,T—1,and
7;(]}47"-:].0): z 3t(j,,1,---,j0,j) (435)
jeS(X)

for £ =1,...,/ . The reestimation formulas for 7,4 and B can be derived by maximizing Baum’s auxiliary

function

Q)= Y. PV Vs Xy XOE Po(Y s Yy Xy X ) (4.36)

X, X;eS(X)
over i, where u is the current model and # is the reestimated model. The complete derivation of the

reestimation formulas is given in Appendix III. Using the variables defined above, the reestimation

formulas for 7 are
ﬁl(jo) = P(Xl =Jo | Y—M+1""’YT)
=7,(Jy) (4.37)

for t =1, and

,,,,,
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— 7t(jt—l7""j0)

' . (4.38)
Vii(Fissees Jy)

for ¢t =2,...,/. The reestimation formulas for 4 and B are

~

-1

gt(jl_la---:joaj)

= (4.39)
Vi Uitses Jo)

~ . §
Ajovdod =

~(L

1l
~

t
and

T

Z Z Z 7x(j1_1’---=j0)

b"jo t=1: Y o=t Y=l Jig€S(X)  jieS(X)

(N T . (4.40)

o Z Z Z 7t(jl—l""’j0)

1jo =Ljg oY =h Ji €S(X) - j1eS(X)

The estimation process starts with a set of starting values for 7, 4 and B . Based on Eq. (4.37) —
Eq. (4.40), a new set of values for 7, 4 and B can be calculated. The final estimates of parameters are

found by repeating the process until the likelihood of the observed sequence converges.

4.4 Find the Optimal Hidden State Sequence

With the model parameters estimated using above reestimation formulas, we now need to find
the optimal sequence of hidden states that maximizes the following probability:
P(X s Xp | Y s b)) (4.41)
Using the Viterbi algorithm, this problem can be solved. Define o6, = { L0 ( jo)}j(,e sy s size M +1

vector with element
51(/.0) = P(Y—M+]""’K’X1 = jo)

=7, (jo)bjo

Y- jo+o N1 4

(4.42)
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for t=1.For t=2, 6, ={,6,(j,)} is a size (M +1)* vector with element

JoeS(X)

8,0) =1, 600/} , g, » Where

52(j1,j0):P(Y—MH""’YZ’XI =Jj X, :jo)

=9, (J)7y (jl’jo)b;i)w ,,,,,, vy * (4.43)
For 1=3,..,1, 6, = ré't(jo)}j _s.x, are vectors of size (M +1)’ to (M +1)" with element
8,() =18, Uicneon o)}, gy Where
0, (rases Jo) = PV ypgseens Yo Xy = e Xy = 10 X, = )
ST RO VA AN A L (4.44)
Fort=/+1,.,T, S = {r5t(j0)}j _sx) are vectors of size (M + 1)"*" with element
5;(]})) = {ré;(jl""’jl’j())}j,,, AAAA Jes) and
0,(Jyseer o) =P ypurses Yoo X,y = oo X, = J1n X, = J)
= 5’—1 (]1 20t jl )a.jl»"',./l 2Jo b){i/‘o ----- et (445)
In any function ¢,, the variable j always starts with 0 and end with M. For example,
52 = {1’52 (jo)}jOES(X) = {52 (0)"")52 (M)} (4.46)
and
52(]0) = {r§2(j15j0)}jles(x) = {52(09 jO)ﬂ"')é‘z(Mﬂ .]0)} . (4'47)
Therefore, the hidden state at the last position of the sequence is estimated as
X, = floor| &8 max(&fl) “L, (4.48)
(M +1)
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where arg max(J, ) returns the position of the largest value in o,.. The rest of the optimal sequence of

hidden state can be estimated by path backtracking as

argmax[4,(2,.0]-

)A(t = floor A +1 (4.47)
for t=T7T-1,...,1, and

£ = floor| 2 ma)(‘g:‘l()ﬁ’“)] ) (4.48)
fort=1-1,...,1.
4.5 Application of MMMHS

With the MMMHS and the solutions for its three fundamental questions completely specified,
we use the model to analyze three data sets from different fields and compare the results with that of MC,
HMM and DCMM using the Bayesian Information Criterion (BIC). BIC has been widely used for
selection of maximum likelihood-based models. It is defined as

BIC =-2log(L)+ plog(T), (4.49)
where L is the maximized likelihood for the estimated model, p is the number of free parameters to be
estimated, and 7 is the number of data points in the likelihood. Based on the discussion on adjusting
degree of freedom of model while empty estimated cells occur in Bishop et al. (1975), p does not

account for the parameters estimated to be zero.

4.5.1 Analysis of Mouse aA-crystallin Gene

Nucleotides within DNA sequences are expected to depend on each other. Therefore, it is

common practice to model a DNA sequence using Markov models. In this section, we examine a mouse
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Model Number of Parameters Log-Likelihood BIC

Independence 1 -901.86 1810.9
MC 1 2 -889.25 1792.8
MC 2 4 -884.73 1798.1
MC 3 8 -878.20 1813.8
MC 4 16 -869.36 1853.5
MC 5 32 -858.50 1946.5
MTD 2 3 -884.89 1791.3
MTD 3 4 -884.17 1797.0
MTD 4 5 -880.84 1797.5
MTD 5 6 -880.73 1804.5
HMM 2 (1) 4 -888.68 1806.0
HMM 2 (M2) 5 -883.51 1802.9
HMM 2 (2) 6 -883.39 1809.8
HMM 2 (M3) 6 -881.82 1806.7
HMM 2 (3) 10 -867.50 1806.7
HMM 2 (4) 17 -862.09 1846.1
HMM 3 (1) 9 -881.68 1827.9
HMM 3 (M2) 10 -881.38 1834.5
HMM 3 (2) 17 -870.76 1863.4
HMM 4 (1) 12 -875.35 1836.8
DCMM 2 (1;1) 6 -873.71 1790.5
DCMM 2 (2;1) 8 -872.71 1802.8
DCMM 2 (1;M2) 8 -873.57 1804.5
DCMM 2 (1;2) 10 -863.32 1798.4
DCMM 2 (M2;M2) 9 -867.98 1800.5
DCMM 2 (2;M2) 10 -860.01 1791.7
DCMM 2 (2;2) 12 -859.31 1804.7
DCMM 2 (1;M3) 10 -863.53 1798.8
DCMM 2 (2;M3) 12 -859.18 1804.4
DCMM 2 (M3;M3) 12 -866.17 1818.4
DCMM 3 (1;1) 10 -866.29 1804.3
DCMM 3 (2;1) 16 -850.60 1815.9
DCMM 3 (1;2) 17 -856.82 1835.6
DCMM 3 (2;2) 21 -848.71 1848.0
MMMHS 2 (1) 4 -878.94 1786.6
MMMHS 2 (2) 5 -877.41 1790.7
MMMHS 3 (1) 11 -861.21 1801.3
MMMHS 3 (2) 25 -856.38 1892.0

Table 4.1 Different types of Markov model for the mouse aA-crystallin gene.

