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In [6, 17, 18, 20], a good case is made that the appropriate analogue for the an-
alytic Toeplitz algebra im non-commuting variables is theoT-closed algebra
generated by the left regular representation of the free semigroupgemera-
tors. The papers cited obtain a compelling analogue of Beurling’s theorem and
inner—outer factorization. In this paper, we add further evidence. The main result
is a short exact sequence determined by a canonical homomorphism of the auto-
morphism group onto this algebra onto the group of conformal automorphisms
of the unit ball ofC". The kernel is the subgroup gfiasi-innerautomorphisms,
which are trivial modulo thevor-closed commutator ideal. Additional evidence
of analytic properties comes from the structurekeflimensional (completely
contractive) representations, which have a structure very similar to the fibration
of the maximal ideal space &1 > over the unit disk. An important tool in our
analysis is a detailed structure theory fooT-closed right ideals. Curiously, left
ideals remain more obscure.

The non-commutative analytic Toeplitz algelita is determined by the left
regular representation of the free semigrdtipon n generatorgy, . . ., Z, which
acts only(Fn) by Mw)é, = &uy for v,w in Fy. In particular, the algebra,
is the unital, woT-closed algebra generated by the isometlies= \(z) for
1 <i < n. This algebra and its norm-closed version (the non-commutative disk
algebra) were introduced by Popescu [19] in an abstract sense in connection
with a non-commutative von Neumann inequality and further studied in several
papers [17, 19, 21, 20, 22]. For= 1, we obtain the algebra generated by the
unilateral shift, the analytic Toeplitz algebra. The corresponding algebra for the
right regular representation is denot¥d. This algebra is unitarily equivalent to
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£, and is also equal to the commutant &f. We will review these results and
others from [6] which we will need in Sect. 1.

Section 2 contains the classification of theT-closed right and two-sided
ideals of £,. These ideals are determined by their range, which is always a
subspace in L&R,; and this pairing is a complete lattice isomorphism. The ideal
is two-sided when the range is also in I&at This is the key tool needed to
establish classify the weak€ontinuous multiplicative linear functionals dty,.

We obtain some factorization results for right ideals that allow us to show that
a wot-closed right ideal is finitely generated algebraically precisely when the
wandering subspace of the range space is finite dimensional; and otherwise, they
require a countably infinite set of generators even aoa-closed right ideal.

In Sect. 3, we examine the representation spac€.,0fThe multiplicative
linear functionals have a structure that parallels the maximal ideal spad¢é°of
This provides a natural homomorphismgf into the spacé °°(B,,) of bounded
analytic functions on the ball. Strikingly, the dilation theory for non-commuting
n-tuples allows us to obtain an analogous structurekfatimensional represen-
tations for everyk < co. In particular, the open balB, \ of strict contractions
in My nk sits homeomorphically in a canonical way in this space.

The last section contains the main results of the paper. Automorphisgs of
are shown to be automatically norm angT continuous. We show that there is
a natural homomorphism from Autf) onto Aut(B,), the group of conformal au-
tomorphisms of the ball of", determined by their action on tveoT-continuous
linear functionalsp, for \ € B,,. The kernel of this map is the ideal of automor-
phisms which are trivial modulo theroT-closed commutator ideal. In order to
show that this homomorphism is surjective, we determine all automorphisms of
£, of the form AdW for unitary W. Using certain automorphisms of the Cuntz—
Toeplitz algebra found by Voiculescu [28], we are able to obtain an isomorphism
of this subgroup Aut(£,) with Aut(B,). Thus the automorphism group 8f, is
a semidirect product.

1. Background

For convenience of notation, we will write = [L; ... Ly] both for then-
tuple of isometries and the isometric operator fréff into H,,. By L,, or v(L)
we will denote the corresponding wordv) in the n-tuple. We allown = co. In
this caseC" is replaced by a separable Hilbert sp&¢eand the unit ballB,
becomes the unit ball off endowed with the weak topology. This occasionally
causes additional difficulties which will be pointed out as necessary.

The full Fock space of a Hilbert spaGé is the Hilbert space

F(H) =) on™

k>0

where®° = C andH®¥ is the tensor product df copies ofH{. When# = C"
with orthonormal basig; for 1 < i < n, the Fock space has an orthonormal
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basis¢, = ¢, ® ... ® ¢, for all choices ofw = (iy,...,ik) in {1,.. .7n}" and
k > 0 (with the convention thaf, spansH®°). For each vectot in %, there is
a left creation operatof(¢)¢ = ¢ ® £. Clearly, there is a natural isomorphism of
Fock space ont@{,, wheren = dim#, given by sending,, to &,. This unitary
equivalence send4() to L;.

The following heuristic is useful when working with operators gq. If
A =3 a,l, is a finite linear combination of the s¢t.,, : w € Fy}, then
As =), awéyw; conversely, given a finite linear combination of basis vectors
¢=>, awkw, the operatoA =" a,L, belongs tog, and satisfiesA; = ¢.
Sometimes this operator will be denoted by. This correspondence of course
cannot be extended to infinite combinations. However, notice that for an arbitrary
elementA of £,, A is completely determined by its action @it indeed,A, =

AR,&1 = R,AL. SO ifAG =3, a6y, we have
AL =D aubun = Y au(Ludy).

It is useful to view the formal suy_, a,L., as the Fourier expansion &f In
particular [6], the Cesaro sums

W=y (1-al,

Jw|<n

converge in the strong-topology toA.

The algebréat,, contains no non-scalar normal elements. Moreover every non-
scalar element ok, is injective and has connected spectrum containing more
than one point. S&, contains no non-zero compact operators, quasinilpotent
elements or non-scalar idempotents. In particularis semi-simple. (See Sect. 1
of [6].)

If M is an invariant subspace fa,, the wanderingsubspace i3V = M ©
Zi”:l Li M. By the analogue of the Wold decomposition [16], it follows that
M =37 cx ®L,W. The invariant subspaces of the analytic Toeplitz algebra
are determined by Beurling's theorem [2] as the subspad¢$ where w is
an inner function inH*°. These subspaces are always cyclic with wandering
subspacesH? © zwH? = Cw. The subspaceH? is the range ofl,,, which is
an isometry inH > = £; = ;. The analogue of Beurling’s theorem is:

Theorem 1.1 ([17, 6]). Every invariant subspace df, is generated by a wan-
dering subspace. Thus it is the direct sum of cyclic subspaces. The cyclic invariant
subspaces of,, are precisely the ranges of isometriesfity; and the choice of
isometry is unique up to a scalar.

If M is a cyclic invariant subspace fay,, then its wandering subspace is 1-
dimensional. If¢ is a wandering vector faM, then we denote the corresponding
isometry inR, by R¢. Explicitly, we have the formulaR:&,, = L.,{. Conversely,
any isometry infk;, is anR; for some£,-wandering vectot. Similarly, we see
that any isometry irc, has the formL, for somei,-wandering vectoc.
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By analogy, the isometries df, are callednner, and the elements with dense
range are calleduter. An elemenfAin £, is inner if and only if| A|| = ||A&]| = 1.
As a corollary, one obtains the following analogue of inner—outer factorization:

Corollary 1.2. Every Aing, factors as A= L:B where L is an isometry ing,
and B belongs tc2, and has dense range. This factorization is unique up to a
scalar. The operator B is invertible if and only if A has closed range.

We also need to understand the structure of the eigenvectors for the adjoint
analogous to the point evaluations in the unit disk associated to eigenvalues of
the backward shift.

Theorem 1.3 (cf. [1, Example 8] and [6]). The eigenvectors fat;; are the vec-
tors

va= (@1 [ARY2 Y wlew = @ - IAPRY20 -3 Ny
weFn i=1

for A in the unit ballB,. They satisfy
Li*l/)\ = XV)\

and (p(L)va, va) = p()) for every polynomial p= > a,w in the semigroup
algebra CF,. This extends to the mapy(A) = (Avy,vy), which is awoT-
continuous multiplicative linear functional ofy,. The vectow, is cyclic for £,.
The subspacé,, = {v\}1 is £, invariant, and its wandering subspat®'y, is
n-dimensional, spanned by

O = A& — @ = APY2Lvy for 1<i<n.

These results are used in [6] to show titatis hyper-reflexive. Moreover,
for every weak« continuous linear functiondl on £, with ||[f|| < 1, there are
vectors¢ and ¢ such thatf (A) = (A, () for all Ain £, and |€|| |||l < 1. This
yields the immediate consequence which will be important on several occasions.

Corollary 1.4 ([6]). The weaks andwoT topologies ong, coincide.

2. WOT-closed ideals ofg,

In this section, we identify thevor-closed right and two-sided ideals @f,.

Let Id;(£n), 1d(£n) and I1dE,) denote the sets of alvoT-closed right, left

and two-sided ideals respectively. The important observation is that these ideals
can be identified by their ranges.Jfbelongs to I¢(£,), then the subspack;
belongs to Lafk,. To see this, note that

%nfl = JRné = IJHn = JLn&1 = 3751

ThusJé, = JH, is the range ofy and is9R, invariant.
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When J belongs to 1d(£,), we haveg,J&1 = J&1; so J&; is £y invariant.
Hence wherfj is a two-sided idealj¢; belongs to Lat{,) N Lat (Ry).

Conversely, if M belongs to Lat®,), we shall see during the proof of
Theorem 2.1 that the s¢A € £, : A{; € M} belongs to Id(£,). It will follow
that whenJ is a right ideal, the subspadg; determinesy and moreovef is
two-sided precisely wheé; is also g, invariant.

We do not make the same claims for left ideals. One should note that when
J is a left ideal,J&; is not equal toJ#H,. The full range of the ideal is not a
complete invariant. There are technical difficulties for left ideals that we were
not able to resolve; but analogous results are plausible.

We remark that Id(£,) and IdE€,) form complete lattices with the operations
of intersection andvoT-closed sum.

Theorem 2.1. Let i : Id,(£,) — Lat(Rn) be given byu(3) = J&1. Thenp a
complete lattice isomorphism. The restrictionuofo the setd(£,) is a complete
lattice isomorphism onthat £, N LatR,. The inverse map sends a subspace
M to

(M) ={J € £,:3& € M}

Proof. We have seen above thatt = u(J) is a subspace of the appropriate type
for right and two-sided (and even left) ideals.

Conversely, we now check thatsends invariant subspaces to ideals of the
appropriate type. So fix a subspat¢ in Lat (R,) and consider(M). It is clear
that .(M) is a woT-closed subspace of,. Suppose thad is in ((M) and A
belongs toL,. Then

JASL € JHn = IRné1 = Rnd&y C M.

Whencew(M) is a right ideal.
And if M is in Latg,, then forJ in (M) andA in £,,

A& e AM C M.

So(M) is a left ideal. Thus(Lat £, N LatR,) is contained in 1d{,).

Next we show thaj. is the identity map. FixM in Lat (R). By the def-
initions of the maps involved, we haye (M) is contained inM. To see the
opposite inclusion, lef¢ } be an orthonormal basis for t1%&, wandering sub-
spacel = M © > L, &R M. Then

M= "@R[G]= ) @Rarl.
i i

Sincel & = ¢j belongs toM, it follows thatL,; lies in ((M). So

M=) "oRarly C (M)Hq = (M)é1 = p(e(M)).
i

Thereforeu(M) = M.



280 K.R. Davidson, D.R. Pitts

Now fix J in Id,(£,). As before, the definitions involved show thatis
contained inu(J). To see that this is an equality, we first show that for every
in Hn,

(1) JE = Lu(3)E.

Since £,,[€] is a cyclic invariant subspace fdt,, it may be written ast,[¢] =
RarR, wherer is a wandering vector fo£,[£]. Thus

3¢

3E0E = 3R, Hn = R,3Hn = Ry M.

Evidently, the same computation fqr(3) yields the same result; hence (1) holds.

Suppose thdt is awoT-continuous linear functional ofi, which annihilates
the idealJ. By [6, Theorem 2.10], there are vectggsand n such thatf (A) =
(A¢,n) for all Ain £,. Sincef(J) = 0, it follows thaty is orthogonal toJ¢.
Then by the previous paragraphs also orthogonal tou(J)¢ and thusf also
annihilates.;.(J). By the Hahn-Banach Theorem, we therefore hgve.u(J).

Thus we have established thatis a bijective pairing between JI¢i£,) and
Lat9R, which carries 1d¢,) onto Latg, N Lat9R, and. = p~ 1. If J; andJ, are
woT-closed right ideals, then

T+ 32) = (F1+ J2)Hn = J1Hn + J2Hn = 1(T1) V 1(I2)

and hence sums are sent to spans. Similariy\if and M, are subspaces in
Lat £, N LatR,, then

(M1 N Mby) {Jeln:d& e MinN My}
{J ey I eMipn{dely:I& e My}

t(M1) N t(My).

It follows that 1« preserves intersections. Finally, to see thas complete, note
that if Ji is an increasing union (or decreasing intersection) of ideals, we have

pUJ30) = J3Hn = \/ 130),
K K k

and similarly for intersections. Thereforeis a complete lattice isomorphisiil

Corollary 2.2. If J belongs to£,, then thewoT-closed(two-sided ideal (J)
generated by J consists of all elements Ajnsuch that &; lies in £,JH,.

Proof. The ideal(J) is determined by its range, and this must be the least element
M of Lat£, N LatR, containingJ&;. Thus

M = £nan£1 = En\] %ngl = En\.] Hn.

By Theorem 2.1, it follows thatJ) = «(M). a
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Theorem 2.1 enables us to characterize war-continuous multiplicative
linear functionals org,.

Theorem 2.3. Supposep is a (hon-zerg woT-continuous multiplicative linear
functional on£,. Then there exista in B, such thaty = @,.

Proof. Let J = kerp. ThenJ is a wort-closed two sided maximal ideal of
codimension one. SeM = u(J) and note that; ¢ M. (If not, Theorem 2.1
implies| belongs ta(M) = J, which is impossible.) In factM has codimension
one. To see this, le\ = M + C&. If N # H,, let ¢ be a unit vector iV,
ChooseA in £, so that||¢ — A¢|| < 1 and setx = p(A). SinceA—al isin g,
Aé1 — a&; belongs toM. Hence

I(C — a1, Q)] = (€ — A1, ) + (As1 — a1, Q)|
|(C 7A£lv€)| < 17

which is absurd. Sav' = H,, and henceM belongs to Lat, N LatR, and has
codimension one. Thug4* is a 1-dimensional invariant subspace . By
Theorem 1.3, there is a pointin B, such thatM = {v,}+. By Theorem 2.1,
kereo = (M) = ker(p,). Thereforep = p,. O

1

We present, as an example, an ideal which will be important later.¢Let
denote thewoT-closure of the commutator ideal of,. The spaceH; is the
symmetric Fock spacgpanned by the vecto% > ves Sotw), Wherew is in Fy,

k =|w|, & is the symmetric group ok elements, and(w) is the word with the
terms inw permuted by . Also recall that for\ in By, ¢, is the multiplicative
linear functional ong, given by (A) = (Avy, vy) as in Theorem 1.3.

Proposition 2.4. ThewoT-closure of the commutator ideal is

€:<LiLj 7LjLi s #j> = ﬂ ker%.
AEB,

The corresponding subspaceliat £, N LatfR, is

w(€)

spaéuzzv — uzzo 11 Fj, U,v € Fn}
HSE = spar{vy : A € By}t

Proof.Let J be thewoT-closed ideal generated by the set of commutafbrk; —

LiLi ;i #j}. Clearly€ > J. On the other hand, consider the set of operators of
the formA(BC — CB)D for A,B,C,D in £,. These elements spamaT-dense
subset of¢. Moreover, since the polynomials in the are wor-dense ing,,

we may further suppose that eachAfB,C, D is such a polynomial. Thus by
expanding, it suffices to show that operators of the fdmtL, L, — L, L,)Lx
belong toJ for all wordsu, v, w, X in F,. Now, every permutation df objects

is the product of interchanges { +1) for some 1< i < k. Using this, it follows
thatL,, — L, () belongs taJ for everyw in F, and everyo in S,,. Therefore

it follows that Ly(L,L, — LyLy)Ly belongs toJ. ThusJ = €.