MC a: Markov chain of order a.

MTD a: mixture transition distribution model of order a.

HMM b (a): b hidden states HMM of order a.

DCMM b (a; ¢): b hidden states DCMM with hidden order a and visible order c.

MMMHS b (a): b hidden states MMMHS with hidden order a.
M: MTD approximation.
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aA-crystallin gene, which was analyzed in several papers using Markov models. Raftery and Tavare
(1994) presented the results of modeling this sequence with different order Markov chains and Mixture
Transition Distribution models (MTD). Berchtold (2002) showed that the results can be improved by
using the DCMM.

The mouse aA-crystallin gene contains 1307 nucleotides, which are provided in the Table 7 of
Raftery and Tavare (1994). To be comparable with the results given in Raftery and Tavare (1994) and
Berchtold (2002), the first 5 nucleotides were dropped from the calculation of the log-likelihood and
each nucleotide is coded as either purine or pyrimidine. Table 4.1 shows the results of fitting different
types of Markov model to the gene sequence (Results of MC, HMM, MTD and HMM are originally
from Berchtold (2002)). We can see from the table that models with more complex dependence structure
tend to provide higher log-likelihood, but the large number of parameters leads to higher BIC. Based on

the BIC values, the best model is the MMMHS 2 (1) with only 4 independent parameters. The estimated

1
T= ,
0
0.1569 1
A= ,
0.8431 0

20— 0.5408 . 0.6190 0.1824
104592 ) ~10.3810 08176

parameters are

The next two models with lowest BIC values are DCMM 2 (1; 1) and MMMHS 2 (2). In MC
category, the model with lowest BIC is MC 1. In MTD category, MTD 2 results in the best BIC.
Generally, we can see that, for the sequence analyzed in this application, the best model in each category

is the one with the simplest dependence structure.
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4.5.2 Analysis of Wind Speed Time Series

The data set analyzed in this section is a time series of daily average wind speeds for 1961--1978
collected at the meteorological station at Roche’s Point in the Republic of Ireland. The dependence
structure of data was first analyzed in Haslett and Raftery (1989). Berchtold (1999) also tried to explain
the short term autocorrelation in the time series using MC, HMM and DCMM. There are a total of 6574
observations in the dataset, which are recorded in knots. The first 4 observations are dropped from
calculation of the likelihood so that the resulting log-likelihood and BIC are comparable for each model.
Since the data are continuous, each observation of wind speed is classified into one of the three

categories: low (< 5 knots), normal (5-20 knots) and high (> 20 knots).

Model Number of Parameters Log-Likelihood BIC

Independence 2 -3805.1 7627.9
MC 1 6 -3508.2 7069.1
MC 2 14 -3491.2 7105.4
MC 3 30 -3469.5 7202.8
MC 4 60 -3434.7 7396.7
MTD 2 5 -3499.7 7043.3
MTD 3 6 -3494.6 7042.0
MTD 4 7 -3490.1 7041.8
HMM 2 (2) 5 -3577.8 7199.5
HMM 2 (3) 9 -3476.1 7031.3
DCMM 2 (1;1) 12 -3448.2 7001.9
DCMM 3 (1;1) 15 -3445.9 7023.6
MMMHS 2 (1) 9 -2767.0 5613.0
MMMHS 2 (2) 10 -2774.6 5637.2
MMMHS 3 (1) 22 -2738.3 5670.1
MMMHS 3 (2) 28 -2737.0 5720.2

Table 4.2 Different types of Markov model for the wind speed time series.

Results of fitting different models to the wind speed data are shown in Table 4.2 (Results of MC,
HMM, MTD, HMM and DCMM are originally from Berchtold (1999)). We can see that models in

MMMHS category show significant improvement on both log-likelihood and BIC over the models in
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other categories. The best model is the 2-state MMMHS with hidden order 1. The estimated parameters

arc

(09754 0.0073
1 0.0246 0.9927)

0.0629 0.2906 0.0441 0
B°=10.9338|, B'={0.6912 0.8870 0.7076 |.
0.0033 0.0182 0.0689 0.2924

By definition, the hidden states of the 2-state MMMHS are 0 and 1. Based on the estimated
hidden state transition matrix 4, the hidden states are more likely to stay constant from day to day. The
transition probabilities of 0 to 0 and 1 to 1 are 0.9754 and 0.9927, respectively. Given the hidden state is
0, which means that the wind speed is independent of that of previous day, the estimated transition
matrix B°shows that the probability of observing the normal wind speed is 0.9338. A hidden state of 1
indicates that wind speed is correlated to that of the previous day. The resulting transition matrix B'
shows that the probability of going from normal speed to normal speed is 0.887. The probability of
going from low speed to high speed, or from high speed to low speed are very small, 0.0182 and 0,
respectively.

The model with lowest BIC in other categories is DCMM 2 (1; 1), 2-state DCMM with hidden

order 1 and visible order 1. Berchtold (1999) provided the estimated parameters for the model as below:
(0]
= ,
1
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(09875 0.0148
100125 0.9852

0.3550 0.0805 0.0228 0.1973 0.0361 0
B’ =|0.6450 0.8874 0.7721|, B'=|0.7846 0.8137 0.6826 |.
0 0.0321 0.2051 0.0181 0.1502 0.3174

We can see that the 1*-order transition matrices for the wind speed and hidden states from both models
are consistent with each other, except that DCMM 2 (1; 1) assumes 1*-order dependence under both

hidden states.

4.5.3 Analysis of the Song of Wood Pewee

The wood pewee is a small tyrant flycatcher from North America and its song contains three
different phases 1, 2 and 3. A song of the wood pewee was originally introduced by Craig (1943). The
song of length 1327 was analyzed in Chatfield and Lemon (1970), Bishop et al. (1975), Raftery and
Tavare (1994) and Berchtold (2001 & 2002) using different types of Markov models. The complete data
can be found in Table 12 of Raftery and Tavare (1994).

It is interesting to find that the song sequence is dominated by several patterns (Table 4.3). Note
that the song has 1327 phases, so there are total 1324 patterns of length 4. We can see that the 4 patterns
of length 4 in Table 4.3 have a total frequency of 1057. For the patterns of different lengths, we see the
similar domination in the sequence. To be comparable with the modeling results in Berchtold (2002),
1323 data points were used to compute the likelihood. Results are reported in Table 4.4.

The model with the lowest BIC value in Table 4.4 (Results of MC, HMM, and HMM are
originally from Berchtold (2002)) is DCMM 2 (2; 2), 2-state DCMM with hidden order 2 and visible
order 2. The same model also resulted in one of the highest log-likelihoods. MMMHS with 2 hidden
states shows poor performance on both log-likelihood and BIC since the model assumes 1*-order

dependency
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Pattern Frequency

12 348
13 276
21 346
31 278
121 344
131 275
213 263
312 267
1213 263
1312 266
2131 263
3121 265
12131 263
13121 264
21312 255
31213 224
121312 255
131213 223
213121 253
312131 224

Table 4.3 Patterns with >200 frequency in the song of wood pewee.

Model Number of Parameters  Log-Likelihood BIC

Independence 2 -1349.4 2713.3
MC 1 5 -694.1 1424.2
MC 2 9 -368.6 801.9
MC 3 14 -354.0 808.6
MC 4 19 -315.8 768.3
HMM 2 (1) / -1086.4 2223.2
DCMM 2 (1:2) 17 -367.5 857.2
DCMM 2 (1:M2) / -384.1 818.4
DCMM 2 (2;2) 17 -305.4 733.0
DCMM 2 (2:M2) 9 -383.8 832.2
DCMM 3 (1:2) 15 -344.0 795.8
DCMM 3 (2;2) 23 -304.6 774.5
MMMHS 2 (1) 7 -650.9 1352.1
MMMHS 2 (2) 10 -634.1 1340.1
MMMHS 3 (1) 13 -337.5 768.4
MMMHS 4 (1) 22 -301.7 761.5
MMMHS 5 (1) 23 -289.8 744.9

Table 4.4 Different types of Markov model for the song of wood pewee.
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and independence with only two hidden states. MMMHS 3 (1) shows significantly improved results
from MMMHS 2 with a third hidden state that assumes 2™-order dependency in the data. Based on the
dominating patterns shown on Table 4.3, it is not surprising to see that a conventional Markov model of
4™ order could fit very well to the data. The fact that the two lowest log-likelihoods resulted from

MMMHS 4 (1) and MMMHS 5 (1) also indicates that 3rd and 4th-order dependence prevails in the data.

4.6 Conclusion

In this part of the study, we developed a stochastic model MMMHS for representing
heterogeneous sequences. MMMHS is very similar to the conventional HMM and DCMM in terms of
using hidden states to describe the non-homogeneity of a sequence, but it presents a more flexible
dependency structure by changing the order of Markov dependency under different hidden states. We
also extended the forward-backward procedure to MMMHS and provided the complete estimation
procedure based on EM algorithm. Applications of MMMHS to different types of data showed that

MMMHS provides better representation for some data sets than the other models.

-61 -



5. Conclusion
5.1 Summary

This dissertation introduced two statistical methodologies developed on the same mathematical
background, multi-order Markov models. At first, we presented a new alignment-free method MTM for
sequence comparison. The main feature of MTM method is that it takes into consideration the
compositional structure of DNA sequences, and represents the DNA sequences in a comprehensive
manner so that less information is lost when comparing sequences. Applications on both simulated and
real data sets show that the MTM method can be successfully applied to phylogeny inference using
either the whole genomes or the genomic segments.

The idea of multi-order dependency carried by the MTM method extended to the second part of
the dissertation, where we also developed a stochastic model called MMMHS to represent non-
homogeneous sequence. MMMHS can be seen as an extension of traditional HMM and DCMM with
variable visible orders under different hidden states. We also provided the complete algorithm for
model estimation. Applications of MMMHS on three types of real data sets showed improved results
over the existing models. Especially, in the analysis of wind speed time series, the MMMHS
significantly improved the log-likelihood and BIC value. Analysis of the song of the wood pewee

showed that the MMMHS can also be effective in modeling data with repeating patterns.

5.1 Future Research

While the results presented provide strong support that the MTM can be successful applied to
phylogeny inference, this research can be extended in different directions. First of all, the MTM method
adopts an angle cosine based distance measure. A natural extension in the future would be to investigate
the behavior of different distance metrics with the MTM, such as the correlation-based and information

theory-based metrics. Second, the order selection would include all transition probabilities of same order.
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Therefore, it is of interest to explore the possibility of a second level of selection, which would lead to
more accurate representation of the sequence and more efficient computation.

A major concern with MMMHS is that the parameter space could be very large when high order
dependence is considered among the hidden and visible states. Raftery and Tavare(1994) and Berchtold
(2002) have shown that, for high order Markov model and double chain Markov model, the number of
parameters can be reduced by replacing each transition matrix with a Mixture Transition Distribution
(MTD) model. It is therefore of interest to explore the application of MTD model on MMMHS. In
addition, initiative should be taken to further investigate the application of the corresponding hidden

state sequence in the area of sequence decomposition and classification.
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Appendix I: Data Sets for Section 3.7 & 3.8

1 dk/Laos/3295/06, DQ845348

2 commonmagpie/HK/645/2006, DQ992839
3 Japanese WhiteEye/HK/1038/06, DQ992842
4 ck/Guiyang/3055/05, DQ992755

5 dk/Guiyang/3009/05, DQ992754

6 gs/Guiyang/3422/05, DQ992757

7 gs/Guangxi/3017/05, DQ992716

8 gs/Guangxi/345/05, DQ320896

9 ck/YN/374/04, AY651371

10 ck/YN/115/04, AY651372

11 gs/Guangxi/3316/05, DQ992719

12 dk/Hunan/149/05, DQ320904

13 dk/Hunan/139/05, DQ320903

14 dk/Hunan/127/05, DQ320902

15 dk/Egypt/22533/06, DQ862002

16 Egypt/0636NAMRU3/2007, EF382359
17 Egypt/14724NAMRU3/2006, EF200512
18 turkey/Turkey1//05, DQ407519

19 Turkey/15/06, EF619989

20 ck/Kyoto/3/04, AB188824

21 crow/Kyoto/53/04, AB189053

22 Indonesia/CDC1046/07, CY019408
23 Indonesia/CDC887/06, CY017688
24 Indonesia/CDC1047/07, CY019424
25 Indonesia/CDC940/06, CY017654
26 Indonesia/5/05, EF541394

27 Indonesia/546bH/06, EU146793
28 Indonesia/CDC625/06, CY014433
29 ck/Indonesia/11/03, EF473081

30 ck/Indonesia/7/03, EF473080

31 VN/1194/04, EF541402

32 TH/16/04, EF541408

33 TH/676/05, DQ360835

34 HK/213/03, EF541401

35 ck/Henan/12/04, AY 950232

36 ck/Henan/16/04, AY950234

37 ck/HK/YU22/02, AY651349

38 ck/HK/YU777/02, AYS575877

39 dk/Hubei/wg/02, DQ997094

40 sw/Anhui/ca/04, DQ997392

41 blbird/Hunan/1/04, AY741213

42 dk/Guangxi/2396/04, DQ320892
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43 dk/Guangxi/1378/04, DQ320884
44 ck/Guiyang/1218/06, DQ992772
45 ck/Guiyang/441/06, DQ992766
46 ck/Guiyang/846/06, DQ992769
47 dk/Guiyang/504/06, DQ992918
48 ck/HK/891.1/01, AF509034

49 ck/HK/879.1/01, AF509031

50 gs/Guangdong/1/96, AF144305

51 HK/156/97, AF028709

52 Irag/207NAMRU3/06, DQ435202

Table Al. List of 52 influenza A viral HA sequences.