282 K.R. Davidson, D.R. Pitts

The subspacg(€) = u(J) is the smallest, R, invariant subspace containing
{&z — &z 11 #]}, which is the subspace spanned by the vectors of the form
fuzqv - fumu-

It is now clear thatX{;, is orthogonal tou(¢). On the other hand, a vector
¢ =) ., aw&w is orthogonal tou(<) if and only if it is orthogonal to every
§w — o) for w € Fn ando € S,,. Hencea, () = a,,; whence it follows that
¢ belongs toH;.

Next we show spafv, : A € Bp} = H;. Evidently, eachv) belongs toH;,.
Let Qx denote the projection onto sp@, : |w| = k}. For each) in B, andz
in T,

vzy = Z z2"Qmux.

m>0

Thus by considering th@{,-valued integrals

/ Zklzi)\ dz
T

for k > 0, it follows thatQxv, lies in spaduy : A € By}. Now it is an easy
exercise to show that the set of &kv,’s contains each: 2oes Sotw) fOr
lw| = k. Hence spafvy : A € By} = H;.

It is clear that the multiplicative linear functiona}s, vanish on the commu-
tator, and hence on thwoT-closed ideal that it generates. Conversely, suppose
thatAin £, is not in¢. ThenA¢; is not contained inu(¢). Therefore, since(?)
is the orthogonal complement of the det, : A € By}, there is a\ in B, such
that

07 (A1, 1) = (€1, A1) = oa(B)(Ex,12) = (L= AP 20a (A
Thus ¢, (A) # 0; whenceA is not in keryp,. O

Next we develop some useful lemmas about factorization in right ideals. In
particular, they will allow us to determine when a right ideal is finitely generated.
Recall from Theorem 1.1 that each isometryinhas the fornl: for somefi,-
wandering vector.

Lemma 2.5. Let L, for 1 < j < k, be a finite set of isometries 18, with
pairwise orthogonal ranges\f;. Let M = Z}Lle andJ = «(M). ThenJ
equals{A € £, : Ran@) C M} and every element @¢f factors uniquely as

k
A=) LA for A€ g,
j=1

Thus the(algebraig right ideal generated byL : 1 <j <k} equalsj.

Proof. Clearly eachM; is R, invariant, and thus so i81. Hence ifA in £,
satisfiesA¢; € M, thenAH,, is contained inM. Thus

J={A€ £y :Ran@) Cc M}.
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SoJ is awoT-closed right ideal containing;, for 1 <j <k.
Conversely, suppose thatbelongs toj. Then since., LZ is the orthogonal
projection ontoM;, we obtain the factorization

k k
A= (Z LCJ LZ])A: ZLCin7
j=1 j=1

whereA; =Lt A. This decomposition is unique because thes are isometries
with orthogonal ranges. We will show that ea.éh belongs toL,. As ¢j is a
Rn—wandering vector forM, it is orthogonal t02|_1 R M. Now N = Ran@)
is contained inM; whence( is also orthogonal t ", R.\. Therefore, for
any wordw in Fp,

(REAG, &) = (¢, AR &w) = (G, RASw) = 0,
and soR*A*¢; = 0. Now compute using [6, Lemma 1.11]

AR —RA

LAR ~RL;A= (LR ~RL)A
G(R'LG &) A= G(A'RYG)" = L(RFATG)" = 0.

ThereforeA; belongs tdR;, = £,. Itis now evident thaf belongs to the algebraic
right ideal generated byl : 1 <j <k}. O

An important special case concerns the (two-sided) idéglsgenerated by
{Ly : |w| = k}, which yields a useful decomposition of an arbitrary element of
£n. In particular, the ideak? := £2! leads us to a unique decomposition&f

as
n
£ =Cl+) L&
i=1

This provides a handle on the algebraic rigidity &f that will prove useful for
analyzing the automorphism group.

Corollary 2.6. For1 < n < coand k> 1, every Aing,, can be written uniquely

as a sum
A=Y alle+ ) LA,

|w] <k Jw|=k

where g, € C and A, € £,.

Proof. The isometriedL,, : |w| =k} have pairwise orthogonal ranges summing
to M = spad&, : |v| > k}. This subspace i€£,R, invariant, and thus by
Theorem 2.1, the right idea( M) is in fact two-sided. Lemma 2.5 shows that
(M) coincides withg%k,

Given A in £y, write A = > a,&,. The coefficients,, for |w| < k are
the unique constants such that { le|<kawLw)§l lies in M. Therefore by
Lemma 2.5, this difference can be written uniquelygﬁﬂlzk L,AL. O



284 K.R. Davidson, D.R. Pitts

Example 2.7.Lemma 2.5 is not valid for countably many generators even with
norm closure. Indeed, consider the isometti{eISQ in £, for k > 0. Their ranges
are orthogonal, summing to th&,%,—invariant subspace generated §y. So

the woTt-closed right idealy that they generate is the two-sidedor-closed
ideal generated bi,. Consider a sum of the form

A= LiLoh(Ly)

k>0

wherehy will be functions inH . This will lie in J provided thatA is a bounded
operator. However, it is a norm limit of finite sums of this type only if the series
converges in norm.

An easy computation shows that

A'A= Z hi(L1)"he(Ly).
k>0

As L, is a unilateral shift of infinite multiplicity, this sums to an operator uni-
tarily equivalent to the infinite ampliation of a Toeplitz operator with symbol
> k>0 |Mk|?. ThusA is bounded precisely when this sum is bounded. The sum of
operators is norm convergent exactly when this sum of functions is norm con-
vergent. Constructing a sequence which is bounded but not nhorm convergent is
easy.

The algebradd *° is logmodular [11], and so if is a non-negative real function
in L* such that lod is integrable, then there is a functidnin H > such that
|h| =f. Choose a sequence of disjoint closed interdalsf the unit circle, each
of positive length. Lef, = 27X + X, for k >0, and leths be analytic functions
with |h|? = fi. Then

z:|hk|2:2+xJ where J = UJk.
k>0 k>0

This sum is bounded. Howevelthc|| > 1 for all k, and thus this sum is not
norm convergent.

Moreover, this ideal is not finitely generated as a right ideal becaudse
has an infinite dimensiondR,, wandering spacéV. Any element] in J has
Ran@) contained inM, and its projection ontdV is a subspace of at most one
dimension. The ranges of a set of generators must necessarily\dpand thus
countably many are required.

We need a variant of Lemma 2.5 which is valid for countably generated ideals.
Let Ck(£,) denote therder k column spacef £,, which is the set of ak-tuples
of the form
A
Ay
A= A ety 1<i<k
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such thatA is bounded with respect to the norm obtained by considefiras
an element of3(#,, HY). Similarly, let Ry (£,) denote the ordek row space
of £, consisting of operators

A:[Al A L. Ak] A € £y, 1<i <k

such thatA is bounded with respect to the norm obtained by considefiras
an element oBB(H%), #,). Fork < oo, this is allk-tuples, but the boundedness
condition is non-trivial fork = co.

The following lemma shows, in particular, that the infinite row mattixz
[Ly Ly Lg ..., mapsC..(£o) bijectively onto£2 . This result also applies
to the two-sidedvoT-closed idealy generated by the sét,, ..., L,}. The range
of this ideal is the sum of the pairwise orthogonal range$Ld{Lj k>0,2<
i <n}.

Lemma 2.8. Let L, for j > 1, be a countably infinite set of isometries &3
with pairwise orthogonal ranges;. Let M = 3°%, M;, and letJ be thewor-
closed right ideal.(M). Then every element §f factors uniquely as A ZX,
where Z is the fixed isometry .. (£n) given by Z=[Le, Le, ... JandXisa
bounded operator i€ . (£,). Hence A can be written uniquely as theT limit

k
A= woT-lim JZ; Lo A

Proof. The proof begins as in Lemma 2.5. There is a unique decomposition of
A as awoT-convergent SUMA = WOT—)_; ., L Xj, whereX = LY A. The X|

are elements of,, by the same computation. Thus definikgto be the column
operator with entrie;, we obtain a formal factorizatioA = ZX. To see thaK

is bounded, it suffices to compute thatX = A*A. O

Corollary 2.9. Every element A i, decomposes uniquely as

A= Z Al + WicXe

Jw] <k

where(a,)|.|<k belongs tof2, W = [Lu,, Luy, ... and{w;} is a listing
of all words of length k, and Xbelongs taC . (£..).

Proof. The identityAs; = Zwe}-n a,,&,, determines the coefficiengs, uniquely,
and shows that they belong 8. For eachj, the isometried.,, ; have pairwise
orthogonal ranges, and hence the @pﬂlzj a,, L., is norm convergent. Summing
this overj < k yields the unique operator of this form in the same coset of
A+ £%K The remainder is factored by Lemma 2.8. O

These lemmas allow us to determine when a right ideal is finitely generated.
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Theorem 2.10. Let J be awoTt-closed right ideal. IfM = u(3J) in LatR, has

a finite dimensional wandering space of dimension k, thes generated by k
isometries as an algebraic right ideal. When this wandering subspace is infinite
dimensional.y is not finitely generated even aswaoT-closed right ideal. How-
ever, it is generated by countably many isometries &soar-closed right ideal.

Proof.When the wandering spad# is finite dimensional, choose an orthonormal
basis{¢; : 1 <j < k}. ThenM = Z}‘zl@RarLCj. Thus by Lemma 2.5, the
isometries{L;, : 1 < j < k} generateJ as an algebraic right ideal. Similarly,
whenW is infinite dimensional, Lemma 2.8 yields a countable set of isometries
which generat€j as awoT-closed right ideal.

Finally, suppose tha] is finitely generated as woT-closed right ideal, say
by {A; : 1 <j <k}. Then the operators of the fo@:}(:lA,- B; for Bj in £, are
worT-dense iny. Therefore

u(3) = S A = Ral{A & 1< <K}

This subspace is finitely generated, and therefore has finite dimensional wander-
ing space. d

3. Representations of£,

In the category of unital operator algebras, we take the viewpoint that the natural
representations are the completely contractive unital representations. Given an
operator algebra&(, for each 1< k < Ng we let Rep(2() denote the set of
completely contractive representationbinto B(H), where# is a fixed Hilbert
space of dimensiok. Put the topology of pointwise—weakeonvergence on this
space. Whelk < oo, this is the topology of pointwise (norm) convergence. Since
the unit ball of B(H) is weakx compact (and norm compact whén< oo),
Tychonoff's Theorem shows that the set of contractive maps f#omto B(#)

is pointwise—weak- compact. Wherk < oo, the collection of representations is
closed in this topology, and thus is also compact. Unfortunately, the collection
of representations isot closed wherk = co. For an example, consider the direct
sum id™ of n copies of the identity representation B#) for n > 1. Since the
direct sum ofn copies of the unilateral shifs is unitarily equivalent t&5", we

may find representations, of B(#) on H such thato,(S) = S" for everyn.

Note that no pointwise—weakdlimit point of this sequence of representations is
multiplicative, and hence the space of representations is not closedknhen.

The natural equivalence relation on representations is unitary equivalence.
Whenk < oo, the unitary groug/y is compact and acts on Rgpl). Thus the
guotient space is also compact and Hausdorff. This need not be the case for
k = Ng since unitary orbits of representations need not be closed in general.

For these reasons, our standing assumption throughout this section is that all
representations of,, are on finite dimensional spaces.
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The familiar case ok = 1 yields the set of multiplicative linear functionals. It
is well known that multiplicative linear functionals are automatically completely
contractive. In this case, unitary equivalence is the identity relation. Moreover,
there is a bijective pairing between the multiplicative linear functional and its
kernel, a maximal ideal of codimension 1. So R&J is the direct analogue of
the maximal space of a commutative Banach algebra. Of course, in a non-abelian
algebra, there may be many maximal ideals of other codimensions.

For k > 1, it is clear that twosimilar representations will have the same
kernel. In the case of,, similar representations which are both completely
contractive need not be unitarily equivalent. (Indeed, whenl, simply consider
two similar, but non-unitarily equivalent, contractions.) Whien< oo and a
representatior® in Rep () is irreducible (no invariant subspaces), the range
must be all of My = B(#). This is because Burnside’s Theorem [23] shows that
every proper subalgebra @#1, has a proper invariant subspace. Thus the kernel
will be a maximal ideal of codimensiok?. Conversely, ift is a maximal ideal
of 2 of finite codimension, then there is a finite dimensional representation of
2 on 2A/M with kernel 9. This quotient is simple, and thus by Wedderburn’s
Theorem®(/9M1 is isomorphic taMy for some positive integde. In particular 9t
has codimensiok?. Restrict this representation to a minimal invariant subspace
M to obtain a representationand note thatM must have dimensiok. Now 7
does not act on a Hilbert space. However, it is clearly a completely contractive
representation. Any Hilbert space norm ®his equivalent to the quotient norm,
and thus will yield a completely bounded Hilbert space representation. Then by
Paulsen’s Theorem [13], this is similar to a completely contractive representation.
This shows that the map from irreducible representations in 9o the set
of maximal ideals of codimensiok? is surjective.

The algebret, has many representations of every dimension. This will follow
from Popescu’s work on dilation theory for non-commutimguples of operators.

The case ok = 1 is special and has some extra structure. So we will handle
these special features separately.

Recall the situation fon = 1 in which £, is isomorphic toH *°. There is a
natural continuous projectiom of the maximal ideal spac®ty - of H° onto
the closed diskD given by evaluation at the coordinate functianFor each
point A in D, there is a unique multiplicative linear functionah(h) = h(\)
extending evaluation af at . But for |A\| = 1, there is a very large spad&,
of multiplicative linear functionals taking the valueat z. (See Hoffman [11] or
Garnett [10].) The famous corona theorem of Carleson [4] shows that the point
evaluations in the open unit disk are denséip .

Even thoughf, is not commutative, the space Réfy,) of multiplicative
linear functionals is very large. For representations of dimension greater than one,
there are interesting parallels with the case of multiplicative linear functionals.
The analysis is based on the extensive knowledge of dilation theory for non-
commutingn-tuples. We reprise the results that we will need.

Recall that if® is a linear map of an operator algebiainto B(#), then
o&:9 is the map fromMy ((21) into My o(B(H)), each endowed with the usual
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operator norms, given bp®&A([A;]) = [#(A;)]. When ¢ = k, we write )
instead. The complete bound normdfis defined to be|®|c, = sup , [|[@*9].
The map® is completely contractive ifi®||c, < 1. See Paulsen’s book [14] for
details.

Let By x denote the collection of all contractions®Ry (5(7)) where din{ =
k; namely alln-tuplesT = [Ty ... Tu]in B(H"™,H), such that dir{ = k
and | T| = || %, TiT¥||¥/? < 1. This is the higher dimensional analogue of
the n-ball. It is endowed with the product norm topology wher< co and the
product weak+ topology whenk = Rq.

If & is a (completely contractive) representation &f on a Hilbert space
, then then-tuple T = #&N(L) = (¥(L1), ..., d(L,)) is a contraction. Bunce
[3], generalizing Frahzo [8], showed that every contracflohas a dilation to
an n-tuple of isometriesS = (S, ..., S,) with orthogonal ranges. Popescu [16]
extended this tm = co and showed that there is a unique minimal isometric di-
lation of T. This yields a representation of therm—closedilgebra generated by
L because the map taking eachto § is a completely isometric isomorphism.
Following this with the compression to the original space yields a homomor-
phism takingL; to T;. However, this map usually does not extend naturally
to a continuous map frong, into Alg(S). Popescu [21] determines when this
has awoT-continuous extension to a representationfqf Nevertheless, when
k = dimH < oo, we shall see that norm-continuous extensions always exist.

The following is a technical lemma used in the proof of Theorem 3.2 below.
Recall thate?! is thewoT-closed ideal of2, generated by the sét.,, : [w| =j}.