1 human (Homo sapiens, V00662)

2 common chimpanzee(Pan troglodytes, D38116)

3 pigmy chimpanzee (Pan paniscus,D38113)

4 gorilla (Gorilla gorilla, D38114)

5 orangutan (Pongo pygmaeus, D38115)

6 gibbon (Hylobates lar, X99256)

7 baboon (Papio hamadryas, Y18001)

8 horse (Equus caballus, X79547)

9 white rhinoceros (Ceratotherium simum, Y07726)
10 harbor seal (Phoca vitulina, X63726)

11 gray seal (Halichoerus grypus, X72004)

12 cat (Felis catus, U20753)

13 fin whale (Balenoptera physalus, X61145)

14 blue whale (Balenoptera musculus, X72204)

15 cow (Bos taurus, V00654)

16 rat (Rattus norvegicus, X14848)

17 mouse (Mus musculus, VO0711)

18 opossum (Didelphis virginiana, Z29573)

19 wallaroo (Macropus robustus, Y10524)

20 platypus (Ornithorhyncus anatinus,X83427)

21 squirrel (Sciurus vulgaris, AJ238588)

22 guinea pig (Cavia porcellus,AJ222767)

23 donkey (Equus asinus, X97337)

24 Indian rhinoceros (Rhinoceros unicornis, X97336)
25 dog (Canis familiaris,U96639)

26 sheep (Ovis aries, AF010406)

27 pig (Sus scrofa,AJ002189)

28 hippopotamus (Hippopotamus amphibius,AJ010957)
29 Dormouse (Glis glis, AJ001562)

Table A2. List of 29 complete mitochondrial genome sequences.
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Appendix II: Derivation of Forward-Backward Procedures and
Parameter Estimations

Eq. (4.18)

@,(jo) =P yipses X, X, = i)

=P | Y e Yoo Xy = J) P50 Yo X = )
= P(Y, |Y—j0+1”"’Y0’X1 = JP(X, = J,)

=b0 mU)
Eq. (4.19)

&, (s Jo) = P yisees Yo X, = J1u Xy = )
=P, |Y oY X = J0, X, = J)PX, = Jo | Y s Yo Xy =GP0 Yo X = 1)
:P(Y2 |Y’fo+2""’Yl’X2 :jo)P(Xz =Jo |X1 :jl)al(jl)
=b . Ui Jo)a ()
Eq. (4.20)
&, (Jiyserns Jo) = PO ygneen Yo Xy = s X, = )
= POCIY oY s Xy = oo X =GP = o 1Y g ¥ Xy = s Xy = )
P(Y s Y X = s X, =)
=P Y"«fO""’K—l’Xf =J)PX, = jo | X, = J s Xy = JOPX s Vo Xy = s Xy = )

— hJo

_by[,]-0 AAAAA y[ﬂt\l,...,t—l (jt—l jO)at—l(jp],-..,jl)

,,,,,

Eq. (4.21)

(oo Jo) = PO yyoes Yo X L = Jigoeen X, = Jy)

=P, PATRINR Y o X o = Jises X, = TPy Yoo Xy = Jigsen X, = o)
=P Y Yn X, =) D P ysen Y Xy = s X, = )

Ji1€S(X)
:b}{;(),jo ..... ¥, Z PX, = Jo | ppaos Yoo Xy = oo Xy = )Py Yo Xy = s X = )
Ji€S(X)
:b){f—m """" i z P(Xt :j0 | Xt—l :jl""’Xt—l :]'1)0@71(].19---:]'1)
J1€S(X)
:b){im aaaaa Yy Z aj] _____ joat—l(jla"'ajl)
JjeS(X)
Eq. (4.25)

B Grises Jo) =P s Y | Y oo Yo Xy = i X, = )
— P(Yt—MH”"’YT’Xt—lH :jlfla---:X, :jo)
P s Yo X = Jigsen X, = Jo)

- 66 -



z Py Yoo X = s X, = Joo Xy = )

_ JeS()

PO yitsees Yo Xy = J s X, = )
1 . .
) Py Yo Xy = Jien X, :]'o)jeSZ(:X)P(Y[MJrl’m’Yl’)(tH1 ~ e X =0
P(X =71 Y s Yo X = Jioes Xy =GP [ Yoo s Yo X = Jigsen X, =
P s Yo | Yy 9Yt+13X1—l+1:jl—19"'9X =Jos X1 =)
= Z P(Xm =J1X i =Jises X, = Jo)) P [ Y JESEXS 7Yt’ w1 =J)
JeS(X)
P o Vil Yyt Yot X o = Jiases Xy = Jos Xy = J)
= Z aj,,l,.“jo,jb){,,/” ,,,,, yl+1ﬂt+] (j1—2"--a joaj)
JeS(X)
Eq. (4.26)
BGises J) =P s Y | Yy Yo Xy = s X = )
P(Y watses Xps Xy = J s X, = J)
P o Yo Xy = s X, = )
z P(Y M+12° YT’XI =jt—1""’Xt =j0’Xz+1 =)
_ JeS()
PY Y X =] 50X, =)
1 . .
= POy X = j o X, :j())jeSz(X)P(YtMH’“.’Yt’XI = Jitses X, = Jo)
P(X = 1Y s Yo Xy = e X, = J) P 1Y s Yo Xy = s X = 0 X
P s i Y s Yot Xy = s Xy = J0, Xy = )
= Z P(Xm =J1 X =Jsen X, = J) P, | Y SRR ,Y;, =)
JeS(X)
P s Yo | Yy aYz+1aX = Jtoes Xy = Jor Xoy = J)
z VR O A Jo» D, S }Mﬂwl(]z 1> a]oa])
jeSx)
Eq. (4.30)
& (s Jos N =PX Ly = Jiseon X, = Joo Xy = T 1 5 1)
_ P e Yoo X = s X, = Jos X, ])
PY 50 17)
=mP(YM+1r"aYnXH+1 = Jiases X, = J)PX 0 = J 1Y s Y Xy
P Y s Yo X = Jisen Xy = oo Xy = DPE s Y I Y s Vi X
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1 . . . . .
= Py Vo X Ly = i Xy = JPX = J X Ly = o X = )
P y05esYr)

P( t+1 |Yl—j+1"“7Y1’ ])P( 1+29° 9Y ‘Y Y X :j/—Z""’X

M+29°00 D410 < =142 ]03 ])
_ af(']l—l""’jo)a.fpl »Jos /b)’z —j+l > )’/+1ﬂt+l(]l—2"“’]0"])
L( -M+1°* )
Eq. (4.31)
EirsJor ) =PXy = Jyses X, = Jou Xy = T 1Y pyses 1)
P(YMH’ SV Xy = s X = o X ])
P .- Yy)
1 . . . . .
:mP(Y—Mﬂ’“"Yt’XI = Jiren X, = J)PX oy = T psen Yo Xy = s X, = )
P Y s Yo Xy = oo X, = oo Xy = DP s Vi | Yy Vo Xy = G X = J0 Xy = )
1 . . .
=—————P s Y X = X = J)PX = T X =50 X = )
P( —M+12°°> T)
P( t+1|Y—j+17""Yt’ t+ J)P( 1+29° 3Y |YM+2’ ’Y;+1’X ]z 1 ’X ]03 ])
a(]t 1o Jo) P, (-]t 15w Jos J)by (- Bt Uicisees Jos )
L( -M+12* )
Eq. (4.32)