Lemma 3.1. Let® belong toRep (£n). If T := (&(L1), . . ., &(Ln)) satisfieq| T|| =
r < 1, then||®(A)|| < ri||A|| for every A ingd’.

Proof. Let W be the 1x nl row matrix with entriesL,, for |w| = j. And let
W(T) denote the row matrix with entries(T) for |w| = j. By Corollary 2.6
for n < oo and Corollary 2.9 fom = oo, we may factorA = WX for some
X in Cpi(£n). Notice thatW is an isometry, and therefolgA|| = ||X||. By the
Frahzo—Bunce dilation result [8, 3] for < oo and Popescu [16] fon = oo,
the n-tuple r ~1T dilates to am-tuple of isometriesS, and thereforen (r —1T)
dilates to the isometry (S). Hence

W (T = r W (r =T < F W (S) ] = .
Then sinced is completely contractive,

|6 w) & V(x|
WX < AL O

2]

IN

The first result of this section generalizes the fact that there is a natural map
of 9y~ onto the closed unit disk. The uniqueness result appears to be new even
for n = 1 whenk > 1. Recall that fon = oo, B, denotes the unit ball of Hilbert
space with the weak topology.
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Theorem 3.2. For kK < oo, there is a natural continuous projection, x of
Rep,(£n) onto the closed unit balb, x given by

Tnk(P) = (B(L1), - . ., 2(Ln)).

For each T inByx, the open unit ball, there is a unique representation in
wH‘j(T). It is woT-continuous and is given by Popescu’s functional calculus. The

restriction ofw,;& to By, k is a homeomorphism.
Proof. Since® in Rep,(£,) is completely contractive, it follows that

T= q’)(l,n)(L) = [ o(Ly) ... P(Ln) }

is a contraction. Hence, « is a well defined map of Rgpg,) into By, . Since
it is determined by evaluation at the poiritg this is a continuous map from
Rep (£n) with the topology of pointwise convergence into the ball with the
product topology. By Popescu’s functional calculus, there is a represendation
for everyT in the interiorB, x (and in fact, for every completely non-coisometric
contraction). Since RgpEL,) is compact, the image is compact and therefore
maps ontdBy, .

When ||T|| = r < 1, the woT-continuous representatiofr is defined as
follows. EachA in £, is determined byA¢, = ) a,&, as a formal sum
A=3" a,l,. The imagedr(A) is determined as morm convergensum

Br(A) =) a,w(T).

To see this, apply Lemma 3.1 for each> O to obtain
|52 s <] 5 vt =0 (5 )™
[w|=j |wl=] wl|=j

Thus two partial sums o}, a,w(T) which both contain all words of length
less thary will differ in norm by at most

2) DoKX fau) < kAl == A,

k>j |w|=k k>j

which tends to zero gstends to infinity. Therefore this series is norm convergent.
The fact that it iswoT-continuous was shown by Popescu in [21].

The proof of uniqueness follows similar lines. Lét in Rep(£,) be a
completely contractive representation @f such thatm, (®) = T, where
ITII = r < 1. We shall show thath = ¢1. So letA be an element of,.
Then by Corollary 2.6 fon < oo and Corollary 2.9 fon = oo, A can be written
uniquely as

A= Z auly + Z L,A, with A, € £..

lw|<j [w|=]

Therefore
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BA)= Y auw(T)+ Y w(T)BA,).

lw|<] [wl=]

Let Xk (A) = Z‘w|<k(1 — %)awLw denote the Cesaro sums. Recall that
IZkA)| < ||A]l, and that they converge # in the strong« operator topology.
For each integey, there is an integek sufficiently large that

|wl i
IS Mat) <Al

[w|<j

Then A — Zk_(A) = A+ Z\w|<j ‘ik‘awLw where A; belongs toﬂﬂ’j. Clearly,
ALl < (2 +r!)||All. Hence, using the fact thdt is contractive and Lemma 3.1,

|2~ S < 203 PauLa)l+ oA
[w]<]
< A+ @+ r)|A] < 4T |A]L

Since® and$t agree on polynomials ih, it follows that
D(A) = lim S(X(A) = lim d1(Zk(A) = D1 (A).
k— o0 k— o0

Finally, we verify that the map sendifigto $1 mapsB, x homeomorphically
onto the open se;t;ﬁ(]B%mk). It is evident from the series representationdgf
and estimate (2) above, that|jT|| <r < 1, |T|| <r, andAis in £,

[B7(A) — DA < > [awllw(T) — w(T)|| +200 (1 —r) YA

lw|<]

Thus asT’ converges tdT, it follows that @1.(A) converges tabr(A). So this
mapping ofB, i into ReR (£y) is continuous. O

Now we specialize to 1-dimensional representations. In this case, each fibre
over a point on the boundary of the ball is homeomorphic to every other because
the gauge automorphisms act on the ball by the unitary group, and thus is tran-
sitive on the boundary. Moreover, this fibre is always very large based on the
fact that it is known to be very large for= 1.

Theorem 3.3. There is a natural continuous projectiap ; of the spac&kep,(£,)
onto the closed unit bal, in C" given by evaluation at the n-tup(&s, . .., Ly).

For each pointh in By, there is a unique multiplicative linear functional in
7, 1(\); and it is given bypx(A) = (Avx,v»). The setr, 1(Bn) is homeomorphic
to B,, and the restriction of the Gelfand transform to this ball is a contractive ho-
momorphism of, into H>(B,). The ballB, forms a Gleason part dkep,(£n).
These are the only weakeontinuous functionals og,.

For each point\ in 9By, =, () is homeomorphic ta, 1(1,0, . ..,0). There
is a canonical surjection af - 1(\) onto the fibredt; of My given by restricting
@ in wrjj to Alg(zi”:lXi Li) ~ H°°. This map has a continuous section.
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Proof. By Theorem 3.2, the map, 1 maps Rep(£,) onto B, by evaluation at
L. For each point\ in the open ball, there is a unique preimazgje}(A) which
is evidentlyp,. Also, the preimage aB, is homeomorphic to the bpen ball. By
Theorem 2.3, these are the oy T-continuous multiplicative linear functionals
on £,. By Corollary 1.4, these coincide with the wealcontinuous ones.

For each polynomiap(z) = 3" a,w in CF,, the Gelfand transform

pL)(N) = p(N)

is evidently a contractive homomorphism @fF,, into C[z] normed as a subset
of H>°(B,). Suppose thap,(L) is awoT-Cauchy sequence ifi,. Since the set
{¢x 1 ||Al| < r} is a compact set afvoT-continuous linear functionals for each
0 < r < 1, the restriction off(f) to this set converges uniformly. Thus the limit
lies in H>°(B,). This shows that the Gelfand map yields a contractive homo-
morphism into*°(B,) which carrieswoT-convergent sequences to sequences
converging uniformly on compact subsets of the ball.

Now recall that the Gleason part containigg is the equivalence class

{w e Rep(&n) : [l — ol < 2}.

Consider the positive linear function&(T) = (T¢, £) on B(#) for a unit vector
€. Let ¢ be another unit vector with(¢, ¢)| = cosf for 0 < 0 < 7. It is a well
known fact that

16 = d¢|l = sup [(T€,&) = (T¢, Q) = 2(1— sing).
ITI<1

Since o, v) = (L—||\|?)Y2 # 0, it follows that|/o — || < 2 for X in B,. On
the other hand, if|A|| = 1, thenS = >, AiL; is a proper isometry irf, such
that o(S) = 0 andy,(S) = 1. So the Mobius map,(z) = /= for0 <r <1
can be used to obtain

oo (S))=—r and (6 (S) =1

Hence|lpo — ¢l = 2. So the Gleason part @fy is preciselyB;,.

Next consider the poind = (1,0,...,0) in 0B,. The algebra Ald(;) is
isomorphic toH *°. For ¢ in 7rn_j(l, 0,...,0), let p(¢) be the restriction ofy to
Alg(L,). Clearly, p(v) belongs toii;, the fibre offty~ over the point 1, ang
is continuous. We now produce a right inverse jfor

Let P be the projection onto the subspace s{;{gn: k > 0}; and notice
that PL#, is an £,—invariant subspace. So the m#gA) = PAlF,Hn is a ho-
momorphism ofg,. In fact, P-H,, is alsof, invariant. Thus the kernel of this
homomorphism isy = {A € £, : PAS; = 0}, which is thewoT-closed ideal
generated by{L,,...,Ln}.

The range of¥ is contained in thewoT-closed algebra generated by the
operatorsPL; P, which are all 0 except foPL;P which is a unilateral shift. The
map takinglL; to PL;P is isometric andwoT-continuous, and carries Alg{)
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onto 7 (H °°). By composingZ with the isomorphism of Ald(;) ontoH*°, we
may regard? as a surjection of, ontoH *°.

Let o := ¥*|9n, be the restriction of the Banach space adjointofo 91;.
Clearly « is a continuous map; and §f = a(v)), we have

Tn,1(p) = (r1,1(¥),0; ..., 0).

So v mapsM into 7,1(1,0,...,0) andp o a(y) = p(yy®) = 1 for ¢ in M.
Therefore this is a continuous section, anig surjective. In particular, this yields
a homeomorphism dit; into 7, 1(1,0,...,0).

For any other\ with ||\|| = 1, choose a unitary) = [u;] in M, such that
uyj = Aj. We will show that the gauge automorphis#y map57rn‘j(1, 0,...,0)
onto, 7(A). Indeed, for anyp in 7 7(1,0,...,0),

n
0Oy (L) = (> ujLi) = uy = X
i=1
It is evident that this map is continuous with inverse obtained by senditg
©O;". So it induces a homeomorphism betweefi (1,0, ...,0) andm, 1()).
The role ofL, is played by (L1) = 31, AiLi. a

Example 3.4.This example is to illustrate some of the possibilities on the bound-
ary whenk > 1.

It is possible that the fibre over a boundary point is a singleton. Consider
Repy(£,), the pair

0 0O 0 0O
T:=]11 0 0 and T,=| 0 0 O
0 0O 1 00

and a representatiof such that®é(L;) = T; for i = 1,2. Then sincel? = T2 =
T1T, = T,Ty = 0, it follows from Lemma 2.5 that k& contains the ideaﬂz’z.
Every elementA in £, can be represented uniquely As= agl +a;L; +apl, +
A’ where A’ belongs toL‘g’z. Therefore®(A) = agl + a1 Ty + ax T, is uniquely
determined.

On the other hand, the fibre ov&rmay be very large indeed. Let

10 0 0
T1:|:0 O:| and T2:|:1 0:|

We consider a class of homomorphisdsof £, in wgzl(T). Let ¢; denote the
standard basis fof?. Both T; are lower triangular, so we will consider those
representationg® which map£, into the algebral, of 2 x 2 lower triangular
matrices.

The functionalsy; (A) = (@(A)G, () are multiplicative since compression to
the diagonal is multiplicative oy ,. Moreover, p1(L1) = 1 andpi(L;) = O,
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and hencep; lies in will(l, 0). Likewise, p2(L1) = @2(L2) = 0. S0z = o
is evaluation at 0 by Theorem 3.3. Recall from Corollary 2.6 that eveig
£, can be uniquely written af = agl + L1A; + LoAy, whereag = ¢o(A) and
A =L (A—aol). Defined(A) = p1(A2) = p1(L3(A — @o(A)1)). Then

PA) = al +P(L1)P(A1) + D(L2)P(A2)
TE ST o pa g e
{ao*'wl(Al) 0}:[901('5\) 0 }
p1(A2) @ (A po(A)

In order to have a representation, it remains to verify complete contractivity.

An explicit family of such representations may be obtained as follows. Let
My = spar{&y t k = 0 and Mz = spar{,,,« - k > 0}; and setM = M1 & Mo.
Then M* is invariant for £, and %R,. Thus compressio to M is a woT-
continuous homomaorphism. The compressionMfy is a homomorphism onto
H*(L;), sendinglL; to the unilateral shift as we have discussed before. The
compressions of both; to M vanish on M5, andL, maps.M; isometrically
onto M. Hence the compressions are

T, O}

00
PML1|MN[ 0 0 and PML2|MZ {I O:|

Thus¥ maps£, onto the algebra of operators of the form

T, O ]
for hy e H*™.
{ Th,  ho(0) '

Indeed, this shows that every element®f may be written uniquely as
A =hg(Ly) + Lohy(Ly) + A where hi e H* and P, A =0.

Now let ¢ be any multiplicative linear functional oH *° in the fibre9t;.
Then® = @ is a completely contractive homomorphism &4 onto 7, such
that®(L;) = T;. Indeed,

= ., The 0 = ¥ (o) 0 :|
DA =Y [Thl hO(O)} {1/}(*11) ho(0) |-

Hence we have shown that the fibrgzl(T) is very large.

4. Automorphisms of £,

In this section, we analyze the automorphism grouglef The automorphisms

of the algebrag; = H* are precisely the map®.(h) = h(r) wherer is a
conformal automorphism of the unit disk. So At} is isomorphic to AutB;),

the group of conformal automorphisms of the unit disk. In particular, they are
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all norm andwoT continuous. See [11], where two proofs are given, both based
on factorization of analytic functions. Our main result is Theorem 4.1, which is
valid even forn = co. Our original proof of Theorem 4.1 failed when= oc.
We are grateful to Palle Jorgensen for bringing the paper of Voiculescu [28]
to our attention which enabled us to find an alternate proof which works for
1<n< oo

An automorphism of£, will be called quasi-innerif it is trivial modulo
the wor-closed commutator ideall (see Proposition 2.4). Denote the set of all
guasi-inner automorphisms by g-Irdy). In particular, this contains the subgroup
Inn(£,) of inner automorphisms.

Theorem 4.1. There is a natural short exact sequence
0— g-Inn(g,) — Aut(£,) — Aut(B,) — O.
The mapr takes© to
To(\) = (020 HEN(L) for A€ By.

Moreover,r has a continuous sectionwhich carriesAut(B,,) onto the subgroup
Auty (£5) of unitarily implemented automorphisms. Thust(£,) is a semidirect
product.

The proof will be carried out in stages. First we establish an automatic con-
tinuity result for automorphisms.

Lemma 4.2. Every automorphisn® of £,, for n > 2, is continuous.

Proof. The proof is a standargdliding bumpargument. We defing, = ©-1(L;)
and setM = max{1, ||B4]|, ||Bz||}. Suppose tha® is not continuous. Then there
is a sequencéy in £, such that

Al < @M)®  and  [|OA)] > k.

Let A be defined by the norm convergent sum

m
A=) BfBIAC= Y BEBIA+BI™ Y BEBIAn«.

k>1 k=1 k>0

SetXm = Y=o BXB1Am+1+- Then for allk > 0,

oMl = L oM
m
= [ )_LiL"LSLIOA) + LiLs LSO (X |
k=1

= oA > k.

This is absurd, and consequen@lymust be continuous. O
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Next we show that every automorphism determines a special point in the
ball.

Proposition 4.3. Let ©® be an automorphism a,. Then there is a unique point
A in By such thato(£0) = kerypy. Indeed,py = po© 1.

Proof. Let
s=0"L):=[s ... & ].

By Corollaries 2.6 and 2.9, = CI +LC(£y), and this decomposition is unique.
Applying © yields £, = Cl + SCr(£r), and everyA in £, has a unique decom-
position asA = al + SBfor someB in C,(£,). Hence the continuous linear map
T from C & Cn(£,) to £, given by

T(a,B)=al +SB

is a bijection. By Banach’s Isomorphism Theoremis invertible. So there is a
constantc > 0 so that

1/2

"% < ||lal +SB| < cl[ja? +B*B|".