Y Uiases Jo) = P(X, o = T Xy = Jo | Yopigseen 1)
P(YM+19 Y Xt 1 = Jio "Xt :jo)
P( -M+1°° )

—1 : . .
B P(Y_z\4+1,...,YT)P(Y_MH’.“,Y”X"l+1 = Jiises Xy = TP Vi | Yy Yo XLy = i X = )
_ U JB G es Jo)

L( -M+1>° )

Eq. (4.33)
ViUproes Jo) = P(Xy = Jips s Xy = Jo [ Yoo 1)
_ PY Yo X, = J s X, = J)

P(Y_y 50 17)

— 1 > . .
B P(Y 4507, )P(Y_MH’“"Y”XI = Jotres X, = JO)P s e | Y s Y X = e X = )
_ & iseos J) B, imioees Jo)

L( -M+1°* )

Eq. (4.38)
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t\l 1 Uitses JO) = PX, = Jo 1Y s Yoo Xy = s X = )

_ P oY Xy = Jsen X, = )
P s Yoo Xy = Jises Xy = )
_ P(X, = Jse X, = Jo | Yoo Y )Py, 1)
PX, = jpos Xy = 0 Vg YO Py -0 12)
_ Y Uimiseees Jo)
Vit (Gits oo J1)

Eq. (4.39)
7-1
PY s Yoo X = s X = Jos Xy = )
a.,'/,l,,,,,jo,j =4 T-1
P(Y—MH’ ’YT’Xt I+1 j171>---’Xz =jo)
=1
71
P(X, = Jigseos X, = Jos X = T 1Y i Y P(Y 5,
=l

ZP( i = T Xy = Jo | Yoo )P g5 1)

T-1
gt(Jll’ ’Jo,])
=475
Y Uiiseees Jo)
t=Il
Eq. (4.40)
T
Z P(Y—MH’ 7YT’Xt:j0)
v 1212 Y, =i Yyl
bij:: ..... v T
Z P50 Yo X, = )
t=1: Yt/o o> Y =i
T
Z Z z P g5 Y X Jj+ = Jrse X =0 X, = Jy)
=LY = e =l i eS(X) 0 jieS(X)
- T
Z z Z P(YM+1: ’YT’Xt—jH :jl—l""’Xt—l :jl’X[ :jo)
t=1:Y o=t Y =h iy eS(X)  jieS(X)

Z Z Z Y iisees Jo)

t=1:Y,_ =i, ,..Y,=i j1€S(X) jieS(X)

— —jo"Jo’
- T
z Z z 7t(]1—19"‘9]0)
=Y, =i Y =i jiaeS(X)  jieS(X)
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Appendix III: Derivation of Reestimation Formulas

The reestimation formulas for 7, A and B are derived by maximizing Baum’s auxiliary function

Q)= Y. PV Vs Xy X0 P(Y s Yy Xy X ) (A.1)

X,on Xy €S(X)

over u . First of all, we need to rewrite the likelihood P(Y ,,,,,....,Y,, X|,..., X,) in terms of the model
parameters 7, A and B. For 7 =1, the likelihood is

PY, .Y, X))

:P()/l|KM+1)"')Y()aXl)P(KM+1’---:Y Xl)

0°
=by L P(X)
=b mX). (A2)

For t=2,itis

P(Y Y, X,,X,)

—M+12°2 42
= P(Y, 1Y s Yo Xy X)P(X, Y s T X)P(Y s Y5 X))
:P(YZ |Y_X2+15"')Y19X2)P(X2|X1)P(KM+1J---9Y]5X1)

:bXZ yzﬂz‘l(XI’XZ)P()]—M+1""5)719X1)

Vo xpe2rees

=71,(X,)7y, (X,, X,)b;" b, . (A.3)

YVoxpalses 1 Voxyt200)2
For t=3,....[,
P(KM+1,...,K,X1,..,Xt)

—PYY oY Xyt X)PX, | Yy Yy X poon X, PV e Y,

t-1°

XX, )
= P|Y oo Vs X)PX, | X oo X )Py Y X X )

=pk Tt (X X )Py Y,

A ORVRES VR | I > Tt-1°

X X, )
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—ﬂl(X)”zu(XwX) 7Ty tl(XI’ X)H y)“ v, (A4)

,,,,,

For t>1,

P(Y s Y, X 50 X))

=P |Y s Y s Xy X)PX Y s Yy Xpon X Py Yy X s X))

=P Y oY W X)PX X s X )P Y0 X X))

=bylx o POy Yo X X))

= (X7 (X, X)),y (X X)Haxl XH o (A.5)

t=1+1

Therefore, the complete likelihood based on the reestimation model zz can be written as

Pﬁ(KMH:'-')YT,Xl"-,XT)

=7 (X )7y (X, X)o7y gy (X X)Hax, XH . (A.6)

,,,,,,,,,,

t=I+1

Substituting Eq. (A.6) into the Baum’s auxiliary function Q(u, z7) [Eq. (A.1)], we get

Q)= Y PV Y Xy X)) [ log (X)) 4 log 0, (X, X, et log 7, (X e X))

X, XpeS(X)

+Z loga, +Zlog e - (A.7)

To find the set of parameters that maximizes Eq. (A.7), we take the partial derivative with respect to

each parameter and set it equal to zero.

To get the reestimation formula of 7,(X, = j,) subject to z 7, (X,)=1, we rewrite Eq. (A.7) as

X,eS8(X)

O=..+ Y PV, X = o, Xy u Xp)logz (X, = j)-A( Y, m(X)-1), (A.8)
X, XreS(X) X,eS(X)
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where all terms that do not contain 7, (X, = j) are excluded for the convenience of derivation. It can be

shown that
oQ 1
— = . PY ises Yos Xy = Jor Xpouos Xp)— A (A9)
671’1()(1 :Jo) ”1(X1 :]())X2 ..... XpeS(X) g . ret o r
Set Eq. (A.9) equal to zero, we get
P,(Y s Y Xy = s Xy X7)

. . Xy XpeS(X)
7[1(X1:]0): 2 r€ 1

By Y X, = o) A0
A ) :

Based on the constraint z 7,(X,)=1, it can be shown that 1 = P(Y 15 V) Therefore, the
X,e8(X)

reestimation formula for 7, (X, = j,) is given as

P, .Y X =]
7’Z\_1(X1:j0): y( -M+1 T 1 ]0)

Py(KM+]""JYZ")

:P/t(Xl = Jo | Yopriisees¥p)

:71(j0)~ (A.11)
For estimation of 7z, (X, =j_,...X,=j,),Eq. (A.7) is rewritten as

O=.+ D Py ¥p Xi=j X, = jo, X Xp)logzy (X, = iy X, = )

)
X, Xr€S(X)

_/1{ Z To,... t—l(Xlzjt—l"“’Xt—l=jl’Xt)_1:|’ (A.12)

X,eS(X)

then the partial derivative is

oQ

,,,,,
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1

= > P Y Xy = X, = s X e Xp) = A

,,,,,

Set Eq. (A.13) equal to zero, we have

z RJ(KMH""’)IT’X] = Jiares X, = Joo Xy Xp)

X,y v Xp€S(X)

.....