¢ Hlaf’t +B*B

LetJ = SCh(£n) = O(£2). SinceT maps a subspace of codimension one onto
J, it also has codimension one. We claim that this idealisr-closed. Suppose
that J3 = SBs is a boundednet in J which converges weak-to an operator
X in £,. Then the netBs is bounded inC,(£n) by the previous paragraph.
Hence there is a cofinal subrt, which converges weak-to an operatoB in
Cn(£n). Consequently, it follows thaX = SB belongs toJ. This shows that the
intersection ofy with each closed ball is weak-closed. By the Krein—Smulian
Theorem (c.f. [7, V.5.7])J is weakx closed. By Corollary 1.4, the weakand
woT topologies coincide ot,. HenceJ is woT-closed.

Consider the multiplicative linear functional= @1, which yields the for-
mulap(al +SB) = a. SinceJ is woT-closed, this functional isvoT-continuous.
Therefore by Theorem 2.3, there is a poin By, such thaty = p,. |

Next we will show that automorphisms df, are automaticallywor-
continuous. First we establish a criterion faroT-convergence ing,. Recall
that £2¥ is the ideal generated bjL,, : |w| = k}.

Lemma 4.4. For a bounded net Ain £,, n < oo, the following are equivalent:
(i) wor-limA, =0.

(i) wlim, Aué = 0.
(iii) lim,, dist@A,, £9%) =0 forall k > 1.

Proof. It is evident that (i) implies (ii). If (i) holds, then write
Aozgl = Z az(;gw

ThenA, x = A, — le\<k a%L,, belongs tosﬂ’k by Lemma 2.6. Condition (ii)
clearly implies that lim a$ = 0 for everyw. Hence



296 K.R. Davidson, D.R. Pitts
lim supdist(A,, £5%) < limsup||A, — Avk|l < limsup »  |a%[ =0
(03 « «
|w|<k

for everyk > 1. Now if (iii) holds, then

0 = limdistA,, £3%) > lim supdist.&1, £*6) = (3 [agf)"

Jw|<k

A fortiori, lim, aj = 0 for everyw in F,. Therefore
IILn(Aa€U7 g’u) = “Ln(Aagla R:;gv) = O

for every pair of wordsu, v in F,,. These vectors span a dense subséiofAs
the netA,, is bounded, it convergesoT to 0. O

Remark 4.5Whenn = o, it is easy to see that condition (iii) is stronger than
woT-convergence. However, conditions (i) and (ii) are still equivalent, and the
proof is straight-forward.

Theorem 4.6. Every automorphisn® of £, is woT-continuous.
Proof. By Lemma 4.3, there is a point in B,, such thatpg® ! = ). Thus
3=0(£9) = kergp,.
Hence
oLy =gk =3¢ forall k> 1.

Clearly Nk>13% = {0} since

O k>13%) € O71F*) = 22K forall k> 1.
Thus by Theorem 2.1, we have
3) Mk>1 3KH, = {0}

Set(, = O(Ly)é for w € Fy. Fix an integerj and let M; and AVj be
the closed linear spans 4, : |w| =)} and {¢, : |w| = j} respectively. If
8= le‘:j b,&, is a finite linear combination of thg,,, putB = Z\w|=j b,Lw.
Then sinced is bounded,

1> buCul = llO®)] < O] 1B] = €] I8]-
jwl=)

Thus the ma@:lwl:j b,y — le‘:j b.,(., extends to a bounded linear operator
Tj : Mj — ./\/j .

Now consider a bounded né&, = Z\w|=j bSL,, such that lim bg = 0 for
all w. Let g, = le‘:j bg&,,. It follows that

W—lim O(B,)&1 = w=lim T; 3, = Tjw—lim 3, = 0.
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Hence by Remark 4.%9(B,) convergeswvor to O.
Again let A, be a bounded net convergingoT to 0 in £, and letM =
sup, ||A.||- By Remark 4.5, it suffices to show that

im(6(Aq)&1,¢) = 0

for ¢ in a dense subset ¢f,. A convenient choice iSszl(ﬁan)J‘, which is
dense by the equality (3). Choosgein (3*H,)*, and setp = k?. Decompose
A, =B, +C, where

B. = Sp(A)+ > “acl, and C,=A,—B, e k.

Jw|<k

Since the Cesaro meal, is contractive, it follows thaf| X,(A.)|| < M. Also
the termsA, j = Z\w|=j ajL,, are bounded b, and thus

k—1

[Ball <M +p~t > "j|[Aujll < 2M.

j=1

Hence||C,|| < 3M. Moreover each neB, andC, convergewoT to O.
Now sinceB,, is supported on words of length less tharnwe have seen that
©(B,) convergeswvorT to 0. Finally by construction,

(O(Ca)é1,¢) =0

since@(D, )¢, lies in 3*H,, which is orthogonal ta.

The weakx topology on the unit ball of3(#,) is metrizable, and the ball
is compact. Thus it follows readily that a linear mé&pis weaks continuous
on a bounded convex set if and only if it takes every weakill sequence to
a weakx+ null sequence. Hence we see tlgatis weak+ continuous on every
closed ball ofg,. Therefore by the Krein—-Smulian Theorem (c.f [7, V.5.6]), it
follows that © is weak= continuous. By Corollary 1.4, the weakand woT
topologies coincide oi,. Thus® is woT-continuous. |

The tools are now available to define the magiven in Theorem 4.1. Using
Theorem 3.3, we identifyB, with Rep (£,) by associating\ in B, with the
multiplicative linear functionalpy in Rep (£n).

Theorem 4.7. For each® in Aut(£,), the dual maprg on Rep (£,) given by
To(y) := p o ©~1 maps the open bal,, conformally onto itself. This determines
a homomorphism cfut(£,) into the groupAut(B,) of conformal automorphisms.
If 7o(¢0) = o, then there is a unitary matrix U itd, such thatrg(py) = pua.

Proof. Since® is woT-continuous by Theorem 4.6, it follows thag () = @0
6~1is awoT-continuous multiplicative linear functional. Hence by Theorem 2.3,
this is a functionalp,,. Thuste mapsB, into itself. We obtain an explicit formula
for this map using the fact that{"™ (L) = A, whence
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To(\) = (pAOHEI(L) = ST = T(N),

where
T=@HL)=[ 074y ... 674 |-

By Theorem 3.3T is analytic and thus so iss.

Next notice that the map taking © to 7 is a homomorphism. It is evident
that g = id; that is, the identity automorphism induces the identity maBgpn
Suppose tha®; belong to Autgy), andr; = 7(6;) for j =1,2. Then

7(0102)(\) (©A(6102) HEI(L) = (pr0, 0 HEM(L)

(<p7_2(/\)@l—1)(l,n)(|_) = (@Tl(rz()\)))(17n)(L) = 7-1(7—2()‘))~

Hencer(010,) = 7(01) o 7(02).
Consequently
ToTo-1 = id= To-1TO,

from which we deduce thaty is a bijection. Thereforeg is a biholomorphic
bijection (i.e. a conformal automorphism) of the ball.

If 7 is a conformal automorphism @, such that-(0) = 0, then by Schwarz’s
Lemma, there is a unitary operatdr in I/, such thatr(\) = U A [25, 2.2.5] for
n < oo and [12] forn = oc. |

The following corollary characterizes the quasi-inner automorphisms.

Corollary 4.8. For © in Aut(£,), the following are equivalent:

(i) © belongs tdkerr.
(i) O(L) — L belongs ta¢ for 1 <i <n.
(i) ©(A) — A belongs taZ for every A ing,,.

Proof. If © belongs to ker, then so doe®*; whence
oxA(O(Li) — Li) =719-1(A) — A

is zero for everyA in By if and only if ©(Li) — L; belongs to, .y kery, for

1 <i < n. But this set equal€ by Proposition 2.4. So (i) and (ii) are equivalent.
Suppose that (i) holds. A& is an ideal, it readily follows tha®(p(L)) —p(L)

belongs toe for every polynomial inL. Then becaus® is wor-continuous and

¢ is wor-closed, this extends to theor-closure of these polynomials, which

is all of £,. This establishes (iii). Clearly (iii) implies (ii). O

To complete the picture, we need to construct explicit automorphisms to
demonstrate that the map is surjective. In fact, much more will be estab-
lished. An explicit section of- will be found that maps AuK,) onto the sub-
group Aut,(£,) of unitarily implemented automorphisms. This will establish that
Aut(£,) actually has the structure of a semidirect product.