A

Eq. (A.14) is subject to z Zyun (X = Ji o X, = Ji X)) =1, s0 it can be shown that

X,eS(X)

A= 2 P(Y s Ypo Xy = oo X = 0 X X))

X, XpeS(X)
Therefore, the reestimation formula is

,,,,,

z Py(Y—MH"“’YT’Xl = Jioe X, :jO’XtH""’XT)

_ Xy XpeS(X)
D P (Y Yr X = e X = X e X))
X, XpeS(X)

_ Pﬂ(Y_MH,...,YT,X1 = Jipse X, = J)
P,u(Y—MH""’YT’Xl = Jitos X = J1)

_ B X =G X =0 Ve Y B, (V0 1)
P,u(Xl = Jipren X = |Y—M+1""’YT)P/:(Y—MH"“’YT)

— 7/[(.].[71""’]‘0)

7/1‘—] (jt—]""’jl)

In Eq. (A.7), the part of the equation that contains a(X, ,...,X,)

T
1S Z P,,(KMH>~-->YT=X1>"->XT)ZIOgax,,,,.,.,X, :

X, Xy €S(X) t=l1+1
Each term in the summation of Eq. (A.17) can be transformed to

Po(Y oo Y X X)) Dy (X s X108 Ay oens o J) »

u
Jici-Josd
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where n, . (X,,...,X;)is the number of times j, ..., j,, j observed in the sequence X,,..., X .
To estimate d(jl_l...,jo,]) , we rewrite Eq. (A.7) as
O=..+ D, Pt X Xn, - (X,,..,X;)loga,

U
X, XpeS(X)

) [Z a, .- 1} , (A.19)

J

1 dos]

according to the transformation in Eq. (A.18). The partial derivative with respect to a(j, ,..., j,,j) 1S
given as

o0
aa(jl—l“"jO’j)

1
- z PV Yo X X, (X X)) = A (A.20)
a(Jy_yes Jos J) X rn X7 eS(X)

Set Eq. (A.20) equal to zero, we get

Po(Y s Vs X X0, (X X;)

&(jlfl"'ajOLj):Xl 2{ (Azl)
SinceZ&(j,fl...,jO,j) =1, it is clear that
J
2= Y PV X X, (X0 X, (A.22)
J X XpeS(X)
Thus,
Pﬂ(Y—M+1) 9}/]"7X X )nj1 JO]( ",XT)
Ay g o J) = . (A.23)
Z > PV Y X Xon, (Xl X)
J X XpeS(X)
It can be proved that
Z BU(Y_M_H’ 7)/]')X X )njll /0]( "’XT)
X, XpeS(X)
T-1
:Zpu(KM+1s WY X a =i X = Je Xn =J), (A.24)
=l

so Eq. (A.23) can be written as
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71
ZBL:(YM-H’ X = T X, = Jos Xy = J)

a(.]l 1° ’.]O’.])_ =l T-1
P,u(Y—MH’ Y X = Jses X, = )
=
-1
P(X 1= Jireos X = Jos X = T g5 Y B, (V55 17)
_ =l
- T-1
Py(Xt—Hl = Jiises X, = Jo | Y—M+1""’YT)P/J(KMH"“’YT)
=l
-1
gt(]l 12 5]05.])
— [=T]71 (A.25)
Vi Uizises Jo)
=1
T
Similar to Eq. (A.18), P,(Y.,,.,.. YT,XI,,,,,XT)Zlogby’ffX , in Eq. (A.7) can be transformed to
p o Vi
P,U(Y—MH:' 19 X )Z Z n M+17 YT>X1""9XT)10gbliz,...,io ? (A26)

Jo ijy»
odrs

According to Eq. (A.26), Eq. (A.7) can be written as
0=t D Py X X X0 (Vs Yy Xy X ) log b

tU,A..,iO

where n* (Y ,,..,.... Y, Xl,...,XT)is the frequency of observing j, at X,and 7, ,....j;at ¥,_, ,..., Y.
Jo >t J0 J0

—A[Zlogbl{g ,,,,, . —1}. (A.27)

,,,,,,

D PV Y X X (Vs Y X X))

.......

etl;,jo . _ X XreS(X)

g Fjg seees Iy ﬂ

(A.28)

It can be shown that

A= Z > P e SV X X (s Yy Xy Xp) (A.29)
iy X Xp€S(X)

Substituting Eq. (A.29) into Eq. (A.28), we have

Z ])y(Y—MH""’YT’Xl 9. ¢ )njo ( Ctatoeeos Yoo Xpsees Xp)

b =S - . (A.30)
o z Y Py Y X Xl (Ve Y X X))
iy XjraXreS(X)

Since Z P(Y yreer Y Xy X)n’o oW Lo Yoy X5, Xop) 18 equivalent to

X, XpeS(X)
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> P(Y s Yo X, = ). (A.31)

1=1 Y, =i =

Eq. (A.30) can be written as

T
Z ) P(KMH)"")/T’Xz :]0)

b"jo t 1:1/,7/(]:1/0 LY, =iy
ijo ,,,,, iy T
Z P(Y—M+17"'JY7"Xt :]0)

=12 Y =i Y =i

T

> D 2 POy X Xy = e X = 1 X, = )
=LY =i Y jeS(X) jieS(X)
- T

z z Z P(KMH’"-’YT’Xt—jH = Jies X =1 X, = Jp)
=1 Y, =i Y =i g eS(X) jieS(X)

Z Z Z 7;(]1_1>---’j0)

t=1:Y,_, =ijo Y, =l JigeS(X)  jieS(X)

- , (A.32)

_Z Z A Z 7[(]1—1""7j0)

Yo =i ji,eS(X)  jeS(X)
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Appendix I'V: Scaling of the Forward and Backward Variables

According to the definitions, both forward and backward variables are product of a large number
of probabilities, each of which is significantly less than 1. Computationally, both variables will become
too small such that the computer does not have the precision to handle. One way to avoid this problem is

to scale the forward and backward variables at each step ¢. For 7 =1, the scaled forward variable is

defined as
.. a(j
G (jy) =) (B.1)
a,
M
AN
where @, =%~ For 1 =2,
M +1
Jo N
- .. Vg2 27[2\1(]1’]0)“1(]1)
a, (s Jy) = =2 = : (B.2)
2
M ) _
Z b;j,mz ...... y 271'2“(]'1,]'0)061(]'1)
where @, = 2:0=° . Substituting Eq. (B.1) into Eq. (B.2), we get
b G ()
az(]p]o): 7a
1772
:az(jlajo). (B3)
a_l&Z
Similarly, we can show that
. ) &, (J, s Jo)
at(]t—la--'a‘lo):% (B4)
asens X,
for r=3,...,/ and
- . O (Jyseeer ]
at(]l—l""ajo):(_Jll—_J()) (B.5)

a,...,Q,
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fort=1[+1,...T.

For t =T, the scaled backward variable is defined as

)= BrGiises Jo) , (B.6)

ﬁT(jl—lﬂ""-]O ,BT

Z Br Ui Jo)

where f3, = Zamh” (EM+1)I .For t=T-1,

M
Zalll JosJ }‘t Jl yz+lﬂT(‘]l 2> "]0"])

BT—l(jl—l""’jO) = = ) (B.7)
Br
M
Z zam Jor ),/1 yflﬂT(Jl 25w Jos J)
where f3, | =2/ T . Substituting Eq. (B.6) into Eq. (B.7), we get
+

M
zam Josd },,1 mﬂT(leﬂ s JosJ)
ﬂT 1(]] 1°° 7]()) L

IBT—lﬂT
ﬂT 1(][ 1°° ’]0) (Bg)
ﬂT lﬂT
Similarly, it can be shown that for t =7 —1,...,/
o . lBt(.j— 9"'9j )
ﬂt(]l—lo-..ajo): Btl,.l,_,BTO s (B9)
and for t=1,...,/ -1
B,Giis- Jo)
Bt Jo) = H215 : (B.10)
v Brseres By

Therefore, the likelihood in terms of the scaled variables is

~

L= Z &t(jl—l""’jo)ﬁt(jl—l""’.]O H (B.11)

Jict e Jo €S (X) i=1 i=t
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for t=1+1,...,T. Likewise, we can rewrite & and y, using the scaled forward and backward variables.
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Appendix V: R Program for MMMHS
HHHHHHHHHRH R

# Sequence based starting values for C matrix
#k equals to vmax.order+1

C.starting.value.segbased<-function(data, k, h)

{
n<-length(data)
c.vector<-rep(0, sum(h*(1:k)))
for (i in 1:k)
{

multiplier<-c(h”((i-1):0))

for (j in 1:(n-i+1))

{

s.ind<-t(data[j:(j+i-1)])%*%multiplier
c.vector[s.ind]<-c.vector[s.ind]+1
}
}

c.mat<-apply(matrix(c.vector, nrow=h, byrow=FALSE), 2, function(x) x/sum(x))
c.mat.nona<-ifelse(is.na(c.mat), 0, c.mat)
return(as.vector(c.mat.nona))

}

#EM starts
proc.em<-function(data, pi, A, C, h.order, h.state, v.state)

{
T R R
#Function to generate C diagnal matrix at t th pos (largest t is T-h.state)
C.diagmat.gen<-function(data, t, h.s, v.s)

real.t<-t+h.s-1

s.value<-0

pos<-rep(NA, h.s)

for (iin 1:h.s)

pos[i]<-data[real.t-i+1]*v.s*(i-1)+s.value
s.value<-posi]

}
return(diag(C[pos]))

B R R R R
#5 Forward procedure

v.maxorder<-h.state-1

seq.length<-length(data)

T<-seq.length-v.maxorder

alpha.tilde<-array(NA, dim=c(h.state, h.state”(h.order-1), T))
alpha.bar<-rep(NA, T)

for (iin 1:T)
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{

if (i<=h.order)

n.col<-h.state”(i-1)
} else {n.col<-h.state”(h.order-1)}

if (i==1)

alpha.orig<-C.diagmat.gen(data, t=i, h.s=h.state, v.s=v.state)%*%pi[,1:n.col,i]
alpha.bar[i]<-mean(alpha.orig)
alpha.tilde[,1:n.col,i]<-alpha.orig/alpha.barfi]

}

if (i>1 && i<h.order+1)

alpha.orig<-C.diagmat.gen(data, t=i, h.s=h.state,
v.s=v.state)%*%pi[,1:n.col,i]%*%diag(as.vector(t(alpha.tilde[,1:(n.col/h.state),i-1])))
alpha.bar[i]<-mean(alpha.orig)
alpha.tilde[,1:n.col,i]<-alpha.orig/alpha.barfi]
}

if (i>=h.order+1)

alpha.orig<-C.diagmat.gen(data, t=i, h.s=h.state, v.s=v.state)%*%A%*%(kronecker(diag(1,ncol(A)/h.state),
as.vector(rep(1, h.state)))*as.vector(t(alpha.tilde[,,i-11)))
alpha.bar{i]J<-mean(alpha.orig)
alpha.tilde[,1:n.col,i]<-alpha.orig/alpha.bar]i]
}

}
#5 end

T R R
#6 Backward procedure

beta.tilde<-array(NA, dim=c(h.state, h.state*(h.order-1), T))
beta.bar<-rep(NA, T)
for (iin 1:T)
{
j<-TH1-i
if (j<=h.order-1)

n.col<-h.state”(j-1)
} else {n.col<-h.state”(h.order-1)}

if (j:: )

{
beta.orig<-1
beta.bar[j]<-mean(beta.orig)
beta.tilde[,1:n.col,j]<-beta.orig/beta.barfj]

}
if (>=h.order && j<T)
{
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beta.orig<-matrix(t(rep(1, h.state))%*%(C.diagmat.gen(data, t=(j+1), h.s=h.state,
v.s=v.state)%*%A*kronecker(beta.tilde[,,j+1], t(rep(1, h.state)))), ncol=n.col, byrow=TRUE)

beta.bar[j]<-mean(beta.orig)

beta.tilde[,1:n.col,j]<-beta.orig/beta.barf[j]

}
if (j<h.order)
{
beta.orig<-matrix(t(rep(1, h.state))%*%(C.diagmat.gen(data, t=(j+1), h.s=h.state,
v.s=v.state)%*%(pi[,1:(n.col*h.state),j+1]*beta.tilde[,1:(n.col*h.state),j+1])), ncol=n.col, byrow=TRUE)
beta.bar[j]<-mean(beta.orig)
beta.tilde[,1:n.col,jl<-beta.orig/beta.bar(j]

}
}

#6 end

T R
#7 Logliklihood

log.liklihood<-rep(NA, T)

lik.mat<-alpha.tilde*beta.tilde

for (iin 1:T)

{
log.liklihood[i]<-log(sum(lik.mat[,,i][!is.na(lik.mat[,,i])]))+sum(log(alpha.bar[1:i]))+sum(log(beta.bar[i: T]))
#7 end
R
#8 Epsilon

eps<-array(NA, dim=c(h.state, h.state*h.order, T-1))
for (i in 1:(T-1))
{

if (i<h.order)

n.col<-h.state”i
eps[,1:n.col,i]<-(C.diagmat.gen(data, t=(i+1), h.s=h.state,
v.s=v.state)%*%pi[,1:n.col,i+1]%*%diag(as.vector(t(alpha.tilde[,1:(n.col/h.state),i]))))*beta.tilde[,1:n.col,i+1]1*(exp(s
um(log(alpha.bar[1:i]))+sum(log(beta.bar[(i+1):T]))-log.liklihood[T]))
}

if (i>=h.order)
{

n.col<-h.state*h.order
eps[,1:n.col,i]<-(C.diagmat.gen(data, t=(i+1), h.s=h.state,
v.s=v.state)%*%A%*%diag(as.vector(t(alpha.tilde[,1:(n.col/h.state),i]))))*kronecker(beta.tilde[,1:(n.col/h.state),i+1],
t(rep(1, h.state)))*(exp(sum(log(alpha.bar[1:i]))+sum(log(beta.bar[(i+1):T]))-log.liklihood[T]))
}
}
#8 end