A certain class of unitarily implemented automorphismg£gare well known
from quantum mechanics, and are calgglige automorphismdhink of H,, as
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being identified with the Fock spad&(?) with dim#* = n. For any unitaryU
on H, form the unitary operator

U=> ausk

which acts on Fock space by acting as #dold tensor product ofJ on the
k—fold tensor product of{. It is evident that

UyOU* =¢U¢) for (e

Therefore®y = AdU determines an automorphism @h. If U = [u;] is an
n x n unitary matrix, this automorphism can also be seen to be given by

n
Ou(ly) =) ulLi for 1<j<n.
i=1

An easy calculation shows th&ly ©y = Oyy; so this is a homomorphism of
the unitary groupl{,, into the automorphism group Augf). It follows from
Lemma 4.10 below that®y = U, the coordinatewise conjugate bf. So 7
maps the group of gauge automorphisms onto the unitary group.

In [28], Voiculescu constructed a larger subgroup of automorphisms of the
Cuntz—Toeplitz algebr&, which turn out to be the one we want. He starts with
the groupU (1, n) consisting of thosen(+ 1) x (n + 1) matricesX such that

X*JX = J. whereJ :[ 1.0

0 ] One may compute that these matrices have the
n

form X :{ ;0 Zl } where the coefficients satisfy the (redundant) relations:
2 1

O el = el = ol — 1
(i)  Xym=%omz2 and X{n2 =Xom
(III) Xfxl =y + ﬂlﬁf and X]_X:f_k =, + 772775.

Let us writeL = 3", ¢ Li for ¢ € C". Voiculescu shows that there is a (unique)
automorphismPy of £, such that the restriction to the generators is given by

Ox(L¢) = (ol — L) Hxic — (¢ mu)l).

It is easy to verify that the kernel of this map consists of the scalar matrices
Xoln+1 for xg in the circleT. Moreover Voiculescu constructs a unitary operator
Ux by

Ux (A1) = Ox (A)(xol — Ly,) M6 forall Ae g,

so thatOx (A) = UxAUy for all Ain £,.

It is apparent that the norm-closed (nonself-adjoint) alg€hrgenerated by
{Lj : 1 <i < n} is mapped into itself by this map. Since this is a group homo-
morphism, it mapLA, onto itself. Then becaus@y is unitarily implemented, it
is woT-continuous and thus determines an automorphisig,ofVe will provide
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discussion below to indicate another method of obtaining these automorphisms
that fits into our framework somewhat better.

There is also a natural map frobn(1, n) onto Aut(B,) by fractional linear
maps. This result must be well known. We do not have a reference, but the
results of Phillips [15] on simplectic automorphisms of the balB¢H) may be
modified to apply to the ball o3(#, K) for Hilbert spacesH and K. Taking
H =C" and K = C yields our map.

Lemma 4.9. For X in U(1,n), define a mapy : B, — C" by
XaA +1mp
Xo + <)‘7 771>

Thendy belongs tAut(B,) and the associated map: U (1,n) — Aut(B,) is a
surjective homomorphism with kernel equal to the scalars.

Ox(\) = for X eB".

Proof. First one computes using (i) and (ii) above:

(A m) ] = [IXax + 722

Xl + [(A, 1) > = [IX2A 12 = [[m2l]> + 2Re((A, Xom) — (XaX, 712))
(|X0|2 - ||772||2) - (||X1)\||2 - |<)\7771>|2) + 2R\, Xom1 — X{12)
1- [\

+

Xo

Thus this map carrieB, onto itself, and so belongs to AlB).
A straightforward calculation shows that this map is a group homomorphism.
Again the kernel of this map is the circle of scalar matriced {i, n). The unitary

operatorX = is sent toU. Now 6x(0) = x0*1n2 is an arbitrary point

0 U
in the ball. Hence the range 6éfis a transitive subgroup of Audi{) containing
the unitary group. By Schwarz’'s lemma [25, 12], the range is the whole group
of conformal automorphisms. d

To see the relationship betweémndr, we make the following computation.

Lemma 4.10. 7(Ox) = 6(X) for all X in U (1, n).

Proof. Compute forX :[ X } that
2 X1

X~1=Jx*J = { X i }
-m X

Therefore ifg form the standard basis fd@", then

T(Ox)(N) [2Ox-1(Li)]
[ (ol + L) HLxre +(&,72)))]

n

(o (A ) D (00, X5e) + (&, m2) e
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n

(Ro+ (A7) D ((Xah, &) + (72, 8)) @
i=1

(Xo+(\,m)) (Xl)\ +12) = Ox(N). [

Theorem 4.11. The restriction ofr to the subgrouut,(£,) of unitarily imple-
mented automorphisms is an isomorphism okt(B,,).

Proof. Define a maps : Aut(B,) — Aut,(£,) as follows: givena in Aut(B),
pick X € U (1, n) belonging tod () and sets(a) = Ox. This is a well defined
monomorphism becauge andf have the same kernel and complex conjugation
is an automorphism ob) (1, n). By the previous lemma, it follows thatx is
the identity on AutB,). In particular,r restricted to Aut(£,) is a surjective
homomorphism.

To prove that this map is injective, suppose tBais a unitarily implemented
automorphism such that(©) = id. A fortiori, © is contractive. Buto(L;) =
L; + C; whereC; € ¢; whence

1> [le]? = ||(Li + Gl = 1+ Ciga®

ConsequentlyCi&; = 0 which implies thatC; = 0. Therefore® = Id and our
map is an isomorphism. O

We record an immediate consequence of the proof.

Corollary 4.12. Every contractive automorphism 8f, is unitarily implemented.
In particular, it is completely isometric.

It would be interesting to know if automorphisms 8f, are automatically
completely bounded.

All the necessary parts for Theorem 4.1 have now been accumulated. The
homomorphismr is now known to be surjective, with kernel g-Irify) and a
continuous sectiom onto Aut,(£n) as required.

Remark 4.13.We have another method for obtaining the unitarily implemented
automorphisms which map onto the group of conformal automorphisms. We need
to construct one such that (0) = A for each) in B,,. This shows that the image
group is transitive. Then since the gauge automorphisms map onto the unitary
group, it will follow that the map is surjective.

Notice that if© is unitarily implemented, the§ = ©~1(L;) will be isometries
with pairwise orthogonal ranges. They generate the ideal

> S =07HLY).
i=1

This is awoT-closed two-sided ideal of codimension one, and thus by Theo-
rem 2.1 its range is &,%R, invariant subspace of codimension one. The comple-
ment is a one-dimensional invariant subspacedprand thus by Theorem 1.3

is spanned by, for some\ in By,. It is easy to check thatg(0) = A
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Conversely, givem\, we can construct such isometries. By Theorem 1.3, the
subspacdvy }+ is R, invariant and has an-dimensional wandering spat# .
Let ¢ for 1 <i < n be an orthonormal basis fo#,. Then by [6, Theorem 1.1],
the operatorsS = L, are isometries in, with ranges summing tdua bt
We will sketch how to construct the automorphigmwhich takesL; to § for
1<i<n.

The first step is to show that, is cyclic for thewoT-closed subalgebra
generated by{S,...,S}. This is established by showing tha = w(S)vy,

w € Fyn, is an orthonormal basis fo¥,. This immediately yields a unitary
operatorW such thatWL,W* = § such that A8V is an endomorphism aof,,.

The second step is to show tHdt= £,. Since it is contained ilt,, we see
that vy = & is an eigenvalue foRl*. Since2!l is unitarily equivalent tog,, there
is a non-zerqu such thatWv,, = &. Apply the argument again to obtain a second
unitary W’ so that AdV'W(L;) = §' = L where¢/ form an orthonormal basis
for the wandering space d;}+. But then (whem < oc) there is a unitaryJ
in Uy, such that(/ = Ug = ng. Unfortunately, this argument fails for = occ.
Consequently, it follows that A4’W = & . Thus the two endomorphisms Ad
and AdN’ must have been automorphisms.
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