R R
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#9 Gamma

gammac<-array(NA, dim=c(h.state, h.state*(h.order-1), T))
for (iin 1:T)

{
if (i<h.order)

{

n.col<-h.state”\(i-1)
gammal,1:n.col,i]<-
alpha.tilde[,1:n.col,i]*beta.tilde[,1:n.col,i]*(exp(sum(log(alpha.bar[1:i]))+sum(log(beta.bar]i: T]))-log.liklihood[T]))
}

if (i>=h.order)
n.col<-h.state*(h.order-1)
gammal,1:n.col,i]<-
alpha.tilde[,1:n.col,i]*beta.tilde[,1:n.col,i]*(exp(sum(log(alpha.bar[1:i]))+sum(log(beta.bar][i: T]))-log.liklihood[T]))

}
}

#9 end
R R R R R
#10 Pi reestimation
old.pi<-pi
for (i in 1:h.order)

if (i==1)

pi[,.il<-gammal,,i]
?f (i>1)

c.d<-h.state”\(i-1)
pi[,1:c.d,i]l<-gammal,1:c.d,i]/kronecker(t(as.vector(t(gammal,1:(c.d/h.state), i-1]))), rep(1, h.state))

}

#10 end

R R R R
#11 A reestimation

old.A<-A

eps.sum<-apply(epsl[,,h.order:(T-1)], ¢(1,2), sum)

i{f (h.order==1)

gamma.sum<-t(as.vector(t(apply(gammal,,h.order:(T-1)], 1, sum))))

}
if (h.order>1)
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{

gamma.sum<-t(as.vector(t(apply(gammal,,h.order:(T-1)], c(1,2), sum))))

}

A<-eps.sum/kronecker(gamma.sum, rep(1, h.state))

#11 end

R R R
#12 C reestimation

C.nom<-as.vector(rep(0, sum(v.state”(1:h.state))))
C.denom<-as.vector(rep(0, sum(v.state”(1:h.state))))
for (iin 1:T)
{

sq.ind<-0

real.pos<-i+h.state-1

for (j in 1:h.state)

sg.ind<-data[real.pos-j+1]*v.state”(j-1)+sq.ind
C.nom[sq.ind]<-C.nom[sq.ind]+sum(gammalj,,il[lis.na(gammaj,,i})])
}
}

for (iin 1:T)
{
sq.ind<-0
real.pos<-it+h.state-1
for (j in 2:h.state)
sq.ind<-data[real.pos-j+1]*v.state”(j-2)+sq.ind
C.denom[sq.ind]<-C.denom[sq.ind]+sum(gammalj,,il[lis.na(gammaj,,il)])

}
}

C.den<-kronecker(c(sum(gammal1,,][lis.na(gamma(1,,])]), C.denom[1:sum(v.state*(1:(h.state-1)))]), rep(1,
v.state))

C<-ifelse(is.na(C.nom/C.den), 0, C.nom/C.den)

#12 end

R R R

output<-list(pi=pi, A=A, C=C, log.lik=log.liklihood[T])

return(output)

}
#EM ends

T R R R R
#MMMHS program starts

MMMHS<-function(data, h.order, h.state, v.state, random.seed, csv.method, conv.criteria)
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{

set.seed(random.seed)
# Hidden states are 0, 1,..., h.state-1.
v.maxorder<-h.state-1

T R R R
#1 Generate starting values for Pi

pi<-array(NA, dim=c(h.state, h.state”(h.order-1), h.order))

#1.1 Transition probabilities generating function
prob.gen<-function(r.dim, c.dim)

{
raw.num<-matrix(runif(r.dim*c.dim, 0, 1), nrow=r.dim, ncol=c.dim)
end.num<-apply(raw.num, 2, function(x) x/sum(x))
return(end.num)

}
#1.1 end
for (i in 1:h.order)

c.d<-h.state’\(i-1)
pi[,1:c.d,i]<-prob.gen(r.dim=h.state, c.dim=c.d)

}
#1 end
B HHHH R R

#2 Generate starting values for A

A<-prob.gen(r.dim=h.state, c.dim=h.state*h.order)

#2 end

R R R R
#3 Generate starting values for C

if (csv.method=="random")

{

C<-as.vector(prob.gen(r.dim=v.state, c.dim=sum(v.state”(1:h.state))/v.state))
} else if (csv.method=="seqgbased")

{

C<-C.starting.value.segbased(data, k=h.state, h=v.state)
} else {stop("csv.method must be 'random' or 'segbased' ")}

#3 end
T R
#4Function to generate C diagnal matrix at t th pos (largest t is T-h.state)

C.diagmat.gen<-function(data, t, h.s, v.s)

{
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real.t<-t+h.s-1
s.value<-0
pos<-rep(NA, h.s)
for (iin 1:h.s)

posli]<-data[real.t-i+1]*v.s(i-1)+s.value
s.value<-posi]

}
return(diag(C[pos]))
}
#4 end
A R R

no.para<-h.state*sum(h.state”(0:(h.order-1)))+h.state*h.state”h.order+v.state*sum(v.state”(1:h.state))/v.state
em.out<-proc.em(data, pi=pi, A=A, C=C, h.order, h.state, v.state)

pi<-em.out$pi
A<-em.out$A
C<-em.out$C
old.loglik<-em.out$log.lik

seq.length<-length(data)
T<-seq.length-v.maxorder
diff.loglik<-10

iter<-1

while (diff.loglik>conv.criteria)
{
s.time<-proc.time()
em.out<-proc.em(data, pi=pi, A=A, C=C, h.order, h.state, v.state)
pi<-em.out$pi
A<-em.out$A
C<-em.out$C
diff.loglik<-em.out$log.lik-old.loglik
old.loglik<-em.out$log.lik
BIC<--2*em.out$log.lik+no.para*log(T)
cat("Difference of Log Liklihood = ",diff.loglik, " || ", (proc.time()-s.time)[3], " second for No.", iter, "iteration.", "
BIC=", BIC, "\n")
iter<-iter+1

}

final.output<-list(pi=pi, A=A, C=C, log.lik=em.out$log.lik, BIC)
return(final.output)

}

#MMMHS program ends
T R R

#csv.method--"segbased" or "random".
#conv.criteria--0.000001
#h.order--hidden order >=1
#h.state--hidden state >=2
#v.state--visible state depends on data
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MMMHS(data, h.order=1, h.state=2, v.state=3, random.seed=1, csv.method="segbased", conv.criteria=0.000001)
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